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CumMmmMeTpus B 3aJadax C IapaMeTpaMu

CummeTpusi — OJIHO U3 KJIIOUEBbIX HOHATHI MATEMATUKHU U (hU3NKKA. Bbl 3HAKOMBI C T€OMETPUIECKOIT
cuMmMeTpueit (puryp u BoodIe pa3anIHbiX 00beKTOB TPupo/ibl. OIHAKO MaTeMaTHIeCKUe TPEJICTABIe-
HU O CAMMETPUN PACIIPOCTPAHSIOTCA TOPa3/10 MIUPe: OKA3bIBAETCs, HAIPUMED, YTO MOXKHO TOBOPUTH
0 CHIMMETPHUH HEKOTOPBIX ypaBHeHuil. Tak, ypaBHeHus, BhIpazkatoniue (dyHIaMeHTAJIbHbIE (pusnte-
CKHe 3aKOHBI, 00JIAJIAI0T OIPEJIeIEHHON CUMMETPHelt; 3TO CBUJIETEILCTBYET O TOM, YTO CHMMETPUS
NPUHAJJICKUT K 9UCTy Hanbojiee riyOOKUX CBONCTB HAIIEro MHPA.

Yro xe Takoe cummerpusi ypaBHenuit? Mbr He OyjeM ceffdac CTPEMUTHCS K CTPOTUM OIpeIesie-
HUASAM W OIPAHUYUMCH CJIEIYIONIUM ONUCAHUEM. Fcau npu nexomopom npeodpa3osanu, nepemeroir
YPABHEHUE He MEHAEM C80e20 8uda («Neperodum camo & cebsns ), Mo Mol 2060PUM, WIMO IMO YpasHe-
HUE CUMMEMPUUHO OTHOCUMENLHO 0GHHO020 NPeobpasocanus’.

[Toyemy ObIBaeT BaKHO 3amMedarTh CUMMETPHIO ypaBHenuii? Jleo B TOM, 4UTO ecjiu ypaBHEHUE
obJtaJiaeT HEKOTOPOII CUMMeTpHEli, TO TaKOil ke CUMMeTpHeil 00/1aJaloT U BCe ero perieHns. SHATUT,
HE PEULAA YPABHEHUE U UCTOOA AUWD U3 COOOPAHCEHUT, CUMMEMPUL, Mbl MONCEM 3aparee NPedsudems
HEKOMOPDLLE CE0UCMEa €20 peulerul!

Jomyctum, HanpumMep, 4To TpebyeTcs HAWTU TaKne 3HAYEHHs MapaMeTpa, IIPU KOTOPLIX ypaBHe-
HUe UMeeT 3aJIaHHOe YUCJIO pertennii. Toria, 3aMeTHB CUMMETPUIO JJAHHOTO YPABHEHUS, Mbl CMOZKEM
[IOJTy YUTH HEOOXO/IUMbBIE YCJIOBHS Ha MapaMeTp, U OCTAHETCS JIUIIb IPOBEPUTDH, KAKUE U3 HallIeHHBIX
YCJIOBUI ABJIAIOTCS JIOCTATOYHBIMU.

Bamaga 1. (MI'V, mexmam, 1990) Haiinure Bce 3HaUeHUs nmapamerpa b, Mpu KOTOPBIX ypaBHEHUE
b?x? — btg(cosz) +1 =0 (1)

nMeeTr ¢AUHCTBCHHOEC peIIeHure.

Pewenue. Obparure BHUMaHUe, 9T0 ypaBHenue (1) He MeHsSET CBOEro BUJa IPH 3aMeHe T Ha —I
(Beab 22 1 cos x — uérnuble Gyukimn). Mubivu ciosamu, ypasaenue (1) cMMMETPUYHO OTHOCHTETHHO
npeobpazoBanusi & — —r (TO €CTh OTHOCUTEIHHO OTPazKeHHsI B HavYase KOOPJUHAT).

CrieioBaTeibHO, JAHHOM cuMMeTpuedi Oy yT obaaJaTh 1 pellenns Halero ypasuenus. ViMenHo,
ecM Ty — KOpeHb ypasHenusi (1), T0 u 4mcyio —xg GyJeT ero KOpHeM; MHade TOBOpPsi, PEIleHus
ypasHenusi (1) pacio/iozKeHbl CUMMETPUYHO OTHOCUTEILHO HyJIsi. BmecTe ¢ TeM, B 3a1a4ue Tpebyercs,
4TOOBI pelenre ObLIO0 TOJBHKO OJIHO.

EnuHCcTBeHHAST BOSMOXKHOCTD — KOPHEM ypaBHeHus (1) siBjsieTcst HyJib, U TOJIBKO OH. B caMom
JleJie, e ypaBHeHre UMeeT HEeHyJIeBOe PEIlleHne, TO BCero penienuii Oyjer kak MuHuMyMm Jsa. [loj-
crapisg = 0 B ypaBrenue (1), mosry<aum

—btgl+1=0,

OTKY/Ia
b=ctgl. (2)

Mg ceifuac He mesaeM pa3IMuds MEXKIY yPABHCHHSMH ¥ CIHCTeMaMH ypaBHeHuit. la ero, B oBINEM-TO, W HET;
HaIIpUMeD, CUCTEMa ypPaBHEHUHA

f(z,y)

b 07
g(xz,y) =0

pasHocusibHa ypasuenuto |f(x, y)|+|g(z,y)| = 0. Ilosromy, roBopsi 0 cuMMeTPHUN YDABHEHWIi, Mbl UMEEM B BUJLY TaKKe
U CUMMETPHIO CUCTEeM ypaBHEHUN.
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D10 — Heobxodumoe ycioBue Ha b (TOJBKO IIPH TAKOM b Hallle ypaBHEHHE MOYKET UMETh HYJIeBOe
perierne). Terepb BOIPOC B TOM, SIBJISIETCSI JIH 9TO YCJIOBUE JOCMAMOYHBLM; TO €CTh, OKAZKETCs JIN
npu b = ctg 1 HyJIeBOe pellieHre U B CAMOM JieJie eJIMHCTBeHHBIM, WK ke ypasHenue (1) Gyaer nmernb
U JIpyrue KOPHU [TOMUMO HYJIS.

JlJ1st BBIsICHEHMSI JIOCTATOYHOCTH yCIOBHUs (2) MOJCTABUM JaHHOe 3HadeHue b B ypasHenue (1):

ctg?1-2? —ctgl-tg(cosz) +1=0.
[Tepenuinem 510 ciIeAyIOMMUM 06pa3oM:

tg(cos ) x (3)
tg 1 tg?1’

Tanrenc siBsiercst Bospacratomeit dynkuueii na unrepsase (—2; 2). Kocunyc, sBisomuiicst ap-
IYMEHTOM TAHTEHCA, NMPUHUMAET 3HAYCHUs n3 oTpe3ka [—1; 1], a 5TOT 0Tpe30K HAXOIUTCS BHYTPU
unrepsana (—3%;%). CienoBaresbHo, CIpaBe/nBoO HepaBeHCTBO tg(cosz) < tgl, To ecrb seBas
JacTh ypasHenus (3) ze mpeBocxoautT 1. B 10 ke Bpems npaBas gacTh (3) He MeHbIe 1, 1 pABEHCTBO
BO3MOZKHO JIMIIb B TOM CJIydae, Koria obe OHU paBHBI 1, TO ecTh npu & = 0.

Urak, MbI HOKA3aJ1, 94TO YCJIOBHE (2) SBJIsIeTCsI IOCTATOUHBIM: Tipu b = ctg 1 ypasuenue (1) numeer
eJINHCTBEHHOE (HYJIEBOE) DeIleHue.

Omeem: b = ctg 1.

Bamaua 2. (MI'Y, xumuyeckud ¢-m, 2002) Haiitu Bce 3HaueHUs mapamerpa @, MPH KayKJOM U3
KOTOPBIX ypaBHEHUE

9_‘U+1-3$2+a3+5a2+a+\/§:sin%x+cosl—x—l—3

unmMeeT ¢JJMHCTBECHHOE pelIeHure.

Pewenue. O6o3naunm b = a3 + 5a? + a. Unmeem:

9-3’”(%2)—1-6—1—\/izsin%—i—cos%—l—?). (4)

OxasbiBaeTcst, JJAHHOE YPABHEHUE HE MEHsIET CBOETO BHJIA [IPH 3aMeHe X Ha 2 — X (9TO OTpayKeHue
B Touke ¥ = 1). B camom gesie, mocMOTpUM, Kak MpeoOpasyloTcsi BBIPAXKEHUsI C MEPEeMEHHOl TIpu
peobpa3oBaHuu T — 2 — &

r(z—2)— 2—-2)2—2-2)=(x —2)z;

0™ 4 os ™ W(Q_x)+ T(2—xz) . <7r 7rx>+ <7T m:)
in— — in ——= ——~ =sin(=-— — ——— )=
S —- + cos =+ 8 1 cos —— sin {5 — cos (5 =
:(:OS7T—x+sinE
4 4

Urak, ypaBrenune (4) ciMMETPHYIHO OTHOCHTEJIHHO IpeobpasoBanust x — 2 — x. CiieloBaTesIbHO,
ecim Ty — KOpeHb ypaBHeHus (4), To u 2 — xp TakxkKe OyJjer ero kopHeM. [1o3ToMy eMHCTBEHHBIM
pertienreM ypaBHeHusi (4) MOXKeT ObITh TOJIBKO HEIOJ[BUKHAs TOYKa [Pe0Opa3oBaHus T — 2 — T

r=2—x = x=1.
[ToncraBnsasa x = 1 B ypaBHeHue (4), TTOJTY IUM:

3+b+ V2= £+£+3



otkya b = 0. 910 — HEOOXOMMOE YCJIOBHE eJIMHCTBEHHOCTHU PellleHns ypaBHenus (4), 1 Terepb HAJI0
BBIZAAICHUTD, ABJIAETCA JIM OHO JOCTATOYIHBLIM.
[Toxacrasisiem b = 0 B ypaBuenue (4):

9-3“<x_2)+\/§:sin%+003%+3,

nJIn

3 g = Vasin (204 D) - V2, (5)

JleBast wacth ypasHenus (5) HeoTpuIaTe/bHA, a MpaBasl 4acTh — HeMoJoXKuTebHA. [losToMy
pPaBEHCTBO BO3MOXKHO JIUIIbL B TOM CJIydae, KOorja o0e 4acTu OJIHOBPEMEHHO pPaBHBI HYJIIO, TO €CTb
npu x = 1. Tem cambiv mokazano, uto pu b = 0 ypaBHenue (4) B caMOM Jiejie UMeeT eIMHCTBEHHOe
pemenne x = 1.

Ocraércs HAUTH COOTBETCTBYIONINE 3HAUYEHUS TTapaMeTpa a:

-5+ v21
a*+5a°+a=0 & a(@®+5a+1)=0 & a:O,T.

Omeem: a = 0, % val
Bagauva 3. HaiiTu Bce 3Havenus: a, Ipu KOTOPBIX ypaBHEHUE

a

1
r+ — +1+‘x——‘

(6)
nMeeTr ¢AUHCTBECHHOE pelIeHUre.

Pewenue. Jlerko Buserh, uto ypasuenue (6) He MEHsET CBOErO BHJA IIPU MPEOOPA3OBAHUN T 5 +
x

(rakoe mpeobpazoBanue Has3biBaeTCsi MHBepcueit). CiieoBaTe/IbHO, HAPSLy C PEIIeHueM T UMeeTCsl
TaKKe pelreHne %, U M09TOMY €JIMHCTBEHHBIM pellleHrneM ypaBHeHusi (6) MOKeT OBbITh JIAIIb HElo-

JIBUZKHAsI TOYKa HAIIEro MpeodpasoBaHus:

1
r=- = x==4l1.

x
[Moncrapnsaa x = —1 B ypasnenue (6), nmomyanm a® — a + 2 = 0; TyT kopneii ner. [TojcTrapiss
x = 1 B ypasuenue (6), moayaum a’?—a—2=0,T10 ectb @ = —1 wm a = 2. ITO — HEOOXOIMMBIE

yCJj0oBHUd Ha ITapaMeETp a. HpOBepI/IM, J0CTaTOYHBI JIM OHH.

[Iycts a = —1. Torga ypasuenue (6) npumer BU:
1 1
r+—-—=1+ . 7
x 1+ |:1: — —| (@)

Ecan z < 0, To jieBast gacTb ypasHenus (7) oTpuaTeabHa, a IpaBas dacTb HOJOKNATEIbHA, TaK
91O pereHnit ObITh He MOkeT. Ecim ke x > 0, To seBas qactb (7) He MeHbIne 2 (Kak CyMMa JIBYX
B3aMMHO OOPATHBIX TTOJIOXKATEJBHBIX THCEIT), & IpaBasi 9acTh — He 6oJibiie 2 (MOCKOIbKY K eIHHUIIE
npubaBIIgeTCs APOOb, He IPeBOCXoAIIast eunuy ). CiemoBaTeabio, paBeHcTBo (7) BO3MOKHO JIHIIb
TOr/Ia, KOrja obe 9acTu OJHOBPEMEHHO PaBHBI 2, TO ecTh npu « = 1. lrak, a = —1 rogurca: B 9TOM
ciaydae ypaBaerune (6) JefiCTBUTENLHO NMeET €IMHCTBEHHOE perenne & = 1.

[Iycrs Teneps a = 2. Ypasuenne (6) upumer B

1 2
x+—+1+|$__| 4. (8)



Paccmorpum dbyHKIUO B JieBoil yacTu ypasHeHus (8):

1 2
flz)==x + +

1+ ]3: — —]

Msr Bugum, aro f(1) = 4, u Tenepb HAC UHTEPECYET, sIBJSETCs JIK T = | €JMHCTBEHHBIM KOPHEM
ypasaenus f(x) = 4.

HerpyHo moHsATh, 9T0 970 He Tak. B camom jerte, umeem f(4) > 4 u B 1o ke Bpemst f(2) = 33 < 4.
Oynknus f wempepbiBHa npu x # 0, U mosromy Ha uHTepBase (2;4) HalETCs 3HAYEHVE x, npu
KOTOPOM BBITIOJTHEHO paBeHCTBO f(x) = 4. 3uaqut, ycjioBue a = 2 He ABJSIETCA JTOCTATOYHBIM JIJIst
€IMHCTBEHHOCTH PEIeHNsl, U MOTOMY 3HAaYeHne a = 2 He NOJUTCS.

Omeem: a = —1.

Bamaga 4. (MI'Y, zumuveckud ¢-m, 2005) llpn KaKux 3HAYCHUAX TTapaMeTpa ¢ ypaBHEHHe

20— 1
|JZ|+3$—_2:6L (9)

UMeeT POBHO TPU PEIIeHUs !

Pewenue. OxazbiBaercsi, cummMerpueil ypasaerust (9) cyzKuT nmpeobpasoBaHue

2z — 1
T— —. (10)
3z —2
B camowm neste, ipu 3TOM IIpeobpaszoBaHuU IIEPBOE CjlaraeMoe JIEBOW YaCTU YpaBHEHHS II€PEXOIUT
BO BTOpOE, & BTOpPOE CjaraeMoe — B IIepBoe:

20 —1 255 -1 2Q20—-1)—(3x-2)
3r—2 322 _2 32r-1)-20B3x-2)

Ypasuenue (9) npu npeobpazosaruu (10) mepexout camo B cebsi, TaK 9TO HAPSJLY C PEIIeHueM T
Oyzer u peruenue 3 QIO 1 . [lTosTtomy s Toro, 9Tobbl perniennii ObIIO POBHO TPHU, HEOOXOIUMO, UTOOBI
OJIHAM U3 PerreHunit 6bma HEIOJIBUZKHAST TOYKA HAIIEro IMpeodpa30BaHus:

2z — 1

1
- &f > 32 —dr+1=0 = x:1mm:§

[Toacrapisiss moodepéano x = 1 u x = % B ypasHenue (9), molydaeM COOTBETCTBEHHO 4 = 2 U
a = % DT0 — HEOOXOMMbIe YCIOBHUS Ha TapaMeTp a. Temnepb HaJ0 MPOBEPUTH UX JIOCTATOYHOCTD, TO
€CTb TI0JICTABUTD TIOJIyIeHHbIe 3HAUEHNs ¢ B ypaBHeHue (9) U BBISICHUTD, JIEHCTBUTEIHHO JIN MOJIYYa-
eTcst POBHO TPU PellleHns (a He KaKOe-TO JIPYroe HEeUYETHOE UUC/IO) B KAXKJIOM M3 9TUX CJIYUIAEB.
[Iyctb a = 2. Ypasuenwue (9) nmpumer BuI:
20 — 1

Pemmaem nannoe ypaBHeHUe, CHUMasi MOJLYJIN Ha TIPOMeKyTKax (—oo; 0], [O; %}, [%, %) n (%, —i—oo).

1.z >2wmwm0<z< 3. Torga
2z — 1

+3“T ;=2 & 30 -6r43=0 & o=
I‘_

Ycnosue T > % BBIIIOJIHEHO, TaK 9TO & = | — KopeHb ypasHeHusi (11).

4



2. %<$< % Torna

2 — 1 5+ /10
-7 9 o 32— 10045=0 & g=2 Yo
3r — 2 3

. 544/10
[lepBoiit Kopenb == 6oJibile 1 u MOTOMY He IPUHA/IEZKAT PACCMATPUBAEMOMY ITPOMEXKYTKY.
JL1s1 BTOpOro KOpHS MMEEM OIEHKH:

5—v10 1 7—2V/10 49— +40
- - = = > O,
3 2 6 6
5— 10 2_3—\/10_\/5—\/10<0
3 3 3 3 '
Takum obpazom, IUCTIO %ﬁ IPUHA/JIEZKUT PacCMaTPUBAEMOMY IIPOMEXKYTKY U IIOTOMY dAB-
JsieTcst KopaeM ypapaerust (11).
3. x <0. Torma
21 — 1 —14 /10
e+ 2T 29 o 3?4 20-3=0 & z=_—-Y
3z — 2 3
PaccmarpuBaemMomMy TIPOMEXKYTKY HPUHAJICKUAT UUCIIO %ﬁ, KOTOpPOE, TaKUM 00pa30M, sIB-

JsieTcst KopaeM ypasaerust (11).

Urak, ypasaerue (11) umeer poBHO Tpu KOpHsI, TaK 9YTO 3HAYeHHE a = 2 MOAXOAUT. TOYHO Tak

2Ke }/66)Kﬂ‘aeMCH (C,ZLQJI&IL/'ITG 9TO C&MOCTOHTGJII)HO!), 9TO U B CJIydae a = % TO2KE IIOJIy4daeTCdAd POBHO

Tpu KOPHAI. B,ZLGCB o0ba HeO6XO,ZLI/IMI)IX YCJ10BHA OKa3aJIUChb K TOMY 2K€ JJOCTaATOYHbBIMU.

Omeem: a =2 nin a = %

Bamaua 5. [Ipu Kakux 3HAYEHUSIX @ CUCTEMA

ar’ +a—1=1y— |sinz|,

12
ot g - 1 (12)

nMeeT e IJMHCTBEHHOE pemeHHe?

Pewenue. Cucrema He MeHsleT CBOEro BUJa IPU 3aMeHe T HAa —I; UHBIME CJoBamu, cucrema (12)
CUMMETPUIHA OTHOCUTEIHHO TpeobpazoBanust (x,y) — (—z,y) (KOTOpoe siBIAeTcs OTPasKeHUeM KO-
OPJIMHATHOI IJIOCKOCTH OTHOCUTEJIbHO ocu opuHar). CiiejioBaTe/ibHO, Hapsijly ¢ pernenueM (g, Yo)
cucrema (12) Gymer uMmeTh Takxke perneHne (—o,Yo), U MOITOMY CJIydail eIUHCTBEHHOTO DEIeHHsI
BO3MOZKEH JIHIIb TIpu To = 0 (TO ecTh KOrjia peleHneM CHCTEeMbI CIIy?KUT HEMOJBUKHAsT TOUKA TIpe-
obpa30BaHus, PACIOIOKEHHAsI Ha OCH OPJIMHAT).

[Moncrapnssa B (12) 3navenne x = 0, MOJYIUM CUCTEMY

a_1:y7
Y =1,

U3 KOTOPOii JIErKO HaxoAuM a = 2 uian ¢ = (. DTo HeOOXOJUMbIE YCIOBUS €INHCTBEHHOCTU PEIIEHHS;
IPOBEPHM, SIBJISIOTCS JIL OHU JOCTATOYHBIMA.
ITyctes a = 2. Torga cucrema (12) mpumer Bu:

277 + 1=y — |sinz|,

13



U3 Broporo ypasaenus (13) mbr Bugmm, ato |y| < 1. [losromy syist mpaBoii 9acTi HepBoro ypasHe-
HUsI IMeeM OIeHKy: y — | sin x| < 1. B To ke Bpems ero sesast qactb: 222 +1 > 1, Tak 4T0 PAaBEHCTBO
B IIePBOM ypaBHeHHH (13) BOSMOXKHO JIUIIH B CJIy9ae OJHOBPEMEHHOIO PaBEHCTBA 00EUX JacTeil e/1u-
uure, To ectb npu x = 0, y = 1. ITapa (0, 1) ymoBiaerBopsieT TakzKe BTOPOMY YPABHEHHIO U HOTOMY
SIBJISIETCs €IMHCTBEHHBIM pertterneM cucreMsl (13). Crao ObITh, 3HaUeHnEe @ = 2 HAM IOJIXOJIUT.

IIycrs Teneps a = 0. Cucrema (12) mpumer Bu:

—1=y—|sinz|,
tg?x +y? = 1.
MozkHo yKazaTh JBa perierust nosydentoii cucremsr: (0, —1) u (7, —1). CieioBaresibHO, 3HAYEHNE
a = 0 He roguTcs.

Omeem: a = 2.

Bama4ga 6. (MI'V, gunronoeun. -m, 2002) Haiitu Bce a, mpu KOTOPBIX CHCTEMA

> (r—a
y = ( )27 (14>
T > )
UMeeT €JIMHCTBEHHOE PEeIlleHue.

Pewenue. 3amerum, uro cucrema (14) nepexogur cama B cebs IpU 3aMeHe T Ha Y ¥ Y HA x. VIHbI-
MU CJIOBAMU, HAllla CHCTEMa CUMMETPUYIHA OTHOCUTEJILHO TpeobpasoBanus (z,y) — (y,x), KoTopoe
SIBJISIETCsT OTPAZKEHNEM KOOD/IMHATHOM IIJIOCKOCTH OTHOCHTEJIBHO HpsiMoit iy = x (puc. 1).

Y

Puc. 1. Orpaxenne (z,y) — (y,x)

CuiestoBaTeIbHO, HAPSJLY C perieHneM (T, Yo) CUCTeMa UMeeT TakxKe perieHue (Yo, o). [loaromy
JIJIst TOTO, ITOOBI cucTeMa (14) mMesa eIMHCTBEHHOE pellieHne, HeoOX0AUMO, 9TOObI BBIIOJIHAIOCH Pa-
BEHCTBO To = Yo (TO eCTh 4TOOBI PEIIeHNeM CHCTEMbI CITyKUJTa HEIIO/[BUZKHAS TOUKa [TPe0bpa30BaHs,
pacIoJIoKeHHast Ha TPAMOit y = ).

[lonaras B cucreMe y = x, IOJIy4UM HEPABEHCTBO

r>(r—a)? < 2°—(2a+1Dr+a®<0. (15)

Ho na npsimoit y = x 10/KHA OBITH JIUIIL OJHA TOYKA, SIBJIAIOIIAICS PEIIeHNeM HaIllero HepaBeH-
CTBa; MO9TOMY TOJIy9eHHOe KBaJIpaTHOe HepaBeHCTBO (15) JIO/IKHO MMETh eJIMHCTBEHHOE peIlleHIe.
SHAYHUT, TUCKPUMUHAHT JIOJIZKEH OOPATUTHCST B HYJIb:

D = (2a+1)* — 4a® = 0,

6



OTKY/la @ = —%. DT0 — HEODOXOIMMOE YCJIOBHE Ha TTAPAMETP, U Hy?KHO IIPOBEPUTH €0 JJOCTATOTHOCTb.

__1 :
Honcrapasgem a = —; B cucremy (14):

1 2 1
y><$+1) ) P4yt — <0,
2 16

1\? 2, Y i
x}(y—kz) y+§ x+16<0.

CoxKum HEpaBEHCTBa HOJIy‘{eHHOfI CHUCTEMDBI:

1 1 1\ 1\’
T R | S (x——) +( —;1> < 0.

E,ILI/IHCTBGHHI)IM pemenueM JaHHOT'O HepaBEeHCTBa 6y,ZLeT I1apa (%, 411) . Ona ke 6y11eT CINHCTBECHHBIM

perrienreM cucrembl (14) mpu a = —}l, YTO MBI U XOTE€JIU IIPOBEPUTD.
Omeem: a = —% )
Bo Bcex paccMOTpeHHBIX 3aa4aX HaOJ/II01a1aCh CUMMETPUs OTHOCUTEILHO KAKOI'O-TO OJIHOI'O IIPe-

obpazoBanus. OHAKO CUMMETPHUIT MOKeT ObITh HECKOJIBKO!

Samaya 7. Haiitu Bce 3HaUeHUs @, IPU KOTOPBIX CHCTEMA,

lz] + [y| = 1,

A, (16)

nMeeT pOBHO YETBhIPE PEIICHUA.

Pewenue. Cucrema He MEHsIET CBOETO BHJIA, €CJIM 3aMEHUTH T HAa —X, WINA i HA —Y, WU IOMEHITH
MectaMu x U y. nabivMu ciioBamu, cucrema (16) cuMmMerprudHa OTHOCHTEILHO TPeOOpa30BaHUil

(%,y) = (—ZL‘,y), (I’,y) = (ZE, _y)’ (%,y) = (y,l’)

Crenosarenbio, eciu (xg,yo) — pemenne cucrembl (16), TO pemenusiMu OypyT TakKe Iapbl
(_x()ayO)v ($07_y0)7 (_$07_y0)’ (y())x()): (_y07$0)7 (y07_$0)7 (—y(),—l'()). Bee stm Mapbl IOJy4a-
I0TCA B Pe3y/IbTaTe MOC/Ie0BATEIbHBIX OTPasKeHUH UCXOAHON TOYKM OTHOCHTEIHLHO KOODIMHATHBIX
oceil u npsaMbIX y = £z (puc. 2).

Puc. 2. Cummerpus perennit cucremsr (16)



Taxum obpaszom, ecu cucrema (16) mMeer perieHue, pacrnoiokeHHoe BHe IpaMbIx & = 0, y = 0,
Yy = Z£x, TO y 9TO cucTtembl Oy/ileT He MeHee BOCHBMHU pelleHnii. POBHO 4eThIpe perrenus cucrema
MOKET UMETh JIUIIb B TOM CJIydae, KOT/Ia OHa MMeeT pellleHne, PAcloI0KeHHOe Ha OTHOM W3 TIPSIMBIX
x =0,y =0,y =+x (TOr]a BOCbMUYTOJbHUK BBIPOKJIAETCS B KBAJPAT, PUC. 3).

Y Y
y=x y=ux
/“
// \\\ N ) !
N\ |
i \\ | |
- — 1 ‘
N 7 X I : X
N s | |
\\ // : S N |
\"/
y=—x y=—x
Puc. 3. Cucrema (16) mmeeT poBHO YeThIpe PeIIeHust
Ecim z = 0w y = 0, To u3 cucremst (16) nmosmygaem a = 1. Ecom xe y = £z (1o ects |y| = |2),

10 13 cucremsl (16) momyaaem a = 5. 910 HEOOGXOAMMBIE YCI0BHA Ha HapaMerp. OCTaéTes IpOBEPUTD,
JIOCTATOYHBI JII OHHL.
Ilycte a = 1. Torga cucrema (16) mpumer Bu:

x|+ =1,
ol + Iy .
+y =1
Hemaem zanmeny u = |z|, v = |y|:
u+ov=1,
u? 40t =1.

Permraem sty cucremy u yoexkaemcst, 9To y He€ poBHO JiBa pertenns: © = 1, v =0unu=0,v =1
Drtu jnBe napsel (U, v) JAT POBHO YeThipe napsbl (z,y) pemenuii cucrembr (17): (1,0), (—1,0), (0,1),
(0, —1). Takum obpazom, 3HaueHne @ = 1 rOIUTCH.

ITycts Teneps @ = 3. Torma cucrema (16) npuver Br:

|z + [yl =1,
L] (18)
x‘ —
V=g
CuoBa sestaeM 3amMeny u = |z, v = |y|:
u+v=1,
2, 2 _ 1
ut vt = 5

%, KOTOpOE JTaéT POBHO YEThIPE pellleHus

cucremsl (18): (2, 5) (—%, %), (%, —%), (—%, —%) Cl1e10BaTEIILHO, 3HAYCHAE @ = 5 TAK/KE SBIIACTCH
HOXOATIIMM.

OTa cucreMa MMeeT €IMHCTBEHHOE DpelleHue u = v =

Omeem: a = 1w a = %



Sagaan

1. («Iloxopu Bopobvéewv. zopu!s, 2012) Haiigure Bce 3HaUeHUs mapamMeTpa @, MPHU KarKIOM U3 KOTO-
pbIX Tpadukn GyHKIUIT

f(ZE) — 32932_495—1-3 + CL3 u g(x) —q- 33;2_235—&-3 -5

UMEIOT POBHO TPU OOIIUE TOYKHU.

14 ¢
seAti- |

2. («Iloxopu Bopobwvéswi zopui!ls, 2017) Haiijure Bece 3HaUEHUsT @, IPU KAXKJOM U3 KOTOPBIX CUCTEMA
1=z =1 =3yl
2+ 9y +a=2r—1

nMeeT poOBHO YE€ThbIpE Pa3/IMYHbIX PEHICHNA.

3. («Iloxopu Bopobwvésw, 2opwvi!», 2016) Haiimure Bce 3HaUeHUs @, TPU KOTOPBIX UMEET €MHCTBEHHOE
peleHue cucreMa

(22 +1)a =y — cos,
sin*x + |y| = 1.

¢— =D
4. («Iloxopu Bopobwéev zopui!», 2014 ) Haiigure Bce 3HaYeHUS @, IPU KAXKJIOM U3 KOTOPBIX CHCTEMa

y—a’+5(a—1)=(a> —5a+6)(z —3)° + /(x — 3)2,
? +y* =23z —4)
nMeeT poOBHO OJHO pelieHue.

5. («Iloxopu Bopobuvésw. 2opui!», 2014 ) Haiinure Bce 3HaUEHNs @, IPU KaXKJIOM U3 KOTOPBIX YPABHEHUE

(e+41)? 2 1
2 a2+1 +a2—4:2acos<x )
2z

nMeer ¢JMHCTBEHHOE pelIeHue.

6. («Qusmex», 2009) Haiimure, npu KaKuX 3HAUECHUSAX [APAMETPA ¢ CHCTEMa YDaBHEHUIT

r—y*—a=0,
2 —y+a=0.

nMeeTr €JNHCTBEHHOE pelIeHue.



7. (MY, ¢-m nousosederus, 2001) Ilpu kakux 3HaUeHUsX b ypaBHEHNE
te |b] = log; (cos = — [2])

UMeeT POBHO OJIUH KOPEHb?

8. (MI'Y, mexmam, 1990) Haiitu Bce a, Ipu KOTOPBIX ypaBHEHIE
2 : 2 _
x° —2asincosr +a” =0

nmeer e,HHHCTBeHHbIﬁ KOPEHb.

TUISZ =D UK () = D

9. (MY, 2eonozun. ¢-m, 2003) Tlpn Kakux 3HAYEHUSAX @ yPABHEHHE
2% (x — 2)? + 4a cos(2mx) — 25a° = 0

nMeeT eJMHCTBCHHOE pemeHHe?

z—0=0
10. (MT'Y, dusuveckui ¢-m, 1999) Ilpn Kakux 3HAYEHUSAX @ yPABHEHHE
cos 2w +2cosx —2a* —2a+1=0
HMeeT POBHO OJHO pellienne Ha mpomexkyTke [0;27)7
I'g—=0
11. (MY, ¢-m ncuzxonozuu, 1995) Haiitu Bce a, Ipu KOTOPBIX HEPABEHCTBO
2
49
cost —2Vr24+9< ——+——ua
a—+ cosx
MeeT eJIMHCTBEHHOE peITeHue.
7="n

12. (MY, xumuueckud ¢-m, 1999) Haiitu Bce a, npu KOTOPBIX ypaBHEHHE

z(27 — 1)

2
_ 1
27+ 1 @+

+ 2a

nMeeT HeYETHOE YUCJIO KOpHe.

10



13. (MI'V, xumuueckud ¢-m, 2002) Haiitu Bce 3HAUeHUs] @, IPU KOTOPBIX yPaBHEHME

2_‘”2~4””—|—sinH+cosH—2:a3—3a2+a+\/§

4 4
UMeeT eJTMHCTBEHHOE pellleHue.
g/\zﬂFs 0="v
14. (MI'V, BMK, 1998) Haiitu Bce a, Ipu KOTOPBIX ypaBHEHHE
2
_2x - —1 5)
21427 4 q cos +a2==
T 4
UMeeT eJIMHCTBEHHBIN KOPEHb.
%— =D
15. (MY, zumuyeckutds ¢-m, 2005) Ilpu Kakux 3HAUEHUSAX HapaMeTpa a ypaBHEHHe
| + r+1
x =a
3r—1
“MeeT POBHO TPHU PereHus ?
=D

16. (MI'Y, skonomuy. ¢-m, 2002) Haiitu BCce @, Ipr KOTOPBIX HEPABEHCTBO

3
Va2 — 6azx + 10a2 + V'3 + 6ax — 22 — 10a2 > i‘/\/§a+24—ﬁ+)y—\/§a2 +‘y—\/§a‘

nMeeT ¢JUHCTBECHHOE peIIeHure.

14 _
E/\’”

17. (MI'V, sxonomun. -m, 2005) Haiitu Bce b, npu KOTOPBIX YpABHEHUE

2 2 2
b? sin (W;— —a:) + sin? <bf1 — b—i——1> — bV4z? + 8 — 8 = 3 + arcsin |1 — x|

nMeeTr ¢AUHCTBECHHOEC peIIeHure.

18. Haiitu Bce 3Ha4eHus: a, IpU KOTOPBIX CHCTEMA

) (Jz] +1)a =y + cos, ) 21l 4|z = y + 2% + q,
a
sinfz + 92 = 1; =1

nMeeTr ¢JMHCTBEHHOE pelIeHue.

11



19. (MI'V, MIII3, 2005) Haiitu Bce b, ipu KOTOPBIX CUCTEMA

(z® 4+ 1)b = y + cos 2,
2\sinx| + |y| —9

nMeeTr ¢IMHCTBEHHOE pelIeHure.

20. (MI'Y, sxonomun. ¢-m, 1987) Haiitu Bce a, Ipu KOTOPBIX CHCTEMA

321l 4 5|2 + 4 = 3y + 52% + 3a,
x2+y2:1

nMeeT ¢JJMHCTBECHHOEC pelIeHMre.

21. (MI'Y, ¢-m nousosedenus, 2007) Haiitu Bce a, Ipu KOTOPBIX CHCTEMA,
@—2%@ +<5+%@>—6a:y—hA—&
7? —(a—4)y =0

nMeeT e¢JJMHCTBEHHOE pelIeHure.

22. (MT'Y, sxonomun. ¢-m, 1990) Haiitu Bce a, Ipu KOTOPHIX CHCTEMA

(3—2¢@y+<3+2¢®y—&w=ﬁ+ﬁx+&

y* — (a* — 5a+ 6)2* = 0,
—-6<r<0

nMeeTr ¢cAUHCTBCHHOEC peEHIeHUre.

23. (MI'Y, HCAA, 1991) llpn kaknx 3HadUeHUAX b cucTeMa
24yt =2,
Yl -z =0

UMeeT POBHO TPU peleHusi?

12



24. (MI'V, ¢-m nousosederusn, 1995) Ilpu kakux 3HaveHusax b cucrema

4y = 4b + 3 — 2 + 2,
vt +y? =22

UMeeT J[Ba PenieHus’

25. (MI'Y, HCAA, 1998) llpu KaknuX 3HAUEHUSX G CHCTEMA

vt —(a—1)Va+3 - y+a*+2a* —9a* —2a + 8 =0,
y=+va+3- z?

MMeeT POBHO TPU PA3JINIHBIX PENICHUS !

26. (MI'Y, ¢-m 2oc. ynpasaenus, 2002) Haiitu Bce a, Ipu KOTOPBIX CHCTEMA

(3v/lel + Iyl = 3) (12l +3lyl —9) = 0,

(x —a)> +9* =25

nMeeT poBHO TpU peHIcHUrA.

27. (MI'Y, ¢usuveckud ¢-m, 1981) Haiitu Bce a, mpu KOTOPBIX CHCTEMA

x2+y2:1’
r+y=a

nMeeT €JMHCTBEHHOE pelIeHue.

28. (MI'Y, sxonomun. ¢-m, 1977) Haiitu Bce a, Ipu KOTOPBIX CHCTEMA

v’ +y* =2(1+a),
(:E+y)2 =14

nMeeT poBHO JBa Pa3/JIMYHBLIX pEelICeHUA.

29. (MI'Y, ¢unonoeun. ¢-m, 1984) Haiitu BCe a, Ipu KOTOPBIX cucTEMA,

nMeeT e¢JJMHCTBEHHOE pelIeHure.

13
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30. (MY, unrosceun. ¢-m, 1992) Haiitu Bce a, Ipu KOTOPBIX CHCTEMA,

ar® +4ax —y+Ta+1=0,
ay? —x —2ay +4a—2=0

nMeeTr ¢IUHCTBEHHOE pelIeHure.

31. (MI'Y, zeoepagun. ¢-m, 1997) Haiitu Bce a, mpu KOTOPBIX CHCTEMA

az? — 2ax — 2y + 4a — 2 <0,
ay® +4day — 22 +7a+4 <0

nMeeT ¢JUMHCTBECHHOE pelIeHure.

32. (MI'Y, mexmam, 2001) Haiiti Bce a, Ipu KOTOPBIX CHCTEMA

(a—1)2* +2ax +a+4 <0,
ar® +2(a+1)r+a+1>0

nMeeT ¢IJUHCTBECHHOE peIIeHUe.

33. (MI'Y, 6uoaoceun. ¢-m, 1991) Haiiti Bce a, mpu KOTOPBIX CHCTEMA

zcos(z —y) + (2 + zy)sin(x + y) — 2 =0,
2+ (y— 172+ 2° =a+ 2z,
(z+y+asin’z) (1 —a)ln(l —zy)+1) =0

nMeeTr ¢ANHCTBEHHOE peElIeHue.

34. (MI'Y, zumuueckud ¢-m, 1986) Haiitu Bce a, Ipu KOTOPBIX CHCTEMA

{¢|y+3|=1—m,

16a — 9 — 6y = 252 + ¢*

UMeEET POBHO YeThIpe Pa3JIMYHBIX PEIIeHUs.
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35. (MI'Y, 6uonoeuy. ¢-m, 2001) Haiitu BCe a, Ipu KOTOPLIX CHCTEMA
sinx = cos (x\/ﬁ — 2a2> ,
2
cosT = (a — 5) sin (x\/6 — 2a2>

nmeer Ha orpeske [0; 27| eJIMHCTBEHHOE PellleHue.

{epFaFi—i-}sn

36. (MI'Y, mexmam, 1998) Haiitu Bce a, Ipu KOTOPBIX CHCTEMA,
cos®(may) — 2sin®(rx) — 3sin®(ry) — 2 + tg(ma) = 0,

3 3 1
cos(mxy) — 3 sin?(rz) — 2sin®(7y) — 515 tg(ma) = 0,

Ta T 1
1 (1 4'2<___>_2_ 2)<_
0gy | 1 + 4sin 1 16 rt—y 5

UMeEET POBHO YeThIpe Pa3JIMIHBIX PEIIeHNs.

Zou‘up+ % =0

37. (MI'Y, axonomun. ¢-m, 1999) Haiitu Bce a, mpu KOTOPBIX CHCTEMA

asin |2z| + logs <.CE\8/2 - 5:B8> +a? =0,

((y* — 1) cos® z — ysin2z + 1) (1+\/7T+22—|—\/7T—22) =0

uMeeT He Gojiee ABYX Pas/IMYHLIX PEHICHHUil, HO He MeHee ogHoro. HaiiTu Ty perrenus.
_p A _ A
i =it =

4

— 4
= T urum 4

LBIOXI'OIl OH D 9IIHIIeLOO ! %7 =27 =27 =xoxr* g

= D U9

N

g
fozz‘ozfi‘ézxom‘lfzvnuog

<

38. (MTI'Y, zumuueckui ¢-m, 1988) Haiitu Bee 3HAUEHUS ApAMETPa G, IPU KOTOPHIX PABHOCUILHDI
CUCTEMBbI ypaBHEHU

r+2y=2-—a, 2 —yt —4x+3=0,
—r+ay =a— 2d* 222 +y* + (a® +2a — 11)x + 12 — 6a = 0.
I—¢g— ="
39. HaiimuTe Bce 3HAUEHUS TIapaMeTPOB a U b, IIPU KOTOPBIX CHCTEMA
TYz +z = a,
Y2’ + 2z =,
P24 =4
UMeeT POBHO OJIHO PEIIeHUeE.
t—=q9=0
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