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ÂÎÇÐÀÑÒÀÍÈÅ È ÓÁÛÂÀÍÈÅ ÔÓÍÊÖÈÉ

Ïîíÿòèå ïðîèçâîäíîé — îäíî èç âàæíåéøèõ â ìàòåìàòèêå.
Ñ ïîìîùüþ ïðîèçâîäíîé, ó÷èòûâàÿ åå ìåõàíè÷åñêèé ñìûñë (ñêî-
ðîñòü èçìåíåíèÿ íåêîòîðîãî ïðîöåññà) è ãåîìåòðè÷åñêèé ñìûñë (óã-
ëîâîé êîýôôèöèåíò êàñàòåëüíîé), ìîæíî ðåøàòü ñàìûå ðàçíîîáðàç-
íûå çàäà÷è, îòíîñÿùèåñÿ ê ëþáîé îáëàñòè ÷åëîâå÷åñêîé äåÿòåëüíî-
ñòè. Â ÷àñòíîñòè, ñ ïîìîùüþ ïðîèçâîäíûõ ñòàëî âîçìîæíûì ïîä-
ðîáíîå èññëåäîâàíèå ôóíêöèé, áîëåå òî÷íîå ïîñòðîåíèå èõ ãðàôè-
êîâ, íàõîæäåíèå èõ íàèáîëüøèõ è íàèìåíüøèõ çíà÷åíèé è ò.ä.

Ïîçíàêîìèìñÿ ñ îñíîâíûìè èäåÿìè, ñâÿçàííûìè ñ èññëåäîâà-
íèÿìè ôóíêöèé. Äëÿ ýòîãî ðàññìîòðèì ãðàôèê êàêîé-íèáóäü
ôóíêöèè y = f(x), x Ý [a; b] (ðèñ. 1).
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Ðèñ. 1

Èíòóèòèâíî ÿñíî, ÷òî íà ïðîìåæóòêàõ [a; x1] è [x2; b] äàííàÿ
ôóíêöèÿ âîçðàñòàåò, à íà ïðîìåæóòêå [x1; x2] — óáûâàåò.

Â äàëüíåéøåì áóäåì ðàññìàòðèâàòü òîëüêî äèôôåðåíöèðóå-
ìûå ôóíêöèè.

Îïðåäåëåíèå 1. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ âîçðàñòàþùåé
íà íåêîòîðîì ïðîìåæóòêå, åñëè â òî÷êàõ ýòîãî ïðîìåæóòêà áîëü-
øåìó çíà÷åíèþ àðãóìåíòà ñîîòâåòñòâóåò áîëüøåå çíà÷åíèå ôóíê-
öèè, è óáûâàþùåé, åñëè áîëüøåìó çíà÷åíèþ àðãóìåíòà ñîîòâåò-
ñòâóåò ìåíüøåå çíà÷åíèå ôóíêöèè.

Ñîãëàñíî îïðåäåëåíèþ âîçðàñòàþùåé íà íåêîòîðîì ïðîìåæóò-
êå ôóíêöèè èìååì:

åñëè x2 > x1, òî f(x2) > f(x1);
åñëè x2 < x1, òî f(x2) < f(x1).

Îòñþäà ñëåäóåò, ÷òî åñëè x2 – x1 > 0, òî f(x2) – f(x1) > 0,
åñëè x2 – x1 < 0, òî f(x2) – f(x1) < 0.

Òàê êàê ðàçíîñòè, ñòîÿùèå â ëåâûõ ÷àñòÿõ ïîëó÷åííûõ íåðà-
âåíñòâ, ÿâëÿþòñÿ ïðèðàùåíèÿìè àðãóìåíòà è ôóíêöèè, òî ïðè-
õîäèì ê çàêëþ÷åíèþ, ÷òî åñëè œx > 0, òî œy > 0, à åñëè œx < 0,
òî è œy < 0. Èíûìè ñëîâàìè, ïðèðàùåíèÿ œx è œy èìåþò îäèíà-
êîâûå çíàêè.
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k Ý Z.  24. Âîçðàñòàåò íà (0; +×), óáûâàåò íà (–×; 0).  25. Âîçðà-
ñòàåò íà (1; +×), óáûâàåò íà (–×; 1).  26. Âîçðàñòàåò íà (–×; +×).
 27. Âîçðàñòàåò íà (–×; +×).  28. Âîçðàñòàåò íà (–×; –1) è íà

(1; +×), óáûâàåò íà (–1; 0) è íà (0; 1).   36. ymin = f 
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37. ymin = f(1) = –
9

2
.  38. ymax = f(–3) = 10.  39. ymax = f ( )− 2  = 1 + 4 2 ;

ymin = f ( )2  = 1 – 4 2 .  40. ymax = f(–3) = 9; ymin = f(1) = –
5

3
.

41. ymax = f(0) = 2; ymin = f(–1) = 
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; ymin = f(3) = –
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.  43. ymax = f(1) = 3; ymin = f(2) = 0.

44. ymin = f 
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⎟ .  45. ymin = f(0) = 2.  46. Ðåøåíèå. Ïóñòü f(x)

èìååò ýêñòðåìóì â òî÷êå x0; òîãäà fR(x0) = 0. Åñëè â òî÷êå x0 ïðî-
èçâîäíàÿ òàêæå èìååò ýêñòðåìóì (íàïðèìåð, ìàêñèìóì), òî äëÿ
âñåõ çíà÷åíèé x ­ x0, äîñòàòî÷íî áëèçêèõ ê x0, ïîëó÷èì
fR(x) < fR(x0) = 0. Ñëåäîâàòåëüíî, â îêðåñòíîñòè x0 ôóíêöèÿ f(x)
óáûâàåò, à ýòî ïðîòèâîðå÷èò äîïóùåíèþ. Òàêèì îáðàçîì, òî÷êà
ýêñòðåìóìà ôóíêöèè íå ìîæåò îäíîâðåìåííî áûòü è òî÷êîé ýêñò-
ðåìóìà åå ïðîèçâîäíîé.  51. m = f(2) = –1; M = f(0) = 3.
52. m = f(3) = –1; M = f(1) = 3.  53. m = f(2) = 4; M = f(5) = 67.
54. m = f(–1) = 0; M = f(–2) = 17.  55. m = f(1) = –1; M = f(e) = 0.

56. m = f(0) = –1; M = f 
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Òîãäà îòíîøåíèå ïðèðàùåíèÿ ôóíêöèè ê ïðèðàùåíèþ àðãóìåíòà

ïîëîæèòåëüíî, òî åñòü 
Δ
Δ
y
x

 > 0. Äàëåå, ïîñêîëüêó ôóíêöèÿ f(x) äèô-

ôåðåíöèðóåìà íà ðàññìàòðèâàåìîì ïðîìåæóòêå, òî, ïåðåõîäÿ ê ïðå-

äåëó ïðè œx Æ 0, ïîëó÷èì 
0

lim
xΔ →

 
Δ
Δ
y
x

 ≥ 0, à ýòî çíà÷èò, ÷òî fR(x) > 0.

Ðàññóæäàÿ àíàëîãè÷íî, ìîæíî ïîêàçàòü, ÷òî â ñëó÷àå óáûâà-
íèÿ ôóíêöèè åå ïðîèçâîäíàÿ îòðèöàòåëüíà, òî åñòü fR(x) < 0.

Âñå âûøåèçëîæåííîå ìîæíî ñôîðìóëèðîâàòü êàê íåîáõîäè-
ìûé ïðèçíàê âîçðàñòàíèÿ (óáûâàíèÿ) ôóíêöèè.

 Òåîðåìà 1. Åñëè äèôôåðåíöèðóåìàÿ ôóíêöèÿ y = f(x) âîçðà-
ñòàåò (óáûâàåò) íà äàííîì ïðîìåæóòêå, òî ïðîèçâîäíàÿ ýòîé
ôóíêöèè íå îòðèöàòåëüíà (íå ïîëîæèòåëüíà) íà ýòîì ïðîìå-
æóòêå.

Ãåîìåòðè÷åñêè óòâåðæäåíèå òåîðåìû îçíà÷àåò, ÷òî êàñàòåëü-
íûå ê ãðàôèêó âîçðàñòàþùåé ôóíêöèè îáðàçóþò îñòðûå óãëû α
ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Ox, ïðè÷åì â îòäåëüíûõ òî÷-
êàõ, âðîäå òî÷êè M (ðèñ. 2), êàñàòåëüíàÿ ìîæåò áûòü ïàðàëëåëü-
íà îñè Ox; çíà÷èò, fR(x) = tg α ≥ 0. Àíàëîãè÷íî, êàñàòåëüíûå ê
ãðàôèêó óáûâàþùåé ôóíêöèè îáðàçóþò òóïûå óãëû α ñ ïîëîæè-
òåëüíûì íàïðàâëåíèåì îñè Ox, ïðè÷åì â îòäåëüíûõ òî÷êàõ, âðî-
äå òî÷êè N (ðèñ. 3), êàñàòåëüíàÿ ìîæåò áûòü ïàðàëëåëüíà îñè
Ox; ïîýòîìó fR(x) = tg α  £ 0.
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Ðèñ. 2 Ðèñ. 3

Ïðîìåæóòêè, íà êîòîðûõ ôóíêöèÿ òîëüêî âîçðàñòàåò èëè æå
òîëüêî óáûâàåò, íàçûâàþòñÿ ïðîìåæóòêàìè ìîíîòîííîñòè ôóíê-
öèè, à ñàìà ôóíêöèÿ íàçûâàåòñÿ ìîíîòîííîé íà ýòèõ ïðîìåæóò-
êàõ.

Íàïðèìåð, ôóíêöèÿ y = sin x (ðèñ. 4) íå ìîíîòîííà íà ïðîìå-
æóòêå 0 < x < 2p, íî ÿâëÿåòñÿ ìîíîòîííîé íà ïðîìåæóòêå
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æóòêà [0; 2π] èìååò ìåñòî ïðè x = 0, 
π
2

, π, 
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π
, 2π. Äðóãèõ êðèòè-

÷åñêèõ òî÷åê íåò.
5. Íàéäåííûå òî÷êè äåëÿò ïðîìåæóòîê [0; 2π] íà èíòåðâàëû
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ïðîèçâîäíîé â ýòèõ èíòåðâàëàõ è çíà÷åíèÿ ôóíêöèè â òî÷êàõ
ýêñòðåìóìà ñâåäåì â òàáëèöó:
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yR 0 + 0 – 0 + 0 – 0

y ymin = 0 ymax = 
1

3
ymin = 0 ymax = 1 ymin = 0

6. Ïîñòðîèì ãðàôèê (ðèñ. 22).
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Ðèñ. 22

Îòâåòû

10. Âîçðàñòàåò íà ïðîìåæóòêàõ (–×; –1) è (2; +×), óáûâàåò íà
ïðîìåæóòêå (–1; 2).  15. Ðåøåíèå. Òàê êàê ïðîèçâîäíàÿ
fR(x) = 5x4 + 6x2 + 1 ïîëîæèòåëüíà â ëþáîé òî÷êå ÷èñëîâîé îñè, òî
ôóíêöèÿ f(x) ìîíîòîííî âîçðàñòàåò íà (–×; +×).  16. Óáûâàåò íà
(–×; +×).  17. Âîçðàñòàåò íà (–×; –1) è íà (1; +×), óáûâàåò íà
(–1; 1).  18. Óáûâàåò íà (–×; –1) è íà (1; +×), âîçðàñòàåò íà (–1; 1).
19. Âîçðàñòàåò íà (–×; –1) è íà (2; +×), óáûâàåò íà (–1; 2).
20.  Âîçðàñòàåò íà (–×; –3) è íà (5; +×), óáûâàåò íà (–3; 5).  21. Ôóíê-
öèÿ âîçðàñòàåò íà âñåé îáëàñòè îïðåäåëåíèÿ (0; +×).  22. Âîçðà-
ñòàåò íà (0; 1), óáûâàåò íà (1; 2).  23. Âîçðàñòàåò íà ïðîìåæóòêàõ
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π
2

 < x < 
3

2

π
 (âî âñåõ òî÷êàõ ýòîãî ïðîìåæóòêà ôóíêöèÿ óáûâàåò).

Îáðàòíîå çàêëþ÷åíèå òàêæå ñïðàâåäëèâî, îíî âûðàæàåòñÿ ñëå-
äóþùåé òåîðåìîé.

 Òåîðåìà 2. Åñëè ïðîèçâîäíàÿ ôóíêöèè y = f(x) ïîëîæèòåëü-
íà (îòðèöàòåëüíà) íà íåêîòîðîì ïðîìåæóòêå, òî ôóíêöèÿ íà
ýòîì ïðîìåæóòêå ìîíîòîííî âîçðàñòàåò (ìîíîòîííî óáûâàåò).

Ïîÿñíèì ýòó òåîðåìó ãåîìåòðè÷åñêè. Èìååì fR(x) = k = tg α,
ãäå k — êîýôôèöèåíò êàñàòåëüíîé. Åñëè fR(x) > 0, òî tg α > 0, òî
åñòü óãîë α — îñòðûé, à ýòî âîçìîæíî ëèøü ïðè âîçðàñòàíèè
ôóíêöèè (ðèñ. 5).
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Ðèñ. 4 Ðèñ. 5

Åñëè æå fR(x) < 0, òî tg α < 0, òî åñòü óãîë α — òóïîé, ÷òî
âîçìîæíî ëèøü ïðè óáûâàíèè ôóíêöèè (ðèñ. 6).
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Ðèñ. 6

Òàêèì îáðàçîì, âîçðàñòàíèå èëè óáûâàíèå ôóíêöèè íà ïðîìå-
æóòêå âïîëíå îïðåäåëÿåòñÿ çíàêîì ïðîèçâîäíîé ýòîé ôóíêöèè.
Íà ïðîìåæóòêå çíàêîïîñòîÿíñòâà ïðîèçâîäíîé ôóíêöèÿ ÿâëÿåò-
ñÿ ìîíîòîííîé.
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6. Ãðàôèê èçîáðàæåí íà ðèñóíêå 21.
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Ðèñ. 21

63. y = 
sin

sin

2

2

x
x+

.

Ðåøåíèå. 1. Îáëàñòü îïðåäåëåíèÿ (–×; +×). Ôóíêöèÿ íåïðå-
ðûâíà âî âñåé îáëàñòè îïðåäåëåíèÿ.

2. Ôóíêöèÿ íå ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé, òàê êàê

f(–x) = 
sin

sin

2

2

x
x+

 è f(–x) ­ f(x),   f(–x) ­ –f(x).

Ôóíêöèÿ èìååò ïåðèîä 2π. Ó÷èòûâàÿ ýòî, ïðîâåäåì åå èññëå-
äîâàíèå è ïîñòðîèì ãðàôèê òîëüêî â ïðåäåëàõ îäíîãî ïåðèîäà,
íàïðèìåð íà ïðîìåæóòêå [0; 2π]. Çàòåì, ïîëüçóÿñü ïåðèîäè÷íî-
ñòüþ ôóíêöèè, ïðîäîëæèì ãðàôèê íà âñþ îáëàñòü îïðåäåëåíèÿ.

3. Èç óðàâíåíèÿ 
sin

sin

2

2

x
x+

 = 0 íàõîäèì, ÷òî êðèâàÿ ïåðåñåêàåò

îñü àáñöèññ ïðè x = 0, π, 2π. Ñ îñüþ îðäèíàò êðèâàÿ ïåðåñåêàåòñÿ
â íà÷àëå êîîðäèíàò.

4. Íàõîäèì ïðîèçâîäíóþ:

yR = ( )
( sin ) sin cos sin cos

sin

2 2

2

2

2

+ ⋅ −

+

x x x x x

x  = 
sin cos ( sin )

( sin )

x x x

x

4

2 2

+
+ .

Èç óðàâíåíèÿ 
sin cos ( sin )

( sin )

x x x

x

4

2 2

+
+  = 0 ñëåäóåò, ÷òî sin x cos x = 0

(òàê êàê 4 + sin x ­ 0). Ïîñëåäíåå ðàâåíñòâî â ïðåäåëàõ ïðîìå-
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1. Ïîêàæèòå, ÷òî ôóíêöèÿ y = 2x3 + 3x2 – 12x + 1 óáûâàåò íà
ïðîìåæóòêå (–2; 1).

Ðåøåíèå. Äîñòàòî÷íî óáåäèòüñÿ â òîì, ÷òî ïðîèçâîäíàÿ ôóíê-
öèè ïðè –2 < x < 1 îòðèöàòåëüíà. Íàõîäèì

yR = 6x2 + 6x – 12 = 6(x + 2)(x – 1).
Ìíîæèòåëü x + 2 íà ïðîìåæóòêå (–2; 1) ïîëîæèòåëåí, à ìíî-

æèòåëü x – 1 îòðèöàòåëåí. Çíà÷èò, ïðîèçâîäíàÿ âî âñåõ òî÷êàõ
óêàçàííîãî ïðîìåæóòêà îòðèöàòåëüíà, à ñëåäîâàòåëüíî, ôóíêöèÿ
óáûâàåò.

2. Ïîêàæèòå, ÷òî ôóíêöèÿ y = tg x íà ïðîìåæóòêå −⎛
⎝
⎜

⎞
⎠
⎟

π π
2 2

;

ìîíîòîííî âîçðàñòàåò.

Ðåøåíèå. Íàõîäèì ïðîèçâîäíóþ (tg x)R = 
1
2cos x

. Â óêàçàííîì

ïðîìåæóòêå cos x èçìåíÿåòñÿ îò 0 äî 1; ïîýòîìó

(tg x)R = 
1
2cos x

 > 0.

Ñëåäîâàòåëüíî, äàííàÿ ôóíêöèÿ ÿâëÿåòñÿ âîçðàñòàþùåé.

3. Èññëåäóéòå ïîâåäåíèå ôóíêöèè f(x) = 3 + x  íà ïðîìåæóò-
êå [1; 4].

Ðåøåíèå. Íàõîäèì ïðîèçâîäíóþ: fR(x) = 
1

2 x
. Ïðè ëþáîì çíà-

÷åíèè x èç ïðîìåæóòêà [1; 4] ïðîèçâîäíàÿ ïîëîæèòåëüíà. Îò-
ñþäà çàêëþ÷àåì, ÷òî äàííàÿ ôóíêöèÿ âîçðàñòàåò íà ïðîìåæóò-
êå [1; 4].

Упражнения

4. Ïîêàæèòå, ÷òî ôóíêöèÿ y = 22x x−  âîçðàñòàåò íà ïðîìåæóò-
êå (0; 1) è óáûâàåò íà ïðîìåæóòêå (1; 2).

5. Ïîêàæèòå, ÷òî ôóíêöèÿ y = x3 + x âîçðàñòàåò íà îáëàñòè
îïðåäåëåíèÿ.

6. Ïîêàæèòå, ÷òî ôóíêöèÿ y = arctg x – x óáûâàåò íà îáëàñòè
îïðåäåëåíèÿ.

7. Ïîêàæèòå, ÷òî ôóíêöèÿ y = 
x

x

2 1−
 âîçðàñòàåò íà ïðîìåæóò-

êå, íå ñîäåðæàùåì òî÷êè x = 0.

27

62. y = 
x

x

3

23 −
.

Ðåøåíèå. 1. Ôóíêöèÿ îïðåäåëåíà íà âñåé îñè Ox, çà èñêëþ÷å-

íèåì òî÷åê x = 3  è x = – 3 , â êîòîðûõ ôóíêöèÿ èìååò ðàçðûâ.
2. Ôóíêöèÿ íå÷åòíàÿ, òàê êàê f(–x) = –f(x). Åå ãðàôèê ñèì-

ìåòðè÷åí îòíîñèòåëüíî íà÷àëà êîîðäèíàò. Â ñâÿçè ñ ýòèì ìîæíî
èññëåäîâàòü ôóíêöèþ òîëüêî äëÿ òî÷åê ñïðàâà îò îñè îðäèíàò.

3. Åñëè x = 0, òî y = 0, òî åñòü ãðàôèê ôóíêöèè ïðîõîäèò
÷åðåç íà÷àëî êîîðäèíàò. Äðóãèõ òî÷åê ïåðåñå÷åíèÿ ãðàôèêà
ñ îñÿìè êîîðäèíàò íåò.

4. Íàõîäèì

yR = 
( ) ( ) ( )

( )
x x x x

x

3 2 2 3

2
2

3 3

3

′
− − −

′

−
 = 

( )
( )

3 3 2

3

2 2 3

2
2

x x x x

x

− + ⋅

−
 =

= 
( )

9 3 2

3

2 4 4

2
2

x x x

x

− +

−
 = 

( )
9

3

2 4

2
2

x x

x

−

−
 = 

( )
( )
x x

x

2 2

2
2

9

3

−

−
.

Èç óðàâíåíèÿ x2(9 – x2) = 0 ïîëó÷èì (ïðè óñëîâèè x ≥ 0) x1 = 0,
x2 = 3.

5. Ïðîèçâîäíàÿ ìîæåò ìåíÿòü çíàê ïðè ïðîõîæäåíèè ÷åðåç

ýòè òî÷êè è ÷åðåç òî÷êó ðàçðûâà ôóíêöèè x = 3 , â êîòîðîé
ïðîèçâîäíàÿ íå ñóùåñòâóåò.

Òàê êàê x2 ≥ 0 è (3 – x2)2 ≥ 0, òî çíàê ïðîèçâîäíîé îïðåäåëÿåòñÿ

çíàêîì ðàçíîñòè 9 – x2. Ïîýòîìó ïðè  0 < x < 3  è 3  < x < 3
èìååì yR > 0, ñëåäîâàòåëüíî, y âîçðàñòàåò â ýòèõ ïðîìåæóòêàõ;
ïðè x > 3 èìååì yR < 0, çíà÷èò, y óáûâàåò â ýòîì ïðîìåæóòêå.
Èòàê, â òî÷êå x = 3 ôóíêöèÿ èìååò ìàêñèìóì, ðàâíûé

ymax = f(3) = –
9

2
.

Ñîñòàâèì òàáëèöó äëÿ ðàññìàòðèâàåìîé ÷àñòè îáëàñòè îïðåäå-
ëåíèÿ:

x ( )0 3; ( )3 3; 3 (3; +×)

yR + + 0 –

y ymax = –
9

2
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Ìû óñòàíîâèëè, ÷òî ïðîìåæóòêè âîçðàñòàíèÿ èëè óáûâàíèÿ
ôóíêöèè ñîâïàäàþò ñ ïðîìåæóòêàìè, â êîòîðûõ ïðîèçâîäíàÿ ýòîé
ôóíêöèè ñîõðàíÿåò çíàê. Ñëåäîâàòåëüíî, ïåðåõîä îò âîçðàñòàíèÿ
ê óáûâàíèþ èëè îáðàòíî âîçìîæåí ëèøü â òî÷êàõ, ãäå ïðîèçâîä-
íàÿ ìåíÿåò çíàê. Òàêèìè òî÷êàìè ìîãóò ñëóæèòü òîëüêî òî÷êè,
â êîòîðûõ fR(x) = 0, à òàêæå òî÷êè ðàçðûâà.

Ïîýòîìó ïðîìåæóòêè îáëàñòè ìîíîòîííîñòè ìû ïîëó÷èì, åñëè
ðàçäåëèì îáëàñòü îïðåäåëåíèÿ ôóíêöèè òî÷êàìè, â êîòîðûõ
fR(x) = 0, è òî÷êàìè ðàçðûâà.

Ñôîðìóëèðóåì òåïåðü  ïðàâèëî íàõîæäåíèÿ ïðîìåæóòêîâ ìî-
íîòîííîñòè ôóíêöèè f(x).

1. Íàõîäÿò òî÷êè ðàçðûâà ôóíêöèè f(x).
2. Íàõîäÿò ïðîèçâîäíóþ fR(x) äàííîé ôóíêöèè.
3. Íàõîäÿò òî÷êè, â êîòîðûõ fR(x) ðàâíà íóëþ èëè íå ñóùå-

ñòâóåò. Ýòè òî÷êè íàçûâàþòñÿ êðèòè÷åñêèìè äëÿ ôóíêöèè f(x).
4. Íàéäåííûìè òî÷êàìè îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x)

ðàçáèòü íà ïðîìåæóòêè, íà êàæäîì èç êîòîðûõ ïðîèçâîäíàÿ fR(x)
ñîõðàíÿåò ñâîé çíàê. Ýòè ïðîìåæóòêè ÿâëÿþòñÿ ïðîìåæóòêàìè
ìîíîòîííîñòè.

5. Èññëåäóþò çíàê fR(x) íà êàæäîì èç íàéäåííûõ ïðîìåæóò-
êîâ. Åñëè íà ðàññìàòðèâàåìîì ïðîìåæóòêå fR(x) > 0, òî íà ýòîì
ïðîìåæóòêå f(x) âîçðàñòàåò; åñëè æå fR(x) < 0, òî íà òàêîì ïðîìå-
æóòêå f(x) óáûâàåò.

8–28. Íàéäèòå ïðîìåæóòêè ìîíîòîííîñòè ñëåäóþùèõ ôóíê-
öèé.

8. y = x2 – 4x + 1.
Ðåøåíèå. 1. Íàõîäèì ïðîèçâîäíóþ äàííîé ôóíêöèè: yR = 2x – 4.
2. Íàõîäèì êðèòè÷åñêèå òî÷êè ôóíêöèè:

2x – 4 = 0, 2x = 4, x = 2.

3. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè (–×; +×) ðàçáèâàåòñÿ íà
ïðîìåæóòêè (–×; 2) è (2; +×).

4. Íà ïðîìåæóòêå (–×; 2) èìååì yR < 0; íàïðèìåð,

(2x – 4) | x = 0 = –4.

Ñëåäîâàòåëüíî, íà ïðîìåæóòêå (–×; 2) ôóíêöèÿ óáûâàåò. Íà ïðîìå-
æóòêå (2; +×) èìååì yR > 0; íàïðèìåð, (2x – 4) | x = 3 = 2æ3 – 4 = 2.
Çíà÷èò, íà ïðîìåæóòêå (2; +×) ôóíêöèÿ âîçðàñòàåò (ðèñ. 7).

26

6. Ãðàôèê èçîáðàæåí íà ðèñóíêå 19.
61. y = ln (x2 + 1).

Ðåøåíèå. 1. Îáëàñòü îïðåäåëåíèÿ (–×; +×). Òî÷åê ðàçðûâà íåò,

ïîñêîëüêó x2 + 1 > 0 ïðè ëþáîì äåéñòâèòåëüíîì x.

2. Òàê êàê y(–x) = ln ((–x2) + 1) = ln (x2 + 1) = y(x), òî ôóíêöèÿ

÷åòíàÿ; åå ãðàôèê ñèììåòðè÷åí îòíîñèòåëüíî îñè îðäèíàò.

3. Åñëè x = 0, òî y = ln 1 = 0, à åñëè y = 0, òî ln (x2 + 1) = 0,

îòêóäà x2 + 1 = 1, òî åñòü x = 0. Ýòî çíà÷èò, ÷òî ãðàôèê ôóíêöèè

ïåðåñåêàåò îñè êîîðäèíàò â åäèíñòâåííîé òî÷êå — íà÷àëå êîîð-

äèíàò.

4. Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè. Èìååì

yR = 
1

12x +
æ(x2 + 1)R = 

2

12

x

x +
, 

2

12

x

x +
 = 0,

òî åñòü x = 0 — êðèòè÷åñêàÿ òî÷êà.

5. Òî÷êà x = 0 ðàçáèâàåò îáëàñòü îïðåäåëåíèÿ ôóíêöèè íà äâà

ïðîìåæóòêà (–×; 0) è (0; +×). Òàê êàê f Rx<0 < 0, f Rx>0 > 0, òî â

ïåðâîì èç íèõ ôóíêöèÿ óáûâàåò, âî âòîðîì — âîçðàñòàåò, ïðè-

÷åì ïðè x = 0 îíà äîñòèãàåò ìèíèìóìà: ymin = y(0) = 0.

Ñîñòàâèì òàáëèöó:

x (–×; 0) 0 (0; +×)

yR – 0 +

y ymin = 0

6. Ãðàôèê èçîáðàæåí íà ðèñóíêå 20.

x

y

A B

0

–
2

2

2

2
x

y

A B

0 1–1

Ðèñ. 19 Ðèñ. 20
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9. f(x) = x3 – 3x2.
Ðåøåíèå. 1. Íàõîäèì fR(x) = 3x2 – 6x.
2. Íàõîäèì êðèòè÷åñêèå òî÷êè:

3x2 – 6x = 0, 3x(x – 2) = 0, x1 = 0, x2 = 2.

3. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè (–×; +×) ðàçáèâàåòñÿ íà
ïðîìåæóòêè (–×; 0), (0; 2) è (2; +×).

4. Èìååì:
fR(–1) = 3æ(–1)2 – 6æ(–1) = 9 > 0, ñëåäîâàòåëüíî, íà ïðîìåæóò-

êå (–×; 0) ôóíêöèÿ âîçðàñòàåò;
fR(1) = 3æ12 – 6æ1 = –3 < 0, çíà÷èò, íà ïðîìåæóòêå (0; 2)

ôóíêöèÿ óáûâàåò;
fR(3) = 3æ32 – 6æ3 = 9 > 0, ïîýòîìó íà ïðîìåæóòêå (2; +×)

ôóíêöèÿ âîçðàñòàåò (ðèñ. 8).

x

y

y x x= – 4 + 1

0

2

2

x

y

–4

–1

0

1 2 3

y x x= – 33 2

Ðèñ. 7 Ðèñ. 8

10. f(x) = x3 – 
3

2
x2 – 6x.

11. f(x) = 
sinx

x
 íà ïðîìåæóòêå 0

2
;

π⎛
⎝
⎜

⎞
⎠
⎟ .

Ðåøåíèå. Èìååì

fR(x) = 
sinx

x
⎛
⎝
⎜

⎞
⎠
⎟

′
 = 

x x x

x

cos sin−
2  = 

x x

x x

− tg
2 cos

.

Åñëè 0 < x < 
π
2

, òî x < tg x, x2cos x > 0, çíà÷èò, fR(x) < 0.

Îòñþäà ñëåäóåò, ÷òî f(x) óáûâàåò íà 0
2

;
π⎛

⎝
⎜

⎞
⎠
⎟ .

25

6. Ãðàôèê èçîáðàæåí íà ðèñóíêå 18.

x

y

0

1 3

B(2,45; 0)

–3

A(–2,45; 0)

–1

E F
–1,25

–2,25

y = x – x
4

1

2

3
4 2

3D( ; –2,25)3C(– ; –2,25)

Ðèñ. 18

60. y = e x− 2

.
Ðåøåíèå. 1. Ôóíêöèÿ îïðåäåëåíà è íåïðåðûâíà íà ïðîìåæóò-

êå (–×; +×).
2. Ôóíêöèÿ ÷åòíàÿ, òàê êàê f(–x) = f(x). Åå ãðàôèê ñèììåòðè-

÷åí îòíîñèòåëüíî îñè îðäèíàò.
3. Åñëè x = 0, òî y = e0 = 1, òî åñòü ãðàôèê ôóíêöèè ïåðåñåêàåò

îñü îðäèíàò â òî÷êå (0; 1).
Îñü àáñöèññ ãðàôèê ôóíêöèè íå ïåðåñåêàåò, òàê êàê ðàâåíñòâî

e x− 2

 = 0 íè ïðè êàêèõ çíà÷åíèÿõ x íå âûïîëíÿåòñÿ.

4. Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè. Èìååì

yR = e x− 2

(–x2)R = –2x e x− 2

.

Èç óðàâíåíèÿ –2x e x− 2

 = 0 ñëåäóåò, ÷òî x = 0 — åäèíñòâåííàÿ
êðèòè÷åñêàÿ òî÷êà.

5. Òî÷êà x = 0 äåëèò îáëàñòü îïðåäåëåíèÿ ôóíêöèè íà ïðîìå-
æóòêè (–×; 0) è (0; +×).

Òàê êàê yR(–1) = –2æ(–1)e–1 = 
2

e
 > 0, yR(1) = –2æ1æe–1 = –

2

e
 < 0,

òî â ïðîìåæóòêå (–×; 0) ôóíêöèÿ âîçðàñòàåò, à â ïðîìåæóòêå
(0; +×) — óáûâàåò. Ïðè x = 0 îíà èìååò ìàêñèìóì, ðàâíûé 1.

Ñîñòàâèì òàáëèöó:

x (–×; 0) 0 (0; +×)

y R + 0 –

y ymax = 1
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12. y = x 1 +⎛
⎝⎜

⎞
⎠⎟x .

Ðåøåíèå. Òàê êàê y = x 1 +⎛
⎝⎜

⎞
⎠⎟x  = x + x

3

2 , òî yR = 1 + 
3

2
x .

Îáëàñòü îïðåäåëåíèÿ äàííîé ôóíêöèè — ïðîìåæóòîê [0; +×).
Òàê êàê ïðîèçâîäíàÿ ïîëîæèòåëüíà â ýòîì ïðîìåæóòêå, òî ôóíê-
öèÿ âîçðàñòàåò âî âñåé îáëàñòè îïðåäåëåíèÿ.

13. y = x – 2sin x, åñëè 0 £ x £ 2p.
Ðåøåíèå. 1. Èìååì yR = 1 – 2cos x.
2. Íàõîäèì êðèòè÷åñêèå òî÷êè: 1 – 2cos x = 0, 2cos x = 1,

cos x = 
1

2
, x1 = 

π
3

, x2 = 
5

3

π
 (äëÿ äàííîãî óñëîâèÿ).

3. Óêàçàííàÿ îáëàñòü èññëåäîâàíèÿ [0; 2p] ðàçáèâàåòñÿ íà ïðî-

ìåæóòêè 0
3

;
π⎡

⎣
⎢

⎞
⎠
⎟ , 

π π
3

5

3
;

⎛
⎝
⎜

⎞
⎠
⎟  è 5

3
2

π π;
⎛
⎝
⎜

⎤

⎦
⎥ .

4. Íàõîäèì

yR
π
4

⎛
⎝
⎜

⎞
⎠
⎟  = 1 – 2cos 

π
4

 = 1 – 2æ 2

2
 = 1 – 2  < 0,

ñëåäîâàòåëüíî, â ïðîìåæóòêå 0
3

;
π⎡

⎣
⎢

⎞
⎠
⎟  ôóíêöèÿ óáûâàåò;

yR
π
2

⎛
⎝
⎜

⎞
⎠
⎟  = 1 – 2cos 

π
2

 = 1 – 0 = 1 > 0,

çíà÷èò, â ïðîìåæóòêå 
π π
3

5

3
;

⎛
⎝
⎜

⎞
⎠
⎟  ôóíêöèÿ âîçðàñòàåò;

yR
11

6

π⎛
⎝
⎜

⎞
⎠
⎟  = 1 – 2cos 

11

6

π
 = 1 – 2æ 3

2
 = 1 – 3  < 0,

ïîýòîìó â ïðîìåæóòêå 5

3
2

π π;
⎛
⎝
⎜

⎤

⎦
⎥  ôóíêöèÿ óáûâàåò.

14. f(x) = 2x2 – ln x.
Ðåøåíèå. 1. Ôóíêöèÿ ñóùåñòâóåò òîëüêî ïðè x > 0. Íàõîäèì

ïðîèçâîäíóþ:

fR(x) = 4x – 
1

x
 = 

4 12x
x

−
 = 

( )( )2 1 2 1x x
x

− +
.

24

59. y = 
1

4
x4 – 

3

2
x2.

Ðåøåíèå. 1. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè — ïðîìåæóòîê

(–×; +×). Òî÷åê ðàçðûâà íåò.

2. Çäåñü f(–x) = f(x), ñëåäîâàòåëüíî, ôóíêöèÿ ÷åòíàÿ è åå ãðà-

ôèê ñèììåòðè÷åí îòíîñèòåëüíî îñè Oy.

3. ×òîáû îïðåäåëèòü òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ñ îñüþ îðäè-

íàò, ïîëàãàåì x = 0, òîãäà y = 0. Çíà÷èò, êðèâàÿ ïåðåñåêàåò îñü

Oy â òî÷êå (0; 0).

×òîáû îïðåäåëèòü òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ñ îñüþ àáñöèññ,

ïîëàãàåì y = 0:

1

4
x4 – 

3

2
x2 = 0, x4 – 6x2 = 0, x2(x2 – 6) = 0.

Îòñþäà x2 = 0, x1,2 = 0, òî åñòü äâå òî÷êè ïåðåñå÷åíèÿ ñëèëèñü

â îäíó òî÷êó êàñàíèÿ; êðèâàÿ â òî÷êå (0; 0) êàñàåòñÿ îñè Ox.

Äàëåå, èìååì x2 – 6 = 0, òî åñòü x3,4 = ä 6  d ä2,45.

Èòàê, â íà÷àëå êîîðäèíàò O(0; 0) êðèâàÿ ïåðåñåêàåò îñü Oy è

êàñàåòñÿ îñè Ox, à â òî÷êàõ A(–2,45; 0) è B(2,45; 0) ïåðåñåêàåò

îñü Ox.

4. Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè:

yR = x3 – 3x, x3 – 3x = 0, x(x2 – 3) = 0, x1 = 0, x2 – 3 = 0,

x2,3 = ä 3  d ä1,7.

Ýòè òî÷êè ðàçáèâàþò îáëàñòü îïðåäåëåíèÿ ôóíêöèè íà ïðîìå-

æóòêè ( )− ∞ −; 3 , ( )− 3 0; , ( )0 3;  è ( )3; + ∞ .

5. Ñîñòàâèì òàáëèöó:

x ( )− ∞ −; 3 – 3 ( )− 3 0; 0 ( )0 3; 3 ( )3; + ∞

yR – 0 + 0 – 0 +

y ymin = –2,25 ymax = 0 ymin = –2,25
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2. Ïðîèçâîäíàÿ ðàâíà íóëþ â òî÷êå x1 = 
1

2
, (x2 = –

1

2
 — ïîñòî-

ðîííèé êîðåíü).
3. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè (0; +×) ðàçîáüåì íà äâà ïðî-

ìåæóòêà 0
1

2
;

⎛
⎝
⎜

⎞
⎠
⎟  è 1

2
; + ∞⎛

⎝
⎜

⎞
⎠
⎟ .

4. Íà ïðîìåæóòêå 0
1

2
;

⎛
⎝
⎜

⎞
⎠
⎟  ïðîèçâîäíàÿ îòðèöàòåëüíà, à íà ïðî-

ìåæóòêå 1

2
; + ∞⎛

⎝
⎜

⎞
⎠
⎟  — ïîëîæèòåëüíà. Ñëåäîâàòåëüíî, ðàññìàòðèâàå-

ìàÿ ôóíêöèÿ óáûâàåò íà ïðîìåæóòêå 0
1

2
;

⎛
⎝
⎜

⎞
⎠
⎟  è âîçðàñòàåò íà ïðîìå-

æóòêå 1

2
; + ∞⎛

⎝
⎜

⎞
⎠
⎟ .

Упражнения

15. f(x) = x5 + 2x3 + x. 16. ϕ(x) = 1 – x3.

17. y = x5 – 5x. 18. f(x) = –x3 + 3x + 1.

19. f(x) = x3 – 
3

2
x2 – 6x + 4. 20. y = x3 – 3x2 – 45x + 2.

21. y = ln x. 22. y = 2 2x x− .

23. y = sin x. 24. y = ln 1 2+ x .

25. f(x) = 
e
x

x

. 26. f(x) = x + cos x.

27. y = 2x + sin x. 28. y = x + 
1

x
.

23

4. Èìååì yR = 3x2 – 12, 3x2 – 12 = 0, 3(x + 2)(x – 2) = 0,
x1 = –2, x2 = 2 — êðèòè÷åñêèå òî÷êè ôóíêöèè.

5. Èññëåäóåì ôóíêöèþ íà ìîíîòîííîñòü è ýêñòðåìóì. Åå îá-
ëàñòü îïðåäåëåíèÿ ðàçäåëèòñÿ íà ïðîìåæóòêè (–×; –2), (–2; 2) è
(2; +×). Èìååì yR(–3) = 3æ(–3)2 – 12 = 15 > 0, yR(0) = –12 < 0,
yR(3) = 3æ32 – 12 = 15 > 0. Çíà÷èò, â ïðîìåæóòêàõ (–×; –2) è
(2; +×) ôóíêöèÿ âîçðàñòàåò, à â ïðîìåæóòêå (–2; 2) — óáûâàåò. Ïðè
x = –2 ôóíêöèÿ èìååò ìàêñèìóì: y(–2) = (–2)3 – 12æ(–2) + 4 = 20,
à ïðè x = 2 — ìèíèìóì: y(2) = 23 – 12æ2 + 4 = –12.

Ñîñòàâèì òàáëèöó:

x (–×; –2) –2 (–2; 2) 2 (2; +×)

yR + 0 – 0 +

y ymax = 20 ymin = –12

6. Ïîëó÷èâøàÿñÿ êðèâàÿ èçîáðàæåíà íà ðèñóíêå 17.

x

y

B(–2; 20)

C(0; 4)

A(2; –12)

0

y x x= – 12 + 43

Ðèñ. 17
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ÈÑÑËÅÄÎÂÀÍÈÅ ÔÓÍÊÖÈÈ
ÍÀ ÝÊÑÒÐÅÌÓÌ Ñ ÏÎÌÎÙÜÞ

ÏÐÎÈÇÂÎÄÍÎÉ

Íà ðèñóíêå 8 èçîáðàæåí ãðàôèê ôóíêöèè y = x3 – 3x2. Ðàññìîò-
ðèì îêðåñòíîñòü òî÷êè x = 0, òî åñòü íåêîòîðûé ïðîìåæóòîê, ñî-
äåðæàùèé ýòó òî÷êó. Êàê âèäíî èç ðèñóíêà, ñóùåñòâóåò òàêàÿ
îêðåñòíîñòü òî÷êè x = 0, ÷òî íàèáîëüøåå çíà÷åíèå ôóíêöèè
y = x3 – 3x2 â ýòîé îêðåñòíîñòè ïðèíèìàåòñÿ â òî÷êå x = 0. Íàïðè-
ìåð, íà ïðîìåæóòêå (–1; 1) íàèáîëüøåå çíà÷åíèå, ðàâíîå íóëþ,
ôóíêöèÿ ïðèíèìàåò â òî÷êå x = 0. Òî÷êó x = 0 íàçûâàþò òî÷êîé
ìàêñèìóìà (îò ëàò. maximum — íàèáîëüøèé) ýòîé ôóíêöèè.

Àíàëîãè÷íî, òî÷êó x = 2 íàçûâàþò òî÷êîé ìèíèìóìà (îò ëàò.
minimum — íàèìåíüøèé) ôóíêöèè y = x3 – 3x2, òàê êàê çíà÷å-
íèå ôóíêöèè â ýòîé òî÷êå ìåíüøå, ÷åì åå çíà÷åíèå â îñòàëüíûõ
òî÷êàõ íåêîòîðîé îêðåñòíîñòè òî÷êè x = 2.

Îïðåäåëåíèå 2. Òî÷êà x = a íàçûâàåòñÿ òî÷êîé ìàêñèìóìà
(ìèíèìóìà) ôóíêöèè f(x), åñëè èìååò ìåñòî íåðàâåíñòâî
f(a) > f(x) (ñîîòâåòñòâåííî f(a) < f(x)) äëÿ ëþáîãî x èç íåêîòîðîé
îêðåñòíîñòè òî÷êè x = a.

Åñëè x = a — òî÷êà ìàêñèìóìà (ìèíèìóìà) ôóíêöèè f(x), òî
ãîâîðÿò, ÷òî f(x) èìååò ìàêñèìóì (ìèíèìóì) â òî÷êå x = a.

Ìàêñèìóì è ìèíèìóì ôóíêöèè îáúåäèíÿþò íàçâàíèåì ýêñò-
ðåìóì ôóíêöèè, à òî÷êè ìàêñèìóìà è ìèíèìóìà íàçûâàþò òî÷-
êàìè ýêñòðåìóìà (ýêñòðåìàëüíûìè òî÷êàìè).

Íå ñëåäóåò ñ÷èòàòü, ÷òî ìàêñèìóì ôóíêöèè ÿâëÿåòñÿ íàèáîëü-
øèì çíà÷åíèåì âî âñåé îáëàñòè îïðåäåëåíèÿ ýòîé ôóíêöèè; îí
ÿâëÿåòñÿ íàèáîëüøèì ëèøü ïî ñðàâíåíèþ ñî çíà÷åíèÿìè ôóíê-
öèè, âçÿòûìè â íåêîòîðîé îêðåñòíîñòè òî÷êè ìàêñèìóìà.

Íà äàííîì ïðîìåæóòêå ôóíêöèÿ ìîæåò èìåòü íåñêîëüêî ìàê-
ñèìóìîâ è íåñêîëüêî ìèíèìóìîâ, ïðè÷åì íåêîòîðûå èç ìàêñè-
ìóìîâ ìîãóò áûòü ìåíüøå íåêîòîðûõ ìèíèìóìîâ.

Èç ðèñóíêà 9 âèäíî, ÷òî çíà÷åíèå f(x1), ïðåäñòàâëÿþùåå ñîáîé
ìàêñèìóì ôóíêöèè f(x), íå ÿâëÿåòñÿ íàèáîëüøèì çíà÷åíèåì ýòîé
ôóíêöèè íà ïðîìåæóòêå (a; b) è, áîëåå òîãî, f(x1) ìåíüøå, ÷åì
çíà÷åíèå f(x2), ÿâëÿþùååñÿ ìèíèìóìîì äàííîé ôóíêöèè.

Àíàëîãè÷íî, ìèíèìóì ôóíêöèè íå îáÿçàòåëüíî ÿâëÿåòñÿ íàè-
ìåíüøèì çíà÷åíèåì äàííîé ôóíêöèè.

22

y = x2 + 2x – 3 ñëåäóåò y = –3, òî åñòü êðèâàÿ ïåðåñåêàåò îñü
îðäèíàò â òî÷êå (0; –3).

4. Íàõîäèì êðèòè÷åñêèå òî÷êè ôóíêöèè. Èìååì yR = 2x + 2,
2x + 2 = 0, 2(x + 1) = 0, x = –1.

5. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè ðàçäåëèòñÿ íà ïðîìåæóòêè
(–×; –1) è (–1; +×). Çíàêè ïðîèçâîäíîé fR(x) â êàæäîì ïðîìå-
æóòêå ìîæíî íàéòè íåïîñðåäñòâåííîé ïîäñòàíîâêîé òî÷êè èç
ðàññìàòðèâàåìîãî ïðîìåæóòêà. Òàê, fR(–2) = –2 < 0, fR(2) = 2 > 0.
Ñëåäîâàòåëüíî, â ïðîìåæóòêå (–×; –1) ôóíêöèÿ óáûâàåò, à â ïðî-
ìåæóòêå (–1; +×) — âîçðàñòàåò. Ïðè x = –1 ôóíêöèÿ èìååò ìè-
íèìóì, ðàâíûé fmin(–1) = (–1)2 – 2æ(–1) – 3 = 1 – 2 – 3 = –4.

Ñîñòàâèì òàáëèöó:

x (–×; –1) –1 (–1; +×)

fR(x) – 0 +

f(x) fmin = –4

6. Îòìå÷àåì íàéäåííûå òî÷êè â ïðÿìîóãîëüíîé ñèñòåìå êîîð-
äèíàò è ñîåäèíÿåì èõ ïëàâíîé ëèíèåé (ðèñ. 16).

x

y

0

–1

–3

–4
M

B(1; 0)A(–3; 0)

y x x= + 2 – 32

Ðèñ. 16

58. y = x3 – 12x + 4.
Ðåøåíèå. 1. Îáëàñòü îïðåäåëåíèÿ (–×; +×). Ôóíêöèÿ íåïðå-

ðûâíà íà âñåé îáëàñòè îïðåäåëåíèÿ.
2. Ôóíêöèÿ íå ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé, òàê êàê

f(–x) ­ f(x) è f(–x) ­ –f(x).
3. Åñëè x = 0, òî y = 4, òî åñòü ãðàôèê ôóíêöèè ïåðåñåêàåò îñü

îðäèíàò â òî÷êå (0; 4).
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Îïðåäåëèì, ïðè êàêèõ óñëîâèÿõ ôóíêöèÿ èìååò ìàêñèìóì èëè
ìèíèìóì.

 Òåîðåìà 3 (íåîáõîäèìûé ïðèçíàê ýêñòðåìóìà). Åñëè x = a
ÿâëÿåòñÿ òî÷êîé ýêñòðåìóìà ôóíêöèè y = f(x) è ïðîèçâîäíàÿ
â ýòîé òî÷êå ñóùåñòâóåò, òî îíà ðàâíà íóëþ: fR(a) = 0.

Äîêàçàòåëüñòâî. Ïðîèçâîäíàÿ ôóíêöèè f(x) â òî÷êå x = a íå
ìîæåò áûòü îòëè÷íîé îò íóëÿ, òàê êàê â ñëó÷àå fR(a) > 0 ôóíêöèÿ
f(x) âîçðàñòàëà áû íà íåêîòîðîì ïðîìåæóòêå, ñîäåðæàùåì òî÷êó a,
à â ñëó÷àå fR(a) < 0 — óáûâàëà áû íà íåêîòîðîì ïðîìåæóòêå,
ñîäåðæàùåì òî÷êó a; äðóãèìè ñëîâàìè, ïðè fR(a) > 0 è fR(a) < 0
ôóíêöèÿ íå èìååò ýêñòðåìóìà â òî÷êå a, ÷òî ïðîòèâîðå÷èò óñëî-
âèþ. Çíà÷èò, fR(a) = 0.

x

y

a b

f x( )

x x1 2 x

y

0 a b

ìàêñèìóì

f aR( ) = 0

ìèíèìóì

f bR( ) = 0

Ðèñ. 9 Ðèñ. 10

Ãåîìåòðè÷åñêè íåîáõîäèìûé ïðèçíàê ýêñòðåìóìà îçíà÷àåò, ÷òî
åñëè x = a — òî÷êà ýêñòðåìóìà ôóíêöèè y = f(x), òî êàñàòåëü-
íàÿ (â òîì ñëó÷àå, êîãäà îíà ñóùåñòâóåò) ê ãðàôèêó ýòîé ôóíê-
öèè â òî÷êå (a; f(a)) ïàðàëëåëüíà îñè Ox (ðèñ. 10).

Ëåãêî óáåäèòüñÿ â òîì, ÷òî íåîáõîäèìîå óñëîâèå ýêñòðåìóìà
ôóíêöèè íå ÿâëÿåòñÿ äîñòàòî÷íûì, òî åñòü èç òîãî ôàêòà, ÷òî
fR(a) = 0, âîâñå íå ñëåäóåò, ÷òî ôóíêöèÿ f(x) èìååò ýêñòðåìóì ïðè
x = a. Íàïðèìåð, äëÿ ôóíêöèè, èçîáðàæåííîé íà ðèñóíêå 11,
êàñàòåëüíàÿ MT ïàðàëëåëüíà îñè Ox, òî åñòü fR(a) = 0, îäíàêî
ýêñòðåìóìà â ýòîé òî÷êå ôóíêöèÿ íå èìååò.

Òàêèì îáðàçîì, îáðàùåíèå ïðîèçâîäíîé â íóëü ÿâëÿåòñÿ íåîá-
õîäèìûì, íî íå äîñòàòî÷íûì óñëîâèåì ýêñòðåìóìà.

 Òåîðåìà 4 (äîñòàòî÷íûé ïðèçíàê ýêñòðåìóìà). Åñëè ïðîèç-
âîäíàÿ fR(x) ïðè ïåðåõîäå x ÷åðåç a ìåíÿåò çíàê, òî a ÿâëÿåòñÿ
òî÷êîé ýêñòðåìóìà ôóíêöèè f(x).

Äîêàçàòåëüñòâî. Ïóñòü ïðè ïåðåõîäå x ÷åðåç a ïðîèçâîäíàÿ
ìåíÿåò çíàê ñ ïëþñà íà ìèíóñ. Òîãäà ñëåâà îò a ïðîèçâîäíàÿ

21

ÏÎÑÒÐÎÅÍÈÅ ÃÐÀÔÈÊÎÂ ÔÓÍÊÖÈÉ

Ïðè ïîñòðîåíèè ãðàôèêîâ ôóíêöèé ñ ïîìîùüþ ïðîèçâîäíûõ
ïîëåçíî ïðèäåðæèâàòüñÿ òàêîãî ïëàíà:

1. Íàõîäÿò îáëàñòü îïðåäåëåíèÿ ôóíêöèè.
2. Âûÿñíÿþò, ÿâëÿåòñÿ ëè ôóíêöèÿ ÷åòíîé èëè íå÷åòíîé; ïðî-

âåðÿþò åå íà ïåðèîäè÷íîñòü.
3. Îïðåäåëÿþò òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ôóíêöèè ñ êîîðäè-

íàòíûìè îñÿìè, åñëè ýòî âîçìîæíî.
4. Íàõîäÿò êðèòè÷åñêèå òî÷êè ôóíêöèè.
5. Îïðåäåëÿþò ïðîìåæóòêè ìîíîòîííîñòè è ýêñòðåìóìû ôóí-

êöèè.
6. Èñïîëüçóÿ ðåçóëüòàòû èññëåäîâàíèÿ, ñîåäèíÿþò ïîëó÷åí-

íûå òî÷êè ïëàâíîé êðèâîé. Èíîãäà äëÿ áîëüøåé òî÷íîñòè ãðàôè-
êà íàõîäÿò íåñêîëüêî äîïîëíèòåëüíûõ òî÷åê; èõ êîîðäèíàòû âû-
÷èñëÿþò, ïîëüçóÿñü óðàâíåíèåì êðèâîé.

Ýòîò ïëàí èññëåäîâàíèÿ ôóíêöèè è ïîñòðîåíèÿ åå ãðàôèêà
ÿâëÿåòñÿ ïðèìåðíûì, åãî íå âñåãäà íàäî ïðèäåðæèâàòüñÿ ïóíê-
òóàëüíî: ìîæíî ìåíÿòü ïîðÿäîê ïóíêòîâ, íåêîòîðûå ñîâñåì îïóñ-
êàòü, åñëè îíè íå ïîäõîäÿò ê äàííîé ôóíêöèè. Â ÷àñòíîñòè, åñëè
íàõîæäåíèå òî÷åê ïåðåñå÷åíèÿ ñ îñÿìè êîîðäèíàò ñâÿçàíî ñ áîëü-
øèìè òðóäíîñòÿìè, òî ýòîãî ìîæíî íå äåëàòü; åñëè ôóíêöèÿ ÷åò-
íàÿ, òî åå ãðàôèê ñèììåòðè÷åí îòíîñèòåëüíî îñè Oy, ïîýòîìó
äîñòàòî÷íî ïîñòðîèòü ãðàôèê äëÿ ïîëîæèòåëüíûõ çíà÷åíèé àð-
ãóìåíòà, ïðèíàäëåæàùèõ îáëàñòè îïðåäåëåíèÿ ôóíêöèè è ò.ï.

57–63. Èññëåäóéòå ôóíêöèþ è ïîñòðîéòå åå ãðàôèê.
57. f(x) = x2 + 2x – 3.
Ðåøåíèå. 1. Ôóíêöèÿ îïðåäåëåíà íà ïðîìåæóòêå (–×; +×).

Òî÷åê ðàçðûâà íåò.
2. Èìååì f(–x) = (–x)2 + 2(–x) – 3 = x2 – 2x – 3. Ôóíêöèÿ íå

ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé, òàê êàê f(–x) ­ f(x) è
f(–x) ­ –f(x).

3. Íàõîäèì òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ôóíêöèè ñ îñÿìè êî-

îðäèíàò. Åñëè y = 0, òî x2 + 2x – 3 = 0, îòêóäà x = –1 ä 1 3+  =

= –1 ä 2, òî åñòü x1 = –3, x2 = 1. Çíà÷èò, êðèâàÿ ïåðåñåêàåò îñü
àáñöèññ â òî÷êàõ (–3; 0) è (1; 0). Åñëè x = 0, òî èç ðàâåíñòâà
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ïîëîæèòåëüíà è, ñëåäîâàòåëüíî, çäåñü íàõîäèòñÿ ïðîìåæóòîê
âîçðàñòàíèÿ ôóíêöèè. Ñïðàâà æå îò a ïðîèçâîäíàÿ îòðèöàòåëü-
íà, ïîýòîìó çäåñü íàõîäèòñÿ ïðîìåæóòîê óáûâàíèÿ ôóíêöèè.
Òî÷êà, îòäåëÿþùàÿ ïðîìåæóòîê âîçðàñòàíèÿ ôóíêöèè îò ïðîìå-
æóòêà óáûâàíèÿ, åñòü òî÷êà ìàêñèìóìà.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî åñëè ïðè ïåðåõîäå x ÷åðåç a
ïðîèçâîäíàÿ ìåíÿåò çíàê ñ ìèíóñà íà ïëþñ, òî a ÿâëÿåòñÿ òî÷êîé
ìèíèìóìà.

Ñìûñë òåîðåìû 4 íàãëÿäíî èëëþñòðèðóåò ðèñóíîê 12. Òî÷êà
a — êðèòè÷åñêàÿ, òàê êàê fR(a) = 0. Ñëåâà îò ýòîé òî÷êè, òî åñòü
ïðè x < a, èìååì fR(x) > 0; êàñàòåëüíàÿ ê êðèâîé îáðàçóåò ñ îñüþ
Ox îñòðûé óãîë è ôóíêöèÿ âîçðàñòàåò.

x

y

0 a

M T

x

y

0 a

� �

f
a(
)

f aR( ) = 0

Ðèñ. 11 Ðèñ. 12

Ñïðàâà îò ýòîé òî÷êè, òî åñòü ïðè x > a, èìååì fR(x) < 0; êàñà-
òåëüíàÿ ê êðèâîé îáðàçóåò ñ îñüþ Ox òóïîé óãîë è ôóíêöèÿ óáû-
âàåò. Ïðè x = a ôóíêöèÿ ïåðåõîäèò îò âîçðàñòàíèÿ ê óáûâàíèþ,
òî åñòü èìååò ìàêñèìóì.

Äëÿ ôóíêöèè, èçîáðàæåííîé íà ðèñóíêå 11, ïðè ïåðåõîäå ÷å-
ðåç êðèòè÷åñêóþ òî÷êó x = a ïðîèçâîäíàÿ íå ìåíÿåò çíàê, è â
ýòîé òî÷êå íåò ýêñòðåìóìà.

Òàêèì îáðàçîì, èññëåäîâàíèå ïðîèçâîäíîé yR = fR(x) ïîçâîëÿåò
âî ìíîãîì èçó÷èòü ïîâåäåíèå ôóíêöèè y = f(x). Ïðè ýòîì íóæíî
ïîíèìàòü, ÷òî â ñâîèõ ðàññóæäåíèÿõ ìû ñ ïîìîùüþ èçâåñòíîãî
ãðàôèêà ôóíêöèè íàõîäèëè çíà÷åíèÿ ïðîèçâîäíîé íà òåõ èëè
èíûõ ó÷àñòêàõ êðèâîé. Íà ïðàêòèêå æå, êîíå÷íî, ïîñòóïàþò íà-
îáîðîò: ðàññìàòðèâàþò ïðîèçâîäíóþ íåêîòîðîé ôóíêöèè è ñ åå
ïîìîùüþ èññëåäóþò õàðàêòåð ôóíêöèè.
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50. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

f(x) = 100 2− x  íà îòðåçêå [–6; 8].
Ðåøåíèå. 1. Íàõîäèì êðèòè÷åñêèå òî÷êè íà îòðåçêå [–6; 8]:

fR(x) = 
2

2

2 100

x

x

−
−

 = –
x

x100 2−
.

Íà ðàññìàòðèâàåìîì îòðåçêå èìååì òîëüêî îäíó êðèòè÷åñêóþ
òî÷êó  x = 0; ïðè ýòîì f(0) = 10.

2. Âû÷èñëèì çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà:

f(–6) = 100 36−  = 8, f(8) = 100 64−  = 6.
3. Îáîçíà÷àÿ ÷åðåç M íàèáîëüøåå, à ÷åðåç m — íàèìåíüøåå

çíà÷åíèå ôóíêöèè íà îòðåçêå, ïîëó÷àåì M = f(0) = 10, m = f(8) = 6;
çäåñü íàèìåíüøåå çíà÷åíèå äîñòèãàåòñÿ íà êîíöå îòðåçêà.

Çàìå÷àíèå. Îòûñêàíèå íàèáîëüøåãî è íàèìåíüøåãî çíà÷åíèé
ôóíêöèè ìîæíî óïðîñòèòü, åñëè âîñïîëüçîâàòüñÿ ñëåäóþùèìè
ñâîéñòâàìè íåïðåðûâíûõ ôóíêöèé:

1) åñëè ôóíêöèÿ y = f(x) íà îòðåçêå [a; b] íåïðåðûâíà è âîçðà-
ñòàåò, òî m = f(a) è M = f(b);

2) åñëè ôóíêöèÿ y = f(x) íà îòðåçêå [a; b] íåïðåðûâíà è óáûâà-
åò, òî m = f(b) è M = f(a);

3) åñëè ôóíêöèÿ y = f(x), íåïðåðûâíàÿ íà îòðåçêå [a; b], èìååò
íà ýòîì îòðåçêå òîëüêî îäíó òî÷êó ìàêñèìóìà x0 (è íè îäíîé
òî÷êè ìèíèìóìà), òî íàèáîëüøåå çíà÷åíèå íà äàííîì îòðåçêå
åñòü M = f(x0);

4) åñëè ôóíêöèÿ y = f(x), íåïðåðûâíàÿ íà îòðåçêå [a; b], èìååò
íà ýòîì îòðåçêå òîëüêî îäíó òî÷êó ìèíèìóìà x0 (è íè îäíîé òî÷-
êè ìàêñèìóìà), òî íàèìåíüøåå çíà÷åíèå íà äàííîì îòðåçêå åñòü
m = f(x0).

Упражнения
51–56. Íàéäèòå íàèáîëüøåå çíà÷åíèå M è íàèìåíüøåå çíà÷å-

íèå m ñëåäóþùèõ ôóíêöèé íà óêàçàííûõ îòðåçêàõ.
51. f(x) = x2 – 4x + 3 íà [0; 3].
52. y = x2 – 6x + 6 íà [1; 4].
53. y = x3 – 3x2 + 3x + 2 íà [2; 5].
54. f(x) = 3x4 + 4x3 + 1 íà [–2; 1].

55. f(x) = x ln x – x íà 
1

e
e;

⎡

⎣
⎢

⎤

⎦
⎥ .

56. f(x) = 2sin x – cos 2x íà 0
2

;
π⎡

⎣
⎢

⎤

⎦
⎥ .
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1. Íàõîäÿò ïðîèçâîäíóþ fR(x).

2. Íàõîäÿò âñå êðèòè÷åñêèå òî÷êè èç îáëàñòè îïðåäåëåíèÿ
ôóíêöèè.

3. Óñòàíàâëèâàþò çíàêè ïðîèçâîäíîé ôóíêöèè ïðè ïåðåõîäå
÷åðåç êðèòè÷åñêèå òî÷êè è âûïèñûâàþò òî÷êè ýêñòðåìóìà.

4. Âû÷èñëÿþò çíà÷åíèÿ ôóíêöèè f(x) â êàæäîé ýêñòðåìàëü-
íîé òî÷êå.

29–46. Èññëåäóéòå íà ýêñòðåìóì ñëåäóþùèå ôóíêöèè.

29. y = x2 + 2.

Ðåøåíèå. 1. Íàõîäèì ïðîèçâîäíóþ: yR = (x2 + 2)R = 2x.

2. Ïðèðàâíèâàåì åå ê íóëþ: 2x = 0, îòêóäà x = 0 — êðèòè÷å-
ñêàÿ òî÷êà.

3. Îïðåäåëÿåì çíàê ïðîèçâîäíîé ïðè çíà÷åíèè x < 0, íàïðè-

ìåð ïðè x = –1: 1xy = −′  = 2æ(–1) = –2. Îïðåäåëÿåì çíàê ïðîèçâîä-

íîé ïðè x > 0, íàïðèìåð ïðè x = 1: 1xy =′  = 2æ1 = 2. Òàê êàê ïðè

ïåðåõîäå ÷åðåç x = 0 ïðîèçâîäíàÿ èçìåíÿåò çíàê ñ ìèíóñà íà
ïëþñ, ïðè x = 0 ôóíêöèÿ èìååò ìèíèìóì.

4. Íàõîäèì ìèíèìàëüíîå çíà÷åíèå ôóíêöèè, òî åñòü

f(0) = 02 + 2 = 2.

Òåïåðü ìîæíî íà ÷åðòåæå îòîáðàçèòü âèä êðèâîé âáëèçè òî÷-
êè A(0; 2) (ðèñ. 13).

30. y = 
1

3
x3 – 2x2 + 3x + 1.

Ðåøåíèå. 1. Íàõîäèì ïðîèçâîäíóþ: yR = x2 – 4x + 3.

2. Ïðèðàâíèâàåì åå ê íóëþ è ðåøàåì óðàâíåíèå x2  – 4x + 3 = 0.
Åãî êîðíè x1 = 1, x2 = 3 — êðèòè÷åñêèå òî÷êè.

3. Ïðîèçâîäíóþ ìîæíî ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ ìíî-
æèòåëåé: yR = (x – 1)(x – 3). Èññëåäóåì êðèòè÷åñêóþ òî÷êó x1 = 1,
îïðåäåëÿÿ çíàê yR âáëèçè ýòîé òî÷êè ñëåâà è ñïðàâà îò íåå. Òàê

êàê 1xy <′  > 0, 1xy >′  < 0, òî ïðè x1 = 1 ôóíêöèÿ èìååò ìàêñèìóì.

Àíàëîãè÷íî, äëÿ òî÷êè x2 = 3 ïîëó÷èì 3xy <′  < 0, 3xy >′  > 0. Ñëåäî-

âàòåëüíî, ïðè x2 = 3 ôóíêöèÿ äîñòèãàåò ìèíèìóìà.

4. Íàõîäèì yx = 1 = 
7

3
, yx = 3 = 1.

19

3. Òàêèì îáðàçîì, íàèáîëüøåå çíà÷åíèå äàííîé ôóíêöèè íà ðàñ-

ñìàòðèâàåìîì îòðåçêå åñòü f(–1) = 9, à íàèìåíüøåå f −⎛
⎝
⎜

⎞
⎠
⎟

5

2  = –11
1

4

(ðèñ. 15).

x

y

0

2

1

–11
4

1

–1

–2
2

1

1

5

9

2
4

3 f x x x( ) = 2 – 6 + 53

1

Ðèñ. 15

49. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = x5 – 5x4 + 5x3 + 3 íà îòðåçêå [–1; 2].

Ðåøåíèå. 1. Íàõîäèì êðèòè÷åñêèå òî÷êè, ïðèíàäëåæàùèå îò-
ðåçêó [–1; 2], è çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ:
yR = 5x4 – 20x3 + 15x2, 5x4 – 20x3 + 15x2 = 0, 5x2(x2 – 4x + 3) = 0,

x1 = 0, x2 = 1, x3 = 3.
Êðèòè÷åñêàÿ òî÷êà x3 = 3 íå ïðèíàäëåæèò çàäàííîìó îòðåçêó.
Âû÷èñëÿåì çíà÷åíèÿ ôóíêöèè â äâóõ äðóãèõ êðèòè÷åñêèõ òî÷-

êàõ: y(0) = 3, y(1) = 4.
2. Âû÷èñëèì çíà÷åíèÿ ôóíêöèè íà êîíöàõ çàäàííîãî îòðåçêà:

y(–1) = –8, y(2) = –5.
3. Ñðàâíèâàÿ ïîëó÷åííûå ðåçóëüòàòû, çàêëþ÷àåì, ÷òî íàèáîëü-

øåå çíà÷åíèå ôóíêöèè y(1) = 4, íàèìåíüøåå y(–1) = –8.



15

Ãðàôèê ôóíêöèè èçîáðàæåí íà ðèñóíêå 14.

x

y

0

y x= + 22

A(0; 2)

x

y

0 1 3

1

y x x 3x= – 2 + + 1
3

1
3 2

Ðèñ. 13 Ðèñ. 14

31. f(x) = x3 + 3x2 + 9x – 6.
Ðåøåíèå. Íàéäåì fR(x) = 3x2 + 6x + 9 = 3(x2 + 2x + 3). Ïðèðàâ-

íÿâ ïðîèçâîäíóþ íóëþ, âèäèì, ÷òî óðàâíåíèå x2 + 2x + 3 = 0 íå
èìååò äåéñòâèòåëüíûõ êîðíåé, à ýòî îçíà÷àåò, ÷òî íåïðåðûâíàÿ
ôóíêöèÿ f(x) íå èìååò íè ìàêñèìóìîâ, íè ìèíèìóìîâ. Äåéñòâè-
òåëüíî, fR(x) = 3((x + 1)2 + 2) > 0 ïðè ëþáîì çíà÷åíèè x; ñëåäîâà-
òåëüíî, ôóíêöèÿ f(x) ìîíîòîííî âîçðàñòàåò íà âñåé îáëàñòè îïðå-
äåëåíèÿ è íå ìîæåò èìåòü ýêñòðåìóìîâ.

32. y = (x – 5)ex.
Ðåøåíèå. 1. yR = (x – 5)Rex + (ex)R(x – 5) = ex + ex(x – 5) =

= ex(x – 4).
2. ex(x – 4) = 0, ex ­ 0; x – 4 = 0, x = 4.
3. Íà ïðîìåæóòêå (–×; 4) ïðîèçâîäíàÿ îòðèöàòåëüíà, à íà

ïðîìåæóòêå (4; +×) ïîëîæèòåëüíà. Ñëåäîâàòåëüíî, ïðè x = 4
ôóíêöèÿ èìååò ìèíèìóì.

4. f(4) = ymin = –e4.

33. y = 1 – ( )x − 2 45 .

Ðåøåíèå. 1. yR = –
4

5 ( )x −
−

2
1

5  = –
4

5 2
5 x −

.

2. Ïðîèçâîäíàÿ íå îáðàùàåòñÿ â íóëü íè ïðè êàêèõ çíà÷åíèÿõ
x è íå ñóùåñòâóåò ëèøü ïðè x = 2. Ýòî è åñòü êðèòè÷åñêàÿ òî÷êà.

3. Íà ïðîìåæóòêå (–×; 2) ïðîèçâîäíàÿ ïîëîæèòåëüíà, íà ïðî-
ìåæóòêå (2; +×) îòðèöàòåëüíà; ñëåäîâàòåëüíî, ïðè x = 2 ôóíê-
öèÿ èìååò ìàêñèìóì.

4. Íàõîäèì f(2) = ymax = 1.
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2. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà [a; b], òî
åñòü íàéòè f(a) è f(b).

3. Ñðàâíèòü ïîëó÷åííûå ðåçóëüòàòû; íàèáîëüøåå èç íàéäåí-
íûõ çíà÷åíèé ÿâëÿåòñÿ íàèáîëüøèì çíà÷åíèåì ôóíêöèè íà îò-
ðåçêå [a; b]; àíàëîãè÷íî, íàèìåíüøåå èç íàéäåííûõ çíà÷åíèé
ÿâëÿåòñÿ íàèìåíüøèì çíà÷åíèå ôóíêöèè íà ýòîì îòðåçêå.

47. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = x3 – 6x íà îòðåçêå [–3; 4].

Ðåøåíèå. 1. Íàõîäèì êðèòè÷åñêèå òî÷êè ôóíêöèè íà îòðåçêå
[–3; 4]. Èìååì yR = 3x2 – 6; ðåøàÿ óðàâíåíèå 3x2 – 6 = 0, ïîëó÷èì

x1 = 2 , x2 = – 2 . Ýòè òî÷êè ïðèíàäëåæàò äàííîìó îòðåçêó.
Âû÷èñëèì çíà÷åíèÿ ôóíêöèè â êðèòè÷åñêèõ òî÷êàõ.

y ( )− 2  = ( )− 2
3

 – 6æ ( )− 2  = –2 2  + 6 2  = 4 2 ;

y ( )2  = ( )2
3

 – 6 2  = 2 2  – 6 2  = –4 2 .

2. Íàõîäèì çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà: y(–3) = –9,
y(4) = 40.

3. Ñðàâíèâàÿ çíà÷åíèÿ ôóíêöèè â êðèòè÷åñêèõ òî÷êàõ è åå
çíà÷åíèÿ íà êîíöàõ îòðåçêà, çàêëþ÷àåì, ÷òî y = –9 ÿâëÿåòñÿ
íàèìåíüøèì, à y = 40 — íàèáîëüøèì çíà÷åíèåì ôóíêöèè íà
óêàçàííîì îòðåçêå.

48. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

f(x) = 2x3 – 6x + 5 íà îòðåçêå −⎡

⎣
⎢

⎤

⎦
⎥

5

2

3

2
; .

Ðåøåíèå. 1. Íàõîäèì êðèòè÷åñêèå òî÷êè, ïðèíàäëåæàùèå

5 3
;

2 2
⎡ ⎤−⎢ ⎥⎣ ⎦

:

fR(x) = 6x2 – 6 = 6(x2 – 1), 6(x2 – 1) = 0,   x1 = –1, x2 = 1.
Âû÷èñëèì çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ:
f(–1) = 2æ(–1)3 – 6æ(–1) + 5 = 9;    f(1) = 2æ13 – 6æ1 + 5 = 1.
2. Âû÷èñëèì çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà:

f −⎛
⎝
⎜

⎞
⎠
⎟

5

2  = 2æ −⎛
⎝
⎜

⎞
⎠
⎟

5

2

3

 – 6æ −⎛
⎝
⎜

⎞
⎠
⎟

5

2  + 5 = –11
1

4
;

f 
3

2

⎛
⎝
⎜

⎞
⎠
⎟  = 2æ

3

2

3
⎛
⎝
⎜

⎞
⎠
⎟  – 6æ

3

2
 + 5 = 2

3

4
.
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34. f(x) = sin x + cos x.
Ðåøåíèå. 1. fR(x) = cos x – sin x.
2. Ðåøèì óðàâíåíèå cos x – sin x = 0; ðàçäåëèâ îáå åãî ÷àñòè

íà cos x, ïîëó÷èì 1 – tg x = 0, tg x = 1, òî åñòü x = 
π
4

.

3. Ïðè x < 
π
4

, íàïðèìåð ïðè x = 0, èìååì:

fR(0) = cos 0 – sin 0 = 1 > 0;

ïðè x > 
π
4

, íàïðèìåð ïðè x = 
π
3

, ïîëó÷èì

fR
π
3

⎛
⎝
⎜

⎞
⎠
⎟  = cos 

π
3

 – sin 
π
3

 = 
1

2
 – 3

2
 < 0.

Çíà÷èò, ïðè x = 
π
4

 ôóíêöèÿ èìååò ìàêñèìóì.

4. f 
π
4

⎛
⎝
⎜

⎞
⎠
⎟  = sin 

π
4

 + cos 
π
4

 = 
2

2
 + 

2

2
 = 2 , òî åñòü 

π
4

2;
⎛
⎝
⎜

⎞
⎠
⎟ ,

÷òî ñîîòâåòñòâóåò òî÷êå ìàêñèìóìà.
Çàìå÷àíèå. Ïðè èññëåäîâàíèè ôóíêöèè íà ýêñòðåìóì ïðîèç-

âîäíóþ fR(x) ïîëåçíî ïðåäâàðèòåëüíî ðàçëîæèòü íà ìíîæèòåëè:
ýòèì óïðîùàåòñÿ èññëåäîâàíèå åå çíàêà â îêðåñòíîñòè êðèòè÷å-
ñêîãî çíà÷åíèÿ.

Äëÿ îôîðìëåíèÿ çàïèñè èññëåäîâàíèÿ ôóíêöèè ìîæíî ïîëüçî-
âàòüñÿ òàáëèöåé, â ïåðâîé ñòðîêå êîòîðîé çàïèñàíû ïðîìåæóòêè
çíàêîïîñòîÿíñòâà ïðîèçâîäíîé è êðèòè÷åñêèå òî÷êè ôóíêöèè;
âî âòîðîé — çíàêè ïåðâîé ïðîèçâîäíîé íà ýòèõ ïðîìåæóòêàõ è
åå çíà÷åíèÿ â êðèòè÷åñêèõ òî÷êàõ; â òðåòüåé — ïîâåäåíèå ôóíê-
öèè íà ýòèõ ïðîìåæóòêàõ è åå çíà÷åíèÿ â êðèòè÷åñêèõ òî÷êàõ.

35. y = xex.
Ðåøåíèå. 1. Íàõîäèì ïðîèçâîäíóþ:

yR = (xex)R = xRex + (ex)Rx = ex + xex = ex(1 + x).
2. Íàõîäèì êðèòè÷åñêèå òî÷êè: ex(1 + x) = 0, x = –1.
3. Èññëåäóåì çíàêè ïðîèçâîäíîé ñëåâà è ñïðàâà îò êðèòè÷å-

ñêîé òî÷êè:

yR(–2) = e–2(1 – 2) = 
1
2e

æ(–1) < 0, yR(1) = e(1 + 1) = 2e > 0.

Ñëåäîâàòåëüíî, ïðè x = –1 ôóíêöèÿ èìååò ìèíèìóì

ymin = y(–1) = (–1)e–1 = –
1

e
 = –0,369.
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Ñîñòàâèì òàáëèöó:

x (–×; –1) –1 (–1; +×)

yR – 0 +

y óáûâàåò ( ) ymin = –
1

e
âîçðàñòàåò ( )

Упражнения

36. y = x2 – x – 6. 37. y = 
1

2
x2 – x – 4.

38. y = 1 – 6x – x2. 39. y = x3 – 6x + 1.

40. y = 
1

3
x3 + x2 – 3x. 41. y = 

1

4
x4 – 

2

3
x3 – 

3

2
x2 + 2.

42. f(x) = ax2 + bx + c. 43. y = (2x + 1) 
3

2x − .

44. f(x) = 2xx–2. 45. y = 5x + 5–x.

46. Ìîæåò ëè òî÷êà ýêñòðåìóìà ôóíêöèè áûòü îäíîâðåìåííî
è òî÷êîé ýêñòðåìóìà åå ïðîèçâîäíîé?

ÍÀÈÁÎËÜØÅÅ È ÍÀÈÌÅÍÜØÅÅ
ÇÍÀ×ÅÍÈß ÔÓÍÊÖÈÈ

Ïóñòü ôóíêöèÿ y = f(x) íåïðåðûâíà íà îòðåçêå [a; b]. Â ýòîì
ñëó÷àå, êàê èçâåñòíî, îíà ïðèíèìàåò êàê íàèáîëüøåå, òàê è íàè-
ìåíüøåå çíà÷åíèÿ íà ýòîì îòðåçêå. Âî ìíîãèõ ïðèêëàäíûõ âîï-
ðîñàõ âàæíî íàéòè òå òî÷êè îòðåçêà [a; b], êîòîðûì îòâå÷àþò
íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè.

Ïðè ðåøåíèè ýòîé çàäà÷è âîçìîæíû äâà ñëó÷àÿ:
1) ëèáî íàèáîëüøåå (íàèìåíüøåå) çíà÷åíèå ôóíêöèè äîñòèãà-

åòñÿ âíóòðè îòðåçêà, è òîãäà ýòè çíà÷åíèÿ îêàæóòñÿ â ÷èñëå ýêñò-
ðåìóìîâ ôóíêöèè;

2) ëèáî íàèáîëüøåå (íàèìåíüøåå) çíà÷åíèå äîñòèãàåòñÿ íà
êîíöàõ îòðåçêà [a; b].

Èòàê, ÷òîáû íàéòè íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ íåïðå-
ðûâíîé íà îòðåçêå [a; b] ôóíêöèè y = f(x), äîñòàòî÷íî:

1. Íàéòè âñå êðèòè÷åñêèå òî÷êè, ïðèíàäëåæàùèå [a; b], è
âû÷èñëèòü çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ.
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34. f(x) = sin x + cos x.
Ðåøåíèå. 1. fR(x) = cos x – sin x.
2. Ðåøèì óðàâíåíèå cos x – sin x = 0; ðàçäåëèâ îáå åãî ÷àñòè

íà cos x, ïîëó÷èì 1 – tg x = 0, tg x = 1, òî åñòü x = 
π
4

.

3. Ïðè x < 
π
4

, íàïðèìåð ïðè x = 0, èìååì:

fR(0) = cos 0 – sin 0 = 1 > 0;

ïðè x > 
π
4

, íàïðèìåð ïðè x = 
π
3

, ïîëó÷èì

fR
π
3

⎛
⎝
⎜

⎞
⎠
⎟  = cos 

π
3

 – sin 
π
3

 = 
1

2
 – 3

2
 < 0.

Çíà÷èò, ïðè x = 
π
4

 ôóíêöèÿ èìååò ìàêñèìóì.

4. f 
π
4

⎛
⎝
⎜

⎞
⎠
⎟  = sin 

π
4

 + cos 
π
4

 = 
2

2
 + 

2

2
 = 2 , òî åñòü 

π
4

2;
⎛
⎝
⎜

⎞
⎠
⎟ ,

÷òî ñîîòâåòñòâóåò òî÷êå ìàêñèìóìà.
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1. Íàéòè âñå êðèòè÷åñêèå òî÷êè, ïðèíàäëåæàùèå [a; b], è
âû÷èñëèòü çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ.
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Ãðàôèê ôóíêöèè èçîáðàæåí íà ðèñóíêå 14.

x

y

0

y x= + 22

A(0; 2)

x

y

0 1 3

1

y x x 3x= – 2 + + 1
3

1
3 2

Ðèñ. 13 Ðèñ. 14

31. f(x) = x3 + 3x2 + 9x – 6.
Ðåøåíèå. Íàéäåì fR(x) = 3x2 + 6x + 9 = 3(x2 + 2x + 3). Ïðèðàâ-

íÿâ ïðîèçâîäíóþ íóëþ, âèäèì, ÷òî óðàâíåíèå x2 + 2x + 3 = 0 íå
èìååò äåéñòâèòåëüíûõ êîðíåé, à ýòî îçíà÷àåò, ÷òî íåïðåðûâíàÿ
ôóíêöèÿ f(x) íå èìååò íè ìàêñèìóìîâ, íè ìèíèìóìîâ. Äåéñòâè-
òåëüíî, fR(x) = 3((x + 1)2 + 2) > 0 ïðè ëþáîì çíà÷åíèè x; ñëåäîâà-
òåëüíî, ôóíêöèÿ f(x) ìîíîòîííî âîçðàñòàåò íà âñåé îáëàñòè îïðå-
äåëåíèÿ è íå ìîæåò èìåòü ýêñòðåìóìîâ.

32. y = (x – 5)ex.
Ðåøåíèå. 1. yR = (x – 5)Rex + (ex)R(x – 5) = ex + ex(x – 5) =

= ex(x – 4).
2. ex(x – 4) = 0, ex ­ 0; x – 4 = 0, x = 4.
3. Íà ïðîìåæóòêå (–×; 4) ïðîèçâîäíàÿ îòðèöàòåëüíà, à íà

ïðîìåæóòêå (4; +×) ïîëîæèòåëüíà. Ñëåäîâàòåëüíî, ïðè x = 4
ôóíêöèÿ èìååò ìèíèìóì.

4. f(4) = ymin = –e4.

33. y = 1 – ( )x − 2 45 .

Ðåøåíèå. 1. yR = –
4

5 ( )x −
−

2
1

5  = –
4

5 2
5 x −

.

2. Ïðîèçâîäíàÿ íå îáðàùàåòñÿ â íóëü íè ïðè êàêèõ çíà÷åíèÿõ
x è íå ñóùåñòâóåò ëèøü ïðè x = 2. Ýòî è åñòü êðèòè÷åñêàÿ òî÷êà.

3. Íà ïðîìåæóòêå (–×; 2) ïðîèçâîäíàÿ ïîëîæèòåëüíà, íà ïðî-
ìåæóòêå (2; +×) îòðèöàòåëüíà; ñëåäîâàòåëüíî, ïðè x = 2 ôóíê-
öèÿ èìååò ìàêñèìóì.

4. Íàõîäèì f(2) = ymax = 1.
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2. Âû÷èñëèòü çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà [a; b], òî
åñòü íàéòè f(a) è f(b).

3. Ñðàâíèòü ïîëó÷åííûå ðåçóëüòàòû; íàèáîëüøåå èç íàéäåí-
íûõ çíà÷åíèé ÿâëÿåòñÿ íàèáîëüøèì çíà÷åíèåì ôóíêöèè íà îò-
ðåçêå [a; b]; àíàëîãè÷íî, íàèìåíüøåå èç íàéäåííûõ çíà÷åíèé
ÿâëÿåòñÿ íàèìåíüøèì çíà÷åíèå ôóíêöèè íà ýòîì îòðåçêå.

47. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = x3 – 6x íà îòðåçêå [–3; 4].

Ðåøåíèå. 1. Íàõîäèì êðèòè÷åñêèå òî÷êè ôóíêöèè íà îòðåçêå
[–3; 4]. Èìååì yR = 3x2 – 6; ðåøàÿ óðàâíåíèå 3x2 – 6 = 0, ïîëó÷èì

x1 = 2 , x2 = – 2 . Ýòè òî÷êè ïðèíàäëåæàò äàííîìó îòðåçêó.
Âû÷èñëèì çíà÷åíèÿ ôóíêöèè â êðèòè÷åñêèõ òî÷êàõ.

y ( )− 2  = ( )− 2
3

 – 6æ ( )− 2  = –2 2  + 6 2  = 4 2 ;

y ( )2  = ( )2
3

 – 6 2  = 2 2  – 6 2  = –4 2 .

2. Íàõîäèì çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà: y(–3) = –9,
y(4) = 40.

3. Ñðàâíèâàÿ çíà÷åíèÿ ôóíêöèè â êðèòè÷åñêèõ òî÷êàõ è åå
çíà÷åíèÿ íà êîíöàõ îòðåçêà, çàêëþ÷àåì, ÷òî y = –9 ÿâëÿåòñÿ
íàèìåíüøèì, à y = 40 — íàèáîëüøèì çíà÷åíèåì ôóíêöèè íà
óêàçàííîì îòðåçêå.

48. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

f(x) = 2x3 – 6x + 5 íà îòðåçêå −⎡

⎣
⎢

⎤

⎦
⎥

5

2

3

2
; .

Ðåøåíèå. 1. Íàõîäèì êðèòè÷åñêèå òî÷êè, ïðèíàäëåæàùèå

5 3
;

2 2
⎡ ⎤−⎢ ⎥⎣ ⎦

:

fR(x) = 6x2 – 6 = 6(x2 – 1), 6(x2 – 1) = 0,   x1 = –1, x2 = 1.
Âû÷èñëèì çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ:
f(–1) = 2æ(–1)3 – 6æ(–1) + 5 = 9;    f(1) = 2æ13 – 6æ1 + 5 = 1.
2. Âû÷èñëèì çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà:

f −⎛
⎝
⎜

⎞
⎠
⎟

5

2  = 2æ −⎛
⎝
⎜

⎞
⎠
⎟

5

2

3

 – 6æ −⎛
⎝
⎜

⎞
⎠
⎟

5

2  + 5 = –11
1

4
;

f 
3

2

⎛
⎝
⎜

⎞
⎠
⎟  = 2æ

3

2

3
⎛
⎝
⎜

⎞
⎠
⎟  – 6æ

3

2
 + 5 = 2

3

4
.
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1. Íàõîäÿò ïðîèçâîäíóþ fR(x).

2. Íàõîäÿò âñå êðèòè÷åñêèå òî÷êè èç îáëàñòè îïðåäåëåíèÿ
ôóíêöèè.

3. Óñòàíàâëèâàþò çíàêè ïðîèçâîäíîé ôóíêöèè ïðè ïåðåõîäå
÷åðåç êðèòè÷åñêèå òî÷êè è âûïèñûâàþò òî÷êè ýêñòðåìóìà.

4. Âû÷èñëÿþò çíà÷åíèÿ ôóíêöèè f(x) â êàæäîé ýêñòðåìàëü-
íîé òî÷êå.

29–46. Èññëåäóéòå íà ýêñòðåìóì ñëåäóþùèå ôóíêöèè.

29. y = x2 + 2.

Ðåøåíèå. 1. Íàõîäèì ïðîèçâîäíóþ: yR = (x2 + 2)R = 2x.

2. Ïðèðàâíèâàåì åå ê íóëþ: 2x = 0, îòêóäà x = 0 — êðèòè÷å-
ñêàÿ òî÷êà.

3. Îïðåäåëÿåì çíàê ïðîèçâîäíîé ïðè çíà÷åíèè x < 0, íàïðè-

ìåð ïðè x = –1: 1xy = −′  = 2æ(–1) = –2. Îïðåäåëÿåì çíàê ïðîèçâîä-

íîé ïðè x > 0, íàïðèìåð ïðè x = 1: 1xy =′  = 2æ1 = 2. Òàê êàê ïðè

ïåðåõîäå ÷åðåç x = 0 ïðîèçâîäíàÿ èçìåíÿåò çíàê ñ ìèíóñà íà
ïëþñ, ïðè x = 0 ôóíêöèÿ èìååò ìèíèìóì.

4. Íàõîäèì ìèíèìàëüíîå çíà÷åíèå ôóíêöèè, òî åñòü

f(0) = 02 + 2 = 2.

Òåïåðü ìîæíî íà ÷åðòåæå îòîáðàçèòü âèä êðèâîé âáëèçè òî÷-
êè A(0; 2) (ðèñ. 13).

30. y = 
1

3
x3 – 2x2 + 3x + 1.

Ðåøåíèå. 1. Íàõîäèì ïðîèçâîäíóþ: yR = x2 – 4x + 3.

2. Ïðèðàâíèâàåì åå ê íóëþ è ðåøàåì óðàâíåíèå x2  – 4x + 3 = 0.
Åãî êîðíè x1 = 1, x2 = 3 — êðèòè÷åñêèå òî÷êè.

3. Ïðîèçâîäíóþ ìîæíî ïðåäñòàâèòü â âèäå ïðîèçâåäåíèÿ ìíî-
æèòåëåé: yR = (x – 1)(x – 3). Èññëåäóåì êðèòè÷åñêóþ òî÷êó x1 = 1,
îïðåäåëÿÿ çíàê yR âáëèçè ýòîé òî÷êè ñëåâà è ñïðàâà îò íåå. Òàê

êàê 1xy <′  > 0, 1xy >′  < 0, òî ïðè x1 = 1 ôóíêöèÿ èìååò ìàêñèìóì.

Àíàëîãè÷íî, äëÿ òî÷êè x2 = 3 ïîëó÷èì 3xy <′  < 0, 3xy >′  > 0. Ñëåäî-

âàòåëüíî, ïðè x2 = 3 ôóíêöèÿ äîñòèãàåò ìèíèìóìà.

4. Íàõîäèì yx = 1 = 
7

3
, yx = 3 = 1.

19

3. Òàêèì îáðàçîì, íàèáîëüøåå çíà÷åíèå äàííîé ôóíêöèè íà ðàñ-

ñìàòðèâàåìîì îòðåçêå åñòü f(–1) = 9, à íàèìåíüøåå f −⎛
⎝
⎜

⎞
⎠
⎟

5

2  = –11
1

4

(ðèñ. 15).

x

y

0

2

1

–11
4

1

–1

–2
2

1

1

5

9

2
4

3 f x x x( ) = 2 – 6 + 53

1

Ðèñ. 15

49. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè
y = x5 – 5x4 + 5x3 + 3 íà îòðåçêå [–1; 2].

Ðåøåíèå. 1. Íàõîäèì êðèòè÷åñêèå òî÷êè, ïðèíàäëåæàùèå îò-
ðåçêó [–1; 2], è çíà÷åíèÿ ôóíêöèè â ýòèõ òî÷êàõ:
yR = 5x4 – 20x3 + 15x2, 5x4 – 20x3 + 15x2 = 0, 5x2(x2 – 4x + 3) = 0,

x1 = 0, x2 = 1, x3 = 3.
Êðèòè÷åñêàÿ òî÷êà x3 = 3 íå ïðèíàäëåæèò çàäàííîìó îòðåçêó.
Âû÷èñëÿåì çíà÷åíèÿ ôóíêöèè â äâóõ äðóãèõ êðèòè÷åñêèõ òî÷-

êàõ: y(0) = 3, y(1) = 4.
2. Âû÷èñëèì çíà÷åíèÿ ôóíêöèè íà êîíöàõ çàäàííîãî îòðåçêà:

y(–1) = –8, y(2) = –5.
3. Ñðàâíèâàÿ ïîëó÷åííûå ðåçóëüòàòû, çàêëþ÷àåì, ÷òî íàèáîëü-

øåå çíà÷åíèå ôóíêöèè y(1) = 4, íàèìåíüøåå y(–1) = –8.
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ïîëîæèòåëüíà è, ñëåäîâàòåëüíî, çäåñü íàõîäèòñÿ ïðîìåæóòîê
âîçðàñòàíèÿ ôóíêöèè. Ñïðàâà æå îò a ïðîèçâîäíàÿ îòðèöàòåëü-
íà, ïîýòîìó çäåñü íàõîäèòñÿ ïðîìåæóòîê óáûâàíèÿ ôóíêöèè.
Òî÷êà, îòäåëÿþùàÿ ïðîìåæóòîê âîçðàñòàíèÿ ôóíêöèè îò ïðîìå-
æóòêà óáûâàíèÿ, åñòü òî÷êà ìàêñèìóìà.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî åñëè ïðè ïåðåõîäå x ÷åðåç a
ïðîèçâîäíàÿ ìåíÿåò çíàê ñ ìèíóñà íà ïëþñ, òî a ÿâëÿåòñÿ òî÷êîé
ìèíèìóìà.

Ñìûñë òåîðåìû 4 íàãëÿäíî èëëþñòðèðóåò ðèñóíîê 12. Òî÷êà
a — êðèòè÷åñêàÿ, òàê êàê fR(a) = 0. Ñëåâà îò ýòîé òî÷êè, òî åñòü
ïðè x < a, èìååì fR(x) > 0; êàñàòåëüíàÿ ê êðèâîé îáðàçóåò ñ îñüþ
Ox îñòðûé óãîë è ôóíêöèÿ âîçðàñòàåò.

x

y

0 a

M T

x

y

0 a

� �

f
a(
)

f aR( ) = 0

Ðèñ. 11 Ðèñ. 12

Ñïðàâà îò ýòîé òî÷êè, òî åñòü ïðè x > a, èìååì fR(x) < 0; êàñà-
òåëüíàÿ ê êðèâîé îáðàçóåò ñ îñüþ Ox òóïîé óãîë è ôóíêöèÿ óáû-
âàåò. Ïðè x = a ôóíêöèÿ ïåðåõîäèò îò âîçðàñòàíèÿ ê óáûâàíèþ,
òî åñòü èìååò ìàêñèìóì.

Äëÿ ôóíêöèè, èçîáðàæåííîé íà ðèñóíêå 11, ïðè ïåðåõîäå ÷å-
ðåç êðèòè÷åñêóþ òî÷êó x = a ïðîèçâîäíàÿ íå ìåíÿåò çíàê, è â
ýòîé òî÷êå íåò ýêñòðåìóìà.

Òàêèì îáðàçîì, èññëåäîâàíèå ïðîèçâîäíîé yR = fR(x) ïîçâîëÿåò
âî ìíîãîì èçó÷èòü ïîâåäåíèå ôóíêöèè y = f(x). Ïðè ýòîì íóæíî
ïîíèìàòü, ÷òî â ñâîèõ ðàññóæäåíèÿõ ìû ñ ïîìîùüþ èçâåñòíîãî
ãðàôèêà ôóíêöèè íàõîäèëè çíà÷åíèÿ ïðîèçâîäíîé íà òåõ èëè
èíûõ ó÷àñòêàõ êðèâîé. Íà ïðàêòèêå æå, êîíå÷íî, ïîñòóïàþò íà-
îáîðîò: ðàññìàòðèâàþò ïðîèçâîäíóþ íåêîòîðîé ôóíêöèè è ñ åå
ïîìîùüþ èññëåäóþò õàðàêòåð ôóíêöèè.

20

50. Íàéäèòå íàèáîëüøåå è íàèìåíüøåå çíà÷åíèÿ ôóíêöèè

f(x) = 100 2− x  íà îòðåçêå [–6; 8].
Ðåøåíèå. 1. Íàõîäèì êðèòè÷åñêèå òî÷êè íà îòðåçêå [–6; 8]:

fR(x) = 
2

2

2 100

x

x

−
−

 = –
x

x100 2−
.

Íà ðàññìàòðèâàåìîì îòðåçêå èìååì òîëüêî îäíó êðèòè÷åñêóþ
òî÷êó  x = 0; ïðè ýòîì f(0) = 10.

2. Âû÷èñëèì çíà÷åíèÿ ôóíêöèè íà êîíöàõ îòðåçêà:

f(–6) = 100 36−  = 8, f(8) = 100 64−  = 6.
3. Îáîçíà÷àÿ ÷åðåç M íàèáîëüøåå, à ÷åðåç m — íàèìåíüøåå

çíà÷åíèå ôóíêöèè íà îòðåçêå, ïîëó÷àåì M = f(0) = 10, m = f(8) = 6;
çäåñü íàèìåíüøåå çíà÷åíèå äîñòèãàåòñÿ íà êîíöå îòðåçêà.

Çàìå÷àíèå. Îòûñêàíèå íàèáîëüøåãî è íàèìåíüøåãî çíà÷åíèé
ôóíêöèè ìîæíî óïðîñòèòü, åñëè âîñïîëüçîâàòüñÿ ñëåäóþùèìè
ñâîéñòâàìè íåïðåðûâíûõ ôóíêöèé:

1) åñëè ôóíêöèÿ y = f(x) íà îòðåçêå [a; b] íåïðåðûâíà è âîçðà-
ñòàåò, òî m = f(a) è M = f(b);

2) åñëè ôóíêöèÿ y = f(x) íà îòðåçêå [a; b] íåïðåðûâíà è óáûâà-
åò, òî m = f(b) è M = f(a);

3) åñëè ôóíêöèÿ y = f(x), íåïðåðûâíàÿ íà îòðåçêå [a; b], èìååò
íà ýòîì îòðåçêå òîëüêî îäíó òî÷êó ìàêñèìóìà x0 (è íè îäíîé
òî÷êè ìèíèìóìà), òî íàèáîëüøåå çíà÷åíèå íà äàííîì îòðåçêå
åñòü M = f(x0);

4) åñëè ôóíêöèÿ y = f(x), íåïðåðûâíàÿ íà îòðåçêå [a; b], èìååò
íà ýòîì îòðåçêå òîëüêî îäíó òî÷êó ìèíèìóìà x0 (è íè îäíîé òî÷-
êè ìàêñèìóìà), òî íàèìåíüøåå çíà÷åíèå íà äàííîì îòðåçêå åñòü
m = f(x0).

Упражнения
51–56. Íàéäèòå íàèáîëüøåå çíà÷åíèå M è íàèìåíüøåå çíà÷å-

íèå m ñëåäóþùèõ ôóíêöèé íà óêàçàííûõ îòðåçêàõ.
51. f(x) = x2 – 4x + 3 íà [0; 3].
52. y = x2 – 6x + 6 íà [1; 4].
53. y = x3 – 3x2 + 3x + 2 íà [2; 5].
54. f(x) = 3x4 + 4x3 + 1 íà [–2; 1].

55. f(x) = x ln x – x íà 
1

e
e;

⎡

⎣
⎢

⎤

⎦
⎥ .

56. f(x) = 2sin x – cos 2x íà 0
2

;
π⎡

⎣
⎢

⎤

⎦
⎥ .
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Îïðåäåëèì, ïðè êàêèõ óñëîâèÿõ ôóíêöèÿ èìååò ìàêñèìóì èëè
ìèíèìóì.

 Òåîðåìà 3 (íåîáõîäèìûé ïðèçíàê ýêñòðåìóìà). Åñëè x = a
ÿâëÿåòñÿ òî÷êîé ýêñòðåìóìà ôóíêöèè y = f(x) è ïðîèçâîäíàÿ
â ýòîé òî÷êå ñóùåñòâóåò, òî îíà ðàâíà íóëþ: fR(a) = 0.

Äîêàçàòåëüñòâî. Ïðîèçâîäíàÿ ôóíêöèè f(x) â òî÷êå x = a íå
ìîæåò áûòü îòëè÷íîé îò íóëÿ, òàê êàê â ñëó÷àå fR(a) > 0 ôóíêöèÿ
f(x) âîçðàñòàëà áû íà íåêîòîðîì ïðîìåæóòêå, ñîäåðæàùåì òî÷êó a,
à â ñëó÷àå fR(a) < 0 — óáûâàëà áû íà íåêîòîðîì ïðîìåæóòêå,
ñîäåðæàùåì òî÷êó a; äðóãèìè ñëîâàìè, ïðè fR(a) > 0 è fR(a) < 0
ôóíêöèÿ íå èìååò ýêñòðåìóìà â òî÷êå a, ÷òî ïðîòèâîðå÷èò óñëî-
âèþ. Çíà÷èò, fR(a) = 0.

x

y

a b

f x( )

x x1 2 x

y

0 a b

ìàêñèìóì

f aR( ) = 0

ìèíèìóì

f bR( ) = 0

Ðèñ. 9 Ðèñ. 10

Ãåîìåòðè÷åñêè íåîáõîäèìûé ïðèçíàê ýêñòðåìóìà îçíà÷àåò, ÷òî
åñëè x = a — òî÷êà ýêñòðåìóìà ôóíêöèè y = f(x), òî êàñàòåëü-
íàÿ (â òîì ñëó÷àå, êîãäà îíà ñóùåñòâóåò) ê ãðàôèêó ýòîé ôóíê-
öèè â òî÷êå (a; f(a)) ïàðàëëåëüíà îñè Ox (ðèñ. 10).

Ëåãêî óáåäèòüñÿ â òîì, ÷òî íåîáõîäèìîå óñëîâèå ýêñòðåìóìà
ôóíêöèè íå ÿâëÿåòñÿ äîñòàòî÷íûì, òî åñòü èç òîãî ôàêòà, ÷òî
fR(a) = 0, âîâñå íå ñëåäóåò, ÷òî ôóíêöèÿ f(x) èìååò ýêñòðåìóì ïðè
x = a. Íàïðèìåð, äëÿ ôóíêöèè, èçîáðàæåííîé íà ðèñóíêå 11,
êàñàòåëüíàÿ MT ïàðàëëåëüíà îñè Ox, òî åñòü fR(a) = 0, îäíàêî
ýêñòðåìóìà â ýòîé òî÷êå ôóíêöèÿ íå èìååò.

Òàêèì îáðàçîì, îáðàùåíèå ïðîèçâîäíîé â íóëü ÿâëÿåòñÿ íåîá-
õîäèìûì, íî íå äîñòàòî÷íûì óñëîâèåì ýêñòðåìóìà.

 Òåîðåìà 4 (äîñòàòî÷íûé ïðèçíàê ýêñòðåìóìà). Åñëè ïðîèç-
âîäíàÿ fR(x) ïðè ïåðåõîäå x ÷åðåç a ìåíÿåò çíàê, òî a ÿâëÿåòñÿ
òî÷êîé ýêñòðåìóìà ôóíêöèè f(x).

Äîêàçàòåëüñòâî. Ïóñòü ïðè ïåðåõîäå x ÷åðåç a ïðîèçâîäíàÿ
ìåíÿåò çíàê ñ ïëþñà íà ìèíóñ. Òîãäà ñëåâà îò a ïðîèçâîäíàÿ

21

ÏÎÑÒÐÎÅÍÈÅ ÃÐÀÔÈÊÎÂ ÔÓÍÊÖÈÉ

Ïðè ïîñòðîåíèè ãðàôèêîâ ôóíêöèé ñ ïîìîùüþ ïðîèçâîäíûõ
ïîëåçíî ïðèäåðæèâàòüñÿ òàêîãî ïëàíà:

1. Íàõîäÿò îáëàñòü îïðåäåëåíèÿ ôóíêöèè.
2. Âûÿñíÿþò, ÿâëÿåòñÿ ëè ôóíêöèÿ ÷åòíîé èëè íå÷åòíîé; ïðî-

âåðÿþò åå íà ïåðèîäè÷íîñòü.
3. Îïðåäåëÿþò òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ôóíêöèè ñ êîîðäè-

íàòíûìè îñÿìè, åñëè ýòî âîçìîæíî.
4. Íàõîäÿò êðèòè÷åñêèå òî÷êè ôóíêöèè.
5. Îïðåäåëÿþò ïðîìåæóòêè ìîíîòîííîñòè è ýêñòðåìóìû ôóí-

êöèè.
6. Èñïîëüçóÿ ðåçóëüòàòû èññëåäîâàíèÿ, ñîåäèíÿþò ïîëó÷åí-

íûå òî÷êè ïëàâíîé êðèâîé. Èíîãäà äëÿ áîëüøåé òî÷íîñòè ãðàôè-
êà íàõîäÿò íåñêîëüêî äîïîëíèòåëüíûõ òî÷åê; èõ êîîðäèíàòû âû-
÷èñëÿþò, ïîëüçóÿñü óðàâíåíèåì êðèâîé.

Ýòîò ïëàí èññëåäîâàíèÿ ôóíêöèè è ïîñòðîåíèÿ åå ãðàôèêà
ÿâëÿåòñÿ ïðèìåðíûì, åãî íå âñåãäà íàäî ïðèäåðæèâàòüñÿ ïóíê-
òóàëüíî: ìîæíî ìåíÿòü ïîðÿäîê ïóíêòîâ, íåêîòîðûå ñîâñåì îïóñ-
êàòü, åñëè îíè íå ïîäõîäÿò ê äàííîé ôóíêöèè. Â ÷àñòíîñòè, åñëè
íàõîæäåíèå òî÷åê ïåðåñå÷åíèÿ ñ îñÿìè êîîðäèíàò ñâÿçàíî ñ áîëü-
øèìè òðóäíîñòÿìè, òî ýòîãî ìîæíî íå äåëàòü; åñëè ôóíêöèÿ ÷åò-
íàÿ, òî åå ãðàôèê ñèììåòðè÷åí îòíîñèòåëüíî îñè Oy, ïîýòîìó
äîñòàòî÷íî ïîñòðîèòü ãðàôèê äëÿ ïîëîæèòåëüíûõ çíà÷åíèé àð-
ãóìåíòà, ïðèíàäëåæàùèõ îáëàñòè îïðåäåëåíèÿ ôóíêöèè è ò.ï.

57–63. Èññëåäóéòå ôóíêöèþ è ïîñòðîéòå åå ãðàôèê.
57. f(x) = x2 + 2x – 3.
Ðåøåíèå. 1. Ôóíêöèÿ îïðåäåëåíà íà ïðîìåæóòêå (–×; +×).

Òî÷åê ðàçðûâà íåò.
2. Èìååì f(–x) = (–x)2 + 2(–x) – 3 = x2 – 2x – 3. Ôóíêöèÿ íå

ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé, òàê êàê f(–x) ­ f(x) è
f(–x) ­ –f(x).

3. Íàõîäèì òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ôóíêöèè ñ îñÿìè êî-

îðäèíàò. Åñëè y = 0, òî x2 + 2x – 3 = 0, îòêóäà x = –1 ä 1 3+  =

= –1 ä 2, òî åñòü x1 = –3, x2 = 1. Çíà÷èò, êðèâàÿ ïåðåñåêàåò îñü
àáñöèññ â òî÷êàõ (–3; 0) è (1; 0). Åñëè x = 0, òî èç ðàâåíñòâà



11

ÈÑÑËÅÄÎÂÀÍÈÅ ÔÓÍÊÖÈÈ
ÍÀ ÝÊÑÒÐÅÌÓÌ Ñ ÏÎÌÎÙÜÞ

ÏÐÎÈÇÂÎÄÍÎÉ

Íà ðèñóíêå 8 èçîáðàæåí ãðàôèê ôóíêöèè y = x3 – 3x2. Ðàññìîò-
ðèì îêðåñòíîñòü òî÷êè x = 0, òî åñòü íåêîòîðûé ïðîìåæóòîê, ñî-
äåðæàùèé ýòó òî÷êó. Êàê âèäíî èç ðèñóíêà, ñóùåñòâóåò òàêàÿ
îêðåñòíîñòü òî÷êè x = 0, ÷òî íàèáîëüøåå çíà÷åíèå ôóíêöèè
y = x3 – 3x2 â ýòîé îêðåñòíîñòè ïðèíèìàåòñÿ â òî÷êå x = 0. Íàïðè-
ìåð, íà ïðîìåæóòêå (–1; 1) íàèáîëüøåå çíà÷åíèå, ðàâíîå íóëþ,
ôóíêöèÿ ïðèíèìàåò â òî÷êå x = 0. Òî÷êó x = 0 íàçûâàþò òî÷êîé
ìàêñèìóìà (îò ëàò. maximum — íàèáîëüøèé) ýòîé ôóíêöèè.

Àíàëîãè÷íî, òî÷êó x = 2 íàçûâàþò òî÷êîé ìèíèìóìà (îò ëàò.
minimum — íàèìåíüøèé) ôóíêöèè y = x3 – 3x2, òàê êàê çíà÷å-
íèå ôóíêöèè â ýòîé òî÷êå ìåíüøå, ÷åì åå çíà÷åíèå â îñòàëüíûõ
òî÷êàõ íåêîòîðîé îêðåñòíîñòè òî÷êè x = 2.

Îïðåäåëåíèå 2. Òî÷êà x = a íàçûâàåòñÿ òî÷êîé ìàêñèìóìà
(ìèíèìóìà) ôóíêöèè f(x), åñëè èìååò ìåñòî íåðàâåíñòâî
f(a) > f(x) (ñîîòâåòñòâåííî f(a) < f(x)) äëÿ ëþáîãî x èç íåêîòîðîé
îêðåñòíîñòè òî÷êè x = a.

Åñëè x = a — òî÷êà ìàêñèìóìà (ìèíèìóìà) ôóíêöèè f(x), òî
ãîâîðÿò, ÷òî f(x) èìååò ìàêñèìóì (ìèíèìóì) â òî÷êå x = a.

Ìàêñèìóì è ìèíèìóì ôóíêöèè îáúåäèíÿþò íàçâàíèåì ýêñò-
ðåìóì ôóíêöèè, à òî÷êè ìàêñèìóìà è ìèíèìóìà íàçûâàþò òî÷-
êàìè ýêñòðåìóìà (ýêñòðåìàëüíûìè òî÷êàìè).

Íå ñëåäóåò ñ÷èòàòü, ÷òî ìàêñèìóì ôóíêöèè ÿâëÿåòñÿ íàèáîëü-
øèì çíà÷åíèåì âî âñåé îáëàñòè îïðåäåëåíèÿ ýòîé ôóíêöèè; îí
ÿâëÿåòñÿ íàèáîëüøèì ëèøü ïî ñðàâíåíèþ ñî çíà÷åíèÿìè ôóíê-
öèè, âçÿòûìè â íåêîòîðîé îêðåñòíîñòè òî÷êè ìàêñèìóìà.

Íà äàííîì ïðîìåæóòêå ôóíêöèÿ ìîæåò èìåòü íåñêîëüêî ìàê-
ñèìóìîâ è íåñêîëüêî ìèíèìóìîâ, ïðè÷åì íåêîòîðûå èç ìàêñè-
ìóìîâ ìîãóò áûòü ìåíüøå íåêîòîðûõ ìèíèìóìîâ.

Èç ðèñóíêà 9 âèäíî, ÷òî çíà÷åíèå f(x1), ïðåäñòàâëÿþùåå ñîáîé
ìàêñèìóì ôóíêöèè f(x), íå ÿâëÿåòñÿ íàèáîëüøèì çíà÷åíèåì ýòîé
ôóíêöèè íà ïðîìåæóòêå (a; b) è, áîëåå òîãî, f(x1) ìåíüøå, ÷åì
çíà÷åíèå f(x2), ÿâëÿþùååñÿ ìèíèìóìîì äàííîé ôóíêöèè.

Àíàëîãè÷íî, ìèíèìóì ôóíêöèè íå îáÿçàòåëüíî ÿâëÿåòñÿ íàè-
ìåíüøèì çíà÷åíèåì äàííîé ôóíêöèè.

22

y = x2 + 2x – 3 ñëåäóåò y = –3, òî åñòü êðèâàÿ ïåðåñåêàåò îñü
îðäèíàò â òî÷êå (0; –3).

4. Íàõîäèì êðèòè÷åñêèå òî÷êè ôóíêöèè. Èìååì yR = 2x + 2,
2x + 2 = 0, 2(x + 1) = 0, x = –1.

5. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè ðàçäåëèòñÿ íà ïðîìåæóòêè
(–×; –1) è (–1; +×). Çíàêè ïðîèçâîäíîé fR(x) â êàæäîì ïðîìå-
æóòêå ìîæíî íàéòè íåïîñðåäñòâåííîé ïîäñòàíîâêîé òî÷êè èç
ðàññìàòðèâàåìîãî ïðîìåæóòêà. Òàê, fR(–2) = –2 < 0, fR(2) = 2 > 0.
Ñëåäîâàòåëüíî, â ïðîìåæóòêå (–×; –1) ôóíêöèÿ óáûâàåò, à â ïðî-
ìåæóòêå (–1; +×) — âîçðàñòàåò. Ïðè x = –1 ôóíêöèÿ èìååò ìè-
íèìóì, ðàâíûé fmin(–1) = (–1)2 – 2æ(–1) – 3 = 1 – 2 – 3 = –4.

Ñîñòàâèì òàáëèöó:

x (–×; –1) –1 (–1; +×)

fR(x) – 0 +

f(x) fmin = –4

6. Îòìå÷àåì íàéäåííûå òî÷êè â ïðÿìîóãîëüíîé ñèñòåìå êîîð-
äèíàò è ñîåäèíÿåì èõ ïëàâíîé ëèíèåé (ðèñ. 16).

x

y

0

–1

–3

–4
M

B(1; 0)A(–3; 0)

y x x= + 2 – 32

Ðèñ. 16

58. y = x3 – 12x + 4.
Ðåøåíèå. 1. Îáëàñòü îïðåäåëåíèÿ (–×; +×). Ôóíêöèÿ íåïðå-

ðûâíà íà âñåé îáëàñòè îïðåäåëåíèÿ.
2. Ôóíêöèÿ íå ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé, òàê êàê

f(–x) ­ f(x) è f(–x) ­ –f(x).
3. Åñëè x = 0, òî y = 4, òî åñòü ãðàôèê ôóíêöèè ïåðåñåêàåò îñü

îðäèíàò â òî÷êå (0; 4).
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2. Ïðîèçâîäíàÿ ðàâíà íóëþ â òî÷êå x1 = 
1

2
, (x2 = –

1

2
 — ïîñòî-

ðîííèé êîðåíü).
3. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè (0; +×) ðàçîáüåì íà äâà ïðî-

ìåæóòêà 0
1

2
;

⎛
⎝
⎜

⎞
⎠
⎟  è 1

2
; + ∞⎛

⎝
⎜

⎞
⎠
⎟ .

4. Íà ïðîìåæóòêå 0
1

2
;

⎛
⎝
⎜

⎞
⎠
⎟  ïðîèçâîäíàÿ îòðèöàòåëüíà, à íà ïðî-

ìåæóòêå 1

2
; + ∞⎛

⎝
⎜

⎞
⎠
⎟  — ïîëîæèòåëüíà. Ñëåäîâàòåëüíî, ðàññìàòðèâàå-

ìàÿ ôóíêöèÿ óáûâàåò íà ïðîìåæóòêå 0
1

2
;

⎛
⎝
⎜

⎞
⎠
⎟  è âîçðàñòàåò íà ïðîìå-

æóòêå 1

2
; + ∞⎛

⎝
⎜

⎞
⎠
⎟ .

Упражнения

15. f(x) = x5 + 2x3 + x. 16. ϕ(x) = 1 – x3.

17. y = x5 – 5x. 18. f(x) = –x3 + 3x + 1.

19. f(x) = x3 – 
3

2
x2 – 6x + 4. 20. y = x3 – 3x2 – 45x + 2.

21. y = ln x. 22. y = 2 2x x− .

23. y = sin x. 24. y = ln 1 2+ x .

25. f(x) = 
e
x

x

. 26. f(x) = x + cos x.

27. y = 2x + sin x. 28. y = x + 
1

x
.

23

4. Èìååì yR = 3x2 – 12, 3x2 – 12 = 0, 3(x + 2)(x – 2) = 0,
x1 = –2, x2 = 2 — êðèòè÷åñêèå òî÷êè ôóíêöèè.

5. Èññëåäóåì ôóíêöèþ íà ìîíîòîííîñòü è ýêñòðåìóì. Åå îá-
ëàñòü îïðåäåëåíèÿ ðàçäåëèòñÿ íà ïðîìåæóòêè (–×; –2), (–2; 2) è
(2; +×). Èìååì yR(–3) = 3æ(–3)2 – 12 = 15 > 0, yR(0) = –12 < 0,
yR(3) = 3æ32 – 12 = 15 > 0. Çíà÷èò, â ïðîìåæóòêàõ (–×; –2) è
(2; +×) ôóíêöèÿ âîçðàñòàåò, à â ïðîìåæóòêå (–2; 2) — óáûâàåò. Ïðè
x = –2 ôóíêöèÿ èìååò ìàêñèìóì: y(–2) = (–2)3 – 12æ(–2) + 4 = 20,
à ïðè x = 2 — ìèíèìóì: y(2) = 23 – 12æ2 + 4 = –12.

Ñîñòàâèì òàáëèöó:

x (–×; –2) –2 (–2; 2) 2 (2; +×)

yR + 0 – 0 +

y ymax = 20 ymin = –12

6. Ïîëó÷èâøàÿñÿ êðèâàÿ èçîáðàæåíà íà ðèñóíêå 17.

x

y

B(–2; 20)

C(0; 4)

A(2; –12)

0

y x x= – 12 + 43

Ðèñ. 17
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12. y = x 1 +⎛
⎝⎜

⎞
⎠⎟x .

Ðåøåíèå. Òàê êàê y = x 1 +⎛
⎝⎜

⎞
⎠⎟x  = x + x

3

2 , òî yR = 1 + 
3

2
x .

Îáëàñòü îïðåäåëåíèÿ äàííîé ôóíêöèè — ïðîìåæóòîê [0; +×).
Òàê êàê ïðîèçâîäíàÿ ïîëîæèòåëüíà â ýòîì ïðîìåæóòêå, òî ôóíê-
öèÿ âîçðàñòàåò âî âñåé îáëàñòè îïðåäåëåíèÿ.

13. y = x – 2sin x, åñëè 0 £ x £ 2p.
Ðåøåíèå. 1. Èìååì yR = 1 – 2cos x.
2. Íàõîäèì êðèòè÷åñêèå òî÷êè: 1 – 2cos x = 0, 2cos x = 1,

cos x = 
1

2
, x1 = 

π
3

, x2 = 
5

3

π
 (äëÿ äàííîãî óñëîâèÿ).

3. Óêàçàííàÿ îáëàñòü èññëåäîâàíèÿ [0; 2p] ðàçáèâàåòñÿ íà ïðî-

ìåæóòêè 0
3

;
π⎡

⎣
⎢

⎞
⎠
⎟ , 

π π
3

5

3
;

⎛
⎝
⎜

⎞
⎠
⎟  è 5

3
2

π π;
⎛
⎝
⎜

⎤

⎦
⎥ .

4. Íàõîäèì

yR
π
4

⎛
⎝
⎜

⎞
⎠
⎟  = 1 – 2cos 

π
4

 = 1 – 2æ 2

2
 = 1 – 2  < 0,

ñëåäîâàòåëüíî, â ïðîìåæóòêå 0
3

;
π⎡

⎣
⎢

⎞
⎠
⎟  ôóíêöèÿ óáûâàåò;

yR
π
2

⎛
⎝
⎜

⎞
⎠
⎟  = 1 – 2cos 

π
2

 = 1 – 0 = 1 > 0,

çíà÷èò, â ïðîìåæóòêå 
π π
3

5

3
;

⎛
⎝
⎜

⎞
⎠
⎟  ôóíêöèÿ âîçðàñòàåò;

yR
11

6

π⎛
⎝
⎜

⎞
⎠
⎟  = 1 – 2cos 

11

6

π
 = 1 – 2æ 3

2
 = 1 – 3  < 0,

ïîýòîìó â ïðîìåæóòêå 5

3
2

π π;
⎛
⎝
⎜

⎤

⎦
⎥  ôóíêöèÿ óáûâàåò.

14. f(x) = 2x2 – ln x.
Ðåøåíèå. 1. Ôóíêöèÿ ñóùåñòâóåò òîëüêî ïðè x > 0. Íàõîäèì

ïðîèçâîäíóþ:

fR(x) = 4x – 
1

x
 = 

4 12x
x

−
 = 

( )( )2 1 2 1x x
x

− +
.

24

59. y = 
1

4
x4 – 

3

2
x2.

Ðåøåíèå. 1. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè — ïðîìåæóòîê

(–×; +×). Òî÷åê ðàçðûâà íåò.

2. Çäåñü f(–x) = f(x), ñëåäîâàòåëüíî, ôóíêöèÿ ÷åòíàÿ è åå ãðà-

ôèê ñèììåòðè÷åí îòíîñèòåëüíî îñè Oy.

3. ×òîáû îïðåäåëèòü òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ñ îñüþ îðäè-

íàò, ïîëàãàåì x = 0, òîãäà y = 0. Çíà÷èò, êðèâàÿ ïåðåñåêàåò îñü

Oy â òî÷êå (0; 0).

×òîáû îïðåäåëèòü òî÷êè ïåðåñå÷åíèÿ ãðàôèêà ñ îñüþ àáñöèññ,

ïîëàãàåì y = 0:

1

4
x4 – 

3

2
x2 = 0, x4 – 6x2 = 0, x2(x2 – 6) = 0.

Îòñþäà x2 = 0, x1,2 = 0, òî åñòü äâå òî÷êè ïåðåñå÷åíèÿ ñëèëèñü

â îäíó òî÷êó êàñàíèÿ; êðèâàÿ â òî÷êå (0; 0) êàñàåòñÿ îñè Ox.

Äàëåå, èìååì x2 – 6 = 0, òî åñòü x3,4 = ä 6  d ä2,45.

Èòàê, â íà÷àëå êîîðäèíàò O(0; 0) êðèâàÿ ïåðåñåêàåò îñü Oy è

êàñàåòñÿ îñè Ox, à â òî÷êàõ A(–2,45; 0) è B(2,45; 0) ïåðåñåêàåò

îñü Ox.

4. Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè:

yR = x3 – 3x, x3 – 3x = 0, x(x2 – 3) = 0, x1 = 0, x2 – 3 = 0,

x2,3 = ä 3  d ä1,7.

Ýòè òî÷êè ðàçáèâàþò îáëàñòü îïðåäåëåíèÿ ôóíêöèè íà ïðîìå-

æóòêè ( )− ∞ −; 3 , ( )− 3 0; , ( )0 3;  è ( )3; + ∞ .

5. Ñîñòàâèì òàáëèöó:

x ( )− ∞ −; 3 – 3 ( )− 3 0; 0 ( )0 3; 3 ( )3; + ∞

yR – 0 + 0 – 0 +

y ymin = –2,25 ymax = 0 ymin = –2,25
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9. f(x) = x3 – 3x2.
Ðåøåíèå. 1. Íàõîäèì fR(x) = 3x2 – 6x.
2. Íàõîäèì êðèòè÷åñêèå òî÷êè:

3x2 – 6x = 0, 3x(x – 2) = 0, x1 = 0, x2 = 2.

3. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè (–×; +×) ðàçáèâàåòñÿ íà
ïðîìåæóòêè (–×; 0), (0; 2) è (2; +×).

4. Èìååì:
fR(–1) = 3æ(–1)2 – 6æ(–1) = 9 > 0, ñëåäîâàòåëüíî, íà ïðîìåæóò-

êå (–×; 0) ôóíêöèÿ âîçðàñòàåò;
fR(1) = 3æ12 – 6æ1 = –3 < 0, çíà÷èò, íà ïðîìåæóòêå (0; 2)

ôóíêöèÿ óáûâàåò;
fR(3) = 3æ32 – 6æ3 = 9 > 0, ïîýòîìó íà ïðîìåæóòêå (2; +×)

ôóíêöèÿ âîçðàñòàåò (ðèñ. 8).

x

y

y x x= – 4 + 1

0

2

2

x

y

–4

–1

0

1 2 3

y x x= – 33 2

Ðèñ. 7 Ðèñ. 8

10. f(x) = x3 – 
3

2
x2 – 6x.

11. f(x) = 
sinx

x
 íà ïðîìåæóòêå 0

2
;

π⎛
⎝
⎜

⎞
⎠
⎟ .

Ðåøåíèå. Èìååì

fR(x) = 
sinx

x
⎛
⎝
⎜

⎞
⎠
⎟

′
 = 

x x x

x

cos sin−
2  = 

x x

x x

− tg
2 cos

.

Åñëè 0 < x < 
π
2

, òî x < tg x, x2cos x > 0, çíà÷èò, fR(x) < 0.

Îòñþäà ñëåäóåò, ÷òî f(x) óáûâàåò íà 0
2

;
π⎛

⎝
⎜

⎞
⎠
⎟ .

25

6. Ãðàôèê èçîáðàæåí íà ðèñóíêå 18.

x

y

0

1 3

B(2,45; 0)

–3

A(–2,45; 0)

–1

E F
–1,25

–2,25

y = x – x
4

1

2

3
4 2

3D( ; –2,25)3C(– ; –2,25)

Ðèñ. 18

60. y = e x− 2

.
Ðåøåíèå. 1. Ôóíêöèÿ îïðåäåëåíà è íåïðåðûâíà íà ïðîìåæóò-

êå (–×; +×).
2. Ôóíêöèÿ ÷åòíàÿ, òàê êàê f(–x) = f(x). Åå ãðàôèê ñèììåòðè-

÷åí îòíîñèòåëüíî îñè îðäèíàò.
3. Åñëè x = 0, òî y = e0 = 1, òî åñòü ãðàôèê ôóíêöèè ïåðåñåêàåò

îñü îðäèíàò â òî÷êå (0; 1).
Îñü àáñöèññ ãðàôèê ôóíêöèè íå ïåðåñåêàåò, òàê êàê ðàâåíñòâî

e x− 2

 = 0 íè ïðè êàêèõ çíà÷åíèÿõ x íå âûïîëíÿåòñÿ.

4. Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè. Èìååì

yR = e x− 2

(–x2)R = –2x e x− 2

.

Èç óðàâíåíèÿ –2x e x− 2

 = 0 ñëåäóåò, ÷òî x = 0 — åäèíñòâåííàÿ
êðèòè÷åñêàÿ òî÷êà.

5. Òî÷êà x = 0 äåëèò îáëàñòü îïðåäåëåíèÿ ôóíêöèè íà ïðîìå-
æóòêè (–×; 0) è (0; +×).

Òàê êàê yR(–1) = –2æ(–1)e–1 = 
2

e
 > 0, yR(1) = –2æ1æe–1 = –

2

e
 < 0,

òî â ïðîìåæóòêå (–×; 0) ôóíêöèÿ âîçðàñòàåò, à â ïðîìåæóòêå
(0; +×) — óáûâàåò. Ïðè x = 0 îíà èìååò ìàêñèìóì, ðàâíûé 1.

Ñîñòàâèì òàáëèöó:

x (–×; 0) 0 (0; +×)

y R + 0 –

y ymax = 1
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Ìû óñòàíîâèëè, ÷òî ïðîìåæóòêè âîçðàñòàíèÿ èëè óáûâàíèÿ
ôóíêöèè ñîâïàäàþò ñ ïðîìåæóòêàìè, â êîòîðûõ ïðîèçâîäíàÿ ýòîé
ôóíêöèè ñîõðàíÿåò çíàê. Ñëåäîâàòåëüíî, ïåðåõîä îò âîçðàñòàíèÿ
ê óáûâàíèþ èëè îáðàòíî âîçìîæåí ëèøü â òî÷êàõ, ãäå ïðîèçâîä-
íàÿ ìåíÿåò çíàê. Òàêèìè òî÷êàìè ìîãóò ñëóæèòü òîëüêî òî÷êè,
â êîòîðûõ fR(x) = 0, à òàêæå òî÷êè ðàçðûâà.

Ïîýòîìó ïðîìåæóòêè îáëàñòè ìîíîòîííîñòè ìû ïîëó÷èì, åñëè
ðàçäåëèì îáëàñòü îïðåäåëåíèÿ ôóíêöèè òî÷êàìè, â êîòîðûõ
fR(x) = 0, è òî÷êàìè ðàçðûâà.

Ñôîðìóëèðóåì òåïåðü  ïðàâèëî íàõîæäåíèÿ ïðîìåæóòêîâ ìî-
íîòîííîñòè ôóíêöèè f(x).

1. Íàõîäÿò òî÷êè ðàçðûâà ôóíêöèè f(x).
2. Íàõîäÿò ïðîèçâîäíóþ fR(x) äàííîé ôóíêöèè.
3. Íàõîäÿò òî÷êè, â êîòîðûõ fR(x) ðàâíà íóëþ èëè íå ñóùå-

ñòâóåò. Ýòè òî÷êè íàçûâàþòñÿ êðèòè÷åñêèìè äëÿ ôóíêöèè f(x).
4. Íàéäåííûìè òî÷êàìè îáëàñòü îïðåäåëåíèÿ ôóíêöèè f(x)

ðàçáèòü íà ïðîìåæóòêè, íà êàæäîì èç êîòîðûõ ïðîèçâîäíàÿ fR(x)
ñîõðàíÿåò ñâîé çíàê. Ýòè ïðîìåæóòêè ÿâëÿþòñÿ ïðîìåæóòêàìè
ìîíîòîííîñòè.

5. Èññëåäóþò çíàê fR(x) íà êàæäîì èç íàéäåííûõ ïðîìåæóò-
êîâ. Åñëè íà ðàññìàòðèâàåìîì ïðîìåæóòêå fR(x) > 0, òî íà ýòîì
ïðîìåæóòêå f(x) âîçðàñòàåò; åñëè æå fR(x) < 0, òî íà òàêîì ïðîìå-
æóòêå f(x) óáûâàåò.

8–28. Íàéäèòå ïðîìåæóòêè ìîíîòîííîñòè ñëåäóþùèõ ôóíê-
öèé.

8. y = x2 – 4x + 1.
Ðåøåíèå. 1. Íàõîäèì ïðîèçâîäíóþ äàííîé ôóíêöèè: yR = 2x – 4.
2. Íàõîäèì êðèòè÷åñêèå òî÷êè ôóíêöèè:

2x – 4 = 0, 2x = 4, x = 2.

3. Îáëàñòü îïðåäåëåíèÿ ôóíêöèè (–×; +×) ðàçáèâàåòñÿ íà
ïðîìåæóòêè (–×; 2) è (2; +×).

4. Íà ïðîìåæóòêå (–×; 2) èìååì yR < 0; íàïðèìåð,

(2x – 4) | x = 0 = –4.

Ñëåäîâàòåëüíî, íà ïðîìåæóòêå (–×; 2) ôóíêöèÿ óáûâàåò. Íà ïðîìå-
æóòêå (2; +×) èìååì yR > 0; íàïðèìåð, (2x – 4) | x = 3 = 2æ3 – 4 = 2.
Çíà÷èò, íà ïðîìåæóòêå (2; +×) ôóíêöèÿ âîçðàñòàåò (ðèñ. 7).
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6. Ãðàôèê èçîáðàæåí íà ðèñóíêå 19.
61. y = ln (x2 + 1).

Ðåøåíèå. 1. Îáëàñòü îïðåäåëåíèÿ (–×; +×). Òî÷åê ðàçðûâà íåò,

ïîñêîëüêó x2 + 1 > 0 ïðè ëþáîì äåéñòâèòåëüíîì x.

2. Òàê êàê y(–x) = ln ((–x2) + 1) = ln (x2 + 1) = y(x), òî ôóíêöèÿ

÷åòíàÿ; åå ãðàôèê ñèììåòðè÷åí îòíîñèòåëüíî îñè îðäèíàò.

3. Åñëè x = 0, òî y = ln 1 = 0, à åñëè y = 0, òî ln (x2 + 1) = 0,

îòêóäà x2 + 1 = 1, òî åñòü x = 0. Ýòî çíà÷èò, ÷òî ãðàôèê ôóíêöèè

ïåðåñåêàåò îñè êîîðäèíàò â åäèíñòâåííîé òî÷êå — íà÷àëå êîîð-

äèíàò.

4. Íàéäåì êðèòè÷åñêèå òî÷êè ôóíêöèè. Èìååì

yR = 
1

12x +
æ(x2 + 1)R = 

2

12

x

x +
, 

2

12

x

x +
 = 0,

òî åñòü x = 0 — êðèòè÷åñêàÿ òî÷êà.

5. Òî÷êà x = 0 ðàçáèâàåò îáëàñòü îïðåäåëåíèÿ ôóíêöèè íà äâà

ïðîìåæóòêà (–×; 0) è (0; +×). Òàê êàê f Rx<0 < 0, f Rx>0 > 0, òî â

ïåðâîì èç íèõ ôóíêöèÿ óáûâàåò, âî âòîðîì — âîçðàñòàåò, ïðè-

÷åì ïðè x = 0 îíà äîñòèãàåò ìèíèìóìà: ymin = y(0) = 0.

Ñîñòàâèì òàáëèöó:

x (–×; 0) 0 (0; +×)

yR – 0 +

y ymin = 0

6. Ãðàôèê èçîáðàæåí íà ðèñóíêå 20.

x

y

A B

0

–
2

2

2

2
x

y

A B

0 1–1

Ðèñ. 19 Ðèñ. 20
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1. Ïîêàæèòå, ÷òî ôóíêöèÿ y = 2x3 + 3x2 – 12x + 1 óáûâàåò íà
ïðîìåæóòêå (–2; 1).

Ðåøåíèå. Äîñòàòî÷íî óáåäèòüñÿ â òîì, ÷òî ïðîèçâîäíàÿ ôóíê-
öèè ïðè –2 < x < 1 îòðèöàòåëüíà. Íàõîäèì

yR = 6x2 + 6x – 12 = 6(x + 2)(x – 1).
Ìíîæèòåëü x + 2 íà ïðîìåæóòêå (–2; 1) ïîëîæèòåëåí, à ìíî-

æèòåëü x – 1 îòðèöàòåëåí. Çíà÷èò, ïðîèçâîäíàÿ âî âñåõ òî÷êàõ
óêàçàííîãî ïðîìåæóòêà îòðèöàòåëüíà, à ñëåäîâàòåëüíî, ôóíêöèÿ
óáûâàåò.

2. Ïîêàæèòå, ÷òî ôóíêöèÿ y = tg x íà ïðîìåæóòêå −⎛
⎝
⎜

⎞
⎠
⎟

π π
2 2

;

ìîíîòîííî âîçðàñòàåò.

Ðåøåíèå. Íàõîäèì ïðîèçâîäíóþ (tg x)R = 
1
2cos x

. Â óêàçàííîì

ïðîìåæóòêå cos x èçìåíÿåòñÿ îò 0 äî 1; ïîýòîìó

(tg x)R = 
1
2cos x

 > 0.

Ñëåäîâàòåëüíî, äàííàÿ ôóíêöèÿ ÿâëÿåòñÿ âîçðàñòàþùåé.

3. Èññëåäóéòå ïîâåäåíèå ôóíêöèè f(x) = 3 + x  íà ïðîìåæóò-
êå [1; 4].

Ðåøåíèå. Íàõîäèì ïðîèçâîäíóþ: fR(x) = 
1

2 x
. Ïðè ëþáîì çíà-

÷åíèè x èç ïðîìåæóòêà [1; 4] ïðîèçâîäíàÿ ïîëîæèòåëüíà. Îò-
ñþäà çàêëþ÷àåì, ÷òî äàííàÿ ôóíêöèÿ âîçðàñòàåò íà ïðîìåæóò-
êå [1; 4].

Упражнения

4. Ïîêàæèòå, ÷òî ôóíêöèÿ y = 22x x−  âîçðàñòàåò íà ïðîìåæóò-
êå (0; 1) è óáûâàåò íà ïðîìåæóòêå (1; 2).

5. Ïîêàæèòå, ÷òî ôóíêöèÿ y = x3 + x âîçðàñòàåò íà îáëàñòè
îïðåäåëåíèÿ.

6. Ïîêàæèòå, ÷òî ôóíêöèÿ y = arctg x – x óáûâàåò íà îáëàñòè
îïðåäåëåíèÿ.

7. Ïîêàæèòå, ÷òî ôóíêöèÿ y = 
x

x

2 1−
 âîçðàñòàåò íà ïðîìåæóò-

êå, íå ñîäåðæàùåì òî÷êè x = 0.
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62. y = 
x

x

3

23 −
.

Ðåøåíèå. 1. Ôóíêöèÿ îïðåäåëåíà íà âñåé îñè Ox, çà èñêëþ÷å-

íèåì òî÷åê x = 3  è x = – 3 , â êîòîðûõ ôóíêöèÿ èìååò ðàçðûâ.
2. Ôóíêöèÿ íå÷åòíàÿ, òàê êàê f(–x) = –f(x). Åå ãðàôèê ñèì-

ìåòðè÷åí îòíîñèòåëüíî íà÷àëà êîîðäèíàò. Â ñâÿçè ñ ýòèì ìîæíî
èññëåäîâàòü ôóíêöèþ òîëüêî äëÿ òî÷åê ñïðàâà îò îñè îðäèíàò.

3. Åñëè x = 0, òî y = 0, òî åñòü ãðàôèê ôóíêöèè ïðîõîäèò
÷åðåç íà÷àëî êîîðäèíàò. Äðóãèõ òî÷åê ïåðåñå÷åíèÿ ãðàôèêà
ñ îñÿìè êîîðäèíàò íåò.

4. Íàõîäèì

yR = 
( ) ( ) ( )

( )
x x x x

x

3 2 2 3

2
2

3 3

3

′
− − −

′

−
 = 

( )
( )

3 3 2

3

2 2 3

2
2

x x x x

x

− + ⋅

−
 =

= 
( )

9 3 2

3

2 4 4

2
2

x x x

x

− +

−
 = 

( )
9

3

2 4

2
2

x x

x

−

−
 = 

( )
( )
x x

x

2 2

2
2

9

3

−

−
.

Èç óðàâíåíèÿ x2(9 – x2) = 0 ïîëó÷èì (ïðè óñëîâèè x ≥ 0) x1 = 0,
x2 = 3.

5. Ïðîèçâîäíàÿ ìîæåò ìåíÿòü çíàê ïðè ïðîõîæäåíèè ÷åðåç

ýòè òî÷êè è ÷åðåç òî÷êó ðàçðûâà ôóíêöèè x = 3 , â êîòîðîé
ïðîèçâîäíàÿ íå ñóùåñòâóåò.

Òàê êàê x2 ≥ 0 è (3 – x2)2 ≥ 0, òî çíàê ïðîèçâîäíîé îïðåäåëÿåòñÿ

çíàêîì ðàçíîñòè 9 – x2. Ïîýòîìó ïðè  0 < x < 3  è 3  < x < 3
èìååì yR > 0, ñëåäîâàòåëüíî, y âîçðàñòàåò â ýòèõ ïðîìåæóòêàõ;
ïðè x > 3 èìååì yR < 0, çíà÷èò, y óáûâàåò â ýòîì ïðîìåæóòêå.
Èòàê, â òî÷êå x = 3 ôóíêöèÿ èìååò ìàêñèìóì, ðàâíûé

ymax = f(3) = –
9

2
.

Ñîñòàâèì òàáëèöó äëÿ ðàññìàòðèâàåìîé ÷àñòè îáëàñòè îïðåäå-
ëåíèÿ:

x ( )0 3; ( )3 3; 3 (3; +×)

yR + + 0 –

y ymax = –
9

2
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π
2

 < x < 
3

2

π
 (âî âñåõ òî÷êàõ ýòîãî ïðîìåæóòêà ôóíêöèÿ óáûâàåò).

Îáðàòíîå çàêëþ÷åíèå òàêæå ñïðàâåäëèâî, îíî âûðàæàåòñÿ ñëå-
äóþùåé òåîðåìîé.

 Òåîðåìà 2. Åñëè ïðîèçâîäíàÿ ôóíêöèè y = f(x) ïîëîæèòåëü-
íà (îòðèöàòåëüíà) íà íåêîòîðîì ïðîìåæóòêå, òî ôóíêöèÿ íà
ýòîì ïðîìåæóòêå ìîíîòîííî âîçðàñòàåò (ìîíîòîííî óáûâàåò).

Ïîÿñíèì ýòó òåîðåìó ãåîìåòðè÷åñêè. Èìååì fR(x) = k = tg α,
ãäå k — êîýôôèöèåíò êàñàòåëüíîé. Åñëè fR(x) > 0, òî tg α > 0, òî
åñòü óãîë α — îñòðûé, à ýòî âîçìîæíî ëèøü ïðè âîçðàñòàíèè
ôóíêöèè (ðèñ. 5).

x

y

0

� 2�

2

�

2

3�
M M

0

� �

x

y

1
2

21

Ðèñ. 4 Ðèñ. 5

Åñëè æå fR(x) < 0, òî tg α < 0, òî åñòü óãîë α — òóïîé, ÷òî
âîçìîæíî ëèøü ïðè óáûâàíèè ôóíêöèè (ðèñ. 6).

x

y

M

M

0

� �

1

2

1 2

Ðèñ. 6

Òàêèì îáðàçîì, âîçðàñòàíèå èëè óáûâàíèå ôóíêöèè íà ïðîìå-
æóòêå âïîëíå îïðåäåëÿåòñÿ çíàêîì ïðîèçâîäíîé ýòîé ôóíêöèè.
Íà ïðîìåæóòêå çíàêîïîñòîÿíñòâà ïðîèçâîäíîé ôóíêöèÿ ÿâëÿåò-
ñÿ ìîíîòîííîé.
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6. Ãðàôèê èçîáðàæåí íà ðèñóíêå 21.

x

y

0

33

–3 3

–

Ðèñ. 21

63. y = 
sin

sin

2

2

x
x+

.

Ðåøåíèå. 1. Îáëàñòü îïðåäåëåíèÿ (–×; +×). Ôóíêöèÿ íåïðå-
ðûâíà âî âñåé îáëàñòè îïðåäåëåíèÿ.

2. Ôóíêöèÿ íå ÿâëÿåòñÿ íè ÷åòíîé, íè íå÷åòíîé, òàê êàê

f(–x) = 
sin

sin

2

2

x
x+

 è f(–x) ­ f(x),   f(–x) ­ –f(x).

Ôóíêöèÿ èìååò ïåðèîä 2π. Ó÷èòûâàÿ ýòî, ïðîâåäåì åå èññëå-
äîâàíèå è ïîñòðîèì ãðàôèê òîëüêî â ïðåäåëàõ îäíîãî ïåðèîäà,
íàïðèìåð íà ïðîìåæóòêå [0; 2π]. Çàòåì, ïîëüçóÿñü ïåðèîäè÷íî-
ñòüþ ôóíêöèè, ïðîäîëæèì ãðàôèê íà âñþ îáëàñòü îïðåäåëåíèÿ.

3. Èç óðàâíåíèÿ 
sin

sin

2

2

x
x+

 = 0 íàõîäèì, ÷òî êðèâàÿ ïåðåñåêàåò

îñü àáñöèññ ïðè x = 0, π, 2π. Ñ îñüþ îðäèíàò êðèâàÿ ïåðåñåêàåòñÿ
â íà÷àëå êîîðäèíàò.

4. Íàõîäèì ïðîèçâîäíóþ:

yR = ( )
( sin ) sin cos sin cos

sin

2 2

2

2

2

+ ⋅ −

+

x x x x x

x  = 
sin cos ( sin )

( sin )

x x x

x

4

2 2

+
+ .

Èç óðàâíåíèÿ 
sin cos ( sin )

( sin )

x x x

x

4

2 2

+
+  = 0 ñëåäóåò, ÷òî sin x cos x = 0

(òàê êàê 4 + sin x ­ 0). Ïîñëåäíåå ðàâåíñòâî â ïðåäåëàõ ïðîìå-



4

Òîãäà îòíîøåíèå ïðèðàùåíèÿ ôóíêöèè ê ïðèðàùåíèþ àðãóìåíòà

ïîëîæèòåëüíî, òî åñòü 
Δ
Δ
y
x

 > 0. Äàëåå, ïîñêîëüêó ôóíêöèÿ f(x) äèô-

ôåðåíöèðóåìà íà ðàññìàòðèâàåìîì ïðîìåæóòêå, òî, ïåðåõîäÿ ê ïðå-

äåëó ïðè œx Æ 0, ïîëó÷èì 
0

lim
xΔ →

 
Δ
Δ
y
x

 ≥ 0, à ýòî çíà÷èò, ÷òî fR(x) > 0.

Ðàññóæäàÿ àíàëîãè÷íî, ìîæíî ïîêàçàòü, ÷òî â ñëó÷àå óáûâà-
íèÿ ôóíêöèè åå ïðîèçâîäíàÿ îòðèöàòåëüíà, òî åñòü fR(x) < 0.

Âñå âûøåèçëîæåííîå ìîæíî ñôîðìóëèðîâàòü êàê íåîáõîäè-
ìûé ïðèçíàê âîçðàñòàíèÿ (óáûâàíèÿ) ôóíêöèè.

 Òåîðåìà 1. Åñëè äèôôåðåíöèðóåìàÿ ôóíêöèÿ y = f(x) âîçðà-
ñòàåò (óáûâàåò) íà äàííîì ïðîìåæóòêå, òî ïðîèçâîäíàÿ ýòîé
ôóíêöèè íå îòðèöàòåëüíà (íå ïîëîæèòåëüíà) íà ýòîì ïðîìå-
æóòêå.

Ãåîìåòðè÷åñêè óòâåðæäåíèå òåîðåìû îçíà÷àåò, ÷òî êàñàòåëü-
íûå ê ãðàôèêó âîçðàñòàþùåé ôóíêöèè îáðàçóþò îñòðûå óãëû α
ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Ox, ïðè÷åì â îòäåëüíûõ òî÷-
êàõ, âðîäå òî÷êè M (ðèñ. 2), êàñàòåëüíàÿ ìîæåò áûòü ïàðàëëåëü-
íà îñè Ox; çíà÷èò, fR(x) = tg α ≥ 0. Àíàëîãè÷íî, êàñàòåëüíûå ê
ãðàôèêó óáûâàþùåé ôóíêöèè îáðàçóþò òóïûå óãëû α ñ ïîëîæè-
òåëüíûì íàïðàâëåíèåì îñè Ox, ïðè÷åì â îòäåëüíûõ òî÷êàõ, âðî-
äå òî÷êè N (ðèñ. 3), êàñàòåëüíàÿ ìîæåò áûòü ïàðàëëåëüíà îñè
Ox; ïîýòîìó fR(x) = tg α  £ 0.

x

y

M

�

0 x

y

N

�

0

Ðèñ. 2 Ðèñ. 3

Ïðîìåæóòêè, íà êîòîðûõ ôóíêöèÿ òîëüêî âîçðàñòàåò èëè æå
òîëüêî óáûâàåò, íàçûâàþòñÿ ïðîìåæóòêàìè ìîíîòîííîñòè ôóíê-
öèè, à ñàìà ôóíêöèÿ íàçûâàåòñÿ ìîíîòîííîé íà ýòèõ ïðîìåæóò-
êàõ.

Íàïðèìåð, ôóíêöèÿ y = sin x (ðèñ. 4) íå ìîíîòîííà íà ïðîìå-
æóòêå 0 < x < 2p, íî ÿâëÿåòñÿ ìîíîòîííîé íà ïðîìåæóòêå

29

æóòêà [0; 2π] èìååò ìåñòî ïðè x = 0, 
π
2

, π, 
3

2

π
, 2π. Äðóãèõ êðèòè-

÷åñêèõ òî÷åê íåò.
5. Íàéäåííûå òî÷êè äåëÿò ïðîìåæóòîê [0; 2π] íà èíòåðâàëû

0
2

;
π⎛

⎝
⎜

⎞
⎠
⎟ , 

π π
2

;
⎛
⎝
⎜

⎞
⎠
⎟ , π π

;
3

2

⎛
⎝
⎜

⎞
⎠
⎟  è 

3

2
2

π π;
⎛
⎝
⎜

⎞
⎠
⎟ . Ðåçóëüòàòû èññëåäîâàíèÿ çíàêà

ïðîèçâîäíîé â ýòèõ èíòåðâàëàõ è çíà÷åíèÿ ôóíêöèè â òî÷êàõ
ýêñòðåìóìà ñâåäåì â òàáëèöó:

x 0 0
2

;
π⎛

⎝
⎜

⎞
⎠
⎟ π

2

π π
2

;
⎛
⎝
⎜

⎞
⎠
⎟ π π π

;
3

2

⎛
⎝
⎜

⎞
⎠
⎟ 3

2

π 3

2
2

π π;
⎛
⎝
⎜

⎞
⎠
⎟ 2π

yR 0 + 0 – 0 + 0 – 0

y ymin = 0 ymax = 
1

3
ymin = 0 ymax = 1 ymin = 0

6. Ïîñòðîèì ãðàôèê (ðèñ. 22).

x

y

3

1

1

0

2

�

2

3� 2�

Ðèñ. 22

Îòâåòû

10. Âîçðàñòàåò íà ïðîìåæóòêàõ (–×; –1) è (2; +×), óáûâàåò íà
ïðîìåæóòêå (–1; 2).  15. Ðåøåíèå. Òàê êàê ïðîèçâîäíàÿ
fR(x) = 5x4 + 6x2 + 1 ïîëîæèòåëüíà â ëþáîé òî÷êå ÷èñëîâîé îñè, òî
ôóíêöèÿ f(x) ìîíîòîííî âîçðàñòàåò íà (–×; +×).  16. Óáûâàåò íà
(–×; +×).  17. Âîçðàñòàåò íà (–×; –1) è íà (1; +×), óáûâàåò íà
(–1; 1).  18. Óáûâàåò íà (–×; –1) è íà (1; +×), âîçðàñòàåò íà (–1; 1).
19. Âîçðàñòàåò íà (–×; –1) è íà (2; +×), óáûâàåò íà (–1; 2).
20.  Âîçðàñòàåò íà (–×; –3) è íà (5; +×), óáûâàåò íà (–3; 5).  21. Ôóíê-
öèÿ âîçðàñòàåò íà âñåé îáëàñòè îïðåäåëåíèÿ (0; +×).  22. Âîçðà-
ñòàåò íà (0; 1), óáûâàåò íà (1; 2).  23. Âîçðàñòàåò íà ïðîìåæóòêàõ
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ÂÎÇÐÀÑÒÀÍÈÅ È ÓÁÛÂÀÍÈÅ ÔÓÍÊÖÈÉ

Ïîíÿòèå ïðîèçâîäíîé — îäíî èç âàæíåéøèõ â ìàòåìàòèêå.
Ñ ïîìîùüþ ïðîèçâîäíîé, ó÷èòûâàÿ åå ìåõàíè÷åñêèé ñìûñë (ñêî-
ðîñòü èçìåíåíèÿ íåêîòîðîãî ïðîöåññà) è ãåîìåòðè÷åñêèé ñìûñë (óã-
ëîâîé êîýôôèöèåíò êàñàòåëüíîé), ìîæíî ðåøàòü ñàìûå ðàçíîîáðàç-
íûå çàäà÷è, îòíîñÿùèåñÿ ê ëþáîé îáëàñòè ÷åëîâå÷åñêîé äåÿòåëüíî-
ñòè. Â ÷àñòíîñòè, ñ ïîìîùüþ ïðîèçâîäíûõ ñòàëî âîçìîæíûì ïîä-
ðîáíîå èññëåäîâàíèå ôóíêöèé, áîëåå òî÷íîå ïîñòðîåíèå èõ ãðàôè-
êîâ, íàõîæäåíèå èõ íàèáîëüøèõ è íàèìåíüøèõ çíà÷åíèé è ò.ä.

Ïîçíàêîìèìñÿ ñ îñíîâíûìè èäåÿìè, ñâÿçàííûìè ñ èññëåäîâà-
íèÿìè ôóíêöèé. Äëÿ ýòîãî ðàññìîòðèì ãðàôèê êàêîé-íèáóäü
ôóíêöèè y = f(x), x Ý [a; b] (ðèñ. 1).

x

y

a

x

x

x b0 1

2

3

y f x= ( )

Ðèñ. 1

Èíòóèòèâíî ÿñíî, ÷òî íà ïðîìåæóòêàõ [a; x1] è [x2; b] äàííàÿ
ôóíêöèÿ âîçðàñòàåò, à íà ïðîìåæóòêå [x1; x2] — óáûâàåò.

Â äàëüíåéøåì áóäåì ðàññìàòðèâàòü òîëüêî äèôôåðåíöèðóå-
ìûå ôóíêöèè.

Îïðåäåëåíèå 1. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ âîçðàñòàþùåé
íà íåêîòîðîì ïðîìåæóòêå, åñëè â òî÷êàõ ýòîãî ïðîìåæóòêà áîëü-
øåìó çíà÷åíèþ àðãóìåíòà ñîîòâåòñòâóåò áîëüøåå çíà÷åíèå ôóíê-
öèè, è óáûâàþùåé, åñëè áîëüøåìó çíà÷åíèþ àðãóìåíòà ñîîòâåò-
ñòâóåò ìåíüøåå çíà÷åíèå ôóíêöèè.

Ñîãëàñíî îïðåäåëåíèþ âîçðàñòàþùåé íà íåêîòîðîì ïðîìåæóò-
êå ôóíêöèè èìååì:

åñëè x2 > x1, òî f(x2) > f(x1);
åñëè x2 < x1, òî f(x2) < f(x1).

Îòñþäà ñëåäóåò, ÷òî åñëè x2 – x1 > 0, òî f(x2) – f(x1) > 0,
åñëè x2 – x1 < 0, òî f(x2) – f(x1) < 0.

Òàê êàê ðàçíîñòè, ñòîÿùèå â ëåâûõ ÷àñòÿõ ïîëó÷åííûõ íåðà-
âåíñòâ, ÿâëÿþòñÿ ïðèðàùåíèÿìè àðãóìåíòà è ôóíêöèè, òî ïðè-
õîäèì ê çàêëþ÷åíèþ, ÷òî åñëè œx > 0, òî œy > 0, à åñëè œx < 0,
òî è œy < 0. Èíûìè ñëîâàìè, ïðèðàùåíèÿ œx è œy èìåþò îäèíà-
êîâûå çíàêè.
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− + +⎛
⎝
⎜

⎞
⎠
⎟

π π π π
2

2
2

2k k; , óáûâàåò íà ïðîìåæóòêàõ π π π π
2

2
3

2
2+ +⎛

⎝
⎜

⎞
⎠
⎟k k; , ãäå

k Ý Z.  24. Âîçðàñòàåò íà (0; +×), óáûâàåò íà (–×; 0).  25. Âîçðà-
ñòàåò íà (1; +×), óáûâàåò íà (–×; 1).  26. Âîçðàñòàåò íà (–×; +×).
 27. Âîçðàñòàåò íà (–×; +×).  28. Âîçðàñòàåò íà (–×; –1) è íà

(1; +×), óáûâàåò íà (–1; 0) è íà (0; 1).   36. ymin = f 
1

2

⎛
⎝
⎜

⎞
⎠
⎟  = –

25

4
.

37. ymin = f(1) = –
9

2
.  38. ymax = f(–3) = 10.  39. ymax = f ( )− 2  = 1 + 4 2 ;

ymin = f ( )2  = 1 – 4 2 .  40. ymax = f(–3) = 9; ymin = f(1) = –
5

3
.

41. ymax = f(0) = 2; ymin = f(–1) = 
17

12
; ymin = f(3) = –

37

4
.

42. ymin = f −⎛
⎝
⎜

⎞
⎠
⎟

b
a2  = 

4

4

2ac b
a
−

.  43. ymax = f(1) = 3; ymin = f(2) = 0.

44. ymin = f 
2

2ln

⎛
⎝
⎜

⎞
⎠
⎟ .  45. ymin = f(0) = 2.  46. Ðåøåíèå. Ïóñòü f(x)

èìååò ýêñòðåìóì â òî÷êå x0; òîãäà fR(x0) = 0. Åñëè â òî÷êå x0 ïðî-
èçâîäíàÿ òàêæå èìååò ýêñòðåìóì (íàïðèìåð, ìàêñèìóì), òî äëÿ
âñåõ çíà÷åíèé x ­ x0, äîñòàòî÷íî áëèçêèõ ê x0, ïîëó÷èì
fR(x) < fR(x0) = 0. Ñëåäîâàòåëüíî, â îêðåñòíîñòè x0 ôóíêöèÿ f(x)
óáûâàåò, à ýòî ïðîòèâîðå÷èò äîïóùåíèþ. Òàêèì îáðàçîì, òî÷êà
ýêñòðåìóìà ôóíêöèè íå ìîæåò îäíîâðåìåííî áûòü è òî÷êîé ýêñò-
ðåìóìà åå ïðîèçâîäíîé.  51. m = f(2) = –1; M = f(0) = 3.
52. m = f(3) = –1; M = f(1) = 3.  53. m = f(2) = 4; M = f(5) = 67.
54. m = f(–1) = 0; M = f(–2) = 17.  55. m = f(1) = –1; M = f(e) = 0.

56. m = f(0) = –1; M = f 
π
2

⎛
⎝
⎜

⎞
⎠
⎟  = 3.
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