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Fnasa Tpuronomerpuyueckue
byHKIIN

Tpuromomerpuueckre (QYHKIUNA OMPEAEIAIOTCA TPAIUIIMOHHO (Op-
mMyJaMm y =sin x, y=cos x, y=tg x u y =ctg x, roe x — gelcTBu-
TeJIbHBIE UMCJIa, XOTs paHee BBIPAMKEHHUA Sin X M COS X OIpeaesalnuch
Kak opAmHAaTa U abCIucca TOUYKM eIUHUYHOI UMCI0BON OKPYsKHOCTHU, a

BeIpaKeHUdA tg x u ctg x ompenensannch KaK OTHONIEHUS LA u ~ coor-
x oy
BeTCTBEHHO. Panee nIpy m3ydyeHNY TPUTOHOMETPUM YIJIBI IIOBOPOTa 000-
3HAUAIUCh OYKBaAMU O U 3 M BBIpAsKaJNCh KaK B rpagycax, Tak U B pa-
IuaHax. OJTO OBLIO CBA3AHO C TEM, UYTO BCe OCHOBHBIE (HhOPMYJIBI
JOKAa3bIBAJIVICH C IIOMOIIIBIO IIOBOPOTA TOUKU €IMHUYHON OKPYKHOCTH C
IEeHTPOM B Hayajle KOOPAWHAT, a AJA O0003HAUYEHUA KOOPAWHAT 3TOU
TOUKU KCIOJIb30BAJIUCHL OYKBEI X U Y. [lajlee oTMeUasoch, YTO BRIpaKe-
Hud sin x, cos x, tg x u ctg x (rme 6yxBa x 3ameHwmIa o u ) cyThb JeicT-
BUTEJbHLIE YNCJIA, 3alIMCAHHLIE B TPUTOHOMeTpUuUecKoi (opme. Iloaro-
My IIpaBOMEPHO CUHUTATh, UTO BCE TPUTOHOMETpUYEcKHe (HOPMYJIbI
BBIPA’KAIOT ONpeJeJIeHHbIE CBOWMCTBA TPUTOHOMETPUYECKUX (DYHKIIWI.
Cpenu HUX ciaenyeT 0co00 BBIAEIUTH Te (DOPMYJIBI, KOTOPbIe HEeIocpes-
CTBEHHO OTHOCSATCSA K VCCJIEIOBAHUIO TPUTOHOMETPUYECKUX (DYHKITMHI
m moctpoeHmio mux rpadpuxoB. Tax, dopmynabr sin (—x)=-sinx u
cos (—x) = cos X BBIPA’KalOT CBOMCTBA HEUYETHOCTU U UETHOCTU COOTBET-
cTBeHHO QYHKIMH Y = sin x u y = cos x. 3HAKMU 3HAUYEHUI CHHYyca, KO-

L
CUHycCa, TaHTeHca (Halmpumep, HIpu 5 < x < T cupaBeAJUBHI PaBEHCTBA

sin x > 0, a cos x < 0) BBIPa’KalOT IPOMEKYTKHU 3HAKOIIOCTOSHCTBA O/I-
HOMMEeHHBIX TPUTOHOMeTpuUecKux dymkmuii. HepaserncTsa |sin x| <1
1 | cos x| < 1 COOTBETCTBYIOT MHOKECTBY 3HAUEHUII STHX (DYHKIIMI; pa-
BEHCTBO sin (x + 2nk) = sin x, rae k € Z, cCBUETEIBCTBYET O IEPUOJUY-
HocT (PyHKImMM y =sin x u T. . Takum oOpa3oM, IPaKTUYECKU BCE
OCHOBHBIE CBOMCTBA TPUIOHOMETPUUYECKUX (PYHKIUIN OBLIN JOKA3aHBLI B
VIII—IX raaBax yuebounmka mas 10 kaacca. OTMeTuM, YTO B TPUTOHO-
METPUUYECKUX YpPaBHEHUSIX HEW3BECTHOE TPALUIIMOHHO 0003HAYAJIOCH
OYKBOM X, XOTs IIpocTelmnive m3 Hux (Hampumep, sin x =0, cos x =1
¥ Op.) PelIaanch ¢ IOMOIIbio moBopora. Cienyer Tak:ke oOpaTUTh BHU-
MaHIe HAa HEeKOTOPbIe OCOOEHHOCTH OIIPeIeIeHNIl CBOMCTB (DYHKIMMA.
ITocTpoeHne rpa)uKOB TPUTMOHOMETPUUECKUX (PYHKIIUHA IPOBOSUTCS
C HCIIOJIb30BAHMEM MX CBOMCTB M HAUMHAETCS C IIOCTPOEHUsS rpadukra
y =cos x. I'padpuk y = sin x mosyuyaerca caBurom rpaduka y = cos x B

L. T
COOTBETCTBUU C (DOPMYJIOU Sin X = COoS (x — E ) C momo1ipo rpaduKoB

WLTIOCTPUPYIOTCA M3BECTHBIE CBOMCTBAa (MYHKIIUM, 8 TaK)Ke BBIABJIIAIOT-
cs1 HEKOTOpHIe HOTOJHUTEIbHBIE cBoiicTBa. Tak, u3 rpaduka QyHKIUN
Y = COS X cJenyeT, uTo 3Ta MYHKIUSA OPUHUMAaeT 3HaueHue, paBHoe 0,

T
opu X =§ +7mn, n € Z, manbojblliee 3HAYeHWe Ipu X =21n, n € Z,

u 7. A. C momoIrpo rpaduKOB TPUTOHOMETPUUECKUX (MYHKIIUM JIETKO
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PeIaTcs IMIPOCTEHINNe TPUTMOHOMETPUUYECKNEe YPABHEHUS W HepPaBeH-
crBa (0COGEHHO Te, KOTOphIe 3aJaHbl HA HEKOTOPOM IIPOMEXKYTKeE).

3aaun JJI9 MHTEPECYIOINXCA MaTeMaTHKOH (OHU colepsKaTcs B CIIe-
IIVAJIBLHO BBIJEJIEHHOM TEKCTE) 3HAKOMST YUalllUXCs C JOKAa3aTeJIECTBOM
YTBEP:KIEHU, ABJIAIONINXCA OTPUITaHuEeM (haKTa OrpaHUYeHHOCTY (QDYHK-
1Y, TEPUOJUYHOCTUA U Ip. JIormuecKas CTPYKTypa 9THUX ITOKa3aTeIbCTB
CIIeIUAIBHO He o0cy:kaaercsa. IIpuBeqeHHbIe IPUMEPHI PACCY:KIEHUH B
3a/lauax II03BOJISIIOT IPOBECTU WX aHAJIMW3 U HAIPABUTH B HYsKHOE PYCJIO
IIOVICK YYaIllUXCs IIPU CAMOCTOSATEJILHOM PEeIIeHUU YIPaKHEeHUH.

O6paTHble TpuroHomerpuueckue GyHKiuu (§ 6) marorca B ooOure-
00pa30oBaTeJIbHBIX KJjaccaX o0030pHO, B O3HAKOMUTEJIHHOM ILIAHE.
B sTtmx xjgaccax 1oJeBHO TakKiKe paccMOTpeTh rpaduKu (GYyHKITUNH
y=|cos x|, y=a+cos x, y=cos (x +a), y=a cos x, y = COS ax, Tfe
a — HEeKOTOpoe umcJio (AJ7s MPO(UIBHBIX KJIACCOB 9TO 00sS3aTEeIBHO).

B pesyabpTaTe usayueHusa raaBbl 1 Bce yuamuecs JOJIKHBI
3HaTh OCHOBHBIE CBOMCTBA TPUTOHOMETPUUECKUX (GYHKIIUI, YMETh
CTPOUTH UX I'Pa@UKMU U PacIo3HABATh QYHKIIUU 10 JTaHHOMY I'paduKy,
YMeTBhb OTBEUATh Ha BOIIPOCHI K I'JIaB€, a TaKKe€ PEeIllaTh 3agauyu TUIiia
108—116 u u3 pyopurku «IIpoBepsb cebsl».

§ 1. ObGnacTb onpepeneHns N MHOXXECTBO 3Ha4YeHul
TpUroHomeTpuvyecknx GyHkumin (2/2 4)

ITens msyueHusa naparpada — BBeeHUE IOHATUA TPUTOHO-
MeTpuUuecKoil (yHKIuu, (GOPMHPOBaHME YMEHHH HAXOAWUTH 00JacThb
oIpefiesIeHUsA ¥ MHOYKECTBO 3HAUEHUI TPUTOHOMETPHUUECKUX MYHKITUH.

HNsyuenue naparpada pekomMeHAyeTCA HAYATh C IIOBTOPEHUS MaTe-
puaisia VIII u IX raaB yuebHuKa aaa 10 kiaacca. 1 opraHusaium Io-
BTOPEHUA Ha JAaHHOM M IIOCJENYIOIINX YPOKAaX MOYKHO KCIOJIb30BATh
OTAeJbHBIE IIJIAKATHI (MM MPE3eHTAIIUI0, KaAPbhl KOTOPOM MOTYT COOT-
BETCTBOBAThL 9TUM IIakaraMm). Huke nmpuBeneM TEKCTHI ILJIAKATOB U
PHCYHKH K KaXJOMy U3 HUX.

MJIAKAT 1. NMoBOpoOT TOYKM BOKPYr Havyana koopauHat (puc. 1)

Touka M moayueHa us Touku P (1; 0) moBOpoTOM BOKPYT Hauaja
KOOpAMHAT Ha yroJ X paguas, rae x > 0.

Toukra M, mosyueHa us Touku P (1; 0) moBOpOTOM BOKPYT HauaJsa
KOOpAMHAT HaA yroJ X paguaH, rae x < 0.

Eciu x = xy + 2nn, n € Z, To pu IOBOPOTe Ha YToJ X IIOJydaeTcs
Ta Ke camMasd TOUYKa, UTO U IIPU IIOBOPOTE HA YTOJ X.

M Y x>0 Y
\x P(1;0) P(1;0)
0] x ON_x x
x<0
M,
a) 6) Puc. 1



NMNAKAT 2. OnpepgeneHne cuHyca, KOCMHycCa M TaHreHca 4uicna
(punc. 2)

sin x — oppmHara TOuKmM A, sin x; — opmuHaTta TOUuKum A,
sin x, — opauHaTa TOUuKHU A,.
cos x — abecmucca TouKu A, cos x; — abcmmcca TOYKuM Aq,
cos x, — abcimcca TOUKU A,.
i sin x4 ¢ sin x4

A,
a4 A 5)
!
x\ P(1;0)
O| Xy *
A,
B)

Puc. 2

MNAKAT 3. 3Haku 3Ha4eHUiA CUHYCa, KOCUHYCa, TaHreHca
(puc. 3)
sin x >0 B I u II uerBepTsax; sin x <0 B III u IV uerBepTax.
cos x>0 B I u IV uerBepTax; cos x <0 Bo II u III uerBepTaAX.
tg x>0 B I u III yuerBepTrsax; tg x <0 Bo II u IV uerBepTsax.

Yy . Yy
Y = smx Y = Ccosx
+ | + - +
0] x o) X
— — - +
a) 0)

Puc. 3



MJTAKAT 4. CuHyC, KOCUHYC M TaHreHc yrnoB x n —x (puc. 4)

sin (—x) = —sin x; cos (—x) =cos x; tg (—x)=-tg x.

y

y
/ P(1;0) x | \P(1;0)
oI, x Qy x

)

6

Puc. 4

MJIAKAT 5. PeweHune npocTerninx TPUroHoOMeTpmn4eckmnx

ypaBHEHuMn (4acTHble cnyyau) (puc. 5)

. e
s1nx=1,x=§+2nn,neZ; cosx=1, x=2nn, n € Z;

sinx=—1,x=—£+27tn,neZ; cosx=-1, x=mn+ 2nn, n € Z;

sinx=0, x=mn, neZ; cosx:O,x:g—i-nn,neZ.

NS
2
Newo L e
_/
_nJ
2
)

NV

6)

-
N

a
Puc. 5

MJIAKAT 6. 3aBMCMMOCTb MEXAY CUHYCOM, KOCUHYCOM
N TaHFreHCOM OAHOIro U TOro Xe yrna

sin? x +cos?x=1, sinx=+41-cos?2x, cosx==,1-sin?x,
1
sin? x

12 l+ctg?x =

>

, 1+tg2x=
ctgx cos“ x

6

tgx =



MJIAKAT 7. PewneHne TpUroHOMeTpu4yeckux ypaBHEeHUn
sin x = a, x = (-1)" arcsin a + nn, n € Z (puc. 6).

cos x = a, x = tarccos a + 2nn, n € Z (puc. 7).

tg x =a, x = arctg a + nn, n € Z (puc. 8).

y arcsin a y
0<axl1
a,/”” [\ /\
a
\'/arcsin a
-1<a<0
a) 5)
Puc. 6
y arccos a YL arccosa
/ 0<a<1 .>1€a <0
L1 N~—
a) 0)
Puc. 7
Yy Yy
a
arctg a
az>0
P(1;0) P(1;0)
(0] x (0] x
arctg a
| a<0
a) 0)

Puc. 8



MJTIAKAT 8. OrpaHu4yeHHas GyHKuus

dyuknua y = f (x) ABiAeTcA OrpaHUYEHHOII HAa MHOKecTBe X TO-
ra U TOJBKO Torjaa, Korga cymiectByet uuciyo C > 0, Takoe, 4TO AJdA
mo6oro x € X BEIIOJHAETCA HepaBeHCTBO |f (x)| < C.

JTo 03HAUAeT, YTO Bce TOUKU rpadura dyuruuu y = f (x), x € X,
JexxXaT B TOPMSOHTAJILHOM II0JIOCEe, OrpaHmYeHHON npambiMu y = C,
y =—-C (puc. 9).

y

y=1(x)

Puc. 9

PaccmarpuBas puCyYyHKM W BCOOMUHAA TEOPETUUYECKUN MaTepual,
WM COOTBETCTBYIOIINII, yUal[uecsa MOATOTOBATCA He TOJbKO K BOCIPU-
SATUIO0 HOBOT'O TEOPETHUUECKOT0 MaTepuaJia, HO U K PeIlleHuIo 3a1a4, 13-
JIOJKEeHHBIX KaK B 9TOM, TaK M B Iocjenyiomux maparpadax. ITomo6-
Has pabora ¢ mIakKaTtaMu OyAeT moJie3Ha IIPU M3YyYeHUHU BCeH TJIaBhl U
IIPYU IIOBTOPEHUMU.

Haa akTyanmsanuy 3HAHUN ydaliuxcd U 001eo0pa3oBaTeIbHbIX,
¥ NPOPUIBHBIX KJIACCOB HA 9TUX YPOKAX MOTYT OBITH MCIIOJH30BAHBI
TpUBeJeHHbIe HU)KEe YI PaKHe H U 4.

1. BoisicHUTHh, B KAaKOIl 4YeTBEPTHM pPACIIOJOKeHa TOuKa, IIOJY-
yeHHas noBoporoM Touku P (1; 0) BoKpyr Hauajla KOOpAMHAT Ha
yroJi, paBHBII X paguaH, ecau: 1) x=1,09; 2) x=-2,9; 3) x =4,1;
4) x =-6.

2. BbBISCHUTH, B KAKOW UYEeTBEPTHU PACIIOJIOMKEHA TOYKA, IIOJyUYeH-
Haa moBoporoM Touku P (1; 0) BoKpyr Hauajia KOOPAMHAT Ha yroJ,
paBHbI 1907,

3. Ompepenutsb 3HaK uuciaa: 1) sin 1,09; 2) cos (—2,9); 3) sin 4,1;
4) tg (-6).

4. PacmososkeHa Jii Ha eIUHUYHOM OKPYKHOCTU TOUYKA C KOODIU-
"Hatamu: 1) (cos 1; sin 1); 2) (cos (—20); sin (-20)); 3) (0,4; 0,5)?

5. Mosker iz cuHyC IpuHUMATh 3HaueHue: 1) paBHoe 0; 2) MeHB-
miee —1; 3) Gousbimee 1? MoskeT Ju TaKWe 3HAYEHUS IPUHUMATH KOCH-
HyCc? TaHTeHC?

6. HasBarp Tpu umcisa, KOCUHyC KoTopbix paBeH: 1) 0,5; 2) 0,3;
3) a, eciu |a|< 1.

7. Pemuth ypaBHeHme: 1) sin x =0,2; 2) cos x =—1; 3) tg x =5;
4) cos x =1,001; 5) sin x=1.



8. Ilpu Kaxkux B3HAUEHUAX a UMEEeT pelleHne YypaBHEHUe:
1) 2sin x =a; 2) cos 3x =a?

L
9. Nmeer g1 cMbIca BhIpaskeHme tg 2x, ecau x = Z + ?, neZz?

10. fABasierca M OrpaHUYEHHON CBEPXY WJIU CHU3Y (GYHKIIUA:
1) y=—-2x2+3x—-2; 2) y=x2—-Tx + 5?

11. IIpuBectu npumep rpadpura GyHKIIUU, OTPAHUYEHHON Ha OT-
peske [-3; 3].

BBecTu mOHATHE TPUTrOHOMETPUUYECKON (QPYHKIUKM HEOO0XOIMMO,
OonmMpasch HAa M3BECTHBIE yUaIUMCS CBEIeHUA O COOTBETCTBUU KaKI0-
My OEeUCTBUTEJIBHOMY UYHCJIAY X EeIWHCTBEHHOU TOYKU eJWHUYHON
okpy:kHocTu. Ommpasch Ha BbIIIeyKasaHHbIe ILJIaKaThl, ydalllhuecs
NpPoPUIBHBIX KJIACCOB CaAMOCTOSITEJIHHO, a 00Ieo0pa3oBaTeIbHBIX C
TMOMOIIbI0 YUEOHMKA MOTYT PEIIuTh IIPo0JeMy HaxXOKIeHUs 00JiacTu
ompejeaeHnsA, MHOKECTBA 3HAUEHUU M BBIICHEHUS OTPAHUUYEHHOCTU
byurOuit y =sin x, y =cos x, y = tg x.

B mpoduasHbIX KjlaccaxX JKeJIaTeJbHO IPOBECTH PACCYKACHUS,
MOKasbIBaOIie HeorpaHWUYeHHOCTh GyHKIuM y =1tg x, y = ctg x.
HJis aToro yuamimecs MOJKHBI COCTaBUTH OTPUIIAHUE TOTO BBICKA3BI-
BaHUA, KOTOpPOe IPUBEAEHO HA IIaKaTe 8 U SBJIAETCS olpeaeieHueM
orpaHuvYeHHON (QyHKuuu. IlycTh ycaoBue, UTO CYIIECTBYeT UMCJIO
C > 0, Taxoe, uTo AJ1a md060oro x € X BepHO HepaBeHCTBO |f(x)|<C
He BBINOJHAETCH, T. €. He cymecTByeT Takoe ymucjyio C > 0, 4To0bI He-
pasencTBo |f(x)|< C 6vL10 BepHBIM Aaa Beex x € X. UHBIMHU cio-
BaMu, s jgio6oro C > 0 ykasaHHOe HEPABEHCTBO HE MOJKET BBIIIOJI-
HATHCS AJas Bcex x € X. 9TO 03HAYaeT, YTO OHO He BBINOJHAETCS
XOTs OBI AJIA OJHOTO 3HAYEHUA X, € X, T. €. BHINIOJHAETCA IPOTUBO-
IIOJIOXKHOe HepaBeHCTBO | f (x,) | > C. BaTeM BOCIOJIL30BATHCA PUCYH-
KoM 8 miaakara 7 m mokKasaTh, 4TO AJidA Jiroooro uuciaa C > 0, KoTropoe
MOJKHO OTMETHTh Ha OCH TAHTeHCOB, MOYKHO YKas3aTh YToJ X, TaKoil,
uro |tg x| > C. UupiMu ciaoBamu, eciau C > 0 — NpPOU3BOJILHOE UILC-
J0, TO HaljgeTcsa, Hampumep, uymcio x = arctg (C + 1), Takoe, uTO
|tg (arctg (C+1))|=C+1>C.

agaun 1—3 u3 yueOHUKA IpedHAa3SHAUYEHBI OJIA U3YUYEHUS BCEMH
yyamuMmucs; 3amzaum 4—6 ¢ yyamumMucsa o0Ieo0pasoBaTeIbHBIX
KJIaCCOB MOJKHO He pelnaTh. B yueOHMKe IIpUBEINEHO ABa CIIoco0a
paccysKAeHUII TpuU peIllleHMM 3agaum 2: ob6a OHM pPABHOIPABHBI, U
YUYEeHUK BIIpABE CaM PEIIUTh, KaKUM M3 HUX I10Jb30BATHCA B JaJib-
HeHIIeM.

Ilepen permrenmem 3azad 4 U 5 MOJE3HO BCIIOMHUTH pPeIlleHUe ypaB-
HEHU# MeTOJOM BBeJeHWSA BcloMorarejgbHOro yria. C 5Toi 11eabio
IoMa MU B KJacce MOYKHO DPeIlNTb, HAIPUMep, YPaBHEHUS:

1) 4sin 3x + 3 cos 3x —5=0; 2) 2 cos 2x + 5 cos? x = 8 sin 2x — 6.

B samauax 6 m 7 mpuBOAATCA MPUMEPHl AOKas3aTeJIbCTBAa TOTO,
uyTo GYHKIUSA ABJSIETCA OTPaHMUYEHHOI, a B 3ajaue 8 — uTo QYHK-
us He orpaHWYeHa. IIpM OTCYTCTBUM BpeMeHH Ha ypoKax II0 U3Y-
yeHuto maparpada B NpoUIBHBIX KJaccax MOcCJemHNe 3ajauu 7 u
8 (a Takke ynpaxxkuenus 10 u 11) mesiecoo6pasHO pacCMOTPETH II03-
JKe, Ha YpOKe CcHUCTeMaTu3aluu u O0000IeHus SHAHUN B KOHIE
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u3ydYeHuA TJIaBbl 1. OTO IOCHYKUT IIOATOTOBKON K M3YUYEHUIO CJIie-
OYIOIIEeH TJIaBHI.

Ilpu BBITIOIHEHUN yOpPaKHEHUN K maparpady ydaliuecs IOBTOPs-
0T METOABI pellleHusA ypaBHeHUU U HepaBeHcTB. Hampumep, B yIpaK-
HEeHUHN 5 IPUXOAUTCS pelraTb TPUTOHOMETPHUEeCcKHe HepaBeHCTBa,
npudueM 3agaHud 4) U 5) BBIHOJHUTH C IIOMOIIBI0O eIUHUYHON OKDPYIK-
HOCTH.

Pacnpemenenue maTepuaJsia maparpada mo ypokam OT-
paskeHo B TabiuIlax.

OobuweobpasosamebHbvle KLACCHL

YopaxueHus
2 g
<] = -
g 15} Teopernueckuit
= N MaTepua OCHOBHBIE JJISA | JJIS CAMOCTOSI-
" JIOTIOJTHU -
paboThI B KJjlac- | TeJbHOM pabo- TEIIEHDBIE
ce U JoMa TBI B KJacce
1 §1,moz3amaum 2 u | 1, 3 1(3, 5),3(3) 5 (2, 3)
mocJje 3aMeuaHusd
o 3ajaum 3
2 § 1, zagaum 2 u 3 2,4 2 (3, 4) 6 (3,4), 7(3)
ITpogunvhole KaacCCHL
YuopaxkueHUs:
ISR
() % -
§ 15} TeopeTuueckuii
o N MaTepuas OCHOBHBIE JJISA | IJIA CAMOCTOSA-
) " i IOTIOJTHU-
paboTsI B KJac TeJIbHOUN pabdo TeILHELE
ce U JoMa TBHI B KJacce
1 § 1, mo sagaum 4 1,3,5,6 4,5 (1, 2)
2 § 1, sagauu 4—6 2,7,8,10 7@, 4) 11

B pesyabrTaTe m3yueHuUsa maparpada Bce yualimecs
IOJKHBI 3HATh, KaKOe MHOYKECTBO ABJIAETCS OOJIACTHIO OIIpenese-
HUSA, KaKoe — MHOXKECTBOM 3HAUYEeHWH KaKIol u3 QyHKIUHI
y=sinx,y=cos x,y=1tg x, u yMeTH pelrarh ynpakHeHua tuma 1
u 2. Yyamuecsa nmpo(pUIbHBIX KJIACCOB, KPOME TOTr'O, JOJKHBI YMETb
000CHOBBIBATh OI'PAHMYEHHOCTh (DYHKIIWI Yy = Sin X, = COS X U BBI-
OOJIHATH YIPa’KHEHUA Tuma 5 m 7.

Pemenue ympasxHeHMI
9. 1) IIpeoGpasyem BbIpasKeHUE

. . . 1 .
sin* x + cos* x = (sin? x + cos? x)? — 2 sin? x cos? x = 1 — = sin? 2x.
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. . 1 .
Tak xax 0 <sin?2x <1, To -1 < —-sin? 22 <0, =< 1-=sin? 2x < 1,

DN

., 1
T. €. MHOKECTBO 3HAaYeHUU (PyHKIIUU [E, 1]

2) IIpeoGpasyem BBIpaskKeHUe, UCIOJIb3ysl (opMysy CyMMBI KYGOB
¥ Ipeob6pasoBaHUe TpeABIAYyINeil 3amadm:
sin® x + cos® x = (sin? x + cos? x) (sin* x — sin? x cos? x + cos? x) =
=1—§sin2 2x — sin? x cos? x =
1 . 1 . 3 .
=1-=sin2 2x—=sin? 2x=1-2sin? 2x.

2 4 4

Paccy:xaeHus, aHaJIOTMYHBIE TeM, YTO IPUBEAEeHBI B IIPeIbIAYINeil 3a-

. 1
mavue, OaiOT pe3yJabTaT. MHOMKECTBO 3HAUEHUN (DYHKI[UU Z; 1.

10. 1) Ecomm |sin x|<1, mo |1,5 -sin x|> 1,5 —|sin x| > 0,5,
OTKyZa

|cos x| |cos x|
ly|< —————, lyl<s ———<
1,5 — | sin x| 0,5
2) |sin x + cos x| =2 si/n_x+cosx =J2 sin(x+%) < V2;
2
| /8 — (sin x + cos x)| = V3 —|sin x +cos x| > V3 — V2.
1
CrenoBarenbHo, |y| < ———.
J3 -2
11. 1) Tna mo6oro C > 0 Bo3bMeM xnzi,rneneN, TaKoe, U4TO
nn

cosi-2n’n > C.Torpa f (x,) = (COSL)ZTUL > (cosi)ZEn > C, Tak
27 27n 27

1 1
KaK cCOS —— = c0S — IIpu Bcex n € N.
2nn 2w

2) Hna mwob6oro C > 0 BodpMeM n € N TaKUM, YTOOBI §+ 2nn > C,

U BO3bBMEM X, :;. Torga f(xn)zisiniziz

g+2nn *n x x

+

]

n n

+ 2nn > C. 910 osmauaer, uto GpyHKIuA f (x)= lsinl He OrpaHu-
x x

yeHa Ha MHO)XKecTBe R, Kpome Touxku x = 0.

§ 2. YeTHOCTb, HEYETHOCTb, NEPUOANYHOCTb
TpuroHomeTpuyeckux pyHkumin (3/3 4)

ITenr mayueHusa maparpada — oOyueHHEe HCCJIETOBAHUIO
TPUTOHOMETPUUYECKUX (PYHKIIUI HA UETHOCTh W HEUETHOCTh WM HAXOIK-
IeHUI0 mepuoaa QyHKIMH.

C DOHATUAMM YETHON M HeUeTHOM (PYHKIIUM ydaluecsd 3HAKOMU-
JIUCh B OCHOBHOM IIIKOJI€ W MOBTOPAAMN uX B 10 KJlacce mpu M3ydeHUU
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creneHHol GyHKnuu. B raase «Tpuronomerpmueckue (HOPMYJIBI»
paccKasbIBaJIOCh, KAK HAWTH COOTHOIIEHUE MEXKAY CUHYCOM, KOCUHY-
COM, TaHTE€HCOM YTIJIOB O ¥ —O. (IPU IIOBTOPEHUU MOKHO BOCIIOJIb30-
BaTbcA miaakatom 4). Temepsb, mocijie BBeAeHUS HOHATUS TPUTOHO-
MeTPpUUEeCKO¥ (GYHKIMM U B3HAKOMCTBA C OOJIACTHIO OIpPEeAeIeHUA
KaXKJOW M3 HUX, MOYKHO TOBODUTH, UTO CIPABEIJIUBOCTH PABEHCTB
sin (—x) = —sin x, tg (—x) = —tg x gna a0O6BIX X U3 obJylacTH ompee-
JIEHUSA TO3BOJISAET CIEJIaTh BBIBOJ O HEUETHOCTU PYHKIUHM Yy = sin x u
y =tg x, a cumpaBeIJIMBOCTH PaBEHCTBa COS (—X) = COS X — O YETHO-
ctu pyHKIUU y = cos x. IlerecoobpasHo cpasdy Ke HAIIOMHUTH OCO-
6eHHOCTH TPa(GPUKOB YETHBIX W HEUETHBIX (DYHKITUIA.

JloKasaTesIbCTBO CBOWICTB UETHBIX M HEUETHBIX (DYHKIIUI PEeKOMEH-
AyeTcs IPOBECTU TOJHKO B MPOMUIBHBIX Kjaccax (Tak 'Ke, Kak U pe-
IeHne yOpaskHeHusa 27); ydalmxcsa o01eo0pa3oBaTeIbHBIX KJIaCCOB
IOCTaTOYHO C 3TUMHU CBOMCTBAMHU TOJBKO O3HAKOMUTHL. IIpm pasbope
permieHua 3agaun 1 1 BeIDOJHeHUU ynpakueHuir 12, 13, 16 BaxHO 00-
pamiatTh BHUMaHUE ydYalllMXCAd Ha OTBICKAHWE 00JIacTH OmnpeneeH’d
dyHKIUU: Kaxmoe u3 paBeHcTB [ (—x) = f (x), f (—x) = —f (x) mosxHO
BBIIIOJIHATHCA IJIsI BCeX X U3 OOJIACTU OIpeHeJIeHU!s.

HauuvHasa B3HAKOMHUTH ydYalUXCA C HOHSATHEM NePUOIUYHOCTH,
MOJKHO BHOBb BEPHYThCA K IIaKaTaMm (puc. 1) u HAIOMHUTh ydJaIll{uM-
cd, UTO €CJIU X = Xy + 21n, n € Z, TO IpU IIOBOPOTE HA YIOJ X BOKPYT
Hayajga KOOPAWHAT IIOJIyYaeTCs Ta JKe caMas TOYKa, YTO M IIPU II0-
BOpPOTe Ha yTrol X, a 3aTeM HOBTOPUTL (GOpPMYJIbl IIPUBEINeHUA:
sin (x + 2m) = sin x, cos (x + 2n) = cos x, tg (x + ™) = tg x.

dopmMupoBaHUE TNOHATUA MEPUOAUUECKON (PYHKIIUU IPOUCKOAUT
Opu O0CYKIeHUHN pellleHus 3amadu 2—4, mpuyeM B HUX (paKTUUYECKU
IOoKasbIBaeTcd, YTO mepuojgoM (QYHKNUM y =cos x u y = tg x aBIdA-
IOTCA COOTBETCTBEHHO uucJa 27T U N. POPMYJIUPOBKHU 3ajau OTJIAYA-
IOTCSI APYT OT aApyra. B s3amaue 2 HaMMEHBINNI MOJJOXKUTEJIbHBIN IIe-
puon GYHKIUYW 3aJaH W M3BECTHO, UYTO (PYHKIMA IepuoguuecKas.
B zagaue 4 HeoOXOOUMO IIpesKAe NOKA3aTh, UTO (DYHKIUA IIEPUOSU-
YyecKas, W JIUINb 3aT€M HAWTU HAWMEHBIIUU IIOJOYKUTEJbHBIN Iepu-
on. Takum oOpasom, Ha STUX HPOCTHIX, HO BAaYKHBIX JJIA U3YUYEHUSA
KOHKDETHBIX TPUTOHOMETPUYECKUX (DYHKIMI HmpuMepax IOKasbiBa-
eTcs, KaK paccy:KJAaTh B KasKIOM M3 YKa3aHHBIX cilydyaeB. B cucreme
ynpaskHeHuit HomMepa 14 m 15 aHaJorMUHBI 3a7aue 3 TeKCTa Iapar-
pada.

OneIT IOKA3bIBAET, UTO 3ahaulr, HOAO0HEIE 3agauaM 4—6, KarKyT-
cd yvyamuMmces 0ojiee TPYAHBIMMU, W II03TOMY yhapaskHeHusa 18—20 pe-
KOMEHJYyeTCA PellaTh ¢ yYalnquMuca Ipo(UIBHBIX KJIAaCcCOB, a B 00IIe-
00pa3oBaTeJIBHBIX KJIACCAX TOJBKO Pa300paTh pelleHre OJHON 13 HUX
C HOMOIIBIO YUUTEJ.

18. 1) dyuKHUUA ompenesieHa Ha BCel YMCJIOBOM OCH, CJIeZOBA-
TeabHO, umciaa x + T u x — T mpuHamie:xaT obJacTu olpenese-
Hud. [lycts T — nepumon pyHKImu. Toraa mo onpeaeyseH0 Iepu-

. 2 _ 2
oauYecKol GYHKIIUM BEPHO PABEHCTBO COS g(x +T) =cos = X, T. e.

cos(gx+2T) =cosgx,2T =27, orkyma T = 5m.
5 5 5 5
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20. 1) Ob6aacte onpemenenusa GYHKIUH 2Tn < Xx <7+ 21n,
n € Z, rak Kak sin x = 0. [lyia Bcex X U3 00JIaCTH OIPeAeJIeHUS U¥C-
Ja x + 2n u x — 21 npuHAAJIeKaT obsactu onpenenenus. I1o popmy-
JlaM TIpUBeJEeHUs BEPHO DPAaBEHCTBO 4 sin (x +7) =./sin (x +27) =
= +/sin x . Ananoruuno 4/sin(x —T) =4/sin(x — 27) = +/sin x. Cie-
IOBATEJIbHO, PYHKIUA IIePUOSUUYECKAS.

Bazaun 8 u 9 nmpegHa3HAYEHEI AJIA TE€X, KTO MHTEPECYeTCA MaTeMa-
TuKOM. UTOOBI yOEIUTHCA B TOM, UTO (DYHKIIUS HE SBJIAETCSA IIEPUOIU-
YECKOU, HYXHO YCTAHOBUTH, UTO IJsd Jiroboro T > 0 Halizercsa Takoe X
(u3 obsacTu ompenesieHUA), YTO He OyIeT BBIMOJNHATHCA XOTA OBI Of-
HO m3 ycyoBuii: 1) Touka x + T mpuHAAIEKUT 00JacTH omIpeneJe-
HUuA GyHKIUU; 2) Touka X — T IpUHAMJIEKUT O0JIACTH OIpeaeseHUs
byurnuu; 3) f(x + T) =7 (x).

Ha mocinemueM U3 YPOKOB MOYKHO IIPOBECTU HEOOJIBIITYIO II P O-
BepouHYI0 pabory (Ha 15—20 MUH) C 1eJbI0 ITPOBEPKU YCBOEHUS
MaTepuaJja IepBbIX ABYX maparpados.

1. HaiitTu 06/1acTh oIIpeieIeHrsT 1 MHOKECTBO 3HAaUeHUH (QYHKIIUN:

1) y=c0s§;2) y=sin3x+1 [1) y=sing;2) y=cos§—1].
x x
2. BbiACHUTL, ABJSAETCS JK YEeTHON WNIM HEYEeTHON Q(YHKIUA

y=x2sin x [y=x%cos x].
3. TokasaTb, YTO HAMMEHBLINWI IIOJOMKUTENbHEIA Hmepruofn (PyHK-

un y:cosgx [yZSiII%x}paBeH 3 [8_7'5}
3 4 3

4. HaiiTu HAUMEHBLIIHWHN IIOJIOMKUTEJABHBIN Iepuon QYHKIUN

2x 7x
=tg— [ = tg—]
Y 3 Y 8
5. BBIACHUTH, SABJAAETCA JU IEPUOAUUECKOH (MYHKIIUS Y = +/COS X
[y =tgvx].

IlepBBIe TpU 3amaHMA MOYKHO IIPEIJIOYKUTH yUdalllMMCs 00meoopa-
30BaTEJIBbHBIX KJIACCOB, BCE 3aJaHUS BHIMOJHAIOT yUaliuecs MPoQuib-
HBIX KJIaCCOB.

Pacupegenenue mMaTepuajga maparpadga I0 ypokKam
OTpasKeHo B TabJauIax.

Oobuweobpasoeamebrible KJLACCHL

YupaskHeHUus

&

S % | Teopernueckuii mare-

g 3 pra OCHOBHEIE /I | AJLA CAMOCTO- IOTIOJI-
= > paboTsl B TeJIbHOI pabo- HUTEJb-

KJlacce 4 joMa TBHI B KJacce HBIEe
1 § 2, Brarouas 3agauy 1 | 12, 13, 16 12 (3, 6) 17
2 § 2, mocne sagauum 1 14, 15 14 (1, 3) 20
u go 3agauu 4
3 § 2, zagaum 1—3 15, 16, 18 B rekcre 23, 27

13




IIpogunvrouie KaaccHL

VYopaxkHeHUa
S
= % TeopeTuuecKkuit
é & MaTepua OCHOBHBIE IIJISI CAMOCTOSI- JIOTIOJI-
i paboTHI B | TeJbHOM pabo- HUTEJb-
KJlacce M JoMa THI B KJIacce HEBIE
1 § 2, Brurouas 3amauy 1 | 13, 16, 17 16 (3, 4) 27
2 § 2, mocuie 3agauu 1 u 14, 15, 18 15 (2, 3) 24, 25
mo 3agmauu 6
3 § 2, zagaum 6—7 19, 20, 22, 23 | B Tekcre 3amaun
8—9; 21

B pesyabrTaTe m3yueHuUsa maparpada Bce yualimecs
NOJYKHEL 3HATH OIpeAeieHre MePUOAUUYECKON (PYHKIMM M yMETh
BBITIOJIHATL YIPaKHEeHUWs, Takue, Kak 12, 14. Yuainuecsa npo@uib-
HBIX KJIACCOB, KPOME TOI'0, MOJIKHBI 3HATH CBOMCTBA UYETHBIX M He-
YeTHBIX (PYHKIIMI M YMETHh BBINOIHATH YIPaKHEHHA, TaKue, Kak
13, 18 (1, 2).

Peurenue ynmpaskHeHMIt

21. 2) O6macte onpenenenus GQyarnuu R. Ilpeamoso:xum,
yro mgaHHadA QYHKIUA mnepuoaudveckas c¢ mepuomom T # 0. To-
rga gaa  Jgoboro x € R BepHO paBeHCTBO sin x + sin J2x =
=sin(x+7T)+sin (x+T)vV2. Ionaras x=0 u x =T, moiaydaem
sinT +sin+/2T =0, sinT + sin+/2T = sin 2T + sin 24/2T. Cnenosa-
TrenpHo, sin27T +sin2+/2T =0, 2sinT(1++/2)cosT(1-+2)=0,
OTKyza

T (1+vJ2)=nn, necZ; T(«/E—l)=§+nn, neZ.

OTHoIlleHWe JIeBBbIX dYacTel ABYX IIOJIYUYEHHBIX PaBE€HCTB pPaBHO

1+4/2
J2-1

BBIX YacTell — YNCJIO PAIlMOHAJIBHOE, YTO HEBOBMOXKHO. CiiezoBaTesnb-
HO, HUKakoe uncjo T # 0 He MOKeT ObITh IIEPHOAOM (PDYHKI[MN.

24. Bocmonb3yeMcsa CJIEAYIOIIMM YTBEPIKIEHUEM: €eCJIU TOUYKU
M, (%15 y;) u M, (x5, Yy) CHMMETPUYHBI OTHOCUTEJIBHO IPAMOH [, 3a-
JaHHOH ypaBHeHUEeM X = d, TO Y, = Y, (Touku M; u M, nexar Ha oJI-
HOM IIepIIeHAMKYJIApe K l) u x5 = 2d — x; (Tak KakK cepeJuHa OTpe3Ka

— =d). Ilycte M (x; y) — 1po-

=3+24/2. Bro — umcno umppanuoHanbHoe. OTHOIIEHHE IIpa-

MM, npuHaajgexur [, T.e.

u3BoJbHAaA Touka rpadmra F ¢dysrmuum y =f (x). Torma Touka
M’ (2a — x; y), cumMmerpuuHad M OTHOCHUTEJBHO NIPAMOU X = a, Je-
sKuT Ha rpaduke F, u touka M" (2b — (2a — x); y), cummerpuunasa M’
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OTHOCHUTEJIbHO IIPAMOI X = b, TaKsKe JeKuTt Ha rpadpure F. ITo o3Ha-
yaer, 4yTo 3HaueHue 2b — (2a — x) = x + (2b — 2a) npuHALJIEKUT 0bJia-
CTU OIpeJesieHUA NAaHHOU QyHKIuu, npuueM y = f (x + (2b — 2a)) =
=1 (x).

Amnajoruuso, oTpaskad Touky M BHauajie OTHOCUTEJIBHO IIPAMOI
x=0b, a 3aTeM OTHOCHUTEJBHO MPAMON X = a, IOJydyaeM, UTO 3HaUe-
HUe X — (2b — 2a) mpuHAIJIEKUT O0JIACTU OIIpeaesIeHUs HAaHHON (PYyHK-
muu, npuueM y = f (x — (2b — 2a)) = f (x). Takum obpasom, y = f (x) —
dyuKIIUa nepuoauveckas c¢ mepuogom T =2 (b — a).

25. IIpumeHUM cienyoliee yTBep:KIeHUE: ecau Touky M (x1; Y1)
u M, (x5 y;) CHMMETPUYHBI OTHOCHUTEJBHO Touku A (a;b), TO
X9 =2a—x, 1 Yy =2b—y,; (trak xkak A — cepexguHa orpesra M M,,

X1t Xy Y11tyz
T. €. p =a, p =b). Tak:ke BOCOJB3yEMCA YTBEPKIECHUEM
u3 pemenus 3agaun 24. Ilyers M (x; y) — IpoOM3BOJIbHAS TOYKA I'pa-
dbukra F pysrnunm y = f (x). Torga rouxa M’ (2a — x; 2b — y), cuMmeT-
puuHasg M OTHOCUTEJIBHO TOUKH A, JexXur Ha rpadure F; Toura
M" (2¢ — (2a — x); 2b — y), cummerpuuHad M’ OTHOCHUTEJBHO IIpS-
MO#T X = ¢, JIeXKUT Ha rpadure F; Touka
M'" ((2a — (2¢ — (2a — x)); 2b — (2b — y)),

M (2 (2a — ¢) — x; y), cumMerpuyHas M"” OTHOCUTEJIBHO TOYKU A,
TaKKe JIeKUT Ha rpadure F. U3 dpopmysn mas KoopamHaT Toukm M’
BBITEKaeT, 4yro M''’ cumMeTpuyHa TOUKe M OTHOCHUTEJIHHO IIPAMOI
x =2a — c. Urak, rpapuxk F cuMMeTpUUYeH OTHOCHUTEJBHO IPAMBIX
x =cux=2a- c. Is 3agaum 24 BeITeKaer, 4T0 Yy = f (x) — dyHRIUA
nepuoauveckas ¢ nepuogom T ==2 (2a —c—-c)=4 (a — c).

26. N3 yciaoBusi BBEITEKAET, UTO AJIA JIOOOTO X M3 00JIaCTU OIpe-
mejgenusi umcaa Buga x +nT, n e N, Takike IIpUHALIEKAT O00-
Jactu ompenesieHusi. 1o ycaoBuio

f+D=-F(x), F(x+2T)=Ff((x+T)+T)=—F(x+T),
orkyna f (x + 2T)=f (x). Amamoruuno f (x — 2T)=f(x), 3HaAUHUT,
y =1 (x) byurnusa nepuonzudeckas ¢ nmepuomgom 27T.

§ 3. Ceomncrea PpyHkuum y = cos x u ee rpacdpuk (3/3 4)

ITens msyueHusa maparpa@da — m3ydeHue CBOUCTB (PYHK-
UK Y = COS X, O0yUeHUe MOCTPOeHU0 rpadmuKa GYHKIINY U IpUMeHe-
HUIO CBOMCTB (DYHKIIUU IIPU PEIIeHUN YPABHEHUI M HepaBeHCTB.

Teopernueckuii mMaTepras maparpacga pasaejieH Ha JOTrudecKue
6yioKmu: 1) mMOBTOpeHME CBOMCTB KOCHHYyCA 4YHCJIa U IIPUMEHEeHMe UX
IJsi umccaemoBaHMA QYHKIIUM Y = COS X; 2) IOCTpoeHue rpadura
byHKIUM Y = cos x; 3) HBJIOKEHUE CBONUCTB (PYHKIUU Y = COS X;
4) pelrreHue 3ajau C UCIOJH30BaHUEM M3YUYEHHBIX CBOMCTB (QDyHKIIHH.

Ilpu wmsydyenum mepBoro m3 O6JOKOB O0OOIAIOTCA M KOHKPETH-
3UPYIOTCA SHAHUA YUYAIUXCHA, MMOJYYEHHLIE paHee: OThICKaHUE 00-
JacTH OmIpejesieHns, MHOKEeCTBa 3HAUEHUIl, OrPAHWYEHHOCTH, UeT-
HOCTH, MEPUOAUYHOCTH (GYHKIUU Y = cos X. Bce 9TO MO3BOJAET
mepeiT KO BTOPOM YACTH M BBINOJHUTH IIOCTPOEHMEe rparKa CHa-
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yajsia Ha orpesdke [0; m], sarem Ha oTpeske [-m; m] WM, HAKOHeI[, Ha
Bcell umcJIoBOM mpsamoii. [lokaszaTeabCTBO yObIBAHUA (MYHKIUK Ha
orpeske [0; ] ocHoBarno Ha moBopoTe Touku P (1; 0) Bokpyr Haua-
Ja KOODAWHAT U OIpeAeeHMU KocuHyca. PopMa KPHUBON Ha 5TOM
OPOMEKYTKE YTOUHSETCA IIyTeM IIOCTPOEHUS HECKOJbKUX KOHKPEeT-
HBIX TOYeK (IPpU M3yYeHUU IIPOMBBOAHON MOYKHO OyJeT HOKas3aTh
BBIOYKJIOCTh rpadmra QyHKIUMU Ha B3TOM IIPOMEKYTKE C IIOMOIIBIO
BTOpO¥I mpousBogHOit). CBoiicTBa QYHKIUU (DOPMYJIUPYIOTCSA C OIIO-
poii Ha TOCTPOEHHBIN rpaukK.

ITIpu msyuenun 6Gsioxa 1 ’KejaTelbHO MCHOJIL30BAaTh ILIAKaTHI (MU
aHAJOTUYHYI0 mpeseHTanuio). IlocTpoeHme rpaduka MOKET BBIIOJI-
HATHCS C IOMOIIBIO KOMITbIoTepa (mporpamMmma, Hanpumep, GRAPH 16).
B panbHeiireM AJIA IIOCTPOEHUS CUHYCOUALI PEKOMEHIYETCS MUCIIOIb30-
BaTh I1a0JIOH.

Yuamyecss o01meo0pa30BaTeIBHBIX KJIACCOB JOJKHBL YMETbHb «YH-
TaThb» CBOMCTBA (QDYHKIIUU 1O rpaduKy, ydarmMcs MPoUIBHBIX KJac-
COB II0JIE3HO aHAJIMTUYECKU OOOCHOBATH KasKJ0e CBOMCTBO. B yueOGHUKe
cBoiicTBa (PYHKIIMM HA Bceil 00JIacTH OIIpedesieHUs II0JYyYaroT, OIHnpa-
sCh Ha ee CBoOMcTBa Ha mpoMeskyTKe [0; m]; B mpodHMIbHBIX KJaccax
MOYKHO IIPENJIOMKUTL ydaruMcsa chopMyampoBaTh CBOUCTBA (DYHKI[UU
Y = COS X, onupasch Ha CBOMCTBAa 9TON (PyHKIIMM Ha JPYrOM OTpe3Ke,
HampuMep Ha orpesdke [—m; O].

ITpumenenve rpaduKOB IIpU peIleHWU yPaBHEHUH U HEePaBEHCTB
IEMOHCTpUDPYeTCA Ha B3ajjauaxX, KOTOpble ydalluecd YiKe pellaaun
B 10 Kjacce ¢ IIOMOIINbIO €IMHUYHON OKpPYsKHOCTH. Ilo/Ie3HO HamoM-
HUTH 3TO, IPEJJIOKUB B HAJHHEHIIIEM II0Jb30BATHCA TEMU IPHUEMAMU
(c IOMOIIIBI0 OKPYKHOCTH MJIU II0 IPa@UKy), KOTOPLIE ydalumes 00o-
Jee yaOOHBI. YUaIluMcs 00IIeo0pa30BaTeJIbHBIX KJIACCOB JOCTATOUHO
yMeTh IPUMEHATh IpaduK GYHKIUU OPU PEIlleHUuUr ypaBHEHUUN U He-
PaBeHCTB Ha KOHKPETHOM IIPOMEKYTKeE.

BaxkHo oOpaTuTh BHMMAHHNE HIKOJBHHKOB Ha TO, UTO OTHICKAHUE
KOpHell ypaBHeHUsA BceTJa HauuHaeTcsa ¢ mpoMme:kyTka [0; ], a 3aTem
OPpUMEHAETCA CUMMeTpuA rpaduKa OTHOCUTEJNBHO NPAMBIX X = 77,
neZ.

B samauax 4 m 5 paccmarpumBaeTcsa IOCTpoeHUe rpadura ¢ Io-
MoIbio TpeobpasoBaHuii. IIpeskae ueM MePeXOnUTh K PEIIeHUI0, He-
00XO0AMMO IIOBTOPUTEL AJIOPUTM HCCIeIOBAHUA (PYHKIIUHA dJIeMeHTap-
HBIMHU MeTOoJaMu, KoTophble uaydyaauch B 10 kaacce. B zamaue 4
Opeskle 4eM CTPOMTHh TpaduK (GYHKIMH Y = cos® X BBIIOJHAETCS
npeoOpasoBaHe BLIPAMKEHUS, UTO IIO3BOJISIET MOCTPOUTH IpadUK I0-
cTaTouHO mpocTo. B 3amaue 5 aKTHUECKU MOKA3bIBA€TCA IIPUEM II0-
cTpoeHua rpaduka (YHKIUU C IOMOIIHI0 YMHOYKEHUA ODAUHAT Ha
npuMepe rpadpuka QYHKIUUN Y = X COS X.

Breimonuaa ynpakHeHuA K maparpady, sKejaTeJbHO KaK MOKHO
yaie obpaIatbead K rpaduKy, 4ToOBI yUyalimecs MOTJIA CBOOOJHO OpU-
€HTHUPOBAThCA WM B IIOCTPOEHUU, WM B UYTEHUU rpadura. YmuparkHe-
Hua 29—31 MOMKHO PacCMOTPETh OO0 Havajga IIOCTPoeHus rpaduxa
y = cos x. YupaxkHeHusa 28, 32—39 B 00meo0pa30oBaTeIBHBIX KJIac-
cax JKeJlaTeJbHO peIraTh C IIOMOIbI0 rpaduKa.

ITpu BuImosTHEeHUU yrnpaskHeHUsA 34 (1) I0JIe3HO MPOBECTH PACCYIK-
IeHUs Pa3HBIMU IYTAMU.
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34. I cuocob®. % € [0; =], % € [0; ]; Ha orpeske [0; ] pyHK-

_ T _8m T 8m
ousa y = cos X yObIBaeT; — < ——, CJI€IOBaTeJIbHO, COS — > COS — .

II coocob®. %e{o; g}, cos x >0 mpu xe[O; g), T. €.

cos £ > 0. S—Tr'e E;11: , opu
7 2

9
cos % < 0. CiregoBaTeabHO, cos% > cos SFTE .

T
cos x <0 x € E;n, T. €.

Pemrenne ynpaskueHusa 38 m0Je3HO M AJA 3aKPEIJIEHUs CBOMCTB
GyHKIUHM y = cOS X, U AJISI MOATOTOBKY K M3YyUYEHUIO CJAENYIOIIEero ma-

parpada.

BaeT Ha oTpeske [0; 1]; ge [0; «],

T 37 . 5m
TeJbHO, COS — > COS?’ u s1n? > cos?.

51

38. 3) sin— =sin
8

37

T, T b4
—+ = |=cos=.DPYHKINUA Iy = COS X YOBI-
(2 8) 8 v Y v

3r

n _3:n
— € [0; n], = < —, ciaemoBa-
[ ]8 3

Pacnpegmenenume maTepuaJya maparpada mo ypokam OT-
paskeHo B TabIUIlAX.

ObueobpasosamebHble KJLACCHL

YupaxHeHUS
S
= § | Teopemeckmit OCHOBHEBIE JJIS IS CAMOCTOS
o g - -
T > Marepuat paboTsl B TEJILHON paboThI ﬁ%ﬁiﬁﬁg
KJIacce ¥ JoMa B KJacce
1 § 3, mo samaum 1 | 29—31 28 42
2 | §3,samaua 1 3235 34 (2, 3) 40, 45
3 | §3,3amaun 1, 2 | 36—39 36 (1), 38 (1) 47
IIpogpunvHole KaaCCHL
YupaxHeHUS
o
S % | Teoperuueckuit
g2 MaTepua OCHOBHBIE JIJIA IJISL CAMOCTOSA- ROTOTHI-
T > paboTer B TEJBHON PabOTEI POITEHELE
KJIacce U JoMa B KJIacce
1 § 8, sajaum 1, 2 | 29—31, 35 (1), 36 (2), 50 (2)
34— 36, 38 38 (5)
2 | §8,sanaun 3,4 | 37, 40—45 42 (1), 44 (2), 50 (3)
41 (1)
3 §3 46—48 47 (2, 3) Bagaum 5, 49
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B pesyabrTaTe m3yueHUsA maparpada Bce yualmecsa
JOJIXKHBI YMeTh CTPOUTH rpapmk (PYHKIUH Y = COS X, IIO Ipaduxry
BLISIBJISITH CBOHICTBA GYHKIIMY M BBIMOJHSATEL YIIPAKHEHU, TaKUe, KakK
34—36. VYuamuecd NPOQPHUIBHBIX KJIACCOB, KPOME TOrO, IOJIMKHBI
yMeTBb HCClIenoBaThb (I)yHKIlI/II/I, BBIIIOJIHATH IIOCTPOEHUE I‘pa(I)I/IKOB,
OPUMEHSTh CBOMCTBA (DYHKIIUM B TAKUX yIpasKkHeHUAX, Kax 40, 41,
43, 47.

Penrenue ympaskHeHUH

49. OyHKROUA Y = 1 MOJXKeT OBITh IIPEACTABJIEHA B BHUIE
J1+tglx
y=+cos? x =|cosx| mpu ycmoBum, uTO 06JACTH OIpeHeIeHUS

GOYHKIIIA TakKoBa, YTO x¢%+nn, neZ. T'pabux dysHKIUYN
1

J1+tg2x

50. 2) Pemenuem HepaBeHctBa 2t2 — 3t — 2 > 0, T1e t = cos x, AB-

y= m3obpakeH Ha pucyHKe 10.

1
JISAIOTCSA IPOMEMKYTKHU ¢t > 2, t < —E. PemrenneM mcXOmZHOTO HepaBeH-

1 27
CTBA SBJISIOTCS PEIINeHUA HEPABEHCTBA COS X < 5 T. e. —+27n <

<x<ﬂ+27m, neZz.

50. 3) HepaBeHCTBO BBINIOJHAETCSA IIPA YCJIOBUH, UTO coS X < 0,

T. €. §+2nn <x < 3?n+27tn (BbIpasKeHMe mOJ S3HAKOM KOPHSA IIO-

JIOXKUTENLHO IIPU BCeX HIeMCTBUTENLHBIX 3HaueHMAX x). Ilo dopmy-
JaM [OBOMHOI'O apryMeHTa, BBLIPA3HUB C€OS 4X uepe3 COS X, MOIYUYUM
cosdx=2cos®?2x-1=22cos?x—-1)2-1=8cos* x — 8 cos® x + 1.
BrIpaxkeHue moj 3HAKOM KOPHS IIPUMET BUJ
7 —-8cos? x +8cos? x -1
2
IIpu BosBemeHnu 06enx dacTell HepaBEeHCTBA B UETBEPTYIO CTEIEHb
HOJIYYUM
3—-4costx+4cos?2x>16cos*x, 20cos*x—4cos?x—-8<0.
OGosuauuM cos? x =t u pemum HepasercTBo 20t — 4t — 3 < 0. Ero
pellleHMeM #ABJfAeTca HpoMexyTok (—0,3; 0,5), T.e. cos? x < 0,5,

=3—4cos* x +4cos? x.

y

Puc. 10
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x
__V2
2
Puc. 11

V2 V2
OTKyaa —? <cosx < ? . I/ICXOJIHOG HEepaBeHCTBO BBIIIOJIHAETCA IIPpN

COSJC<0, cJiegoBaTeJIbHO, pPelleHne IIPUHALJIEeXNUT IIPOMEXKYTRKY

—g < cos x < 0. Ha rpadure (puc. 11) BugHO, YTO pellieHUeM Hepa-

BEHCTBA fABJIAETCA 06'be,Z[I/IHEHI/Ie IIPOMEXKYTKOB

—3—n+2nn <x <—£+2nn; Ti2nn<x <3—n+2nn, neZz.
4 2 2 4

§ 4. CeoincTBa pyHKuMU y = sin x n ee rpadpuk (3/3 uy)

IHenr mayuenumsa maparpada — usyuyenue cBOUCTB (PyHK-
num y = sin x, obydyeHue mocTpoeHmio rpadmka QYHKIOUM U IIPU-
MEHEHUIO CBOMCTB (MYHKIIUM NPU pelieHnu ypaBHEHUH U Hepa-
BEHCTB.

WNzyuenme cBoiicTB GYHKOUM Yy = Sin x m mocTpoeHue ee rpadu-
Ka MOJKHO IIPOBECTH AaHAJIOTUYHO TOMY, KaK BTO OBLIO CcAeJaHO
B § 3. B srom caydyae I1esecoo0pa3HO WCIOJIb30BATH IIJIaKaThl,
npenacraBjieHHble B § 1, [JId TOBTOPEHUA BCETO TEOPETHUUECKOTO Ma-
Tepuaja, ysKe M3BEeCTHOI'0 ydualluMcs. 3aTeM yualuecs o0Imeoo-
Ppa3soBaTEdabHBIX KJACCOB MOTYT IIOCTPOUTHL TrpaduK ¢ IIOMOIIBIO
yuuTeJgsd W II0 rpad@UKy «IPOUYUTATH» CBOMcTBa (yHKIMH. B mpo-
(GUIBHBIX KJaccax MOMKHO MPEAJOKHUTh ydYallUMCA IIOCTPOeHUe
rpauka TaKUM CIIOCOOOM BBIIOJHUTH CAMOCTOSTEJBHO [IO0Ma, a
CBOIICTBA (DYHKIIMY OHU MOTYT BBIBECTH C IIOMOIIBIO IIJIAKATOB.

B yuebHMKe mpensaraeTca APYroil ImMyTh U3YyUYeHUS CBOUCTB (PYHK-

. . e
nuy y = sin x: npuMeHeHVe (OPMYJIBI IPUBENEHNUA Sin x = cos | x — 5 )

noctpoeHue rpadpura QYHKOUM Y =COS X W CABUI' rpaduKa BIpa-
T . . .
BO Ha E’ noJIydeHHe CBOMCTB (DyHKIHUM Yy = Sin X U3 CBOUCTB (PyHK-

muym y =cos Xx. B aTom ciayuae HauaTh u3ydeHue mnaparpada MOXK-
HO C BBIIOJIHEHUS YIPakKHEHWIi, KOTOpPbIe IO3BOJSAT IMOBTOPUTH IIpe-
oOpasoBaHusA rpadmKOB GYHKIUNA U IOABEAYT YYAIIUXCA K IIO-
CTaHOBKe IIpo0jeMbl. PelleHne mnpo6JieMbl IIOMCKA ONTHUMAJIBLHOTO
myTH TOCTpoeHusA rpadmka GYHKIMU Y = sin x OyAeT II0JIe3HO yua-
IITUMCH.
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1. Bagzars aHaJIUTHUYEeCKH (PYHKIHNIO, rpadUK KOTOPOH MOJY-
4YeH u3 rpadura QyHKOUU Yy = x? cpBUrOM:

1) Bposab ocu Ox HaA ABE eIWHUIIBI BIPABO (BJIEBO);

2) Bponb ocu Oy Ha eqgUHUILY BBEpPX (BHUS3).

2. Uzob6pasurs rpadpurk dyHxuuum y =f (x +t), ecam ma"H rpa-

bur dysrnum y = f (x):
D) ()= 2xt, =51

2) f (x) =cos x, tz—g.

BrimosiHeHMe MOCJIeIHEro 3aJaHus MO3BOJSAET IepeiiTu K IoCTpoe-
HUIO0 rpaduka QyHKIUU y = sin x.

ITpu perrenuu 3agau 1 u 2 Texcra maparpada u ynpayxkHeunuii 58,
59, 62—64 HeoO6xoAMMO OOPATUTH BHMMAaHUE yUYaIlMXCS HA OTHICKA-
HUe KOpHeil ypaBHeHHUsA sin x = a ¢ momomibio rpadura. jKenarean-
HO, YTOOBI ydalllyecs cpasdy yKasblBaJu TOUYKY Ha ocu Ox, COOT-
BETCTBYIOIIYIO arcsin a (#e 3abbIBas, YTO arcsin @ TpPUHAIIEKUT

T, T .,
OTPE3KY _E; 5 ), a 3aTeM, HCIIOJb3ysl CBOMCTBA (BDYHKIIMU U OCO-

6eHHOCTU rpaduKa, HAXOOUIU APYTUe TOUKHU.

IIpu perieHuu 3amauu 3 ydaliuMcsA IMPOMUIBHBIX KJIACCOB HAIIO-
MHUHAIOT, KaK 9JIeMEeHTAPHBIMU METOAAM! HOCTPOUTH I'PadUK CJIOK-
HOM (QyuKIiuu. Ilose3sHo oO0paTUTh BHUMaHMWE yUalllUXCS HA TO, UTO
cirokHad QyHKIMA Yy =f (g (x)), roe g (x) — dyHKIuA Iepuommye-
cKad, TaKiKe ABJigeTca Iepuonmyeckoii. IlIoBropeHme TeopeMbl O BO3-
pactaHuM U yOBIBAHUU CJOKHOU QPyHKNuu (yue6HuK 10 xi., ria. IV,
§ 2) momoraer IIpu MCCJIEJOBAHUU NOBEAEHUA QYHKIIUYU HA IIPOMEKYT-
kKax. IIpu moctpoennu rpaduKoB B 3afaue 3 B TOM U APYTrOM 3aJaHUIX
yJaiiuecs IOBTOPAIOT HOHSATHE aCUMIITOTHI (IIOKA TOJBKO BEPTUKAIE-
HOI).

B rsnaBe IIl oHu mosHaKOMATCA ¢ HAKJOHHON aCHMMITOTOM U Ha-
yJyaTcs 3alChIBATh ee ypaBHeHUe (MaTepraj, Heo0A3aTeJIbHBIN I
BCeX ydJaluxcs).

3amaua 4 He ABJIAETCA CJIOMKHOI: 3JeCh ydaluecs 3HAKOMATCA C
IOCTPOEHUEM TpadUKOB IIyTEM cJOKeHUA opauHar. OgHako dopmu-
poBaHME TAKOTO0 YMEHUS HeOo0sA3aTeNIbHO AJIA BCEX yUalllUXCH, II0ITO-
My 9Ta 3aZjavya IIpejjaraercd [IJs PeLUIeHUs ydalluMcd, UHTePecyIio-
IIMCA MaTeMaTUKOM.

Ha TpeThremM ypoKe mmo m3ydyeHWIO NAaHHOTO maparpada MOMXK-
HO IIPOBECTH IIPOBEPOUYHYI0 CaMOCTOATEJBbHYIO padory (Ha
15 muH).

1. C momompio rpadpuka GyHKIUH y =cos x [y =sin x] HaliTn
KODHU ypaBHEHUS

SFolll5 7]
Ha oTpe3ke | ———; 0 = =11
2 2 2



2. C momompio rpapmxa QyHKImm y =cos x [y =sin x] madit;

V3
BCe€ DpPeIleHnusad HepaBeHCTBa COS X < —7

of 5%

[_3_n.
2

I}

sinx??

3. PacmosoxuTh B mopsigKe yObBIBAHUSA YHCJIA

T
cos 6, cos g,

8

4. TlocTpouth rpaduk GpyHKIUUN

y:

sin(x+£)
3

[y = x + cos x].

4}'

cos—5—Tc [sinl, sin 5,9, sin— —
10

Ha OTpe3Ke

ITociiequee samaHwe ydaluecsd NMPOQUIBHBIX KJIACCOB MOTYT BBI-
MOJIHATL HA OTAEILHYIO OLIEHKY.
Pacnpegmenenue maTepuasa maparpada mo ypokam OT-
paskeHO B TabJMIlaX.

Oobuweobpasosamenvbrble KJLACCHL

YuopaxkueHUs
]
e o
§ 9] TeopeTnyecKmit
T B MaTepuan OCHOBHBIE IJIsI JUIS CaMOCTOS- JIOIIOJI-
paboThI B KJac- TeJIbHOHN paboThI HUTEJb-
ce u foMa B KJlacce HBIE
1 § 4, o samaunm 1 52—54 53 (3), 54 (3) 67
2 § 4, sagaua 1 51, 55—58 57 (3), 58 (3) 63
3 § 4, zagaum 1, 2 59—62, 70 B rekcre 72
IIpogunvrvie Kaaccot
YuopaxkHeHUs
IS
<] = -
§ S TeopeTuueckuii
o g MaTepuan OCHOBHBIE IJIS JUIS CaMOCTOS- JIOTIOJI-
paboThI B KJac- TeJIbHOHN paboThI HUTEJb-
ce u foMa B KJlacce HBIE
1 § 4, sagaun 1 u 2 51—59, 65 56 (3), 57 (3) 72
2 § 4, sagauu 3—4 60—68 61 (3), 67 (3, 4) 73 (1)
3 §4 69—71 B rekcre 73 (2)
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B pesyanbTaTe m3yueHnusa maparpada Bce yuamnumecs
IOJKHBI yMeThb CcTpouTrh rpadpumr QyHKDum y =sin x, mo rpa-
UKy BBIABJIATH CBOMCTBA (GZYHKIIMM ¥ BBINOJHATL YyIpPaKHEHUS
Tuna 57—>59. Yuaiuecs mpopuIBHBIX KJIACCOB, KPOME TOT0, HOJIK-
HBl YyMETh HCCIeNOBATH (DYHKI[UMM, BHITIOJHATL IOCTPOeHUEe rpadu-
KOB, IPUMEHSATHh CcBoiicTBa (GDYHKIIUU B yIpaskHeHuAxXx 62—64, 70.

Peurenue ynpaskHeHMIt

73. 2) Hepasercrpo 3 sin x — 2 cos? x < 0 paBHOCHJIBHO HepaBeH-
ctBy 2 sin® x + 8 sin x — 2 < 0. IIycrs sin x = ¢, 2¢2 + 3t — 2 < 0, or-

Kyma 2 <t< %, U PelIeHuAMHN SAHHOIO HepaBeHCTBA OYAYT pelIeHus

. 1
HepaBeHCTBa Sin x < 3’ T. €.

—%4—27’57’1, <x <§+2nn, neZz.

§ 5. CeoncrtBa yHkuum y = tg x u ee rpacduk (3/2 4)

Ilenr usyuenusa maparpada — 03HAKOMJIEHHUE CO CBOUCT-
BaMu QYHKIUH y = tg x, y = ctg x, oOyueHme moCTpOeHMIO IrpaPmKOB
GyHKIUI 1 TPUMEeHEeHUIO0 CBOMCTB (hYHKIMI IPU PellleHUuN YPaBHEHUHN
U HEPaBeHCTB.

Husa yyamuxcsa oO0meo0pasoBaTedbHBIX KJIACCOB § 5 ABIAerca
3aBepIiIamIUM B gaHHON TeMme. IloBTOpeHmMe CBOUWCTB TaHreHca H
KOTaHTeHCca 4mcjia MOYKHO mpoBectu mo muakaram (§ 1). Bospacra-
Hue GyHKnuu y =tg x B mepBOil UeT-

BEPTU MOJYKHO He [IOKas3blBaTh, a IIPO-
A

caequTh 1o pucyHKy (puc. 12). Ilpm 4
mocTpoeHMU TrpadUKa IMOJIE3HO HCIOJIb- y
30BaTh INA0JIOH, KOTOPBIM IIOMOMKET U Ag
Ipu IIOCTpoeHuUU Trpadpura QYHKIUN
y =ctg x. CBoiictBa (GyHKIHH, KaK H A,
paHee, «uuTaeM» 1o rpaduky. 3akpel- P(1;0)
JieHrue YMeHUN NPUMEHATH CBOMCTBA ?
GYHKIIUN TPOUCXOAUT HPU BBHIMOJHEHUU o X
YHOpasKHEeHUN. A

Kak u B mpemwsiaymimx maparpadax, 1
cucTeMa yIpasKHEeHUIl I[03BOJAET yua-

muMcs  00Ieo0pa3oBaTeIbHBIX KJiac-
coB: 1) mMOBTOPUTH HaXOKJeHHUe 3Haue- Puc. 12
HUM (GYHKIUYU TO JaHHBIM 3HAYEHUAM
aprymenTa; 2) Hay4YUThCA NPUMEHATH rpaduK U CBOMcTBa (GDYHK-
WU [OJs1 CpaBHEeHUA 3HaUeHUII (PYHKIIUM MPU PA3HBIX 3HAUEHUAX
aprymenTa; 3) HAYYUTHhCA HAXOAUTHh PEIIeHUsA IPOCTEHINUX ypaB-
HEeHUH ¥ HepaBeHCTB HAa KOHKPETHOM IIPOMEKYTKe; 4) CTPOUTH I'pa-
UK QYHKIUHI.

Vuamumcs npoUIbHBIX KJIACCOB MOXKHO IMPEIJIOKUTH CAMOCTOS-
TeJHbHO HPOAYyMAaTh ILJIaH MOCTpoeHus rpaduka GyHkunum y = tg x,
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a moroM u y = ctg x. CBemeHUsA O TaHTeHCEe, KOTOPble BO3MOYKHO 3a-
OBITHI, MOYKHO ITOUEPIHYTH M3 maakatoB (§ 1). [lokasaTeabCTBO BO3-

pacranua GyHKIUU y = tg X Ha TPOMEKYTKeE [O; g) OCHOBBIBaETCSA

Ha cBOMCTBax (PYHKIIMN CHUHYC M KOCHMHYC, U ydalllMecs MOTYT €ero
MIPOBECTH C IIOMOIIBIO YUYHUTEJS WJIN CaMOCTOATEJbLHO, paboras c
YUEOHUKOM.

Vuyaniumesa mpoduIbHBIX KJACCOB IIOJIE3HO HOAPOOGHO pas3obpaTh
pemtenue samauu 4. Coxarme rpaduKa Bcerga BBIBLIBAET TPYAHO-
CTH, TMO3TOMY MOYKHO CHAUajia IIOCMOTPETh Ha KOMIIbIOTEpE MM Ha
TOTOBOM 4YepTesKe IOoCTpoeHue rpadpuka QyHKIuu (Hanpumep, QyHK-

ouu y = sin2(x+%)).

Pacnpemenenue maTepuaJsa maparpada mo ypoKkaMm OT-
pasKkeHO B TabauIlax.

Oob6uweobpasogamebHble KJAACCHL

VuparxkueHusa
% I
= E TeopeTuuecKkuit
mo N MaTepuas OCHOBHBI€ JJIS JLJIS CaMOCTOS- JOTIO0JI-
paboThI B KJjIacce | TeJIbHOUN paboThl HUTEJb-
u JoMa B KJIacce HbIe
§ 5, mo sagaum 1 74—78 76 (3), 78 (3) 90
§ 5, sagaua 1, 79, 80, 82 79 (3), 80 (3) 87
byHRIUA Yy = ctg x
3 § 5, sagaum 1, 2 81, 84,89 (1, 2) | 81(3) 94 (1, 2)
IIpogpunvhole KaacCCHL
YuopakaeHusa
% I
= E TeopeTuueckuit
mo g MaTepua OCHOBHBIE IJIS JJIT CAMOCTOS- JOTIO0JI-
paboThI B KJlacce TEJILHOU paboThl | HUTEJb-
u [omMa B KJiacce HbIE
1 § 5, sagaum 1—3 74, 79—84 83 (3), 80 (3) 94
2 § 5, samauu 4, 5 87—93 87 (3), 88 (2), 94
89 (2)

B pesyabTaTe M3yuyeHUsA maparpada Bce yuammecs
JOJKHBI YMeEeThb CTPouTh rpadurm GyHKIUN y = tg x, y = ctg x,
mo rpaduKy BBIABIATH CBOIMCTBA (GDYHKIUHM U BBINOJHATH YIParkHe-
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Puc. 13

Husa tuna 79—81. Yuamuecss mpo@UMIBHBIX KJAacCOB, KPOME TOTO,
AOJIX)KHBI YyME€TDbhb MCCIegOoBaTh (I)yHICI_II/II/I, BBITIOJIHATH IIOCTPOEHMEe
rpa@uKOB, HNPUMEHATH CBOMCTBA (PYHKIUM B YIPAKHEHUAX THUIIA
83—84, 89.

Pemenue ynpaskHeHUIt

94. 3) HepasercTBo 3 sin? x + sin x cos x > 2 paBHOCHIBHO KasKI0-
My U3 TPeX HepaBeHCTB
3 sin? x + sin x cos x — 2 sin2 x — 2 cos?2 x > 0,
sin? x + sin x cos x — 2 cos? x > 0,

tg2x+tgx—-2>0 (cos? x>0, x;tg +nn, neZ).

PemnrenusMu mocaeaHEro HEPABEHCTBA ABJISIOTCA ITPOMEXKYTKH
tg x <-2, tgx>1. CruemoBaTelbHO, MOKHO 3aIuCcaTh OTBET:

%+nn<x<%+nn,—%+nn<x<—arctg2+nn, n € Z (puc. 13).

§ 6. OOpartHble TpuroHomeTpu4yeckue ¢pyHkumm (1/3 4)

ITens mayuenus maparpada — o3HaKOMJIEHHE C OOPATHBI-
MU TPUTOHOMETPUUECKUMU (PYHKIUAMU, UX CBoiicTBaMu u rpadu-
KaMmmu.

Marepuas nmaparpada He SBJIAETCS 00SI3aTE€JIBHBIM A U3yUYEeHUA
yJyauiuMucs 001eo0pa3oBaTeabHbIX KJIAaCCOB, HO 03HAKOMUTD IITKOJIb-
HUKOB C JAHHBIM TUIIOM (QYHKIUH JKejaTeabHo. A ydyariuxcs mpo-
(pUIBHBIX KJIACCOB M3YyUYEeHUE TeOpeTHUeCKOro MaTepuajia maparpada
U pellleHWe 3aJa4 HeoO0XOIuMO.

IIpeskme ueM IPUCTYOUTH K M3YUYEHUIO TE€MBI, I[€JI1€CO00Pas3HO IIo-
BTOPUTH IIOHATHE B3aUMHO 00paTHBIX dyHKIuit (10 ka., ra. IV, § 2) u
oIpeeeHUsT apKCUHYCa, apKKOCUHYca 1 apKTaHreHca uuciaa. IIoBTo-
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A Y
y==x 5
x<0 3
) X
y=—Vx
a) 6)
Puc. 14

peHue TeopeMbl O B3AWMMHOM PAaCIIOJOKEHUUW I'PadUKOB B3aMMHO 00-
paTHBIX (GYHKIHWIT JOCTATOYHO MIPOBECTU II0 PHUCYHKaAM (Hampumep,
puc. 14). 3aTeM BBIIOJHUTb CAMOCTOATENbHYI pabory (B Tpex
BapHaHTax).

1. ITocTpouTh KPUBYIO, CUMMETPUUYHYIO OTHOCHUTEJILHO IIPAMOI

. T, T
y = x rpadpury QyHKOUU Yy = Ssin x Ha IPOMEXKYTKE [—E; 5]
2. TlocTpouTs KpPHUBYIO, CHMMETPUYHYIO OTHOCHUTEJIBHO IIPSIMOM
y = x rpaduky QYHKIIUU Y = cOS X Ha mpoMmexkyTke [0; m].
3. IlocTpouTs KpUBYIO, CHUMMETPUYHYIO OTHOCHUTEJIHHO IIPIMOM

y = x rpaduKy QYyHKIHUA y = tg X HA TPOMEIKYTKE (—g; g)

B pesyabTaTe MOKHO BHICKA3aTh IIPEAIIONIOKEHNE O TOM, YTO IIOJIY-
yeHHAs KpUBas ABJsAETCA rpapuromM pyHKIMH, OOpATHON JaHHOI Ha
3alaHHOM IPOMeEKyTKe. Jlajee MOKHO 00paTUTHCA K TEKCTY ydueOHU-
Ka 1 000CHOBATH BBICKA3aHHOE IIPEAIIOJIOMKEeHUe.

C yuamumucs o0meo0pasoBaTeJbHBIX KJIACCOB JaJIbHEHIIIYIO
paboTy MOXKHO IIPOBECTH JHOO C IIOMOINbIO IIPE3eHTaIlUM, CAeJIaH-
HOII II0 TeKCTy y4eOHMKAa, Ju00 HEIOCPEeACTBEHHO M0 TEeKCTy yueo-
HuKa. [Io moJyueHHBIM B pe3yJibTaTe CaMOCTOSTeJNbHOII paboThl IO
BapuaHTaM, C(POPMYJHPOBAHHBIM BEIIIE, PUCYHKaAM «IPOYUTATH»
CBOfICTBa q)yHKIIHfI 1 IIPpOCHeAUTh UHUX IIPDUMEHEHUNEe IIpU pPeIlleHUnUu
samau 1 u 2.

C yuamumuca nNpoUIBHBIX KJACCOB II0 XOAY W3yUYeHHA Iapa-
rpaga 1es1ecoo0pasHO MHOBTOPATH cBoMcTBa M rpaduku (GyHKIIUI
y=sin x, y =cos x, y = tg x (BBIIOJHAA B KJacce W AOoMa YyIPax-
HEeHUs Ha IIOCTPOoeHHe rpad)mKoB, KOTOPbIE He YCIEJH PEIInuTh pa-
Hee, Hampumep, 47—49, 70—72, 91—93). Iloctpouts rpadur
¢dyuxnuu y = arcctg x m chopmysupoBaTh ee cBoOIicTBa ydalue-
cd MpPOPUIBHBIX KJIACCOB MOT'YT CAMOCTOSTEJbHO, II0 AHAJIOTUHU C
dbyuxUEH Yy = arctg x.

Pacupegenenue mMmaTepuaJsa mnaparpadga mo ypokam OT-
pasxeHo B TabJIHIIAX.

25



O6weobpasosamebHbie KAACCHL

YuopakueHus
o
S % | Teoperuueckuit
é 2 MaTepuas OCHOBHBIE LI JI CAMOCTOS- JIOIIOJI-
paboTHI B Kjacce TEeJIbHOU paboThI HUTEJIb-
u JoMa B KJacce HBIE
1 § 6, mo samaum 3 95, 96, 98 (1), 95 (3), 96 (3) 103
99 (1)
IIpogunvruie KaaccHL
YuopaxueHus
o
S % | Teoperuueckuit
ﬁ & MaTepuas OCHOBHBIE JIJIA JIJIS CaMOCTOS- JIOIIOJI-
paboThI B Kjacce TeJIBHOU paboThI HUTEJb-
u JoMa B KJIacce HBIE
1 § 6, mo sajaum 2 95—97 95 (3), 96 (3), 104
97 (3)
2 § 6, samauu 2, 3 98—101 98 (3), 99 (3), 105
100 (3)
3 § 6, zamaua 4 102—103 CBoiicTBa QyHK- 106
num y = ctg x

B pesyabTaTe m3yueHuUsa maparpadga yuammecsa IIpo-
(GUABHBIX KJIACCOB JOJIXKHBI YM€Th HCCJIeN0BATh (DYHKIIMU, BBIOJ-
HATH IIOCTPOEHNE I'PaPUKOB, IPUMEHATH CBOMACTBA (PDYHKIIUN B YIIPAMK-
HeHuax tumna 98—101.

Penrenue ynpaskHeHHH

105. O6osmauum arccos x =a, rge x € [-1; 1]. Ilo ompenee-
HUIO0 apKKocuHyca umeeM 0 < a < T, cos a = x. Torma mo cBoiicTBaM
HepaBeHCTB —T<—-a <0, orkyna 0 <m—a<n. Ilo ¢popmyne mpu-
BegeHus cos (T —a)=—cos a =—x. CiaemoBaTe/sbHO, IO OIIpemeJie-
HUIO apKKOCHMHyca HuMeeM arccos (—x) =T — arccos X IJs JH00ro
x e[-1; 1].

Ypokn 0600wweHus U cuctemaTuaaumm 3HaHuim (2/2 y)

ITens YPOKOB — IOABECTH UTOT HCCJETOBAHUIO 3JIEMEHTAPHBIX
byHKRIIUIT MeTogaMu 3JeMEHTapHOII MaTeMaTHKU U HMOATOTOBUTH yUa-
muXcsA K MCCJIEJOBaHWIO (DYHKIIUH MEeToJAaM! MaTeMaTUYeCKOro aHa-
Jausa.

Ha sTux ypokax MOKHO HCIOJIB30BaTh IJIAKATHI WJIM IIPe3eHTa-
muoo ¢ rpaduKaMy BceX M3YYeHHBIX (GYHKIMIT (He TOJHBKO TPUTOHO-
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MEeTPUYECKUX), KOTOPhIE MOKHO CAEJATH C IIOMOIIBIO yUaIlluXCHd; II0-
BTOPUTH, KaK MO rpaduKy HaWTU 00JIaCTh OIIPeaesIeHUs 1 MHOYKECTBO
3HaUEHUH (PYHKIMU; BHIMOJHUTh AHAJUTUYECKOE PellleHrne TOJ00HBIX
3aJjlay Ha IIpUMepe HEKOTOPHIX 3amaHuii ms yupaskuHenmii 108, 109,
114, 122, 123, 131.

Ha Tex Ke roTOBBIX rpaduKax MOKHO IPOMJIIIOCTPUPOBATEH UET-
Hble U HeUeTHble (QPYHKIMU, IIOBTOPUTH aHAJUTHUUECKOEe DeIlleHue 3a-
Jlady Ha BBIACHEHUE YETHOCTU W HeueTHOCTH (ympaskHeHus 110, 124);
paccMOTpeTh MHTEPBAJIbI 3HAKOIIOCTOAHCTBA U IIPOMEXYTKY Bo3pacTa-
HUA 1 yobIiBaHUuA GyuHKnui (yonpakuaenua 112, 113, 121, 129); Boige-
JUTHh TEPUOAUYHOCTh KaK XapaKTepHOEe CBOMCTBO TPUTOHOMETpHUE-
ckux (pyHKmMi (ynpaxkuenus 111, 125).

AKIIeHTHPOBATH, BHUMAHNE yUAIUXCA HA BO3MOKHOCTHU HCIIOJIb-
30BaHusAg rpapura U CBOMCTB (PYHKIIUM IIPU peIIeHUU ypaBHEHUH
u HepaBeHCTB (ympaskHenusa 115—118). B xome peleHus TaKux
yopaskHeHu#, xkax 119, 126, HaOOMHUTH ydYaIlUMCS, YTO BBIAC-
HeHWe HAJWUYUA UM KOJMYecTBa KOPHEN ypaBHEHUS C ITOMOIIbIO
rpaduKa 4acTo IPUBOAUT K OBICTPOMY HAXOMKACHUIO Pe3yabTaTa.

B uTore mose3HO BBIIOJHUTH IOCTPOeHUE rpad@mKoB QYHKIUN U3
ynpaxxuenuin 120, 130, mosTopuTh onpeneineHne GPyHKINN, IepPeUnC-
JUTH U3BECTHBIE dJIeMeHTapHble QYHKIINU, a TaK:Ke, IIOBTOPAS CXEMY
uccjeqoBaHUS (PYHKIWH, KPATKO HAIIOMHHUTH aHAJIUTHUUYECKUE IIyTHU
OTBeTa Ha BOIIPOC KaKAOTO IIYHKTA CXEMBI.

B kauecTBe [JOMOJHUTEJIBbHBIX BOIIPOCOB Ha BCEX ITallaxX ypPOKa
MOXKHO HMCIIOJIb30BATh BOIPOCHI K TJIaBe.

Pemenue ynpaskHeHUIt

130. 2) y=cos x —4/cos? x, y =cosx—|cosx
_{0 apu cos x = 0;

’

2cos x mpucosx <0.

I'padur namHOM (QyHKINM M300pakeH Ha pUCyHKe 15.

6) Ob6sacte ompeneneHuss GyHKmuu y = 25"* Bce AeNCTBUTEND-
HbIe YncJia, MHOYKECTBO 3HaueHuit y > 0. PyHKIUS mepruoguyecKas
T = 2m; Bo3pacTaeT Ha TeX MNPOMEKYTKAX, HA KOTOPBIX BO3PaCTaeT
dbyuKRIUA Yy = sin x (II0 TeopeMe O BO3pPACTAHUU CJIOMKHON (QyHKIUN).
T'padur usobpaskeH Ha pucyHke 16.

Yy
1 y=cos x
N
s _sn fn O =« 31 sm X
2 2 2 2 2 2
_2__
Y = cos x —|cos x|

Puc. 15
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AN

Puc. 16

131. 1) y=12sinx -5 cosx=13(gsinx—icosx)=
13 13

=13 sin (x — @), ¢ = arcsin%, oTkyza —13 <y < 13.
2) ®dyurnuio y = cos® x — sin ¥ MOIKHO IpefCTaBUTh KaK Y =

2
=1-sinx -sin?x, y= % - (sin x+ %) . Hawubonbiiee 3Hauenue y

. 1
IPpUHUMAET, €CJU Sin x + = = Yy

0

1
5 [ 17
8,

. 1
(sm x = ~3) IPpUYIEM Y .x =
HaumeHbIIee 3HaUeHUE Y, ;, =

s3]
==—|1+= =-1 HKIIUA
4 2 by

1
. T
npuHUMaeT, ecau sin x = 1. 1
Mnuo:xecTBO B3HaueHUN QYHK- D)

I — OTPE30K ‘:—1; ?J I'pa-

dux Ha pucyHxe 17 HILIIOCT-
puUpyeT MHOYKECTBO 3HAaYeHUH Puc. 17
DYyHKIIUU.

132. 1) IIpeoGpasyem JieByIO 4acTh HepaBeHCTBa sin x — cos x = 0,

1 . 1 . L4
IIOJIy4YUB \/E (— S1n X — —COoSs x) = «/E S1n ( X — —) Pemnus HepaBeH-
J2 J2 4

CTBO sin(x—%) =0, moJyuyuM pe3yJabTaT §+2nn < x < 5—n+27tn,

neZ.

KourpoarHasa padora Ne 1

Basoswlii yposerv
1. Haiitu ob6jacTh ompefeseHUs U MHOMKECTBO 3HAaUeHUN (GYHKIIUU
y=sinx+ 2 [y=3 cos x].
2. BmiAacHHUTH, ABIAeTca au QYHKIUA Yy = x2 + cos x [y = x sin x]
YEeTHOU MU HEUYETHOH.
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JlokasaTb, YTO HAUMEHBIIUWIN MTOJOYKUTEJNbHBLIN Iepuoln (GyHKIUU

Yy =cos 2x [y = sin%} paBeH T [47].

4. Haiitu Bce mnpuHaaieskamime orpes3ry [-m; m] [[0; 2,57]] kop-
HU ypaBHEHUdA Sin x = L [cos x = —?3} C IIOMOIIIbI0 rpadmKa
DyHKIIUU.

5. Iloctpouts rpadur dyHKIum y =sin x — 1 [y = cos (x + %ﬂ u
HalTU 3HAUYEHUsS apryMeHTa, IIPU KOTOPLIX (PYHKI[MS BO3pacTaeT
[yObIBaeT], npunuMaeT HauboJblllee [HanmMeHbIllee]| 3HaAUEHUE.

IIpogpunvHulil yposeHs

1. Iloctrpouts rpadmk QyHKIIUU Yy = cOS 2X [y = sin (% — xﬂ U Haii-
TH ee MMPOMEKYTKHU Bo3pacTaHusA [yOLIBaHUA].

2. C nmomoirnpio rpaduka GYHKIIUN BEIACHUTh, CKOJIBKO KOPHeil nMeeT

3

ypaBHeHUEe cos2Xx = X 2 [sin (% - x) = 3«/;}

3. IlokasaTb, 4TO QyHKIUA Y = ctgg x [y = tg 4x] nepuoguueckasa c
_3n T

HAUMEHBIIIUM HOJOKUTEeIbHBIM mnepuogom 1T =— | T = Z u

HaNTU ee 06JIACTH OIIPEAEJICeHUA.
4. BBIACHUTH, ABIAETCA JU QYHKIIUA

y=38sin x — 2 cos x [y =38 sin? x + cos 2x]

YEeTHON MJIM HEUeTHOM, M HAWTH MHOYKECTBO ee 3HAUEHUMH.

5. Iloctpouts rpaduk GyHKIUH
y :lsin(Zx—E)—l [y :2cos(£—z)+1}.
2 3 2 8

Maea ITpousBoguasa

1 ee TeOMeTPUUYECKHUN CMBICJI

ComepsxaHue pasmesioB Kypca, COCTABIAIOIINX HAadala MaTeMaTH-

YeCKOT0 aHan3a, TPYLHO IJIA U3YUeHUA B cpemHeil mrkoJie. ITosTomy
B 001[e00pa30BaTEeJIBHBIX KJIACCAX UX MUBJIOYKEHIE B YUeOHUKE BeIeTCA
Ha HATJIAOHO-UHTYUTHBHOM ypPOBHE: MHOTrHe (POpPMYJIbl He AOKasbIBa-
IOTCHA, & TOJBbKO IMOSCHSIOTCA WJIN IPUHUMAITCA 6e3 TOKa3aTeIbCTB.
T'maBHOe — TIOKAa3aTh ydyalllUMCs I1€J1eCO00Pa3HOCTh M3YyUEeHUs IPOU3-
BOAHOM 1 B JajJbHeHIeM IIepBooOpasHoOU (MHTerpaja), TakK KaK 9TO
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HeoOXOAUMO TIPU PEIIeHUW MHOTHX IMPAKTUUYECKUX 3a/1ad, CBA3ZAHHBIX
C ucciegoBaHMEeM (PUBNUYECKUX SBJIIEHUN, BBLIYUCJIEHUEM IJIOINaeit
KPUBOJUHEHHBIX QUTYP U 06HEMOB TeJl C IPOU3BOJLHBIMU TPaHUIA-
MU, C mocTpoeHmeM TrpaduKoB (GyHKIuii. XOTA O TeOMETPUUECKOM
CMBICJI€ IIPOM3BOLHON TOBOPUTCS B KOHIE IJIABBI, MOYKHO (B 0OII[mx
YyepTax) paccKasaTb O HEM yKe B cCaMOM Hauajie M3yUYeHUA TEeMBI.
Ilpesxme Bcero ciaeayer moKasaTh, YTO QYHKIINU, rpaduKaMu KOTO-
PBIX SBJSIOTCA KPUBbBIE, OMKUCHIBAIOT MHOTHE BasKHbIe (DM3UUYECKUE U
TeXHUYeCcKue Iporiecchbl. 1[0 cpaBHEHUIO C IPAMON KPUBBIE MEHSIOT
HaKJIOH, MEHAIOT BO3pacTaHue Ha yObIBaHUE UM HA0O0OPOT; MOTYT CY-
I1eCTBOBATh 3HAUEHUS J, KOTOPBIM COOTBETCTBYET He OJJHO, a HECKOJIb-
KO 3HAYE€HW# X, M T. I., T. €. KPDUBBIe ABJIAIOTCA CYIIeCTBEHHO 0oJjee
CJIOKHBIMU O0BEKTAMU JJIA U3YUYeHUdA, yeM npAmbie. OTcroma BO3HU-
KaeT ujed JUHeapu3ayul — CBeleHUe M3yYeHUd KPUBBIX K U3yUe-
HUIO HEKOTOPOIi JIOMAaHOM, OJIM3KOII K 9TOM KPUBOM, U majiee K U3yde-
HUIO OTPE3KOB JIOMAHOM, SBJIAIOIIUXCSA XOPJaMU, COETUHAIOIIUMU IBE
TOUKU OaHHOII KpuBoii. BmepBble aTy maeio Bbickasan I'. JleiGHwuII,
KOTOPBIN YTBEPIKAAJ, UTO HA HEOOJBIIINX IPOMEKYTKaX KPUBasd HEOT-
JUYUMa OT MPSIMOIi, a HAKJIOH CEeKYINel, IPOXOoaAIleil uepe3 ABEe TOU-
KU KPWBOU HPU COMMIKEHUM d3TUX TOUEK, MOYKHO 3aMEHUTHh HAKJIOHOM
KacaTeabHOI. YeM OamiKe KOHIIBI XODJ APYTI K APYry, TeéM TOUYHee
OpuOINKeHNe TaHHOM KPMBOM K COOTBETCTBYIOIIEH Jomanoii. Ciaexny-
eT TaK’Ke UMeTh B BUIY, UTO HAKJIOH KPUBOM B TOM MJN WHOU TOUKE
IPOMEKYTKAa, HA KOTOPOM OHA PacCMaTpPUBAETCH, OIIpPeAesgeT MHOTHUE
ee cBoiicTBa (Bo3pacTaHue, yObIBaHME U T. [.). YUalliuecs 3HAIOT, UTO
YToJI HaKJIOHA IPSAMOH (ee yrIoBoil Koa(h(GUIeHT) BhIpasKaeTcsa OTHO-

y . .
mieHueM — = k (B KaKI0H ee TOUKe), HAKJIOH »Ke KPUBOH (MU ee rpa-

X
f(x+h)—1(x)
I[I/IEHT) 3agaeTcda OTHOIIIeHuEM 7 . 9TO OTHOIIIEHUE oI1Ipe-

IeJisieT HaKJIOH XOPAbl, KOHIIAMU KOTOPOIl aABJs0TCcA TOoUuKHU (x; f (X))
u (x + h; f (x + h)). Eciiu KoHIIBI XOpAsI conmxkaiTea (t. e. b — 0), To
HAKJIOH KPUBOM B HEKOTOPOU TOUKe OyAeT XapaKTepu30BaThbCSA HAKJIO-
HOM KacaTeJbHOII K KPHBOIl B 9TOIl TOUKe, T. €. IIpousBoaHoI [’ (x) =

. f(x+h)-f(x) ,
= I}mb ———— . Takum o6pasom, BOJIU3M U3O0PAHHOU TOUKU MBI

3aMeHseM mu3ydaeMyro (GYHKIHIO JuHeiiHoii. C IIOMOIIBIO ITPOU3BO/I-
HOU cpenu TaKUX JIMHEHHBIX (PYHKIIUHA BhIOHpPAaeTCS Ta, KOTOpas JaeT
HaWJIydIiee NpubJAMKeHNe K AaHHON (QyHKIUH.

ITousaTusa npenesia U HeIPEPHIBHOCTH (PYHKIIUU Y YUAIIIAXCS OO0IILe-
00pa30BaTeIBHBIX KJIaCCOB (POPMUPYIOTCS HA HATJIAIHO-UHTYUTUBHOM
YPOBHe; yualuecsa NMPOPUIBHBIX KJACCOB 3HAKOMATCS CO CTPOTHUMU
omnpeneaeHUAMU 9TUX MoHATHI. [losaTOMYy OfHE U Te Ke mpaBuIa qud-
depernupoBanua 1 GOPMYJIbl IPOU3BOAHBIX 9JIEMEHTAPHBIX PYHKIIUHI
B IIEPBOM CJIyuae IPUBOAATCA 6e3 060CHOBAHMUIA, a BO BTOPOM — JIOKa-
3BIBAIOTCS CTPOTO.

HocTaTouyHO MOAPOOHOE M3YUeHNe TeOPUH MIPEAEIOB YUCJIOBBIX IIO-
ciaepoBaTesnbHOCTelr (§ 1) yuammMmucsa mpoMIBHBIX KJIACCOB HE IIPO-
CTO TOTOBUT MX K BOCIPUATHUIO CJOKHOTO MOHATHUA Hpeaesia QyHKIIUT
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B TOYKe, HO U Pa3BMWBAET MHOTYE KaueCTBA MBICIIUTEJIbHON AeATeIbHO-
CTU ydYaluxcs. BBOAMMBIE HMOHATUA TOPU30HTAJBHBIX M BEePTUKAJD-
HBIX ACHMIITOT AOJIXKHBI OOJIETYUTh IIOCTPOeHHEe TIpaduKOB MHOI'MX
GYHKIUH ydamumucsa ITpopuIbHBIX KJIACCOB.

B pesdynarTaTe m3yueHUSa raaBbl BCe yyaliuecd AOJIKHBI
3HAaTh OIpedesieHNe ITPOM3BOAHOM, OCHOBHBIE ITpaBuJa auddepeH-
nUpoBaHUA U (OPMYJbl IIPOM3BOAHBIX 3JJIEMEHTAPHBIX QMYHKIIUH,
OpUBedeHHbIe B yuYeOHUKe; MOHUMATh TIeOMETPUUYECKHUIN CMBICT
IIPOU3BOMHON; YMeEeTh 3aluChIBATh ypPaBHEHME KacaTeJbHOW K rpa-
bury (PYHKOIUM B 3aJaHHOM TOUKe, pellaTh yIOPasKkHEHWsS THUIIa
104—110, 94. YVyamuecsa npopUIBHBIX KJIACCOB AOJI’KHBI JOIOJIH-
TeJbHO MMETDHh IpPEACTABJIeHUE O IIpeJeje II0CJIeI0BaTeJIbHOCTH,
mpejese U HEIPEePLIBHOCTY (QYHKIMU M YMETh peliarh yOpaskHe-
Hua tuna 119—121, 116—118, 128.

§ 1. NMpepen nocnepoBaTtenbHocTn (1/3 4)

Ilens mayueHuss maparpada B o0ueo0pa3zoBaTeIbHBIX
KJlaccax — 3aBepieHue (OPMUDPOBAHUSA IIPENCTABICHUS O IIpereJie
YKCJIOBOII IIOCJIEIOBATEIbHOCTH, AEMOHCTPAIlNA IMIPUMEHEHUS TeopeM
O CYIIeCTBOBAHWHM IIpeJejia MOHOTOHHOM OTrpaHWYEHHOI MocJjemoBa-
TEJIbHOCTH; B MPO(MUIBHBIX KJaccaX — 3HAKOMCTBO CO CTPOTHUM OIIpe-
JeleHMeM IIpeJesa YKCJIOBOI IIOCIef0BaTEIHLHOCTH, CBOMCTBAMU CXO-
OANIUXCA TIOCJeq0BaTeJIbHOCTElH, O0yueHMe HaXOMKIAEHWIO IIPeesioB
mocyenoBaTeqbHOCTEeH (HAa OCHOBAHWHU CBOICTB IIpPeJesIoB), mOKa3sa-
TeJILCTBY CXOAWMOCTH IIOCJIENOBATEJIBbHOCTH K 3aJaHHOMY 4ducay (Ha
OCHOBAHUY OIIPeJieIeHUs IIpefesa IIOCIeN0BATEIbHOCTH).

B 001meo006pa3oBaTeJbHBIX KJIACCAX PACCMOTPEHNE TEKCTa Iaparpa-
¢a, BBIAEJIEHHOTO AJA 9TON KATeropmuy ydallluXcsi, IPOBOJUTCS B Te-
YyeHUe OJHOTO YPOKa B O3HAKOMUTEJIHLHOM ILJIaHEe ¢ OIIOPOM Ha 3HAHUI,
moJiyuyeHHbIe B 9 Kjlacce, IIPU BBIUNCIEHUN CYMMbI 0ECKOHEUHO yObIBa-
oIel TeoMeTpUUYecKoi IPOTrpPeccui.

WsobpaskeHne IOCIENOBATEIBHOCTH {X,} C IIOMOIIBI0 TOUEK KOOD-
OUHATHOI IJIOCKOCTU Buzpa (n; x,), rae n € N, MOXXHO IIPOUJLIIOCTPHU-
poBaTh, HaIlpuMep, Ha IocjefoBaTesbHOCTU X, = (—1)" n. sobparke-
HUEe TOCJIEeOBATEJIbHOCTEH TOUKaAMM HA YHCJIOBOM JIyye WHMEEeTCS B
yuebHuKe (puc. 30, 31).

ITocsie MHTYUTUBHOTO BBEAEHUS HOHATHUA IIpejesia YHCJIOBOM II0-
CJIEJOBATEJIbHOCTU BBIMIOJHAETCS yHpaskHeHUe 1.

C comep:xaHueM 1. 4 MOKHO PaboTaTh CIAEeAYIOIIUM 00pasoM: pac-
cMaTpUBaeTcs onpeeeHre 1 U MPUBOAATCS IPUMepPHI Bo3pacTaroIeit
U HeyOBLIBalolllell ImocjeqoBaTelbHOCTEeH (HAmpuMep, MocIeIoBaTellb-

. 7,ecau n<12,
HOCTeH X, =n—5mu y, = COOTBETCTBEHHO). AHaJo-

n?, ecm n>=12

TUYHO IpopabaThIBAeTCsA OIpesesieHue 2.
IIpu paccmorpeHuu TeopeM 1 m 2 TaksKe KeJaTeJIbHO IIPUBECTU
OIpUMEpPHI COOTBETCTBYIOIIIMX IIocjiefoBaTesibHOcTeli. Hampumep, mo-

CJIeOBATEJIBLHOCTD Y, = — (paccMoTpeHHas B I. 2 maparpada) ABisa-
2 n

31



. . 1
eTca yObIBaroIes, u 060 ee uneH y, = 0 (unu y, = 5’ uwm y, = —2

U T. II.); TOT QaKT, UYTO 3TA MMOCTIEAOBATEIHLHOCTh MMEeT IIpeaes, ObLI
IPOUJIIOCTPUPOBAH B yuyeOHUKe nake rpadwudecku. KeaareabHO,
YTOOBI yUalliecs cCaMu CKOHCTPYUPOBAJIU HECKOJBKO ITOCJIEJOBATEb-
HOCTEH, yIOBJIETBOPAIOIINX YCIOBUAM TeopeM 1 u 2, mocje dero yoe-
nuianch (Ha MHTYUTUBHOM YPOBHE) B TOM, UTO 9TH IIOCJIEOBATEIHHO-
cTH uMelT mpenea. IlpumeneHue TeopeMbl 1 B reoMeTpuum IIpHU
o6ocHoBaHUY (POPMYJI IJIUHBI OKPYIKHOCTH W IJIOIIAAU Kpyra iKeJja-
TeJbHO NPOMJLIIOCTPHUPOBATE C IOMOIIbIO PHUCYHKA 33 yueOHHKA.

C yvanumucsa mpo@UIBHBIX KJACCOB MHPHU H3ydYeHUU Iaparpada
aKIeHT [eJjiaeTcsi He Ha MHTYWTHBHOE IMOHATHE IIpelaesia, a Ha ero
CTPOTYIO TPAKTOBKY «Ha €-A3bIKe». TaKoe ompeeseHue Ipejaesa II0O-
caemoBaTeabHOCTHU (4 B JajbHEUIIeM oIlpejesieHUre Ipeaesa QyHKIIUT
«HAa €-, 0-sI3BIKE») HEJIEI'KO YCBAWBAECTCS 32 KOPOTKOE BPpeMsA JasKe CTY-
neHTamMmu I Kypca TeXHHWUYECKHWX BY30B. Bce MOHATUS, CBSA3aHHBIE C
0ECKOHEUHO MAaJILIMU 1 0ECKOHEUYHO OOJIbIIINMU BeJIMUYMHAMU, «HE OCS-
3aeMbl» yUYaAIIUMUCS U IIO9TOMY TPEOYIOT I/ X (DOPMUPOBAHUA AJIN-
TEJILHOT'O BPEMEHM, MHOIMOKPATHOI'0 «IIPOTOBAPUBAHUS» ONpeNeIeHUs
MOHATHUSA C IapaJIJIeJbHBIM COIPOBOMKIeHNEeM IrpadUUeCcKUMU UJLJIIOCT-
panuamu. IIpakTuka IOKasbIBaeT, WJLIIOCTPAIlUS THUIIA PUCYHKa 32
yueOHMKA C WCIOJb30BAHMEM TEPMHHA «E-OKPECTHOCTH TOYKHU a»
6oJIbIlIe BCETro CIIOCOOCTBYeT IMOHMMAHWIO MOHATHUS Ipenesaa. WHorma
TMOJIe3HO YUYUTEJNI0 MPpU (POPMYJIUPOBKE OIpelesieHus Ipeaesa Iocje-
IOBaTEJIBHOCTH IIOCJIE CJOB «...MJId KaXmoro € > 0» mobGaBiAThH CJI0Ba
«KaKuM ObI MaJbLIM OHO HU OBLIO...». U mosdacHATEL: «Eciau B3ATH € ellfe
MeHbIIIe, TO U IJId HeTo HaleTcsa TaKOM HOMep ujeHa IMoCJief0BaTe hb-
HocTu N, (3aBHCAIIUII OT HOBOTO E)...»

ITocsie BBeleHUA IOHATUSA IIPeJesia YNCI0BOM MOCIef0BaTeILHOCTHI
pasbupaercs 3amada 1 TeKcra yuyeOHMKA, IIOCTE UYEro BBIMOJIHSIETCS
yupaskHeHUe 2. YIpakHeHre 3 MOKeT ObITh BBIIIOJIHEHO Ha JIIOO0M 13
OTBEJIEHHBLIX YPOKOB, OJHAKO €CJIU YUUTEJNb IIOCUUTAET HYIKHBIM ero
paccMoTpeTh [0 M3YUeHUsI TeOPEeMbI 3, TO IIPeABAPUTEIHLHO HYIKHO 0Y-
IeT B KasKIOM 3aJlaHNM CIepBa «yraJaThb» UUCJO, SIBJIAOINEECs mpeme-
JIOM 3aJaHHOM TOCJIeOBATEJIbHOCTH, a 3aTeM C IIOMOIIbIO OIIpejaeJe-
HUA mpefesa (Kak 9TO caejlaHO B 3amadve 1) JoKasaTbhb, UTO 9TO UHMCJIO
NEeNCTBUTENBbHO SABJIAETCSA IIPEAEJOM 3aJaHHOM IMOCJIeJOBATEJIHHOCTH.

IIyaxTel 3—5 maparpaga msyuyamoTcsi B 03HAKOMUTEJHLHOM IIJIaHE,
OJHAKO IIPH PACCMOTPEHMH CBOMCTB 1 m 2 myHKTa 3 »KejaTeJIbHO
OPUBOAUTH IIPUMEPHI IIOCIEeN0BATEILHOCTEH, WJIJIIOCTPUPYIOINIUX 3THU
cBoiicTBa (aHAJOTMUYHO TOMY, KaK OBLJIO PEKOMEHJOBAHO BBIIIE U3Y-
yaTh Marepuas . 4).

3ameTnM, uTO B cBoiicTBe 1 pakTHUecKu GOPMYIHUPYETCA U OIpe-
IeJieHue O02PAHUYEHHOU nocsedosamesbHOCMU. YUYalluMcs KeJja-
TeJbHO c(hOPMYJIUPOBATEH €T0 B SBHOM BHUJE U AaTh OIPeJesieHre orpa-
HUUYEHHOI CHU3Yy W OTPAHMYEHHOUN CBEPXY IIOCJIEOBATEJIbHOCTEH (UTO
HeOoOXOAUMO IJIsI YeTKOTO IIOHUMAaHuA (PopMyJIUPOBOK TeopeMm 1 u 2):
«IlocemoBaTeIbLHOCTE {X,} HA3BIBAETCS OrPDAHUYEHHOU CBepXy (CHU-
3y), ecau cyulecTByer Takoe M, urto x,< M (x,= M) piaa Bcex
neN».
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Pacnpemenenme yueOHOro mMartepumaJga mnaparpada Io
ypoxaMm B mpo(UIBHBIX KJIaCCaX OTPAsKEHO B TabiyuIle.

IIpogunvruie KaacCCHL

Vparxkuenusa
ISR
Q2 o
s o8| TeoperuueckKuit CAMOCTOA-
é N MaTepuas OCHOBHBIE 11 paGo- ﬂgﬁbﬁoﬁ aGo. | AOTOJIHH-
THI B KJIacCe W oMa TBL B Rngcce TeJILHBIE
1 §1, mm 1, 2, 1,2 3
sagaua 1 (1, 2)
2 §1, oo 3,4 3agaua 1 (3, 4) Tex-
crta maparpada, 4
3 § 1, om. 5, 6, 5(1, 2, 5, 6), 5 (5, 6), 6 (3) 5 (3, 4),
sagaun 3u 4 (1) | 6 (1—3) 6 (4)

B pesyabTaTe m3yueHusa maparpadga yuamuecsa ooOlie-
00pa3oBaTeJbHBIX KJIACCOB JOJKHBI MMETH IPEACTaBJIeHHE O IIpeieJie
YHCJIOBOII IIOCJIEAO0BATEJLHOCTH M YMETh CHMBOJIMUYECKH! 3alUCHIBATD
TOT (PAaKT, UTO HEKOTOPOE UMCJIO SBJISAETCA IPEHesiOM II0CIeI0BATEeIbHO-
CTH TIPU N — oo. Yuarnuecs NMPO(UIBHBIX KJIACCOB JOJKHBI YCBOUTH
ompesiesieHUe TIpefesia MoCae0BaTeIbHOCTH, YACHUTh TEOPUIO IIPEJesiOB
MOHOTOHHBIX TIOCJIEJOBATEeIbHOCTEN U YMETHh HAXOAUTh IIpeAesbl I10-
CJIeTOBATEJIbHOCTEN B CIIydYadaX, aHAJOTUYHBIX yIOpaskHeHUIo 5 (2, 5, 6).

Pemenue ynpaskHeHUit

5. 3) Tak Kak 1 =l( L ),
2k+1)(2k+3) 2\2k+1 2k+3

. _1(1_1 1.1, 1 _;)_1( j

" 3 5 5 7 ' 2141 2n+3 3 2n+3
1
6

_ 2n _n . . n g, _

= = 3 lim x, = lim = lim —— =
6(2n+3) 6n+9 n-ow n—-c 6n+9 no e o 9
+_
n

n(n+1 n(n+1
4) Taxk Kak 1+2+...+n=¥, TO xn=¥=n+1;
2 2n? 2n

lim x, = lim ntl_

n— oo n— oo n

5) lim 3n+5 _
n-o\2n—-1

maparpada).
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(7= g-n) (7 —nv2+n)

6) x,=4n?’-n+2-n= —
Jyn?-n n

2 4
_ 2—-n _ n . -1 1
= = , mogromy lim x, = —— =—-=.
yn? -n+2+n  [{_1.2 4 n—co 1+1 2
n n?

6.4)x, =5n*+2n-n=
(31/n3+2n—n)(§/(n3+2n)2 +?§/n3+2n-n+n2)

Y(n®+2n)2 +3n®+2n-n+n?
3

n®+2n-n

?{/n +4n* + 4n? +n?{/n +2n +n? 3’n +4n+ + /n +2n+n

nmoatomy lim x, =0.

1 _ 1 _1( 1 1
7. Tak kKak = ==|——-——/|, T0
ak 'ak+1 ak (ak +d) d ak ak +d
1 1 1 .
a,a; azas a,n 41
S Y S SN WU U UUS SR U I
dla, ay, ay ag a, Qni1
_Mr 1o j_afa 1 (1 nd
dla, a,,, dla; ay+nd d a,(a, +nd)
_ n _ 1
a? +na;d a? ’
! ! —1+a1d
. e 1 1"
o lim x, = lim ——=—
n— co n—oo g2 ald
—+a;d
n

§ 2. MNpepen PpyHkuum (0/2 4)

ITens wm3yueHmAa mnaparpada — 3HAKOMCTBO ydYaIUXcCA
NpoUIBHBIX KJACCOB C MOHATUAMU Opefea QYHKIUU U aCUMITOTHI
rpadpmka GyHKIIUM, CO CBOMCTBAMU NIpPenesioB (DYHKIIWI.

C GOJBIIIMHCTBOM Yy4YaIUXCSA MPOMPUIBHBIX KJACCOB MaTepuasl Ia-
parpada paccMaTpuBaeTCd B O3HAKOMUTEJIBHOM ILIaHe (TOJIBKO TEKCT,
BBIIEJIEHHBIN COOTBETCTBYIOIIIIM CHMBOJIOM). YUUTEJIb HE JOJIKEH Tpe-
00BaTh OT BCEX YYAIMXCsS BOCIIPOM3BEAEHMUS OIIPENEJICeHMIA ITOHATHIM,
BBOAMMBIX B maparpade. KemarenbHO JaUIL JOOUTHCA ITOHUMAHUSA
ompeneneHud npegena GyErnuH (. 1), mcnonabays rpadUUecKyo UJLIIO-
crpanuio (puc. 18). Ha sa3bIKe «OKpecTHOCTell TOUKU» JAHHOe oIIpejee-
HUE MOYKHO ITepeopMyJIMpOBaTh Tak: « Hucao A Ha3bIBaeTCA IIPENEIOM
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dbyaxnuu f (x) B TOUKe a IIpu Yy

x —a, ecau mas Jwoboro €>0 /
Halimerca Takoe umuciao O > 0, uto, A-+g
KAaK TOJIBKO UHMCJIO X IIONAZaeT B /

0-0OKpPECTHOCTh TOUKHU @, COOTBET-
cTByIOIllee 3HaueHue [ (x) momazma-
€T B €-OKPECTHOCTb TOUKU A» (cM. A
puc. 18). f(x)

IloHATHE BEPTUKAJIBLHON acuM-

OTOTHI UJIIOCTPUPYETCSA C TO-
MOIBI0 pHCYHKOB 37—40 yues- A€
HUKA, TIOPWU3OHTAJBHOM — C 1
HIOMOIIIbI0O PHUCYHKOB 37—38.

C yyammMucs, HWHTEPecyro- a-sx a g+s X
IUMHUCA MATeMaTUKOH (IIpu Ha-
JUYUY BPEMEHHU), MOIKHO pac-
CMOTpETh II. 3 ™  CBOICTBa
npenesoB QyHKIuHA (. 4), 3aTeM IIOTPEHUPOBATHCA B HAXOMKIECHUU
IpeneioB IPU pPeIlleHun yhnpaskHeHusa 13. Y ydamimxcsi, YCBOUBIIINX
CBOMCTBA IIPENesIOB UMCJIOBBIX IOCJIEI0BATEILHOCTEI, n3yuyeHue . 4 u
paccMoTpeHre 3aaun 7 He AOJIXKHO BEBIZBATH OCOOBIX 3aTPYIHEHMIA.

Pacupegenenue yuebHOTO mMaTepuasa maparpadga
0 ypOKaM OTpPaKeHOo B TabJuiie.

Puc. 18

IIpogpunvrole KaaCCHL

YapakHeHUs
S
§ & Teoperuueckuit OCHOBHBIE | [JIA CAMOCTOS-
= N Marepuan st pabo- TeJIbHOU JOIIOJTHU-
THI B KJIac- paboThI B TeJIbHBIE
ce u JoMa KJjacce
§2,o. 1 8 10
2 § 2, us n. 2 nouarusa 11, 12 12 (3) 13 (mocxe
BEPTUKAJIbHOHN U TOpu- paccMOTpeHud
30HTAJIbHOU ACHMIITOT amn. 3 u 4)

C yyammmucs, MHTEPECYIUMMHCI MAaTeMATHMKOW (IpU HaJIUYUN
IOTOJHUTEJIBFHOTO BPEMEHU), paccMmarpuBaerca marepuan 1. 2. Ilora-
THe OJHOCTOPOHHUX KOHEUYHBIX IpelesiOB PAacCMaTPUBAETCS B OCHOBHOM
C IeJbi0 (QOPMYJIUPOBKY HEOOXOAMMOTO U JOCTATOUHOTO YCJIOBUA CYIIle-
CTBOBaHUA mIpefesa PYHKINYU B TOUKe. S3HaHUe 0ECKOHEUHLIX IIPeIesIOB
B KOHEUHOH TOYKe U IIPeesioB B 0€CKOHEUHOCTHU JaeT BO3MOKHOCTE 000-
CHOBAHHOT'O TOCTPOEHUs TPadUKOB (DYHKIIWII, MMEIOIINX aCHUMIITOTHI.
ITonsaTue mpenesoB GYHKIUK IPU X —> +00 U X — —CO MOYKHO BBECTHU C
IOMOIIbI0 PUCYHKOB 42 1 43 yueOHMKA JIMIIL HA HATJIATHO-UHTYUTHB-
HOM ypoBHe. IIpencTaBiieHre 0 TaKUX IIpefesiaX U MCIIOJIb30BaHIE yKa-
3aHHOM CHMBOJIMKU IIOHAZOOSATCA YyUYaIUMCSA HPO(MUIBHBIX KJIACCOB
Opu M3ydYeHUU acuMIIToT rpadukoB pyurmui (§ 5, rmasa III).

ITIpu BBImOSTHEHUM ynpaskHeHUA 9 yuyaliuecs NOJYKHBI IIOCTPOUTH
rpaduk QYHKINHU, 3aJaHHON HAa WHTepBajaX, a 3aTeM HAWTU IIpeaesbl
cjieBa U CIpaBa B 3aJaHHOII TOUKe.
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ITpu BBImONHeHUM yupaskHeHuA 10 pekoMeHAyeM B KJacce pac-
CMOTpPEeTHL 3amaHue 2, a goMa 3aganue 1.

B pesyasrTaTe m3yueHumsa maparpada yuammeca HPO-
(pUIBHBIX KJIACCOB JOJIKHBI UM e Th IIpeJicTaBJeHUe O IIpenaesye GyHK-
I B TOUKE 1 YyME€TBHhb ero HaXOoOUTh C IIOMOIIIBIO I‘paqua (I)yHKIII/II/I
B 3aJJaHUAX, aHAJOTUYHBIX YIPa*KHEHUIO 8, a TaKKe HaXOAUTh C IIO-
MOIIIbI0 TpPadUUecKOro MeToJa BepTHUKAaJbHbIE W TOPU30HTAJIbHBIE
acuMOTOTHI rpaduka pyHxium B 3amanuax tuma 11 (1, 2), 12.

Pemenue ympasxHeHMI
10. 1) F () =22 —4x +6, | f()-2|=| 22 —4x +6 —2|=| 2® —dx +4|=
= (x — 2)%. Haiizem gna mo6oro € > 0 takoe § >0, uro |f (x) — 2| <&,
Kak TobKo | x — 2| < 8. ITycTe B3sATO HEKOTOpPOE £ > 0, TOra HEpaBeH-

ctBo (x — 2)%2 <& paBHOCHIBLHO HepaBeHCTBY |x — 2|<+/e. IlosTomy
IJIA BCEX X, TAKUX, uTo | x — 2| < §, rae § = V&, cipaBeuinBo HepaBeH-
cTBO |f (x) — 2| <€, T. e. lim(x? — 4x + 6) = 2.
x—2
2) Pasenctso lim ((x — 1)* + 3) = 3 BepHO, eciu Aasa aobdoro € > 0
x—1
HaiineTca Takoe & > 0, YTO AJIA BCEX X, YJOBJETBOPAIOIIUX YCJIOBHIO
|x — 1| < 8, BeimonHseTca HepasencTso | (x — 1)* + 8 — 8| < & unu pas-
4
HOCHJIbHEIe eMmy HepaBeHctBa (x — 1) <e, |x —1|<Ve. Torma mus
4
BCeX X, Takmx, uro |x — 1| <3, roe § =Ve, Gyger BBIMONIHATHCA U
HepaBeHcTBO lim ((x — 1)* + 3) = 3.
x—1

11. 1) Ecmu x — 2, to x> — 4 — 0, mostomy lim
x—2 x2_4

= 0o,

lim

= co. BeprukanpHbIE aCUMIOTOTHI: X =2 U X = —2.
x—>-2 x%_4

2) Eciu x—>—§, T x+1#20, a 2x+3— 0, mosTomy

T x+1 _
im = o0
s 32x+3

2

2 3

ePTUKAJIbHAaA aCUMIITOTaA X = —.
3+§
12. 1) f(x)=3%*+2_ 1" —3+2_, 3 npu x — oo, mosTOMY
X X

y= 3 TOPU3OHTAJIbHAA aCHUMIITOTA.

T3 _9 i (Jx—2—2)(Jx—2+2)
= ]1 =

13. 2) lim m
x—>6 x—6 x—>6 (x—6)(«/x—2+2)
o x—-2-4 s 1 _1
= lim = lim ==,
—6(x-6)(Vx-2+2) —6Jx-2+2 4
9 3+E+L
. 3xc+4x+ 7 . x x2 3 1
3) im ——=1lim —= ====,
x—> 0o 6x2_x+5 x~>006_l+i 6 2
X x2
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V38xZ+x+7

5) ¥Ykxasanwue. UcnoibzoBaTh TO, YTO ———————— =

x
= /3 + 1 + L.
X xz
6) YrkasaHue. YMHOXHTD U DPAasfelUTh X2 +2x+38 —
—Jx2 — x + 1 Ha conpsAKeHHOEe eMy BRIPAKEHIeE.

§ 3. HenpepbiBHOCTbL PpyHKUMM (1/1 4)

Ifens mayueHusa maparpada yuyammMmucsa odumeodOpasoBa-
TeJBHBIX KJIACCOB — (popMHpOBaHUe TrpaduUUecKoro IpPeACTaBIEHUA
0 HEIPEePHIBHOCTH (MYHKIMU; YUAIIUMUCSA NPOQPHUIBHBIX KJIACCOB —
o0yueHUe BBIABJIECHUIO HENPEPHIBHBIX (DYHKIIMII ¢ OMOPOM Ha oImpeje-
JeHue HelpepbiBHOCTH (GYHKIHU (B TOUKe; Ha WHTEpPBaJe).

Vuaiuecss 061meo6pa3oBaTeJbHBIX KJIACCOB Ha yPOKe II0 3TOH Te-
Me BOCCTaHAaBJMUBAIOT rpad)uuecKiie YMeHUsA, BCIIOMUHAIOT BUL rpadu-
KOB paHee M3YyYEeHHBIX (DYHKIIUU M BBIABJIAIOT CPeJU HUX HEIPEPBIB-
HBIE U T€, KOTOPhIE UMEIOT TOYKU Pas3phIBa (IOJIL3YACh rpauyIecKUMU
obpaszammu). Ilocie paccMoTpeHUA IIEPBBIX YeThIpex absalieB Iapa-
rpada BeImONHAIOTCA ynpaxkHeHus 14—18. IIpu saTom yumTenasp mocie
mocTpoeHuA rpaduKa KasKJoi paccMaTpuBaeMoii GyHKIIUU CTaBUT BO-
IIPOC O HEIPEPHIBHOCTU 3TON (QYHKIIUU.

Hrorom ypoxa B 0011eo0pa3oBaTeJIbHBIX KJIacCaX MOYKET CTaTb, Ha-
mpuMep, MepeueHb paHee M3YUEHHBIX (DYHKIUII, HeIpPepPhIBHBIX Ha BCeit
YKCJIOBOM MPAMO¥ (JIMHelHad, KBaAgpaTU4YHasA, IIOKasaTeJbHad, Y =
=sin x, y = cos x), HenpepwIBHOH nipu x > 0 (y = log, x); uMeromux TOY-

KU paspbIBa (y = l, y=tgx un np.). C 9Toi1 Ke IeJbI0 MOXKHO HC-
x

TMOJIL30BATh absall TeKcTa maparpada, TpeaITecTBYONUI ompenese-
HUio 2.

B nmpodunsueix Kilaccax MaTepuas nmaparpada MOKHO HaYMHATh
u3yyaTh ¢ ompenesieHus 1, a MOYKHO — ¢ BBOAHOIT uacTu maparpada.
TeKcT AJiA HHTEPEeCYINUXCAd MaTEeMATUKON M3yUYaeTcs TOJIbKO C TEMU
yYaluMucsa, KOTOpPbIe MO3HAKOMUJINCH C OJHOCTOPOHHUMM IIpeesia-
mu. ITocsie paccMOTpeHMsI TEOPETUUECKOro mMarepuaJa u 3agad 1 u 2
TeKcTa maparpada BBIMOJHAITCS (IO BBIOOPY YUUTENIA) YIPAKHEHUS
15—20. IIpu stom ympaskHeHuss 15—19 BBIIIOJIHSAIOTCA C OIMOPOM Ha
rpaduk GYHKIUI, a TIPU pellleHnn yupaskHeHus 20 mpoBepsieTcsA BhI-
TMOJIHEHWE YCJIOBUH a—8, IPUBEJAEHHBIX MOcJe ompeneaeHus 1.

Berpeuaromuecs B ynpaskHeHUAxX 20—22 «KycouHbIe» (QyHKIIHNH,
3alaHHble Ha KOHKPETHBLIX WHTEPBaAJaX B BUJE JioTapupMUUecKoi
WX TPUTOHOMETPUUYECKOH (PYHKIIMM, HEIPEPHIBHBI HA 00JIaCTU OIIpe-
menmeHus (cM. ab3ar Tekcra maparpada, IpefIIecTBYIOIINI openese-
HUIO 2), a 3HAUUT, UMEIOT IpeJies B KajKION ee TOUKe.

HKenarenbHo, uT00BI yualruecs HPOMUIBHBIX KJACCOB IIOJYUYUIN
mpeicTaBJieHWEe O TOM, UTO AJA J00oit pyHKIuHN f (x), HelpephIBHOMI
Ha HeKOoTopoM uHTepBaie, limf (x)=f (a), roe a IpUHAAIEIKUT HH-
TepBajJy HempepbIBHOCTH. ¢
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B yopamuenumax 20 (3, 4), 21, 22 crporoe o60CHOBaHUE HeIIpe-
PBHIBHOCTH KYCOYHO 3aJaHHBIX (PYHKIIWHN JOJKHO HMPOBOAUTHLCS C IIO-
MOIIbIO0 OSHOCTOPOHHUX mpemesioB. Ho MOXHO, HaIIpuMep, IIPU pelie-
Huu ynpakHeHus 20 (4) paccy:kaaTh CIeIYIOIIAM 00pasoM.

1) 3amerum, uTO cmocob 3amaHWA (PYHKIMU TAKOB, UTO MOJKHO
cuuTaTh, uTo f (x) =g (x)=sinxmpux<nuf(x)=h(x)=6+x -7
opu x 2 T.

2) ObpaTuM BHMMaHWE Ha TO, YTO CYIIECTBYIOT MHTEPBAJBI, IJA
KOTOPBIX X = T — BHYTPEHHAS TOUYKA M HA KOTOPBIX OIIpegeeHbl U
f(x), u g (x), u h (x). Hanpumep, unrepsaua (3; 4).

3) IlomuepkHeM oueBHAHLINA (DAKT: €CJIM HA BLIOPAHHOM KMHTEPBAa-
ge lim g(x)=limA(x)=A, 0o u lim f (x) = A, npuuem A = f (n);

X— T X—>T

X—T

ecau ke lim g (x) # lim & (x), To B Touke x = T pyHKIUA f (x) uMeeT
X—>T X—>T

pasphIB.
4) IIpoBepsem: limg (x) =sinnt=0, lim A (x)=6+nT—-t=6, T. €.
X— T

X—>T
lim g (x) # lim & (x).
X— T X—>T

5) BeiBox: f (x) He ABJsSETCS HEIPEPLIBHON B TOUKe X = T.

B pesyamrTaTe m3yueHUMA naparpada Bce yuamumecd
IOJKHBI YMET5h IO rpad@uKy GyHKIIUYU OIPENENATh IIPOMEKYTKU He-
IPEPLIBHOCTY (PYHKIIVM M TOYKU PaspbiBa (€CIM OHU MMEIOTCHA) IpU
BBITIOJTHEHUN yHOpaskHeHui tuma 17—18; yuamuecs mpo@pHIbHBIX
KJIACCOB, MCIIOJIB3Ys CTPOTOE OIpelesieHre HEeIPEePLIBHOCTY (DYHKIIUH,
IOJKHBI YM € TDH BBIIOJHATH ynpakHeHuA tuma 19 m 20.

Pemenue ynpaskHeHMIt

20. 1) dysrnua He oupeesieHA B TOUKe X, = —3, II09TOMY He SB-
JSeTCSA HEIPEePBIBHON B BTOIM TOUKE.

2) ®yHKOUA oupenesieHa B TOUKE Xy =—2 U B €€ OKPECTHOCTH.
Ecmm x #-2, oy (x)=x+ 2 u limy (x) =0. Tak xak y (-2) = 3, T0

X—
lim y (x) # y (-2), 3HauuT, QyHKIUA y (X) He ABIAETCA HEIIPEPHIBHON
x— -2
B TOUKe X = —2.

21. 1) Pyuxnua f (x) onpenesieHa B TOUKe X = 2 U ee OKPECTHO-
cru. Ectu x#2, o f(x)=1-x% u lirr; (1 -x?)=-38. Taxk kak
x—

f2)=3-2-9=-3, T0 linéf (x) =f (2), cnemoBareabHo, f (x) He-
OpepbIBHA B TOUKe X = 2.
22. 1) Tak Kak limlf (x)=1, limlf (x)=b, fA)=1 =un

x<1 x>1
limlf (x)=1f (1), To pyurnua f (x) 6yaer HenpepbIBHOM mpu b = 1.

x<1

§ 4. OnpepeneHne nponsBogHou (2/2 4)

ITens msyueHusa maparpada — 3HAKOMCTBO C TOHATUEM
TPOU3BOAHOM (PYHKIIMU B TOUKE U ee (PUBUUECKUM CMBICTIOM, (DOPMU-
poBaHWe HAYaJbHBIX YMEHWI HAXOQUTH IPOU3BOAHBIE dJIeMEeHTaPHBIX
byHKIUIT Ha OCHOBe OIIpeaeeHUsl TPOU3BOMHOM.
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B Hauase mepBOT O ypOKa B KAYECTBE HOATOTOBUTENbHBIX K U3Y-
YEeHHWIO0 OCHOBHOTO MaTepuajia MOTYT OBITh BBIIOJIHEHBI CJIEAYIOINe
3afaHUA:

1. Haiitu f(2), f(a), f(a+2), f(a+2)—F(a), ecan [ (x)=
=b5x + 3.

2. Haiitu f (3), f (¢t + h), f (¢t + h) — f (), ecnu f (t) =¢% + 1.

Tak Kak MTrHOBEHHAasi CKOPOCTHb OIpeHessdeTcsa 4Yepe3 IOHATHE
cpenHel CKOPOCTH, KeJIaTeJIbHO BCIIOMHUTH C YUAIITUMUCH, KaK HAXO0-
IUTCSI CPEIHSAS CKOPOCTh ABMKeHuA. ChesaTh 9TO MOYKHO, HAIIPUMED,
B XOJle PeIlleHusa CJeAyIoell 3agadu:

Paccrosinue ot A 1o B paBHO 36 KM. IIepByio IIOJIOBUHY IyTU Be-
JIOCUIIEZUCT IpeonoJies 3a 1 4. Bropyio IOJIOBUHY IIyTH OH IIPOeXa
3a 2 u. KaxkoBa cpefHAS CKOPOCTH ABUKEHUS BEJOCUIIEANCTA HA yUa-
ctke AB?

ITocse aToit 3amauy MOKHO BBITIOJHUTE (IPU BeAyIleil POJaU yUUTe-
ad) yopaskHerue 26 (1). 3aTeM OJis TOATOTOBKY YUaIIUXCA K HUCIIOJb-
30BAHUIO IIOHATUS PA3HOCTHOTO OTHOIIEHUS U COOTBETCTBYIOIIEH
eMy CHUMBOJIMKY MOYKHO JOIIOJHUTH yIpaskHeHue 26 (1) ciaemyromium
3ajaHUeEM:

HaiiTu cpemHIOI0 CKOPOCTH JBUKEHUA Teja 3a IPOMEXKYTOK
BpemeHHu oT t mo t+ h (h > 0), eciu OHO ABU)KETCSA TO B3aKOHY
s(t)=1+ 5¢t.

Pemenue.

Bpemsa mBuskenusa paBHo (t + h) — t = h;

s(t+h)—s(t) 1+5(t+h)—(1+5t) 5
UC L= = = — =

’ h h h
3aTeM MOKHO IIepeiiTM K PACcCMOTPEHUI0 MaTepHuajia yuyeOHHKa u

BBECTH HOHATHE MT'HOBEHHOM CKOpOCTH.

B OﬁmeoﬁpaSOBaTeJILHBIX KJiacCaX BMECTO IIpuMepa C ABUMKEHUEeM
2
t

5.

MaTepHaJIBHOﬁ TOYKMH IIO 3AKOHY S =

MOKHO PACCMOTPETh IIPUMEp

C IBUKeHUEeM TOUKH II0 3aKOHY § (t) = 3t TakuM 06pasoM, ITOGHI yUa-
muecsa CMOTJIM YIAYOUTH IPeACcTaBlIeHne o mpeneae QyHKIUN.

Ecau s (t) = 3t?, To Ha oTpesKe BpeMeHH [¢; ¢ + k]
s(t+h)—s(t) 3(t+h)? -3t> 6th +3h2
19} = = =
o h h
ITogcumTaeM cpegHMEe CKOPOCTHM 3a Pa3JUYHBIE IIPOMEKYTKU

BpeMeHU h, HAUWHAaA, HAIPUMeED, C MOMEHTAa BpeMeHu ¢ = 1, u 3a-
HOJIHUM TabJIuITy.

=6t+3h.

h 1 0,1 0,01 0,001 0,000001
9 6,3 6,03 6,003 6,000003

Ucp.

OueBuAHO, uTO IIpU yMeHbIIeHUuN h (A — () 3HaueHUs cpeqHeHn
CKOPOCTM MPUOJIMIKAIOTCA K SHAUEHWI0 MTHOBEHHON CKOPOCTH,
T. e. v (f)=limv,, =lim(6t + 3h) =6t =6 -1=6.

>0 >0
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CyuiecTByeT MHOTO HNPUKJIAAHBIX 3ajau, OJs PeIleHUus KOTOPBIX
HYXHO HaXOAUTH CKOPOCTb U3MEHEHUS HeKOTOpou (GyHKIUU, Ha-
IIpuUMeEpP, 3aJauyu O HAXOXKIECHUNU MI'HOBEHHOH BeJUUYUHBLI TOKa B
9JIEKTPUYECKON IIeNU, O HAXOKIEHUU JIMHEHHON IIJIOTHOCTU HEOJ-
HOPOJHOTO CTEP)KHSA, TEIJIOEMKOCTH Tejla IIPU HarpeBaHUM, YIJO-
BOI CKOPOCTU BpAIIAIOIIErocs Tejaa, O CKOPOCTU XMMMWYECKOH peak-
U U Op.

YuamuMmca npoduIbHBIX KJAaCCOB IIOCJIe BBeJeHUA (HPU3UUECKOT0
CMBICJIA TPOMBBOAHON CTOUT IIOKA3aTh (IIPU HAJTUYUU JOIOJHUTEb-
HOTO BpPeMeHM) pellleHue eIle OAHON (PU3NYEeCKON MM XUMHUYECKOU
3a/lauyM C IIPUMEHeHWEeM allapaTa MaTeMaTH4YeCcKOro aHajiusa. IJTO
Oymer cmocoOGCTBOBATh (POPMUPOBAHMUIO MIPENCTABJICHUHN yUAIIUXCS
00 YHUBEPCAJBHOCTU U IIUPOKON IMPUMEHUMOCTH MaTeMATUUYECKUX
meTonoB. Hampumep, MOYKHO PacCMOTPETh 3aJady O TEIJIOEeMKO-
CTHU TeJia.

YTo6kI TEMOepaTypa Tesa Maccoil 1 r mosrsicuiaacsk ot 0° mo T°,
TeJy HeoOXOAHNMO COOOIIHUTH OIpeae/ieHHOe KOJMUYECTBO Teilia @.
3Hauut, @ ecth QpyHKIUA TemiepaTrypsl T, 10 KOTOPOH Tejo Ha-
rpeBaetrcda: @ = @ (T). Ilycts TeMumepaTypa TeJsia mOBBICUIAcCh ¢ T
mo T. KonunuecTBO Telyia, 3aTpavyeHHOE IJIs STOr0 HArpeBaHUs,

paBuO Q (T) — Q (T). OrHOIIEHTIE M e

T-T,
Temyia, KOTOpoe HeoOXOAMMO B CPeJHEM [Jisi HarpeBaHUsA Tejia Ha
1° mpu uameHeHnu Temuepatryps ot T, 1o T. ITO OTHOILIEHUE HAa-
3BIBAETCA CpedHell MmenaoemMKoCnmvl0 JAHHOTO Tejla B TeMIepaTyp-
HoM TpomeskyTKe [Ty; T] u obosnawaerca C,,.

Tak Kak CpeIHAS TEIJIOEMKOCTD He JaeT IPeACTaBJIeHUs O Tell-
JIOEMKOCTH [AJIsI JII000TO 3HAUeHUs 1', TO BBOOAUTCS MOHATHUE TEILJIO-
eMKOCTH IIpu AaHHOI TeMieparype T, (B manHOIl Touke T).

TenymoeMKOCThIO Ipu TeMuepaTtype T, HasbIBaeTcsa MIpemest

T)-Q(T
i QDT _ o0

limC., = li
TST, TT, T-T,

CTb KOJILYECTBO

Hrak, Trennmoemrkocts C(T) upu Temneparype T ecTh IPOU3BOJ-
HadA oT KosmdecTBa Temia @ (7).

ITpy mammuny BpemeHU (C LEJBIO MOATOTOBKHU yYaIIUXCA K OCO3HAa-
HUIO CYTH IIOHATUS IIPOW3BONHON B TOUKE, a TaKyKe B IIEPCIEKTUBE
K BOCHPHUATHIO TrpaUUecKOro CMbICJIa IIPOU3BOMHOI) IMOHATUS CPE.I-
Heli 1 MTHOBEHHOII CKOPOCTH IIPSIMOJHHEHHOTr0 IBUIKEHUA MOTYT OBLITh
OPOUJLIIOCTPUPOBAHEI C IOMOIIHI0 TPa)MKOB 3aBUCHMOCTH IIYTH OT Bpe-
menu. Tak, ¢ momoiInbio pucyHka 19, a MOKHO HaArJISZHO 000CHOBATH
CBA3b CpeaHell CKOPOCTU ABUIKEHUSA HA OTpPe3Ke U «KPYTUSHBI» Ipadu-
Ka (pyHKIUHM s = s (¢) Ha sToM oTpe3ke. Pucynox 19, 6 uarocTpupyer
3HAKOMOE YyYalllMMCS CBOMCTBO IIOCTOSIHCTBA CPEIHEl M MIHOBEHHOI
CKOPOCTEH TpU PaBHOMEDHOM IIPAMOJIMHENHOM ABM:KeHUU. C IIOMOIIIBIO
pucyaka 19, 6 wLIIOCTpUPYyeTCSA IMOBeIeHNe CPeJHEell CKOPOCTH TOUYKU
(TamreHca yrja HaKJOHA CEKYIIei) 3a IPOMEKYTOK BpemMeHu A (TeM ca-
MBIM OCYIIECTBJISIETCSA MPOIENeBTHKA IeOMEeTPUUECKOT0 CMBICJIA IIPOMU3-
BOJHOI).
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S s
s(ty+ hy) —s(t
s(ty+ h) —s(ty)
s(ty+ h)
AR
(t3) 9 2
s(t %
2 s =s(t) h s(t; + k) —s(ty)
s(t, + h) s(ty +h) —s(ty) hy
s(q)
o
/tl/t1+h ty ty+ht t t 1
h Oy tythy tythy
Ay
a) 0)

Puc. 19

Ilocne BBemeHusi OOILIErO OIpeJEIEHUs IIPOUBBOAHON (QYHKIUK B
TOUKe HaXOJUTh IIPeJie]l PAZHOCTHOT'O OTHOIeHUs npu i — 0 yuammecs
MoryT B Tpu drama: 1) HaiiTu pasHocTh f (x + k) — f (x); 2) cocraBUTH

f(x+h)—f(x)

Pa3HOCTHOE OTHOIIIEHUE U Ha#iTU ero mpeoGpasoBaHHOE

h
BBIDa’KeHUeE; 3) HAWTU mpenes PAsHOCTHOIO OTHoIIeHuA npu i — 0.
B npo¢duapHBIX Kiaccax BBOAATCA MOHATHA QyHKIuU, quddepeH-
nupyeMoil B TOuKe, nuddepeHIUpyeMoil Ha HpoMeXyTKe. PaccMor-
PeHHBIN B yuebHuKe mpuMep DYHKINE y = | x|, HelpepbIBHOI, HO He
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MMeIOIEeN TPOU3BOSHOM B TouKe x = 0, Jiyullle mpeBapuTeIbHO 3aIlN-
caTh C IIOMOIIbIO paHee BBEJEHHOH CHMBOJIMKU:

f(0+h)—f(0): f(h)—f(o):m:{l, ecau h > 0,

h h h -1, eciu h <O0.

s GONBITMHCTBA YUAIIUXCSA B CUTyaIlMU, KOTAA TEOpHuA IIpeme-
JIOB paccMaTpUBaJacCh JIUIL B O3HAKOMUTEJIHLHOM ILJIaHE, OTCYTCTBUE
mpegena GYHKIUE y =| x| B Touke x = 0 CTAHOBUTCA IOHATHBIM HA
HATISASHO-UHTYUTUBHOM YPOBHE JIHIIb IIOCJEe 3HAKOMCTBA C T€OMETPH-
YECKUM CMBICJIOM IIPOM3BOMHOIA.

B KoHIle ypoka HPOBOAUTCA HEOOJBIIAA CAMOCTOATEJAbHAS
pabora c IpPOBEPKOIl B KJacce.

1. Wcnoub3ys ompenejieHue IIPOU3BOMHOIN, HANWTH HPOU3BOSHYIO
byurnunu f (x) =4 - 7x [f (x) =3 — 5x].

2. HaliTu MI'HOBEHHYIO CKOPOCTDH ABMKEHUSA TOUKU, ABUKYILEHCST
mo sakoHy s (2) = 2t2 — 3 [s (¢) = 4t% — 1].

3. ([Ina mpoduabHBIX KjaccoB.) laHa pyHKIUSa

f(x):lx3+4x [f(x):1x3+2x}.
6 9
Haittu f’' (x) B Touke x = 8 [x = 6].
Pacnpenmenenue mMarTepuasa maparpada mo ypoxkam

IpeACTaBJIeHO B TaOIMIlAX.

ObuweobpaszosameibHble KJACCHL

YuopakHeHUus
g
£ % | Teoperwueckuii mare-
g8 puan OCHOBHBIE [IJIST AJLd CAMOCTOHA- | JOIOJI-
= > paboThI B KJacce | TeabHOU pabo- | HUTEb-
u goMa TBHI B KJIacce HbIE
1 § 4: 1) mo oupenene- 26, 27 28
HUS IPOUSBOTHOM;
2) ompepnenenue mpo- | 23, 24 (1, 2)
M3BOLHOM, 3amaua 1
2 § 4, zagaum 2—4 24 (3, 4), 25 IIpoBepounas 29
CaMOCTOSATEJIb-
HaA padora

IIpogunvruie KaaCCHL

VipakueHusa
]
£ X | Teopermueckuit
g8 MaTepHa OCHOBHBIE JJIA | JJIfA CAMOCTOA- NOTONHI-
= > paboTs B TeJIbHOU pabo- TeJTEHBIE
KJlacce 1 goMa THI B KJacce
1 § 4, mo 3amaum 2 26—28, 23, 29
24 (1, 2)
2 § 4, zagaum 2—4 24 (3, 4), 25 IIpoBepounas
CaMOCTOSATEIhb-
Hasa pabora
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B pesyabpTaTe m3yueHusa maparpadga Bce yuamiuecs
JOJKHBI 3HATH IOHATHE MIHOBEHHON CKODOCTH [OBUKEHUS U
ompejieieHre IIPOMU3BOAHON (PYHKIMU B TOYKE; YMETH BBINOJHATH
yopaskHeHus: Tuna 24, a yuamnuecsd mpo(MIBHBIX KJIACCOB YyMET b
BBITIOJIHATH yIpaskHeHuA tuna 28.

§ 5. Mpaeuna andpdpepeHumpoBaHua (3/3 4)

ITens mdayuenusa maparpada BceMH YUAIIMMUCSI — OBJIA-
IeHue nmpaBuaaMu Au@depeHInpoBaHUSA CYMMBbI, IIPOU3BEIEHUS U Ua-
CTHOTO ABYX (DYHKIIMii, BBIHECEHUS ITOCTOSIHHOTO MHOYKUTEJS 3a 3HAK
NPOW3BOAHOI; yUYaITMMUCS NPOMPHUIBHBIX KJACCOB — 3HAKOMCTBO C
nuddepeHITuPOBaHNEM CJIOKHON (QYHKIINN U MPABUJIOM HAXOMKIEHUS
HIPOU3BOAHOMN 00paTHON (QYHKIIWH.

IIpumenenmne paccMaTpuBaeMbIX B maparpade mpaBua guddepen-
IUPOBAaHUA UJLIIOCTPUPYETCA Ha KOMOMHanumAX QYyHKIUH y = kx + b,
y=x% y=x%uy=C, npousBoguble KOTOPLIX OBLIM HaigeHHI B § 4.
IlosToMy Ha mHePBOM YPOKE HEOOXOAUMO IMOBTOPUTH (GOPMYJILI IIPO-
M3BOMHBIX 9TUX (DYHKIUIMA.

Marepuan naparpada n3ydJaeTcss B COOTBETCTBUU C TEKCTOM yd4el-
HUKa, IpUUYeM IIocje paccMorpenus (opmyanl (1) BBITIOJHSETCS B
kJyaacce yaopakuenme 30 (1, 2), a mocie Gopmyasl (2) — yupaskHeHUe
30 (3, 5). Yupaxxuenue 33 (5—6) Ke1aTeIbHO BBIIIOJHATE ABAMKIBI: C
ucroJsib3oBanueM (opmyas (1), sarem — (3).

IIpm Hanuuuu BpeMeHU B CUJIHLHOM 00Ieo0pa30BaTeIbHOM KJIAcce
MOXKHO IMO3HAKOMUTD YUAIIIUXCA C IPOU3BOAHBIMYU CIOKHON QYHKIIUN
u obpaTHON (QyHKIUH.

Ha BTOpOM ypoKe B 001I€00pa30BaTEeIbHBIX KJIACCAX IIOCJIE UBY-
yenus ¢Gopmyabl (3) paccMaTpuBaeTcss MaTepuas I. 2, CBA3AHHBIN C
obocuoBauuem Qopmyabl (f (Bx + b)) = kf’ (kx + b). Ilociie sTOTO BBI-
HOJHsIeTCcA yOpaskHeHue 35, rie MpousBOAHAA (PYHKIIUK MOYKET ObITh
HalileHa IBYMs cIIocobaMm.

I cmocob6.f(x)=2x—-3)2(x—-1)=4x2-12x+9) (x — 1);
fFrx)=0@4x2-12x+9) (x — 1)+ (4x2 - 12x +9) (x — 1)’ =
=B8x-12)(x-1)+(4x?2-12x+9)- 1=
=8x2—-8x —12x+ 12 + 4x% — 12x + 9 = 12x% — 32x + 21.

II cmocob. f'(x)=(2x-3)2 (x-1)) =
=((2x -3 (x-1)+2x -3 (x - 1) =
=22x-3)-2(x-1)+4x>2-12x+9)-1=
=8x%—8x —12x + 12 + 4x2 — 12x + 9 = 12x? — 32x + 21.

Ha TpeTrbhem ypokxe mayuaerca ¢opmyrna (7) u orpabaTsiBaeTcs
ee mpuMeHeHUe. B KOHIle YPOKA IPOBOAUTCA CAMOCTOATEJbHAA
pabora (c IpOBEPKOIl B KJjacce).

1. HaiiTu npousBOgHYIO0 QYHKIINN:

1) 8x% — Tx%; 2) % (x2— 5); 3) SX =8, 4y (3x2— 1)}
4-9x

[1) 2x% — 5x2 2) (2% — 2) 2% 3) 027X, 4) (22% - 3)2).
5x +2
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2. (B mpoduapHbIX KJjaccax.) 3anucaTh GopMyJioli (GYyHKIIUIO

f(g @), ecnm f(y)=338-5y>, y=gx) =sinx [f(y)=cosy,

y=g(x)=48x2-1].

Pacnpemenenue maTepuaJsia naparpada mo ypokam OT-

pakeHo B TabiuIiax.

Ob6weobpasosamebHbie KAACCHL

VupakaeHUuA

ISR
$E TeopeTuyecKnii
S & OCHOBHBIE VI | [JISI CAMOCTOS-
o > Marepualt paboTsl B TeJbHOI pabo- ﬁ:ﬁiﬁiﬁ;
KJlacce U goMa THI B KJIacce
1 § 5, mo opmy- 30—32 31 (8, 5) 33 (1—4),
eI (3) 40 (1, 2)
2 § 5: popmyua (3), 33 (5, 6) — 34 (3) 39, 41
sagaum 3—5H, IBYMS CIIOCO-
dopmyaa 8 6amu, 34, 35
3 § 5: popmy- 36, 37 IIpoBepounas 42
aa (7), sagaum 7 CaMOCTOSITEJIb-
uld Hasd paboTa
IIpogunvrovle KaaCCHL
YuopakHeHUs
]
Q R T o
s 2 eopeTUYECKU
SRS MaTepua OCHOBHBIE IJIA | JJIS CAMOCTOS- OO
o> paboThI B KJIac- | TeJbHOIM pabo- TeILHEIE
ce U foMa THI B KJacce
1 § 5, mo 3amauu 4 30—32, 34, 40 | 31 (3, 5) 33
2 § 5: sajauu 4, 5, 36—37, 41 36 (3) Hokazarsb
dopmyaa (7), 3ana- dbopmyay (7)
un 7, 8
3 § 5:m.m. 2,3 35, 38, 39, 44 IIposepounas 42, 43
CaMOCTOSTEIb-

Has pabora

B pesyabTaTe m3yueHuUsA maparpada Bce yuaimecs
JOJKHBI YMETBHh C HOMOIIbI0O IpaBui nuddepeHInpOBaHNA CYMMEI,
TPOU3BEJEeHUSI U YaCTHOTO (DYHKIIMH BBITIOJHATH YIPaKHEHUA THUIIA
32, 34, 36; yuaimueca npoUIBHBIX KJAaCCOB JAOJI’)KHBI YMETh HaXO-
IUTHb IMPOW3BOJHBIE CJIOKHBIX (MYHKIUHA B YIPAKHEHUAX, aHAJIOTHY-

HBIX 39.

Peulenue ynpaskHeHUH

45. 2) ((x®*—2x%2+3x+2)%) =3 (x®—2x2+3x+2)2 (x3—2x2+ 3x + 2)' =
=3 (x% - 2x% + 3x + 2)% (8x? — 4x + 3).
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§ 6. MNMpousBogHaa cTteneHHON PYHKUMM (2/2 4)

IHens msyueHnusda maparpada — obyueHre MCIOJTb30BAHUIO
dopMyJIBI IIPOM3BOAHON cTemeHHON (QyHKIuHU f (x) = xP gnaa ar6oro
IefCTBUTEJIBHOTO Yucjaa p.

dopmyia (1) B o6IIleM Bule IPU PACCMOTPEHUH 9TOr0 maparpada He
IOKas3bIBaeTcs. Yyualmecs yO0e:KAaloTCs B ee CIPaBEeJIMBOCTUA HA IIPHU-
Mepe yKe BHAKOMBIX (GYHKIMHE y =X, y = x2 u y = x°. B npodmibsaeIx

KJaccax (opmyia (1) moxkasbiBaeTca qiap =—1u p = 5 Vuainuecs 06-

meOGpaSOBaTeJILHBIX KJIaCCOB B CBOUMX TeTpagdaX 3alluChIBAIOT IIPOM3-

BOAHBbIE (PYHKITII 1 7 v x ¢ moMOImBo0 (POPMYJIBL (1), saTrem pas36éupaioT
x

samaun 3 u 4 Texcra maparpada. OcraBiieecsa BpeMs HCIIOJIb3YeTCS Ha
OTPabOTKY HAaBBIKA HAXOMKICHUS IIPOM3BOAHBIX CTEIIEHHBIX (DYHKI[MIA.

CraenyeT MOSICHUTH CMBICJ 3aMeUaHWs, CAEJaHHOTO B yueOHUKe

cpagdy mociae ¢opmyasl (1). Hampumep, mocise 3amucu («/;)'= 1

x
cJIeyeT MOSCHUTH: JieBasd YacTh PaBEeHCTBA MMeeT cMbIca ipu x = 0, a
mpaBad — npu x > 0, 3HaUUT, paBEeHCTBO cHpaBegInBO mIpu Xx > 0.

Bo MHOTMX yIpasKHeHUAX BO3MOYKHO IIpEJBapUTEIbHOE IPeodpaso-

. 1 1
BaHUe BBIPAYKEHUI, 3afaiomux QYHKIUU (HampuMmep, =— =

xvx %

XX

3
= x 2B ynpasxxueuuu 47 (6)). Yuurenab OJKeH o0OpaTUTh BHUMAaHUIE
y4JaImuxcs Ha TO, YTO IPOU3BOJHELIE MHOTUX (GDYHKIIUH MOYKHO HAXOAUTD
pasiauuyHbIMU cocobamu: 1) «B J100», He IpeoOpa3oBbIBas BLEIpAKEeHUe,
3ajatoiriee (pyHKIMIO; 2) BBINOJHUB IIPeABapUTESIbHOE TPeodpasoBaHUe
BBIpAYKEHUA, YIIPOIaroInee mporecc nuddepeHnupoBanusa (Tak, HAIPU-
Mep, B yupakHeHuu 47 (6) Ipon3BOIHYIO MOYKHO ObIJIO HAXOAUTH Hepa-
IMUOHAJBHO — KaK IIPOM3BOAHYIO APOOM, B 3HAMEHAaTeJie KOTOPOil 3aIu-
caHo mpousBeneHmue). OTmaeTcAa IpeAnouYTeHMEe 0Gojee PAIMOHAIHLHOMY
crroco0y Haxo:KaeHus npousBoaHoii. [lepen perrenuem 3agauu 4 IOBTO-
pdaetca dopmyaa (8) us § 5.

Pacnpemenenume maTepmaJsa maparpada mo ypokam OT-
pakeHo B TabiauIiax.

ObuweobpasosamebHble KJLACCHL

VYupaxkHeHUS
% <
s X TeopeTnyeckuit
5 a MaTepuas OCHOBHBIE I | AJIS CAMOCTOSA- | [TOIIOJI-
T > paboTsl B TeJBbHOU pabo- | HUTEIb-
KJlacce U JoMa THI B KJacce HbIe
1 § 6, hopmyua (1) u ee 46, 47, 53, 49 | 47 (7), 53 (3) 56, 57
prMeHeHUe AJIs HaX 00K~
nenns (1) a(Vz)'
x
2 § 6, sagaun 3 u 4 48, 52, 54, 55 | 48 (3), 54 (5) 50
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IIpogunvrouie KaaccHL

YopaxHeHUS
o
g .
§ o | Teoperwmueckuit
= & Marepua OCHOBHBIE [JISI JIJIs1 CAMOCTOSI-
" IOIIOJIHY-
paboTsI B TeJBbHOU pabdo-
TeJIbHBIE
KJlacce U JjoMa THI B KJIacce

1 | §6, nosamaun4 | 46—49, 53, 54 | 47 (7),48 (3, 7), | 56, 57
53 (3), 54 (5)

2 § 6, samauu 4—6 | 50, 51, 55, 58, | 55 (3), 58 (3) 52,61, 62
59, 60

B pesyabrTaTe ma3yueHusA mnaparpada Bce ydaluecs
IOJKHBI YME€Tb NPUMEHATH GOpMYJIy TPOU3BOAHON CTEIIEHHON (MYHK-
ouu B ynpakHeHuAX tuia 46—47, a yuammecsa mpoUIbHBIX KJiac-
CcOoB — B ympakHeHusax tuma 50, 51.

3ameuaHnue. K cienymiiemMy ypoKY KeJaTeJIbHO 3aroTOBUTH
niaaxkat ¢ popmynaamu (1)—(10) uz § 7.

Pemenue ynpaskHeHUIt

58. 5) [ (x) =2 9) . Jx )
) ' (x) (x+2)-vx +(x+2) W

, mpuuem x >0 u v x > 0, mo-

C(x+2)(dx+x+2) (x+2)(5x+2)
- ovx - oVx

atomy f' (x) > 0 mpu x > 0.
59. o t)=9¢' (¢¥) =0,2t - 0,5, ® (20)=0,2 - 20 — 0,5 = 3,5 (pax/c).
60. v (t)=s"(t)=-1+ 2¢t.
pomu? _ m(-1+2t)®> 5(-1+2-10)> 5.361
2 2 2
61l. p()=m'()=41+3.1) p(3)=4-3+3=15 (r/cm);
2) p(25)=4-25+ 3 =103 (r/cm).

=902,5 (IIx).

2x -5

1
1,
62. /"'(36)21(362—5x+6)2 (x?2 -5x+6)' =—=2"92 |
2 2x2 _5+6

§ 7. MNMpousBogHblie 3nemMeHTapHbIX GyHKunin (3/3 4)

ITens msyueHusa maparpada — GopMUpoOBaHUE YMEHUA HAa-
XOAUTH IPOU3BOAHLIEC JI€MEHTAPHBIX (OYHKI[UIL.

B mHavase mepBOTr 0O ypoKa MOMXeT OBITH IPOBEJeHA CAMOCT O -
TelbHAasa pabora (c IPOBEepPKOil B KJjacce) IO IIPUMEHEHUIO IPaBUJI
nuddepeHIUPOBAHUA K CTEIEeHHbIM (PYHKIIUAM.
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1. HaiiTu npousBogHYI0 PYHKI[WI:
1) 0,1x%+3; 2) Vx(x-1); 3)

[1)1x6—5; 2) (x+1Vx; 3) X }
3 2—-x

2. Haitru ' (16) [/ (8)], ecomnn f (x) = ¥x + L [f(x):l—i/?}
X X

3. (B mpoduasubix Kiaaccax.) Hatitu f’ (x), eciau
f(x)=5x-2-(5x+1) [f(x)=V3x+2-(3x-1)].
WKenarenbHo, 4TOGBI HA TPOTIYKEHUN TTOCIEAYIONIUX YPOKOB (BILIOTH
JI0 KOHTPOJILHOM PaGOTHI 110 TeMe IJIaBbl) Iepej IIa3aMy yUYaluxcsa Ha-
xomuiicsa miaakar ¢ dopmyaamu 1—10. Ha miakarte MOKHO pa3MeCTHUTh
IpuUBeJeHHbIe HUKe (MOPMYJIbI.
(xPY =px’ 1, peR, x>0,
(sin x)’ = cos x,

(cos x)' = —sin x,
(tg x) = ,x2Xink, keZ,
cos? x
(ctg x)' =— ,x#~Tk, ke Z,
sin? x
(ex)lzex,

(@)Y =a"Ina, a>0,a#1,

(nx)' =1, x>o0,
X

(In|x|)==, x=#0,

R |=

(log, x)' = ,a>0,a#1, x>0.

xlna

Bce dopmynsl npuBoaATCA HA e PBOM YpPOKe; B 00meo0pas3oBa-
TeJBHBIX KJjaccaX — 0e3 J0oKas3aTeJbCTB, B NPOMGUIBHBIX — ¢ 000CHO-
BaHUAMU. Bce ocranbHOE BpeMs ydalmiuecs o0ydaroTcd IPUMEHEHUIO
aTuX (hopmy.I.

Eciu npm mayuenum § 5 yuaimuecda NIpoQUIBHBIX KJACCOB pac-
cMaTpuBaJU II. 3, TO HEOOXOAUMO HAWTU BPEMS AJA PEIIEeHUS 3aTaduu
4 rexcra maparpada.

B KoHIIe TIOCJIeIHEro ypoKa MOKHO IIPOBECTH IIPOBEPOUYHYIO C a-
MOCTOSTEJbHYIIO padory.

1. HaiiTu npousBOAHYIO0 QYHKIIHN:

1) log, x +Vx; 2) lnx-cos(§+3); 3) sin x

er

1 . In(83x +1)
1) —+log; x; 2) 5*-sin3x; 3) ———|.
3
x cos x

2. (B mpo¢guapHBIX KJjaccax.) BBIACHUTH, IpU KaKWUX 3HAYEHU-
AX X 3HaYeHWe NPOM3BOAHOIN (GyHKIUU f (X) MOJOKUTESIHBHO, €CJIU

f(x)=e?*Jx [f(x)=x1n6— 6]
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T. e. mpu x > 0.

IlpuBenmem perieHue 3agaHusa 2.
f’(x)=2e2x«/;+e2x~L=e2x-

2V x

4x +1
2V x

Tax Kak e2* > 0 mpu ao6oM x, To f' (x) > 0, ecau {

x>0,
4x+1>0,

[ff(x)=In6-6"In6=(1-6%)1n6. Tak rKax Iln 6>0, TO
f(x)>0,eciul-6">0, T.e. x<0.]

Pacnpemenenume maTepuaJsia maparpada o ypokam OT-

pakeHo B TabIUIlaX.

ObuweobpaszosameibHble KJACCHL

VpaxaeHUA
g
g 5 TeopeTuuecKuit
53 MaTepuas OCHOBHBIE UIA | JJI CAMOCTOS- S—
= > paboThI B TeJIFHOU pabo- I'lrenbnme
KJacce U goMa THI B KJIacce
1 § 7, dopmyasr (1)—(10), | 63—66 66 (3) 80 (1, 2)
samauu 1, 2 (1)
2 67—70, 67 (5), 68 (5), | 75,
72 (3—8) 70 (5) 76 (1—4)
3 § 7, samaua 2 (3) 79 (3, 4), ITpoBepounas 81,
73 (1—6), camocrosTenb- | 76 (5—8)
77 (1—4) Hasa pabora
Ilpogunvrule Kaaccol
YupaxxkHeHUA
o
S & TeopernuecKuit
g8 MaTepua OCHOBHBIE [IJISI | IJIsT CAMOCTOSI- —
= > paboThI B TeJIbHOI pabo- l}r OITEHELE
KJlacce W JjoMa THI B KJIacce
1 § 7, dopmybl 63—66 66 (3) 80 (1, 2),
(1)—(10); obocHOBaHUE 67, 68
dopmyn (1)—(7); sana-
un 1,2 (1, 2)
2 § 7, obocuoBanue op- | 69—75, 69 (5), 70 (5), | 76,
mya (8)—(10); 77 (1—4) 71 (5), 72 (5) 84, 86
3amaua 2 (3—6)
3 § 7, samaua 3 78, 79, 82, 85 | Ilposepounasa | 81, 83,
camocToaTeab- | 87, 88
Has paboTa

B pesyabTaTe m3ydueHuUA maparpada Bce ydalmecs
IDOJIXKHBI YM € Th IMPUMEHATh opmyJibl 1—5, 10 K HAX0MKAEHUIO IIPO-
M3BOAHBIX (QDYHKIMI, IPENCTAaBJIEHHBIX B yIPaKHEHUAX Tuna 65, 68,
a yuamuecsd NPO(UIBHBIX KJACCOB YMETH HNPUMEHATH (POPMYJIIBI
1—10 B yopamxuHenuax tuna 70—72, 75.
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Pemienue ynpaskHeHUN
84. 1) f' (x) =5 (cos x + sin x) — 54/2sin5x = 0, ecin

cos x + sin x =+/2sin5x. €))
Tax xax . n
= —-x+x ~—x-x
cosx+sinx=sin(£—x)+sinx=2sin2 -Ccos =
2 2 2
zz-ﬂ-cos(ﬂ—x)zﬁsin(ﬂ+x),
2 4 4
TO paBeHCTBO (1) BHIIOJIHAETCH, €CaU Sin (% + x) =sinbx. Orryzga:
a) £+x=5x+2nk, x=£+n—k, keZ; 0) E+3c=7t—5x—+—2nk,
4 16 2 4
x=£+n—k,kez.
8 3
OTBET.x=l+n—k,x=£+n—k,k€Z.
16 2 8 3

2) f"(x)=2sin 2x + cos x + sin x — 1 =4 sin x cos x + cos x +
+sin x + 2 sin® x + 2 cos? x — 3 =2 (sin x + cos x)? + (sin x + cos x) —
— 3. IIycrs sin x + cos x = ¢, Torga f' (x) =0, ecau 2t2 +t — 3 =0, or-

Kymga t;=1, tzz—%. a) sinx+cos x=1, oTKyma x=2nk,
x=g+2nk, ke Z; 0) sinx+cosx=—%, KOpHeil HeT, TaK Kak
_§‘>J§.

2
Orser. x = 21k, x =g+2nk, keZ.

85. 1) e2*1n (2x — 1) =0, xorga In (2x —1)=0, 1. e. pu x = 1.

1 1
" (x) = 2% In (2x — 1) + 2% — = = 2¢2% (ln 2x—-1)+ );
' (%) ( ) 5% 1 ( ) 571

|sin x + cos x| <2, a

(1) =2e2 (0 + 1) = 2¢2.
87. 1) fi(x)=1-L-x—-1
X X

opu x > 0;

ff(x)=0,ecmu x—1=0, x=1;

f’(x)=x_1>0r1p1/1 x>0, xorga x > 1;
x

f’(x)=x_1<0npn x>0, gorma 0 <x < 1.
x
1 (x2-5x+6)'=—2%=5% oy x<2

88. f' (x)=
x2-5x+6 x2-5x+6

u mpu x > 3.

§ 8. NTeomeTpuyeckum cmbicn npoussogHom (3/3 u4)

ITens msyuyeHuda maparpada — 3HaKOMCTBO C TeOMeTpUYe-
CKMM CMBICJIOM IIPOM3BOAHOI, 00yUeHMe COCTABJIEHUIO YPaBHEHUA Ka-
caTeJqbHOI K rpaduKy QYHKIIMU B 3aJaHHON TOUYKe.
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Ha Bcex ypokax mpu M3yUYeHUM STOU TEMBI CJedyeT 3aKPeIlIsiThb
HAaBBIKU HaAXOMAEHUSA IIPOM3BOAHBIX 3JIEMEHTaApPHBIX Q)yHKHHﬁ, oJIA
Yero MOTYT OBITb HCIOJH30BAHBI paHee peIllleHHble YIParKHeHUS
u3 § 7, a Takxke 104—110 (uacTh U3 HUX HYKHO 3ape3epBUPOBATH
IJis ypOoKa 00OOIeHus W CUcTeMaTu3aluu 3HAHUH).

Ha mepBOM ypoke (Io mayueHuUs MaTepuasia maparpada) sxeja-
TeJILHO BBITIOJHUTD CJEAYIOIee 3aJaHue:

IToctpouts rpadur dyurnuu: 1) y= %x -1; 2) y=—-2x+1.

HaiiTu TamreHc yria, o0pa3soBaHHOTO IIOCTPOEHHOU IIPAMOM C OCHIO
Ox. ABnsiercsa nu sra PYHKIMSI BO3PACTAIOIElH; yObIBAIOIIE?

O0bsAcHeHMe HOBOTO MaTepuajia cjaelyeT BeCTU B COOTBETCTBUU C
TEKCTOM y4eOHUKa, IPUUYEeM PUCYHKU, aHAJOTHMUYHbBIE PUCYHKaMm 48
u 49 yuyeOHWKA, HOJKHBI OBITh BBIMIOJIHEHBI yUUTEJEeM Ha JOCKe, a
pucyHok 49 nosKkeH ObITH IIepeHeCeH yJalllUMUCS B TeTPalu.

KenarenbHo u B 00111€00pa30BaTeJIBHBIX, 1 B NPOMUIBHBIX KJIAC-
cax Ha IEePBOM YpPOKEe PacCMOTPETh TeOpeTUUYecKWil marepuwas mm. 1
u 2. OT yyamuxcda o01eo0pa3oBaTeIbHBIX KJIACCOB B JAaJIbHENIIIEM He
cjenyeT TpebOBATh BOCIPOU3BENEHUS PACCYKIEHUM, MPEAIecTBYIO-
mux dopmyae (5). Ilocae zamucu Gopmyasl (1) B Kjiacce BBIMIOJ-
HSAIOTCS ONHO-ABA 3aJaHUA W3 yupakHeHua 89, a mocsie paccMoTpe-
HUA 3amauu 1 BeimosHAeTcA ynpaskHeHue 90 (1, 3). Ilocse BBemenms
TeoOMeTPUUECKOTO CMBbICJIa IIPOM3BOAHON yuUalluMcs IIpeajaraeTrcs
yupasxkuenue 91.

ITocsie ycBOEHUSA yUAITMMUCS T€OMETPUYECKOTO CMBICJIA TPOU3BOI-
HO¥ YUMTEJIb MOXKET IMpoBecTu Oeceny o QYHKIUAX, He UMEIOIIUX IPO-
M3BOJHOI B HEKOTOPLIX TOUKAaX CBOEH obJiacTu omnpeneneHuda. Tak, Ha-
mpuMep, MOYKHO COOOIUTH ydamuMcs (He H3yYaBIIMM CTPOTOTO
olipefiesieHNs Tpefeia GYHKIUN), 4To QyHKIUA y = | x| He umeer B
TouKe X = 0 IPOMBBOAHOM, M ATOT (PAKT MJLIIOCTPUPYETCA OTCYTCTBU-
eM KacaTeJbHOH K rpaduky QyHKIUU B 3TOH TOUuKe (MOYKHO PACCMOT-
peThb pucyHok 104 yuebHUKA M HATJIAAHO 000CHOBATH OTCYTCTBHUE IIPO-
usBomHOH (yEKIUU y = |log? x| B Touke x = 1).

VpaBHeHmne KacaTeJabHOUN B 0O0II[eM BHe BBIBOAUTCS IIOCJIE PACCMOT-
penus s3amauu 3 Texcra maparpada. KemaarenabHo (0cobGeHHO caabbLIM
ydamiuMcs) TpPU COCTaBJI€HWM YPABHEHUS KacaTeabHOH K Tpadury
dbyurnuu f (x) B TOuKe X, HPUAEP’KUBATHCA CJIELYIOIIETO aJTOPUTMA:

1) Berumcauts f (xg); 2) maditu [’ (x); 3) BbIUMCAUTL [’ (x();
4) sanmcatk B O00LIeM BujJe ypaBHeHUWe KacaTelabHON Yy =1 (x() +
+ ' (x9) (x — x(y) ¥ B HeTO MOACTABUTH 3aJ]aHHOE 3HAUEHUE X U BBIYUC-
JeHHBIe 3HaueHUd f (xo) u f’ (x,), 3aTeM MOJIyUYeHHOe ypaBHeHUE IIpe-
obpasoBaTh K BUAY Y = kx + b.

Ha TpeTheM ypokKe MOKeT OBITH IpPOBeleHa CIeAyIOIIas IIPOBe-
pouHasi caMOCTOsATeJbHasa pabora:

3amucaTh ypaBHeHUe KacaTeJabHOU K rpadury dyHKnum y = f (x)
B TOYKE X, €CJIH:

1) f(x)=2x"—x, xp=-2; 2) [(x)=In(Bx-2), xo=1;

[1) fF(x)=8x®-x2, xo=2; 2) f(x)=1n (-2x + 3), x5 = 1].

B npoduasHbIX Kjaccax JOMOJHUTEJIbHBIM K OTOH CAMOCTOSATEIb-
HOU paboTe MoKeT ObITH ympaskHeHue 99 (1) [99 (2)].
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Ilpu HaMWMUYUM [OOMOJHUTEJSILHOTO BPEMEHW ydalrecd HPOQuib-
HBIX KJIACCOB, MHTEPECYIOUMeCaA MaTeMAaTHKO, MOTYT MO3HAKOMUTE-
ca ¢ nouaTueMm auddepennuana Qyaxiuu (m. 4).

Pacunpenenenue maTepumasa maparpada mo ypokam OT-
paskeHo B TabJHUIlax.

Oobuweobpasosamebrble KJLACCHL

YuopakHeHUs
o
S & | Teoperndeckuii
3 8 MaTepHa OCHOBHEIE AJLEL CAMOCTOH- JOTIOHY-
= > I1s paboThL TeJIbHOU paboThl TeJIEHEIE
B KJIacce U goMa B KJlacce
1 § 8, nm. 1, 2 go 89 (1, 2), 91 (5)
sagaum 1 90 (1, 2), 91
2 § 8, zagmaum 1, 2; | 92, 93 92 (3) 89 (3—6),
o. 3, Jo 3aza4u 5 90 (3—4)
3 94, 95 IIpoBepounas 99 (1, 2)
caMOCTOATeIbHAS
pabora
IIpogpunvHole KaaCCHL
VYuparxkaeHUSA
S
S % | Teopernueckuii
38 MATEpTAT OCHOBHBIE AT CAMOCTOH- JOTIOJHI-
T > 151 paboThL TEJILHOM PaboThl TeILHEIE
B KJIacce U goMa B KJacce
1 § 8, nm. 1, 2 go 89, 90, 91 91 (5)
sagaum 1
2 § 8, sagmaum 1, 2; | 92—95 92 (3), 94 (5), 96
o. 3, Ko 3azauu 5 95 (3)
3 § 8, or Bamauu 5 97, 98, 97 (3), mposepou- | 101
mo 1. 4 99 (3—6), 100 Has caMOCTOsA-
TeJibHasI paboTa

B pesyabTaTe m3yueHusa maparpada Bce yuaiquecs
OOJYKHBI 3HATh TIeOMETPUUYECKHH CMBICJ IIPOM3BOAHON M yMETDh
3aMMChIBATh YPaBHEHME KacaTeJabHO# K rpaduky GyHKIum y = f (x) B
TOUYKE Xy B YIPaKHEHUAX, aHAJOTUUYHBIX 94; yuamiuecsa mpoGHIbHBIX
KJAacCOB — aHAJOTMUYHBIX 95.

Pemenue ynmpaskHeHHI
97. 1) Haiizem aGciuccy TOUKHU mepeceueHus rpaduroB GyHKITHI:

8-x2=0, <8,
8—x=4vx+ 4, orkyna { * {x

64—16x +x2=16x+64; |x2-32x=0,
orkyma x=0. B8-x)y=-1, tgo,=-1, oTKyzma 0€1=—%;
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2 2 L
(ANx+4) = ,tgo, = =1, oTkyza o, = —. YToJI MeXxay
Jera ' Jo1a !

T
KacaTeJLHBIMU PaBeH Oy + |0y | = 3

2) %(x2+2x+1):%(x2—2x+1), otkyza x = 0.

(%(xz +2x+1)) =%(2x+2)=x+1, tg 0, =0+1=1, orkyaa

al:%'
(%(xz —2x+1)) =%(2x—2)=x— 1, tg 0, =0—1=-1, oTkyzna
OCZ =_%.

L
Yron mexxay IpsSAMBIMU paBeH 5

98. 1) Haiigem abGcmumccy o6mreii Touku rpaduKoB (QyHKIMIL:
xt= a8+ 222, x% (x* —x2+2)=0. Tax kxar x*—x?+ 2 >0 npu maio-
foM X, TO eNUHCTBEHHBIM KOpHeM ypaBHeHuma x> (x*—-x+2)=0
apiaserca x = 0. YpaBHeHuMe KacaTeJbHOU K TpaduKy QYHKIUHA
f (x) = x* B Toure x = 0, OUEBHULHO, y = 0. CocraBuM ypaBHEHUE Kaca-
TenpHOM K rpadury oOyErmumzm f (x) =x%+ 2x% B Toure x =0:
£(0)=0, f (x) = 6x° + 4x, ' (0) = 0, oTkyzAa y = 0. YpaBHeHua Kaca-
TeJbHBIX 00emXx (QpyHKI[ui B TouKe X = 0 oAMHAKOBLI, 3HAUUT, B ITOH
TouKe rpaduKu QYHKIHUI MMeIoT OOIyI0 KacaTeJIbHYIO.

99. 1) f' (x)=2x — 3. Uz ypaBHenua 2x — 3 =1 Haxomgum abce-
muccy Touku rpaduka (x = 2), B KOTOpoii KacaTeJbHas IapaJiiejbHa
mpaMoii y =x. f(2)=22-3-2+4=2. OrBer. (2; 2).

4) ' (x) =e* — ™. VI3 ypaBHeHus e* — e¢™* = % HalizeM abCIlHCChI TO-

. 3
4YeK I‘pa(bmca, B KOTOPBIX KacaTeJIbHbIe IIapaJlJIeJIbHBI IIDAMOU Y = EJC!

2x_1
: :g’ 262x_2:3ex, 262x_3€x_2:0'

x

e
Pemasi aT0 ypaBHeHUe KaK KBaApaTHOE OTHOCUTEJILHO e*, IMOJyduYnuM
et =2, e*2 = —%. Tax xak e* > 0 npu aobom x, To e¥ = 2, oTKyza
x=1In 2.
OTBerT. (1n2; 2%)
1. (x-2)—(x+2)-1 4
100. y’' = =— . AGcriccerl Touex rpa-
(x-2)? (x —2)?
¢durKa, B KOTOPBIX KacaTesbHas obpasyeT ¢ ockio OXx yroji, paBHBII
b4 . 4 _ L 4 _
——, HaligeM u3 ypaBHeHuss - ——— = tg| —— |, ———————— = -1, or-
4 (x—2)? 4 (x—2)2

Kyga (x —2)2=4, x —2=%2, x; =0, x,=4. Orser. (0; -1), (4; 3).
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101. k2, =" (x)=38x%2 -1, ky=g' (x) = 6x — 4. KacarenpHbIe TIa-
pasnenbHBI, ecaum k; =k, T.e. Korga 3x2-1=6x -4, orkyza
x?-2x+1=0,x=1, 1. e. y=2x — 3 — ypaBHeHHe KacaTeJILbHOH K
rpadury byuarnuu y = f (x) B rouke (1; —1), y = 2x — 2 — ypaBHeHUe
KacaTeJbHO! K rpaduky QyHKnuu y = g (x) B Touke (1; 0).

Ypoku 0600LeHns U cuctemaTusauum 3HaHum (2/2 y)

IToBTOpPEHME TEOPETUUECKOTO MaTepuaJia IJaBbl KeJaTeJbHO IIPO-
BOAUTH IIPW HEIIOCPEACTBEHHOM IIPMMEHEHUU ero B IIPAKTHUUYECKUX
curyanuax. Tak, HanmpuMmep, MOBTOpeHHe (PU3UUECKOTO U TeOMETPU-
YECKOT'0 CMBICJIa MPOU3BOAHON MOYKHO IPOBECTU COBMECTHO, MCIIOJb-
3ysa rpaduK [OBUMKEHMUS TOUYKM HA NPAMOJUHENHOM YydYacTKe IIyTH
(puc. 20). ITo sTomy rpad@uKy MOKHO 3aJlaBaTh BOIIPOCHI, CBSIBaHHBIE C
oImpezeieHMEeM CpeJHEN CKOPOCTH HA PAa3JHUYHBIX yYacTKax IIyTH, a
Tak:Ke IpeJJjararh 3aJaHUsA Ha CpaBHEHME MI'HOBEHHBIX CKOPOCTeil B
pasjnYHbIe MOMEHTBHI BpeMeH!. SHAHWE OIpele/IeHrs IIPOU3BOLHONI
yuyalquecss OOJYKHBI IPOJAEMOHCTPHUPOBATH B IIPOIlECCE€ HAXOMKIEHUS
«IIO OIIPEHeJIEHNIO» IIPOU3BOLHON KaKOM-JIN00 KOHKPETHOM (PYHKIIMK
(zanpumep, byaknun f (x) = x2 — 3x). Ha 5THX ypOKax HCIOJIL3YIOT-
ca Bompockl K riaase II.

Hanmepsom ypoxe (OpMyJbl IPOU3BOSHLIX 9JIEMEHTAPHBLIX (PYHK-
Ui u npasui gud@epeHupoBaHnsA, HAIMCAHHLIE HA ILIaKaTe, MOTYT
OBITH BBIBEIIIEHBI JJIs 0003peHus. Ha BTOpoOM ypoke ILIaKaT CJIeayeT
y6paTh 1 IOTPeboBaTh OT yUYallIUXCA YBEPEHHOTO IPUMEHEHUS BCEX U3Y-
YeHHBIX (opMy.JI.

Ha ypoxax o0600miamoImnero ImoBTOPEHUS PEIIAOTCS PaHee He BbI-
MOJIHeHHbIEe 3aJaHUs W3 pasfesa «YmopakHeHusa K riase II». O0sasa-
TeJIbHBINI YPOBEHb YCBOEHUS MaTeprajia B 00meo0pa3oBaTeJIbHBIX U
npoUIBHBIX KJIacCaX MOYKHO IIPOBEPUTHL C IIOMOIIbIO OJIOKOB 3aja-
Huit «IIpoBepnb cebGsl».

= s =|s(t)

=N W ok Ot OO 0w

01 2 3 4 5 6 7 8 9 1011 12 ¢
Puc. 20
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Pemenue ynpaskHeHUH

122. f (x)=3x2+6x +a. ' (x) >0 gua Bcex IefiCTBUTENBHBIX
sHaueHut x, ecau D = 36 — 12a < 0 (crapmuii KoaddpuiueHT KBajI-
paTtHoro tpexusexna 3 > 0), T. e. mpu a = 3.

123. f' (x) = 3ax® — 12x — 1 < 0 pu OGOM X, ecim {3“ <0,

144+12a <0,

oTKyza a <-—12.

2 2(ax*+1) 2(ax*+1)
124. 1) f'(x)=2ax + — = ———— . YpaBHeHUE ———— - =0
x3 x3 x3

He mMeeT AelCTBUTENbHBIX KOopHel mpu a = 0.
126. 1) Haiigem aGciuccy TOUKHM IepeceueHus TrpaduKoB:

2Jx =2J6-x, x=6-x, x=3. Jlamee y{=(2«/¥)’=%;

X

1 1 1
Yys; =(2v6—-x) =———, y1 (3) =—, y; (3) = ———. KacarenpHasa
’ Vo—x 3T V3

K rpad@uKy mepBoil MYHKIMU B TOYKE X = 3 MMeeT yroj HaKJOHA C

., T .

ocer0 Ox, paBHBIHI E, KacarejbHasg K TrpauKy BTOpPOM (YHK-
. T

YU — YTOJI, PaBHBIHA _E . Mexnay mpAMbBIMU, a 3HAYUT, ¥ MeXKAY I'pa-

T
buramMu QYyHKIIUM B TOUKE X = 3 YroJI paBeH —.

31 x 3n 3n

127. 1 (—) 2sm— V2 = cos =, ’(—):cos—:
)Y 2 v’ 2 v 2 4

=— ?2 .  YpaBHeHHe KacaTeJbHOU =+ ( — 3?75) i

y:—gx+«/§+3?n.

128. 1) f' (x) = 2x — 4. KacarenpHasa mapajiaeiabHa ocu Ox B TOI
rTouke, e ' (x) =0, T.e. ectu 2x —4=0, x=2. f(2)=22-4.2 =
= —4. YpaBHeHUe KacaTeJbHOU y = —4.

129. y = %xs —gxz, y=6x; y =x2-b5x. Tak Kaxk yIJOBOii
Koo dUIIeHT mpAMoi paBeH 6, To y =x>2-5x=6, T.e.
x2-5x-6=0, orkyma x;=6, x,=-1. Hago HammcaTp ypas-

HEHUs KacaTeJbHBIX B Toukax M (xq;y;) um M, (x9; ys), The

1 .3 5 .2 2( 5) 1 5
=y(6)==-63-2.62=62[2-2|=-18, =y(-1)=-=-2=
yly()3 P p yzy()32
= 167 YpaBHeHUs KacaTeldbHBIX Y — Y, =6 (x — x,), rme B=1; 2,
T.e. y+18=6 (x —6), y+%—6(x+1), i y=6x—54 m
19
6x +—.
v= 6
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130. y' = —iz ,y' (1) = —4. YpaBHeHUe KacaTeJbHOU K rumnepboJe
x

B ToukKe (1; 4) umeer Bug y —4=-4 (x — 1), nau y = —-4x + 8. Ilpa-
Maa y = —4x + 8 mepecerkaer KoopaumHaTHBIE ocu B Toukax (0; 8) u

(2; 0), a uckomas ILIOINALL PaBHA % -8-2=8 (xB. exn.).

k k .
131. y'(x) = - y'(xy) = - VYpaBHeHUEe KacaTeJIbHOU
x x,
k k kx | 2k 2k
y——=——2(x—x0), Wi y = - ——+—. Eciu x =0, To y = —,
X xg x5 %o Yo
a ecnum y=0, To x =2x,. CiegoBaTesbHO, KacaTeJlbHasd IlepeceKaeT
2k
KoopmzuHaTHBIe ocu B Toukax | 0; — [ u (2xy; 0), a mckomas mjo-
Xo

1 2k
manb paBHA 3

-2 | xo| = 2k.
| o |

KonTposapHas padora Ne 2

Basoswtii yposenv
1. HaiiTu npousBogHYIO0 (PYHKI[VH:

6

1) 3x2—L; 2) (£+7) ; 3) ecos x; 4) In x
x3 3 1-x

[1)2x3 — L. 9)(4-3x)7; B)e*sinx; 4) 2=%|
x2? In x

2. HaiiTu 3HaueHmMe Ipom3BOgHON QYyHKIUU J = [ (X) B TOUKE X, €CIU

3 1 1
x:1—6«/¥, Xo=28 x)=2—-———, xg==|.
f(x) 0 [f (x) 5 Fo 4}
3. 3ammcaTh ypaBHeHHEe KacaTeJbHOII K rpadbury dyarmum f (x)=
=sin x —3x+ 2 [f(x)=4x — cos x + 1] B Touxe x, = 0.

4. HaiiTu 3HaueHUA X, IPU KOTOPBIX 3HAUEHUS IPOU3BOTHON (HyHK-

muu f (x) = x+1 f(x)= 1-x IMOJIOXKUTEJbHLI [oTpHUILa-
x%+3 x2+8

TEJbHBI].
5. Haiitu Touku rpaduxa GyHKIUU

f(x)=x%-3x2 [f(x)=x%+3x%], B KoTOpeIX KacaTeJbHad K
HeMy IapaJjuiesibHa ocu abciuce.
IIpogpunvrulil yposerv
1. Haiitu npousBoagHyio QYHKIIWH:
9
1) 2 _34%%; 2 (£+5) . 3) e*cos x; 4) ARX
x5 3 1-x

2—x
In x

10
1) 23/x2 —iﬁ; 2)(13+§) . 3)e” sinx; 4)
X
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2. HaiiTu sHaueHme Ipou3BOLHON QyHKIUY J = [ (X) B TOUKE X, €CIU
f(x)=log, (x®+3), xo=1 [f(x)=83%""1 x,=1].

3. 3ammcaTh ypaBHEHHe KacaTeJbHOH K rpadury dyaknum y = f (x) B
TOUKE X(, €CJIH

f(x)=sinx—-3x+2, xg=m [f(x)=4x—cosx+1, x0=g}.

4. Ha#iTu 3HayeHMs X, OPU KOTOPBIX B3HAUEHUA IIPOU3BOLHOI
dyuxmun [ (x) = e*x? mnomoxurensHbl [f (x) = x%¢* orpuna-
TeJbHBI].

5. Haiitu Touku rpadura GyHKIuu y = f (X), B KOTOPBIX KacaTesb-
Hadg K HeMy uWMeeT 3aJaHHBIN yrJoBOi KoabhdumueHt k, ecaun

f(x):«/5x+1,k:g [f(x):«/3x+1, k:%].

6. Haiitu Bce 3HaueHHSA a, HOPU KOTOPBIX HepaseHCTBO [’ (x) >0
[f' (x) < 0] He uMeeT AENCTBUTENBHBIX PEIeHUI, eCJu

f(x):§x3+2x2—x+5 {f(x):%lx3+x2—x—4}

Fnasa ITpuMeHenne IPOU3BOSHOINI
K HCCJIeJOBAHUIO (PYHKIIUU

OCHOBHOM IeJNbl0 M3YUYEHUSA I'JaBbl ABIAETCA JEeMOHCT-
panus BO3MOKHOCTEH TPOU3BOAHON B MCCJIEIOBAHUU CBOUCTB (HhYHK-
UM ¥ IIOCTPOEHUU MX I'papuKoB.

ITpu m3ydeHUU 9TO# IyIaBHI MIMPOKO MCIOJB3YIOTCA SHAHUA, IIOJY-
YyeHHBbIE yyammuMucsa npu nsydenuu riaassel 11, Taxk, Hanpumep, mocro-
SAHHO MMeeTcA B BUAY TOT (aKT, YTO €CJIM ITPOU3BOSHAA (PYHKIIUU CY-
IIeCTBYET B KaXKJOM TOUKE HEKOTOPOIO IIPOMEKYTKa, T. €. QYyHKIUA
muddepeHnupyeMa Ha HeM, TO OHA HeIIpepbIBHA Ha 3TOM IIPOMEKYT-
Ke (oOpaTHOe yTBEp:KAEHUE HEBEPHO, IIPOCTEUIINII NPUMEP TOMY
y =| x| — mempeprIBHAA DYHKINA, He NMEOIAA IPOU3BOLHON B TOU-
Ke x = 0).

B raase III 060CHOBBIBAIOTCA CJIEAYIOINME YTBEPIKICHU:

— ecau f' (x) > 0 HA HEKOTOPOM IIPOMEKYTKe, TO hyHKIud f (x)
Ha 9TOM MIPOMeEKyTKe Bospacrtaet; ecau f’' (x) < 0 — yObIBaer;

— ecau byHKnua nuddepeHIUpPpyeMa B OKPECTHOCTU HEKOTOPOM
TOYKM U MUMEET B 9TO¥ TOUKE IIPOU3BOJHYIO, PABHYIO HYJIIO, TO JaHHAA
TOYKA ABJIAETCA WUJIU MOUKOU MAKCUMYMA, UIA MOYKOU MUHUMYMA,
WU mouKol nepezuba.

Touku, B KoTopbix f’' (x) =0 mau B KoTOpbIx (GyHKIUA Hemudbde-
peHImpyeMa, HasbIBAIOT KPUMUYECKUMU; TOUYKHU, B KOTOphIX [’ (x) =0,
HaA3BIBAIOT CMAYUOHAPHBLLMU.

ITocie BBemeHUsS IOHATHUI MaKCUMyMa W MHUHUMyMa QYHKIIUA
dopmMupyeTca IpencTaBJeHWE O TOM, YTO (PYHKIMA MOMKET HMeTh
sKcmpemym B TOYKe, B KOTOPOUA OHA He MMeeT IIPOM3BOJHOM, HAIPU-
Mep y =| x| B Touke x = 0.
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B yueOHUKe olpeneiieHre BUIa S9KCTPeMyMa CBS3aHO C II€PeMeHOMn
3HaKa IIPOM3BOAHON (DYHKIIUU IIPU IIepexojle Yepe3 TOUKY BdKCTPEeMY-
ma. JKesaTeabHO MOKA3aTh YUYAIUMCA HE TOJBKO TPOMUILHBIX KJAC-
COB, UYTO 9TO MOJKHO CcJejlaTh IIPOIlle — MO0 B3HAKy BTOPOM MpO-
usBoguoi: ecau f” (x) >0 B HEKOTOpPO#l CTAIIMOHAPHOM TOUYKE X, TO
paccMaTpuBaeMasi CTallMOHApHAas TOYKA €CTh TOUKa MUHUMYMa; €CJIU
" (x) < 0, To aTa TOUKAa — TOUKa Makcumyma; ecau f” (x) = 0, To cra-
IMUoHapHas TOUYKa X eCTh TOYKa meperuda.

Kpome KpuTHUYECKHX TOYEK, BayKHOE 3HAUEHWE IIPU MOCTPOEHUU
rpad®uKOB UMEIOT MOuKU pa3pviéa GYyHKIUM, Hampumep Touka x = 0

1
A QYHKOUU Y = —; HYJAU QPYHKUUU, T.e. Te TOUYKH, B KOTODBIX
x

f(x)=0.

Ecnu ob6nacts onpezeseHus (QYHKIUU COCTOUT U3 HECKOJIBKUX
IIPOMEKYTKOB, TO IIOJIE3HO PACCMATPUBATH NOBeAeHVWE (PYHKIUU B
TPAHUYHBIX TOUKAX 9TUX IIPOMEKYTKOB.

B § 5 mpuBoguTCA cXeMa MCCIeSOBaHUA OCHOBHBIX CBOMCTB (hYHK-
nuu, IpeaBapdApiad IocTpoeHme rpadura. B o6meodpasoBarten-
HBIX KJIacCaX 9Ta CXeMa BBIIJIAAUT Tak: 1) objacTh oIpeneleHUA
dbyuxkuu; 2) TOYKM nOepeceueHUA rpaduKa C OCAMU KOODIMHAT;
3) mpousBomHaA GYHKIINU U CTAIlMOHAPHBIE TOUKHU; 4) IPOMEXKYTKU
MOHOTOHHOCTH; 5) TOYKM SKCTPEMyMa U 3HAUEHUA QPYHKIUU B ITUX
TOYKAaX.

B npodmapHbIx Kiaccax (Iociie m3ydyeHUsA BTOPOM IPOMBBOIHOI)
cxeMa mcciiefoBaHuA QYHKIUMU GoJiee meranbHa: 1) o6sacTh ompene-
JeHUA (QYHKINU; YeTHOCTb (HEUYEeTHOCTh); IEPUOAUYHOCTD; 2) HYJIHN
(byHKIIUN; IPOMEKYTKU 3HAKOIIOCTOSIHCTBA; 3) aCUMIITOTHI rpaduka
dbyuxunuu; 4) mepBas OPOMBBOAHAA; KPUTUYECKHNE TOUKHU; IIPOME-
JKYTKM MOHOTOHHOCTH; BKCTPEMYMBI; 5) BTOpasd HPOMB3BOAHAA; IIPO-
MEXKYTKHU BBINYKJIOCTH, HAIIPABJIE€HUSA BBINYKJOCTEHl M TOYKM Iepe-
ruba.

B pesynbTaTe M3yUYeHHUA IJaBbl BCe ydalIuecd JOJIK-
HBl 3HATh, KaKWe CBOMCTBA (DYHKIIMU BBIABJISIOTCA C IIOMOIIBIO
OpPOM3BOAHOI; YMETHh CTPOUTH rpaduku (QYHKIUHA B yIpaskHe-
HUAX TUna 57, 58, pemars 3amauu HAXO0MKIEHUA HaMOOJIBIIIErO
(HauMeHbIlero) 3HaueHuda (GyHKIuU tuna 59, 60. Yuammecsa mpo-
(pUIBHBIX KJIACCOB JOJI)KHBI Y M € Tb pellaTh yIpasKHeHud Tumna 67,
68, 71.

§ 1. BospacTtaHue u yobiBaHue pyHKUMM (2/2 4)

IHens usyuenuda naparpada — obyueHue MIPUMEHEHUIO J10O-
CTATOYHBIX YCJIOBUII BO3PACTAaHUA U YOBIBAHUS K HAXOKIEHUIO IIPOME-
SKYTKOB MOHOTOHHOCTU (DyHKIIUU.

B 0011e00pa3oBaTebHBIX KJIAacCaX JOCTATOYHOE YCJIOBHE BO3pACTa-
Husa (yoniBaumsa) ¢yHKIUU (TeopeMma 2) BBOAUTCSA 0e3 JOKas3aTebCTBA.
OmxHaKoO Iocje MOBTOPEHUA OIpeHeseHnil Bo3pacTalolleil u yObIBAIOIEen
Ha HEKOTOPBIX HIPOMEXYTKaX (DYHKIIUM ydalmecd II0 BUAy rpaduka
GYHKIIUM IOJIXKHBI HAYUYUTHCSA BBIABJIATH IPOMEKYTKHU €€ BO3pPaCTaHUSA
u yb6piBaHus. Tak, Hanpumep, no rpadurky dysKnum y = f (x), mpen-
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cTaBJIeHHOMY Ha pucyuHke 21,
yJarmuecs OOJIXKHBI OIPEAeIUTh,
uyTOo (hyHKI[UA BO3pacCTaeT Ha IIPo-
MexKyTKax x < 0 u x = 2, yObIBaeT
Ha orpeske 0 < x < 1.
Yuamumca npoPUIbHBIX
KJIACCOB TPV HAJWYUUM BPEMEHU
MOYKHO TIPEAJIOKUTH JoKasa-
TeJbCTBO (aKTa BO3pacTaHUA

dbyarIUn f (x)= x+l Ha UWH-
x

TepBajie X > 1, MCIIOJIb3ys OIIpe-
nejleHUe Bo3pacTalolnellt (GyHK-
nuu (BOOCJEACTBUUM 3TOT (PaKT
MOYKHO J0Kas3aTh C IIPUBJIEUEHU-
eM IOHATUSA TPOW3BOAHON M ydYalllMecs CMOTYT OIeHUTL JOCTOWH-
cTBa allapara MaTeMaTUYecKOro aHajau3a IIPU HCCIeJoBaHUU (PYyHK-
nmuu).

Puc. 21

IIycrb x5 > x> 1, Torga f (x5) — f (x1) = x5 +i—(x1 +iJ=
x

2 X1
_ 1 1 |_ Xg— Xy
=(xpy —xy)—| ——— |=(x3—x1)— =
X1 X3 X1X2
1
=(x9—x7)|1- > 0, Tak KakK X, — x; > 0 (o mpexmosioxe-
1%2
HUIO Xy > X;), & X1Xy>1 (mo ycuoBuio x;>1 um xy>1), oTkyza
1 1
0 <——— <1, u ggauur, 1 ———— > 0.
X1X2 X1X2

IlosicHeHue cmbIciIa TeopeMbl Jlarpamika MOXKHO COIIPOBOXKIATh
paccyKIeHUusAMU O IBUYKEHUU «CBepXy BHHU3» mpamour m (puc. 22),
mapaJijieIbHOM ceKyineii AB u He uMMeloIeil o0IINX TOUYEK C YACThIO
rpadbuka auddepenupyemoii Ha orpeske [a; b] dbyHKIUH [ (x).

Puc. 22
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IIpu mepememienvu Takoll HIPAMOU m B HAIPABJIEHUU K CEKYIIeH
AB ¢durcupyeTcsa mepBas o0Illas ¢ paccCMaTpuUBaeMOM YacThIO I'pa-
burka GyHKIHUEM ToukKa (Ha pucyHKe 39T0 Touka C) W mTOJIOXKe-
HUe npAMou [l,, ImpoxopsAIell depes3 3Ty Touky. V3 pucyHKa BUI-
HOo, uTo Touka C (c abcmuccoil ¢) — ToUKa KacaHHUA IpaAMOU [, ¢
rpadpuromMm ¢yHKIUU Yy = f (x). Ecau o — yroa, KoTophslii ob6pasy-
eT cekymada AB c¢ ockio Ox, M COOTBETCTBEHHO YIrOJI MeXKIy Ka-
carenbHO# [, m ockio Ox, TO COTJIACHO T'€OMETPUUYECKOMY CMBIC-
f(b)-71(a)

b-a
dyakuusa f (x) HempepbiBHa Ha [a; b] u quddepeHUpPYyeMa HA WH-
TepBaJsie (a; b), ToO Ha 9TOM MHTepBaJie CYIeCTByeT TOUKa C, Takasd,

, f(b)-7(a) ,
aro f'(c) = T, oTvAR F ) =7 (a)=1 (c) (b-a).

IIpenmosaraercsi, 4TO yd4alluMcCs 00Ieo0pa3oBaTEIbHBIX KJAac-
COB TOHSATHE AOCTATOYHOCTU YCJIOBUS MOJKHO OBITH IOHATHO HAa
VMHTYUTUBHO-OBITOBOM YypOBHE (HampuMmep, [IJd MMOKYIKU KapaH-
maima CTOMMOCTBIO TPU PyOJaA IATH pPyOJeid [oCTaTOYHO, a
OBYX pyOJeil HeZOCTATOUYHO). YUalliuecs OOJIKHBI, K IIPUMeEPY, IIO-
HUMAaTh, YTO MAJA YTBEPXKIAEeHUA TOoro (axra, 4YTO Ha HUHTepBaje
(a; b) muddepennupyemasa Ha dToM uMHTepBajse GyHKIuA f (x) BO3-
pacraeT, AOCTATOYHO (BIIOJIHE MOCTATOYHO) IOKasaTh, uTo f’' (x) >0
Ha (a; b).

Taxum obpasoM, ydaiuecs 00IIeo0pa30BaTEIbHBIX KJIACCOB JOJIK-
HBI OCO3HABaTh, UTO YCJIOBUs, 0€3 BBIIOJHEHUA KOTOPBIX YTBED-
JKAeHUe A 3aBeloMO He MOMKeT OBITh BEPHBIM, HA3BIBAIOT HeO0O0-
xo00umblMu VCIOBUAMU, a VYCIOBUSA, HPU BBINOJHEHUN KOTOPBIX
yTBepiKIeHUue A 3aBeIOMO BEPHO, HA3LIBAIOT 0OCMAMOYHLLMU YCJIIO-
BUAMU.

Teopernueckuii maTepuay naparpada u 3agaudy 1 KejgaTejlbHO pa-
300paTh HA OOHOM YPOKE, a OCTABIIIEEeCS BPEeMs IIOCBATUTH IIPAKTHUE-
CKOMY MKCIOJIb30BAHHUIO TeOpeMbl 2 M aHaJOTUUYHON el Iasa cayudas
yObBIBaHUSA (QYHKITUN.

Pacnpepmenenue maTepuaJsa maparpada mo ypokaMm OT-
paskeHO B TabauIlax.

ay mpousBomHoOu f'(c)=tg o= . Takum obpasom, ecuau

Oobuweobpasosamenbrible KJLACCHL

YupaxkHeHUS
2
[} R o
S5 TeopeTuueckuit
mo £ Marepuas OCHOBHBIE AJIA | [JIA CAMOCTOSA- | IOIIOJI-
paboThI B TeJIbHOU pabo- | HUTEJb-
KJIacce U JoMa THI B KJIacce HBIE
1 § 1, onpenenenue Bospa- | 1, 2, 5 2@)
craroliei u yobIBaroIeit
dyHKIUIT; Teopema 2,
sagaua 1
2 3,4 6
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IIpogunvrouie KaaccHL

YupaxHeHUS
S
§ % Teoperuueckuit
] & MaTepua OCHOBHBI€ JIJIS JIJIS1 CAMOCTOSI- —
paboThI B Kjacce | TeJabHOM pabo- A
HUTEJIbHBbIE
u goma THI B KJacce
1 §1,mo3amaum 2 | 1, 2,5 2 (3)
2 §1, z3amaum 2—4 | 3,4,6, 7 4 (3) 3azaya 5
TEKCTa Ha-
parpada, 8

B pesyabTaTe m3yueHuUsA maparpada Bce yualmecs
JOJKHBI YM€eTh HaXOAUTH IO IPadUKy U C IMOMOIIBIO IPOU3BOLHOI
MIPOMEKYTKY BO3PACTAHUSA U YOBIBaHUA MYHKIIUU B YIPAKHEHUAX TH-
na 2; yuamuecd HNPOMUIBHBIX KJIACCOB — B YIPAKHEHUAX THUIIA

3—5.

Pemenue ynpaskHeHUIt

6. 1) y=x®—-ax, y'=3x%—a. Eciu a <0, 10 y’ > 0 mpu Bcex
x € R, u moaromy QyHKIHA Bo3pacraeT Ha R. Ecaiu a =0, To

dyaKIuIa y = x° Bospacraer Ha R (xora f' (0)=0). IIycts a > 0,

V3a

Torfa Yy’ MeHseT 3HAK IIPU Ilepexoje uepe3 TOUKU X = iT’ ¥ TI0-

aTOMy (DYHKIIUA He ABJISAETCA BO3pacTalolleil Ha BCeM YHCJIOBOH
npamoii. OrBeT. IIpu a < 0.

2) y=ax-sinx,y’ ' =a —cos x. Ecima > 1, 0oy’ > 0 Ha R, u 1io-
aToMy (pyHKIHA BodpactaeT Ha R. Ecim a < 1, To Yy’ MeHsieT 3HaK, U
moaToMy (GYHKIIUS He SBJSETCA BO3pacTalolleil Ha Bcell UMCJIOBOM
npamoii. Ilpu a = 1 pyHKIIUA TaKKe ABJIsSETcA Bo3pacrarmieil Ha R.
Yro6bl [OOKAa3aTh 9TO, HYKHO BOCIIOJB30BATHCA HEPABEHCTBOM
|sin x5 —sin x; | <|xy — %, | =%y — x;, Tpum x5 >x;. OTBer. Ilpum
az=l.

7.y —2x+1 , {6+x—x2>0,
LYy =——=—; y' >0, ecam T. e. TIpHU
oV6tx—x2 —2x+1>0,

1], 6+x—x2>0,
xe|-2; =y <0, ecin
2 -2x+1<0,

8. 1) Ilycte ¢ (x) =In (1 + x) — x. Ora pyHKRIUa auddepeHII-

1
T. e. IPU X € —;3}.
P {2

pyema mpu Bcex x >0, mpuuem ¢ (x)= IL —1<0 mpu x> 0.
+Xx

dyurnua ¢ (x) HenpepsiBHa B Touke X = 0, moaromy GyHKRIUA @ (X)
yobiBaer npu x = 0. Tak xak ¢ (0)=0, To mpu x>0 cupaBen-
JIUBO HepaBeHCTBO ¢ (x) <@ (0), T.e. In(1+x)—x<0, orkyza
In (1 +x)<x.
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§ 2. AkcTpemymbl PyHKUUM (2/2 4)

ITens msyuyeHuda maparpada — 3HAKOMCTBO C MOHATHUAMU
TOUueK dKcTpeMyMa (GYHKIIUU, CTAIIMOHAPHBIX U KPUTHUUECKUX TOUEK,
C HeOOXOAMMBIMHU ¥ [JOCTATOUHBIMU YCJIOBUSIMHU SKCTpeMyMa (YHK-
nuu; o0ydyeHUe HAXOXKIEHUIO TOUEK dKCTpeMyMa (QyHKIIHU.

ITonATMAa MakcuMyMa U MUHUMyMa (QYHKIIMU BBOAATCS C OIOPOI
Ha puUCYHOK 59 yueOHMKa. 3aMeTUM, UTO IJis OOGJIETUEHUSA YCBOEHUS
yualuMucsa Kypca aHainsa B yueOHUKe MMOoJ TOUKOIl MakcuMyMa (Mu-
HUMYMa) HOHUMAETCA TOUKA cOOCMBeHH020 MaKcuMyMa (MUHIMYyMa),
TOrja KaK B CTPOTOM Kypce aHAIW3a, AJIA TOTO UTOOBI TOUKA X, ObliIa
TOUYKOM MaKcuMyMa (MUHHMYyMa), TpeOyeTcs BBINIOJHEHUHE YCJIOBUS
Fx)<f(xp) (f (x) =F (xp)) Lnsz Bcex X M3 HEKOTOPOHl OKPECTHOCTU
TOUYKH X.

Jaetcsa o600IlleHHOEe HA3BaHMWE TOUYEK MaKCHUMyMa W MUHHMYMa
(«TOUKHU dKCTpPEMyMa»), II0CjJe Uero mo pucyHky 23 (3apaHee BBIMIOJ-
HEHHOMY YUYUTEJEeM Ha AOCKe) HaXOASATCS TOUKH MaKCMMyMa M MUHU-
mMyMa (GYHKIIUM, a TaKyKe BBIMOJHAIOTCA CJIEAVIOIINe 3aJaHu A:

1. Insa xaskmoil HaWAeHHON TOYKM MaKcuMyMa (MHHUMYyMa) X;
YKasaTh KaKyIo-HUOYAb OKPECTHOCTb TOUKY X;, B KOTOPOI BBITIOJIHAET-
ca HepaBeHCTBO [ (x) < f (x;) (f (x) > f (x))).

2. O6BACHUTD, ITOUeMy, HampuMep, Touku x = 1, x = 1,5 He aBA-
I0TCA TOUKAMU dKcTpemMyMa QyHKIuU f (x).

3. Kax pacmoJiosxeHbI KacaresbHble K rpadury GyHrnum y = f (x)
B TOUKAX 9KcTpemyma?

4. Hatitu ' (-5), ' (-2), ' (0) (mwpu sHaxoxzeunuu f’ (0) =0 o06-
paiaeTcsa BHHMaHWe Ha TO, 4To X = 0 He ABJIsEeTCA TOUKOIH 9KCTpE-
MymMma).

5. Ectb 1u Ha orpeske [2; 6] sHaueHus x, A KOTOpbeIX f' (x) = 0?

6. HaiiT mpoMesKyTKU Bo3pacTaHuA U yObiBaHUA QyHKIMH f (X).

Teopema Pepma (He0O6XOAUMOE YCJIOBHE 3KCTPEMYMa) UJIIOCTPU-
pyercsd ¢ ImoMoIlbio pucyHKoB 60, 61 u 62 yuebuuKa, mocJje 4ero mie-
JaeTcsa BBIBOA O TOM, UTO TOUKM MAKCUMyMa U MHUHHUMYMAa CJEAyeT
WCKaTh CPeIu TeX TOUeK, B KOTOPBIX IpousBoAHAas paBHa 0; ogHaKO

y
y=f(x)

Puc. 23
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He BcerJla TOYKa, B KOTOPOH ITPOM3BOAHAsS obOpalaeTcsa B HYJIb, SB-
JseTcsa TOUKoOIi sakcTpemyMa (Touka x = 0 Ha pucyHkKe 63 He sABJIAET-
CsI TOUKOI KCTPEMyMa, XOTA B Hell Hmpoms3BogHAA PYHKIUMU obpara-
eTcsaA B HYJb).

ITocse BBemeHUS MOHATHUIH CTAIIMOHAPHBIX W KPUTUUYECKUX TOUYEK
BBIMTOJHAIOTCS yupaskuHenusa 9, 10 u paccmarpuBaercs (6e3 mokasa-
TeJIbCTBA B 0OOIITe00pPa30BaTEJbHBIX KJAcCCax) AOCTATOUYHOE YCJIOBUE
SKCTpeMyMa.

ITocsie paccmoTpenus 3aja4 2 u 3 yyaluecs JOJKHBI IIOHATDb, UTO
TOYKM DKCTPEMYyMa BBISBJISAIOTCA C IIOMOIIBI0 3HAKOMOII MM 3amadyud
HaXO0K/JIeHUs WHTEPBAJIOB BO3PACTAHUS W yObBIBAHUA DYHKIIUU.

B Hauajle ypOKOB M3yUYeHUS 3TOW TeMbl 3aKPEIJIAIOTCS HaBBIKU
HaXO0MK/IeHUs IMPOM3BOAHBIX, IIOBTOPSETCS PeIlleHre Pa3InUHbIX ypaB-
HeHUI 1 KBaJApPaTHBIX HepaBeHCTB. BO3MOKHO IOBTOPEHE MeTO/[a MH-
TEepBaJIOB, KOTOPOMY IIPY M3YUYEHUU CJIeAyIoIero naparpada yaeaseT-
cA 3HAUYMUTEJbHOEe BHUMaHMWe. 3aJaHU A Ha aKTyaJaus3aluio 3HAHUMN
MOT'YT OBITh BBIOPAHBI M3 CJIEAYIOIINX:

1. HaiiTu nmpousBogHy0 GYHKIIUN:

1) 3x*—2x+5; 2) e2**1; 3) x2.sin x.

2. Haiitu 3HaueHuUs Xx, Ipu KoTopwixX f (x) =0, ecuu:

1) f(x)=5x2+3x; 2) f(x)=2x3—-4x% 3) f(x)=xe5;

4) f(x)=+v3—-x.

3. Pemuts HepaBeHCTBO:

1) 15x+1>0; 2) x(8-x)>0; 3) x2—5x+6>0;

4) x-5x+6<0; 5) x_1<0; 6) (x+2)e*>0.
x

B KoHIIe BTODPOT O ypoKa udydyeHud § 2 uiau B Hauaje CJeayIoIe-
ro ypoka (mepen msydeHneM marepuajga § 3) MOKHO MPOBECTHU IIPOBeE-
POYHYI0O CAMOCTOATEJbHYI pabory.

1. HaiiTu cranmoHapHbIe TOYKYU QYHKIIUN Y = sin% [y = tg 2x].

2. HaiiTu TOYKH sKcTpeMyMa GYHKIIUHU Y = 2 +§ [y _1 + g}
x x
3. (B mpoduapHBIX KJaccax.) HaliTu TouKu sKcTpeMyMa U 3HaUe-
HUA (yHKIUH f (X) B TOUKAX SKCTpeMyMa, ecau [ (x) = e?* — 2e*
[f (x) = 8e%* — 2¢%*].
Pacnpemenenue maTrepumasa nmnaparpada o ypokam OT-
paskeHo B TabIUIlaAX.

ObweobpasosameibHble KJACCHL

YiupakHeHUS

% <

S & | Teoperuueckuii

53 MaTepua OCHOBHBIE [IJIS JUJLS CaMOCTOS- JIOIIOJI-

o> PaboTsI B KJacce TEJILHOUN paboThI HUTEJb-

u JoMa B KJacce HEBIE
§2,m1 9, 10 9 (5)
2 § 2, Teopema 2, | 11 IIpoBepouHas camo- 12

3amaya 2 cTosTeIbHasA pabora
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IIpogpunvruie KaaccoL

VupaxHeHUSA
2
g Teoperu-
Z "
mo & EeCKIU OCHOBHBIE JJIA LS CAMOCTOS-
MaTe€pUAT | 1aGoTe B KIAC- | TeNbHOM PaGOTHI | HOIOIHUTENbLHBIE
ce 1 goma B KJIacce
1 §2,m 1, 9—11 9 (5), 11 (3) IIpu Kakux a
o. 2 1o GyHKITUA
3ajaunm 3 y=ax3+3x% -
— 2x + 5 yObIBaeT
Ha BCeU YMCIIOBOM
apsaMoit?
2 §2,m 2, 12—14 ITIpoBepounas ca-
3agaun MOCTOSITEJIbHAS
3,4 pa6ora

B pesyabrTaTe mM3yueHuUsA maparpadga Bce yualguecs
IOJKHBI 3HATh ONpeJeeHNUs TOUeK MaKCHMyMa M MUHMMYyMa, CTa-
IUOHAPHBIX U KPUTHUYECKUX TOUEK; YMETDHb IIPUMEHATL HEOOXOIM-
Mbl€ ¥ JOCTATOUHBIE YCJIOBUS SKCTPEMyMa IJis HAXOMKAEHUSA TOUYEK
SKCTpeMyMa (PYHKIIMYM MIPU pelleHuy 3agamuii tuma 11.

§ 3. HamGosnblee M HanMmeHbLLee 3HaYeHUa PYHKUUUN
(3/3 )

ITenr ums3yuenusa mnaparpada — obyueHme HAXOKICHUIO
HauOOJBIIIer0 1 HaWMEHbIIero 3HaueHul (DYHKI[UU C IIOMOIIBIO IPO-
H3BOJHOI.

B o6ureo6pasoBaTeabHBIX KJaccax M3yueHMe MaTepuaJja maparpa-
da xesmaTesbHO paccMaTPUBATL B CJAEAVIOIIEH MOCJeI0BaTEIbLHOCTH:
1) ajgropuT™M HAXOXKAEHUS HamOOJBIIEro M HAWMEHBIIero 3HauYeHNH
dyukmun (2-i1 absar), 3amaum 1 u 3; 2) pacCy:KIeHHUS O PeIleHuHn
OpUKJIATHBIX 3amau (3-if abzarr), 3amaua 4; 3) sameuanwue (4-ii abzar),
3amaua 2. B mpouasHBIX KJjlaccaX TeopeTHuyecKuii matepuas (mo 3a-
mauu 1) MOMKHO paccMOTPeTh eUHBIM 0JIOKOM, IIOCJIe Uero pasooparhb
sagmauu 1, 3, 2, 4, 5 B yKasaHHOM MOCJIEI0BATEJIbHOCTH, 3aKPEILIASa HA
COOTBETCTBYIOIUX YIPAKHEHUAX MOJYUYeHHbIE YMEHUs.

VuammuMca o001eo06pa3oBaTeIbHBIX KJIACCOB MOYKHO IIOCOBETO-
BaTh 3ammcaTh B TeTPagW aJTOPUTM HAXOMKAEHUS HAMOGOJBIIIET0 U
HauMeHbINlero 3HaueHuil pyurnuu f (x) Ha orpeske [a; b]: 1) HaliTu
3HaueHUe (QYHKIMM Ha KOHIaX OTpe3Ka, T. e. umuciaa f (a) u f (b);
2) HAlTH ee 3HAUEHHUS B KPUTHUUYECKUX TOUKAX, IPUHALIEIKAIIUX
uHTepBany (a; b); 3) w3 HalileHHbIX 3HaUYeHUI BHIOPATh HaubOJbIIIEee
¥ HauMeHbIIIee.

Ha BTOpOM YypOKe MOKHO NPOBECTH MPOBEPOUHYIO caMo-
CTOATEJILHYIO PaboTy.

1. HaiiTu HauboJiblllee 1 HaMMeHbIllee 3HaUeHUd GyHKIuu [ (x) =
= x*-8x2+ 5 [f (x) = x* — 18x2 + 30] Ha orpeske [-3; 2] [[-4; 3]].
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ex

2. HaiitTu wHaumeHbIllee 3HaueHue GQyHKuIuu f(x)= 1
x f—
2
{f (x)= x_} Ha uHTepBase x > 1 [x > 0].
e X

Pacnpemenenue maTepuaJyia naparpada mo ypokaMm OT-
paskeHo B TabauIlax.

OobuweobpasosamenbHble KJAACCHL

VYupaxkaeHusa
% <
s & TeoperndecKuii
mo & Marepua OCHOBHBIE JJIA | JJIf CAMOCTOA- NOTIOMHHA-
paboThI B KJjIac- | TeJIbHOM pabo-
TeJIbHBIE
ce u goMa THI B KJacce
§ 3, 1-it u 2-i1 a6- 15—17, 24 15 (3) 18 (1)
sanpl, 3agaun 1, 3
2 § 3, 3-i1 abzam, 3a- | 18 (2—4), 19, 24
naua 4 20—23
3 § 3, 4-i1 a63am, 3a- | 26 (1, 2), 28 ITpoepounass | 25
maua 2 CaMOCTOSATE -
Has paboTa
IIpogunvrole Kaaccol
VopaxHeHUS
s
s % TeopeTuueckuii
é e MaTepua OCHOBHBIE JJIA | JJIA CAMOCTOS- NOMOJTHY-
paboTsI B KJIac- | TeJbHOM pabo-
TeJIbHBIE
ce U JoMa THI B KJIacce
§ 3, Teoperuue- 15—17 15 (3) 18 (1), 25
CKas 4acTh, 3aja-
un 1, 3
§ 3, samaua 4 18 (2—4), 19, 19 (1) 24, zagaua 5
20—23 TeKCcTa ma-
parpada, 31
§ 3, samaua 2 26 (1, 2), 28, ITpoBepounas 32
30 (1) CaMOCTOATEb-
Has paboTa

B pesynabrTaTe m3yueHUsa maparpada Bce yualimecs
OOJKHBI YMETh HaXOOUTh HaAuMOOJbIllee M HaWMeHbIllee 3HAUEHUS
GYHKIIUN Ha OTpes3Ke B yIpaKHeHuAX Tuna 15—17; yuaiimecs mpo-
(UABHBIX KJIACCOB HOJKHBI Yy M€ Th PellaTh IPpUKJIaJHbIe 3aJaull TH-
na 20—23 Ha HaxoKIeHMe HamboJbIIero (HamMEHBIITero) 3HaYeHUs
byHKIIMM Ha WHTepBaJe.
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Pemienue ynpaskHeHUN

_2
28. 1) y =3/x2 (1-x),y’'= é(x2 (1-x)) 3(2x-3x2%),0<x<1.
Ha wunrepsane (0; 1) nmeeTcss ogHa TOUKA SKCTPEMyMa X =§ (Touka

MaKCUMyMa), IIPUYeM y(g) =3 (2)2 A §/71
3 3 3 3

30. 1) f(-1)=2, f(1)=0, f(2)=1. Ha unrepsaiax (-1; 1) u
(1; 2) ypaBuenue f’' (x) =0 KopHeil He HMMeeT, 3HAUUT, HA OTPE3Ke
[-1; 21 M =2, m=0.

31. Ilnomaxnps mpaMoOyroabHHKa S (x) = x (3 — x%) — dyHKIUA,
samannas Ha x € (0; V/3). S’ (x) =3 — 3x2, S’ (x) = 0 upu x = +1. Un-
TepBaay (0; J3 ) IpUHALJIEKUT KpuTUUecKasa Touka x = 1. Ha unTep-
Base (0; 1) BoImoaHsAeTcss HepaBeHcTBO S’ (x) >0, Ha wuHTepBaje
(1; v/3) — Hepasencreo S’ (x) < 0, mostomy S (1) = 2 — HamGoIbIIAA
ILJIOUIAAb MPAMOYTOJbHUKA, YIOBJIETBOPAIOIIETO0 YCIOBUIO 3aTadu.

32. CTOpOHBI NMPSAMOYTOJbHUKA X U g— X, ero guaroHaisb f (x) =

2
4x —
= x2+[§—x) , HpuYeM O<x<§. fr(x)= £ ;

2
2 x2+(§—x}

f (x)=0 mpu x = % Ha wuuTepBase [0; %] BBIIIOJIHAETCS HepaBeH-

ctBo f' (x) <0, a Ha wWHTEpBaJye [%, g) — uepaBeucTBo f' (x) > 0.

4 2 4 8 4
3HaueHHNe ANAroHaIW IPSAMOYTOJbHUKA C IIePUMeTPOM p.

p p2 (p p) _ [p? pvZ
3HAYUT, fl—1|= E+ — - = ,|— = —— — HauMeHbIIIee

§ 4. MpousBogHas BTOPOro nopsaka,
BbINYKJIOCTb U TOYKU neperuda (1/2 v)

Ifens msyuenusa maparpada — 3HAKOMCTBO BCeX yUalllUX-
CA C IOHSATHWEM BTOPOM HTPOM3BOAHOU (GyHKIUM U ee (PUIUYECKUM
CMBICJIOM; ydYaIliyecs HPO(MUIBHBIX KJIACCOB OCBAWBAIOT aIlIlapaT IpU-
MeHeHUs BTOPOI MPOMBBOAHOM MJIsS HAXOMKAEHUS MHTEPBAJIOB BHINYK-
JIOCTH U TOYEK Iepermba (pyHKIIUH.

C yuamuMucsa o0ueo0pa3oBaTebHBIX KJACCOB M3ydaeTcd JIUIIb
u. 1 maparpada. Ilocise aToro BuImOJHAETCSA yOpaskHeHue 37 u pera-
IOTCA CJIeAYIONNe 3aTaduu:
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1. MarepuajabHasd TOYKa [OBUIYKETCS IIPAMOJUHEHHO II0 3aKOHY

s (t) = 8t% — §t3, rae s (1) — OyTh B MeTpax, ¢ — BpeMdA B CeKYHIaX.

Haiitu yckopeHue ABMKeHUs B MOMEHT Bpemenu t =1; t =3; t = 4.
2. CKopoCTh MaTepHaJIbHON TOUKHU, NBUKYIIEHCA TIPAMOJIUHENHO,
3

t
M3MeHsIeTCs IO0 3aKOHY U (t) = ?— 16¢, rme CKOpPOCTHL M3MEPSETCA B

MeTpax B CeKYHAY. B KaKoil MOMEHT BpeMeHU CKOPOCTEL ABUKEHUA OY-
IeT HauMeHbIIeli, ecjii JBUKeHNe PacCMaTPUBAETCA 3a MPOMEXKYTOK
BpeMeHU OT t; =2 ¢ mo ty, =10 ¢?

3. MarepuanbHas TOYKA [ABUIKETCS NPAMOJUHENHO II0 3aKOHY

s (t) =é t* — t3. B xaxoii MOMeHT BpeMeHHU u3 mpoMexyTea [1; 5]

YCKOpeHUre ABUIKEHUsS O0yJeT MUHUMAJIbLHBIM?

IIpu sToM AJisaA momarirHeil paGoThI YUAITMMCSA MOYKHO JaTh IIOCJEe[-
HIOI0O U3 NPeIJIOKeHHBIX TpexX 3amadu (WMam el aHaJOTUUHYIO) U3
ynpaxxkueHua 37 (2, 4, 6).

B npoduiasHBIX KJaccax Ha Ie€PBOM YPOKe CleAyeT IOBTOPUTH
pellieHVe HePaBEHCTB MeTOAOM HHTepBajoB. Ilocie paccMoTpeHUs
n. 1 maparpada xejaTeJbHO PEIIUTH IIPEAJOKEeHHbIe BBIIIE 3 3aja-
YW, WJIIOCTPUpYIomue (ODU3WUYECKUIT CMBICI BTOPOU IIPOM3BOIHON.
OcTasbHOE BpeMs IIOCBANIAETCA M3YUEHUIO T€OMETPUUECKOTO CMBICJIA
BTOPO# IPOU3BOAHOM, HAXOKAEHUIO NHTEPBAJIOB BHINYKJIOCTH U TOUYEK
neperuba. Ilepen pertenuem yupakuerausa 40 (1) yuamuecsa npo@uis-
HBIX KJIACCOB MOT'YT BBIBECTU IIPABUJIO HAXOKIEHUS BTOPOI IPOM3BOI-
HOM mnpousBemeHuss AByX Qyurnuii: «Ecau f (x)=g (x) - h (x), TO
" (x)=g" (x) - h (x) + 28" (x) - B’ (x) + & (x) - h" (x)».

Pacnpemenenme mMaTepuasga maparpada oo ypoKam
(B mpouIBHBIX KJAaccax) OTPaKeHO B Tabsuiie.

IIpogunvrule Kaaccol

VYupaxkHeHUS
;f § TeopeTu-
o 8 qecKuu OCHOBHBIE IJIS | IJIA CAMOCTOSI-
T > | maTepuar paboThI B TeJIbHOH pabo- JOIIOJIHUTEJbHbBIE
KJIacce U goMa THI B KJacce
1 §4: 37, 38, 40 38 (1) Bagaum 1—3 u3 TeKcra
omo. 1, 2 METOAUYECKUX PEKO-
MeHIaIni
2 §4:m 3 39, 41 39 (3) HaiiTu nHTEpBaNIBI BBHI-
IYyKJOCTU (QyHKITUM:
1) y=x*-6x2+4;
2) y=(x+ 1%

B pesyabrTaTe m3yueHuUsa maparpada Bce yualumecs
IOJIKHBI Y M € Th HaXOJUTH BTOPbIE IIPOU3BOAHBIE (QDYHKIINI B yIpaK-
HeHUAX TUNa 37; yuaiiuecs MPoQUIBHBIX KJIACCOB MOJMKHBI YMETh
HaXOOUTh HHTEPBAJBLI BBIMYKJOCTH W TOUKM meperuba (GyHKIUU B
ynpaskHeHuaAx tumna 38, 39.
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Pemienue ynpaskHeHUN
39. 1) f(x)=cosx, -n<x<m f"(x)=-cosx, f"(x)=0 mpu

b T "
X, = _E U Xy= E B sTtux Toukax f” (x) MeHseT 3HAK, U II0O9TOMY TOU-

T
KH ~3 u 5 TOYKU Teperuba.

40. 1) f(x)=(x? - 3x + 2) €%,

Fx)=R2x—-3) e+ (x2-3x+2)e*=e" (x> - x - 1),

ff=e* (x> -—x-1+e*2x—-1)=¢e" (x?2+ x - 2). Tax Kax e*>0
npu Jgobom x, To f” (x) =0 nmpu x; =-2, x5=1. Tak rar " (x) >0
opu x < -2 u x > 1, To Ha 9TUX MHTepBajsaX QPYHKIIUS BBITYKJIa BHU3;

Ha wuHTepBasie (—2; 1) (GYyHKIUA BBIIYKJa BBEePX, TaK KaK B31ech
" (x) <O0.

§ 5. MocTpoenHune rpadpukoB GpyHkunn (2/4 4)

IHenr nsyuenusa naparpada — dopMupoBaHue y Beex yua-
MUXCA YMEHUSI CTPOUTH rpad@uKu (PyHKIIMIT-MHOTOUJIEHOB C IIOMOIIHIO
HepBO¥l MPOMBBOMHOI, Y yUalIuxXxcs NMPO(PUIBHBIX KJIACCOB — C IIPU-
BJIEUEHMEM allllapaTa BTOPOM IIPOU3BOIHOIM.

Yuamiuecsa o61meo00pa3oBaTeJIbHBIX KJIACCOB PACCMATPUBAIOT JIUIIH
pelenme 3azauyu 2 naparpada, mocJse 4ero GopMyIUupyeTcsa aJropuUTM
uccJiefOBaHUA (QYHKIIMYU C TOMOIIHIO IIePBOM IIPOU3BOAHON U IIOCTPOE-
HudA ee rpadpura: 1) maiiTu 06sacTh onpemeeHusa QyHKIIUNA; 2) BbIAC-
HUTDH, SABJAAETCA JU (MYHKIUA UYETHON (HEUETHOM), mepuOIUUECKO;
3) HaliTM TOUKHM HepeceueHUs rpapuka ¢ ocaMu KoopaumHAT (Iociie
"Haxoxaenus f (0) u xopHeit ypaBuenus f (x) = 0); 4) maiiTu mpome-
JKYTKHU 3HAKOMOCTOSIHCTBA QYHKIIUY (peruTh HepaBeHcTBa f (x) > 0 u
f (x) <0); 5) maiitu [’ (x); HaliTm cTalMOHAPHBIE TOYKU (PEIIUTH
ypaBHeHue f’' (x) = 0); 6) HaiiTu TPOMEKYTKHU BO3pacTaHUS U yObIBA-
HUA QyHKIuU (pemuTh HepaBercTsa [ (x) > 0 u ' (x) < 0); 7) Haiitu
TOYKM dKCTpeMyMa (DYHKIIUU U ee 3HAUEHUA B TOUYKAX DKCTPEMYMA;
8) 3aHecTU pe3yJIbTaThl UCCJAENOBAHUA B TAOJIUIY; OTMETUTHL HA KOOP-
OUHATHOU IIJIOCKOCTH TOUKU, Yepe3 KOTOphle IIpoiineT rpadmr pyHK-
nuu; n300pasuTh rpaduKk QyHKIUN.

Tabauiy, aHaJIOrMYHYIO TOM, KOTOpas IpPeACTaBJeHa B 3ajgaude 2,
yyaluecss MOT'YT 3allOJIHATh OJHOBPEMEHHO C BBIMOJIHEHUEM M. 5—7
chopMyJIUPOBAHHOTO AJITOPUTMA.

YMmeHne crpouth rpadur (GpyHKIUM, COAEPIKAIUII TOUYKMU, B KO-
TOpPBIX PYHKIIUSA He olIpeneiieHa (KaK, HAaIIpuMep, B yIpakHeHUUu 44)
He ABJSETCA 00A3aTEeNbHBIM [JIs ydalluxXxcd 00Ieo0pa3oBaTeIbHBIX
KJaccoB. Ecau jKe yunuTesb MOKA3bIBAET OCTPOEHUE TPadUKOB TaKUX
GYHKIMI, TO Hmepea MOCTpoeHUeM rpapuika KejaTeJbHO IIOPEKOMEH-
IOBaTh yUyalllIMCs IIPOBECTH NYHKTUPHbIE BEePTUKAJIbHBIE JIUHUU Ue-
pes3 Te TOUKM Ha ocu abciucc, B KOTOPHIX (GYHKIMA He OIpeesieHa
(rpaduk GyHKOUM WX HUTAEe He IlepecedeT). ITU JIUHUU — Bep-
TUKAJbHBIE ACUMIOTOTHI rpadukra (Hampumep, B yupakHeunuu 44 (3)
TaKasa JUHUSA — IOpAMad X = —2).

Mo:xkHO TOPpEKOMEHI0OBaTh yJyaluMcs JJisd 60Jiee TOYHOT'O IIOCTPOoe-
HUA rpaduKa 3aJaHHONU (QYHKIIMM BCETAA HAXOAUTH HECKOJIBKO JAOIIOJI-
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HUTEJbHBIX TOUEK, MIPUHAMJIEKAINX IrpaduKy, KaKk dTO cAeJaHO B 3a-
made 2 Texcra maparpada.

Hiasga caMoCcTOSSTEeAbHOMN DPabOTHI ydJaI[MMCS MOKHO ITOPEKO-
MEHJO0BaTh MOCTPOUTH I'padMK KOHKPETHON KBaApaTWYHOU (GyHKINH,
HaXO[s BepIINHY Mapabojbl KaK TOUKY dKCTpeMyMa.

Vuamuecsa npo(UIbHBIX KJIACCOB M3yYalOT MaTepuas maparpada
B IIOCJIEIOBATEILHOCTH, MPEIJI0KEHHON YUYeOHMKOM; He paccMaTpH-
BamoTcaA 3amaua 2 (rge uccaeqoBaHKe (PYHKIMHK IIPOBOAHUTCA 0e3 ail-
mapaTa BTOPOM MPOU3BOJAHON) M JOKA3aTEeILCTBO TeopeMbl (OHO Hpes-
JIOYKEHO JIUIh AJIA YUYAIIUXCA, HHTEPECYIUMXCA MaTeMaTHKOM).

Paconpegesnenue maTepuasa naparpada mo ypokam OT-
pasxeHo B TabIMIlAX.

ObuweobpasosameibHble KJACCHL

YupaxHeHUS
§ 8 | Teopernu-
Q YecKUuM .
S OCHOBHBI€ JIJIS . JIOIIOJ
an & MaTepuaJ [ paGoThl B KJacce AJLE CAMOCTOATEIILHON HUTEJb-
paboThI B KJjacce
u Joma HbIE
1 § 5: zama- | 42 ITocTpouts rpaduk QyHK- 44 (1)
ua 2 man 1) y=2x2+5x -3
2 43 2) y=—x2+3x -4 44 (3)
IIpogunvrouie KaaCCHL
VupakHeHusa
&
S & | Teopernueckuii
S A MaTepHa OCHOBHBIE IJIA IJIS1 CAMOCTOSATENb- | JIOIOJI-
o> paboTHI B KJac- HOH PaboTHI HUTEJh-
ce U foMa B KJIacce HbIE
1 §5,m1 44, 45 Haiitu acumnrory
rpadpura QyHKIIUN:
1) f(x)=%=3;
x
2
x“+1
2) f(x)= .
x—-2
2 § 5, us . 2 anro- 42, 43 43 (3) 46
PUTM IIOCTPOEHUSA
rpaduka, 3agada 3
3 § 5, zamaua 4 47, 48 51
4 § 5, samaua 5 49, 50 49 (5) 52

B pesyabrTaTe m3yueHuUsa maparpada Bce yualumecs
IOJKHBI YMETDHb CTPOUTH Ipadukm (GyHKIHI, aHAJOTUUYHBIX 3aJaH-
HBIM B yrupaskHeHusax 42, 43 (c HOMOIIbIO IIEPBO IITPOW3BOIHOIN),
a yuarmiuecs IMpogUIBHBIX KJIAaCCOB — B yOpaKHeHUAX Tuna 47—49
(c ToMOIIbIO ammapaTa IepBOil U BTOPOU HPOU3BOJHBIX).
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Pemrenue ynpaskHeHUSA

52. OueBupHO, x = 1 aABIAeTcA KOpHeM YypaBHeHUs. Paccmor-
pum ¢yarnuo f(x)=1-2x + 2x% — x%, f (x) =-2 + 6x% — 5x*.
Ecau o6osuaunuth x2 =t, To QyHKIUA g (1) = -2 + 6t — 5t? npunn-
MaeT Ipu JiFo6oM ¢ TOJBKO OTpUIlaTelbHbIe 3HaueHuUsaA (a =-5 <0,
D =36 — 40 < 0), sumauur, f' (x) <0 mpu awbom Xx, T.e. QyHKIIUS
f (x) — yO6bIBatoliasa Ha Bceil obaacTu omnpenesneHusa (x € R) u 60ab-
mie oxHoro HyJaa He mMmeeT. OrBeT. OZuUH HOelCTBUTENBHBIN KO-
DPEHb.

Ypoku 0600LeHns U cuctemaTuaauum 3HaHuin (2/2 y)

Ha sTtux ypokax cHCTEMaTU3UPYIOTCS 3HAHUA, MOJIyUYeHHBIE yda-
mumuca GakTUUECKU, IPU U3YYEeHUU ABYX IJiaB yueOHuUKa. IloaTomy
B HauaJjie IIePBOT0 yPOKa MOKHO IMOBTOPUTHL OCHOBHBIE MOHATUS, BBe-
neuusie Bo II riaBe. CresiaTh 9TO MOKHO C IIOMOIIIBIO BOIIPOCOB 4—13
Kk raase II. Bompocs! K raase III ciiegyeT QOIOMIHATE BOOPOCAMU HPaK-
TUYECKOro xapakTepa. Hampumep, mocjie OTBETOB Ha BOIPOChl 1—2
cJenyeT CIPOCUTDH YUAITUXCA O TOM, KaK HAWTH IPOMEKYTKHU BO3pac-
TaHua (yObIBaHUA) QPYHKIIMHU; IIOCJIe OTBETa Ha BOIIPOC 3 CIIPOCUTH O
OPaKTUYECKOM HAXOKIEHUU TOYEeK MaKCHUMyMa W MUHUMyMa (QyHK-
IUU; IIOCJie OTBETAa Ha BOMPOC 4 BBHIACHUTH HNPAaKTUUYECKOe 3HAUEHUE
Teopembl Pepma u T. I.

ITocsie Takoii paGoTHI C BOOpPOCAMHU K IJIaBe CJIEAYeT IMPEAJIOKUTH
yyaluMcs BBITOJHUTE (C GOJIBINIOI MoJeii caMOCTOSTeILHOCTU) 3aja-
Husa O0soka «IIposepns cebs!».

Vuuresb OOJKEH IPOBEPUTh PabOTy KamKIOTO yualllerocs U Ha
BTOpPOM YypoKe (mocjie aHajgmi3a padoT) yCTpaHUTH OOHaApY:KeHHbIe
OITUOKU.

3aKpenuTh IPUOOPETEHHBIE HA IPENBIAYIIINX YPOKaX YMEHUS B UC-
ciefoBaHUM (DYHKIUNA M TOCTPOEHUM UX I'PadMKOB MOIKHO C IIOMO-
b0 yrnpaskHeHuin K raase III.

Pemenune ynpaskHeHUit

73. Ilpamaa (oTiMyHAsA OT OPAMOM BUAA X = C) MMeEET C Hapa-
60JIOI POBHO OAHY OOIIYI0O TOYKY TOJHBKO B TOM CJIydae, €CJIMd 9Ta
TOYKA — TOUKa KacaHuA rpadukos. Ilapaboma y=x2+a u upa-
Maa y = —4x + 5 UMeIT POBHO OAHY OOIIyI0 TOYKY, KOrZa IOUCKDHU-
MUHAHT ypaBHeHHA x2+4x +a—5=0 paBeH HYyJIIO, T.e. KOTAA
16 —4a+20=0. OrBerT. IIpu a =9. )

nr

74. Tlycts S (r) — mioImanb ceueHus TOHHeA, Toraa S (r) = u +

p—-2r—mr 2 p
T = ?(—n— 4)+rp, roe 0 < r<Z. Ha yxasanHoM uH-

TepBajyie 3HaueHnuit r umeem S (r) =0, eciiu (-t —4) r+ p=0, T. e. mpu

+ 2r

ro= . CueBa ot r, s3nauenus S’ (r)> 0, cupaBa OT 1, 3HaAUYEeHU:

T+ 4
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S’ (r) <0, sHauur, r, — Touka Makcumyma (pyHrmum S (r). OrBer.

Ilpu r = .
P 4+ 7
a(x+a
75. U3 nmomobusi TpeyroJabHUKOB x_x+a ,oTKynma AC = ¥;
a AC x
a(x +a)? 2a(x+a)-2x—a(x+a)?-2
S(x)=———, 8" (x)= =
2x 4x2
2ax2+2a%x—ax?—-2a%x-a® a(x?-a?)

= = ;3 S"(x)=0 mpu x = a,
2x2 2x2
Tak Kak x>0 m a>0. Ecim x<a, o S’'(x)<0; eciu x>a, TO
S’ (x) > 0, motomy x = a — Touka MuHHMyMa QyHKIUU S (x).
77. Ilycts h — BBICOTA UIAWHIPA, I' — paguyc ocHoBauusa (r > 0,
h >0), Torma momiagb moBepxHOcTU S = 2nrh + 2nr?, OTKyHa

_ 2 nr? (S —-2nr?
= M O6bem muauHapa V (r) = # = rS _ nrd;
2nr 21r 2
V’(r)=§—37tr2.V’ (r)=0 npu ry = ’6£.Ecm/1 r<ry T0 V' (r)>0;
T
eciu r>ry, TO V' (r) <0, T.e. — TOYKa MaKcuMyMa, Torga
V( /i)z_ /_ / _S /
6T 2\V6m
k
81. F cos oo =(mg — F sin o) k, orryza F = _ mek F (o)

coso + ksino
—mgk (—sino + kcos o)

F' (o) =
(coso + Esin o) ?

F'(0)=0, ecim —-sina+kcosoa=0, orkyma tgoa=~Fk wuin

ot =arctg k. Eciu 0 < o <arctg k, To F’' (0) < 0; ecau arctg k<o <

E’ o F’ (o)) > 0, 3HauuT, o = arctg £ — Touka MUHUMyMa QYHKIIUU
F (a).
Konrpoasnaa padora Ne 3
Basoswtii yposerv

1. HaiiTu sKcTpeMyMbl QYHKIIUN:

1) fx)=x-2x2+x+3; 2) f(x)=¢€" (5x—3)

[1) f(x)=x-x2—x+2; 2) f(x)=(8 - Tx) e*].
2. HaiiTu mHTEepBaJbl BO3pacTaHUSA U yOBIBAHUA (PYHKIIUU

Ffx)=x-22+x+3 [f(x)=x—x2—x+2].

3. IToctpouts rpadur QyHKIUN
fx)=x-2x+x+3 [fx)=x-x2-—x+2].

4. Haiitu HamboJiblllee M HAaMMEHbIIee 3HAUeHUe (PDYHKIIMK
F@)=x*-2x+x+3 [f(x)=x—x—x+2]

Ha oTpeske [0; %] H—l; gﬂ
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5. B mnpAMOYyroJbHBIN TPEeyroJbHHUK C KaTeTaMHd b CM M 8 CM BIIU-
caH MMEIIUH ¢ HUM OOIIMil yroJ NPAMOYTOJbHUK HaMOOJIbIIeN
miromaau. HaliTu myiomiaab IpAMOYTOJBHUKA.

[HatiTu HanbOJBIIYyIO ILIOINIaAbL pomM0a, cyMMa IJIWH guaroHaJeit
KoToporo paBHa 12 cwm.]

IIpogpunvrulil yposerv
1. YcraHOBUTH, IPY KAKUX 3HAUEHHAX a PyHKIUA f (x) = e 2* — ax
y6bIBaeT [f (x) = ax — e”3* Bospacraer] Ha Bceil 06JacTH ompere-

JIeHUS.
2. Haiitu acumnToThl rpadpura GyHKIUN
x2-3 x2+5
flx)=—— |f(x)=—F|
x+1 x-1
x2-3 x245
3. IToctpouts rpadbur pyarmuu f (x)=—— | f(x)=——|.
x+1 x—-1

4. HaiiTu BBICOTY KOHYyCa HaMMEHBIIIETO 00'heMa, OMMCAHHOTO OKOJIO
OUJIWHAPaA C BBICOTOM A (OCHM IUJMHAPA W KOHYCa COBIIAJAIOT).
[HaiiTu BBICOTY MPABUJIBHON UETHIPEXYTOJBHOM MPU3MBI HAWMOOJIb-
mrero o6’beMa, BIIMCAHHON B KOHYC C BbICOTOM H (ILJIOCKOCTH OCHO-
BaHUWI IPU3MBI 1 KOHYCA COBHAIaIoT). ]

5. Ilocrpouts rpadur pysKnuu f (x) = g —sinx [f (x)= g —cos x}

Ha oTpeske [—T; T].

Fmaea
m IlepBooOpa3Has M MHTErpaJ

B raage II paccmaTpuBaica KaK MeXaHUUYECKUI, TAK U I'eOMETPU-
YyecKuil cMbIca mmpousBoaHoii. Ha A3bike QyHKIUI 1 uX rpaduKoB OH
pPacKpBIBAJICA B Ujee JUHeapU3alUuu: 3aMeHa KPUBOJUHENHOTO yUacT-
Ka rpaduxa OpAMOJIMHEHHBLIM O3HAUajJa 3aMeHy HepPaBHOMEPHOro
OBUKEHUS PAaBHOMEDHBIM, a TaK:Ke 3aMeHy HEKOTOPOIi Ayru KPUBOU
oTpe3KOM KacareabHOU. Ta ke maea peasmsdyeTcss U IPU paccMOTpe-
HUU WHTerpaJia.

C TOUKM 3peHUsT MeXaHUKU CKOPOCTh IMPSIMOJUHENHOTO IBUKEHUA
ompegeasieTcd Kak MPOM3BOAHASA IYTU II0 BPEMEHU: €CJIi HeKOoTopas
TOUYKa MpoIja IyThb S (f), TO ee MIHOBEHHasA CKOpocThb U (t) = s’ (t).
Ecau paccMoTpeTh 00paTHYIO 3alauy — HaXOMKIeHue IYyTU, IPONIeH-
HOTO TOYKOII ¢ 3aJaHHOW CKOPOCThIO U (Xx), TO mpuaeM K (PYHKIUHA
s (t), KOTOpyiO Ha3bIBAIOT nepsoobpasroii GyHKuuu v (t), T. e. Ta-
Koil dyHKIueit, uro s’ (¢) =v (t). Tak Kak IPOMBBOAHAS TOCTOSH-
HOHM paBHA HYJIIO, TO IIepBOOOpasHas OIIPEeAeigeTcs C TOUYHOCTHIO

no mocroguHOoi. Hampumep, (x2)' =2x u (x® + 3)' = 2x, u mosToMy
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nepBooOpasHoOil GYHKIHUU Y = 2X HAB- v v =uv(t)
naerca dyaknua y = x> + C, rge C — —
OPOM3BOJIbHAS TOCTOSHHAA.

Ecau cKOpOCTh MEHAETCA IO 3aKOHY
v =0 (t) 1 ee TpaUKOM SABJIAETCA He-
KoTopass KpuBas (puc. 24), TO IIyTb,
OpPONAEeHHBI TOYKOM 3a IIPOMEKYTOK
BpeMeHU [t; t + h], mpubankeHHO pa-
BeH ILIOIanu (3aKpallieHHOr'o) IPSAMO-
YTOJBHUKA CO CTOPOHAMMU, JJIMHBI KOTO-
pPBIX paBHBI U (t) 1 h, T. e. s=v (t) A. o) 1 ¢ t+h t
Toumoe 3Hauenue nytu S (t) OymeT pas- Puc. 24
HO ILIOINAAY KPUBOJUHEHHOM Tpaire- )
nuu, 00pasoBaHHOU KPUBOM v (t), OCBIO
Ox u npameiMu v (t) u v (t + h).

Ecou B 3azjanHyio KpuByIo U (f) BOIKUCATh HEKOTOPYIO JIOMAHYIO, TO
s () MOKHO BBIUMCJUTH C JYUIIUM OPUOIMKeHHeM (UeM B ciydae
v (t) h), 3aMeHUB ILIOINAAL KPUBOJUHENHON Tpameliuyu CYMMOM ILJIO-
miajeil MpAMOYTOJbHUKOB pa3dbueHus. Yem MeHbIe OyJeT OCHOBaHUE
KasKIOro IPSMOYTOJbHUKA, TeM OJiM:Ke cyMMa ILIOIafell IpsMo-
YTOJBHUKOB OyAeT BhIpaKaTh ILJIOMIalb KPUBOJUHENHON TpameIiuu.
Tak, mpollecc JUHeapU3aIlUU IPUBOAUT K MOHSATHUIO OIIPeAeIeHHOTO
MHTerpaja.

VueGHBI MaTepuaJ TJIaBbl CTPOUTCS TaK, UTO CHAYaja OIpeeIs-
eTcs olleparyd NHTerPUPOBAHUA KaK omeparus, oopaTHas guddepen-
IUPOBAHUIO, Jajiee BBOAUTCA MMOHSATHE IePBOOOPA3HON, IIPU 3TOM HeE
BBOJOUTCA HU OIIPEeJeJieHre HeOonpeAeJeHHOTO0 MHTerpaJja, HU ero o0o-
suauenne. Tabauia npaBua MHTErpupoBaHusd (T. e. TabJIUIlA IIePBO00-
pasHBIX), ECTECTBEHHO, B 9TOM CJIydyae MOJy4YaeTcsA U3 TaGJIUIlbl ITPOU3-
BOAHBIX. POPMYJIUPYETCS YTBEPIKIEeHIE, UTO BCe IIepBO00OpasHble AJIsA
dyurnuu f (x) Beipaskarorceda Kak F (x) + C, roe F (x) — mepBooGpas-
Had, HalileHHas B TaOiuie. JOTOT (aKT CTPOTO He JOKas3bIBaeTcsd, a
TOJIBKO TOSCHIETCH.

CBsI3b MEKIy MMepBOOOPasHOM ¥ IJIOMIAAbI0 KPUBOJMHENHON Tpa-
nmenuu ycraHaBiauBaetrca (opmysoit Hbiorona — Jleiiouumna. [Hamee
BO3HUKAET OIPeNeJIeHHBIN MHTerpaj KakK IIpees MHTerpajlbHON CyM-
MbI; Ipu 9ToM (hopmyaa HeroroHa — JleiiOHUIIA TaK:Ke OKa3bIBaeTCs
cupaBegiuBoii. Takum obpasom, sTa popMyJia ABJISIETCS IVIABHOM: C ee
TOMOIIbIO BBIUYUCIAIOTCS OIpeAeJieHHble HWHTerpajbl U HaXOASATCS
IJIOMIAAN KPUBOJMHENHBIX TpAaTeInii.

IIpocreiinue puddepeHnasbible ypaBHEHUS W NIPUMEHEHUe
OPOM3BONHON UM WMHTerpaja K pelreHuio (¢pusmueckux sazau (§ 5, 6)
mapTcs B 00N[e00pPAa30BATENBHBIX KJIACCAX B O3HAKOMMTEIHLHOM
miaHe. Yuaiiuecs NpPo(UIBHBIX KJIACCOB 3HAKOMATCA C 3aJadyaMu
HaXOMKIEeHUs TYTH IO 3aJaHHOM CKOPOCTU, BBIYMCJIEHUEM PabOThI
mepeMeHHON CHJbI, 3aJayaMu O Pa3MHOMKEHUUW OaKTepuii m O pa-
OUOAKTHBHOM pacmajze 0oJiee IOAPOOHO, UeM IIMKOJbBHUKM 00Imeo0-
pasoBaTeJabHBIX KJIACCOB, W yUaTCs pemiaTh mpocTeiimnue auddepen-
nuajbHble YPaBHEHUA.

KemarenbHo, UTOOBI yualimecss yCBOUJIN OCHOBHBIE HAEU WHTE-
rpajabHOTO ucuucjenus. He ciaenyer yCaoKHATL U 6€3 TOTO TPYIAHBIH
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OJA IMIKOJBHUKOB yueOHbIN MaTepuasi. Cucrema ynpaskHeHUII He CO-
IEP:KUT AeNCTBUTEIHHO TPYAHBIX 3ajau IO TeMe, TaK KaK IeJb JaH-
HOTO Kypca — O03HAaKOMHTH C OCHOBAMHU MHTETPAJbLHOTO MCUMCIECHUA:
copMHUpPOBATH MEPBUUHLIE YMEHUA MPUMEHSATH TEOPeTUUEeCKUil ma-
Tepuas, JaTh HpeACTaBJIeHe O BO3BMOKHOCTH IIPUMEHEeHUA WHTerpa-
Ja B OPOCTeHHIMX ciaydasax. Bojiee riaybokKoe m3yueHHe TAaHHOIN Te-
MBI — 3ajlaua By3a, I'le paccMaTPUBAETCA MHTETPAJI IIOJ TeM YIJIOM
3peHudA, KOTODPBHI HEOOXOAWMM B COOTBETCTBYIOIEH cdepe aeaTesb-
HOCTH.

B pesdyabTaTe M3yueHUSA TJaBBI BCe ydalluecsd AOJIKHBI
3HaATh IpaBWja HaXOKIEHUsS IIePBOOOPA3HBIX OCHOBHBIX dJIEMEHTap-
HBIX (yHKIUMi, popmyny Heiorona — Jleiibuuma u yMeTh WX IPHU-
MEHSATh K BBIUMCJICHUIO ILIOINAAeH KPUBOJIUHEHHBIX Tpamenui Ipu pe-
mreauu 3amau tumna 39, 40 (1, 2), 41 u us pybpuru «IIpoBeps cebs!»
(Bamanua 1, 2, 4). Yuamreca nmpoMIBHBIX KJACCOB AOJI:KHBI, KpoMe
TOTO, YyMETHh pellaTs 3ajgaun, Takue xaxk 40, 44, 45 (1, 2).

§ 1. MNMepBooOGpa3Haga (2/2 4)

Ilens usyuenusda maparpada — 0O3HaAaKOMJIEHUE C ITIOHATHEM
mepBoOOpPa3HOii, O0yUeHNe HAXO0MKIEHUI0 IepPBOOOPA3HOM AJIA CTeIeH-
HOUM ¥ TPUTOHOMETPUUYECKUX (DYHKIIWH.

WNsyuenme marepuajia mnaparpada MMoJie3HO HAYaTh ¢ IOBTOPEHUS
MOHATUS MPOU3BOIHON M ee (PUBUUECKOTI0 CMBICJA HA MIpUMepe 3a-
Jauu O MTHOBEHHOM cKopoctu. Jlanee, cienys TeKCTy ydueOHUKA,
HYXHO IIOCTAaBUTH 3aJady O HaAXOXIEHNN 3aKOHa IOBUMXEHUdA II0
OAHHOMY 3aKOHY M3MEHEHHs CKOPOCTU U IIePeHUTH K OIpeaeIeHUI0
nepBooOpasuoit u 3amaue 1. ChopmynupoBaHHOe mociie 3amaum 1
saMmeuanne (paKTUUYECKU IIPEACTABJIAET CO0OU oIpenmeieHre IIepPBO00-
pasHoil Ha oTpeske. Ha mamHOM sTame C 9TUM 3aMedYaHHEM JOCTa-
TOYHO IMO3HAKOMMUTH yHalllUXCA l'[pO(i)I/IJII)HI;IX KJiaCCOB, HO BEPHYTb-
ca K Hemy npu usyueHuum § 3. MOKHO MHOACHUTHL IIMKOJbHUKAM,
WHTEPECYIOIINMCA MATEMAaTUKON, UTO IOJ MPOU3BOLHON (YHKIIUU
Ha KOHI[aX oTpe3Ka [a; b] moOHMMAIOTCA MpaBas W JieBas ITPOU3BOJ-
HBbIE:

F h)—F FMb+h)-F(@®
F’(a)zlimM, F'(b):hmu,
>0 h h—0
h >0 h <O

3amaHud B yopakHeHur 1 aHAJIOTHYHBI 3agavye 1 ¥ CIIOCOGCTBYIOT
GopMUPOBAHMNIO IMEPBLIX MNPEACTABICHUN ydUalUXCI O IIepPBOOOpas-
HOM.

Beimosnnenue samanuii 1) m 2) m3 5TOro yImpasKHEHUS IIOATO-
TOBUT y4YaIMXCAd K HAXOMKIEHUIO MePBOOOPA3HOM MJIs CTENeHHON
yHKIMK, KoTopas B o0mieM Buze (opmyaupyercsa B 3agade 2.
OcranbHble 3afaHUA yIpaskKHeHUA 1 IO3BOJIAT MOBTOPUTH TAbJIUILY
NPOM3BOMHBLIX, MPABUJA HAXOMKIEHUSA IIPOUBBOAHBIX M IMOCIYKAT
MpPOIIeIeBTUKON (DOPMUPOBAHUSA IIPEACTABICHUA O HEOSHO3HAUHOCTU
IepBOOOPAa3HOI.
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Tot dakr, uro ecau F' (x) =0 Ha HeKoTOpoM uHTepBaJe (a; b) u
dbyurnua F (x) HempepbIBHA Ha oTpeske [a; b], To F (x) = C Ha oTpes-
Ke [a; b], rme C — mocTossHHAasA, OBLI AOKas3aH B IpeAbIAyIeil riase.
B o0Omeo0pasoBaTedbHBIX KJaccaX BTO YTBepP:KAEHUE IOsCHAETCHd,
ONUpPAasAcCh Ha TeOMEeTPUYECKUN CMBICJI ITPOU3BONHOM (AJ1a OoJibIiell Ha-
TJISIIHOCTH MOYKHO HMCIIOJIb30BaTh PHUCYHOK yueOHHKa). Omupasick Ha
HETro, B MPO(UIBHBIX KJaccax JOKa3bIBaeTcsd TeopeMa, KOTopas M II0-
KasbIBaeT, YTO IepBOOOpasHble IJA OJHOM M TOM yKe (GYHKIIUU MOTYT
OTJIMYATHCA JIUIh Ha IIOCTOAHHYIO BequuuHy. Temepb MOYKHO I'OBO-
PUTH 0 HAXOKAEHUU BCEX MEPBOOOPA3HBIX QYHKIINHU, YTO U JeaeTcsd B
3agaue 3.

CraenyeT oO0paTUTh BHUMAaHME YUAIIUXCS HA TO, YTO B TabOIUIle TIep-

BOOOPA3HBIX [OasA (QYHKIIAU 1 mepBooOpas3Has OIpPeAeJsieTcs I
x

x<0, x>0 xax In | x|+ C.

3aTeM paccMaTpPUBaeTCs pacHoJIo)KeHUe rpaduKoOB IIepBOOOpas-
HBIX U pelraercs 3azauda 4 Tekcra yuebHUKa. Ilociie Hee MOJIE3HO BBI-
HOJIHUTE yhnpaskHeHue 4 (4).

l+1

2
4. 4) f(x)= Vv x, cnegoBarensro, F (x)= X~ 41C.To ycJio-
=+1
2

Buio rpaduk F (x) mpoxoaut yeped Touky M (9; 10), . e. F (9) = 10,
3

2
OTKyZAa 9?+C =10, C=-8, moaromy F (x) = %x«/?—&

2

K yopakHeHMAM yueOHMKa MOJKHO HOOABUTL, HAIIPHMEP, TaKoOe:

Teso mBUMIKETCS TPAMOJUHENHO, €r0 CKOPOCTh 3ajsaeTca (hopMyJioin
v (t) =1 + 3t. HatiTu 3aK0H OIBUKEHUSA 9TOTO TeJa, €CJIM B MOMEHT Bpe-
MeHU t = 4 TeJio HaXoAwJoch Ha paccrosuuu 20 ef. OT Hayvayia IBUKE-
HUA.

Ha BTOpOM ypoKe MOXKHO IIPEIJIOKUThH CAMOCTOSATEJNbHY 0
paboTy, KOTOPYIO »KeJaTeJIbHO IIPOBEPUTH HEIOCPEICTBEHHO ITOCJEe BBI-
TOJHEHUA.

6 7
1. ITokasaTh, uTo pyHKIUA F (x) = %, [F (x)= xT} ABJSETCA

mepBooOpasHoii aa pysrnuu f (x) = x° [f (x) = x®] Ha Bceil yucmoBoit
IPSMOM.
2
2. Haiitu Bce mnepBooOpasHble masa GQyHKIDU f(x)= x93
3

flx)=x4 |

3. Jna dysxmun f (x) = x?2 {f (x) = %} HalTU IIepBoOOpasHyIo,
x

rpaduK KoTopoi mpoxomuT uepe3 Touky M (3; 1) [A (0,5; 4)].
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Pacnpemenenue maTepumaJya maparpada oo ypokam OT-
paskeHo B TabiauIlax.

Obweobpa3ogamenvHble KLACCHL

VparkueHusa

% I

s 5 TeoperrdyecKuit

5 3 MaTepuan OCHOBHBIE [JIA IS CAMOCTOS- JIOTIOJI-
o> paboTHI B Kjlacce | TeJNbHOU pabo- | HUTeJb-

u Joma THI B KJacce HBIE
1 § 1, zagmaum 1, 2 1, 2 1), 2(@1)
2 § 1, samaum 3, 4 3, 4 B Tekcre

IIpogpunvhole KaaCCHL

VYupakHeHUS

% I

s 5 TeopernyecKuit

5 3 Marepuan OCHOBHBIE /I LT CAMOCTOS- JIOIIOJI-
T > paboTsI B KJiacce TeJILHOU pabo- HUTEIb-

u JomMa THI B KJIacce HBIE
1 § 1 (mexmus) 1—3 (mmo omgzomy | 2 (3), 3 (3)
3aTaHUIO)
2 §1 1—4 B rexcre

B pesyabTaTe m3yuyeHuUA nmaparpada Bce yuammecs
IOJIKHBI 3HATh OIpejesieHre IepBOOOPa3HOl U Y M€ Th BBIIOJHATH
yIpakHeHudA, Takue, kKaxk 1, 4 (1, 2). Yuaiuecsa npo(puIbHBIX KJac-
COB, KPpOMeE TOT'O, TOJI?KHBI Y M € Th JOKa3bIBATh TEOPEMY U BBIIIOJHATH
yIupaskHeHuUs tumna 3, 4.

§ 2. MpaBuna HaxoXaeHus nepBoodpasHbIX (2/2 4)

ITens usyuenusda maparpada — 0o3HaAaKOMJIEHUE C ITIOHATHUEM
WHTErpUpPOBaHUS U 00yUeHUe NMPUMEHEHUI0 MPaBUJ MHTErPUPOBAHUS
OpY HAXO0KIEHU! IepPBOOOPA3HBIX.

Wsyuas wmartepuan maparpada, ydalmuecsa IIPOJOJIMKAIOT 3HAKO-
MUTBCA C Tabauieil IIepBOOOPAa3HBIX HJIA dJeMEHTapHBIX (QYHKIIUHA 1
ydaTcda OIPpUMEHATh MpaBuia mHTerpupoBaHusd. [loBropernune dhopmMya u
MPaBUJI HAXOMKJEHUSA IMPOM3BOAHBIX IMOJE3HO IPOBECTH IIPU IIPOBEPKE
TabJIUIBI IEPBOOOPASHBIX M TEX IIPAaBWJI, II0 KOTOPHIM OHU OyAyT Ha-
XOOUTL IIEPBOOOPASHYIO IJIsd Kaxkaon (QyHxiuu. Ilpu stom ciemyer
cpasy o0paTuTh BHMMAaHNE yYalluxcsa Ha TOT (axT, 4TO IepBoobpasHast
u QYHKIIUS BO BCeX PACCMOTPEHHBIX IIPHUMepax OIpeaeseHbl HA OJHOM
U TOM ’Ke IIPOMEKYTKe, T. e. QyHKIua F (x) aBiaAeTcA mepBooOPa3HOI
ana GyHKumum f (x) Ha TOM TPOMEKYTKe, Tle OHU 00e oIpeiesieHbl.
9TO BasKHO, B UACTHOCTH, [IJIA MIPABUIBHOTO MIOHUMAHUS TOTO, UTO TEP-

BooOpasHasa mia QyHKIuu f (x) = 1 auins s x > 0 pasma In x + C.
x
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Eciu peub maeT o Bcex NeiCTBUTEJbHBLIX 3HAYEHUAX X, KpOMe HYJId,
T. €. ¥ O CJIy4Yae OTPUIATEJbHBIX 3HAUEHUN X, TO IPUMEHsIeTCA 00IIasa
dopmyra u mepBooOpasHaa pasHa In | x|+ C.

Bropas Tabaura mepBooOpPasHBIX CJIOMKHEe MJId IPUMEHEeHUA U IJI
3aIIOMUHAHUSA, IO3TOMY BIIOJHE BO3MOJKHO IIPU PEIIeHUN YIIParKHe-
HUI yyaliuMucsa o01eo0pa30BaTeIbHBIX KJIACCOB IIOJH30BATHCA yueh-
HUKOM WJYM BBIHECTHW TaOJMUIly Ha IIaKaT. ¥ydJaluecs MPo(UIBLHBIX
KJIACCOB [MOJIXKHBI 3HATHL IPABUJIO HAXOMKAEHUS MIePBOOOPAsHOM I
GYHKIUU OT JUHENHON (pyHKIUU, T. e. Oad QyHKnuu f (kx + b), Ko-

TOpoe TpebyeT BbIHeceHUsA KoadhduiiueHTa PR Tabauiy mepBooGpas-

HBIX 3ay4YMBaTh HE HYIKHO.

KenarembHO BHOBL 00paTUTh BHUMAHUE yUAIIUXCSA Ha (QYHKIIUIO
f (x) = e* u ToACHUTH, UTO TOT PAaKT, YTO QYHKI[UA, €e IPOU3BOAHAA U
mepBooOpasHas AJid Hee MMEIOT OAUWH U TOT Ke BUJ, IIpeJolpeesaeT
BasKHYIO POJIb MJaHHOM (QYHKIIMU B PEIIeHUM MHOTHUX IPaKTHUUECKUX
3amau (mmoapobHee 06 9TOM OHM MOTYT y3HATh u3 § 6).

Ha KOHKpeTHBIX TpHMepaX MOYKHO IIOKasaTb, YTO HPaBUJIO Ha-
XOKIeHUsSI TEepBOOOpasHOi A (PYHKIIMH, IPEeICTAaBJIEHHON B BUAE
cyMMBbI (QDYHKITHI, BEPHO HE TOJBHKO IJIA CYMMBI JBYX CJIaraeMbIX, HO
u Tpex u 6osiee. [lJig yero BHINOJHUTH yhnpaskHeHus 5 (3, 4), 6 (3, 4)
u 100aBUTH, HAIIPUMEpP, CJeAyIoIIee:

HaiiTu mepBooGpasuble misa Gyrkmum: 1) 3x% + 2x% — x + 1;
2) 2+ 3e* + 4 cos x; 3) 4V x + sin 2x — x* — 3.

3aTeM IIPOBEPUTH PE3YJIbTAT PeIlleHusa yIpaskHeHud nuddepeHIi-
poBaunmeMm. IlosesHO IMEepUOAMYECKU IIPOBEPATH PE3YJIBTAT BBIMOJIHE-
HUSA aHAJOTUYHBIX 3ajaHuil nuddepeHInpoBaHNEeM: IIPU 9TOM yUallu-
ecsd He TOJbKO IIOBTOPAIOT WM3YUEHHBIH Marepuaj, HO U TJIybOiKe
OCO3HAIOT CBA3b ABYX OIepanui.

Yyaniumesa mpouIBHBIX KJACCOB B KAaUeCTBE JOTOJHUTEIHLHOTO
MaTeprajga MOYKHO IIPEAJOKUTD PEITUTh 3aauu, KOTOpbie 6YAyT IrOTO-
BUTHh UX K BBIUKCJEHUIO MHTETPAJIOB.

1. Haiitu nepBooGpasuyto muida GyHKIuu y = 2 sin 5x + 3 cos %,
KoTopasi IIpu g mpuHUMaeT 3HaueHue, paBHoe 0.

Pemenue. F(x)z—%cos5x+6sing+c;

F (g)=—§cos5§+6sin%+c =—§-%+6~%+C =0; oTkyzna
C :—E:—2é, IO9TOMY F(x):6sin£—gcos5x—24—1.
5 5 2 5 5

2. HaiiTu ogHy m3 mepBOOOpas3HBIX AJISA (PYHKITAU:

1) —* _;2) cos? x.
x_

Pemenue. 1) f(x)=—= _x-38+3_x-3, 3 _
x -3 x -3 x—-3 x-3

=1+ . C momoIpo paBuJI U TaOJUIbI MHTETPUPOBAHUSA TIO-

x—-3
ayuaem F (x)=x+31n|x - 3|.
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2) f(x)=cos? x = % = %+%cos2x. C momMomibio mpa-
1 1

BUJI U TAOJUIBI MUHTErPHUpPOBaHuA moayuaem F (x) = 5 x+ 1 sin2x.

Ha mociemuHeM ypoke IO TeMe MOYKHO MIPEAJIOMKUTL CaMOCT O f-
TeJNbHYII IPOBEPOUHYIO padoTy.
1. HaiiTu Bce mepBoOOpasHble s JaHHOU (DYHKIUU:

1) x°-2x; 2) l—i; 3) 2 sin x + x?
X x3
6 2 1 2
[1) x°+3x°; 2) — ——3; 3) SCosx—x}.

x2  xt

2. na oyurnun f (x) =2x + 3 [f (x) = 4x — 1] HaliTu mepBo0O6-
pasHyio, rpad@uK KoTopoii mpoxoaut uepesd Touxky M (1; 2) [(-1; 3)].
3. Haiitu nepBoobpasuyio F (x) aasa QpyHKIIUN

1 o+ |fo)=——L1  t4x-1)7 |,
(x+1)2 (x+1)2
ecau F (0)=0 [F (0) =1].

4. CKOpPOCTb MPAMOJHHEHHOTO IBUKEHUSA MaTepPUAJbHOM TOUKU
3agaeTrcsa opmysoit v (t) = 3t + 2+/t. HaiiTu 3aKOH [BHMKEHUSA TOUYKH,
11

5

Pacnpenmenenue maTepuaJjya naparpada mo ypokaMm OT-

paskeHO B TabsuIiiax.

f(x)=

ecau s (1) =

Obueobpasosamenbrble KJLACCHL

Yaopaxue
& 8| Teoperu- [PACHEmH
E 8| ueckwmii
= 5| marepuan | CCHOBHBI® Iuist pabo- HJ15 CAMOCTOATEIb- JOTIOJIHY-
THI B KJIacce U ZioMa | HOIl paboThI B KJIacce TeJIbHBIE
1 §1 5,6,13 (1) 5 (5), 6 (3) 11
2 §1 6—8 (1, 4) B Texcre 12,13 (7, 8)
IIpogunvruie KaacCCHL
. VnpaxkueHuAa
o ¢ | Teoperu-
§ Q| ueckmit .
o N matepuas | OCHOBHBIE st pabo- | A CAMOCTOATENBHOH | [OIIOJIHMU-
TBI B KJIacce U JoMa paboTHI B KjIacce TeJIbHEIe
1 §1 6—9, 13 (1—3) 7(5), 8 (6, 7)
2 §1 10—12, 13 (5, 8) B Texcre

B pesyabTaTe mMa3yueHums maparpada Bce ydaliuecs
OOJUKHBI 3HATh IIPaBUIa HAXOMXKJEHUS I1ePBOOOPA3HBIX, YMETH
IPUMEHSATH TAOJUIy HePBOOOPASHBIX IPU BHINOJHEHUN YIIPaKHEHUH
Tuna 5, 6 (1, 2). Yuamueca nmpodUIbHBIX KJIACCOB JOJI’KHBI YMEThH
peiiats yopakHenusa tuma 8, 9, 13.
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§ 3. Mnowaab KpuBONIMHEHOW Tpaneuun. UHTerpan
n ero BbluucneHue (2/3 4)

Ilensr usyuemusa maparpada — popmMupoBanue ITOHATUSA
KPUBOJIMHENHOM Tpamenun, 0O3HAKOMJIEHEe C IIOHATHUEM OIIPeIeJeHHO-
ro mHTerpajia, o0yJyeHre BHIUUCICHUIO IJIOMIAAN KPUBOJIUHENHON Tpa-
menuu B MPOCTEHINNX CAyUadx.

Marepuan naparpada maercda Ha HATJSAHO-UHTYUTUBHOM yPOBHE,
OSTOMY YUUTEJIO He cJeayeT TPeGOBATh OT yUall[UXCsS BOCIIPOU3Bee-
HUSA KaKuX-i1ubo paccyKIeHuil, MPUBEIeHHBIX B TEKCTe yUeOHUKA.

Ilpencrasienne 0 KPUBOJMHENHON Tpamenuy ydamiuecs JOJIKHBI
TOJIYyYNTh, U3ydas pucyHKu 86—93 yueOHUKA (MMeeT CMBICJI IIEPEeHEeC-
T WX Ha KOJOILIeHKY, B TaOJWIly WJIN WCIOJIb30BATh HPOTPaAMMY
GRAPH 16). Kaxxaprii pas, pacrmosdHaBad Ha 3TUX PUCYHKax rpaduk
GYHKIUY, HEIIPEPHIBHON U HEOTPUIIATEJILHOU Ha oTpeske [a; b], mo-
JIOXKUTEJIbHON Ha mHTepBaje (a; b), u npamele x =a u x=5b, y=0,
yuJaluecs ele W eIfe pas3 BBIABJIAIOT 0COOEHHOCTU (PUTYPHI, KOTOpAas
Ha3bIBAETCA KPUBOLUHEUHOU mpaneyueil. EcTecTBEHHO BO3HUKAET BO-
IPOC O BO3MOYKHOCTH BBIUMCJICHUS ILJIOIIAAY MOJYUYEHHOM (DUTYPHI.

PaccmarpuBas 3amady Ha BBIYHCJIEHHE ILIOMIAAN KPUBOJUHEWHONR
TpaIeIuy C IIOMOIIBIO IJIOMAAX MHOTOYTOJBHUKA, IIPeICTaBJIAIOIIEro
coboil 00beAMHEHNEe NPAMOYTOJLHUKOB, MOKHO HCIIOJB30BaTh PUCY-
HOK 24. Torga yTBep:KIeHMe O TOM, UTO IIPU JOCTATOYHO MAaJbIX 3HAUE-
HUAX h TIOMAaAb KPUBOJMHENHON Tpalenuu IpuOJIUSUTEeIhHO PaBHA
f (x) h, craHoBuTCcA 6GoJiee HATIIAAHBIM. BasKHO, YTOOBI YUEHUK YBUIE]
CJEIYIOUINI aJTOPUTM B PACCYKICHUAX O HAXOMKICHUU ILIOIINAAN KPU-
BoJIMHENHON Tpanernuu: 1) pasbmBaeMm [a; b] Ha n yacTeii (Heobs3aTENIDb-
HO PaBHBIX); 2) COCTaBJIIEM CyMMBbI, KOTOPbIe Ha3bIBAIOT MHTETPAJIbLHBI-
Mu; 3) HaAXOOUM IIpefiesl, K KOTOPOMY CTPEMSTCA MHTErpaIbHbIE CYMMBI
¥ KOTODBINl B pe3yJbTaTe W ABJSETCS ILIOIIAIbI0 TPAIEIlNHU.

WNurerpaibHble CyMMBI TTIOABJAIOTCA, KOT/Ja HAUMHAEM yBEJIUUYNBATH
YHCJIO TOYEK pas3bMeHUs OTpes3Ka TaK, UTOObI JJInHa HAaubGOJIBIIIEero m3
OTPE3KOB CTpeMuJach K Hy 0. Eciu paccMaTpuBaTh JIFOOYI0 HEIIPEePhIB-
HYI0O Ha OTpe3Ke (QYHKIUIO (HeoOs3aTeJbHO HEOTPUIIATEJIBHYIO), TO
MOKHO BHOBB COCTaBUTH MHTETPaJIbHbIE CYMMBI M HAUTU WX Ipeaes Ha
IaHHOM OTPEe3Ke, KOTOPHIN W Ha30BEM OnpedesleHHbLM UHMezZpaJioMm.

Hanee BBoguM opmynay HeroTona — JleiiGHuIla, KoTopas mmomora-
€T BBIYMCJIATH HMHTErpajbl. [Jid ydaiuxcs o0Ieo0pa3oBaTeIbHBIX
KJIACCOB HMKAKUX TEOPETHUUECKUX PACCYKIeHUI MPOBOAUTH HE CJIeHy-
eT. YUeHUKHN MIePexXOonAT K pelleHunio 3amad 1 u 2, B KOTOPBIX (PaKTH-
YeCKU U KPOeTcsA NPUMEHeHNe MHTerpaJia IJis BBIUMUCJIEHUS ILJIOIIan
KPUBOJHMHEHHON Tpalenuu B IIPOCTEHIIMX caydasax. Ilpu peleHun
3a7au Ha HaXOKAeHUe ILJIOIAAV KPUBOJMHEHWHOU Tpamenuu BakKHO,
yTOObI ydYalliuecs IPaMOTHO AeJajid UepPTeX W MOTJIM ero HCII0Jb30-
BaTh AJA WIJIIOCTPAIIAYN PEIlleHUsA: HA 9TOM dTalle BbIYMCIEeHNe WHTer-
paja BTOPUYHO, I'TaBHOE — BBIUMCJIEHHUE ILJIOIIaN.

Vuamumca npo@UIBHBIX KJIACCOB HEOOXOOMMO TeOMeTPUUYECKH
OosACHUTH mnosBjeHue Gopmynabl Hbioroma — Jleitbuuma. [ocraTou-
HO, YTOOBI 9TO CHeJiajJl YUNUTENb, He TPeOys BOCIPOU3BEJAECHUS OT yda-
X cs.

HauaTts perenuwe 3azay 1e1ecooOpPa3HO C BBIACHEHUS, SABJIAETCS
JU JaHHad Ha pUcyHKe 25 urypa KpuUBOJMHEHHON Tpalernuei, 3aTeM
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Yy
9 y=6x— x?
of 2 5 6 X
Puc. 25
Yy
y=sinx
Of n 2 X
6 3
Puc. 27
Yy
4

. . —2/ [9) \2 x
ol 1 9 x
Puc. 29 Puc. 30

o pucyHkam 26—30 Toabko 3anucars popmysy Hbroroma — Jleiio-
HUIlA IJIA HAXOXKAEHUA IJIOIIAAN U gajiee IMepPefTH K BBIMOJHEHUIO
ynpaskuenuii 14, 15. Yuamwumca o06meo0pa3oBaTeJbHBIX KJIACCOB
STUM MOJKHO OTPAaHUUYUTHCS.

I yuaruxcsa mpo@UIbHBIX KJIACCOB MOJIE3HO BBITOJHUTH YIIPAXK-
HeHusa 16—18, Tak Kak yMeHHe BBIUYHUCJIATH WHTETPAJIbI IPUTOAUTCS
IpY BBLIYUCJIEHUM ILIOINAZell KPpUBOJMHEMHBIX Tpameluii. PeKoMeHIy-
eTcda o0paTUTh BHUMAHWE yUallUXCcs MPOMUIBHBIX KJIACCOB HA BBIIIOJ-

79



HeHue ynpakHeHus 19, rae mo faHHOMY MHTETpaay HYKHO M300pa3UTh

TpameIuio, ILIOIIAAbL KOTOPOU OIpe[essieTcs BBIUMCIEHWEM [TaHHOTO

WHTerpaa.

Pacnpenmenenue Mmarepuaja maparpada mo ypokam OT-

paxxXeHo B ’I‘aGJII/IHaX .

OobuweobpasosamenbHbvle KJLACCHL

VupaxkHeHUSA
S
S % | Teopermueckuii
53 MaTepuas OCHOBHEIE JJIA | AJIA CAMOCTO- OTIOMHI-
= > paboTsl B TeJILHOH pabo- TeJIEHDIE
KJIacce U IoMa TBI B KJIacce
1 § 3, IyHKTHI 14 14 (3) 19 (1, 2)
1—3, z3amaun 1, 2
2 §3 14, 15 15 (5, 8) 20, 21
IIpogpunvruie KaaccoL
YopaxkueHUs:
g
2 % | Teopermueckuit
S & MaTepuaT OCHOBHBIE AJIA | IJIS CAMOCTOS- OTIOMHI-
= > paboTel B TeJLHOI pabo- TOBHDIC
KJlacce U goMa THI B KJIacce
1 § 3, mo samaun 4 | 15 15 (7, 8) 20
2 § 3, samaun 4, 5 | 15—17, 17 (2, 3), 21—23
19 (1, 4) 19 (3)
3 §3 18—19 18 (7), 19 (7) 3agauu 6, 7, 24

B pesyabTaTe m3yueHuUsd maparpada Bce ydalimecs
JOJKHBI YMETHh H300paskaTh KPUBOJWHEHHYIO TpAIeIuio, 3HATh
dopmyny Heiorona — JleliOHMIIA 1 YMETh €e IIPUMEHATH IPU pellle-
HUU yIpasKHEeHUl, Takux, Kak 14, 15. Yuanimecs mpo(puIbHBIX KJac-

COB, KPOME 3TOr0o, HOJKHBI YMETDHh peIlaTh yIparKHeHWusd, TaKue,
kax 17, 19.
Pemenue ynpaskHeHUIt
2 2
20. 2)[( l) dx = j(x +2+L)dx_[—+2x—l] _
1 x? 3 x )|,
_8 4 ( ) 45
3 6
5x 7 23 2 3’
21. 3)j 2 dx = j 5x3—2x3 de=|5x3.2-2x3.2 | =
1 5 2 1

=3%¥4.
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5
5 1 1
dx=j6(3x+1) 2 dx = 6%(3x+1)22 =
0

5
22. 1) j
0 0

6
V3x +1
1® 1
=(4(8x+1)2)| =4-162-4=12.
0

1

2 6
~1
23. 1) [e**dx=1 loe_1_°¢
) 3

= —e —_——_— = ;
o 3 3 3

e3x

2 2

3) J-%dx='[3- 1 dx=3~%-ln|2x—1|

1 x—-1 1 2x-1
(l—lcos(Zx—z—n))dx:
2 2 3

2n _®w «/§:2n—3«/§

sin=—==-—

1
2 3 6 4 12

2
=§1n3—§1n 1=§1n3.
1 2 2 2

x

I

3 3

24. 4) jsinz(x—ﬂ)dxzj

0 0

_(1 1. ( 2n))
= =x—=sin| 2x — ==
27 2 3

§ 4. BbluucneHune nnowape puryp ¢ nOMoLlbio
mnHterpanoB (0/3 4)

Ifenp usyuenuda naparpada — HAYYUTH BBIABIATL QUTYDHI,
OrpaHUYEHHBIE JaHHBIMU JUHUAMU, U HAXOAUTH IJIOMIAAU 3TUX GUryp.

Marepuas nmaparpada msydaercsa TOJIBKO B MPOPUIBHBIX KJIacCaX:
obyuarormiuecs mo 6a30BOMY YPOBHIO CTAaHAAPTA HOJIMKHBI YMETh BBI-
YUCJATH ILJIOIAAN KPUBOJMHENHBIX TPANeIluil B IPOCTEHUINNX CJIyda-
AX, TeX, KOTOphbie ObLIM PACCMOTPEHBLI B IIPeAbIAyINeM maparpade.

IIpesxe uem mepexoAuUTh K M3YUEHUIO HOBOTO MaTepuaJa, Iejieco-
00pa3HO IIOBTOPUTH NOCTPOeHNE IpadMKOB HEKOTOPHIX BJIEMEHTAPHBIX
dyurnuii. g 5TOro ZOCTATOYHO IIO TOTOBBLIM YepTeXKaM HAIIOMHUTH
aJITOPUTM HOCTPOEHUSA TOTO UJIU MHOTO rpaduKa, HAIPUMeED II0 PUCYH-
kKam 25—30.

WN3syueHne MOKHO HPOBOAUTH HEIOCPEACTBEHHO IO TEKCTY Iapar-
pada, pasdbupas 3agauu TeKCTa M HpUMepbl K HuM. Iloe3HO moiTH u
npyrum nytem. CHavaJia pellinuTh BCe 3aJadu TEeKCTa, BBIAEJNSISA 0C000
cayuau, Korga purypa orpanudera: 1) rpa@uxoM QYHKIUU, TPUHU-
MapIeil oTpullaTelbHble 3HaYeHUdA; 2) rpadumrkamMm ABYX (QYHK-
nuii; 3) rpapuramMu AByX (GYHKI[MII, OoOHA M3 KOTOPBIX JIMHeWHAasd,
YTO MO3BOJIAET HAXOAUTH ONHY W3 IJIOIIAAEN II0 M3BECTHBIM U3 KYp-
ca reomeTpum GopMmyJaM. 3aTeM MOKHO IPUCTYIUTh K PEIIeHUIO
yupaskHeHuii. B jgo6oM caydae, mpeskie 4YeM HauMHATh BBIUYUCIATH,
HeoOXOAUMO IIPOBECTH aHaJU3 YCJIOBUA U NPUKUHYTH, KAKOH BUJ OYy-
IeT mMeTh (purypa, IJIol[agb KOTOPOIl HMPEJCTOUT BBHIUUCJIUTH.

B kauecTBe ymparkHeHU# sl aKTyaJW3allud 3SHAHUU MOKHO HC-
MOJIL30BaTh Pa0OTy II0 TOTOBBIM UEPTEKaM, MCIIOJIb3yS PUCYHKHU TeX
¢uryp, miomany KOTOPHIX IPEICTOUT HAXOAUTH Ha YPOKe, HEe YKa3bI-
Basi KOHKDETHBIE IIPeJeJIbl MHTeTPUPOBAHUA. JTO IO3BOJUT TPATUTH
MEeHbIIIe BDEMEHU Ha BBLIABJIEHUE IIPEJEJIOB IIPYW BBHINOJHEHUU YIIPAK-
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HEeHUHN u OymeT cIocoO0CTBOBATH (hOPMUPOBAHUIO YMEHUNM B HAXOMKIE-
HUU OONTHUMAJBHBIX IIyTeH perieHusa 3azad. Hampumep, o puUCYHKaM
31—36 HasBaTh, U3 KaKUX (PUryp cocrour purypa, miomamsb KOTOPOi

Yy
1 y=sinx
o = Tox
2
Puc. 32
Yy
3.
2
o T T X
2
Puc. 33 Puc. 34
Yy
2
y=x"-1
Yy Y= 52 1
G \VAAV
Y -1\ o 1 x
1
9 -1
(0] 1 x y=x"+1
Puc. 35 Puc. 36
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BBIUUCJIAETCS, M YKa3aThb IPeJesbl MHTeIPUPOBAHUA. OTU PUCYHKU
MOJKHO WCIIOJIb30BATh IPHU PEIIeHuN yupakHeHuit 26—32.

Pemrasa sagauwm, yyaimiumecsi caMU BBIOMPAIOT TYTh PAaCCYKACHUIM,
OOHAKO, XOTA OBI pa3 ’KejlaTeJIbHO PACCMOTPETh Pa3HBbIe HYTHU pelle-
Hua. Hanpumep, ynpaskHeHme 26 (3) MOMKHO pelllaTh ABYMSA CIIOCO-
6amu.

I cmoco6 (puc. 37). 'padhuxk Yy
dyaxnun  y = 4x — x> — mapa6o-
na, x; =0, xyg=4 — HynIu QyHK-
nuu, D (2; 4) — BepIiIuHa. C

Ilpamasa, npoxopdAmias dYepes
Touku B (4; 0) u C (1; 3), mepece-
KaerT 1mapaboyiy B OSTHX TOYKAX
(MOXHO IIPOBEPUTL, IIOJACTABUB B B
ypaBHeHHe mnapabosasr). Purypa ol A4 2 4 x
OCB, mgomaab KOTOpPOIl HYIKHO
HaliTu, coctout us3 duryp OAC u
CAB;
SCAB:%oCA-AB:%B-S —4

1
5’ Puc. 37
1

1 ) 5
SOAC=J(4x—x2)dx = (4.%_ x3 )
0

0

1,.2 1
S =4=-+1==6=.
OCB 9 3 6

II cmoco6. 3anumem ypaBHeHHE HPSIMOM, HIPOXOMAIIEH Uue-
pe3 Tourku (4; 0), (1; 3), oA Yero pelInM CHUCTEMY YyPaBHEHUH

{g z :f:g: oTkyzma y = 4 — x. Halizem miomans durypsr CAB ¢
IIOMOIIBI0 MHTEerpasa:
1 2" 11
S =|(4-x)dx=|4x—— || =8-3==4=.
cas { (4-x) ( 5 ) 1 5 =4y

Hanee HalimeM, Kak B IpeAbIayIieM crocobe, Spoac, Soca-

Beinonaas ynpaskuenus 26—28, yualuecss MCIIOJIB3YIOT PACCYIK-
IeHUsA, TOLOOHBIEe TeM, UTO IPUBEAEHEI B 3amaue 2 TeKcTa maparpada;
¢ IIOMOIIHIO 3aJaUM 3 BBIUUCJAETCS IJIOIIALh B yIpakHeHuu 29; ¢ 1m0-
MouIbi0 3amauu 4 pemraiorcd ynpaskueHua 30—31; pemreHusa 3agay 3
U 4 OMOTYT IIPU BBLINOJHEHUU YIIPa’KHEeHUus 32.

WKemnarenbHO, YTOOBI yuallimecs, IAe BO3MOYKHO, KCIIOJb30BaJU
cuMmMeTpuio rpaduKOB, HaIpuMep B yupakHeunuu 28 (2, 3, 5, 6).

IIpu BeImosHeHuu ynpaskuenuit 31 (1, 2, 3), 32 (1, 5, 6) meseco-
00pasHo 00paTUTh BHUMAHNE yUYaIlIUXCA HA TO, UTO BLISCHUTH B3aMM-
HOe pacroJioykenne rpa@uKoB QYHKIUA HA 3aJaHHOM OTPe3Ke MOJKHO
¥ aHAJIUTHUUYECKU. PellleHre COOTBETCTBYIOIIMX HEPABEHCTB OyIeT II0-
JIe3HO.

Cucrema ympakHeHUit maparpada I03BOJIAET IIPOBECTH MU3yUeHUe
Teopuu B popMe ypoKa-IMpaKTUKyMa.
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Pacnpenmenenue MmaTepuaga maparpad@a mo ypokam oT-

paxkeHo B Tabiuiie.

IIpogunvruie KaaccoL

VupaxkaeHUA

&s

s % | Teopermueckuii

S & MaTepuan OCHOBHBIE [IJIS IS CaMOCTOS- JIOTIOJI-
T > paboTsI B KJacce TeJIbHOUN paboThl | HUTEIb-

u qoma B KJacce HBIE
1 § 4, sagauu 1—5 | 25, 26 (1), 27 (1),
31 (2)
2 §4 26—29 27 (2), 28 (6) 47 (1)

B pesyasrTaTe m3yueHumsa maparpada yugammeca HpPo-
(pUIBHBIX KJIACCOB JNOJIKHBI yMeTDh pellarbh ynpasKkHeHUsd, Takue,

Kak 25, 26 (1, 2), 27 (1, 2), 29.

Pemlenue ympasxHeHMI

47. 1) Hccnenyem dyarnmio y = x° — 3x2 — 9x + 1 u usobpasum ee
rpaduk Ha orpeske [0; 1] (puc. 38). Tak xKak y’ = 3x% — 6x — 9, To cra-
IIMOHAPHBIE TOYKMU X; =—1, Xy =3; QYyHKIMS Ha WHTEPeCyIOIleM Hac

POMEXKYTKe yOBIBAlOIasg, IPUYEeM
y(0)=1, y (1) =-10. Kak BugHO 13
pucyrka 38, S ppe = Sappr + Sarcs
rne AEDF — npaAMOYTOJIBHUK CO
cropouamu 1 u 5. Ilmomaas Kpuso-
auHelinot Tpamenuu AFC MoOXHO

1
HAHTU Kak '[(—f (x)+1)dx, 7. e.
0
y=—(3-3x2-9x+1)+1=
=-x% + 3x% + 9x,

1
Sarc=](-x3+8x2+9x)dx =
0

1

4 3 2
=(_x_+3x_+gx_)
4 0

3 2

- —i +1+4,5=5,25. CrefoBareis-

HO, SAEDC = 5 + 5,25 e 10,25.
S sgpc MOXKHO HalTH mMHa4de
S arpc = Skepc — Skacs

e Skepc = 16; Sk ¢ MOXKHO HaliTH
o gopmyJe
1

Sxac= [ (f (x)+10)dx;
0
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1

0

t 4 3 2
SKACZJ(x3—3x2—9x+11)dx=(%—3x?—9x?+11x)
0

= 5,75, otryzna S, ppc =16 — 5,75 =10,25.

§ 5. NMpumeHeHne uHTerpanos ang pewweHnus Pusnyeckmnx
3agau (1/1 4)

IHenpr usyuenusa nmaparpada — 03HAKOMUTH BCeX yUaIUX-
cs ¢ IPUMEeHEHNEM MHTETrPaJIOB AJA pellleHus GUsUUeCKUX 3aaad, Ha-
YUUTH yUaIuxcsa MPo(PUIBHBIX KJIACCOB peIllaTh 3aJa4yu Ha ABUKeHUe
C IIPMMEHEeHNEeM HHTETrpaJjioB.

B maparpade paccmaTpuBaeTcs pellleHHre 3aJau Ha ABUIKeHNe U pa-
60Ty C IIpPUMEHEeHUEM OIIpeaeJIEHHbIX MHTEeIrpaJjioB. HpI/I penienun 3agad
He IIpeAmoJaraercsa BBOAUTH auddepeHIHATbHbIE YPaBHEHUS — 3TO
MaTepuas HeoOa3aTeabHEIN. [loaTOMY perrarTca caMble HECJIOMKHBIE 3a-
maun. BaskHO, YTOOBI BCe yUalluecss OCO3HAIH, IToUeMy MYHKIIUA IYTU
SIBJIAETCS IIePBOOOPA3HOM iA (PYHKIIUU CKOPOCTH, paboTa IrepeMeHHON
CWJIBI €CTh IIepBooOpasHasa AJA (QYHKIIUUA CUJIBI.

Vuamnumcsa o01eo0pa3oBaTeIbHBIX KJIACCOB JOCTATOYHO PEIIUTH 3a-
maumy, IpeIIoKeHHbIe B TeKcTe maparpada, m ynpaskHenue 33. Perras
s3amauy 34 B mpo(MIBHBIX KJaccax, CaeayeT o0paTHUThL BHHMAaHME yda-
ITUXCS Ha TO, YTO HAYAJIO ABUIKEHUA Teja IO YCJIOBUIO MPEAIIoIaraeTcs
B HauvaJie KoopamHat. Tak KaKk CKOPOCTh M3MEHSAETCs 110 3aKOHY, 3aJal0-
meMycsa KBaJgpaTUUHON (YHKI[MEl, TO OCTaHOBKA IIPOM30#eT B TOUKE,
rZie CKOPOCTh BHOBL cTaHeT paBHOII 0, T. e. B TOUKe C KOOpAMHATOI 4.

4
Taxkum obpasom, mpeaeabl nuuTerpupoBauud Q0 m 4, T. e. s = I(4t —t2)dt.
0

B aTuX Ke KJjlaccax MOKHO IIPEAJOKUTDL YUAIUMCA elle HeCKOJIb-
KO 3amad.

1. MarepuanbHadA TOUKa ABUMKETCA I0 ocu Ox IOn OeliCTBUEM CH-
asl F (x) =9 — x2, manpaBiaeHHO# Boab ocu Ox. Beruneants pabory
CUJIBI 10 TIEPEMEINeHUI0 MaTePUaIbHOM TOUKY U3 TOUKHU X = 0 B TOUKY
x = 3.

2. PaccrosaHue s, KOTOpoe IIPOJIETAET CAMOJIET, OIPEIEJIAeTCa WH-

q
Terpajom J’de, rae xoa(duiimenT £ pasexn pabore moropa Ha 1 Kr
x
1

ropiouero, ¢ — OTHOIIIEHWE HArPy3KU B JAHHBIA MOMEHT K IIepBOHA-
JyaJbHOM Harpyske. Beruucauts s, ecau k = 4000, g = 0,6.

B pesynabpTaTe mM3yueHuUA maparpada Bece yualimecs
IOJKHBI YM e Th peIlaTh 3aJauyd THUNA yIpaskHeHus 33.

§ 6. MpocTenwme gudpdepeHumnanbHble ypaBHEHUS
(0/1 1)

MaTepI/IaJI 9TOro napar‘pacl)a He sABJIseTCcSI 00s3aTeIbHBIM AJIA
N3y4YeHUud BCEMHU Yy4YAIIIMMUCA W MOKeET OBITH JU6O pacCMOTPEH Ha
YPOKe O3HaKOMMUTEJIBHO, aubo IIpeajioiKeH ydalmuMcda [OJasd caMo-
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CTOATEJBHOTO U3YUeHUsA. YIpakHeHuA 35 u 36 TpebyoT yMeHUus Ha-
XOAUTh MEPBOOOPA3HYI0 (MYHKI[MM, UTO HOCIYKHUT IMOBTOPEHUIO IIpe-
OBIAYIIEro y4yeOHOro marepuajyia. B yupasuenum 37 daxTuuecKu
Heo0XOIMMO HaAWTU I€PBOOOPA3HYIO, YAOBJIETBOPAMIOIIYIO TaHHBIM
YCIOBUAM.

37. 2) Bce pelieHus 3TOro ypaBHEHHSA 3aluchIBaioTca Gop-
myaoin y(x)=2sinx+ C. W3 ycaoBua y(n)=1 HaxoauM
2sinn+C=1, orkyma C = 1.

OrBer. y=1+ 2 sin x.

VPOK 1o TeMe MOKHO IIPOBECTH W B (hopMe ceMMUHApa C IIpeaBapu-
TE€JBbHO ITIOATOTOBJIEHHBIMU yUYalllUMUCA COO6H_IeHI/IHMI/I II0O KaX oMy U3
OYHKTOB TeKCTa yueOHUKA.

Ypoku 0600weHus U cuctemMaTuaaumm 3HaHmm (2/2 4)

Ha ypoxkax pekoMeHAyeTCA PacCMOTPETh HE TOJBKO IIepPBO0OOpas-
HYIO, HO U IPOUBBOJAHYIO, MOAUEPKHYTh, UTO OIEpPaIlis MHTEeTPUPOBa-
HUSA ABJAeTCA o0paTHOI oTHOcUTeabHO auddepeHiiupoBanus. Kpome
9TOr0, BCOOMHUTHL pPasHbIe 3aJaul, KOTOPHIE PEIajiuCh C IIOMOIIbIO
MaTeMaTHuyecKoro aHaausa. TeM caMbIM OyAeT IOABeIeH UTOT U3yde-
HUIO BJIEMEHTOB MaTeMaTUYEeCKOTO aHaJn3a.

ITonesupiMu MoOryT OBITH yopakHeHua 39, 41 (u3 raaser IV),
a takske 362, 363, 387, 391, 437, 449 (u3 3aKJIIOUYUTEJBHOUN IJa-
BbI, IOCBAIIEHHOM WHTOTOBOMY IIOBTODPEHUIO) [JisI YUYAI[MXCs OOIIe-
o0pa3oBaTeJbHBIX KJIACCOB; ympaskHeHusa 42—45 (u3 raasel 1V),
a Takke, 365, 386, 403, 417, 451 (13 3aKJIIOUYUTEJHbHOH TJIaBbI, II0-
CBAIIEHHOM WTOTOBOMY IIOBTOPEHHIO) IJIS YUAIUXCA NPOPUIBHBIX
KJIACCOB.

Pemrenue ynpaskHeHMIt

tx2+3 42447 4 7

451. 3) dx = dx=||x+2+ dx =
J‘ 2 j 2 J- 2
3 X~ 3 X~ 3 x =

4

=5,5+T7In2.

x2
=| =—+2x+T7In| x-2]
2 3

KourpoasHaa padéora Ne 4
BasosbLilt yposeHv
1. MokasaTb, YTO PyHKIIUA
F (x) =3x +sin x — e2* [F (x) = €3 + cos x + x]
SIBJISETCS IEePBOOOPA3HON i (GyHKIUU
f(x)=3+cos x — 2e** [f (x)=3e3* —sin x + 1]
Ha BCell YMCJIOBOM OCH.
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2. Haiitu mepBooGpasuyo F (x) mua Qyexmum  f (x)=2Vx
[f (x)= —3«/;], rpadK KOTOPOH IIPOXOIUT Uepe3 TOUKY A (0; Z)

8
4(o:3))
4
3. Brrumcauths mioinanb GUrypbl, OTPaHUUYEHHON JIUHUSIMUI

y=3x—x2,x=1,x=2 [y=cosx, x=0, x:%}

u ocero Ox.

IIpogpunvrulil yposerv
1. HaiiTu nepBooOpasuyo Aaa QYyHKIIUNA

f(x)=sin(2x+§)+cos(3x+%) [f(x)= 2 +m],

x-3
ecin F(%) -1 [F(4)=§}.

2. Teno ABM:KeTCA NPAMOJIUHEHHO €O CKopocTbio v (t) =12 — 2t + 3
[v @) =12+t — 2] (M/c). BeluucauTs IyTh, IPOHJeHHBIH TeI0M 3a
OpoMesKyTOK BpeMeHH oT t =1 ot =3 J[or t=2 go t =5].

3. Haiitu niomans Gpurypsl, orpaHUYeHHON JUHUAMHI
y=x>-4x+3,y=x*-12x+35,y=8
[y=6x —x%, y=—x®+ 14x — 40, y = 9].

g

T

3
4. BpIYMCIAUTHL WHTETPAT J‘ sin 2 (x - g)dx cos? (x + E) dx
0

8

O = |3

Maea
J KombOunaTopuka

OcHOBHBIE I U3YyUYEHU A IraaBbl V — pa3sBUTHE KOMOUHA-
TOPHOT'O MBINIJIEHUA YUaIlUXCs; 3HAKOMCTBO C TeOpHeM coequHeHUit
(KaK caMOCTOATEeJIbHBIM DPas3ZeioM MaTeMaTUKU W B AaJbHEHIIIeM — C
arnmapaToM peIlleHus PAga BePOSTHOCTHBIX 3a/au); obocHoBaHme hop-
myssl 6uHOMa HploTOHa (C KOTOPOI ydalluecs JUIIb 3HAKOMUJINCH B
Kypce 10 kiaacca).

B BoibIioil cOBeTCKOII SHIMKJIONMEANN KOMOMHATOPHUKA OIIpeme-
JseTca KaK pasfes MaTeMaTHUKN, U3YYalolnil HeKOTOPhIe OIeparuu
HaJ KOHeUHbIMU MHOKecTBaMu. OCHOBHBIMU 3ajauaMu KoMOMHa-
TOPUKHU CUMTAIOTCA cJeayoolnue: 1) cocraBieHue YIOPSAOUYEHHBIX
MHOKecTB (0oOpasoBaHME NepecTaHOBOK); 2) COCTaBJeHUE ITOAMHO-
JKecTB JaHHOTO MHO’KecTBa (oOpasoBaHUMe coueTaHUiT); 3) cocTaBJie-
HUe YIOPAMOUYeHHBIX HOAMHOKECTB AAaHHOTO MHO’KecTBa (o6pasoBa-
HUe pasMelleHuii).
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B MaremaTtunueckoMm sHIUKIoNenuueckoM caoBape (M.: CoBeTckasa
suHnuKJonenusa, 1988. — C. 276) mpuBOAUTCS CJEAYIOIllee OIMCAHUE
KOMOMHATOPUKU:

«KoMmOuHaTOpHLIN aHAAM3, KOMOMHATOPHASA MaTeMaTHKa, K O M-
OmHaTOpPpHUKAa — pas3fes] MaTeMaTHUKHU, I[IOCBAIIEHHBIN peEIIeHUI0
3a/aY BBIOOpPA UM PAaCIIOJOKEHUS 35JIeMEeHTOB HEKOTOPOro, OOBIYHO
KOHEUHOI'0, MHOXKECTBA B COOTBETCTBUHU C 3aJaHHLIMU IIPABUJIAMMU.
Kasxkmoe Takoe mpaBmiio ompemeisieT cIiocod IMOCTPOEHUA HEKOTOPOIt
KOHCTPYKIIMM M3 3JIEMEHTOB HMCXOJHOI'O MHOMecCTBa, Ha3bIBaeMOH
KoOMOMHATOPHOII KouH(purypamueii. IlosToMy MOXKHO CKasaTb, UTO
eJIbI0 KOMOMHATOPUKHU SABJAETCA M3yUeHNEe KOMOMHATOPHBIX KOH-
durypainuii, B 4aCTHOCTH BOIIPOCHI UX CYIII€CTBOBAHWUA, AJITOPUTMBI
HOCTPOEHUSA, pellleHre 3aJadu Ha IepeuncjeHnue. IlpummMepaMu KOM-
OMHATOPHBLIX KOH(MUTYpPAIUN SABJSAIOTCA II€PeCTAaHOBKHU, pasMellie-
HUA U COUEeTAHUs; OJOK-CXeMbl U JAaTUHCKUE KBaJIpaThl.

Bo3HMKHOBEHME OCHOBHBIX IOHATUN UM Pas3BUTHE KOMOMHATOPU-
KU IIJIO IIapaliejIbHO C Pa3BUTHEM IPYIHUX pasneioB MaTeMATHUKMH,
TAaKMX, KaKk ajarebpa, TeOpUs UYNCEJI, TEOPUA BEPOATHOCTEN, C KOTO-
pIMU KOMOWHATOPHBIA aHaJIW3 TEeCHO cBsa3aH. EIle MareMaTUKam
I peBHero BocToKa Obliu M3BECTHHI (hOopMYyJa, BhIpasKalolias YKUCJIO
coueTaHmuii yepesd OMHOMHUAJNBHBIE KOd(PdUIIMEHTHI, u dopmyaa Ou-
"Homa HpioTOHa ¢ HATypaJbHBIM ITOKasareaeM 7. C MUCTUUYECKUMU
MeJaMU M3ydYajJnuCh MarndyeckKue KBaApaThl 3-ro mopAaka. Poixiae-
HYe KOMOMHATOPHUKHN KaK pasfiesia MAaTeMaTUKHN CBSI3aHO C TPYAaMH
B. Ilackana u II. depma 1o Teopuu as3apTHBLIX UTP. OTU TPYAbI, CO-
CTaBJAINNE OCHOBY TEOPHUHU BEPOATHOCTEIl, OJHOBPEMEHHO COIep-
JKaJIl TPUHIIUILI ONPeAeieHns 4YKcjia KOMOMHAIIUN DJIeMEHTOB KO-
HEYHOTO0 MHOKECTBA.

Boubimoii BKJag B pa3sBUTHE KOMOMHATOPHBIX METOJOB ObLI CAelaH
T'. JleiitGuumem, . Bepuyuanau, JI. Sitnepom. C 50-x rogos XX B. uHTeE-
pec K KOMOMHATOPUKE BO3POMKIAETCA B CBA3U C OYPHBIM PA3BUTHUEM
KuOepHeTUKN, AUCKPETHON MaTeMaTUKU, TEOPHUM ILJIaHWPOBAHUSA U
Teopuu uHopmamuu. Ha dopmMupoBanme HampaBJeHUsS HCCIeI0Ba-
HUH B JajbHeHIleM OKAa3bIBAIOT BIAMAHNE ABa (paxTopa. C omHOI cTO-
POHEI, BBIOOP OOBEKTOB MCCJIEHOBAHUI, C APYroll — (OPMYJIUPOBKA
mejeii McciieJOBaHUS, 3aBUCAINIAA B KOHEUHOM CUETE OT CJIOKHOCTU
usydyaeMbIiX 00beKTOB. Eciu mcciaenyemas KoMOMHATOpPHAs KOHQPUTY-
pamus mMeeT CJIOKHBIN XapaKTep, TO IeJbI0 MCCAeI0BAHUSA SABIAETCS
BbISIBJIEHIE YCJIOBUII ee CYIIeCTBOBAHUSA U pas3paboTKa aJIrOPUTMOB
HOCTPOEHUA. .. »

W3 Bcero MHOroo6pasusA BOIPOCOB, KOTOPLIMU 3aHUMAETCA KOMOU-
HATOPHUKA, B COJepKaHue o0pasoBaHUSA CTApPIIeH IIKOJBI CEeromHs
BKJIIOYAETCS JIUIIL TEOPUS COeAUHEHUII — KOMOMHATOPHBIX KOH(U-
rypainuii, Ha3bIBaIOIUXCA IIepecTaHOBKaMU, pasMeIleHUAMU U coue-
rTanuaMu. I[Ipuyem 00s3aTeIbLHBIMU AJA MUIYUEHUS SABJIAIOTCA JUIIb
coeduHeHnus 6e3 NOBMOpPeHUllL — COeTNHEeHNs, COCTaBJIsAeMbIe II0 OIIpe-
IeJIeHHBIM IIpaBUJIaM U3 PA3AUUHbLLX dJeMermo8. TUNMUUYHBIMU TPU-
MepaMu 3aJa4 Ha MOACYeT YKCJIa OIPeAeIeHHBIX COeINHEeHNI ABIAIOT-
cs CJIenyIoIue:

1. Badaua Ha nodcuem uucaia nepecmMaHO60K U3 NAMU 3IJeMeH-
mos (Ps).
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CKOJIBKMMH CcIIocO0aMM MOXKHO PAaCCTABUTL HA IIOJIKE IIATh pas-
angHbIXx KHUr? (OTBeT. 120)

2. 3adauu Ha nodciem uucna padmeu,enHuil u3 uemuipex no 0ea
(A2).

1) CxoibKO cyIllecTByeT BapUAHTOB Ha3HAUEHUSA TIJIABHOTO OyX-
rajTepa U ero 3aMeCTUTEJs M3 UeTBEePBhIX IPETEeHJeHTOB Ha dTU JOJIK-
"Hoctu? (OrBeT. 12)

2) CKOJBKO DPasIMYHBIX ABY3HAUHBLIX YMCEJ MOYKHO 3aIlucaTh C
momoInboo udp 5, 6, 7, 8, NCHOAB3Ys KaMAYIO M3 HUX B 3aIICU HE
6osiee ogHoro pasa? (OrBeT. 12)

3. 3adaua Ha nodcuem uucaa cowemarHuil u3 uemwvipex no 08a
(c2).

CKOJIBKO CYIIleCTBYe€T BapUMaHTOB BEIOOpA OBOUX UYeJOBEK MIJIA
yJacTus B KOH(pepeHIIUU M3 UYHuca 4eTBephbiXx mpereHaeHToB? (O T-
BeT. 6)

s moacuera Ymcesia COeAUHEHUM KaKIOTO BUa C IIOMOIIIBIO IIpa-
BUJIA TIPOMBBEIEHUS B 3TOI IjiaBe BBIBOASATCA (POPMYJIBI

! !
P, =n!, AZ:L, rﬁzL,
(m—n)! n!(m-n)!
rne nl=1-2-3-....-(n—1)-n — npousBegeHune IEPBBIX N1 HATY-

PaJbHBIX YHMCeN; IPpU 3ToM poonpenendorcsa 11 =1 u 0! = 1. Jaa yua-
muxcA (mocyie 3HaKOMCTBAa C PACCMOTPEHHBIMHU TPEMSA BUJaMU COEIU-
HeHUI) IIpU pelleHnr KOHKPETHOM 3aJauud OCHOBHOM mpo6Jemoit
CTAHOBUTCS IIOABEEHNE YCJIOBUS IOJ KOHKPETHBIN THUI COeIMHEHM!S.
OOBIYHO 3aZayM Ha IIOJCUET YKCJia IePeCTaHOBOK ydallluecs JEerkKo
y3HaOT. A OTJIMUATh 3aJjauM Ha IIOJCUeT YMCJa pa3MeIlleHu oT 3amay
Ha TMOJACYEeT YMCJa COUeTaHUWi cJabbIM ydyalMMCs YacTo ObIBaeT 3a-
TPYAHUTEJIbHO. YUUTENII0 NPUXOAUTCS HEPeAKO IPUAYMBLIBATH MHE-
MOHHMYECKHUEe IOJACKas3Ku MIJsa Takoil nuddepeHnuanuu. Hampumep,
4TOOBI yualiuecsd IOHAJIU, YTO PA3MEIIeHUus — 3TO YnopsadoieHHble
MHOXKECTBA 5JIEMEHTOB, MOYKHO <«IIPUBSA3aTh» TEPMUH pPasMeIleHUsd
K CJIOBOCOUYETAaHUAM BUAA pa3meuieHue (uero-imbo; rae-aubo) no no-
padky. ODDEeKTUBHBIM AJIA 9TOU JKe Ilesiu ObIBaeT HallOMUHAHME TOTO,
YTO MepPecTaHOBKU — 9TO YACTHBIHA CJaydyail pasMeIlneHui.

Pemas npuknaguyio (TeKCTOBYO) KOMOMHATOPHYIO 3aavuy Ha IIOM-
cuer ymcJa coefmHeHU (6e3 MOBTOPEHMIT), B IEPBYIO OUepenb YICHUK
IOJIYKeH BBISCHUTH — pasHbIe WJINU OJWHAKOBBIE, IO CYTH, IOJYYAOT-
Cs COeNUHEHUS, €CJIM IMOMEHATh B HUX IOPAMOK PACITOJIOMKEHUS dJie-
MEHTOB.

Teopusa coeUHEHUN C MOBTOPEHUAMU HE SABJIAETCA 00A3aTEeIbHOMN
IS PACCMOTPEHUA Nake B MPOMHMIBHBIX KJaccax, TeM He MeHee MBI
CUMTaeM MOJIE3HBIM B 9THUX KJAcCaX BBECTH IIOHATHE XOTA ObI pasme-
WeHUll ¢ N0OBMOPEHUAMU, TAK KaK IIOJCUYET UNCJa 9TUX Pa3MeIeHUHn
MOXKET BCTPETHTBLCA yiKe Ha IMEePBBIX YPOKAax IIPU PeIleHuu 3amnad
Ha MpUMeHeHUe MpaBuJja MponsBeeHusi. TUMUYHBIM IPUMEPOM 3aja-
YM Ha IIOACYET Yucja PasMeIleHUi C MOBTOPEHUAMU SABJSIETCS CJie-
nymomias: «CKOMbKO pasiWYHBIX MSATHU3HAUHBIX UYMCEJ MOYKHO 3aIlu-
caTh ¢ momoIso mudp 1, 2, 3?» (OreerT. 53 =125.) B o6mem Buge
ob6ocHOBaTh GOPMYJIY AJA MOACUETa YKUCJIA PA3MEIIeHUH C TOBTOPEeHM-
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amu (A . =m™) He COCTaBUT TPyJa U JJIA ydalluxcs oOleodpa3oBa-
TeJbHBIX KJIQCCOB.

3HAKOMCTBO C OCTAJLHBLIMU CO€AMHEHUSIMH C MOBTOPEHUAMU H3JI0-
JKEHO B JOCTYIIHON (pOopMe M MOJKET OBITh PACCMOTPEHO C yUaIllUMUCH
NpOoPUIBHBIX KJACCOB IIPU HAJIWYNKN BpeMeHM. J[oKa3aTelbCTBO Ke
cIpaBeqInBoCTA (POPMYJI AJA IOACUETa YMCJIA IIEPECTAHOBOK C IIOBTO-
peHuAMU

= n!
Pnl,ng,...,nm: — ',I'/:[e n=ni+nyg+...+n, |
nl.nz.'...‘nm.

_ — (m+n-1)!
U 4ymucjia codeTaHuil ¢ moBropeHumsamu |(C =P, , ,=—7—1—
’ (m-1)!n!

cjlelyeT paccMaTPUBATh TOJBKO C YYalllUMUCS, WHTEPECYIOIIUMMCS
MaTeMATHKOI, IIpUYeM YCBOUBIIMMU IIpUMEHeHNe MeTOoJa MaTeMAaTH-
YeCKON WHIAYKITUU.

JomosTHUTETFHON MOTHBAIME!l PacCMOTPEHUs, HAIPUMeEpP, Iiepe-
CTAaHOBOK C HOBTOPEHUAMHU ABJSAETCA TOT (PaKT, UTO OMHOMHUAJILHBIE
Koa(pduuenTer C fl ecTh He UTO WHOe, KaK I_’k, m —p - 1loaTOMY y4a-

muecsi, 3HaKOMbIe C IIOHATHEM IIePECTAHOBOK C IIOBTOPEHUAMHU, JIETKO
BOCHOPUHUMAIOT BBIBOJ (opmyJibl 6uHomMa HrioToHA.

IToMmumo mpaBuja MPOW3BEAEHUA B KOMOMHATOPHUKE OCHOBHBIM
cunMTaeTcad ¥ IMPABUJIO CYMMBI, KOTOpPO€ MOKHO CcHOPMYJUPOBATH
ciaenyioimuM obpasoM: «Eciu HEeKOTOpPBINT aJeMeHT MOYKHO BBIOpATh
n crmocobamMu, a APYroil sJeMeHT MOXKHO BBIOpaATh M CIIOcO0aMu, TO
BBIOpaTh JuOO IIEepPBBIil, J1OO BTOPOM 2JIEMEHT MOKHO 7 + M CIIOCO-
6amu». OgHAKO IIPU HCIOJHB30BAHUM INpaBUjia CYMMBI B JaHHOU
dopMyIupOBKe HEOOXOAWMMO CJIEIUTh 3a TeM, YTOObI HU OAUH U3
CcII0c000B BBIOOpA IIEPBOTO 3JIEMEHTa HEe COBIIAJ C KaKUM-JIU0O0 CIIO-
coboM BbIOOpa BTOPOTO djieMeHTa (ecjii TaKoe COBIIaJeHue MMeeTcsd,
TO TPaBUJIO CYMMBI HeJIb3s IPUMEHATH, TaK KAaK UYKWCJIO0 CIIOCOGOB
BeIOOpa OyzeTr paBHO n + m — k, rme B — umcio coBnamenuii). Ilpa-
BUJIO CYMMBI B I'JIaBe He pacCMaTpPUBAeTCs, TaK KaK pellleHre 3a1au
Ha ero mpumeHeHue (6e3 cIerMaJbHOTO 3HAKOMCTBA C IIPABUJIOM)
He BBI3BIBAET 3aTPYAHEHUIN make y caabbiX yuamuxcsa. IlpuBemem
OpuMep 3ajJauu, pelraeMoil ¢ MOMOIIbI0 KOMOMHATOPHOTO IIpaBUJja
cyMmmbl: «B Kiaacce 10 geBouek m 12 manabumkoB. CKOJIBKUMHU CIIO-
cobaMmu M3 ydyaIluxXcs KJacca MOXKHO BbIOPATH OJHOIO [IEXKYPHOIO
mo crtoJyioBoii?» (OTBeT. 22.)

Crnenyer mOOUEePKHYTH, UYTO C yUAIIMMUCS 0a30BOTO YPOBHA He
cjenyeT PacIIupPATH MepeueHb 00g3aTeJbHBIX KOMOMHATOPHBIX 3a1a-
HUl. BrosiHe AOCTATOYHO, €CJIU OHU HAy4YaTCsa MPUMEHATH IIPU pellle-
HUM 3324 KOMOMHATOPHOE IIPABUJIO IIPOU3BEAEHUS U He OYAYyT AOIyC-
KaTb OINMOOK IIpW IoABefeHnu (adysbl 3agadym II04 HAXOMKIeHUe
coemuHeHnii (6e3 ITOBTOPEHUI) KOHKPETHOTO BUJAA U HAHUAYT YUCIIO
3TUX COEeAWHEHUU mo (hopMyJe.

B pesynabTaTe m3dyueHHUA raaBbl V Bce yualliuecs IOJIK-
HBl YMETh pemiaTh yIupakHenus tuia 5, 6, 9, 20, 23, 31, 32, 41,
42, 48, a yuamiuecs npoduIBHBIX KJaccoB — 15, 21, 24, 37, 49,
53, 69.
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§ 1. Marematnyeckas NHAyKUnS

ITens mayueHusa maparpada B npopumabHBIX KJjaccax
(c yuarmummucs, HHTEePeCYIIMMUCI MATEeMATHKONH) — OBJIaIeHUe Me-
TOZOM J0KAa3aTeJbCTBA YTBEPIKAEHU, PACIPOCTPAHAEMBIX HA MHOMKE-
CTBO BCEX HATyPaJbHBIX UWCEJI; PA3BUTHE UHTYUIUU, JOTUIECKOTO U
KOMOMHATOPHOTO KAYeCTB MBINIJIECHUA.

B Te roanl, Korma oreuecTBEHHOe MaTeMaTHUUYecKoe oOpasoBaHue
BKJIIOUAJIO B CBOU COCTaB 9JIeMEHTHI KOMOMHATOPUKMU, U3YUEHUE Me-
TOda MaTeMaTHYeCKON WMHAYKIMHU ObIJIO €CTEeCTBEHHBLIM HAYaJIOM CO-
OTBETCTBYIOIIIUX TJIaB yueOHWKaA (CM., HAlIpuMep, YUeOHUK «Ajreod-
pa u Hayaja aHajausda OJga 9 Kiacca», ms3gaHHBIA B 1977 r. mog
pemakmnueii A. H. Koamoroposa). 9TuM MeTOAOM MOYKHO OBLIO CTPO-
ro moKasaThb (OpMyJbl AJSA HAXOMKIEHUS UYHCIa PA3JIUUYHBIX BUIOB
coequueHuii. OueBUAHBI MHPOBO33PEHUYECKOE U OOMIEKYJIbTYPHOE
3HaYeHUs TOTO0 MeToja. [losToMy, HECMOTpPsS HAa TO, YTO B HOBBIX
CTaHIapTax MaTeMaTHYeCKOro o0pasoBaHUSA He IPEeAyCMOTPEHO 3Ha-
KOMCTBO y4Yall[UXCs C METOJOM MaTeMATHUYeCKON MHIAYKI[UU, MBI ObI
COBETOBAJIA YUYHUTEJNAM B NMPOPUIBHBIX KJaccaxX IIPU HAJIUUYUU Bpe-
MEeHU BCe Ke IMO3HAKOMUTDH YUaIlMXCA C 9TUM METOJOM, IIPOBECTU C
ero TOMOIIbI0 000CHOBaHUS pAga GOPMYJI, HE TPEOYysA OT yUaliuxcs
CaMOCTOSITeJIbHOTO ero IIPUMEHeHUs.

B yueOHMKe MeTOH MaTeMaTHUUYECKO! WMHAYKIIMU BBeJEH C IBYMS
meaaMU — U KaK CaMOIIeHHBIN 00'beKT M3yUeHHUsd, M KaK ammaparT JIo-
KasaTeJbCcTBa pAfa (GopMyJi, KOTOphIe IIpeAjiaraloTcsa IS pacCMOTpe-
HUS TOJBKO YUAIIUMCS, UHTEPECYIOIUMCA MaTeMAaTUKOM.

Pacunpegenenue maTepuaJyia naparpada (Ipu HaIAIYUA
JOTOJHUTEJIHHOTO BPEMEHM) IO YPOKaM OTpa’sKeHO B TabJuile.

YuopaxkHeHUsa

2 g

[} 4 o

E ° TeopeTuueckuit
= g MaTepuas OCHOBHBI€ IS JLJISI CAMOCTOS- JIOTIOJI-

paboTsI B KJacce TeJIbHOU PaboThI HUTEJb-
u goMa B KJacce HBIE
1 §1 1 1(3) 3
2 2,4 2 (3)

B pesynbTaTe msyueHud maparpada yyaiimuecs AOJMK-
HbBl MOHSATDH CYTh METOJa MaTEMATUYECKOU WMHAYKIUU U YMETH
C ero IIOMOIIIBIO TOKA3HIBATH CIPABEAJINBOCTE PABEHCTB TUIIA IPEAJIO-
JKeHHBIX B ympaskHeHuu 1.

Pemenue ympaskHeHHIt
2. 3) a) IIpu n=1 B JneBoii yacTu [OAaHHOTO PaBEHCTBA WMe-
em 2n-1)*=(2-1-1)®=13=1, B mpasoit vactu — n? (2n% - 1) =
=12.(2-12-1)=1, T. e. paBeHCTBO BEPHO.
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6) IlycTh mamHOe PaBEHCTBO BEPHO IJisi HEKOTOPOTO HATYpPAaJbHO-
ro n. JorkaskeM, UYTO TOTZa OHO BEPHO U AJISA CJIEAYIOIIETO HATYPAJIbHO-
ro ymucya n + 1, T. e. YTO BEePHO PaABEHCTBO

13+8%+...+@2n-1¥+C2n+1)-1B¥=0n+122{Rm+1)2-1)
uau (mocjie IIpeoOpasoBaHUiI B CKOOKAax) PaBEHCTBO
13+3%+...+2n-12+Cn+1¥=m+1)22n%2+4n+1). (¥)
IIpmu6aBuB K 06eMM YaCTAM BEPHOTO IO IPEAIOJI0KEHNI0 NCXOIHO-
ro paBeHcTBa uncyo (2n + 1), mosyduM BepHOe PaBEHCTBO
13+3%+...+2n-1¥+@C2n+1)2=n22n%2-1)+(2n + 1)
IIpeoGpasyemM mpaByiO0 YacThb MOCJEIHEro paBeHCTBa, IIOJYUYUB
nP@2rl-1)+Cn+1¥ =2n*-n2+8n*+12n2+6n+1 =2n*+8n+
+11n2+6n+1=(n+ 1)2 (2n? + 4n + 1), uro ybexkmaeT B BEepPHOCTHU
paBeucTBa (*). 3aMeTHUM, UTO IIpeACTaBJIeHIE MHOTOUYJEHA UeTBEPTOIL
CTeIlleH! B BUIE IPOUIBEAEHUS ydallMecs MOTYT OCYIIECTBUTH JeJie-
HHeM 9TOT0 MHOTOUJIEHA HA «OKUAAeMBIH MHOMKHUTEIb» n’ + 2n + 1 =

= (n + 1)?. CieqoBaTenbHO, IpeIOKeHHOEe PABEHCTBO BEPHO MAJIA JIIO-
60T0 HATYPaAJBLHOTO 7.

§ 2. Mpaeuno npousBepeHus. PasmewieHus
c noBTopeHuamu (1/2 y)

ITens wmu3yueHuda mnaparpada — oBiaJeHUe OJHUM U3
OCHOBHBIX CPEJCTB IOACUETA YKCJA PA3IUYHBIX COeTUHEHUUN (KoMOUM-
HATOPHBIM IIPABUJIOM IIPOU3BEINEeHUA), 3HAKOMCTBO YYAIIUXCA IIPO-
(PUIABHBIX KJACCOB C Pa3MeIeHUSMU C HOBTOPEHUSMU.

C sToro maparpada HaunHaeTCA M3ydeHHe riaasbl « KomOuHaTOpm-
Ka» B 0011e00pa30BaTeJbHBIX KiaccaX. IIepBbIll YPOK yUUTEIH MOYKET
HaYaTh C aKTyaJau3anuy KOMOWHATOPHBIX 3HAHUIN yUYAIIUXCH, IIOJY-
YeHHBIX MMU B ocHOBHOU mikojye (cm. Tkauesa M. B., ®exgopo-
Ba H. E. On1eMeHTBbI CcTaTUCTUKU U BeposaTHOCTb. — M.: IIpocaeie-
"ue, 2005).

Ecnu yuaiuecss B OCHOBHOM IIIKOJIe HE M3YYaJid BOIIPOCHI KOMOM-
HATOPUKHU, BEPOSATHOCTEH U CTATUCTUKHU, YUUTEJIO CJIEAyeT IPOUYUTATh
UM JIeKIIUIO O 3HAaUEeHUU CTOXACTUUYECKUX 3HAHUIU KaK B IIOBCEIHEBHOM
KUB3HU YeJIOBEKAa, TaK M B ero mpodeccruoHalbHON AesaTeabHocTH. Ma-
Tepuaa AJd JeKIIUW MOKHO BbIOpATh M3 HA3BAHHOTO BBIIIE ITOCOOMUS,
W3 BBEJIeHUA K JAHHOM IJlaBe, a TaKyKe U3 PAJa cTaTell, IIOCBAIIEHHBIX
BOIIPOCAM CTOXACTUKU UM IIyOJMKOBABIINXCA B JKypHaJsax «MaremaTu-
Ka B mkoJjge» B 2003 r.

Ho BBemeHUA OIpeNesieHUs HMOHATHUSA PA3MEIeHU ¢ IIOBTOPEHUS-
MU MaTepuaJ maparpada He CJIOKeH I/ MOHUMAaHUS BCEMU ydUalllu-
mucsa. OgHako B KJjlaccax, Ifie IPUCYTCTBYET MHOTO YUAIIIUXCSA C TyMa-
HUTAPHBIMUA CIIOCOOHOCTSMM, PeIleHue XOTs Obl ONHOI 3amauym Ha
OprMeHeHWe IIpaBUJIa IPOU3BEAEHUSA KejaTeJIbHO HPOUJIIOCTPUPO-
BaThb C IMOMOIIBIO CXeMbI-AepeBa. Hampumep, HarJIsSAHOE IIpeacTaBJIe-
HUe nepebopa BceX CIOCOOOB 3aIlMCHU TPEX3HAUHBIX Yuces (He MMeIo-
MIUX OAWHAKOBBLIX IUQP) M 3alMCAHHBIX C IMoMomibio mudp 1, 2 u 3
(yupaxxkHenue 5(1)) 6ymeT BHITIALETh TaK:
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I mudppa II muppa III mudppa IlomyuewHbie
qucaa
/ 2————3 123
1 \
3——m2 132
1 3 213
Croco0st 9 _—
BBIOOpA
P T3 231
/ 1 2 312
3
T 321
3 X 2 X 1 = 6

ITocne paccmorpenus 3agauu 1 Tekcra maparpada MOKHO IIPeAJio-
JKUTH ydJaIllMMCs YCTHO BBINIOJHUTL yIpaskHeHue 7, 3aTeM PacCMOT-
pers yopakHeHue 8 (IpeAioKUB ypaskHeHue 9 ajd goMmarirtuei pado-
ThI). B KasKkmol m3 9TUX 3a/a4 IPaBUJIO IPOUBBENEHUS IIPUMEHAETCI
M0 OZHOMY pa3y.

ITocsie paccMoTpeHUA 3afauu 2 TeKCTa y4eOHWKA BBIMOJHAIOTCS
yupaskuenua 5, 6, 10—12. Yopakaenua 13 u 14 xejlaTeabHO pac-
CMOTPETH MMOCJIeOBATEILHO HA OJHOM ypoKe. IlofcueT MCKOMOro 4wuc-
Ja coenmHeHuit B ynpakHenum 13 (sro umcso pasuo 10 - 9 =90 —
Kaskapiii 13 10 yuyacTHUKOB pasfaa 9 KapTouyeK) MOYKHO IIPOM3BECTH
YCTHO. 3aTeM IIPY PACCMOTPEHUM yIIpaKHeHus 14 pasbiaCHUTD, II0Ye-
MYy YKCJIO PYKOIIOKATHUII B 2 pasa MeHbIIe YKCJIA BUSUTOK U3 YIPAIK-
Henuda 13. [yda caabbIx yyaluxcs IPOIlecchl pasgaun BUSUTHBIX Kap-
TOUEeK ¥ PYKOIOMKAaTHuil, HampuMmep, cpeiu 4 YeJOBEeK MOTYT OBITH
HPOUJLIIIOCTPUPOBAHELI C IIOMOIIBIO cxeM (rpadoB) Ha pucyukax 39 (Bu-
suTHble KapTouku) u 40 (pyKomo:kaTusd).

n=3-4=12
Puc. 39 Puc. 40
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B mpoduiapHBIX Kjaccax TeMa M3ydaeTcs B IIOCJIEJOBATEIHLHOCTH,
OpeaoKeHHoON yueOHuKOM. IIpm 3TOM ¢ yYaI[uMMCS, N3yYaBIIMHNMI
§ 1, 06a3aTeIbHBIM K PACCMOTPEHUIO CUUTAETCS A0Ka3aTeJIbCTBO op-
myJisl (1) MeTOZOM MaTeMaTUYEeCKON WHAYKIIUU.

Pacunpegenenue yue6HOTO MaTepuaga II0 ypoKamM OT-
pasxeHo B Tab/MIlaX.

O6ueobpaszosameibHble KJACCHL

VYopaxkueHUus
g
g Teoperuye-
53 CKHUU OCHOBHBIE [IJIsI I CAMOCTOS- —
T > MaTepuas paboTHI B KJlacce TeJIbHOM paboThI A
TeJIbHBIe
u JomMa B KJiacce
1 § 2, mo 3axa- 7—9, 5, 6, 10, 10 11—12, za-
uu 3 13, 14 nada 3 Tek-
cTa maparpa-
da
IIpogpunvhovle KaaCCHL
YopakueHUs
]
g Teopetuue-
53 CKHUU OCHOBHEIE [IJIsI IS CAMOCTOS- S—
= > MaTepuan paboThI B KJlacce TeJIFHOU paboThI A
TeJIbHBIe
u 1oMa B KJIacce
1 § 2, mo 3axma- 7—9, 5,6, 10
uyu 3 10—14
2 Or 3agauu 3 Bagaua. Haiitu Zzﬁ , 234 81
o KoHIta na- | CKOJIBKO pasjnd-
parpada HBIX OSATUOYKBEH-
HBIX ITUQPOB
MOYKHO COCTaBUTD,
MCHOJIb3ys OYKBBI
a, b, c?
15, 82, 16, 17

B pesynabTaTe m3yueHuUsA maparpada Bce yuaimecs
JOJKHBI YMEeTh NPUMEHATH HPABUJIO IIPOMUBBENEHUS IPU PeIleHUun
yupakHeHU# Tuna 5, 6, 9, a yuaruecs mpoduIbHBIX KJIaCCOB — IIPHU
BBITIOJTHEHUY yHPakHeHUi Tuma 15.

Pemenue ympasxHeHMI

16. Ha mepBoM MecTe MOMKET CTOATH Jitobasa u3 neBATU mudp ot 1
o 9; Ha TpeTheM MeCTe MOYKET CTOATE JII00asa 13 8 HerCIIOIb30BaHHBIX
(Ha mepBoM Mecte) mudp uau nudpa 0, T. e. g06aa us 9 mudp; Ha -
TOM MECTEe MOXKET CTOATh Jiobas m3 8 ocraBIImXcsa MuU(PP; a HA Celb-
MOM MecTe — Jirob6ast u3 7 ellle He MCIOJb30BaHHBIX Iudp. CorysacuHo
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OpaBUJIy IPOU3BeAeHus cyiecTByer 9 - 9 - 8 - 7= 4536 crioco6oB pac-
TMOJIOKUTh Ha HEUETHBIX MECTaX CEeMH3HAYHOTO YUCJIa Pa3IuYHbIE
nudpsl. aa BTOPOTO, YETBEPTOTO U IIECTOTO MECT CYIIeCTBYeT
10 - 10 - 10 = 1000 cmocob6oB pacmosokeHus nu@p. Bcero pasaumuaHbIX
CeMU3HAYHBIX UNCEJI, VIOBJIETBOPAIOIIUX YCIOBUIO 3a1aUu, CYIIECTBY-
er 4536 - 1000 = 4536000.

17. HeueTHoe uucJj0o ompeneseTcs IocjenHeii mudpoil uuciaa; B
IaHHOM 3amade 9To oaHa us yeTbipex mudp (1, 3, 5 uau 7). ITocae BbI-
6opa mociaenHeil (UeTBepToit) IU(PHI UYMCIA IEPBYIO ITUGPY MOIKHO
BBIOpATh 6 cmocobaMu (Ha IIePBOM MeCcTe MOXKET ObITH Jrobas mus 8 3a-
maHHBIX 1udpP, Kpome 0 u TOM, KoTOpas BhIOpaHa Ha IOCJenHee Mec-
TO), BTOPYIO IIOCJIE DTOTO — INECTBHIO, TPETHIO — HATHIO CIOCO0AMIU.
CoryiacHO mIpaBuUJIy IIpou3BeneHus cyiectsyer 4 -6 -6 - 5 =720 un-
cesl ¢ TpeOyeMbIMH CBOMCTBAMU.

§ 3. MNepecTtaHOBKM (2/2 4)

ITens usayuenus maparpada — 3HAKOMCTBO C IIEPBBIM BU-
IOM COEIUHEHHII — IIePeCTAHOBKAMM; [AEeMOHCTPAIMS IIPUMEHEHUI
IpaBuJjia MPOU3BENEHU IIPU BBIBOAE (POPMYJIBI UHMCJIA IIEPECTAHOBOK
U3 N 3JIEMEHTOB.

IIpu 3HAKOMCTBE y:Ke C IEePBLIM BHIOM H3ydYyaeMBIX B IITKOJIE CO-
eIVHEHNH (C IMepecTAaHOBKAMM) YUUTEIb HOJXKEH c(hOKYCHUPOBATEL BHU-
MaHMe yYallluxcs Ha TOM, UTO 3JIEMEHTHI B COeIUHEHUSAX HYIKHO MbIC-
JIEHHO IIPEICTaBJATHh BBICTPOEHHBIMH B PsaA (B pPasHBIX yuyeOHMKAX
MOJKHO BCTPETUTH pasHble CIlel[MaJibHble Ha3BaHUS TAKOT'0 pAAa, Ha-
npuMep, Kopmexcu, yenoiku). B omfHUX BUAAX coequHeHUI (mepecra-
HOBKAaX, pasMeIleHWsaX) BasKHA II0CJIEI0BATEJIbHOCTb, OYEPEIHOCTh
PACIIOJIOKEHU S 9JIEMEHTOB B 9TOM psAAy. B Apyrux Bujax coeIuHEHU
(coueTaHuAX) Ba)KHA JINIIb KOHKPETHAS COBOKYIIHOCTH 3JIEMEHTOB,
HaXOIAMINXCA B COEAUHEHUN, 1 He BaXXHO, B KAKOI II0CJIeJ0BaTeIbLHO-
CTH 3TU 3JIEMEHTBHI «BBICTPOSTCSA B PSI».

Taxoe mpexacraBieHue 00 OPraHM3aIlMU COESUHEHWN BaYKHO IJIA
OJHO3HAUYHOI'O BOCIIPUATHUA BCEMH ydYaluMmucs (PadyJbl TEKCTOBBIX
KOMOMHATOPHBIX 3a1ad, IJA BBIAEJEHUS CYII[eCTBEHHBIX MPU3HAKOB
KOHKPETHOI'0O BHJAa COeAUVHEHMNs. B IIPOTHBHOM cJiydyae, HaIpPUMep,
IpH pacCMOTPeHUU 3amaun 1 TekcTa maparpaga HeKOTOphIe yUalluecs
MOTYT 3aJlaBaTh YUUTEJJIO BOIIPOCHEI TAKOTO TUIa: «A yCTaAHOBKA OJHOM
KHIUKKY KOPEIIKOM HapPYsKy MIN KOPEIIKOM BHYTPL — 5TO Pas3HbIE
CIIOCOOBI IIOCTABUTH KHUTU? »

Co BceMHM yuUaIlllUMHCS TeOpPeTHUECKHil MaTepuwas maparpada mao
cuMBoJia «M» paccMaTpUBaeTCs Ha MEePBOM YpPOKe, 3aKpPeIIsgeTcs
IpHY BBINIOJHEHUN YIPaKHEHUI, a IPOoBepAeTCcA BO BTOPOM IIOJIOBUHE
BTOPOTO YPOKa B XOJ/ie BBIMOJHEHUSI CAMOCTOATEJbHOUN pabdo-
TbI (15 Mum).

1. CKOJBKO PasiINYHBIX UYeThIPEeX3HAUYHBIX UMCEJ MOMKHO 3aIlHiCATh
¢ momoInbio udp 5, 6, 7, 8, 9? [CKOABKO Pa3IUUYHBIX TPEX3HAUYHBIX
gpceJ MOYKHO 3amucarhb ¢ momorsio nudp 0, 1, 2, 3, 47?]
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. 98! 1000!
2. HaiiTu 3HaYeHUe BHIpAYKEHUA —— | ——— |.

100! 998!
Pn +4 Pn +5
3. YmpocTuTh BHIpa’KeHUE _
n+3 Pn +6

4. CKOJIbKO Pa3jNYHBIX IMEeCTU3HAYHBIX YMCEJ, HE COAEPIKaIl[uX
OJMHAKOBBIX IH(MP, MOMKHO 3almcaTh C HOMOInbio mupp 2, 3, 4,
5, 6, 7 Tak, uToOBI ImocjaegHUMU ObLIU PPl b U 6, 3amucaHHBbIE
B JI000¥ IIOcJiemOoBaTeJbHOCTH [mepBoil Oblia mudpa 7, a IOcCJen-
Hell — smbo mudpa 2, aubo mmdpa 3].

C yuamumuca nNpogHUIBHBIX KJACCOB, MHTEPECYIOIMMHUCA MaTe-
MATHKOM (1P HAJUYUU JOIOJHUTEILHOIO YPOKA), N3yUaeTCs TeOPUs
U IIPAKTHUKA [EePeCTAHOBOK C IIOBTOPEHUIMMU.

Pacnpegesnenue yue6HOTO MaTepuaJsa II0 ypoKaM OT-
paskeHo B TabIUIlAX.

ObueobpaszosameibHble KJACCHL

YupaxHeHUS
2
o 2 TeopeTuue-
g3 CKHUit
é & ATEDMAL OCHOBHBIE LS CAMOCTOSTEJIb- OLIOHT-
MaTepH I paboThI HO paboThI A
TeJbHbIe
B KJlacce U AoMa B KJacce
1 § 3, mo cum- 18—20, 22 HaiiTu sHauenune 66, 26
BOJIa «M» Pq; Py; Py
2 21, 23—25 ITpoBepounas ca- 67
MOCTOATEIbHAA pa-
6oTa
IIpogunvrovle KaacCyL
YupaxHeHUS
2
g § TeopeTuue-
é & :Kennaﬂ OCHOBHBIE IS CAMOCTOS- —
MaTepH I paboThI TeJIbHOU paboTHI A
TeJbHbIe
B KJlacce U AoMa B KJacce
1 § 3, mo cum- 18—23 22 (7), 23 (7) 66
BoJia «M>»
2 67, 24, 69 (1, 2), ITpoBepouHas ca- 28—30
26, 27 MOCTOsITeJNIbHAA pa- | (mocse pac-
6ora CMOTpeHUuA
TeKcTa A
MHTEpecy-
IOIIUXCS
MaTeMaTH-
KOi1)
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B pesyanbTaTe m3yueHusa maparpada Bce yuammecs
JOJKHBI 3HATH OIpeIejeHrue IIePeCTAHOBOK U3 7l JJIE€MEHTOB H
yMeThb BBIDOJHATH, ynpaskHeHnus tuna 20, 23. Vuyamimecsa mnpo-

(GUALHBIX KJIACCOB JOJIKHBI YMe€Th BBINOJHATL YIPaKHEHUA THUIIA
21, 24.

Peurenue ympaskHeHUI
24, 3) YpaBHeHUe PaBHOCUJIBHO CHUCTEME

2(n-1)!
——-1=0,
(n+1)! 2=n(n+1),
OTKyZa <n =2,
-121,
" neN.
neN;
Kopuamu ypaBmerus n?+n —2=0 gBagioTca umcaa n, = —2,

ny =1, Opu 3TOM HU OZHO U3 HUX HE yIOBJIETBOPSET CUCTEME.
OrseT. Kopueit Her.
26. I cooco6. Yuciao pasjUMUYHBIX OATU3HAYHBIX YKCEJ, COCTaB-
JIEHHBIX U3 YKasaHHBIX mudp, paBHO Pj;. Bce umcisa, KpaTHBIE 5, 1I0-

JayuaroTcs mepecraHoBkamu mudp 1, 2, 3, 4 Ha MepPBBIX YETBIPEX MeC-
Tax OPU TOM, UTO MOCJeIHASA Itudpa paBHa 5 (B maHHOM cJjyuae
Heo0XOoAUMOe M AOCTATOUHOE YCJIOBME KPATHOCTHU COCTABJIEHHOTO UKC-
Ja gyucay 5), Takux uuceya P,. Yuciao UCKOMBIX B 3aJlaue YMCEJ PABHO
Py, —P,=5!-41=120 - 24 = 96.

II cuoco6. Ilocnenuaa mudpa umcaa, OTIUYHAA OT 5, MOMKET
OBITH BBIOpaHa 4 crocobamwu, IIpeAnocieqHAsa (mmocje BBIOOpa IIO-
ciaenueii) — 4 cmocobamu, TpeTha Iudpa — 3 crmocobamMu, BTopas —
2 cmocobamu, mepBasd Iu(ppa — eIUMHCTBEHHAs OCTaBIIascs. Bcero
KOJIMYECTBO YHCEJ, YIOBJIETBOPAMOIIUX YCJIOBUIO 3aJadyM, COTJIACHO
mpaBuUJy IIpousBeneHusA paBHO 4 -4 -3 -2 -1 =96.

27. 1) B pmanHoii 3ajjaue qBe KHUTH OAHOTO aBTOPA MOMKHO CUM-
TaTh «OQHOM KHUTOM». PellleHue 3aJaun CBOAUTCS K IIOJCUETY UHCJIA
mepecTaHOBOK u3 9 sJIeMEHTOB.

28. 1) Samaua cBoAWTCA K IOACYETY YMCJA IEPECTAHOBOK C IIO-
BTOpeHuamMu P, ; ;. OrBeT. 12.

P 1 P
R e TISTIT TS T
— 1
5)P1,3,1,1,1=%=4'5'6-7=840.
7 P =_10! _5.6.7.8.9.10=151200.
252 L L1795 319

29. Ilycts XKHUTH 3aHyMepoBaHBI uucaamMu ot 1 mo 6. Bo Bce-
BO3MOJKHBIX II€pPECTaHOBKaX M3 3THUX KHUT OJHOMY OpaTy OOCTalOT-
cd IepBble 2 KHHUIU, BTOPOMY — CJEAVIOIHEe 2 KHUTU, TPeTbe-
My — TOCJeIHsA Tapa KHUT (YMCJIO0 IEepecTaHOBOK u3 6 KHUT
paBHO Py = 720). Kasxxgomy us 6paThbeB HeBakKHO, B KaKOM IIOCJIeNO-
BaTEJbHOCTU OH IIOJYYUJ KHUTH CBOeil Imaphbl, T. €. MCKOMOE YMC-
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J0 crmocoboB Oyzer B 2 - 2 -2 =8 pas meHbie, ueM Pg, T. e. pas-
HO 720 : 8 = 90. ®axTHuecKH B 9TOH 3ajade HAXOZUTCA P, 5 5=

=—— =090.
212121

§ 4. PasmewieHuns 6e3 noBTOpEeHU
(1/1 4)

ITens usyuenuda maparpada — BBeJeHUE MOHATUSI pa3Me-
mieHuit (0e3 MOBTOPEHMI) U3 M 3JIeMEHTOB IO 71; CO3JaHue MaTeMAaTH-
YeCKOM MOMeJNU IJid PelleHus KOMOMHATOPHBIX 3a7ad, CBOAUMBIX K
MOACUYETy YHCJa pPasMelleHUN.

YPpoK HaUMHAETCS C AaHAJIN3a CAMOCTOATEJJbHOMN pPadboThI, BbI-
TOJHEHHOM B KOHIlE IPeIBIAYINEero ypoka. Eciu marepmas mpenwiny-
mux naparpadoB yYaluMucsa o0Ieo0pa30BaTEeIbHBIX KJIACCOB YCBO-
€H HEeJOCTATOYHO, TO CJENYeT 3aKPEeIUTb ero U JINIIhb II0CJIe 3TOTO
NPUCTYNUTh K mM3ydyeHUIO § 4, 1oOaBUB Ha ero M3ydeHUe ellle OAWH
YPOK.

ITocsne paccmorpenusi 3azauu 1 maparpada (MOMKHO TPEAJTOMKUTH
3TO CIeJIaTh YUaIMMCs CAMOCTOSTEJbHO) He MOJI’KHO BOSHUKHYTH 3a-
TpyaHeHU B obocHoBaHuU (opmyasl (1). HoBeiM mia yuamiuxcs Oy-
IeT JUITh Ha3BaHUEe 00pasyeMbIX COeIUHEHU, ¢ KOTOPBIMU OHU (haK-
TUYECKU ysKe BCTpedasiiCh IPU m3ydeHuu § 2.

ITocse BrIBOma popmyJinl (1) Bee yuaruecsa BBIIOJIHAIOT YIpasKHe-
Hue 31, mocjie pacCMOTPEHUA 3aJauu 2 TeKCcTa — yIparKHeHus 32 u
34 (33 u 35 zagarorcs Ha gom). ITocie 3amauu 3 mpearaeTcsa yIpas-
"HeHue 37, mocie BbIBoAa (opMysabl (2) M pacCMOTpPeHHA 3amaduun
4 — ynpakHeHusa 36 u 38. B nmpoduabHBIX KJjaccax BBINOJHAITCA U
ynpasxkuenusa 39, 40.

ITpu amanuse dpopmynas! (1) u ee mpuMeHeHUN B ynpakHeHuu 31
cienyer oOpaTUTh BHHUMAHME YUAIIUXCSA HA TOT (PAaKT, UTO KOJMUe-
CTBO MHOMKHTEJIe B NpaBoil dYacTu (POPMYJIBI COBIAJaeT C UYHC-
JIOM 1 — BEPXHUM HHJIEKCOM uncJja pasmelrnenuii. [Ipu ananmuse dpop-
myJasl (2) obssaTenbHo oupenensercsa mousartue Ol

B pesyabTaTe m3ydueHuUA maparpada Bce yudalmecs
IOJKHBI 3HATHh OIpelesieHre TOHATUS PasMeIleHuil U3 m sJIeMeH-
TOB IO N U YME€Th WHCIOJAb30BaTh (opmyay (1) mpu BBITTOJHEHUU
ynpaskueHui Tuna 31, 32. Yuaniuecs npo(pHIbHBIX KJACCOB TOJKHBI
yMeThb peliars 3aganua tTuna 37, 69 (3, 4).

Pemenue ynpaskHeHUIt
Al Pii_, _10!-(11-n)! 10((10-n)+1)!
Py (10—-n)!-9! (10 —n)!
=10((10-n)+1)=10 (11 — n) npu aiobom n < 10.

39. IToacuer cmmocoGoOB pacupeneseHUs TpeX HOeBYIIeK IO BOChMU
(ot 1 mo 8) mecTaM aHaAJOTWUYEH MOJACUYETY BCEBO3MOYKHBIX TpPeX3HAaU-
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HBIX umces 6e3 IOBTODPAIOIIMXCA IU(MP, B3aIUCAHHBIX C IOMOIIHIO
uudp or 1 no 8. Ux uucmo pasro A2 = 336.

40. Aﬁ”:n(n—l)-...-(n—(k—l))(n—k)=Aﬁ -(n— k), rme
k<n, ke N,neN.

§ 5. CouyeTaHue 0e3 NoOBTOpeHU
n 6uHom HbloToHa (3/3 4)

Ilens mayuenus maparpada — 3HAKOMCTBO C COUYETAHMSI-
MU U UX CBOMCTBaAMU; pellleHre KOMOMHATOPHBIX 3a7a4, CBOASIIUXCS
K IIO[ICUeTy UHCJa COUEeTAaHWHN M3 Mm II0 N 3JIeMeHTOB; 000CHOBaHHOE
KOHCTpyHpOBaHue TpeyrojbHuka Ilackais; oOyueHne BO3BeIEHUIO
OBYYJEHOB B HAaTypaJibHbIe CTEIIeHM C MHCIO0JIb30BaHUEM (POPMYJIbI
HproTona.

B 10 kuaacce B riaaBe «MmuoroujgeHnbl» 0e3 BBIBOJA IIPUBOAUJIACH
dopmyna (2), rme uepes C, obosHauanuch (6e3 mosicHeHHi) GMHO-

MuajgbHble KoadduiimeHTsl. [Ipu 3HaKOMCTBe ¢ JaHHBIM ITaparpadom
ydJaurmecs IIOJyY4ailoT BO3MOYKHOCTb COOTHECTH DaHee M3yUeHHBIE ajl-
rebpanyecKue IMOHATUA C BJIEMEHTAMU TEOPUU COeIWHEHUH. YdUariue-
cA MPO(MPUIBHBIX KJIACCOB, WHTEPECYIOIMEeCcT MAaTeMAaTUKOI, B KOHIIE
naparpada cMOryT IIO3HAKOMUTBHCSA CO CTPOTUM JOKa3aTeJbCTBOM (hop-
myab! (5) 6uaoma HproToHA (0OHO OmMpaeTcAa HAa 3HAHUWE TEOPUU COENU-
HEHUM C MOBTOPEHUSIMU).

IIepBBI#i YyPOK MOXKHO HayaTh C YCTHOII pabGoOThI, HAIPaBJIEHHOMN
Ha TOBTOPEHHE OoIpenelieHUil paHee M3YUEHHBIX COeIuHeHuil m (op-

MyJ s HaxoxaeHus P, m A .

IIpu KoHCTpympOoBaHUHU TpeyroabHuKa IlacKansa yuuTeab MOJKET
MOKAa3aTh U «APYTyo OPMY» TPEYTroJbHUKA — He MPSAMOYTOJbHYIO, a
DPaBHOOEIPEHHYIO:

1 5 10 10 5 1

Muorum yuamiuMmca Taxkas (opMma KaykeTca Oojee ymoOHOMH (aJie-
MEHTHI CJIeAYIOIIell CTPOKM IIOJIYYAIOTCA TaK: MEPBBIN U IIOCJIETHUN
3JeMEeHTHI paBHBI 1, a KasKAbIH IPOMEKYTOUHBIA DPAaBEH CyMMe IBYX
OIMIKANININX K HEeMYy YJIEHOB M3 Hpeabiayineii crpoxku). OgHaxko Tpe-
yroabuuK Ilackansa, umsobpaskeHHBIH HaA c. 171 yueOHmKa, GoJjiee Ha-
TJISAHO UJIIOCTPUPYET MpuMeHeHue cBoiicTBa (4) Ipu KOHCTPYHPOBa-
HUU TPEYTroJbHUKA.

Ha TpeTrbeM ypoke KejlaTeJIbHO IIPOBECTH CAMOCTOATE J b-
HYI0 paboTy c IPOBEPKOI B KJAacCe, COCTABJIEHHYIO U3 YIPaKHEHUM
y4eOHUKa.
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Pacunpenmenenue marTepumayia maparpada Imo ypokam
MOJKeT OBITH CJIEeAYIOIINM.
Ob6weobpasosamebHbie KAACCHL
YupaxHeHUST
ISR
£ X | Teopermueckuit
g8 MaTepHa OCHOBHBIE [JISI AT CAMOCTOH- JTOTIOJI-
= > paboThI B TeJIbHOM paboThI HUTEJb-
KJlacce U JjoMa B KJlacce HbIEe
1 § 5, mo 3ameua- 41—45 41 (9, 11) 49
HUA
2 § 5, or 3ameua- 46—48, 51 48 (3) 50
HUA T0 3amadn 4
3 § 5, zamaua 4 52, 68 C npoBepkoii B Kiacce: | 53, 55
IB.: 72, 78 (2), 69 (5)
II B.: 73, 78 (3), 69 (6)
IIpogpunvHole KaaCCHL
Yupaxkaenusa
S
S % | Teoperudeckuii
S & MaTepuas OCHOBHBIE LI | 7o camocTOSTeNbHOH | FOnoN
= > paboThI B HUTEh-
paboThl B KJacce
KJIacce U IoMa HbIE
§ 5, no 3ameuanusa | 41—45, 49 41 (9, 11) 68
2 § 5, no 3amaum 4 46—48, 51, 48 (3), 53 50
53, 54
3 § 5, zamaua 4 52, 57, 58, C mpoBepkoii B KJiacce: | 59, 60
55, 56 I8.:72,69 (5), 80
II B.: 73, 69 (6), 82

B pesyabTaTe m3yueHuUsA maparpada Bce yualmecs

IOJKHBI 3HATDH ONpeJeJeHre COUeTAHUM U3 m 1O 1, CBOMCTBA YMCJIa
coueTaHUil; YyMeTh pACKJIaAbIBaTh CTeleHb OuHOMa mo GopmyJie
HproToHA IPpY HAXOMKAEHUU OMHOMHUAJIBHBIX KO3(h(PUIIMEeHTOB C IOMO-
b0 Tpeyroabuuka Ilackass; BBIIOIHATh yIparkHenus tuia 41, 42,
48. Yuamuecsa Npo(UIBHBIX KJIACCOB AOJKHBI YMETDH BBIMOTHATD
ynpaskuenus tumna 49, 53.

Pemenue ynpaskHeHUIt

6!
214!
cobamu. K xasxmoil mape geBoYeK OJHOT'O MAJIbUNKA MOXKHO IIPUCOENM-

HUTH 4 crocobamu. CoryiacHO MPaBUJIy IIPOU3BEAEeHUS IBYX A€BOUYEK I
MaJbUMKa MOXKHO BbIOpaTh 15 - 4 = 60 cmocoGammu.

m! 4 _ (m+2)!
mr2 Al (m-2)!

=15 coo-

49. JIByx meBOUYEK M3 IIeCTU MOKHO BLIOPATh 062

50. 1) €3 = ™' |
31 (m - 3)!

HYEe PAaBHOCHUJIBHO CHCTeMe

Hcxomroe ypaBHe-

100



meN, meN,

m =3, S
m+23>4, m >3,

m! 4 (m+2)! _(m+1)(m+2)
31(m-3)! 15 4l (m-2)!’ - 15(m-2)

OrBetr. m; =8, my=4.
(x+1)! (x—-1Dx(x+1)
— p

. c2+cd=Cd . = = =3,
53 D) et Ca=C = e o 6 "
x € N. Takum ob6pasoM, MCXOJHOE YPABHEHHE PABHOCUJIBHO CHCTEME
x =3,
xeN,
x(x+1
¥: 15,
6

OrBeT. x =9.
55. JIa s670Ka M3 TOATHM MOKHO BBIOPATh C52 crocobamMu, aBa

amejJbCUHA M3 IINEeCTU —Cg crocobamMy. YKasaHHBIN HA00OpP MOXKHO
_ 5! 6!

T 21381 2141
57. Ilyctsb MCKOMBIH YJIeH Pa3JIoKeHU s nMeeTr BU]L

BbIGpaTs C2 -CZ =2.5.5.3 =150 cmocobamu.

k
_ 1
Ci (Vx)'° ""[— . CoriacHO VCIOBMIO 3afaud IOJYKHO BBIIIOJI-

Jx
1
HATHCA PABEHCTBO (xz )10 a2 )k =x2 ,OTKyna%(IO - k) —%k =2
mwimu 10-k—-—k=4, k=3. HckomMblili uJeH pal3JIO}KEHUS pPaBeH
C3 x* = 120x%.

59. I cuoco6. Kaxxayio ua k npambix mepecexkaroT (kB — 1) nops-
mas. B mpousBenenuu k (B — 1) Kakaas m3 TOUYeK IIepeceueHus MO/I-

E(k—1)
CUMTAHA ABAMAEL, T. €. BCETO —— — TOWEK.
1 k—1)k
II cnoco6.C2= kl =( ) .
21 (k- 2)! 2

60. 12 GespIxX IIAIIeK MOTYT 3aHATb 32 KJETKU JOCKU C3122 CIIOCO-
6ammu, mocJje 3Toro ocrasinuecsa 20 KIeToK 12 UepHBIX MIAIIeK MOTYT
sanars C,2 cmocobamu. OrBer. C32 -Co2.

§ 6. CouyeTtaHusa ¢ NOBTOPEHUAMU

IHenrs msyueHusAa maparpada ydyamuMmMuca IPOGUIBHBIX
KJIaCCOB, MHTEPECYIOUUMUCI MATEeMATHUKON, — 3aBepiieHne (HOpMU-
pPOBaHUSA MIPEACTABIEHUIN O COeIMHEHUSAX C IMOBTOPEHUSIMMU.
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IIpumeHeHUE HECTAHIAPTHOIO IPUeMa BbIBOAA (POPMYJIBI UHCJIA CO-
YeTaHU C MOBTOPEHUSMHU PACIIHPUT apCeHaJ METOAOB PeIlleHUI KOM-
OMHATOPHBIX B3ajau, IIOCIIOCOOCTBYET PAa3BUTUIO KOHCTPYKTOPCKUX
CIIOCOOHOCTEM yUYaIl[UXCs.

TexkcT maparpada MokKeT OBLITH Pa3odpaH yUAIUMUCA, HHTEPECYIo-
IIMMHCA MAaTeMATHKOI, CaMOCTOATEJIbHO.

Pemenue ynpaskHeHUIt

63. Hy:xHO HaliTM KOJUYECTBO BCEBO3MOYKHBIX COEIMHEHWH, CO-
CTOANIUX W3 TPeX BJJIEMEHTOB, BBIOMPAeMbIX M3 3JIEMEHTOB UYeThIpexX
BUIOB (M OTJIMYAIONUXCS IPYT OT APYTra XOTsi ObI OMHUM 9JI€MEHTOM);
UX YUCJIO0 PaBHO

C3=(4+3—1)!= 6! _4-5-6
t (4-1pr3! 3131 2.3
64. Yuciao cnocob0B paBHO
o7 (4+7-1!_ 10! _8-9-10 _;yq
4 @-npr7r 317 2.3
65. Yucao pasauuHBIX MPAMOYTOJbHBIX HapaJjIeSIEINIeIOB PABHO
_ 8+3-1)! !
g =t 10t _
(8—1)!3!1 713!

= 20.

Ypok 0600LweHua n cuctemaTusaumm 3Haumm (1/1 4)

Ha sTom ypoxre 1mociie MOBTOPEHUA TEOPETUUECKUX CBeAeHMUH (C mOo-
MOII[bI0 BOIIPOCOB Ha c. 178 yuebHMKA) 1 yCcTpaHeHus IIPOOeIOB B 3HA-
HUAX pellalmTcs yupamkHenusd tumna 70—74, Tpebyrolnre 060CHOBAH-
HOTO TmoABeAeHUs (Habdysabl MOA KOHKPETHBIN BUJ COeIUHEHMI.

IIpu opranmsanum ypoKa I0JIe3HO MCIOJh30BATh MaTepuaJsl BBeje-
HUA K JaHHOU TJlaBe 3TOr0 IOCOOUs.

B 006meo0pa3oBaTesbHBIX ¥ NPO(MIBHBIX KJaccax MOIYT OBITH
WCIIOJIB30BAHEI JJisi pabOTHI PaHee He BHITTOJHSABININECA YIPAKHEHUST K
ramaBe V yueOHMKAa, a TakKe 3samaHusa pyopuru «IIposepr cebs!»
(c. 178, 179 yueOoHUKA).

B nmpoduiasHBIX KjJaccax ¢ yUalluMUCs, MHTEPECYIOIUMUCA MaTe-
MAaTHKOM, cjeayeT pasdoopaTsh 2 crnocoba perreHus yrnpaskHenus 87 u ¢
TMOMOIIbI0 METOJa MaTeMaTUYeCKOH WHAYKIMH NOKAa3aTh PaBEHCTBO
moJIy4aeMbIX BBIpaKeHUU (cM. HuKe «PellleHune yIpaKHEHUMN»).

Penrenue ynmpaskHeHUit

84. 1) (CL+C3)+Cl,=C3+Cl=C} =—"— 141
41-101
=M1=11.13.7=1001;
2.3.4
71 5-6-7
3) Ci-ct=(i+ci)y-ct =C§=ﬁ— 5.3 =5.7=35;
5) C1+CF+CE+C=C4Cl+CEeCE=227=64.
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86. Yucno marueii pasuo 2-CZ = 2-18! _ 7. 18 = 306.

~ 21.16!
87. 1 cuoco6. IlepByo mapy MOXXHO COCTABUTBH szn crocobammu,

TocJjie 9TOTO0 BBIOPATH IMapy M3 OCTaBIIUXCA 271 — 2 5JI€eMEeHTOB MOYKHO
szn _gpcmocobamu. K mepBrIM 1BYM mapam, 4YHCJIO KOTOPBIX

C? -C2 ., Tperbio MOKHO mpucoesuHuts C2  cmocobamu U T. J.

YHuciio cmoco6oB pasbueHusA 2n pasiUUYHBIX 3JIeMEHTOB Ha 7 YIIOPAIO-
YeHHBIX Tap PaBHO

CZZnCZZn—2C22n—4C§ C42 CZ2 =
_@m)!(2n-2)!(2n—-4)!-...-61-41-21 (2n)!
27 (2n—2)! (2n— 4)! - ...- 41 210! on

Tax Kak B paS6I/IEHI/II/I IIOPAOOK PACIIOJIOKEHUd IIap He mMeeT 3Ha-
YeHud, TO YUCJIIO cI10co00B paS6I/IeHI/IH Ha n HEeYIIOPpAAOYEHHBIX IIap B
n! pa3 MEeHBbIIIe HafI,ELEHHOI‘O qucJja, T. €. paBHO

(2n)!
2m.n1

(eY)

II cnoco6. 1) 3anymepyeM IaHHBIE SJIEMEHTHL: A, Ag, A3y +..r Aop.
2) Ymopanoumm B KaxJoH coszmaBaemoii mape (a;, a;) ee dIeMEeHTHI TaK,
uro i < j. 3) VYHopAmoumM KaKIbIM IMOJydYaeMbIii HabOp map TakK, UTO
mepBoii mapoi#t Gyner (a,, a;), BTOpOit — (a,,, @,), TpeTheit — (a,, a,)
U T. K., IPUYEM @y < @, < @, U T. A. (M = 2, npudem m = 2, ecan l = 2).
4) Jlna momcyeTa Umcia BCEBO3MOJKHBIX HAOOPOB BBIACHUM, CKOJBKO
map MOTYT OKa3aThCA MEPBBIMU: TAK KaK IIEPBBIM 9JI€MEHTOM II€DPBOI
mapsl OyeT 06a3aTeIbHO @, 8 BTOPBIM 3JIEMEHTOM IIePBOil apbl MOYKET
OBITH JII000I1 13 ocTaBIIUXCSA 2n — 1 971eMeHTOB, TO MEPBLIX map Oyaer
2n — 1. 5) ITocine puKcHUpoOBaHUA IIEPBOII Imapbl ocTaioTcd 2n — 2 aJie-
MEHTOB, CpPeJu KOTOPBIX €CTh 3JIEMEHT C HauMeHbITuM HomepoMm. OH u
OyIeT MepBBIM 3JIEMEHTOM BTOPOU Hapbl, & BTOPBIM 3JIEMEHTOM BTOPOM
mapbl MOKHO OpaTh JIt000ii u3 ocTaBmIiuxcs 2n — 3 auemeHToB. CiegoBa-
TeJIbHO, BTOPBIX map Oyzer 2n — 3. IIpoBona amasormunble paccyskie-
HUA, TOoJIlyYaeM, UTO TPeTbUX Imap Oyzer 2n — 5, ueTBepTHIX Imap Oyaer
2n -7, ..., a n-x map o6yzer (2n — (2n — 1)) = 1. 6) Ilo mpaBuxy IIpous-
BeJIeHUA MOJyYaeM, UTO YKMCJIO BCEBO3MOJKHBIX IIap PaBHO

2n-1)@n-3)@2n-5)...-(2n - (2n - 1)). 2)

HokaxxeM, uTo BeipaskeHud (1) u (2) paBHBI, T. €. UYTO CIIPABEAJINBO
PaBEHCTBO

_ @)t

2n-1)2n-3)-...-3-1 .
2" .n!

3

JloxkasaTeabCTBO IIPOBENEM METOJOM MAaTEeMATUYECKON MHIYKIIWU.
a) IIpoBepkoit y6e:xkgaemMcsi, uTo npu n = 1 paBeHcTBO (3) BepHO:

2-1)!

2.1-1= .
21.11
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6) Ilycts paBeHCTBO (3) BEepHO IJisd KaKOTro-Iub0 HATYPaJIbLHOTO 7.
JlokakeM, 4TO paBeHCTBO (3) BepHO u ajs n + 1, T. e. YTO BEepHO pa-
BEHCTBO

(2n +2)!
2n+1)@n-1)-...:5-3=——""——.
2"+t (n+1)!
JleBasa yacTh paBeHCTBa (4) IpU MCIOJH30BAHUU 3aMEHBI €€ MHO-

JKHUTeJIe, HAUMHAs CO BTOPOr0, BhIPAYKEHHEM, CTOAIIMM B IIPaBOI Ua-
cTu paBeHcTBa (3), IpuUMeT BUJ

(4)

(2n)!
(2n+1)- . (5)
2" .n!
IIpeo6Gpasyem mpaByio YacTh paBeHcTBa (4):
@n+2)  2n)!2r+1)(2n+2) (2n)!1(2n+1)-2(n+1)
2"+t (n+1)! 2:2"-nl(n+1) 2".n!-2(n+1)
2n)!
=(2n+1) (2n) , T. e. Bup (5). Takum obpasom, paBeHCTBO (3) BEpHO
2" .n!

s jroboro n € N.
88. IIBa Tysa u3 ueTbIpeXx MOKHO BbIOpaTh C 42 crocobamMu, K KaK-

IOMY TakoMy Habopy mpucoefuHUTh 16 u3 32 KapT 6e3 Ty30B MOYKHO

C? cnocobamu. Beibpars gBa Tysa u 16 kapr us 32 moxkuo C7 -Cj9

crocobamu. Bribpauubiiit Habop n3 18 KapT (II0JI0BUHA KOJIOABI) OJHO-
3HAUHO OIIpPeJesisgeT U BTOPYIO IIOJIOBUHY KoJioabl. Karkaasa mosoBuHA
KOJIOABI B pa30reHuu IIPUBEAEeHHBIM CIIOCOO0M YIIOPAA0UYEHA, II03TOMY
YmpcJsio pasOueHmii KOJIOABI IIPOCTO HA JBe HEYHOPSAOOUYeHHBIE YacTUu
2 16
C4 'C32
(c yrRasaHHBIM COAEP:KMMBIM) B 2 pasa meHbIre. OTBeT. —
28!
26!-2!
=27 - 14 = 378. 3To uucao O6oJbIlle YKMCIa AHEW B yueOHOM romy, 3Ha-
YuT, TpebyeMoe pacIrcaHNe COCTaBUTL MOKHO.

90, 91. Cm. ugeio peleHuA yIpaskKHEeHUs H7.

92. Cpenu paunubix uyncea 10 yetuwpix u 10 HeuerHnsix. Tpu umcia,
CcyMMa KOTODBIX UeTHa, MOMKHO BBIOPATH CJIENYIOIMMHU IBYMsI HE3aBU-
CUMBIMH CIIOCOGAMMU.

1) Bce Tpu ciaraeMbIX — UYeTHBIE UYMCJIA; TaKUX COeAUHEHuil Oy-

89. Ywucio pasanuHbIX map u3 28 ydaiquxcs paBHO C228=

ZeT 0130' 2) [IBa cjaraeMbIX — HEUETHBIE YHCJIA, & TPEThe — UYETHOE.
Taxk kax 2 ms 10 ciaraemMbIX MOXKHO BBIOpPATh C120 cmocobaMu, a TpeThe
ciaaraemoe — Jro0oe u3 10 ueTHBIX YMCeJI, TO II0 IPABUJIY IIPOU3BeIeHU I
moJyJaeM Clzo. 10 Tpoek uuces ¢ yeTHOM cymMMoii. Takum o6pasom, BCETO

- 10-9-8 ,10-9 14 _ 120 + 450 = 570.

1.2.3 1.2
(2+2+4! (3+5-1)!  8!-21.5!
©21.21.4! T (3-1)!5! 2.2.41.7!

BapuaHTtoB C fo +C 120 -10

94. 1) Py 5 4:C;
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—5 3. = , (6+3-1)! (8+5)! 813!15!

2) AS +C5: Py 5=5"+ : =25+——=26
’ (6-1)!3! 3!5! 513!8!

95. 3agaua cBOOUTCA K IMOACUETY YKMCEJI COUETAHUI C ITOBTOPEHUS-

(7+3-1! 91
(7-1)!-3! 6!83!

MU U3 7 BUIOB II0 3 9JIeMEHTA B KaKIOM: C73 =

789 _r7.12=384.

2-3

KouTpoabHas padora Ne 5

Basosblii yposerv
3
1. Haitru P;‘;Jrcg P+ —>
9 Gy

2. CrosbkuMHU cmocobaMu 13 uucaa 15 yuammxcesa KJjacca MOMKHO BbI-
6paTh KyJabTopra m KasuHauesa? [CKoabKuMH cmocobamu 7 meTeit
SACEeJIBHOM TI'PYIIBI MOMKHO PacCCAAUTh HA 7 CTYJaAbAX?]

3. CKOJIbKO PasIWYHBIX ITeCTU3HAYHBIX YKCEJ MOKHO 3aIllMCaTh C I10-
moinbio 1udp 2, 3, 4, 5, 6, 7 TakuMm o6pazoM, UTOOBI Bce ITUMPHI B
yucaax Obliu pasaudHbl? [CKOJIBKUMHU CIOCO0AMU MOXKHO COCTa-
BUTH Habop u3 5 KapaHgaieii, BbIOUpasa X U3 8 UMEIOMINXCA Ka-
pamHgalieii BOCbMHU PA3JUYHBIX I[BETOB?]

4. Banmcars pasaoskeHne 6umEoMa (2 — x)°  [(2a — 1)8].

5. CKOJIBKO CYIIECTBYEeT PasJNUYHBIX KOJOB, COCTOAIIMX M3 ABY3HAU-

HOTO YHcJia, TUPPLI KOTOPOTo BeIOUpatoTcesa us mudp 1, 2, 3, u cie-
AYIOIIero 3a HUM TPeXOYKBEHHOI'O CJI0Ba, OYKBBI KOTOPOTO BBHIOHU-
paloTcd us ryacHbIX O0yKB pycckoro andasura? (Iludps u 6yKBEI B
KOZle MOT'YT IIOBTOPATHCA.)
[IIudp ceitha obpasyercs m3 ABYyX umces. IlepBoe, ABYSHAUHOE
yncyo, oopasyercsa usd nudpp 1, 2, 3, 4 (uudpsl B Ynucjae MOTYT IIO-
BTOPATHLCs). BTOpoe, TpexsHauHOe UYMCJIO, obpasyerca ud rmudp 7
u 6. CKOJIBKO Pa3MUYHBIX ITU(MPOB MOXKHO HCIIOJH30BATH B TAKOM
cetiche?]

IIpogpunvHrulil yposerv

_. A |p _

Haiitu P, - A + — | = +Cg - A}
Cio A7

CMm. Ne 2 6a30BOrO YypOBHAI.
CMm. Ne 3 6a30BOro ypoBHAI.
CMm. Ne 5 6aszoBoro ypoBHHI.

5 4
3amnucaTrh pasjoKeHUe OGMHOMA (2 - %) {(3(1 - %) }

[y

A e

6. Vcmoab3ysa cBoiicTBa umcJia COUETAHUU, HaAUTHU
3 4 5 9 _~8
C:+Co+C; [C]-C ]
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7. CKOJIBbKUMU cHOCO0AMU MOYKHO Pa3JIOKUTH 7 MOHET IO ABYM Kap-
MaHaM TaK, YTOOBI HU OAWH KapMaH He ObLI IIyCThIM?
[CronbkuMu criocobamMu 6 UTPOKOB KOMaHIBI MOTYT PACCECThCS HA
IBYX CKaMelKax TaKuM o0pasoM, 4TOObI HU OOHA M3 CKaMeeK He
nycroBaJia (Ha OZHOII CKaMelKe MOTYT YMECTUTLCS He MeHee 6 ue-
J0BeK)?]

8. HaiiTu xosddunmuent npu x* B pasioxeHIn
@2x?+2x+1)° [+ x + 2x%)°].

nasa OJIeMEeHTBhI
TEOPUHU BEPOATHOCTEM

3amaun, KOTOpble yualliuecs OO HeJaBHEro BPEMEHW pellaju B
Kypce MaTeMaTUuKH, IPeAnojaarain KOHKPeTHbIe JeCTBUA U UX OJHO-
3HauHBLIN pesdyabrar. OZHAKO ecThb OOJBINON KpYyr 3amad, KOTOpbIe
MMEIOT IINPOKOEe NMpPUMEeHEeHUe B Pa3JMYHBIX HayKaX, TEXHUKE, IIPU-
KJIaMHBIX 3HAHUAX, HO B KOTOPBIX Pe3yJbTaT JefiCTBUsS He ollpeneseH
onHo3HauHo. IIpocTedInuii mpUMep: €cJu MHOAOPOCUTH MOHETY, TO
HeJb3 TOUHO CKAal3aTh, KAKOHW CTOPOHOII BBEpPX OHA yIIaJeT — OPJIOM
WUIN PemIkoii. 3mech pe3yabTaT HdeicTBuA (moabpachbiBaHUA MOHETHI)
He oIpejesieH oqHo3HauHO0. MosKeT MoKasaThCsd, UYTO B 9TOM 3ajaue U B
aHAJIOTUYHBIX €I HeT HUKAKOT0 OIIpeJesieHHOTOo pesyJsbraTta. OmHaKO
aTo He Tak. [laske UrpoBas MpakKTUKa MOKa3bIBAeT, YTO MPU OOJIBIITOM
yucJe OPOCKOB IIPUMEPHO B MOJIOBMHE CJIYUYaeB BHIMIAAAET Opes, a B II0-
JOBUHE — peIlrKa. A 3To y:Ke cBoeoOpasHas 3aKOHOMEPHOCTbD.

Eme ogquH mpuMep m3 peajbHON NMPAKTUKU: Ipu 00paboTKe maera-
Jell Ha cTaHKe-aBTOMAaTe pasMephbl IMOJyuaeMbIX AeTajeil 6yayT Koje-
6aThbCd OKOJI0O HEKOTOporo 3Hauenus. KosiebaHusa HOCAT CIydailHBIN
xapaxkTep. OgHAKO pacipejejeHre Pa3sMepPOB B OOJIBIINX MaPTUAX e-
Tajgeil mMeeT HOBOJILHO CTPOTUE 3aKOHOMEPHOCTU: CpeHre apudMeTH-
YyecKUe pasMepoB JeTajiell B Pas3HBIX MIapPTUAX OKAa3bIBAIOTCS IIPUOJIH-
3UTEeJHHO PABHBIMHU; OTKJIOHEHUS TOM WJIM MHOI BEJWUYWHBI pasMepa
OT cpefHero 3HaUeHUsA TaKiKe BCTPEUAIOTCS B PA3HBIX HAPTUAX HPU-
MEepHO OAMHAKOBO YacCToO.

PaccMmoTpenHble BUABI 3aKOHOMEPHOCTEHN U UM IIOJ00HBIE, BCTpeUa-
[OIMecsI B MACCOBBIX CJYUYalHBIX ABJIEHUSIX, U3YUAIOTCA Teopueil Be-
POATHOCTEM.

Brepsrle TaKoro poga 3aKOHOMEPHOCTH OBIIN 3aMeUYeHbl IPU pe-
IIIeHUU 3a[ad, CBASAHHBIX C a3aPTHLIMU UTPAMM, B OCHOBHOM C UTDOM
B Koctu B XVII B. (0 yeM CBUAETEJILCTBYIOT HAyYHBIE IIOUCKU TOTO
BpeMmenu matematukoB II. @epma u B. ITackans). Torga u 6b11u BBe-
IeHbI OCHOBHBIE IIOHATHUA TEOPHU: CJIYUYalHBIA ONBIT (UCIBLITaAHUE),
cayudaiiHoe COOBITHE, OTHOCHUTEJIbHAs YacTOTa COOBITHUS, BEPOATHOCTH
COOBITHUA.

Omuocumeavrnoit. wacmomoit (W) cobbiTusi A Ha3BIBAIOT OTHO-
IIeHue YucJia caydaeB M IMOSABIEHUS 3TOTO COOBITUA K OOIIEeMY UHCTY
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WCOBITAHUN N, IIPDOBEOJEHHBIX B OMHUX U TeX e YCJIOBUAX, 1M 3AIINCHI-

M . .
BawoT: W(A) = F YeToiunBOCTh OTHOCUTENBHOM UaCTOTHI IPU MHO-

TOKPATHOM IIPOBENEHUU UCIBITAHUN MOXKET O0BACHATHLCHA JIUIIb IIPO-
SABJIEHHEM HEKOTOPOr'o O0BLEKTHBHOI'O CBOMCTBA CIYyYallHOI'O COOBITHSI,
COCTOSAIIETO B CYIIIECTBOBAHUY OIIPEAEJIEHHOM CTEIIeHU €r0 BO3SMOYKHO-
cru. Hanmpumep, TpubIn3uTeIbHOE PABEHCTBO OTHOCUTEIHHBIX YaCTOT
BeinageHuda 1, 2, 3, 4, 5 u 6 ouKoB Hmpu OpocaHNU UTPATBLHON KOCTHU
00bACHSETCA €e CUMMETPUAMU, AEJAIOIIUMU OJUHAKOBO BOSMOYKHBIM
BbIIaJleHNe KaKIOW M3 ee I'paHeli.

Taxkum o6pasom, CTeIeHb 00beKTUBHON BO3MOYKHOCTU CJIYUAHOTO
COOBITHA MOYKHO M3MEPUTH UUCJIOM. JTO UHCJIO HA3BLIBAETCA 6EpPOSAML-
Hocmblo cobvimus (u obosHavyaercsa 6ykBoit P). IMEeHHO OKOJIO 3TOTO
Ypcjaa IPYNOUPYIOTCSA OTHOCUTENbLHBIE YACTOTHI CIYUAHOTO COOBITUSA
npu yBeaudeHuu uucia ucnbitanuii (P (A) = W (A)). OTHocuTebHASA
YacToTa COOBITUS 3aBUCUT OT UMCJa MPOU3BEJEHHBIX MCHBITAHUI, Be-
POSATHOCTD K€ CJIYyUYalHOTO COOBITUS CBSI3aHA TOJBKO C CAMHUM CJydaii-
HBIM COOBITHMEM (IPU IIOCTOSIHHBIX YCJIOBUAX).

Takoil moAXO04 B ONpeAeieHUN BEePOATHOCTH HA3BIBAIOT CMamu-
cmuueckum. ITogpoGHO 0 HEM PEKOMEHAyeM YUYHTEJNIO0 IIPOYUTATh B
nocobuu M. B. TkaueBoit u H. E. ®enopoBoii «IjIeMeHThI CTaTUCTU-
KM U BEPOATHOCTh, 71—9 Kiaaccel» (M.: IIpocsemrenue, 2005).

ToAbKO B HPOCTEHINUX CIAYYASTIX BEPOSATHOCTH CIAYYAWHOTO COOBI-
TUS MOJKeT ObITh HalifeHa «Ha Oymare» 06e3 HpPOBeNeHUS MHOTOYKC-
JIEHHBIX WCHBITaHUI (UeMy U mocBsIeHa riaaBa VI yuebuuka). Kax-
Ioe WCIBITAaHME B OSTHUX CJHy4YadX TaKOBO, UTO OHO 3aKaHUYMBAETCS
OJHUM U TOJIBKO OJHUM U3 MCXOJIOB (COOBITUIT), HA3BIBAEMBIX 3JIEMEH-
TapHBIMU COOBITUAMU (W1, Wy, ..., ®,). C KAKIBIM UCXOJOM (), CBA3BI-
BAaeTCsI HEOTPUIATEJIbHOE YUCJIO P, — 6EPOSMHOCMb ITOTO0 UCXOZA.
IIpu saTom p; + py + ... + p, = 1. Batem paccmarpuBaercs 6oJiee CIOXK-
HOe COOBITHE A, COCTOAINEe B TOM, YTO «HACTYNAET UJHU O, WA W), ...,
ui o,,». Ucxoasr w;, ®;, ..., ®,, HA3LIBAIOT 0.A20NPUAMCMEYOUUMU
COOBITUIO A U IO OIPEeeJIEHUIO II0JAraloT BEPOATHOCTE P (A) coObITIA
A paBHOI cyMMe BEpPOATHOCTeI 0JIarONPUATCTBYIOIIUX eMy HUCXOZOB:
P (A)=p;+p;+ ... + p,- HacTHBIN cay4ail, KOrAa p; = Py = ... =p, =

== (B yueOHMKE B OCHOBHOM U PACCMaTPUBAIOTCSA TaKHUe COOBITHA),
n

IIPDUBOAUT K KJIACCUYECKOMY OIIpeaeJIEHNIO BEPOATHOCTH, BEIPAMKEHHO-

my dopmysoit P (A) = m, «BepoATHOCTE COOBITUS A paBHA OTHOIIE-
n

HUIO YHCcJIa M HUCXOA0B, 0JaTONPUATCTBYIOINX A, K UMCJIY BCeX paB-
HOBO3MOJKHBIX MCXOJOB 7».

ITogcueTr Bcex BOBMOXKHBIX MCXOAO0B UCIBITAHUS U MCXOA0B, OJaro-
MPUATCTBYIOIUX COOBITUIO A, YACTO OCYIIECTBJSIETCA C IIOMOIIBIO Me-
TOLOB KoMOumHaTOpuKM. IIpuBemeM mpumMep yCJIOBHUS U PeEIIeHUS Ta-
KOU 3amadmu.

3anmaua. B Hayunom obmiecTBe 3 meBymKu u 5 1oHomrei. Ka-

KOBa BEPOATHOCTH TOT'0, UTO CJYYANHBIM 00pPa3oM BbIOPAHHBIE IJIs

yyacTusi B KOH(EpeHInN 2 UeIOBeKa M3 YKCJA UJeHOB 00IlecTBa

OKaYKyTCsI IOHOIIIAMM?
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Pemenue. Ilycth cobObiTme A — caydyaiiHBIM 00pa3oM BBI-
O6paHbl 2 oHOIIKU. YMCJI0 BCeX BO3MOKHBIX IIap, COCTAaBJI€HHBIX U3
YJIeHOB OOIIlecTBa, n=C§ = 28. Yucuo map, 06JaromnpusaTCTBYIO-

X COOBITHIO A, PABHO UMCJIY BO3MOJKHBIX IIap, BHIOPAHHBIX U3
5 roHoIIeH, T. e. m=C52 =10. ToraaP(A):mzﬂzi.
n 28 14

B DBosabiioii coBeTCKOUM 3SHIIUKJIOMNEIUU TEOPUS BEPOATHOCTEN
ompejesisgeTcs KaK «MaTeMaTHyecKas HayKa, II03BOJIAIONIasA 110 BEpo-
ATHOCTAM OOHUX CJAYUYAWHBIX COOBITUHN HaXOAUTh BEPOATHOCTU APY-
TUX CJAYYaHHBIX COOBITUIM, CBSIBAHHBIX KAKMM-JIU00 00pasoM C IIep-
BBIMI» .

I'maBa VI yueGHMKa U TOCBAINEHA WCCJIEIOBAHUIO ITPOCTEHIINX
B3aMMOCBA3€#l MeKJy PasIuUYHBIMU COOBITHUSAMM, a TaKsKe HaXOMKIe-
HUIO BEPOSTHOCTEl HEKOTOPBHIX BUAOB COOBITHI uepes BepOsSTHOCTH
OPYTUX COOBITHII.

B pesyanbTaTe m3yueHU S TJaBbl BCe yUallluecsd JOJIKHBI
yMeTh HAXOAUTh BEPOATHOCTU CJHYUYANHBIX COOBITHUI C IIOMOIIBIO
KJIACCUUYECKOTO OIIpe[ejIeHNsI BEePOATHOCTH IPU pPeIleHUU yIpakHe-
HUH Tuma 5, 7; ©UMeTh MIPeACTaBJIeHNe O CYMMe U IIPOU3BEeAeHUU ABYX
COOBITUI, YMETDH HAXOAUTH BEPOATHOCTH IIPOTUBOIIOJIOKHOTO COOBI-
TuA (pemiaTh ynpakHeHUsa Tuma 16); MHTYUTUBHO ONPeNesAThL Hes3a-
BUCUMBIE COOBITUS M YME€Th HAXOAUTb BEPOATHOCTH OJHOBPEMEHHO-
To HaCTYILJIEHUS He3aBUCUMBIX COOBITHII B 3ajJauaxX, aHAJOTUYHLIX 31,
34, 35. Yuamueca nmpouUIBHBIX KJAaCCOB JOJIKHBI YMETDBH DeIllaTh
ynpaxxuenusa tumna 11, 20, 39, 42.

IIpuBemeM CHOUCOK MOMOJHUTEJIBbHOI JUTEPaTyphbl IO BOIIPOCAM
KOMOMHATOPUKHN U TEOPUH BEPOSITHOCTEI.

1. Bepuyaau §I. O sakoHe Gosbmiux umcena. — M., 1986.
2. ByaumoBuu E. A.,, ByasiueB B. A. OcHOBBI CTaTUCTUKU
u BepoAaTHOcTh. — M., 2004.

3. Buneuaxuu H. fI. Kombunaropurka. — M., 1969.

4. Tmypman B. E. Teopus BeposATHOCTeli M MaTeMaTHYeCKasd
cratructuka. — M., 1997.

5. Tuegenkro B.B.,, Xuunuwuu A. fd. d1emenTapHoe BBeIeHUE
B Teopuio BeposaTHocTei. — M., 1982.

6. JIortukac B. C. dakysbTaTUBHBI KypC II0 MaTeMaTHUKe.
Teopua BepoarHocTeir. — M., 1990.

7. Mocrenmep D. IlarpmecAT 3aHUMATEIbHBIX BEPOATHOCTHBIX
3amau c permmenusamu. — M., 1985.

8. ITnouku A. BeposaTHocTh B 3amauax s [IKOJbHUKOB. —
M., 1996.

9. Tkauesa M. B.,, Pegoposa H. E. 9i1eMeHTEI CTATUCTUKU U
BE€POSITHOCTh. ¥ UueOHOe mocodue aada yuarmuxcesa 71—9 ka. — M., 2005.

10. Tropuu 0. H. u ap. Teopus BepoATHOCTEH U CTATHUCTH-
Ka. — M., 2004.

11. Yucrtraxos B. II. Kypc Teopum BepoatHocteii. Ilocobue
IJIs CTYZeHTOB By30B. — M., 1982.

12. lTub6acosB JI.II., [llu6acosa 3. ®. 3a crpaHUIIaMU yued-
HUKa MaremMatuku. — M., 1997, 2008.
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§ 1. BeposTHOCTb cOObITUSA (2/2 4)

IHens usyuenuda maparpada — 3HAKOMCTBO C Pa3IUYHBI-
MU BHAAMHU COOBITHUI, KOMOMHAIIMAMM COOBLITHI; BBeAeHNEe ITOHATHUS
BEPOATHOCTHU COOBITUA (B KJacCMYECKOM IIOHMMAHWMN) U O0ydYeHUe Ha-
XOKIEHUI0 BEPOATHOCTH CJIYUYAHHOTO COOBITHS C OUEBUAHBIMU 0Jiaro-
MPUATCTBYIOIUMU HUCXOTAMMU.

Copepesxanue 1. 1, 3 1 yacTuuHO 0. 2 (KpoMe KOMOMHAITUNA COOBITHIT)
IIOBTOPSIET COJEp:KaHUe COOTBETCTBYIOIIVX pasdfesioB mocodbusa [9] us
IPUBEEHHOTO BBIIIE CIIMCKA, II09TOMY PACCMOTpPEHHEe 3TOTO0 TeKCTa He
IOJIXKHO BBI3BATh 3aTPyAHEHUI y ydamuxcsa. TeM He MeHee 13-3a 00JIb-
IIIOTO KOJIMYECTBA BBOAMMBIX ITOHATHUH PAGOTy 10 YCBOEHUIO KaKJOTO U3
HUX DPEKOMEHAyeTCs BecTu II0 cxeme: 1) BBeleHUe HOBOI'O IIOHSTUS;
2) paccMOTpeHMe YYuTeJeM IIPUMEPOB, WJLIIOCTPUPYIOIIUX IIOHSATHUE,
BbIJIeJIeHIE CYIIIeCTBeHHBIX MPU3HAKOB MOHATHA; 3) IIPUBeAeHUE yua-
IUMUCS IIPUMEPOB COOBITHI, COOTBETCTBYIOIIUX PaCCMATPUBAEMOMY
BUAY COOBITUI; 4) BBIIOJHEHNE COOTBETCTBYIOIINX VIIPAXKHEHUI.

ITpu usydyenuu marepuasia m. 3 (Ha BTOPOM YPOKe) cledyeT HallOM-
HUTDH YUAITUMCA CMAmucmuyeckoe oupeeseHre BepOITHOCTH (CM., Ha-
mpuMep, MaTepuas BBeJeHus K 9Toi riiase 1 § 12 mocobus [9]). Muorue
WUCTIBITAHUSA, IPOBOAMMbIE B OMHUX U Te€X JKe YCIOBUAX, He MPUBOLAT K
PaBHOBO3MOYKHBIM 3JIEMEHTAPHBIM MCXOAAaM; HAUTU WX BEPOSITHOCTHU C
TIIOMOIIIBI0 KJIACCUUYECKOI'0 OIIpPeieJIeHUsI HEBO3MOXKHO U IIPUXOLUTCS
IPOBOAUTH OOJBINYIO CEPUI0 MPAKTUUECKUX HCIBITAHUM C BHIYKUCJIEHU-
€M OTHOCHUTEJIFHOM YacTOThI pacCMaTpPUBaeMOro coObITHs. B KauecTBe
mpuMepa MOYKHO MCCJIEJOBATH BOIIPOC HAXOMKJEHUA BEPOATHOCTU COOBI-
™A A — moAOpOIlleHHAas KHOIIKA yIlajia «OCTPUEeM» BBEDX.

3aMeTuM, UTO €CJIM B YCJIOBUM 3aJadyud He BBeJeHBbI 0003HAUEHUS
COOBITHII, TO IIPU PeIleHUM 3aJadu 9TO HeoOXomammo creiaaTh. Harpu-
Mep, pellleHUWe yIpaKHEHUA D HYKHO HadaTb cO cjoB: «IIycTb coOBI-
Tne A — BBINAJEeHNE YHncja, KPaTHOTO 3, B pe3yJibTaTe OJHOTO IIO[-
OpacbIBaHUA KOCTH».

JJisg yCIemrHoro pellieHus B JajbHEHIeM 3aJay Ha HaXOKIeHUe
BEPOSITHOCTEH «KOMOMHUPOBAHHBIX» COOBITHUHM C yUYaIlUMHUCS IIPO-
(UIABHBIX KJIACCOB CJEAyeT IMOBTOPATH (HA CAeAVIONINX YPOKaX) MaTe-
puaia m. 2.

OCHOBHBIMU O0'BEKTAMHU ITOCTAHOBKU BEPOATHOCTHBIX 3ajau OyIayT
IpaBUJbHBIE MOHETHI U KyOWKMU, UT'DaAJbHBIE KapThl, HA0OPHI KOCTeit
IOOMHUHO W T. II. YUUTEJb PEryJasapHO (HAa 9THUX U MOCIEAYIOIUX yPO-
Kax) MOJKeT 3aJaBaTh yYall[MMCA YCTHBIE BOII P O C bI, CAMOCTOSATE I b-
HO KOHCTPYUDPYS HECJOKHBIE 3aaUl, pelllaeMble C IIOMOIIILIO OIIpese-
JIEHUSI BEPOSITHOCTU COOBITHSA.

1) KakoBa BepOATHOCTH TOTO, YTO IPU OJHOM OPOCKe MT'DAIIbHOH
KOCTU BBIIIaJlaeT UMCJIO OYKOB, MEHbIIee IIATH?

2) KakoBa BEpOSATHOCTH TOT'O, UTO BBIHyTasd CIydYallHBIM 00pasoM
u3 Habopa MJOMUHO KOCTh OKajKeTcd Ayodsaem?

3) C xakKoil BepOsATHOCTBHIO, U3BJIEKaA M3 KOJOABI B 36 KapT omHy
U3 HUX, MOYKHO BBIHYTH CEMEPKY UepHOil macTu?

4) B xopobOke JeskaT 2 6eJIbIX, 3 KpacHBIX M 4 CUHUX IIapa; KaKo-
Ba BEPOSITHOCTH HMOJYUYUTHh KPACHBIH ITap, U3BJIEKasd CaydaiiHbIM o6pa-
30M OOWH miap?
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ITpu pasbope samauu 3 TekcTa maparpada ciaenyer oO0paTUThL BHU-
MaHWe yJaluxcs Ha 3aIlliMcH map BhIDaBIIux cTopoH moHer (00; OP;
PO; PP) — 0e3 ucrosb30BaHUS 3aMsTON MekaAy OyKBaMu. TeM caMbIM
moquepKUBaeTCs, UTO IIapbl yIopsAoueHHbIe (mepBas OYKBa COOTBET-
CTBYeT IIEPBOM MOHETe, BTOpas — BTOPOIl). 3alATYI0 MEXKIY dJIeMeH-
TaMU MHOKECTB O0yZeM MCIIOJIb30BaTh TOT[a, KOTAA MX MOPSIAOK B CO-
BOKYITHOCTU He OyJeT MMeTh 3HAUEHUd.

Pacnpemenenume maTepuasga maparpada OO ypoKam
OTpakeHo B TabJIuIlax.

Ob6weobpasosamevHbie KAACCHL

B KJlacce u gjoMa

B KJacce

VopaxkaeHusa
o
o' 8| Teoperu-
§ 8| wuecknit OCHOBHBIE JIJIsT CaMOCTOS-
T > | mMarepumaJ I paboThI TEeJIbHOU paboThl | HDOMOJHUTEIbHBIE

yu 3—5

1 §1,m103a-| 1—6 Kaxkosa BeposiT- W3 xosoner KapT
maum 3 HOCTbH BBINIAJE- BBIHUMAETCA OJI-
Hua 1 wiu 3 ou- Ha. KakoBa Bepo-
KOB B pe3yJibTaTe | STHOCTH TOTO, UTO
OfHOTO GpOCaHUsA | dTAa Kapra ¢ 4uc-
UrpaabHOI Jom?
Koctu?
2 § 1, zaga- | 7—11 7 (5, 6) 12
yu 3—5
ITpogunvrole KaaccyL
VYupaxxaenus
& 8| Teoperu-
% g YecKUil OCHOBHEIE IIJISI CAMOCTOSI-
T > | maTepuaia I paboThI TEJIbHOU PaboThl | JOMOJHUTEILHBIE
B KJlacce U AoMa B KJacce
1 §1, rosa- | 1—7 7 (5, 6) N3 xosogbr kKapT
maum 3 BBIHMMAETCS OJI-
Ha. KakoBa Bepo-
SATHOCTH TOT'O, UTO
9TO YMCJIO ITUKO-
BOIT macTu?
2 § 1, sajga- | 8—12 10 (3) 13

B pesyabTaTe mayuenusa maparpada Bce ydyalimecs A0JI-
JKHBI YCBOMUTH IOHATUS CIYUYaMHBIX, HOCTOBEPHBIX Y HEBO3MOMKHBIX
COOBITUIT, HECOBMECTHBIX COOBITHI, 3JIEMEHTAPHBIX COOBITHUI; YMET b
HaXOAUTh CYMMY ¥ IIPOU3BEAEHNE ABYX COOBITHIT; IOHUMATh, UTO TaKOe
COOBITHE, TPOTUBOIIOTIOKHOE JAHHOMY; 3HATh OIpeAeseHre BEPOATHO-
cT cOOBITHA (B KJIACCUYECKOM IIOHMMAHWN) ¥ HAXOAUTHL BEPOATHOCTH
CcOOBITHI B yIpakHeHuAX Tuia 6, 7. Yuaiiuecsa mpo@uIbHBIX KJIACCOB
IOJIKHBI YMETh peliarTh yipakHeHus tuma 9—11.
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Pemienue ynpaskHeHUN

10. Ywucao Bcex BO3MOYKHBIX HCXOLOB HCILITAHUA n =6 - 6 = 36
(cMm. 3amauy 4 Tekcra maparpada).

1) HeuerHoi#l cymMMa ABYX uuces OyZeT TOrja, KOTrJa OJHO cjarae-
MOe — UeTHOe UMCJIO, a Apyroe — HeueTHoe. Ha Kakmoil Koctu 3 uer-
HBIX ¥ 3 HEUETHBIX UHMCJIA OUKOB. UMCJI0 6JIaronpuaTCTBYIOIIAX UCXOI0B
m=2-(3-3)=18 (cm. Tabaumy 1 ucxomos-cymm), P = m_18 _ 1

n 36 2

2) IlpousBemeHMe ABYX MHOMKHUTEJIEH UETHO, KOTAA XOTA ObI OOUH

U3 HUX — YeTHOe YMCJIO0, modaTomy m =3 -6 + 3 - 3 = 27 (cm. Tabau-

. _ 27 _ 3
Iy 2 MCXOAOB-IpouU3BegeHUit), P = — = —.
36 4
Ta6auma 1 Tabaumna 2
I II xocTh I II xocTh
KOCTe | 1 23| 4|5 |6 KOCTe | 1 23| 4|5 |6
1 2 3 4 5 6 7 1 1 2 3 4 5 6
2 3 4 5 6 7 8 2 2 4 6 8 (10 | 12
3 4 5 6 7 8 9 3 3 6 9 (12 [ 15 | 18
4 5 6 7 8 9110 4 4 8|12 |16 |20 | 24
5 6 7 8 910 |11 5 5 10 (15|20 |25 | 30
6 7 8 9 (10|11 |12 6 6 [12 |18 (24 |30 | 36
21 _ 7
3) m=21, P=—=— (cm. Tabuu 1).
) 36 12 ( oy 1)
1. n=c2=1514_405 1y m=c2=3,p=3 -1,
1-2 105 35
2) m=8-(15-8)=36, p=-50 _12,
105 35
3) ]7‘],:(-:122 :12.11: y :—66 :g.
105 35

12. n = 36. Baaronpusarabie ucxonsl 2u l; 3u22,3ul;4u3d,4u
2,4nl;56u4,5u3,56u2,5ul;6ubdb, 6m4,6u3d, 6um2,6ul,

T.e.m:15,P:E:i.
36 12
13. n=(1+3+4)-3+2+3)=8-8=64, m=1-3+3-2+
21

+4-.-3=21, P==—.
64

§ 2. CnoxeHune BeposaTHOCcTEn (2/2 4)

ITens msyueHuda maparpada — 3HAKOMCTBO C TEOPEMOIi O
BEPOATHOCTH CYMMBI JBYX HECOBMECTHBIX COOBITUII W ee IPUMEHEeHU-
€M, B YaCTHOCTHU IIPU HAXOKIEHUU BEPOATHOCTU IIPOTUBOIOJIOIKHOTO
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COOBITHA; 3HAKOMCTBO YYaIlIUXCA NPO(UIBHBIX KJACCOB C TEOPEMOI
0 BEPOATHOCTH CYMMBbI ABYX HPOMU3BOJBHBIX COOBITHIA.

Ho paccmoTrpeHus TeopeMbl 1 MOBTOPSIOTCA (C MpUBeAeHUEM IIPU-
MEepOB) HOHSATHUSA HECOBMECTHBIX COOBITHUII M CYMMBI coOObITHi. Ilpm
9TOM CYMMY ABYX COOBITHII MOYKHO OIIPEAESUTh 1 KaK COOBITHE, COCTO-
dAlllee B HACTYIJIEHUU XOTS ObI OJHOTO M3 JAHHBIX COOBITHUM.

ITocsie morasaTesbcTBa TeOpeMBbI 1 HA MEPBOM YPOKeE JKeJIaTeJIbHO
pasobparh 3amauy 1, a mocje 3TOro MepeiT K PACCMOTPEHUIO CJIEICTBUA
U3 TeopeMbl (C IIOCJIeAYIOIUM pellleHreM 3ajaum 2 TeKcTa maparpada).

B o0mieo0pasoBaTebHBIX KJiacCaxXx HA BTOPOM YpOKe (a B Ipo-
(UIBHBIX — HA HTEePBOM JKe YPOKe) IPU PacCMOTPEHHM 3amauu 3
TeKCcTa yUeOHUKA CJeAyeT MOAUEePKHYTh, UTO 3HAHUE CJEACTBUS U3 TEO-
PeMBI B psifie CJIydYaeB CYIIeCTBeHHO objeryaer pelneHue dagauu. Heoo-
XOAUMO JIUIIh He OIN6aThCA B IIOHUMAHUU U (DOPMYJIHUPOBKE COOBITHUSA,
IIPOTUBONOJIOKHOTO JaHHOMy. Tak, eciam cobbiTme A — OTCyTCTBHE
5JIEMEHTOB HEKOTOPOTO MHOYKECTBa, TO A — Hajauyme XOTA ObI OJHOTO
3JIEMEHTa 5TOT'0 MHOJKECTBA. k

IIpu maydyenum teopeMbl 2 C yua- l
IIIMHUCA NPOMUIBHBIX KJIACCOB MOXKHO
npuBecTu TrpadUUecKy0 HJLIIOCTpa-

Muio GJIATOHNPUSITCTBYIOIIUX KCXOI0B
COBMECTHBIX cOOBITHIT A 1 B (puc. 41).

JoxasaTelbcTBO TeopeMbl 2 PuG. 41
MOJKHO IIDOBECTH UM JPYTUM CIIOCOOOM, '
HOJIb3YSACH MOHATUEM CO8MECHMHbLX COOBITUM (TE€X COOBITUII, KOTOPHIE
UMEIOT 00Iue 0JarompuATCTBYIOIINE UM HCXOIBI).

Ecnu cobeiTus A u B coBMecTHBIe, TO coObiTHe A + B HacTymaer,
KOrJa HACTYIaeT OJHO M3 TPeX HeCOBMECTHLIX cOObITuii: AB, AB uiu
AB. Tlo 3zameuanuio K TeopeMe 1 O CJIOKEHUU BEPOATHOCTEH HeCco-
BMECTHBIX COOBITHI MMeeM

P(A+B)=P(AB + AB+ AB)=P (AB)+ P (AB) + P (AB). (¥)
CobbITrie A IIpOM30iiaeT, KOrJa HACTYIIUT ONHO M3 JBYX HECOBMECT-

HBIX cobbTHii: AB miau AB. ITo Teopeme CJI0MKEHNs BEPOTHOCTEH HECOB-
MECTHBIX COOBITHI chpaBemnBo paBeHcTBO P (A)=P (AB) + P (AB),
OTKyZA

P(AB)=P(A)-P (AB). (%)
Amnanoruuno P (B) = P (AB) + P (AB), oTkyna
P (AB)=P (B) - P (AB). ()

ITogcraBuB paBencTBa (¥**) m (**) B paBeHcTBO (¥), IIOJIYyYUM
P(A+B)=P(A)+ P (B)—- P (AB).

Yuamumca npoUIBHBIX KJIACcCOB cJefyeT cKasaTh, YTO (POpPMY-
aa (1) yuebHUKa mosyuaerca us (Gopmysinl (2), TaKk Kak B ciaydae Hesa-
BUCUMOCTU cOOBITHI A 1 B BeposTHOCTh ux npousBegenus P (AB) = 0.

B KauecTBe MOTOJHUTEJIHHOTO YUAIIMMCSA NPOQUIBHBIX KJIACCOB
mpeajaraercs ynpaskHeHme 59 — 3ajzaua, B KOTOPOM HEOOXOAMMO
OprMeHeHNe MHTEerPUPOBAHHBIX 3HAHUM B AeMCTBUSAX C COOBITUAMMU.
Ecnn nmpu msyueHum sToro maparpada He OCTaHETCS BPeMeHU Ha ee
paccMoOTpeHUe, KeJjlaTeJIbHO BCE K€ DEIIuTh 3Ty 3ajauy XOTA ObI Ha
ypoOKe 0000IIeHnsT 3HAHUIM.
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B KOHIle BTOPOTO ypOKa MOKHO HPOBECTH NMPOBEPOUYHY IO
caMOCTOATEeJAbHYI pabory mo marepuaay § 1 u § 2.

Obweobpa3ogamenvHble KLACCHL

1. U3 KoJsiogbl KapT Hayraj BBIHMMaeTcs ogHa Kapra. Kakosa Be-
POATHOCTH TOTO, YTO dTa Kapra Imiectepka [Ty3 KpacHoil mactu]?

2. Bpoirens! gBe moueTsl. KaKkoBa BEPOATHOCTH TOr'0, YTO BBIMAJIN
opeJsl u perka [aBa opJja]?

3. Bpoimensl aBe urpajbHble KOCTH. KaKoBa BEPOATHOCTL TOTO,
YTO He BHINAJU JBa OAUHAKOBBIX UMCJIA OUKOB [He BhINAJIHN ABa OJUHA-
KOBBIX UYETHBIX YMCJa OYKOB]?

IIpogpunvhble KaaCCHL

1. U3 Kosofpl KapT Hayraj BEIHMMAaeTcsd ofHA KapTra. KaxkoBa Be-
POSAATHOCTH TOT'O, UTO 3Ta KapTa Jubo KOopoJsb Tped, 1160 mama Kpac-
HOM MacTu [sinbo BaJjieT 4YepHOH MacTH, Jubo Ty3 muk]?

2. Bpomrensl nBe urpajbHble KOCTH. KaKOBa BEPOATHOCTHL TOTO,
YTO Ha MEPBOI KOCTU MOSBUJIOCH UYETHOE UMCJIO, a HA BTOPOA — YUC-
JI0, MeHbIllee 5 [Ha OJHOM M3 KOCTell MOSABUJIOCH HEUETHOE YUCJO0, a Ha
Apyroii — uuciio, Goisbiiiee 2]?

3. B kimacce 10 geBymiexk u 12 moHomieil. KakoBa BepOATHOCTb TO-
T0, UTO CPeAu CAYUAHBLIM 00Pa30M BLIOPAHHBIX 2 HEeKYPHBIX OKAMKeT-
ca xord Obl omHa geByinka? [B Gpuraze paboumx 4 KeHIUHBI U
7 my:kuuH. KakoBa BepOSTHOCTH TOTO, UTO CPeIU TPOUX CJIYUAHBIM
00pasoM BBIOPAHHBIX PAOOUYMX [JIS OTAEJOUYHBIX PAOOT OKAXKETCA XOTsI
ObI OfMH MYy:KuuHa?]

Pacnpemenenue maTepuaJya nmnaparpada mo ypokaMm OT-
paskeHo B TabauIlax.

Obweobpa3ogamenvHble KIACCHL

VopaxkHeHUA
% <
S % | Teoperumueckuii
38 MaTepuan OCHOBHBIE [IJIA IULSI CAMOCTOSTEJb- JIOIIOJI-
T > paboThI B Kjacce HOH paGoThL HUTEJb-
u [oma B KJacce HbIE
1 § 2, no samaum 3 | 14—18 17 50
2 § 2, zagmaua 3 19, 20 ITposepounas camo- | 55
crosiTeIbHaAsA pabora
IIpogpunvHole KaacCHL
YupaxHeHUs1
&
S5 TeopeTnuecKuit
3 8 MaTepHAT OCHOBHBIE LIS CAMOCTOS- JIOTIOJI-
= > 15 PaboThL TeJILHON PaboThl | HUTEIb-
B KJIacce U goMa B KJacce HBIE
1 § 2, mo Teopemsr 2 14—20 17 50, 55
2 § 2, Treopema 2 (gBa | 21, 22 IIpoBepouHas 59
crocoba moxKasa- CaMOCTOSATEJIb-
TeJILCTBA), 3amaua 4 Has padora
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B pesyabrTaTe m3yueHUsA maparpada Bce yualmecsa
IOJKHBI 3HATHh TeopeMy 1, cieJcTBUe U3 Hee M YMETh HMX IIPUMe-
HATH IPHU peleHuu 3amad tuna 15, 17, 18. Vuauiuecs nmpo@puIbHBIX
KJIACCOB TOCJIe H3y4YeHUs TeopeMbl 2 [OOJKHBI yMETDHb pellaTh
yupakHeHuA Tuma 21.

Pemenue ynpaskHeHUIt

20. Ilycte cobbiTme A — B rpyIllle U3 TPOUX CTYAEHTOB OKa3alach
XOTs1 ObI OfHA EeBYIIKA, TOTAA cCOObITHE A — B IPYIINEe U3 TPOUX CTY-
NeHTOB He OKa3a/IoCh HU ONHOI NeBYIIKM, T. €. B TPYIIIIe TOJIbKO I0HO-
mu. Haiinem P (A) Tak: n = C;’z, m = Cf’g,

CS
— m_Cis 18.17-16-1-2-3 _ 204

p(A)=Tro 18 _ 204
(4r=1 ¢}, 1.2.3-22.21.20 385
TornaP(A)=1—P(Z)=1—§?O‘;=;?8;.

21. Cob6riTe A — momajaHue IIPU IIePBOM BHICTpese; B — moma-
IaHuye IPU BTOPOM BBICTPEJIE.

1) Tpeb6yerca umaiitu P (A + B) npu yciaoBuu, uto P (A)=0,7,
P(B)=0,8, P(AB)=0,56. HNmeem P(A+B)=P (A)+ P (B)-
-P(AB)=0,7+0,8-0,56 =0,94.

2) Hy:kHO HaliTM BEepPOSTHOCTH cOObITUS A + B:

P(A+B)=1-P(A+B)=1-0,96 = 0,04.

22. P(A+B)=PA)+P(B)-P(AB)=0,3+0,8-0,1=1, T. €.
A + B — pmocToBepHOe COOBITHE.

55. CobriTne A — 3 OYKa IOABMJINCHL XOTA OBl Ha ONHOM KOCTH;
coOniTe A — 3 OUKa He IIOABUJINCh HU Ha ONHOM M3 ABYX KOCTeil.
Yucyio Bcex BOBMOMKHBIX MCXO/0B IPpu OpocaHuu 2 UIPaJbHBEIX KOcTel
n=6-6=36. braronpuaTcTBYIOIIUMNI COOBITUI0O A OYyIyT UCXOILI, B
mapax O4YKOB KOTOPBIX HET TPOEK, T. €. Ha KamKA0l KOCTHU MAOJI?KHO II0-

ABUTHCA ogHO M3 5 oukoB (1, 2, 4, 5 uau 6 ouxkoB): m =5 -5 =25.
Torma u P (A)=22 u P(A)=1-P(A)=1L,
36 36

59. HyxHo HaliTu BEPOATHOCTH coObITUsA C — [ABe CIyYalHBIM 00-
Pa3oM BBIHYTBHIE KOCTSIIKYU JOMUHO MMEIOT XOTA OBI IO OJHOM COBIIa-
maromteil mudpe (uucay oukoB). Mmeem 28 kocrsamnex ¢ cembio (ot O
mo 6) nmudpamMu u 56 «TOJTYKOCTAIIEK», KayKJad U3 KOTOPBIX BCTpeda-
ercs 8 pas. IlepByio BEIHYTYIO KOCTAIIKY HasoBeM A, a BTOPYIO, KOTO-
pas MOKeT IPUKJALLIBATHLCA K IepBOil, HazoBeM B. BoaMo)XHBI nBa

caydas.

1) A — kaxkoii-To nyoab u P (A) = T i Torpma 6 us ocTaBIINX-

28
cAa 27 KOCTAIEK Ha OAHON M3 CBOUX <«IIOJYKOCTSAIIEK» UMEIOT Ty JKe
nudpy, KoTopas ABaKIbl Oblia Ha A. BepositHocTh TOro, uro B mpu-

JOXKUTCA K A paBHA % = % Nrak, BepOATHOCTh IIPUKJIAIBIBAHUSA B
12 1
9TOM cJIy4yae paBHaA —:— = —.

4 9 18
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2) A — He ny0iab, Torga P (A) = % = % W3 ocraBmuxcs 27 KocTs-

mrex aaa B mopoiimyT: 2 nyosas u 10 HemyOJselt, Ha KasKIOM M3 KOTOPBIX

ecTh omHa coBmazaiomniad ¢ A nmudpa. To ects P (B) = 12 _ il Bepoasr-

27 9
HOCTH IIPUKJIAALIBAaHUA B 9TOoM ciaydae paBua P (AB)=P (A) - P (B) =
34 1

49 3
1 1 7

Cnydau 1 m 2 HecoBMecTHBI, mosTomMy P (C) = —+==—.

18 3 18

§ 3. YcnoBHas BeposiTHOCTb. He3aBucumocTb coObITUM

ITens msyueHumsa maparpada ydyarmuMucsad TPOPUILHBIX
KJIACCOB, MHTEPECYIOIIUMUCA MATEMAaTHKOH (IIPU HAJIUYUU JOIOJIHU-
TEJIbHOI'0 BPEMEHM), — 3HAKOMCTBO CO CTPOTMM I[IOAXOLOM K BBe[e-
HWIO IIOHATUA HEe3aBUCHUMOCTHU CO6LITI/Iﬁ.

Vuaiuecss MOTyT IPOUYUTATh § 3 U CaMOCTOSTEILHO, YUUTEIb H0JI-
JKEeH JIMIIBb IIOCTAaBUTHh AKIEHT Ha TOM, UTO B CTPOI'OM KypCe TeOpuun Be-
POSITHOCTE! HEe3aBUCUMOCTEL COOBITUH OIpPeessaeTCs C IIOMOIIbI0 (op-
myJasl (6).

Pemenune ynpaskHeHUIt

23. 1) 3agmaua paBHOCUJIbHA 3aJade HaXOKIEHUA BePOATHOCTH
TOT'0, YTO B3AT KPACHBIN KapaHIAIIl CO CTOJIA, e JexaT yiKe 3 CUHUX

3_1
u 3 KpacHBIX KapaHjalia. BepoATHOCTE 3TOro coOBITHA pPaBHA 6 = 3

24. 1) Ilocie mepBOro M3BATUA OCTAJIOCH 9 OMIETOB, cpeau KOTO-

PBIX OAVH BI)IHFPI:IH.IHI)IIZ u BoceMb Oe3 BBIUT'PDBIIIIA, P=—

2) Ywucao yoopAAoUYeHHBIX Hap C IMEePBBIM BBIMTDHIIIHBIM ¥ BTOPHIM
HeBBIUTPBINIHBIM OmieraMu paBHO 2 - 8 = 16 = m. Bcero ymopsamoueH-

HBIX nap us 10 6ureroB A120 =10-9=90=n, Torqa P = ™ = 16 _ i
n 90 45
4_1 Al 5.4 5
25. 1) P====; g) P=—2>=2"2-92
8 2 Ag -8 18
Az X
26, 1) p=_18 _18:17 17 p-1.17_17
A326 36-35 170 2 35 70
oy p_18:18_18_9 . . 118 18_9
A2 70 35 2’35 70 35
o po 18 _18.
36-1 35

10-5_ 10-5 _ 5
AZ 15-14 21
10 5 _ 5

II cnoco06. P=—-—=—
15 14 21

28. I cnoco6. P=
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§ 4. BepoAATHOCTb NPOU3BEAEHUA He3aBUCUMBbIX COObLITUN
(1/1 4)

Ilens nayuenus naparpada — UHTYUTUBHOE BBeJeHNeE II0O-
HATUS HE3aBUCUMBIX COOBITHI; O0ydYeHMe HaXOXKAEHUIO BEePOSTHOCTH
Mpou3BeeHNsI ABYX HE3aBUCUMBIX COOBITHI (2 B MPO(UMIBHBIX KJAac-
cax — J000ro YmcJjia He3aBUCHUMBIX B COBOKYIIHOCTU COOBITHIN).

Matepuas maparpada maydyaeTcA B IIOCJENOBATEJIbHOCTH, IIPEAJIO-
JKeHHOU y4eOHUKOM, mpuYeM Itocjie obocHoBauusA Gopmyasl (1), T. e.
0 paccMoTpeHusa 3afauym 1, YCTHO BBINOJHSAIOTCA YIpasKHEHUS
31—34. B o00meo0pa3oBaTeJbHBIX KJIacCaX MOKHO PACCMOTPETH
JUMIb 3aauy 2, JeMOHCTPHUPYIOIIYI0 BO3MOKHOCTS IIPOBEPKU HE3aBU-
CHUMOCTH ABYX COOBITHII IPU 3HAHUU BEPOSTHOCTEHN Ka'KIOTO U3 HUX U
BEPOATHOCTH WX COBMECTHOTO HACTYILJIEHUS.

ITocsie paccmoTpeHusA 3amauy 3 TEKCTa BBIMOJHSIOTCS YIIpasKHe-
HUA 35—39, a B mpo(PpMIBHBIX KJIACCAX AOIOJHUTEJNHHO YIPaKHEHUA
40, 41 (mmocJie BBeAeHU IIOHATHUSA HE3aBUCUMOCTH COOBITUM B COBOKYII-
HOCTHU), IpuyeM ympaskHeHue 40 ycTHO.

B pesyabrTaTe m3yueHUsa maparpada Bce yualumecs
OOJIKHBI MMETh IIpeJCTaBJIeHre O He3aBUCHUMOCTU IBYX COOBITHIA,
yMeThb HaXOAUTh BEPOSITHOCTH COBMECTHOTO HACTYILJIEHUS HE3aBUCH-
MBIX COOBITHI TpU pellleHnu 3amgau Tuna 33, 34, a ydaliuecs IIpo-
(GUIBHBIX KJIACCOB — 3amad Tumna 35, 37.

Pemenue ynpaskHeHUIt

41. CobniTe A — BBIOpPaH MY:KUMHAa, coOObITE B — UeJoBeK che-
JajJ TPUBUBKY, cobbiTme C — UeJ0BeK YXOAUT B OTIYCK HE B Mae.

Pay=23%_-2 pmy=1 p)=1-0,1=0,9. Cobrrrua A, B,
120 3 5
C — He3aBUCHMBbI€ B COBOKYIIHOCTH, IIO3TOMY
219 3
P(ABC)=P (A)-P(B)-P(C)=2.1.2 _3 _¢ 12
( ) (4) (B) (8] 3510 25

§ 5. dopmyna BepHynnu (0/1 4)

Ilenr msdyuenmsa maparpada yvammMmuca HTPoPUIBHBIX
KJIACCOB — 3HAKOMCTBO ¢ (opmysaoii BepHyiau, maroineil BO3MOMK-
HOCTh HAaXOIWUTH BEPOSATHOCTh PAa3HOOOPA3HBIX KOMOMHAIIUM COOBITHUIA
B CEPUAX OTHOTUIHBIX OUBITOB, B KAXKJOM M3 KOTOPHIX PUKCHUPyeMOe
coObITHE JINOO IIPOUCXOIUT, JIUOO HE HTPOUCXOIUT.

Marepuan maparpada, BbIgedeHHbINT cuMBosioM «II», B meiicTBuU-
TEJbHOCTH MOJKET OBITh YCBOEH U YUAIIMMUCSA 00I[e00pa3oBaTeIbHBIX
KJyaccoB. IlosTomMy mpu JKeJaHUU YUUTEJIA €ro COAEepP:KaHUEe MOYKET
OBITH PACCMOTPEHO B KJiacce (IPpU HAJIUUYNHU JOMOJHUTEJIHHOTO BpeMe-
HU) 1100 MOKeT OBbITh HPEIJIOKEHO K CAMOCTOATEJbHOMY U3YUEHUIO
IoMa yJaliuMUucs o0Ieo0pa3oBaTe IbHbIX KJIAaCCOB, JIETKO yCBauWBalo-
MUMH MaTEeMAaTUKY.

Vuamimecs Npo(UIBHBIX KJIACCOB, MHTEPECYIOINMECT MATeMATH-
KOM, CaMOCTOSATEJILHO JoMa mM3ydaloT obocHoBaHue (opmyJabl (3) (BbI-
JIleJIeHHOE B TEKCTe CUMBOJIOM «M»).
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Ha ypoke yuuTesib MOXKET pacCMOTPETh JIUIIL 3agauu 1 u 3 TeKcra
naparpada (IpeajoKuB 3agaund 2 u 4 pacCMOTPETH J0Ma) U II0 CBOEMY
YCMOTPEHUIO BLIOMpPAET A 3aKperieHus (GopMyJibl (3) yIIparkHeHU
us 42—45.

B pesynbTaTe mM3ydYeHHUA maparpada ydaimuecs HOJK-
HBI YMETh C IOMOIIBIO (popMyJbl BepHy/IM pelrars 3afadynd THIIA
42, 43.

Pemienue ynpaskHeHUN
4 10 - 4
1 1 1.1 _105
42. 1) P, (4)=C4 (—) -(1——) =210-
) Pro (D =Cyp 2 2 16 64 512

1)? 1 1 125 _ 625
43. 1) B (2 =C5 (5) (1__) =10-36 216 3888

44. P=P,(3)+ P, (4)=C} (_) (g) ( ) (%)0:

s 41 4o T

216 6 1296 432

45. P=P; (1) + P; (2) + P; (3)=Cl - 0,7'- 0,32 +C2 - 0,72-0,3" +
+C3.0,7.0,3°=3-0,7-0,09+3-0,49-0,3+1-0,343 - 1=
=0,189 + 0,441 + 0,343 = 0,973.

Ypok 0600LWweHusa n cuctematusaumm 3Hasuia (1/1 4)

CucreMaTn3upoOBaTh WU3YUYEHHBLIE 3HAHUS MOJYKHO, HAIPHUMeEpP, HC-
MOJIL3YS CIEAVIOIIYI0 CXeMY:

CobOpITHUSA
HocToBepHbIe Cayuaiinbie HeBoamorxHubIE
P(A)=1 0<P(A)<1 P(A)=0
CoBMecTHBIE 3aBUCHUMEBIe
P(A+B)= P(AB)=P(A)P(B/A)=
=P(A)+P(B)-P(AB) =P (B)P (A/B)
HecosmecTHEBIE Heszasucumebie
P(A+B)=P(A)+P(B) P(AB)=P (A)P (B)
IIpoTuBOmONIOXKHEIE
PA+PA)=1
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ITpu paccMOTpeHUM CXEeMBI IIOBTOPAIOTCS OMPEAEJeHUA BCEX BUJOB
COOBITHIT WM TEOPEeMbl, CBA3aHHBIE C ITUMHU COOBITMAMU. B mpoduin-
HBIX KJaccaX IIPU IIOBTOPEHUY HE3aBUCUMBIX COOBITHII MOYKHO BCIIOM-
HUTH U Gopmysny Beprynau. MoXHO opraHU30BaTh IIOBTOPEHUE TEO-
PUU U C TIIOMOIIHI0 BOIPOCOB Ha c.c. 201—202 yueOHUKA.

Ha sToMm ypoke permraioTca paHee HepeIllleHHbIE 3aJaHUA U3 YIPaK-
"Heumit K riase VI. 3aganus «IIpoBepsb cebs!» MOryT OBITH HUCIIOJIB30-
BaHBI KaK JJd (GDPOHTAJBHOM KJACCHOM, TaK M AJSA CaMOCTOSATEIbHOMN
paboTHI ¢ MMPOBEPKOIi B KJjacce. HacThb U3 HUX MOXKET ObITH IIPEIJIOKe-
Ha I JoMaliiHeil paboThl, OMHAKO IPU 3TOM YUUTEJID JOJI?KEH HAIlOM-
HUTh yUyaluMcsi 00 00g3aTeIbHOM CBepKe CBOUX Pe3yJbTATOB C OTBe-
TaMu K 9TOH pyOpHKe, IPUBEJEHHLIMU B KOHIIE yUeOHHUKA.

Pemenue ynpaskHeHUN

A2 CZ .
56. ) p=_4 -+ _ 43 1.9 p_4 4_ 4.
2 c2 36-35 105 36 35 315
36 36
A2 .
3)P= 9 = 9-8 :l,nnnpzi.izi;
A2 36:35 35 36 35 35
4)p=L=i_
36-1 35

58. I ctoco6. CoObITHE «BBITIAJO HE 0o0jiee MBYX OPJOB» COCTOUT
W3 CYMMBbI TPeX HeCOBMECTHBIX COOBITUII: A — BBINMAJIO 2 opJia, B — BBI-

nan 1 opes, C — He BBITAJIO HU OJHOTO OpJia (BBIMAJIM OJHU PEITKH).
2 1 0
3

C C C
P(A)= :§, p(B):_3:§, p(c):_3:l
2.2.2 8 8 8 8 8
HﬂnP(C):lll:l,
2 2 2 8
PA+B+C)=P(A)+PB +P((C)=3+3,1_T7,
8 8 8 8
II cmoco6. Ecau cobsiTie A — BEIIANO He 6oJlee ABYX OPJIOB, TO
eMy IIPOTHBOIIOJIOMKHOE coObITHe A — BBIAIO0 0oJiee ABYX OPJIOB,
T. e. 3 opJa.
pA) =L Ppuy=1-P@A)=1-1-7,
8 8 8

59. Pemrenune nmpuBeaeHo B § 2 HACTOSAIIEro IIocoOuUs.
61. CoOniTe A — HagWume XOTA ObI OAHOTO BEIMTPBINIHOTO OHIe-

Ta; A — OTCYTCTBME BBIUTPBIIIHBIX OuJIeTOB. UMCJIO BCEX BO3MOK-
HBIX UCXOIOB IIPU U3BATHHU k 6miieToB paBHO C ,’i . Hucio ucxomos, 6Ja-

FONPUATCTBYIOIIKUX cobbiTHIO A , paBHO CF 5
k

n—-m

k
n

62. Yuciao BCex BO3MOYKHBIX MCXOJOB PABHO C,’; . Yucao 6GJaro-
OPUATCTBYIOIIUX NCXOIOOB (COTJIACHO NPABUJY IIPOU3BEAECHMS) PABHO
k- o
cr-c, P, rak rak C/ cmocobaMm MOKHO BBHIGPAThH p Jeraneil us n

—-n?

P(A)=1-P(@A)=1-

OpPaKOBaHHBIX W K KAXKJIOMY 9TOMY HA0OPY MOYKHO IPUCOEAUHUTD JIIO-
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6o0i1 Habop M3 HeOpaKOBAaHHBIX kK — p Aerajeii, BHIOPAHHBIX U3 M — N

p k-p
< c,-C m-n
HeOpaKoBaHHBIX JeraJieii. Mickomas BepoATHOCTH P = —
(&
m

63. Yuciao Bcex BO3MOMKHBIX MCXOZOB paBHo C 525 Baarompusrcer-
BYIOIIME MCXOABI MOXKHO CUMTATh TaK: KasAbli us C 4 HaGOPOB Kapr,
cpequ KOTOPBLIX HET TYy30B, MOMKeT coeguHuTtbcsa C 42 crocobamMu ¢

IBYMSA Ty3aMH, T. €. UHCJIO OJIATONPUATCTBYIOIINX KCXOLOB PaBHO
C fg -C 42 (BTOpas mauka oOpasyeTcsaA aBTOMaTHUYECKM IIOCJIe COCTaBJie-

24 2
C48 C4
26
C52

64. 9 us 18 xomaHI MOYKHO BBIOPATH Clg8 crmoco0aMU — 3TO YHUCJIO

HUA nepBoi maukm). VIcKomMasa BepOATHOCTH P =

BCeX BO3MOXKHBIX MCXOJOB OIBITA CO CIAyd4aliHbIM BhIGOpoM. K marTu
KOMAaHAaM W3 ONHOII PecHIyOJMKM MOKHO IIPHUCOeIUHUTH 4 KOMaHIbI
U3 OPYTUX PEeCIyOnK Cfs crocobamu. Yucio 6JIaronpUATCTBYIOIIUX

4
13

OKasaThbCsa KaK B IepBOii, TaK U BO BTOpoil rpynme. Takum oGpasom,

p 2 -Cfg

= —9
Cis

65. 4) P=Pg(2)+ P3 (1) + P5 (0) =

8 8 8 8
=c? (1) +c;-(1) +c? (l) =(1) (28 +8+1)= 30,
2 2 2 2 256

66. 4) P =P, (4) + P; (5)=C: .(%)4.§+C§.(%)5.(2)0:

=(1)5(5.5+1)=&= 13 _ 13
6 6° 3.64 3888
56 7

1
67. P=P;; (8)+ Py (9) + Py (10)=——(45+10+1) = — = —.
10( ) 10( ) 10( ) 210( ) 210 128

NCXOOO0B B 2 pa3a 6osbiie uucya C TaK KaK IIdTepKa KOMaHIO MOMXeT

Kounrpoasnaa padora Ne 6

O6weobpa3osamenbhblil Ypo8eHb

1. BpocaroT 2 urpajabHbIX KyOMKa — OOJIBIIION U MajleHbKUil. KakoBa

BEPOATHOCTL TOTO, YTO:

1) Ha 000mMX KyOMKAaX IOABATCA YeThIpe OYKA [IIATH OYKOB];

2) Ha OOJIBIIIOM KyOWKe IOABUTCA 2 OUYKa, a Ha MaJeHbKOM —
YEeTHOE YMCJIO OYKOB [Ha MaJIeHbKOM KYyOuKe IIOABUTCS KPaTHOE
3 UMCJI0O OUKOB, a Ha OOJBIIIOM — 5 OYKOB].

2. B xopobOke jgexxaT 3 uepHbIX, 2 0esbIX U 4 KpacHBIX Inapa. Ciayuaii-
HBIM 00pa30M BLIHMMAaeTCA OAWH Itap. KakoBa BEpOATHOCTH TOTO,
YTO 3TO WU Oesblii, MU KPACHBIN Iap [Mau 4epHBIN, UIu Kpac-
HBII map]?

19 [14}

3. BepoAaTHOCTL moOmamaHWA O MUIIEHUW CTPEJIKOM paBHA — | — |.

20 L15
KaxoBa BepoaTHOCTH: 1) HemomajaHWA N[O MUIIEHU IIPU OTHOM
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BoIcTpesie? 2) momafaHWA 10 MUIMEHW B KayKJIOM K3 ABYX IIOCJIe-
MOBaTeJbHBIX BBICTPEJIOB? 3) MOMajaHWsA IIPU IMEPBOM U IPO-
Maxe — IIPM BTOPOM BBICTpeJie?

4. B xopobxke jgexxaT 4 6esbIxXx 1 3 UepHBIX Inapa. Hayraa BEIHUMAIOT
oBa 1mapa. KakoBa BepOsATHOCTh TOrO, UTO BBIHYTHI O€JIBIA U Uep-
HBIHA IIapbl [ABa uepHBIX Iapa]?

5. B Base croaT 5 reo3guk u 6 mapruccos. KakoBa BepOsATHOCTEL TOIO,
YTO CPear TPeX CIAYUYANHBIM 00Pa3OoM BBIHYTHIX I[BETKOB OKAYKETCS
mo KpaiiHeil Mepe ofHAa TBo3guKa [oguH Hapiiucc]?

IIpogpunvrulil yposeHs

1. B Base sexxkat 7 a06s0k u 4 rpymu. He rasaga us Baswl mmocjenoBa-
TeJbHO OepyT 2 (pyKTa, He Bo3BpaIllasa ux oopaTtHo. KakoBa Bepo-
SATHOCTH TOTO, UTO BTOPOI W3BJIeUeHA TPyIlla, IPU YCIOBUU, UTO
mepBoO# TaksKe Oblja M3BJEeUYEHA I'PyIa [BTOPHIM M3BJIEUEHO s16JI0-
KO, IIPU YCJOBUU, YTO IEPBOI Oblia m3BjedeHa rpymial?

2. B amuke gexkar 15 KpacubIX u 5 cuHHX IapoB. Hayrazn BeiHUMA-
for 2 mapa. KakoBa BEpOATHOCTSH TOTO, UTO BBIHYTHI IIAPhl PA3HBIX
BeTOB [00a IIapa OKasajnch KpacHbIMMU]|?

3. B xopobke gexxar 10 meraieii, cpeau KoTophix 4 [3] jierue ocrain-
HBIX. CayuaineiM oOpasoMm Ha 6 [7] u3 HUX cheslajay HaOblIeHUE.
KakoBa BEepOsSTHOCTH TOTO, UTO BBIHYyTas M3 KOPOOKU JeTalb OKa-
JKeTcA JIeTKOU 0e3 HAIbLIEHUA [TAXKeJION ¢ HamblieHueM|?

4. Cm. Ne 5 6a30BOro ypoBHS.

5. BepoAaTHOCTh mopaskeHuUss MuilleHu ctpeiskom pasHa 0,9. Kakosa
BEPOATHOCTH TOTO, UTO IIOCJIE UETHIPEX BBLICTPEJIOB MUINEHBL OyAeT
mopakeHa XOTs OBl ABYMA OYJAMHU [[IOCT€ MATH BBICTPEJIOB M-
mieHb OyIeT mopaskeHa XOTSA Obl YeTHIPbMA ITYJIAMU]?

6. Cpenu 10 [12] pmerameit 4 [5] 6parkoBamubix. Hayraxg BeIHEMAIOT
3 meranu. KakoBa BepOATHOCTh TOTO, UTO CPeIU BBIHYTBIX AeTaJieii
IBE OKaXyTCs OpaKOBaHHBLIMU?

MlMaea
KommiiekcHbIe yucia

Poccuiickasa mIKojga UMeeT OIBIT O0yUYeHUA KOMIIJIEKCHBIM UHCJIaM.
B yueGHMKAaX anre6psl AJA CTAPIIUX KJIACCOB, IO KOTOPHIM YUUJINCH
crapiiekjgaccHUKN 10 1964 r. (yueonuku A. II. Kucenera), or usna-
HUSA K U3JAHUIO COBEPINEHCTBOBAJIOCH M3JI0MKEHNE U PACIIUPSAIOCH CO-
nep:xaHue teMbl «Kommiekcunle uncia». Ho B pesynbrare pedopMbl
MaTeMaTUYeCKOr0 00pasoBaHUA CEMUAECATHIX T'OJOB IIPOIIJIOTO BeKa
KOMILJIEKCHBI€ YKCJA MEePelin B mporpaMmy (GaKyJIbTaTUBHBIX KYp-
COB, a 3aTeM B IPOrpaMMy MaTeMaTHYeCKUX KJaccoB. U TOJIbKO B
yuebHUKAxX (mo 1991 r.) gas 9—10 KJjaccoB 001eo00pas3soBaTEIbHBIX
mkoa III. A. AnrumoBa u Ap., IOA HAYUYHBIM PYKOBOACTBOM aKaJeMU-
kKa A. H. TuxoHoBa B BOCBMHUAECATHIX TI'OfaxX IPOIILJIOTO BEKa BHOBbH
moABJAeTCs TyiaBa «KoMILIeKCcHbIe YmMcaa».
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KomniexkcHbIe uncja BBOOATCA B cpemHell IMIKoJe Ju60 KaK yIIops-
IOOUYeHHAas IIapa umce, Ju0o Kak BhIpaskeuue a + bi, rme a u b — pmeii-
CTBUTeJIbHBIE UNCJIA, | — HEKOTOPBIN CHMBOJI, TaKoii, uro i = —1. Ba-
TeM (QOPMYJUDPYIOTCA TpaBuUJja, YCTAHABIWBAWOIINE PABEHCTBO
KOMILJIEKCHBIX UHCEJ, BBOASATCS UYMCJA, COOTBETCTBYIOIIHE ITPUBLIU-
HBIM JJIsI IIIKOJHPHUKOB HYJIIO W eIUHUIlE, YCTAHABJIMBAIOTCA IIpPaBUja
apu@MeTUYEeCKNX MeMCTBUM HaJ KOMILJIEKCHBIMU UHCJIaAMMU.

U B TOM U B APYroM ciydyae BOSHHUKAIOT TPYSHOCTH, KOTOPbIE IIPU-
XOIUTCS MPEOHOJIEBATE, C TeM UTOOBI yUall[ieCsa OCO3HAHHO BOCIPUHU-
MaJii HOBOE JJIA HUX MHOKeCcTBO umcesi. Hampumep, Korga KOMILJIEKC-
HOe YMCJIO OIIpeesisgeTcsa Kak Imapa Yucesl, BOSHUKAIOT TPYIHOCTU IIPU
BBeJeHUU aJirebpanvyecKoii, a 3aTeM U TPUTOHOMETPUUYECKOH (hopMBI
ero 3amnucu; B JajJbHEWINIeM HPU BHIMIOJHEHUHN apupMeTHUeCKUX meii-
creuii. IIpy BBeleHUHN KOMILIEKCHOI'O UHCJIa APYTUM CIIOCOOOM CTAJ-
KHMBAIOTCS C TPYAHOCTAMM BOCIPUATHA i KAK CHMBOJIA, TAKOI'O, UTO
i? =—1, a 3aTeM Kak 4YMCJa, HA3BIBAEMOTO MHUMOIL eduHuUyell.

Ha npumepe Teopum KOMILJIEKCHBIX YKCEJI CTAPIIEKJIACCHUKU
BIEPBBIE (2 BOBMOYKHO U BOOOIIe €IMHCTBEHHBIN pa3) 3HAKOMSATCSA CO
CTPOTUM IIOCTPOEHUEM TEOPUU UHCEeJI.

B yueOGHMKe pacKpbIiBaeTcs IJIaBHAsA MPUUYMHA IMOABJIEHUSA KOMII-
JeKCHBIX YMCeJl KaK CTPeMJIeHUWe CAeJiaTh ajireopanyecKre ypaBHEHUS
paspeIuMbIMU. BBefeHMe umcia i KaK KOPHA ypaBHeHHA x>+ 1 =0
(11U Kax KOpHA MHorouueHa x2 + 1) mprcoeAMHSET 5TO UHUCIIO K IIOJIO
IeNCTBUTENbHBIX YKCeJI U TAKUM 00pa3oM pacIIUpsieT 3TO II0Je 0 II0-
JIs1 KOMILIEKCHBIX urces. ['0BOpSAT, UTO II0Jie KOMILIEKCHBIX UHCEeJ SB-
JsieTca aaredpandyecKuM PACIINPEHMEeM II0JIS AeiCTBUTEIbHEBIX YKCe.

B camom pgere, ompepesisia KOMIIJIEKCHOE YKCJIO KaK YMCJIO BUIA
a + bi, Tme a Ha3BpIBAIOT AEHCTBUTEJLHON UaCThIO UMCJa, a b — MHU-
MOIi, IIOJIyYaeM, YTO 9TO 4YucJ0o npu b = 0 cTaHOBUTCS NEeHCTBUTEIIb-
HBIM. TakuM 00pasoM, MOXXHO I'OBOPHUTH O TOM, YTO AEHCTBUTEJIbHBIC
YKCJIa — YACTHBIN caydail KOMILJIEKCHBIX. [IprueM oleparuu CJIOKe-
HUS U YMHOKEHHUA KOMILIEKCHBIX UKCeJ OIIPeAe/IIIOTCA 110 IpaBUIaM
CJIOKEeHUs ¥ YMHOXKeHHd MHOTOWIEHOB IPH YCJIOBMH, uTO i2=—1.
Ina sTUX olepanuil BepHBI IIEPEeMECTUTEJIbHOE, COYeTaTeIbHOe WU
pacipenejnTeIbHOEe CBOMCTBA (T. €. 3THU OINepanuyd KOMMYTATHUBHEI,
aCCOIMaTUBHBI M CBA3aHBI COOTHOIIIEHUWEM AUCTPUOyTHMBHOCTHU). [Jisa
omepanuii CJI0KEeHUS U BRIUUTAHUA CYIIECTBYIOT O0paTHBIE, 9TO COOT-
BETCTBEHHO BBIUMTAHUE U gejieHne. [[0aTOMy KOMILJIEKCHBIE Yncja 00-
pasyiooT moJie.

BBeneHre KOMILIEKCHO COIPSIKEHHBIX (MM IIPOCTO COIPSKEH-
HBIX) UMCEJ] U MOAYJIA KOMILJIEKCHOT'O UHCJIa F'OTOBUT K BBIIIOJHEHUIO
omepanuu gejneHusi. IIpy BBIIOJHEHUMN OeIeHUSA ydall[Uecs TOJIMKHBI
0CO3HATh, UTO JOCTATOYHO UMCJIHNTEJb M 3HAMEHATEeJb APOOH YMHO-
SKUTH Ha YKCJIO, CONPAMKEHHOe 3HaMeHaTe 0. IloJyuyeHHoe IIpKU 5TOM B
3HaMeHarTeJe JelCTBUTEeJIhbHOE UMCJIO €CTh He UYTO MHOe, KaK KBagpar
MOJYJSA YMCJa, CTOSAIIEero B 3HaMeHaTeJe.

TeomeTpuueckass MHTepHpeTanusd KOMILJIEKCHOTO UYHCJIa HurpaeT
BajKHYIO POJIb B (PUBUKE M APYruX 00JIacTAX HAYKU U TeXHUKH, TIe
NPUXOAUTCSA OIEPUPOBATL BEIMUYMHAMHU, KOTOPBIE MOKHO IIpeacTa-
BUTH B BUJle TOUKHM HA ILIOCKOCTH WUJIMN B BUJEe BeKTOopa. B Hacroslee
BpeMsl KOMILJIEKCHEBIe urcia (TouHee Teopus PYHKIIUHA KOMILIEKCHOI'O
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HepeMeHHOT0) HAIJIA IMWPOKOe NPUMEHEHUEe A PEeIleHUs MHOTUX
OpobJieM TeopeTUYecKOoi (PU3WMKM, THAPOAUHAMUKU, adpPOMEXaHUKH,
9JIeKTPOTeXHUKM, KOPabJIeCTPOeHUs, TEOPUHU YIIPYroCTH, KapTorpa-
¢duu u, KoHeUHO, camoii marematuku. @. Kiaeita (1849—1925) emre B
Havase XX B. oTMeUaJs, 4YTO (pU3WKa JaBHO Iepelilia K YIOTPeOJIeHU0
MHHUMBIX BeJHUYUH, B OCOOEHHOCTH B OITHUKE, KOrJa HPUXOIUTCS
HMeTh JeJI0 C YPaBHEHUAMU KoJie0aTeJIbHbIX IBUKEHUIA.

OcosHaHne reOMeTPUUYECKOro CMBICIA MOAYJISA KOMILJIEKCHOTO YMC-
J1a, MOAYJSA PA3HOCTH KOMILIEKCHBIX UHCEJI II03BOJIAET PeIlaTh U I'eo-
MeTpuYecKue, u (pusudueckue sagaur. YeTKoe mpeacrasiaeHre 00 n300-
pakeHUM KOMILJIEKCHOTO UMCJIa TOUKOH (MM BeKTOPOM) Ha IIJIOCKOCTH
TO3BOJISIET OCO3HAHHO BOCIPUHSTH MOHSITHE apryMeHTa M COOTBETCT-
BEHHO TPUTOHOMETPHUUYECKYI0 MHTePIIPeTaIlui0 KOMIIJIEKCHOTO YKCJA.

Omnepanuu yMHOMKEHUS U AeJeHUA KOMIIJIEKCHBIX UHCEJ B TPUTO-
HOMETPHUUYECKOIl (hopMe BBIMOJHAITCA AOCTATOYHO JIerKo. B oTamuune
OT HHUX OIepalluy BO3BEJEHUS B CTEIeHb M M3BJIEUEHUS KOPHS HATY-
PaJbHOM CTEIEeHH He TAK IIPOCTHI IJIS MHOTUX IITKOJbHUKOB 1 IIO3TOMY
He ABJIAITCA 00A3aTeNbHBIMU IJIS YCBOEHMS.

TpuroHomerpryecKkas HMHTepIpeTanud KOMILJIEKCHOTO YHCJa II0-
3BOJISIET peIllaTh ajirebpamuecKre ypaBHeHUs (B YACTHOCTH KBaJapaT-
HbIE) B II0JIe KOMILJIEKCHBIX UMCEJ ¥ OCO3SHAHHO BOCIIPUHUMATH OCHOB-
HYIO TeopeMy ajare0pbl, KoTopasd (POpMyJaUpPyeTcs B KOHIIE TJIaBHI.

B pesyabTaTe HM3yueHHUS TJaBbl ydaluecs IJOJIKHBI
yMeTb IPEeICTABIATh KOMILJIEKCHOE UMCJIO B ajJredpandyecKoil 1 Tpu-
TOHOMETPUUYECKOM (popme, M300paKATh UMCJIO HA KOMILIEKCHOM III0C-
KOCTH, YMETbh BBIINOJHATEL OMEPAIUN CJIIOMKEHU, BEIUNTAHUSI, YMHO-
JKEeHHMA U [eJIeHUs 4Yucell, 3alMCaHHBIX B aJjrebpamdeckoil gopme,
omepanuu YMHOMKEHUS U JeJIeHUS YUCeJl, IPEeJCTaBJIEHHBIX B TPUTO-
HOMeTpHUecKoii popMe; 3HATH OTBETHI Ha Bompockl 1—14 K riase
VII, BLIIONIHATE YIPaKHEeHUA, TaKue, Kak 78—85, u 3amanus us pyo-
purku «IIpoBeps cebsl».

§ 1. OnpepeneHne KOMMNEKCHbIX 4YUces.
CnoXxxeHne v yMHOXEeHNe KOMIJIEKCHbIX Yucen
(0/2 4)

IHenr mayuenua maparpada — GpopMuUpPOBaHUE IOHATHUI
KOMILJIEKCHOTO YHCcJja, O0yUeHNe CJIIOMKEHUIO U YMHOKEeHUI0 KOMILIEKC-
HBIX YHCeJl B ajJredpamueckoii popme.

C pacmiupeHreM HOHATHUA YMCIa ydalluecd 3HAKOMUJIHNCH eIle B
OCHOBHOM IIIKOJIe, KOTJa BBOAMJIOCH OIIpeJelieHre UPPAIOHAJILHOTO
yucsga. Ho TOJIBKO Temepb UM IPEACTOUT OCO3HATh HE TOJbKO IPUUU-
HY, II0 KOTOPOM pacIIupeHUe MPOUCXOAUT, HO U IIOHATH CaM IIPOILECC
paciupeHus. 37ech CTPOTO BBICTPAMBaeTCsA IMOHATHE KOMILIEKCHOTO
Ymcjia, BBISICHSAETCS, KaK CBA3AHBI KOMILJIEKCHBIE U JeUCTBUTEJbHBIE
YmcJa, OMMCBIBAIOTCS CBOMCTBA AeHCTBUM HaJ KOMIIJIEKCHBIMU UMC-
JaMu.

Ha mepBOM ypoke KejgaTelbHO OOpPATUTL BHUMAHWE yUaIIUXCS
Ha MCTOPUIO PA3BUTUA IMOHATUA YHCJIA, KOTOpPadA KOPOTKO M3JI0KeHa B
KOHIIe IJIaBbl yueOHUKa. Takasa Oecema IIOCIYKUT OCO3HAHHOMY BOC-
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OPUATUIO HOBBIX [IJIA yUaluxcs yucesji. Kpome Toro, MIKOJbHUKAM 0Y-
IeT Jerde NPUHSATH i KAK CHMBOJ, TaKoOil, uTo i2 = —1, U ero ke Kak
YHCJI0, KOTOPOEe HAa3LIBAIOT MHHUMOW €IUHUIICH.

JIJ1s 11eJIOCTHOTO BOCIIPUATHUSA HOHATUA KOMILIEKCHOrO YMCJIa IieJe-
coo0pasHO Bech TEOPEeTHUUECKHil mMaTepuaj mnaparpada OpeicTaBUTL B
dopme mexkmuu Ha 25—30 MUH ypoKa.

Ilnmam JeKmum MoKeT OBITH TaKMM: 1) MCTOPUS pacIIUpPEHUusA IOo-
HATAA Yucja; 2) MOHATHE KOMILIEKCHOTO YMCJIa KaK BbIPAYKeHUS
a + bi; 3) MOHATHE KOMILIEKCHOI'O YMCJIa KAaK YIOPAJOYEHHON Mapbl
uucesa; 4) pPaBeHCTBO, CJOMKEHUE M YMHOKEHUE KOMILJIEKCHBIX YMCEJI,
3aIlMCaHHBIX B ajlredpamdecKoi gopme.

PacnpegenurenbHoe CBOMCTBO YMHOMKEHUS OTHOCUTEJIHLHO CJIOMKe-
HUS JOKas3aHO B yueOHUKe. MOKHO HPEIJIOKUTh yJalluMCsS IIPOYM-
TaTh €ro o KHUre B Kjacce uiu aoma. OcrajbHble CBOMCTBA ydalliue-
cA MOTYT [OKAas3aTh aHAJOTUYHO, BBITIOJHASA yHpaskHeHHe 15.

s ycBoeHUWsS MOHATHUS KOMILJIEKCHOTO YMCJIA BaKHBIMU SABJIA-
orea ynpaskuenus 9—14. VIMeHHO TPW WX BBIIOJHEHUU yUaIUeCcs
Ka bl pas o0palaloTcs K OMpeeIeHUI0 KOMILJIEKCHBIX UMCeJI U UX
paBeucTBy. Ilepen pemrenuvem yupaskHeHus 12 peKoMeHIyeTCs pac-
CcMOTpeTh GoJiee IIpocToe yupaskHeuue 9. Permenwme yupaskHenus 12
MOJKHO 3aIHucaTh CJIELYIOIUM 00pasoM:

12. 1) Yucao z — AefCTBUTENbHOE, €CJIM €ro MHUMasa YacThb
paBHA HYJIO.
Banumem umcao 2z B Bume 2 =-bx2+i(6x%+ 2x), Torma

6x2+2x=0, ectm x =0 wim x = —é. Taxum obpasom, z =0 + 0i

nUIn z=—§+0i.
9

IIpu BeImONIHEeHNHU yIpaskHeHus 12 yualnuecs eie pas o0palaoT-
cad K Tomy, uTo umcao 0 + i0 aBasgeTcsa U AelCTBUTEJIbHBIM, 1 YHCTO
MHUMBIM.

IIpu pemteHun ynpakHeHusa 13 moaydarTcs ABa 3sHaAUEHUS AeiCT-
BUTEJLHON M ABA 3HAUEHMS MHHMOM YacTH 4ymcjaa. 34ech cleayeT 00-
PaTUTh BHUMaHHWEe Ha TO, YTO B pe3dyJjbTaTe IIOJIy4YaloTCA YeThbIPE IIaphbl
suauenuii. ITose3Ho moKasaTh, 4TO KaKAbIM OTBET MOYKHO 3alHCATDL 1
B Buze a + bi, u B Buge map (a; b).

Pacupegenenue maTepuasa naparpadga mo ypokam oT-
paxeHo B Tabiawuiie.

IIpogpunvhole KaaCCHL

YuopaxkueHUus:

§ 8| Teopermue-

g 8| cxuit mare- OCHOBHBI€ JJIs1 ZJIS CAMOCTOATE b~ OO IHIL-
o> puan paboTHI B Kjacce HOM paboThI A

TeJIbHbIC
u goma B KJIacce
1 | §1 (rexmus) | 1—5, 10 10 (3) 15 (1, 3, 5)
2 [ §1 7—9, 12—14 12 (2), 14 (1) 15 (2, 4, 6)
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B pesyabpTaTe m3yueHuUda maparpad@a ydamuecs IOJK-
HBI 3HATH OIpeJeieHne KOMILJIEKCHOTO 4YWCIa; YMETh JdOKa-
3bIBATh PaBE€HCTBO KOMIIJIEKCHBIX YHCE€JI WM BBIIIOJHATH I[eﬁCTBHH
CJIOJKEHUSA W YMHOMKEHUS NPU pPeIleHWuN TAaKWX YHpPaKHeHui, Kak

7, 8, 10.

§ 2. KoMnnekcHO conpsiXeHHble Yucna.
Moaysnb KOMMIEKCHOro 4yvcna.
Onepauun BolunTauua v genenuvs (0/3 4)

IHensr msyuenusa maparpada — HaAyYUThb BBINOJHATL OIe-
panuy BBIUMTAHUS W JeJeHUsS KOMILJIEKCHBIX UHCeJI.

BaxkHoe MecTO IpyM H3YUYEHUM TEOPETHUYECKOro MaTepuaja Iia-
parpada saHuMaeT BBeJeHMe OIlepalluii JejleHWs W BLIUNTAHUA KakK
omepanuii, o0paTHLIX YMHOYKEHUIO M CJIOKEHUIO. Yualnuecsa OObIUHO
3a0BIBAIOT, UTO BLIUMTAHUE U JAeJieHne Apo0eii 0ObIKHOBEHHbBIX U IeCs-
TUYHBIX OHU U3YYAJIHU KaK AeNCTBUA, 00paTHBIE CJIOMKEHUI0 U YMHOMKe-
HUIO, B JIECATOM KJiacce JejieHre MHOTOUYJIEHOB paccMaTpUBaJIU Kak
nericTBue, o0paTHOe YMHOMKeHni0. I[0aTOMY I10JI€3HO MOIIPOCUTH OJHO-
ro M3 ydYal(uXcA MTOATOTOBUTL HEOOJIBIIIOE COOOINeHHte, WCIIOJIb3Ys
YU4eOHUKHN MaTeMaTUKu ajada 5—6, 10 KiaaccoB u, HapuMep, «JHIIUK-
JIOMEeINYECKUI CJIOBAph IOHOT'O MaTeMaTuKa». VI3 3TOro cooOIieHus
IOJIKEeH OBITh CAEeJIAH BLIBOJA O HEOOXOAMMOCTH BBEIEHUA UMCJa, IPO-
THUBOIIOJIOYKHOTO JAHHOMY M 00paTHOTro AaHHOMY. UM ecysiu 4mcjo, mIpo-
TUBOIIOJIOKHOE TaHHOMY, JEeT'KO BBECTH, 3HAS OIEePAIlUui0 YMHOMKEHUS
((-1) 2), To mpobiemMa BBeZeHUA UHCIA, OOPATHOIO ZAHHOMY, OoJjiee
ciaoxkHasd. [/ ee pellleHUsT MOYKHO HCIIOJb30BATh UACTHUYHO IIOMCKO-
BBIIT MeToA. K perrenmio mpo6eMbl ydaluecsa TOAXOAAT C IIOMOIILIO
BompocoB yuurtenad: 1) IlpoumsBemenHme B3auMMHO OOPATHBIX IEMCTBU-
TeJbHBIX umcesJ paBHO 1. BepHO J 5TO IJIsi KOMILJIEKCHBIX YMCEN?
2) Eciu BepHO, TO YUTO IIPEACTABIAIOT CO00I AeMCTBUTENbHASI 1 MHU-
Mas 4acTH 4ucja, oboparHoro ganaomy? Kak oHU CBA3aHBI C JeMCTBU-
TeJIbHOW M MHUMOI YacThIO JAHHOI'O ymcJia?

OrBeuas Ha IIOCTaBJIEHHBIE BOIPOCHI, yUalllecs MIPeJIoJiaraior,
YTO AN YHcaa 2 = a + bi o6paTHBIM OymeT UMCI0 X + Yyi UM IIPOU3-
BeleHMEe [OBYX KOMILJIEKCHBIX 4YKceJ paBHO 1. 3HAUUT, CIIPaBeAJIu-
BO paBeHCTBO (a + bi) (x + yi) =1, orryzna (ax —by) + (bx +ay) i =1,
T. e. JelicTBUTeJbHAaA YacTh paBHa 1, a MmEuMadA paBHa 0. ITocie pere-
ax—-by=1
bx+ay=0
BBIPAKEHUAM AJSA X U Y, KOTOPbIe TPEOYIOT JajJbHEHIIero TOoJKOBa-
Husa. OTciofa YUUTENb MOYKET IIePEeiTH K BBENEHUIO IMOHATHUIN COIPs-
JKEeHHBIX UHCeJ U MOAYJSA KOMILJIEKCHOT'O YMCJa.

PaccmarpuBas Temeph BBHIUMTAHWE U JejieHUe, obOpalijaeM BHUMa-
HUe yJaIlluxcs Ha TO, YTO 00e oImeparini BBOAATCS KaK olepamnuu, 00-
paTHBIE CJIOKEHUI0 M YMHOYKEHUIO:

1. HOns mo0bIX ABYX YMCEJ 2, U 29 CYIIECTBYET, ¥ IPU TOM TOJHKO
OJIHO YMCJIO Z, TAKOE€, UTO BBIIOJIHSETCS COOTBETCTBYIOIIlee PABEHCTBO
2+ 29=21 (292 = 29).

HUSA COOTBETCTBYIOIIEN CHUCTEMBI { ’ yyamuecsa OPUXOLAT K
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2. BeIpaskaem z mu3 KalKIoro ypaBHeHus. [ uero K obeum
YacTsAM IE€PBOTO ypaBHEHUsS MNPUOABIAEM YKCJIO, IPOTHUBOIOJIONK-
HOe Z5. O6Ge uacTu BTOPOTO YMHOKAEM HA UUCJIO, COIPAIKEHHOE C 2.

WNsyuasa Moaysib KOMILIEKCHOTO YMCJA, MOYKHO YIIOMAHYTH O TOM,
YTO MOAYJb AEeHCTBUTEJIBHOTO UMCJA €CTh PACCTOAHME OT Hauaja Ko-
opAWHAT IO TOYKHU, COOTBETCTBYIOIIel uucay. Ilpu maydeHuum yrxe
cjaenyrolero maparpadga ydamiuecsa CMOTYT OTBETUTH Ha BOIPOC, UTO
JKe MpeJcTaBJsgeT co00i MOAYJIb KOMILIEKCHOTO YHCJIAa C TeoMeTpuye-
CKOW TOUKU 3PEHUA.

CBoiicTBa, CBsI3aHHBIE C CONMPAMKEHHBIMHU YNCJIaMU, yJaIlluecs CMO-
ryT HaOJIOLATL, BLIIOJHAA yopaskHenusa 16, 21, 22.

Vyamumcs, HMHTEPECYIOIIUMCA MATEMATHKOW, MOKHO IIPeAJIio-
JKUTH CAMOCTOSITeJILHO JO0Ka3aTh, 4YTO: 1) cyMMa U IIpou3BeleHNre B3a-
VMHO COIPSAKEHHBIX UKCeJ — HeUCTBUTEJNbHOE YMCJO; 2) UUCIO, CO-
Opsi’KeHHOe CyMMe OBYX KOMILJIEKCHBIX UYMCeJ, PABHO CyMMe dYucel,
COIIPAKEHHBIX cJlaraeMbIM; 3) UYMCJO, COIMPAKEHHOEe Pa3sHOCTH IABYX
KOMILJIEKCHBIX YMCEJI, PABHO PA3HOCTU YHCEJ, COIPAKEHHBIX YMEeHb-
IIIaeMOMYy U BbIUHUTaeMoMy; 4) UHCJIO, CONPSKEHHOe IIPOU3BeIeHUIO
IBYX KOMILIEKCHBIX UMCEJI, PABHO IPOUBBEIEHUIO YKCEJI, CONPAKEH-
HBIX MHOKHUTEJSIM; 5) UHCJIIO, COIPSKEHHOE YaCTHOMY [OBYX KOMII-
JIeKCHBIX Yuces (AeJUTesb OTJIUUYEH OT HYJSA), PABHO YACTHOMY COIIPS-
YKEeHHBIX 4YMCeJI.

BakHBIM nTOrOM M3yUeHUA AOJIXKHO CTAaTh YBEePEHHOE BBITIOJITHEHUE
yJaliuMucsa U3yYeHHBIX Omepaliuii, B YaCTHOCTH OIlepalluy BO3Beje-
HUA B CTEIeHb AByUYJIeHA C HUCHOJb30BaHueM Gopmysabl 6uHoMa Hbio-
ToHa. vKenmaTenbHO, YTOOBI BO3BEAEHNE B HATYPAJIbHYIO CTeIIEHb MHIU-
MOII eIMHUILI yJallrecs AeJjialll OCO3HAHHO, He 3ayuuBas HauU3yCThb
pe3yabTaT BO3BEAEHUS B CTEIEHb.

Pacunpegmenmenue mMmaTepuaJysa naparpadga mo ypokam OT-
paskeHo B TabiuIiie.

IIpogpunvruie KaaCCHL

YupaxHeHUS
o
S & | TeopermuecKuit
E N Marepua OCHOBHBIE [IJIS IS CAMOCTOATENb- | JMOIIOJI-
paboTsI B KJacce HOM paboThI HUTEJIb-
u JoMa B KJacce HBIE
1 § 2, mo samaum 2 | 16—18, 23 16 (3, 4), 17 (3,4) | 30
2 § 2, sagaum 2, 3 | 19—22, 24—26 20 (1, 3), 21 (3, 7) | 32, 34;
3 § 2 27—29, 31 (1) 28 (3, 4) 33

B pesyabTaTe mdyueHud maparpad@a ydammecs TOJK-

HbI 3HAQTBh
IIJIEKCHOI'O YHCJia,

orpegeseHud COIPAMEHHBIX YwnceJ,

MOAyJIA KOM-
YyMeTb BBIIIOJIHATDH apI/IQ)METI/I‘-IeCKI/Ie I[efICT-

BUA C KOMIIJIEKCHBIMUM 4YMCJIaMM IIDU PEIlIeHUNn pra)}QHeHI/Ifl THUIIa

19—22.
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Pemenue ynpaskHeHUH

30. 1) IIycrs z = x + iy, Toraa |z| =/ x2 +y? u ypaBHenue mpu-
MeT Bup x2+y? —i(x+iy)=1-2i. DTo ypaBHeHHe PaBHOCUJILHO
ypasreruio (yx2+y?+y)— xi =1-2i. Takum o6pasoM, IPUXOAUM
K CcucTeMe ypaBHEHUH {“zz +y22 +ty=1 orkyma x =2, y=-1,5.
CnemoBaTrenbHO, 2 = 2 — 1,5i.

2) Iycers z = x + iy, Torga 22 = (x — y?) + 2xyi, | 2| =Jx2+y? nu
ypasuenue mpumer Buj (x2 — y?) + 2xyi + 34/ x2+y? =0. Ioxyunm

Z_y?+8Jx%+y? =0

2xy =0.
IUT K COBOKYIIHOCTH ABYX CHCTEM

x =0, y=0,
-y2+34y? =0; (x%2+3Vx2 =0.
PemrenuemM mepBoii cucTeMbl ABJAAOTCA Tpu 3Hauenus y: 0, 3, —3.
Bropas cucrema perenuii He umeer. CiaemoBaTebHO, KOPHU YpaBHe-
Huda z, =0, 2z, = 3i, 23 =—-3i.
31. 1) Tax xak i**** =i, o cTenenu uucia i MOXKHO BBIUHMCIIUTD

cCuUCTEeMY ypaBHEHU { > Pemrenue ee IIPUBO-

CIIefVIONUM 0Opa3oM: 16—1‘“2 =-1, =i*%=i0=1, 30=-1,
%=1, "= 1CyMMa 1+1—1+1—1paBHa -1.
2) Tak rax i'®=i*"3*1 =i, i?® =—i, i =i, To cymma gpobeii paBHA
2(—i 1@
g_l,_i: ( )+ () =-2i+i=—

i =i i(=i) (=i)i

32. Tak kKak JJda JIOOBIX KOMILJIEKCHBIX UMCe] 2; U 2, BEPHO pa-
BEHCTBO |2y + 2,2 + |2, — 25 2= 2 (| 21 2 + | 25 ) (cm. 3amauy 4, § 2), To
2 (c? + c?) = 4c2.

33. 1) IIpumenum dopmysy 6mHOMa HBIOTOHA U BO3BEIEHUE UMCIA i
B cremens. Homyunm (1 + i) =1 + 8i + 28i% + 56i% + 70i* + 56i° + 28i6 +
+8i"+=1+8i—28-56i+70—-56i—28—-8i+1=16-112i.

34. IIycte a=m? + n?, b=p?+q% Ho m?+ n?=(m +in) (m — in),
P>+ ¢q¢*=( + ig)(p — iq), caemoBarenbHO, ab = (m + in)(p — iq) X
X (m —in) (p +iq) = (mp + nq + i (np — mq)) (mp + nqg — i (np — mq)) =
= (mp + ng)® + (np — mq)>.

35. Ilyctb z=a + ib, z # 1, Torma

_1-z_1-a-ib_(l-a-ib)(1+a—ib) _

1+z l+a+ib (1+a)?2+b2
_1-a2-b% +i(b(a-1)-b(a+1) W
(1+a)® +b? '

Eciu ¢ — umero mEAMOe uncyio, o 1 —a?2 —b2=0, 1. e. a® + b2 =1,
cilemoBaTenbHO, |z|= 1. O6parHo, mycTsb |z|=1, T.e. z=a + ib, Tae
a?+b>=1, to us (1) ciregyer, UTO HEHCTBUTEJNbHAS YACTb YKCIA

1-z
c= 1 paBua 0, T. e. UMCJIO ¢ — YKUCTO MHHIMOE.
+z
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§ 3. NTeomeTpunyeckas MHTepnpeTauus KOMIMJIEKCHOro
yucna (0/2 4)

IHenpr msyueHumsa maparpada — HaydYuTh U300pa’kaThb UUC-
Jla Ha KOMILJIEKCHOM IIJIOCKOCTHU, C(hOPMUPOBATH IIpeACcTaBJIeHNe O Ieo-
METPUUYECKON UHTEPIIpETAIlUN CBOUCTB apU(MEeTUUYEeCKUX HAeHCTBUM
HaJl KOMILIEKCHBIMU YHCJIAMMU.

Vuyaluecs 3HAIOT T€OMETPUUYECKYIO MHTEPIPETAIINIO TeHCTBUTEI -
HbIX uyuces. C ee IIOMOIIBIO, B YACTHOCTH, BBOAUJIOCH IIOHSATHE OTPU-
MaTEeJbHBIX UNCEJ U AeVCTBUUN CJI0KEHUS U BLIUUTAHUSA IOJOKUTEIhb-
HBIX W OTPHUIlATEeJIbHBIX umceJi. IIpeacTaBieHre KOMILIEKCHOTO YHCJa
B BUJe Taphl YKCeJ UJIU B aJaredpanvdecKkoil (popme moaCKas3bIBaeT BO3-
MOKHOCTb M300paKeHUs 9TOTO Yucjia Ha IJIocKocTr. C IOMOIIBIO T'eo-
MeTpUYeCKON MHTepIpeTaluy KOMILJIEKCHOTO YKMCcIa MOYKHO HATJISIHO
IeMOHCTPHUPOBATh He TOJbKO CAMU YHCJIA, HO U JeMCTBUS HAL HUMU, 1
B YACTHOCTH pPeIllaTh C ee IMOMOIIbI0 KaK 3aJaul CaMOil TeOPUU KOMII-
JeKCHBIX UWCeJI, TaK, HalpUMep, W 3aJaud IO FeOMETPUU.

Ilepen usydyeHMeM TeMBI KejlaTeJIbHO MPEJIOKUTD YUAIITUMCS 1O-
Ma TOBTOPUTHL MAaTepHasl, KOTOPBLINl IIOMOKET B YCBOEHHH HOBOTO:
ypaBHEHMNE OKPYsKHOCTH, OIpeJesieHie KOOPAUHAT BeKTopa, PopMyay
paccToAHUA MeKAY ABYMSA TOUKaMMU, CBOMCTBO IIEPIEHANKYIAPA, IIPO-
BeIeHHOTO K OTpPe3Ky Uepe3 ero cepeauHy.

Tax Kak comep:KaHUe TeMbI TpeOyeT aKTHBHOT'O NMPUMEHEHUA Ha-
TJIAOHOCTH, IIeJIecoo0pasHo IIOATOTOBUTH Ha ILJIaKaTax MJU B (opme
pasgarouHoro marepuana pucyHku 104—110 yuebHUKa (yuuThiBad,
YTO CTapIIeKJACCHUKU He BCerJa NMPUHOCAT YUeOHWKU Ha 3aHATUI).
Mo:xkHO wMCIIONIB30BATh IIPE3€H-

TaIio, BBLITIOJHEHHYIO B COOT- y
BETCTBUM C STUMHU PHUCYHKaMMH, 3
no0aBUB Kaapbl C PpeIIeHUAMU

HEKOTODPBIX 3aJaHUUN U3 YIIpPak-

Heauii 40, 41, a TakKe IIpuU —1+i
HaJIUYUU TOTOBOTO PHUCYHKA 1
(puc. 42) yunpakanenue 43 no-
IIOJTHUTEJbHO, KOTOPOE MOKET -3 ! ! 3 x
OBITH OBICTPO PEIIeHO CO BCeM
KJIaCCOM.

MosxkHO 3apaHee 3aroTOBUTH 1
pasmaTOUYHBIN MaTepuas ¢ u300-
pakeHWeM KOMIJIeKCHOU IIJIoC-
KOCTU ¥ 3aJaHUil II0 u3obpa-
KeHMIO Ha HeHd BaXHBIX IJIs
OCO3HAHUA I'eOMETPUUECKON WH-
TepIPEeTAuU TOHSITUM.

1. ITocTpouTh HA KOMILJIEKCHOM IIJIOCKOCTHA TOYKU

5, -2, 3i, —4i, 1+2i, -2+ 3i, —1-5i, 2 — 4i.

2. TTocTpouTh HA TO¥ Ke KOMILJIEKCHOI IIJIOCKOCTH TOUYKM, COOT-
BETCTBYIOIIME UKCJIaM, COIIPSAKEHHBIM C UNCJIaMH, JAHHLIMU B IIEPBOM
3aJaHUMN.

3. Ha KoMIJIeKCHOH IIJIOCKOCTH M300pa3uTh MHOKECTBO TOUYEK,
YIOBJIETBOPAIONINX YCJIOBUIO:

Puc. 42
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|z|=5, |[z+2]|=38, |z—-1-2i|=|z-2+4i]|, |[z+1+5i|<2.
4. PemuTs cucTeMy ypaBHEHUH:
y Mle-2l=[2z-6], , Jlz-2[=[2-6],
| z-8i|=|2z-5i | z| = 4.
Pemtenne cucremsl, IMog00HOM 3aaHNI0 4 13 IPEIJI0KEeHHBIX BBIIIIE,
TOATOTOBUT K PeIIeHuIo 6ojiee TPYAHBIX yHpakKHeHUH Tumna 42, 44.

HpI/I HaJIN4YWM BPEMEHU YUHUTEJIb MOMKET IIOKa3aThb peIllleHue OI[HOﬁ
13 reoMeTpuiYeCKUX 3aJa4 C IIOMOIIIBIO KOMIIJIEKCHBIX YMCeJI.

’

3agaua. lloxkasarb, UTO cyMMa y
KBaApaToOB MOuaroHajiell IapaJJiesio- 2=zt 2,
rpaMMa paBHA CyMMe KBaApaTOB €ro 2,

CTOPOH.

Pemenue. Pacnmonoxum B KOMII-
JIEKCHO¥ ILJIOCKOCTH IapaJjjieiorpaMM 25
TaK, KaK [IOKasaHO Ha pucyuke 43. 0
IIycts 24, 295 — KOMIJIEKCHBIE UHCJIA,
COOTBETCTBYIOII[VIe KOOpAUWHATAM Bep- Puc. 43
IIYH napaJjiejgorpaMmMa. Torma KoMm-

JeKCHasg KOoopAWHaTa TpeTbell BepIIUHBI 2 = 2; + 2,. M3BecTHO,

yto z -2 =|z |2, KpoMe TOro, IJUHBLI AUAroHajell paBHBI IJIMHAM
—_— —>

X

BEKTOPOB 2,25, Oz. 3HAUUT, IPUMEHAS Pe3yJIbTaT PEeIleHus 3a1a-
yn 4 u3 § 2, moaAyUIUM

| 212,12 + 0z = (25 - 21) (2, :2'1)+_(21+22)(21+22)=
=(25-21)(Zy—Z))+(21+23) (21 + 23)=2( 2, | +] 25 |*) =

=2 (]0z, 2 + 0z, ).

Pacunpemenenue maTepuaJyia maparpada Io ypokam OT-
pasxkeHo B Tabiuiie.

IIpogunvruie KaaccoL

VupaxkHeHUa

&

S & | Teoperwueckutt

3 OCHOBHBIE JJISI [JIs CAMOCTOSITEIIb- JIOTIOJI-

I MaTepuan "
T > paboThI B KJac- HOHI paboThI HUTEJIb-
ce 1 Joma B KJIacce HbBIE
§ 3, mo samaum 1 | 36, 37, 39 36 (5, 7, 13),37(3) | 43
2 § 3, samaun 1, 2 | 38, 40, 41 40 (5), 41 (3) 42, 44

B pesyiabTaTe M3yueHuUa maparpada ydvamumeca TOJK-
HBl YyMeEeTbh M300parkaTh 4YKcjaa Ha KOMILIEKCHOM ILJIOCKOCTH, 3HAT b,
B UEM COCTOUT I'€OMEeTPUYECKUIl CMBICJ MOAYJIS KOMILJIEKCHOI'O YKCJa,
yMeTh pemiaTh yupaskHeHus tumna 36, 37.

Penlenue ynmpaskHeHHH

42. 1) PerienueM nepBoro ypaBHEHUS CHUCTEMBI ABJSIOTCS BCE YHC-
aa Buga —1,5 + yi. 9Tu umcsia HaXOgATCA Ha OAMHAKOBOM PACCTOSTHUM OT
Touek (—1; 0) u (—2; 0) (samaua 1, § 3). IlogcraBuB 3Hauenue x =—1,5
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BO BTOpOe ypaBHEeHHMe CHCTeMEHI, moayuumMm |3 (—1,5 +yi)+9|=
=|5 (-1,5 + yi) + 10i|, orryza | 4,5 + 8yi|=|-7,5 + (5y + 10) i |. Mozy-
JTHL UWCeN PABHEI, CIIEIOBATENBHO, + 4,52 +9y2 =,/(~7,5)2 + (5y + 10)2 .
KOpHAMH IOJyUeHHOTO YpAaBHEHWS SABIAIOTCA UHCIA U= — 17 4

4
Yy, =—2. CnegoBarenbHO, 2; =—1,5 — % i, 29=—1,5—2i.

43. PellleHUSMHU IIePBOTO YPaBHEHUS CHUCTEMBI SIBJISIOTCS BCE UUC-
Ja, yoajeHHBIe OT umcaa —1 + i Ha paccTosiHme, paBHOe v 2, pelie-
HUSAMHA BTOPOTO — UHNCJIA, YAAJEHHBLIE OT Hauajia KOOPAMHAT HA pac-
croaHue, paBHoe 3. OKpPYKHOCTH C IEHTPOM B TOuKe —1+i u
Touke (0; 0), paguycoB V2 ¥ 3 COOTBETCTBEHHO HE IIEPECeKAIOTCS (cm.
puc. 42). JleificTBUTEIHHO, JUaMeTP MIePBOIi OKPYKHOCTU pPaBeH 272
(rax xax |z — (-1 + i)| =v/2); oH MeHbIIe pagumyca BTOPOH OKDPYKHO-
cru. CiemoBaTeIbHO, CUCTEMa HE MMEeT PeIlleHUs.

44. TlepBoe ypaBHeHHe CHCTeMEI PABHOCIILHO YPABHEHHIO |2 — 4| =
=|z — 8|, pemeHHEM KOTODPOro SABIAETCA MHOMKECTBO UHCEJ, PABHOYHA-
JIEHHBIX OT TOueK 4 m 8 melicTBUTeJIbHOI ocu, T. e. x = 6. Torga BTO-

poe ypaBHeHHe IpUMeT Bux |6 + yi— 12| =g |6 +(@y —8)i|, orkyza

J36 +y? = gJ?»G +(y —8)? . Pemus aT0 ypaBHeHUe, moyuum y; = 17,

Yy, = 8. Cucrema umeer aBa pemteHus 2; =6 + 17i, zo =6 + 8i.

§ 4. TpuroHomeTpuuyeckaa ¢dopma KOMIMJIEKCHOro Yymcna
(0/1 4)

IHenr mayuenmua maparpada — popMupoBaHUE IOHATUA
apryMeHTa KOMILJIEKCHOTO 4YHCJa, O0yueHMe 3allucUd KOMILJIEKCHOTO
ypcja B TPUTOHOMETpPHUYecKou dopme.

Oco3HaHHOE BOCIPUATHE apryMeHTa YHCJa BO MHOI'OM 3aBUCHUT
OT YMEHHUS NPEJCTAaBUTh UNCJIO Ha KOMIIJIEKCHOU Imiockoctu. C aTo-
TO M WMeeT CMBICJI HauaTh uM3yueHue TeMbl. MOYKHO MCIOJbh30BaTh
pucyHok 111 yuyeGHHMKA OJd TOrO, YTOOBI BCIOMHUTH, KAK »Ke Hali-
T MOAYJH KakJOT0 KOMILJIEKCHOTO YHKCJa. 3aTeM IMIOCTaBUTH BO-
OpoC O HAXOKIEHWH yrjga MeyKJIy BEeKTOPOM, COOTBETCTBYIOIIUM
YUCHaY 2, U HOJOKUTEJbHBIM HampaBiaeHumeMm ocu Ox. Kaxxkmoe xom-
IJeKCHOe UYMCJO BIIOJIHE OmpeAessdeTcs O3TUM YIJIOM U MOAYJIEM
YpcJia, YTO HPUBOAUT K BBeIEHUIO MOHATHUA apryMeHTa KOMILJIEKC-
HOT'O YHCJa.

CBsi3b AeUCTBUTEJIbHON M MHMMOI YacTeill KOMILJIEKCHOI'O YMcja C
ero MOAyJieM 1 apTyMeHTOM Iiejiecoo0pasHee yCTaHABIMBATD HA KOHK-
PeTHBIX IpUMepax. B 4aCTHOCTH MOIKHO IT0JIb30BaThCAa pucyHkoMm 105
yuebHMKA. A KaKJ0M TOUKHU BBINTHMCATH 3HAUEHUSA AEMCTBUTEILHON
¥ MHHUMOI yacTeil COOTBETCTBYIOIIETO UHMCJIa, ero apryMeHTa U MOIY-
ad. ToabKo 3aTeM chejaTh BBIBOJI O TOM, YTO apryMeHT OIIpelesaeTcsa
HEOOHO3HAYHO, W 3aIllCaTh KOMILJIEKCHOE UYMCJIO0 B TPUTOHOMETpHuUe-
CKoll (popmMme.
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Breimonuas ynpaskHeHue 45, yuainuecsa B IIEPBYIO OUepeAb CTABAT
BOIIPOC O PACHOJIOMKEHUHM YMCJa HAa KOMILJIEKCHOH IIJIOCKOCTH, YTO IIO-
3BOJISIET TOYHO OI€HUTH apryMeHT.

Pemasa zagauy 2 (1) u ynpakuenmue 46 (1—6), 'KesaTeJbHO IPU-
IepKUBATHCS ajJropuTMa: 1) BBIACHUTL pAaCIOJOMKeHWe dYHncjaa Ha
KOMILJIEKCHOM IIJIOCKOCTU; 2) BBIYUCJIUTH TAHT€HC M HAUTU apryMEHT
ympesa; 3) BBIUMCJIUTH MOIYJb; 4) 3amucaTh YMCJIO0O B TPUTOHOMETPHU-
yecKou (popme.

B zagaue 2 (2) u ynpakHenuax 46 (7, 8), 48, 49, 52 yuauumcs,
Opeskae UeM BBIpasKaTh UMCJIO B TPUTOHOMETPUUYECKOU dopme, HeoO-
XOAUMO MIPOAaHAJN3UPOBATEH BhIPAKeHEe, IIPeACTABJIAIOIIee 3TO YHCJIO.

Hampumep, npu perienun 3agauu 48 (1) BbIsICHsIEM, UTO MOJYJIb UKC-
Ja paBeH 1, apryMeHTHI CUHYyCa M KOCHMHYCA Ha IEePBBIM B3TJISA[ OJWHA-
KOBBIe, HO II€peJ] MHUMOM YacTbI0 UMCJIA CTOUT 3HAK MuHyc. OmHaAKO,

T s T
II0JIB3YyACH HEYETHOCTBIO (byHRIlI/II/I CHUHYC, 3aIIUIIleM — S1n 5 = sin (— 5 ) N

a YeTHOCTb (YHKIMU KOCHUHYC I[I03BOJIAET MIpeobpasoBaTh KOCHUHYC:

T T
cos — = cos(—g). Takum o6pasom, YHCJIO S3alUIIeTCd B BHUIE

cos(—z) +isin(—£).
9 9

B nmocaenuem a6sarie maparpada IPpUBOAATCS IPUMePHI 3alIVCH BbI-
pasKkeHMil, KOTOPbIe He IPEACTABIAIOT COO0M 3aluCU YMCesl B TPUTOHO-
meTpuyecKoit dopme. Ilose3HO HPEASTOKUTH yYAIIUMCS CAMOCTOS-
TeJHLHO IPOAHAJIU3UPOBATH MPUUYUHY, MO KOTOPOIl HEJb3sd CUUTATH
JaHHYIO 3aIllMCh TPUTOHOMETPUUYECKOoil (hopMOil KOMILIEKCHOTO UMCJIA.
3areM aHAJIOTUYHO IPOBECTU aHAJIN3 yHIpakHeHUA 49, 00bACHAA TPU-
YUHY, IO KOTOPOM BBIpasKeHus B 3amaHuax 49 (2, 4, 5) Henb3a cuu-

1 V3

TaTh TPUTOHOMETPUUYECKOU (opMoOi#l 3ammcu ymciuaa 2 = 5 o i. Yue-

5T T .
HUK [OOJKeH IOHATh, YTO — U —— U €CTh TOT CaMbIii apryMeHT:
3
n_5m .
—g = — — 27, moaTOMYy BepHbIii oTBeT 1 U 3.

YMeHMe IpeIcTaBUThL YKCJI0, 3allMCAHHOE B ajarebpamdecKoi Gop-
Me, B (hopMe TPUTOHOMETPUUECKON M HaoO0pOT — rJiaBHasA 3ajava
3TOr0 ypokKa. Pemrasa yupakHenme 47, yYeHHK [IOJKEH BCIOMHUTD,

e b
Ja? +b? Ja?+b?
XOIUM, BBIUMCJAS COOTBETCTBEHHO KOCHUHYC U CHHYC UMCJIA.

47. 1) cos5—n=cos (2n—£)=cos£=l,sin5—n=sin(21t—£)=
3 3 3 2 3 3
1 8.

= ——3, MO3TOMY 2 = = — —I1.
2 2 2
Ha ypoxke m moma Iesiecoo0pasHO DPEIIUTh II0 HECKOJIbKO 3aja-
HUN u3 ynpakHeHuin 45—49, NOMOJHUTEJbHO yhopaskHeHus 51, 52.
OcranbpHble YIIPAXKHEHUA MOYKHO PeIllaTh B TeUEeHHe IIOCIeAYIOIUX

YPOKOB. YCBOeHME IIOCJENYIONUX TeM TPpebyeT yBepeHHOTO BJIadeHUs

YTO COS = , sing = CinemoBareabHo, a U b Ha-
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mpeAcTaBJIEHNEM KOMILJIEKCHOTO UHMcJia U B aarebpandeckoii, 1 B TpU-
TOHOMETPHUYECKOH (hopMax.

B pesynbTaTe msyueHusa maparpada yvamumecs TOJK-
HBl yMEeTDH BBINOJHATL yIpaskHeHusa tuma 46, 47.

Pemenue ynpaskHeHHit
51. Tak kak |z|=1, To |z > = 1. CnenosarexnsHro, 2z - Z = 1, mosTo-
_ 1

My Z ==.

z
52. 2) Tak kak
cos 40° = —cos (180° + 40°), sin 40° = —sin (180° + 40°),
TO
—5 (cos 40° + i sin 40°) =

=—5| —cos(180°+ 40°) +i(—sin (180° + 40°)) |=

=5 (cos 220° + i sin 220°).

o . .o o
3) Tak kak 1+ cos o=2cos® =, s1na=2s1n§cos§, TO

l+cosa+isino=2 cos%(cos%+isin%).

§ 5. YMHOXeHue u peneHue KOMIJIEKCHbIX Yncen,
3anncaHHbIX B TPUroHOMeTpuyeckon popme.
dopmyna Myaepa (0/2 u)

Ilenps msyuyeHus nmaparpada — HayIUTh yUAIIUXCS BBITOJI-
HATH apudMeTUUecKre AeHCTBUA HAJ KOMILIEKCHBIMU UWCJIaMU, 3aIH-
CaHHBLIMU B TPUTOHOMETPUUECKOM (hopMe; 03HAKOMUTDH C BO3BeJEHUEM B
CTeIleHb UMCJIa, 3allICAHHOTO B TPUTOHOMETPUUYECKOU (opMme.

IIpm mayueHmm MaTepmajia maparpada ydalluMcs ITOTPeGyioTcs
YMeHUusA MPEeJCTAaBJATh KOMILJIEKCHOE UYKCJIO0 B TPUTOHOMETPUYECKO
¢opMe 1 BBHITTONHATH IPe00pa3oBaHUA TPUTOHOMETPUUECKUX BBIPAYKe-
Huii. [TosTomMy IesiecooOpasHO HAYaTh YPOK C HMOBTOPEHUSA U BBIIIOJI-
HUTH 3aJaHuA IPeIbIAyInero maparpada ms TexX, YTO He yCIeJud Ha
mpenbIAyIIeM yPOKe, HAmpumep, u3 ympaskHeHuii 47, 48, 50.

BBeneHue yMHOKEHUSA U JEJEHUS UNCEJI, 3allMCAHHBIX B TPUTOHO-
MeTpuUecKoil ¢oopme, TpeGyeT 3HAHUSA TEOPEMEI CJIOYKEHUA JJId CUHYyca
¥ KOCHHYCA M YMEeHUS BBIIOJIHATH JeJleHre KOMIJIEKCHBIX UMCes, 3a-
MHUCAaHHBIX B airebpamdeckoit (opme. IlosToMy yduammmcs MOIKHO
OPEeaJoKUTh CAMOCTOATEIbHO BbIBecTH (hopmyasnl (1) u (2).

Breimonaasa ynpakHeHus 53, 54, yyaluecs Ipesk/ie BCero JOJIMKHBI
y6eiuTbCS B TOM, UTO YHMCJA, apuPMeTuUecKue AeHCTBUSA ¢ KOTOPBIMU
OHU BBINOJIHAIOT, 3allMCAHBI B TPUTOHOMETPUUECKOI (opMme.

Matepuan maparpada mocse 3amaum 2 He SABJISETCS 00d3aTesb-
HBIM AJia yuammuxca. OgHako npsmoe mpumeHeHue Gopmyabsl Myas-
pa AJis BO3BeAEHUSA B CTEIleHb UMCJIA, 3allMCAHHOTO B TPUTOHOMETPU-
yecKoil (Qopme, He ITOJNKHO BBI3BIBATH TPYAHOCTHU. sHesaTeabHO
03HAKOMUTBL BCeX ydalnuxcsa ¢ opmysaoinn m 3amaueir 3. Ecam yuwm-
TeJIb COUTET BOSMOYKHBIM, MOJKHO IPEIJIOKUTH BCEM yUaIIUMCHA BBI-
HOJIHUTH ynpakHeHud 55 u 56 (1, 2, 4). OTu yupa’kHeHUs MOJIE3HBI
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TeM, UTO Ipe’KJe YeM HX BBIHOJHATH, HEOOXOAMMO IIPOBECTU aHa-
JIX3 YCJIOBUA ¥ HAMETHUTh HOYyTU pernenusa. sKesaTegabHo, YTOOBI yue-
HUK BHUJEJ, YTO MEPBBIM JelicTBHeM B yupaskHeHuu 56 (1) moiakHO
ObITh [eJieHUe, a IIOTOM YMHOMKEeHUe Ha 4YWCJIO i. B ympakHeHUUN
56 (2) mocTaTOYHO YUCJUTENbh W 3HAMEHATEJNb YMHOMKUTHL Ha YUCJO,
COIPSKEHHOEe 3HaMeHaTeJ 0. ¥upaskHeHue 56 (4) MOMKHO pPeIuTh
PasHBIMU IMYTAMU: 1) BTOPOHM MHOMKUTEIb UUCIUTENS IIPEJCTABUTH B
aysiredpanyeckoi ¢hoopMe U 3aTEM BBITIOJHUTH AeHCTBUSA; 2) BCe YUCIA
3amucaTh B TPUTOHOMETPUUECKOHM (opmMe U 3aTeM BBIIOJHUTH AeicT-
BUudA. YupaskHeHue 56 (3, 5) mosiesHo IpoaHAIN3UPOBATh U OOCYIAUTH
IyTU PeIleHUsI, JaKe He BBIMOJHAA BCEX BBIUMCJICHUH.

VYopamxuenua 59 u 60 mHTepecHBI T€M, UTO HPU UX PEIIeHUN aK-
TUBHO MMOBTOPSIETCA TPUTOHOMETPHA, UTO MOJIE3HO TIepe]i SK3aMeHaMMu.
Yuarmuecs, MHTEPECYIOIINECA MATEMATHKON, MOT'YT PEIIUTh YIIPAMK-
HeHre 60 camMOCTOATENHLHO IOCJie 3HAKOMCTBA C IIPUEeMaMMU PelleHusd
3amauu 6 Tekcra maparpada.

VpaBHeHMe, pellleHre KOTOPOTr'o IPUBEIEHO B 3amaue 5, W yIPaK-
HeHUe 58 KpacuBO PEIIaloTCs C IIOMOIILI0 TPUTOHOMETPUUYECKOH (op-
MBI 3aMICH KOMILJIEKCHOTO umcya. K cokameHnuio, He Bcerja apryMeHT
HaXOAUTCS TaK JIETKO U KPACUBO, OATOMY Ha JaHHOM YPOKE He CTOUT
YCIOKHATH yIpaskHeHus. B § 6 yuainuecsa yBUIAT oOIMIUN mpueM pe-
IIeHud KBaAPATHOTO YpaBHEeHHUd 22 = a, The & — KOMILIEKCHOE UHCJIO.

HaBTOpOM ypOoKe MOKHO IIPOBECTH CAMOCTOSTEJbHY IO pa-
60Ty, 1eJIb KOTOPOl — MPOBEPUTH YMEHUEe BBIMOJHATL apudmeTnue-
CKUe AeficTBUA HaJ YnUCIaMU, 3allMCAHHBIMU KaK B ajarebpamdecKoi,
TakK 1 B TPUTOHOMETPHUUECKOU (hopMe.

1. BoIDOJIHUTE MeHCTBUS U PE3yJIbTAT 3alINCATh B TPUTIOHOMETPU-
yecKou gopme:

v [Fogorn [e(Fe)

2
9y 2 V3 1.
2 | ¥2_1;
1,43, | 2 2
— + —1 +
2 2 i
2. BbBINOJHUTHL YKa3aHHBIE AEHCTBUS M PEe3yJabTaT 3aIllCaTh B aJi-

rebpaunveckoii popme:
1) 3 (cos 12° + i sin 12°) - 2 (cos 18° + i sin 18°)

[O,5(cos3—n+isin3—n) 3(cos—+ls1nlﬂ'
7 7 14 14

5T 5T
2 0.5 (COS?”S”I 3 ) 0,7 (cos87°+isin87°)
4(cosﬂ+lsmﬂ) 0,2 (cos 42° +isin 42°)
3 3
3. Pemuth ypaBHeHme 22 = 25i [22=-9i] ¢ mOMOIIBIO TPUTOHO-

MeTpI/I‘IeCKOﬁ (1)OpMI:I KOMIIJIEKCHOI'O 4YHcCJia.
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Pacnpegmenenume maTepumaJya maparpada mo ypokam OT-
paxxeHo B Tabiuiie.

Yuopaxuenus
2
g § | Teopermueckuit OCHOBHBIE [IJIS UL CAMOCTOST
oo - _
= > marepuas paboTEI B Kjacce | TeabHOI pabo- AOTIOT
HUTEeJIbHbIE
u qoma THI B KJIacce
1 § 5, sagaum 1 53, 54, 56 (1, 2) 53 (3), 54 (3) 59 (1, 2)
u2
2 § 5, zagaua 3 48, 50, 53, 54, 3azaun B TeK- 58, 60, saza-
(110 KeJIaHUIo) 57 (1) cre yn 4, 5, 6

B pesaynbTaTe mM3ydeHHUA maparpada yyammecs HOJIK-
HBl YMETDH BBINOJHATH JeHCTBUA YMHOMKEHUS U JeJeHUSI KOMILIEKC-
HBIX YWCeJI, 3aIMCAHHBIX B TPUTOHOMETPUYECKOM (opMe IIPU BBIMOJ-
HEHUM yHpaskHeHU# Tuma 53, 54.

Pemenue ynmpaskHeHHIt

57. 2) Mogynap umcaa AOJI?KEeH OBITh IOJIOMKUTEJIbHBIM, IIO3TOMY

o 1Y . T
IIpeacrTaBuM II€PBBIM MHOMUTEJb B BUJA€E 3| —cos —+i| —sin g . ,Ha-

T T
Jee —cos—=cos(n+—)
6 6

il

= «/E(cos7—n+isin
12

6

mn T .
=cos—, a —s1nE= sin

(n+£)=sin7—n.
6

6

IIpeo6pasyeM BTOPOIT MHOKUTEJb, NCIIOJb3YysS CBOMCTBA UETHOCTH
u dopmyny Myaspa:

(coy-ssim ) = (e

BrinmosrauM ymMHOMKeHUE

n

12
6
(ﬁ(cosi—g+isin7—n)) =8 (

o5

cos%-i—isin—

12
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L )-i—isin(——
12 12

=cos(—£)+isin(—£).
3 3

D:

—E)) = 3(cos5—n+isin5—n).
3 6 6

3) IIpeoGpasoBaHus BLINOJHUM B CJIEAYIOIIEM TOPSAKE: IpeacTa-
BUM YWCJUTEJb U 3HAMeHaTeJb B TPUTOHOMETPHUUYECKoil dopme, BBI-
TMOJHUM [JeJieHUWe, 3aTeM BO3BeleM B cTelleHb mo dopmysie Myaspa.

«/§i+1:2(cos£+isin£), i—-1= ﬁ(cos(—£)+isin(—£)).
3 3 4 4

YHacTHOE pPaBHO «/E(cos (g-i-%) +isin (£+£)) =

3 4

). ITpumenum popmysry Myaspa:

3n

cos — +isin 3—n)
2 2



58. 3) IlpemcraBum yucyo 2 — 2iV/3 B TPUTOHOMETPUUYECcKOoi hopme:

2-2i/3 =4 cos%-kising . Ilyete z=r(cos ¢ +isin ¢). [HauHoe
ypaBHeHMe mpuMeT BuA 12 (cos 2¢ + i sin 2¢) = 4(cos g +isin g) Or-
ciogar=2,2¢ = §+2nk, keZ, 9= %+ nk, k € Z. Bce pellieHus1 ypas-

HEeHHUsS MOYKHO 3allicaTh B Buae 2 = 2 (cos (% + Ttk) +isin (% + 1k )),

k € Z. Pemenue B asrebpandeckoil (opme mmeer BUL 2Z; = V3 + i,
22 = _‘\/§ - i.
59. 4) Ilpeobpasyem 1pobb, IIPUMEHSAS CBOWCTBA CTeIleHW,
(1+0)" (1+10) 1+i)%" . , , ,
= - (1+i)(1—1i). IIpoussenenue (1 + i) (1 —i)
(1-i)** (1-i)7" 1-i
paBHO 2. BoinosHuMm gesenue:
. . 2n 2n
1+i)(1+ i +i2
9 (1+i)(1+10) 22(1+21+1 ) _gj2n
(1-D)(1+i) 1-i2
SamuineM IOJIy4eHHOE YHCJIO B TPUTOHOMETPHYecKoil (opme 2i2" =

- - 2n
:2(cos—+isin—) .
2 2

Ecau n — ugernoe, To 2 = 2 (cos 0 + i sin 0); eciu n — HeueTHOe,
T0 2 =2 (cos  + i sin T).

IIpeoGpasoBaHusaA MOXXHO BBIIOJHUTH MHAUE: IIPENCTABUTH UHCIIH-
TeJb M 3HAMEHATeJlb B TPUTOHOMETPHUUYECKO (opme, IPUMEHHUTH
CBOIiCTBa cTelneHu W 3aTteM (opmyay Myaspa.

61 1+itgo )" (cosoc+isin0t)" cosno +isinno  1+itgno
l1-itgo coso —isina cosno—isinna 1-itgno
62. PaccmoTpuM OJHOBPEMEHHO DellleHHe 000uX 3aJaHUH, AJIA de-
ro BBeJEM O0O3HAUYEHUS:

S, =sin x +sin 3x + ... +sin (2n - 1) x,
X,=c0s x+cos 3x + ... +cos (2n - 1) x.

Paccmorpum cymmy X, + iS,,, rpynnupys ciaraeMble mapamu. Ilo-
JYIUM

T, =(cos x + i sin x) + (cos 3x + i sin 3x) + ...
.+ (cos (2n—-1) x+isin (2n —1) x).
3mech mepBas mapa cjaraeMbIX, 3allMCAaHHBIX B CKOOKAaX, IIPeacTaB-
JsieT coboii TPUTOHOMETPUUYECKYI0 (DOPMY HEKOTOPOI'0 KOMILIEKCHOI'O
ypcJia 2, a OCTaJbHbIE IIaphl B COOTBETCTBUU ¢ (popMmyJioii MyaBpa cooT-
BETCTBEHHO 2°, 25, ..., 2"~ 1, mpuueM CyMMBI AeHCTBUTEIBHBIX Uac-
Tell paBHBI X,, a MHuUMBIX — S,. Cymmy 7T, MOKHO 3ammcaTh Tak:

T,=z+23+...+22" =21 +2%2+ ... + 22"~ %). BrlpaskeHue B CKOO-
Kax IIPEeICTaBIsEeT CO00M CyMMy IeOMeTPUYECKOI IPOrpeccuu, y KOTO-
. 9 1-— 22:1 z— 22n+1
poii b; =1, g = z*. ITa cymma paBHA 2 = . Takum 06-
1-22 1-22
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_cosx+isinx —(cos(2n+1)x+isin(2n+1)x)

pasom, T, = . YMHOXKAasa

1-cos2x —isin2x
YHCJIUTENh U 3HAMEHATeJb IPO0U Ha UYMCJIO, CONMPAKEeHHOe 3HaMeHaTe-
JIT0, W BBHITIOJIHASA IPEOOpPa30BaHUsA C IPUMEHEHNEM TeOPEeMbI CJIOKEeHU,
HOJIyYUM IPO0HL

(cosx —cos(2n+1)x +i(sinx —sin(2n+1)x)(1—cos2x +isin2x)

’

(1-cos2x)?+sin? 2x
mocjie mpeobpa3oBaHUs KOTOPOHM IMOJIYUUM UHCJIIO a5 Qi, rae
c ¢

a=cosx—cosx-cos2x —cos(2n+1)x+cos2x-cos(2n+1)x —
—sinx-sin2x +sin2x-sin(2n+1) x,

b=sin2x-cosx —sin2x-cos(2n+1)x + sin x — sin x -cos 2x —
—sin(2n+1)x +cos2x-sin(2n + 1),

c=2(1-cos2x).

a . .
3mecs apobbr — 1mpeAcTaBiaseT coboii AeHCTBUTEIbLHYIO dYacTb, a
c

b
ID;p06b — — MHHMYI 4YaCTb KOMIIJIEKCHOI'O YHCJIa Tn' B uwucaurene
c

mepBoii Apobu cyMMa IIepBOr0, BTOPOroO U IISATOTO cjaraeMbIx paBHa 0,
a cyMMa 4eTBEPTOro U IecToro pasHa cos (2n — 1) x. Takum o6pasom,
y - cos(2n—1)x —cos(2n+1)x 2sin2nx-sinx _ sin2nx

n

4sin? x 4sin? x 2sinx

B umciuTese BTOPOIi ApoOM cyMMa II€PBOTO M UETBEPTOTO CJIAraeMbIX
paBHa sin x, a cymMa BTOpPOTO u IfecToro paBHa sin (2n — 1) x. Takum
obpasom,

_ 2sinx —sin(2n+1)x +sin(2n -1)x 2sinx —2sin x -cos 2nx

Sn= 2 2 =
4sin” x 4sin® x
_1-cos2nx _2sin? nx _sin? nx
2sin x 2sin x sin x

§ 6. KeagpatHoe ypaBHeHue
C KOMMJIEKCHbIM Hen3BecTHbIM (0/1 4)

Ilenr mayueHuUsA maparpada — HAYUUTh ydalIUXCA pe-
mIaTh KBaJApaTHbIe yPaBHEHUA C KOMILJIEKCHBIMM HEU3BECTHBIMU U
IeACTBUTEJbHBIMU K03 dumeHTaMu.

Pemenue ypaBueHus 22 = a, rae a < 0, faerca B yueGHUKe aHAJO-
TUYHO TOMY, KaK 9TO OBLIO CAEJaHO IPU PEIleHUU yPaBHEHUA IPU He-

OTpUIATENbHBIX 3HaueHNAX a. HaunHaeTca ¢ ypaBHeHus z2 = —1, uro
IO3BOJIAET 3aMEHUTH —1 M3BECTHBIM CHMBOJIOM i’ M NPUMEHHUTH (POp-
MyJy PasHOCTHM KBaApaToB. YpaBHeHWe 22 = a, rae a < 0, yuammecs
MOTYT PeIIHTH II0 AHAJOTHK CAMOCTOATENLHO, 3ammcaB a =—1 -|a].
Torxa ypaBHeHHe z2 = @ MOMKHO 3ammcaTh B Buje 22 = -1 -|a|. lanee

2Z2=i%lal, 22-i®la|=0, (z—iy|a])(z+iyla]) =0, z,,=1=iy|al.
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HEO6XOI[I/IMO AKIeHTHUPOBATh BHMAaHNE yUallluXCcd Ha TOM, YTO Te-
neps popmyna z; o = £va BepHa mjus JIO0BIX MEeNCTBUTEJbHBIX 3Haye-
HUH a TakK ’Ke, Kak u paseHcTso (Va)?=a.

Pemasa mosiHbIe KBaJpaTHble YyPaBHEHUS C AeHCTBUTENbLHBIMHU KO-
addunmeHTaM, yJyalimuecs caMyu IPUAYT K BBIBOAY O TOM, YTO KOMII-
JeKCHbIe KODHU YypaBHEHUSA SABJIAIOTCA COUpPsKeHHbIMU. OO0yueHUe
OpUMeHEeHUI0 TeopeMbl BueTa 1 pasiosKeHU0 KBaJpPaTHOTO TpexujieHa
Ha MHOJKUTEJIUN He MOJI?KHO CTAHOBUTHLCA CAMOIEJBbIO: BasKHO, YTOOBI
y4yaruecs OCO3HAJIM, UTO KOMILJIEKCHbIe KOPHU KBaJpPaTHOTO ypaBHe-
HUA 00JIaaI0T TeMU Ke CBOMCTBAMM, UTO U AEeHCTBUTEJILHBIE.

Pemenve ypaBHeHus 22 = a, rje @ — KOMILIEKCHOE UHCJO, He dB-
JasieTcd 00a3aTeabHBIM. OJHAKO YyUaITUMCA I0Je3HO 3HATh, UTO B 3TOM
cayuae (Kak um B 3amaue 5, § 5) pelleHme ommpaeTrcs Ha PaBEHCTBO
KOMILJIEKCHBIX umceJi. IIpuem sammcu paBeHCTBA MeHCTBUTEJIBLHOM U
MHHIMOM dYacTel 4YmceJi, 3allMCAHHLIX B aJjredpamueckoii ¢opme, He
TpedyeT HaXOKAEHUS apryMeHTa KOMILJIEKCHOTO YMCJja, YTO He BCeraa
JIETKO CHeJaTh.

Vuopakuenusa 64 (1—4), 65 M0OKXHO peminTh ycTHO. U3 ympaskHe-
Huit 68—71 mocTaTOUYHO BBINIOJHUTH IO OBa 3aJaHUS, a OCTAJbHBIE
OCTaBUTH IJiA YPOKOB O0OOINEHMA U CHUCTEMATH3al[uy 3HAHUIA.

B pesyabTaTe mayuenus maparpada ydammecs JOIIKHBI
yMeTh pellaTh KBaJpaTHbIE YPABHEHUS IIPU BBLIMOJHEHUN YIIPAKHE-
HUl Tuna 64—67.

Pemenue ympasxkHeHMI

72. 1) IlpencraBuM 2; B BUAe X + iy ¥ HalieM BTOPO# KOPEHb
(-3-2i)(2+i) _

ypaBHeHHUA KaK UHCJIO, eMy COIpPs'KeHHOoe: 2Z;= - -
2-i)(2+17)

_ 4 7. 4.7,
=" gl, OTKYZA 25 = — = + El' Ina cocraBieHUA KBaJpaTHOTO ypaB-
"HeHud (1o Teopeme Buera) maiinem p = — (21 + 2,) = %, q =229 = %

IMonyunm ypaBHeHue 522 + 8z + 13 = 0.
73. 1) IlpeacraBum z B Buie 2z =X + iy, rie X U Yy — OeNCTBU-

TexpHBIe uncaa. Iloayuum (x + iy)? = —5 + 12i, oTKyza o ompezee-
x?2-y?=-5 6

HUIO PaBEHCTBA KOMILJIEKCHBIX UMCEJI UMeeM ’x =—=;o0r-
2xy =12. y

KyZa % —y?% = —5; mosryueHHOE ypaBHEHUeE IIPUBEJEM K I€JIOMY BHIY

(y # 0) u pemuM 6uKBazpaTHOe ypaBHeHwue y* — 5y — 36 = 0.

y?=t, t2-5t-36=0, t;, =9, t,=—4. Torgza y>=9, Y12 = 13,
xy,2=%*2. Eciou t =—-4, 10 y? = —4, BTOpOE ypaBHEHUe eHCTBUTEh-
HBIX KODHEl He MMeeT. 2; o =t (2 + 3i) — KOpPHU ypaBHEHWUS.

73. 5) Ilycrs 2° = t, Torma ypaBHeHue mpumer Buz t2 — 7t — 8 = 0,
oTryza t; = 8, ty, = —1. CiemoBaTensHO, 23 =8, 22 =—1. Pasioxus Ha
MHOKHUTEJIHN IIpaBble YacTH B KayKJIOM W3 ypaBHEHHUI, I0JydaeM
22-8=0,(z-2)(2?+2+4)=0, 22+1=0, (z+1)(z2-z+1)=0.
IIpupaBHSEeM HYJII0 KasKAbIA M3 MHOMKUTeIel. VI3 mepBoro ypaBHeHUA
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nojayuymm 2z, = 2, 22,3=—1ii«/§, U3 BTOPOr0 YPABHEHUS IIOJYUUM
1+iV3
24 = —1, 25,6 =
2
§ 7. U3Bne4yeHue KOPHA U3 KOMIUJIEKCHOIO 4yucna.
AnrebGpaunyeckne ypaBHeHuUs

Marepuan manHoro maparpada He SIBJIAETCA 00SI3aTEJBHBIM [JIs
U3yUYeHUA. Y UUTEJb CaM BIIPAaBe PEIIUTh, 3HAKOMUTD JI YUAIIUXCA C
TEOPEeTUYECKUM MAaTepuajioM.

BriBox OpMYIIBI, C IOMOIIBIO KOTOPOI M3BJIEKAETCA KOPEHDb HATY-
panibHOM CTelmeHW K3 KOMILJIEKCHOTO YKCJIa, OCHOBAH HA DPABEHCTBE
KOMILTIEKCHBIX YKCEJI, 3allUCAHHBIX B TPUTOHOMETPHUUYECKOMH (opme.

Pemras sagauu 1 1 2, yUeHUKY MOTYT IIPOCTO BOCIOJIb30BATHCA I'O-
TOBOU (popMysioii. 3Mech BayKHO IIOHATHL, IIOUEMY W3 BCEX IIEJbIX UH-
ces k BeIGupatoTca sHadeHusd or 0 mo n — 1. IlosesHo mpu pelleHUH,
Hampumep, 3agauu 1 IpocIeAnTb, UTO IPU 3HAUEHUAX K, PABHBIX D,
6, 7, 3HaueHUA KOpHeI MOBTOPAIOTCA. B 3aaue 2 1eMOHCTPUPYETCS
HaJIMume IIIeCTU KOpPHell ypaBHEHMSA IIIeCTOH CTENeHM C KOMIIJIEKCHBI-
M{ HEeM3BECTHBIMH. OTO HECJIOXKHOe ypaBHEHWEe IIOMOraeT OCO3HATH
CYTh OCHOBHOII TeOpeMbl ajJre0phbl U CJEACTBUA U3 Hee.

Penrenue ympaskHeHHH

75. 6) Peienne ypaBHEHHA CBOAUTCA K BBLIUMCJICHUIO KOPHSA
yeTBepTOil cremeHuM u3 uwmciaa 1 +i. 3meck a=1, b=1, tgo=1,
|z|= +2. CnenosarennHo, B TPUTOHOMETPUUECKON dopme

1+i=+2 (cos%+isin%). ITo dopmyse (1)

T ionk

zk:4\/«/§| COS4T+iSinT

NG

= %(cos m + 87k +isin T +8nk)
16 16 )
roe k=0, 1, 2, 3. Orcioga HalifeM KOPHHU ypaBHEHUS

29 = gi/E(cosl+isin£),
16 16

2= 5i/E(cosg—n+isin9—n), 29 = zi/E(cos 17n +isin17—n),
16 16 16 16
23 = éi/E(coszE)—n+isiné).
16 16

76. 2) IIycts z* = t, Torga ypaBHeHue mpuMer Buf 36t2 — 13t + 1 =

1 4

=0, oTKyza t,; = i, ty, = =. CremoBaTesbHO, 2° = i win 24 = = . Pemmum

1

IepBOe ypaBHeHUe 2+ = i+i0. 31ech a = ‘11, b=0,09=0, ‘ 4_1 ‘ =

IeM KOPHH ypaBHeHUs, npuMeHsas dopmyay (1). Ilomyuum
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_ fl( 2n-0 , . . Zn-O)_ fl
2o=4%/=| cos +isin ==,
4 4 4 2
2= ,l(cos£+isin£)=i l, 29 = ,l(cosn+isinn)=— }l,
2 2 2 2 2 2
_ [1( 3n . . 3n)_ .1
23=,=|cos=—=+isin— [=—-i [=.
2 2 2 2

1
VpaBHenue z* = 9 pelliaeM aHaJIOIMYHO.

3) Yuciao 1 aBaseTcsa AeauTesieM CBOOOJHOTO UjieHA, U mpu x = 1
3HAUEeHMEe MHOT'OYJIeHA, CTOSAIIEero B mpasoil uactu, pasuo 0. Ciemosa-
TeJbHO, X = 1 — KOopeHb ypaBHeHUs. IIOHM3UM CTelleHb YPaBHEHWUT,
pasgenaum Ha x — 1. MHOTOUJIeH YaCTHOTO TaKiKe JeauTcd Ha X — 1 6e3
OCTaTKa, MpUYEM TeIeph B YAaCTHOM IOJIY4YMM ABYWIeH 22 + 1, KoTo-
poiii mmeeT KopHu ti. TakmMm oOpasoMm, ypaBHeHHe uMeeT 4 KOPHS
21222:1, 23,4:ii.

Ypok 0600LweHusa n cuctematTusaumm 3Hauui (0/1 y)

Ha sToM ypoKe yuarmumMcs IPeACTOUT ellfe Pa3 OCMBICIUTh PACIIIH-
peHue MOHATHUA Yuca. YdJalluecsa JOJIKHBI YBUAETH, UTO Jiloboe Uuc-
J0 (OT HATYPaAJBLHOTO OO KOMILJIEKCHOTO) MOJKHO TPEACTAaBUTH KaK B
ajredpanuyecKkoii, Tak U B TpUromomerpudeckoii gopme. sKemarerbHo
BEPHYTHCSI K IMeOMETPUYECKOMY CMBICIY MOAyJs uwmciaa. C IOMOIIbIO
M300paKeHHBIX HA TOTOBBIX PUCYHKAX KOMILIEKCHOM IIJIOCKOCTH UM-
ceJl TOKa3aTh MOAYJb M apryMeHT KaKAOoT0 U3 uuces. PeKomMeHayeTca
00CcyaIuTh 00Illee 1 Pa3INYHOE B apu(MeTHUECKUX AeCTBUAX HAL Heli-
CTBUTEJbHLIMU U KOMILIEKCHBIMU UMCJIaMU. B pedyabTaTe yualiuecs
yOesKIaloTcsa B TOM, UTO KasKJ0e M3 M3BECTHBIX MM MHOMKECTB YUCeJ
OT HATYPAJbHBIX [0 KPPAIMOHAJBbHBIX SABJIAETCA ITOJMHOYKECTBOM
MHOKeCTBAa KOMILJIEKCHBIX UUCEJI.

Ha ypoxe (B mpouUIBHBIX KJjaccax) PEKOMEHAYeTCS pPeIuThb
ynpaxxueHua tumna 85, 83, 78, 87, 80—82, 91, 92. C yvamumucs,
MHTEPEeCYIIMMHICI MAaTeMaTHKOMH, MOYKHO 00CyUTh yupakHeHud 96,
101, 102, 105, KoTopbie IO3BOJIAT IIOKA3aTh IIPUMEHEeHNEe KOMILIEKC-
HBIX uuceJ U B aarebpe, 1 B reOMETPUU, U B TPUTOHOMETPHUU.

Penrenue ynpaskHeHUR

96. 2) IlpescraBuM umCI0 2z =+/3 —i B TPUTOHOMETPUUECKOIL

dopme. Tar xax a:«/g, b=-1, To |z|:2, 3HAUYUT, tg(p:—i,

(p:—%. CaemoBaTeabHO, z:Z(cos(—%)+isin(—%)), OTKyZIa

6
28 = (2(cos(—%)+isin(—g))) =64 (cos T+ i sin ©) = —64.

97. 1) 3anumeMm 2; U 25 B BUle 2, = X; + iy, 29 = X9 + iyy. Ilo
OIIpeJieJICHNI0O PaBEHCTBA KOMILJIEKCHBIX YMCEJ IIOJNYYUM CHUCTEMY Ue-
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xl+2.X2: 1,

TBI L Jyi+2y,=1,

pex ypaBHeHUH BroipasuB u3 IepBOro ypaBHeHUS
3x,—-Yyy,=2,
3y1 + xz = _3.

x; =1- 2x,, u3 Broporo y, =1 — 2y,, U HNOJACTaBUB B YeTBepTOe U
TpeTbe yPaBHEHUS CHUCTEMBI, IIOJyYUM
3(1—2x2)—y2=2, 6x2+y2=1,
3(1-2y,)+xy3=-3; |(x3—6yy,=—6.

Pemras cucremMy ciOKeHUEM ypaBHEHUWH, HoayduMm X, =0, x; =1,
ys=1, y;=-1, orryzma z;, =1 -1, 25 =1.

101. IIycte 2°=t. Pemmum ypaBuenue t2—t— 992 =0. IToxyuum
KOpHH t; = 32, t, = —31. Pemas ypaBHenue z° = 32, HOJIYyYUM IIATH KOD-

Hell, IPUMeHAA QOPMYTy 25 = 332 (cos 0 +52nk +isin 0 +52 ik ), OTKyIa

2p=2 (cos 0 +isin 0) = 2; 21=2(cos2?n+isin2?n);

22=2(cosﬂ+ising); 23=2(cos6—n+isin6_n);
5 5 5 5

z4=2(cos8?n+isin8?n).

3nech 2y W 23 VIOOBJIETBOPAIOT TpebOBaHMWIO 3axadu, Tak
KaK KOCHMHYC BO BTOPOlI U TpeThbell UYeTBEPTAX OTPUIlATEJIEH.
Amajornuno, pemas ypaBHeHHe z° = —31, moayumm (QopMyny 2zs =

5 T+ 27k . . .
=431| cos 5 +isin ™ +521tk , IO KOTOPOM HalaeM OCTaJbHBIE

KODHUM HCXOTHOTO YypPaBHEHUs. ¥IOBJETBOPATH TpPeOOBAaHUIO 3aja-

4y OyAyT KOPHU 2; = 31| cos 3?n +isin 3?75), 2y = H 31(cosm +isinm),

2, =31 cos7—n+isin7—n . B mepBoit 1 ueTBepTOIl UETBEPTAX 3HA-
: 5 5

YeHUA KOCHHYCa IIOJIOJKUTEJBbHBI, CJIeJOBaTeJIbHO, 2y U 2, HE COOT-
BETCTBYIOT YCJIOBUIO 3aJayM.

102. IIyctr K — TOuKa IepeceueHus MequaH Tpeyroabuuka ABC
(puc. 44), M — cepenuHa otpe3ka AB, T. e. ee KOOPAMHATHI PaBHBI
moJycyMMe KOOpAMHAT KOHIIOB oTpe3Ka. Ha KOMIIJIeKCHOM IJIOCKOCTHU
KoopauHaTa TouKu M COOTBETCTBYET KOMILJIEKCHOMY YUCIY 2,7, KOTO-

24 +2

poe paBHO TB. KoopauuaTa BeKTOpa
Yy C
MC paBHa pasHOCTH KOODPAWHAT BEKTOPOB
OC u OM ZatZ5 g
u ,T.€. 20— 2y=20c———.Ho
c M c 9 'K
BeKTOp MK cocraBaser 1 BeKTOpa MC, A
3 M B
2,4 +2
v e, ZK_ZMA(ZC_M), orkyna O E
3 2 Puc. 44

139



1 2,4+z2g zZa+2p 1
2K=2M+§(ZC_T), cJjiefoBaTeJIbLHO, ZK:T+§ZC —
1 ZA+ZB_2A+ZB+ZC
3 2 3
105. 3anwumiemM KOMILIEKCHOe dYmciao 2 = cos 15° + i sin 15°, To-

V3

roa 22 = (cos 15° + i sin 15°)2 = cos 30° + i sin 30° = = +i%. IycTs
cos 15°=x, sin 15°=y, mtorma (cos 15° + i sin 15°)2 = (x + iy)? =

= x% + 2ixy + i%y? = x® — y? + 2ixy = ? + i%. ITo omnpepenenuio pa-

x2 —yz = ﬁ’
BEHCTBA KOMIIJIEKCHBIX YHCET KMeeM ) 2 Y3 sroporo
2xy = =.
Y 2
_1 2 1 3
ypaBHEHHUA y = —, OTKyJa X2 — =22,
4x 16 x2 2
IMonyuum ypasuenme 16x*—-8+/3x2—-1=0, oycrs x%=1t, Torga
2 2 _ _ 4/3 +£8 _
ypaBHeHme mnpumer Bun 16t2-84/3t2-1=0, t19= T =
2J8+4 o . 2J3+4
== BIGHpaeM IIOJIOXKUTENbHBIH KOPeHb, ToTga t = ——— 1 = =
a++3)? ) 1+v3 _J2+6
=—~ . Tak xKak x?=t, TOo x= = , Torza
8 2J2 4
_ 1 _J6-V2
y= = . CiremoBaTeITbHO,
V6 +v2 4
cos15°= @, sin15°= @

KouTpoabpHas patdora Ne 7

1. BerumciauTs:

1) (3= 2i) (4 +i)— (7T - 5i) [(4—5i)—(2+i) (13D

g) L*i +(§—i) :2,6 [ 21 —(ﬁ—l‘)-1,4 .

2-3i 5 1+3i 5 2

2. Boimomuuth geticreuda i’ + i° +i2 [i* + i® + i®] u pesynabraT mpen-

CTaBUTh B TPUTOHOMETPUUYECKOU (popme.
3. IlpencTaBuTh B TPUTOHOMETPUUECKOI (hOopMe YHMCJIIO:

)5 [L3: 2 J§2+i [1+2«/§i}

4. BLIIOJIHUTH OeNCTBUI:

1) 2(COSE+isin£)~3(cos£+isin£)
8 8 6 6
[ﬁ(cosz—n+isin2—n)-«/§(cos£+isin£”;
3 3 4 4
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v14(cos 18°+isin18°) 3(cos15°+isin15°)

V7 (cos 36°+isin36°) | 5(cos60°+isin60°) |
5. HaiiTu MHOKeCTBO TOUEK KOMILIEKCHOM ILJIOCKOCTH, YAOBJIETBOPSIIO-
mux yeaosmio: 1) [z|=2[z]=5];2) |[z-1]<8 [lz+2]|<2].

6. Pemuts ypaBHeHUe:
1) 22-4z+7=0 [22-22+6=0]; 2) 22=-27 [z*=8i].

nasa YpaBHeHUs 1 HepaBeHCTBAa
C IBYMS II€PEeMEHHBIMU

W3zob6parkeHre MHOKECTBA TOUEK, SABJIAIOIIErOCSA PeIleHUeM ypaB-
HEeHUsA TepBOIl CTEeNeHUW C ABYMsA HEM3BECTHBIMHU, He HOBO [JId ydUa-
IIUXCs CTAapIIMX KJaccoB. PellleHre cucTeM ypaBHEHUH C IIOMOIIBIO
rpadpmka B3HAKOMO IIKOJbHHKAM C OCHOBHOM IIIKOJBI. Temepsr uM
OPeACTOUT YIIyOUTh 3HAHUSA, HOJYUYEHHBIE paHee, 1 03HAKOMUTHLCS C
pellieHreM HEPaBEeHCTB C ABYMs IEePEeMEHHBIMU U MX CHUCTEM.

IToT MaTepuas BXOAWJ B HMPOTPAMMy OCHOBHOM IIKOJBI B CEMU-
IEecATHIX TOJaxX IMPOIIJIOro BeKa. B TeueHMe BCEro UETHIPEX YPOKOB
yyaluecs IOJyYaau IPeCTaBJIEHUS O CYI[eCTBOBAHUN M HEKOTOPBIX
MeToJaX PeIlleHWs HepaBeHCTB, He TOJbKO JUHENHBIX, HO U HeJIUHeN-
HBIX, COJIEePJsKaIlUX BTOPYIO cTelmeHb mepeMeHoii. Takum obGpasom 3a-
KPeIIAJINUCh U YINIYOJIAINCh 3HAHUSA yUaIUXCs 00 YpaBHeHUSAX, HEpa-
BeHCTBaX U (PYHKIIUAX.

B crapmmmx kJaccax cpemgHe# INMKOJBI TPAAUIIMOHHO PEIIaloTCs
caMble pa3Hble HEPABEHCTBA C OAHOIT mepemMeHHOI. OMHAKO Ha A3BIKE
HepaBeHCTB (4 He 00s3aTeJIbHO C OOHOU IepeMeHHOI) HepeaKko GhopMy-
JUPYIOTCA 3aJauM BO MHOTMX HNPUJOKEHUAX MareMaTuku. K mccieno-
BaHUIO CHCTEM HEPABEHCTB C JOCTATOUYHO GOJIBIIIMM UYHCJIOM II€pPeMeH-
HBIX CBOJSATCA MHOTHE SKOHOMHUUECKHe 3aJauu. OITO, HAIpuMep,
3aJjlauyM O HAXOKJeHWM Hambojee BBITOJHBIX BAapUAHTOB IIE€PEBO3OK,
HauboJee BBITOJHBIX CIIOCO0aX PACKpOA Marepuaa, 00 ONTUMAIbHOM
BBIOOPE KOPMOB, 0 Hambojsee d3PPEeKTUBHLIX PeyKMMaX PabOThI Ipe-
npuAaTuii u ap. Takue 3agaun pelramTCs ¢ MOMOIIbIO JUHEHHOTO IpPOo-
rpaMMuUpoBaHus. PaccCMOTPUM IPOCTOI MP U M e P.

3amaua. C moss Ha OBOIIHYIO 0a3y IepeBO3AT OBOINM HA MaIllMHAX
rpysomoabeMHOCTRI0O 5 T 1 10 T. 3a 1 u 6a3a MoKeT IPUHATH He OoJiee
10 mamuH, IpU 3TOM He 0ojiee 8 MAaIIVH I'Py30I0ABHEMHOCTHIO 5 T, He
6oJiee 6 MamIuH rpy30noabeMHOCTEI0 10 T. CKOIBKO MAIIINH I'PY30I01b-
eMHOCTBIO 5 T 1 10 T Hy»KHO OTIIPABJATE C II0JIA Ha 0asy 3a 1 4, 4TOOBI B
9TUX YCJIOBUAX IEPEBO3UJIOCH HAMOOJbIlee KOJUUECTBO OBOIIEH?

Ecnu BBecTu 0603HaUeHMA X U Y, IPUHUMASA 38 X KOJIUMYECTBO MAIITIH

0< x<8,
mo 5 T,asay — no 10 T, To ycioBue 3anumierca B Buje {0 < y < 6, uro
x+y <10,

141



MOXKXHO M300pa3nUTh HA PHUCYHKE MHOIO-
yroabHUKOM (puc. 45). 3agaua cBOAUT-
cd K OTBICKAQHMIO TOYKM 9STOTO MHO- x+y=10
TOYTOJIbHUKA, B KOTOPON JUHENHasd
dbyarnua S (x, y) = 5x + 10y npuruMa-
eT HamOoJIbIllee 3HAUeHue. B maHHOM
cJyyae 5TO OJHA M3 BepIIUH MHOro- 2
YroJIbHUKA. Beluncisasa sHaueHne (PyHK-
MY B KAXKIOU BepIIIMHE, HAXOIUM Hau-

<

=]

Goublliee 3HAYEHUE. o 4 ] X
PaccmoTpennasa 3amadya JeMOHCT-
pupyeT oOIHil TOAXOA K 3aJauaM JIH- Puc. 45

HeHHOro MporpaMMUPOBAHUSA C ABYyMS
HmepeMeHHLIMHU 1 HeOOJBIINM YKWCJIOM YCJIOBUI, 3aJaHHBLIX B BHUIE He-
paBeHcTB. Ha mpaKTwWKe YMCIIO IIEPeMEHHBIX U YWCJIO OTPAaHUYEHUIH,
3aJlaHHBIX B BUJIe JIMHENHBIX HEPABEHCTB, MOJKET OBLITH OUEHb 0OJIb-
mum. Ilo cymiecTBy, cmoco0 peleHuMA TaKMX 3ajgad oguHAaKoB. Ho
BMECTO MHOTOYTOJbHMKA HA IIJIOCKOCTU IIPUXOAUTCA PacCcMaTPUBATh
MHOTOTPAHHUKN B MHOTOMEPHBIX HpocTpaHcTBax. OThICKaHUE OIITH-
MaJIbHBIX PEIIeHUHd B JTUX CJIAyUYasiX CTAHOBUTCA OUYEHDb CJIOMKHBIM.
Jia uX HaXOMKAEHUS MOCTOSHHO M300peTaloTCsA HOBbIE METO.BI.
CocraBijieHre HepaBeHCTBa, M300paKeHre MHOKECTBAa ero peIllleHu’it
Ha KOOPAMHATHON ILJIOCKOCTU (B HAIlEM Kypce), MHTEPIIPeTaIus perre-
HUA BeIYT He TOJIBKO K OoJee TIyOOKOMY 3HAHUIO MaTeMaTUKM, HO U K
OCO3HAHHOMY IIPMMEHEHUIO 3TUX 3HAHUI IIPU PEIEeHUU IIPaKTUUYECKUX
3a7a4y. YueOHBIN MaTepuaJl TJIaBhbl IIOCTPOEH TaK, YTO YUAIIIUECS ITOCTU-
raloT ero B XOfle PeIIeHuss KOHKPETHBIX 3aa4, a 3aTeM 0000IIeHUA n3Y-
YyeHHBIX npuMepoB. CHayajaa paccMaTPUBAIOTCA YPaBHEHUS C ABYMSA IIe-
peMeHHbIMM, JUHeHHble WJIW HeJWHelHble, 3aTeM HepaBeHCTBa WU,
HaKOHeIl, CCTeMbl ypaBHeHU 1 HepaBeHCTB. Hambosiee TpyaHble 3aaa-
Y1 OpeaHa3HAUEHbl yUAIlUMCH, HHTEPECYIONIMMCI MaTeMaTHKOM.
WN3yuenvem aTOM ryiaBbl IIOJBOAUTCSA UTOT M3BECTHBIM yUAIITUMCH Me-
TOJIaM peIlleHUs YPaBHEHUU U HepaBeHCTB. PaccMaTpuBarOTCA METOIBI, C
KOTODPBIMM OHU paHee 3HAKOMBI He ObLIIV, HO 3HAHUA, KOTOPBIE IIPUA 3TOM
OPUXOIUTCA IPUMEHATh, XOPOIIIO M3BECTHBHI U IIPEJCTAIOT C HOBOM A
Y4YaImxcsi CTOPOHbI. BOJbIlIasg yacTh yueOHOrO MaTepuaja IIpegHa3Ha-
yeHa IJIA yYaIuxcs mpouIbHBIX KJIACCOB, OAHAKO U AJs 00111e00paso-
BaTeJbHBIX KJIACCOB HANAETCA MOCUJIBHBIN M WHTEPECHBIA MaTepual.
B pesyabTaTe m3yueHU S TJIaBbl Bce yuallluecsd JOJIIKHBI
YyMeTh peliarTh ynpaskHeHus tuna 36, 37 u us py6puru «IIpoBepsn
cebsal», a TakKe yM e Th OTBeUaTh Ha BOIpockl 1—5 K riaBe. Yuamu-
ecs MpodUIBHBIX KJIACCOB, KPOME TOrO, AOJKHBI YMETDH DeIlaTh
ynpasxkHeHusa tumna 38, 41, 43 u oTBeuaTh Ha BCe BOIPOCHI K TJIaBE.

§ 1. JilnHenHble ypaBHEeHUs U HepaBeHCTBa C AByMS
nepemeHHbiMu (2/3 4)

ITens udayuenusa nmaparpada — HAYYUTh ydalmxca usobpa-
JKaTh HA KOOPAMHATHON IIJIOCKOCTH MHOYKECTBO DeIlleHUil JTUHEeNHBIX He-
DPaBEHCTB ¥ CUCTEM JMHEHMHBIX HEPABEHCTB C JBYMs IepPEeMEeHHBIMU.
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Yuaruecsa yMeoOT CTPOUTH rpad)uK JUHEHMHON (PYHKIIUM U 3HAIOT,
yTo rpauKoM sABJgeTcA npsamas. IIlpy m3yueHmm cucreM ypaBHEHUH
epBOY CTelleHU C ABYMS HEM3BECTHHIMM IITKOJBHUKY 3HAKOMUJIUCH C
JuHEWHBIM ypaBHeHUeM Ax + By + C = 0, koTopoe sBJIsgeTCA ypaBHEHN-
em mnpsamoii. IIpocTeiMu TpeoOpa3soBaHUAMMN IIOKA3LIBAETCS, UTO BTO
ypaBHeHUEe MOYKHO IPEICTAaBUTH B BHJIe 3HAKOMOU yUaIITUMCS JUHENHOMN

bysERIIUN Y = —% x —% opu B # 0. Eciu B =0, To mosrygyaem ypaBHe-

C
HHUe X = _Z, KOTOpPO€e, KaK N3BECTHO yYalluMCsd, ABJIAETCA YPDaBHEHM-

eM npamoil, mapasenbHOi ocm Oy. Korma mpepsaraercs sanucaThb
ypaBHeHUe IIPSIMOI, IPOXOAAIIeil uepes ABe TOUKH C 3aJaHHBIMHU KOOp-
OUHATAMU, ydallliiecsi MOTYT IPUMEHSATh M3BECTHBLIM MM METOJ, IIOj-
CTaBJisAA B ypaBHeHUe Yy = kx + b 3HAUEeHUA X W Yy U pelllas CUCTEMY
ypaBHeHUi. 3aTeM 3amucaTh ypaBHeHue B Buge Ax + By + C = 0.

Yyaimumcsa Npo(uIbHBIX KJIACCOB, IIPEXKIE YeM BBIIOJHATD YIIPAXK-
Henmue 1, IOJIE3HO PeIIuTh 3amadvy.

Hanpr Tourkum A (x3Y;) # y
B (x5; yy). Bamnucarb ypaBHEHUE
IPAMOM, NIPOXOJAINEl dYepe3 BTHU Ys B(xy; y5)
TOUYKH.

Pemenwue. Ilycts C (x; y) —
HeKoTopad TouKa mpaAmMoir AB C(x; y)
(puc. 46). PaccmorpuM momoGHBIE
Tpeyroabuuku ACD wu ABE. 1 /T D E
CienoBaTesbHO, PAaBHBLI OTHOIIIe- A(xq3 Y1)

AD _CD |
HUA KaTeToB — = ——., HO AJIMHAa
AE

BE (0] Xy x Xq x

KaTeta AD paBHa PasHOCTHU IJIMH

orpedakoB Ox wu Ox;, T.e. Puic. 46
AD =x — x;.

Amnanoruuno AE =x,—-x;, CD=y —-y,, BE=y,—y,;. Ypas-

. X=X Y-
HeHNUe IIPAMOI MOXXHO 3allICaTh B BUJE = .

Xo—=X1 Ya2—Y1

PexomeHnnyeTca HamOMHUTH yUaIlIUMCH, YTO OHU 3HAKOMBI C pellle-
HUEM CHUCTEM JUHEWHBIX ypPaBHEHUH, ITIOBTOPUTH CIIOCOOBI MOJACTAHOBKU
U CJOXKEHUs, PemIuTh Tpu cucreMbl rpaduuecku. Hampumep, Tarwme:

{2x—y—5=0, {3x+2y—1=0, {O,5x+y—7=0,
x—-2y—-1=0; [6x+4y+3=0; [(x+2y-14=0.

Ha sTux ke npuMepax MOMXHO IOBTOPUTH, KAK IO OTHOIIIEHUIO KO-
B(I)(I)I/II_H/IBHTOB MOJMHO BBIACHUTH HaJINYNE UJIU OTCYTCTBUE pemeHHﬁ.

Ha npumepe sagauu 1 1 ynpakHeHUs 2 Bce yUyall[uecss 3HaKOMATCSA C
pelleHUeM JIMHENHBIX HEPABEHCTB C ABYMs IiepeMeHHBIMU. [1a yua-
UXCA OOIIeo0pa3oBaTeIbHBIX KJIACCOB JOCTATOYHO, YTOOBI OHM HAa
MpPaKTUKe MOTJIM YKa3aTh II0JYILIOCKOCTh, COOTBETCTBYIOIIYIO MHOYKECT-
BY pellleHuii HepaBeHcTBa. I101€3HO BBIMIOJHATL U 00PaTHYIO 3amauy: II0
IaHHOMY YPaBHEHUIO IIPAMOI M 3aKpallleHHOM Ha PHUCYHKe 00JIacTH, KO-
TOPYIO 9Ta IpAMAasA OrPAHNUYMBAET, 3alMCATH HEPABEHCTBO, MHOXKECTBOM
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PEIlleHu KOTOPOT0 SBJAIOTCA TOUKYW YKAa3aHHON MOJIYILIOCKOCTH. Takue
3aaur MOT'YT ObITH C(DOPMYJIMPOBAHBI C MCIIOJIbL30BaAHMEM PUCYHKOB 115,
118—122 yuebHUKa 1 YKazaHWEM HA HUX PA3HBIX IMOJYILIOCKOCTEH, KO-
TOpbIE€ IIPEACTABJSIOT CO0OI pellleHrne KaKOro-TO HepaBeHCTBAa. BBIAB-
s, KaKoe MMEHHO HepaBeHCTBO COOTBETCTBYET MAHHOWN YACTU ILJIOCKO-
CTH, yualllecsi OZHOBPEMEHHO YUYaTCs M PEeIIeHWI0 MPAMOM 3agaumu.

WKenarenbHo, uToObI yyaruecss NMPO(MPUIBHBIX KJIACCOB YBEPEHHO
CIIPaBJISIVICH C 3aJayaMu, aHAJO-

I'MYHBIME 3ajade 1, TaK Kak 3TO y
TOCTYKUT XOpoIlleii 6asoil i
OCO3HAHHOT'O BOCIIPUATUS pellle-

HUS 3amadu 3.

Pemrenne cucreMm JHUHENHBIX 3
HEPaBEHCTB [JIA YUaIlluXCsA 001Ie-
00pa30BaTEJIbHBIX KJIACCOB OTPa- /
HUUYMWBAETCS 3aJaveil 2 M yIpak-

HeHuamu 3 u 4. Ilpu pemenuun —3 O
yopakHeHusa 4 BaXKHO aKKyPaTHO

noctpouth rpaduku (puc. 47) u

BO BHYTpPeHHeIl 00JIacTH YBUIETh

TOUKY C HATYpPaJbHBIMU KOOPLM- Puc. 47
HaTaMU.

4. 1) Crpoum rpaduk ypaBHenus x —y — 2 = 0. Pemenuem He-
paBeHCTBa X — Y — 2 < 0 sABJIAETCA MHOYKECTBO TOUEK ITOJIYILIOCKO-
CTHU, PACIIOJIOKEHHOI BhIlle npAMoil x — y — 2 = 0. Pernenuem Hepa-
BeHCTBA X + 2y — 9 >0 ABIAIOTCA Hapbl YWCEJ, PACIOJIOXKEHHBIE
BBIIIE IPAMOH x + 2y — 9 = 0. HakoHel, TOUKY, A1 KOTOPHIX CIIpa-
BeJJINBO HepPaBeHCTBO X — 2y + 3 > 0, pacImoJiosKeHbl HUMKe MPAMO
x—2y+3=0.IIpambie x —y — 2=0wu x + 2y — 9 = 0 nepecekaror-
CcsI B TOUKEe (4%; Z%J,HpﬁMue x—-y—2=0ux-2y+ 3 =0 nepe-
cexkarorca B Touke (7;5), nmma mnpameix x—-2y+3=0 u
x + 2y — 9 = 0 Toukoil mepeceueHnd ABaAeTca Touka (3; 3). Tourknu
JIETKO OIIPeAeINTh, Pelllas COOTBETCTBYIOIINE CUCTEMbl YPaBHEHUIH.
W3 Bcex map HATYPaAJbHBIX UMCEJ, YIOBJIETBOPAMOIINX YCJIOBUIM

3<x<T, 2% <y < 5, Toabko napa (4; 3) BXOOUT B MHOKECTBO pe-

eHu KaXaoro HepaBeHCTBa CHUCTEMBI.

Ilpesxe yeM IepeXoAUTDH K PEIIeHUI0 3aJaull 3, C YUAIIUMUCS HPO-
(pUIBHBIX KJIACCOB HeoOXoammo mopaboraTh HaJ pucyHKoM 120 yueOHU-
Ka. Yuamuecs TOJIKHBI OCO3HATDH, UTO PellleHNeM HePaBEeHCTBA, JieBasd
YacThb KOTOPOTO IIPEJICTABJIAET CO0OIl IIPOM3BeNeHUWE YPaBHEHUIN IBYX
OPAMBIX, ABJAETCA 00beqUHEeHNe MTaphbl BEPTUKAJIBHBIX yIJIoB. s aTo-
TO TIPeKJe BCEro IMTKOJbHUKHU AOJMKHBI IIOHATDH, UTO PEIeHNeM ypaBHe-
Huda (A;x + By + Cy) (Ayx + Byy + C,) = 0 aBisgerca o6beguHEHNE IBYX
npambx l; u ly. JeficTBuTenbHO, IponsBefieHre paBHO (0 Torjga u TOJBKO
TOTZAa, KOTZa XOTdA ObI onuH 13 MHOoKuTesel paseH 0. [{anee, BcioMmuHasa
pertieHue 3agauu 1, IPUXOAMM K BBIBOMY, UTO TaK KaK KaKAasd IpAMas
JEeJIUT ILJIOCKOCTh Ha JBE IOJIYIJIOCKOCTY, KOOPAUHATHI TOYEK KOTOPBIX
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YIOBJIETBOPAIOT JTuO0 HepaBeHCTBY, Hampumep, A;x + By + C; < 0, iu-
60 mepaBeHCTBY Ax + By + C; > 0 (mna obenx mpaMBIX), TO pelleHUe
WCXOJHOTO HEPAaBEHCTBAa — IIaphl YIJIOB, KOOPAWHATHI TOUEK KOTOPBIX
obpairatoT mpousBenenue (A;x + By + C;) (Asx + Byy + C,) mbo B 1mo-
JIO}KUTEJIbHOE YMCJIO, JU60 B OTPHUIIATEHHOE.

OueHBb BaXKHOI [JIA OCO3HAHHOTO BOCIIPUATHUA MaTepuaya CIemylo-
mero naparpada ABJIAeTCA 3ajada 5. YUalimecsa JOJKHBI He TOJBKO
IOCTPOUTH KAXKAYIO NPAMYIO II0 €€ YPAaBHEHWIO, HO UM TOYHO OIIpee-
JIUTH TOUKU UX IE€PEeceueHUd, UYTO BAXKHO AJIA BBISBJIEHUS MHOXKECTBA
TOUEK, ABJIAIOINXCA PeIlleHueM CHUCTEeMbl HEPAaBEHCTB.

B mpoduasHBIX Kjaccax Ha TPeTheM YPOKe MOYKHO DPEIIuThb
CaMOCTOATEJNBbLHYIO paboTy.

1. M306pas3uTh Ha MJIOCKOCTU MHOKECTBO TOUEK (X; Y), KOOpAUHA-
THI KOTOPBHIX YJOBJIETBOPSAIOT CHCTEME HEPABEHCTB

x =0, x <0,

y=0, y>0,
x—-y+2=20, y—-x-5<0,
x+y—-4<0 2y+x-4<0]

2. 306pasuTh Ha KOOPAMHATHOU IIJIOCKOCTHM MHOIKECTBO TOUYEK
(x; y), KOOPAMHATHI KOTOPBIX YAOBJIETBOPAIOT HEPABEHCTBY

Bx—-—y+4)(x-2y-2)>0 [(x -3y —1) 2x +y — 14) < 0].
Pacnpemenenue MaTepumasga maparpada OO ypoKam
OTpa’keHo B TabJIUIlAX.

Obweobpa3ogamenvHble KIACCHL

VopaxkaeHUa
% ]
S % | Teoperuueckuii
S & MaTepHa OCHOBHBI€ JIJISI JIJISI CAaMOCTOS- JIOIIOJI-
o> paboThI B KJjIacce | TeJbHOI paboThI HUTEJb-
u Joma B KJacce HbIE
1 §1,om. 1, 2 1, 2 1(3)
2 §1,m. 3,3amaua 2 | 3, 4 3 (2) 3amaua 5
IIpogpunvHole KaaCCHL
VYupaxHeHUS
% I
s 5 TeopeTuuecKuii
S & Marepuan OCHOBHBIE [IJIA IS CAMOCTOS- JIOIIOJI-
T > paboTHI B KJlacce | TeJIbHOU paboThI HUTEJb-
u 1oMa B KJacce HBIE
1 § 1, oo. 1—3, 3a- 1,2,3 3 (3)
maum 1, 2
2 § 1, zagaum 3, 4 4,5 5 (2) 3agaua 7
3 § 1, sagaum 5, 6 6—7 B rekcre 8
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B pesyabrTaTe m3yueHUsA maparpada Bce yualmecsa
JOJKHBI YME€TDh BBINMOJHATL yIPakKHeHUA Tuma 2 m 3. Yuariquecs
NPO(PUIBHBIX KJIACCOB, KPOME TOTO, JOJYKHBI Yy M €T b PelIaTh yIpaK-
HeHus tuna 4 u 5.

Peurenue ynpaskHeHMIt

8. 1) CnoxuM HepaBeHCTBA OJWHAKOBOTO CMbICcJa (IIepBOe U Tpe-
Thbe), Mpekjae YMHOMKUB TPEeThe HepaBeHCTBO Ha 3. PemmuB cucreMy
{Qx -3y >3,

-5x+3y > 16,
Ha —1 ¥ CJIO}KUM C IIEPBBEIM HEpPaBEHCTBOM TOTO K€ CMbICJIA, IIOJYUNM
3y—5x > 16,
{—Sy +x > —44.
aubo 5, aub6o 6. IlogcraBuM x = 5 B mepBOe, a 3aTeM B TpPeThe Hepa-

mogyuum X > 4,75. YMHOXHM BTOPOE HEPABEHCTBO

, oTKyzaa x < 7. Takum o06pa3oM, YMCJIO X MOKET ObITh

2
BeHCTBO. llosyduuM HepaBeHCTBO 13§ <y < 14, He uMerOIIee IEJIBIX

pemtenuii. IIlpu x = 6 B pe3yjbTaTe IOACTAHOBKU B Ie€PBOe HepaBeH-

CTBO IOJIyYUM Yy > 15§ , IPU IIOJCTAHOBKE B TPEeThe HEPABEHCTBO IIOJIY-

yum y < 17.
ITesnoe 3nauenwme omguo: y = 16. OrBeT. x =6, y = 16.

§ 2. HenuHenHble ypaBHEHUS U HEepaBEHCTBA
C ABYMS nepemMeHHbiMu (3/3 4)

ITenr msayueHusa maparpada — 03HAKOMHUTH YUAIIUXCS C
PasJIMYHBIMM METOJaMM PeIleHNd HeJWHEeWHBIX ypaBHEHUU U Hepa-
BEHCTB, CHUCTEM HeJIMHEMHBIX YPDaBHEHUIl UM HEPAaBEHCTB.

Teoperuueckuii maTepuaja naparpada pacCuuTaH B OCHOBHOM Ha
yJyamuxcsa NPOMUIABHBIX KJaccoB. [ia yyammxcs o061geo6paso-
BaTeJBHBIX KJIACCOB 3aJaHUA JIKEJATEJbHO aJalTUPOBaTh: IIPEJ-
JaraTh pelleHus 3a4ad C y:Ke SABHO 3aJaHHBIMU YPABHEHUAMU MPS-
MBIX W KDPUBBIX. Heo0XOAMMOCTh BBINOJHEHUS IIPEeIBAPUTEIBHBIX
npeobpa3oBaHUN YBOAUT OT CYTH peIleHusi, KoTopasd Ha JaHHOM
Tale COCTOUT B BBLIABJIEHHU HA KOOPAWHATHOM IIJIOCKOCTH M300pa-
JKEeHUA MHOXKECTBa TOUYEK, ABJAIOIIUXCA PeIleHreM II0OCTAaBJIEHHOU
3aayvn.

C yyammmucsa o0ueo0pa3oBaTeJbHBIX KJIACCOB JOCTATOYHO Dpac-
cMmorpers 3azaum 1, 2, 5, 7, 8, 11 u BHIIOJHUTL yIpasKHeHUd 9,
12 (1, 2), 14 (2, 3), 16 (1, 2).

Wayuus meranpHO 3amauy 1, MOMKHO pemuTh ynpaykHeuue 9. Ile-
pen KasKIbIM 3aJaHreM Heo0XO0JMMO IPOBECTH aHAaJIMU3 YCJIOBUS, UTO-
OBl YUEHUKHU BUIEJU, KaKHe BhIPAKEHUS OHU MOTYT HOJYUYUTH B pe-
3yJbTaTe mpeobpasoBanuA. HyKHO BBISCHUTH, MOYKHO JU BBIAEJIUTH
HOJIHBIN KBaapar (3amanus 3, 4, 5), 1100 MOKHO Pas3IOKUTh 3TO BbI-
pakKeHue Ha JUHeHHbIle MHOXKUTeau (3amauusa 1, 2, 6), 1u60 HYKHO
OPUMEHUTH OIIpelesieHNe MoAyas (3amaHusa 7, 8). Eciau yuamumca
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TPYLHO BBLINOJHUTL NPeoOpPa3OBAHUSA, YUUTEJIb MOYKET AATh I'OTOBBLIE
pesyJbTaThl, a YYEHHUKM MOJI’KHBI CAMHM WHTEPIIPEeTUPOBATH OTBET.
Hanpuwmep, B ynpaskHenuu 9 (2) maHHoe BbIpasKeHHe HYIKHO IMIpes-
craBuTh B Bume (2x —y + 1) (x + 3y) = 0; B ynpaskuenuu 9 (3, 4, 5)
COOTBETCTBEHHO IpeicTaBuTh B Buge 2 (x+1)2+3(y-2)%2=0,

x-12+@y+22= g, (x —y)? + (y — 2)2 = 0. Vuamumca ocTaHeTCA

O0BACHUTD, UTO K€ SABJIAETCS MHOMKECTBOM PEIIeHUIl TOro NN NHO-
r'o YpaBHEHUd.

ITocie o3HakOMJIEHHSI C pPeEIIeHHMEeM 3aJaud 9 MOXKHO PeIIUuTh
yrupaskHeHne 12, HO TOXKe HpeIBapUTEJbHO 3allKCaATh, HAIIPUMeEp, 3a-

2 2
nauuve 1 B BUmE (x-i—%) +(y—§) > 9. Vopaxxkuenue 12 (2) obey-

IUTH BMeCTe U y0eIUTHCS B TOM, UTO IydA y = 0 mosrydaeM HepaBeH-
ctBo x%+ (y —2)2<4, gma y <0 — mepaBeHcTBO X2 + (y + 2)? < 4.
BaxxHO, YTOOBI BCe IOHAJIMU, UTO PeIlleHWeM SABIAETCS o0beIuHeHUe
KpyroB ¢ meHrpamu B Toukax (0; 2) m (0; —2) m pamgmycamu, pas-
HBIMU 2.

Vopaxkuenue 14 (2, 3), mocae amaausa 3amau 7 u 8 maparpada
MOJKHO BBIIOJIHUATH C yYaIl[UMUCS IIOJHOCTBIO. B 000X 3agaHUsX [0-
CTATOYHO IPOCTO BBIAEIAIOTCA IMOJHBIE KBaAPaThl, IOCTPOUTH Hapabdo-
JY ¥ OKPYKHOCTb BO BTOPOM 3aJaHWU, ABE OKPYKHOCTH B TPETheM He
COCTaBUT TPYy[Ia.

Perrienue cucreM HeJMHEHHBIX HEPABEHCTB JOCTATOYHO PACCMOTPETH
Ha puMepe 3agauu 11 1 mpu BeIDOJMHEeHUU ynpaskuHeHus 16 (1, 2): yua-
IIUMCS IIPEJCTOUT IIOCTPOUTH OKPYKHOCTH B3aJAaHHOTO paguyca u
Y4ecTbh, UTO 3HAUEHUS X B OJHOM 3aJaHUU, 3HAUYEHUA I B JPYTOM 6OJIb-
I1e MWW PaBHBI HEKOTOPBHIM UYMCJIaM. 3[eCh Ba)KHO, UTOOBI yualluecs
MPaBUJIBHO BBIAEIUIN (DUTYPY, ILIOUIAAL KOTOPOIl HYKHO HaWTH.

Vuamumca npodHIABHBIX KJIACCOB JKeJaTeJIbHO DPEIIUTb BCe
yIpaskHeHUA, 0 KOTOPHIX TOBOPUJIOCH BBIIIE, 1, KPOME TOr0, PEIInuTh
3amaun, He IIoOMeuYeHHbIe OyKBoi M. B aTuX Kjaaccax u3dydyeHHe MaTe-
puasia maparpada MOKHO MpoBecTH B hopMe MPaKTUKyMa, IIpemocTa-
BUB yuallluMCsA IIPAaBO IIOCJE COBMECTHOTO OOCY:KIeHUA 3agad U3
YU4eOHHKA CAMOCTOATEJBHO PeIlaTh BCe 3aJauyy N3 yuyeOHMKAa. YUu-
TeJb MOKET BBLAEJUTH HEKOTOPHIII MHUHUMYM O00s3aTeJbHBIX 3aja-
HU (IJ51 KOHKPETHOTO KJiacca), pellleHne KOTOPBIX OyAeT IpoBepeHo
(BBIOOPOUHO MM BcexX moApsan). IIpoBepATh MOMKHO B (popMe YCTHOTO
cobeceoBaHUS MUJIU MPOBEPKU TeTpazeii. I B TOM U B APYroM cJjyuae
K IIPOBEPKEe II0JIe3HO IIPUBJIEKATh yUaIlUXCs, HHTEPECYIIUXCA Ma-
TeMaTHKOM.

s yuanuxcsa Npo@UIBHBIX KJIACCOB BaYKHBIMU C TOYKU 3PEHUS
0000IIIeHNsA ysKe M3BeCTHBLIX IMMOHATHUM ABJIAOTCA 3amauu 3, 4, 6,
9, 10, 12 (u3 § 2). x pelrieHne MO3BOJISET MOBTOPUTH OUEHb BasKHBIE
TeMbI Kypca: U IpeoOpas3oBaHUs ajrebpamuecKuX BBIPA’KeHUI, U JIO-
rapudmMbl, ¥ HUPPAIMOHAJBHOCTh, X MOAYJbh UMNCJIA, ¥ BBIUYUCJIEHIE
miaomaaet. YnpaxkHenusa 19—22 perraioTcd aHaJOTUUYHO 3agadyam
13—15, pasoOpaHHBIM B yueOHHKe. Yualluecs, HHTepecylouuecsa Ma-
TeMaTHKOIl, MOTYT IMO3HAKOMHUTHBCA C HUMH CAMOCTOATEJBHO, €CJIu
yuuTeJ b HE COUTET BO3MOXKHBIM M3YUYUTh UX HA YPOKe.
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Pacunpemenenume maTepuaJsia maparpada o ypokam OT-
paskeHo B TabIuIlaX.

ObweobpaszosameibHble KJACCHL

VpaxkuHeHUusa
ISR
$E TeopeTuuecKuii
é g MaTrepua OCHOBHBIE IJISA it Ie—
paboThI B KJlacce TeJIbHOM pabo-
TeJIbHBIE
u goma THI B KJacce
1 § 2, m. 1, 3, 3ana- 9(12,3,4),14(2) |9(1) 3amaua 3
un1,2,7, 8
2 § 2, m. 2, 4, 3ana- 12 (1), 16 (1) 3azaua 9
ya 5; 11
3 §2 9 (5, 8), 12 (2), 3azmaua 12
14 (2), 16 (2)
IIpogpunvHble Kaaccol
VupakHeHUuA
&s
S % | TeoperuuecKuii
S & MaTepuas OCHOBHBIE [JISI JIJIsI CAMOCTOSI- :
T > P paboTHI B KJIac- | TeJabHOIT paboThI AOIIOJIHI
TeJIbHBIE
ce U JoMa B KJIacce
1 § 2, . 1,2 9, 10, 12, 13 9(5),12 (1) 11
2 § 2, . 3, 4, 3aga- | 14, 16, 14 (2), 16 (1)
un 7, 8,9, 11
3 § 2, sagaum 10, 12 | 15, 17, 18
B pesynabTaTe m3yueHUsa maparpada Bce yualimecs

JOJIKHBI Y M€ Th HaXOQUTH MHOYKECTBO TOUEK KOOPAUHATHON IIJIOCKO-
CTH, 3aJaHHBIX IIPOCTEHINNMU HEeJWHEHHBIMU YPABHEHUAMU C ABYMS
mepeMeHHBIMHU MIPU PellleHUN YIpaKHeHUIl He CJIOoXKHee, UYeM YIIpasK-
"Henusa 9 (1, 2). YVuamuecs npouIbHBIX KJIacCOB, KpoMe TOTO, IOJI-
JKHBI YM e Tbh peIlllaTh HeJMHelHble YpaBHEeHUs, HepaBeHCTBA, CUCTe-
Mbl HEJIWHEHHBIX YPaBHEHUH ¥ HEPABEHCTB C ABYMSA IIePEeMEeHHBIMH
Opy pellleHnN ynpakHeHmi tuma 12 (1), 14 (2), 16 (1).

§ 3. YpaBHeHus1 U HepaBeHCTBa C ABYMSA NEepPeMeHHbIMM,
copepxawme napameTtpbl (0/2 4)
MaTepHaﬂ JaHHOT'O Haparpaq:)a He gBJAETCA 0043aTeJIbHBIM AJIA
N3ydyeHud BCeMU yHalllMUCHA. OH MOsKeT OBITH N3y4YeH INMKOJbHUKaMU,

HHTEepPeCyroOInMUCA MaTeMaTHROﬁ, BO BHEYPOUHOE BpEMA, B HaCTHOCTU
Ha (I)aKyJII:TaTI/IBHBIX WIN UHBIX 3aHATUAX. CucreMa praJKHEHHfI II0-
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CTPOEHA TaK, YTO KasKIoe M3 YIPaKHEeHUI ABJIAeTCA aHAJOrOM 3a1aul,
pasobpanuoii B TekcrTe maparpada. 3amaue 1 TeKcTa COOTBETCTBYET
yupaskaenre 23, 3azaue 2 — ynpaxkHenme 24, 3amaue 3 — yIpayKHe-
Hue 26, samaue 4 — ympakHeHue 28, zamaue 6 — ympakuHenue 29,
s3ajmaue 7 — yupakHenue 25, sagaue 8 — ympaxkHenue 31, zagaue 9 —
yupakHenune 32, sagaue 10 — ynpaskuenue 33, sagauam 11 u 12 coort-
BeTCTBEHHO yIpakHeHuA 34 u 35.

Co BceMu yuarmumMucsa mpouabHIX KJIACCOB HAa ABYX YPoKax (mpu
HaJINYUU BPeMEHU) MOKHO paccMoTpeTrs 3axauu 1, 3, 5, 9, 10 u coor-
BETCTBEHHO YIIPAKHEHUA K HIIM.

Ypok 0600LweHusa n cuctematusaumm 3Hauum (1/1 4)

Ha ypoke 1mmoj1e3HO ITIOBTOPHUTH pellleHre YpaBHeH!il 1 HePaBeHCTB C
IBYyMs IIepeMeHHBIMM, KOTOphbIe U3yUaad paHee W IIPU U3yUEHUU TJia-
BbI. MOXHO BCIIOMHUTH peIlleHNs YPaBHEHUI B IeJIBIX ducaax (yueod-
Huk 10 kgacca, raasa II) mau paccMoTperh 3aaHUSa U3 yOPaKHEHUN
IIJIST UTOTOBOT'O MOBTOPeHMUA. 110 TOTOBBIM PUCYHKAM IIPEIJIOKUTh YKa-
3aTh MHOKECTBO TOUYEK KOOPAWHATHOHN IJIOCKOCTU, ABJAIOIIEEeCA pe-
IIIeHreM 3aJaHHOTO YPaBHEHU WUJIN HepaBeHCTBA, KOTOpPOe He MOJKHO
OLITH caoXKHEIM. Hampumep, y —x2=0, y—2x2>0, y—x + 3 <0,
y+2x—-3=0mur. 1.

Jasmee MoXHO OOGpPaTUTHLCS K BOIpPOCaM K IJjiaBe UM, OTBeuas Ha HUX,
MOBTOPUTH M CHUCTEMaTU3WPOBATh M3YUEHHBIN MaTepual.

Yuamiumcs o61eo0pa3oBaTeJabHBIX KJIACCOB JOCTATOYHO PEIIUTH
ynpaxueHua 36—38. B npoduasHBIX Kjlaccax K 3TUM yHOPaKHEHUAM
MoxkHO mobaBuTh 40, 41, 43, 46. Yupaskuenuss 44—51 mMoryT OBITh
pelieHbl Ha YPOKaX HUTOTOBOTrO IIOBTOPeHUs (IIpU HAJIWYUU BpPeMeHN)
WIN TIPeNJIOMKEeHbI IJS CAMOCTOATEJbHON paboThl yuyaluXcd. OTHU
yIpaskHeHUs SABJIAIOTCS aHaJoraMU 3aJad, pas3obpaHHbBIX B § 2 u 3
raaBbl I1.

Konrpoasnasa patdora Ne 8
Basoswtii yposerv

1. HaiiTu MHOK€CTBO TOUEK KOOPAMHATHOM IIJIOCKOCTU, YIOBJIETBOPSI-
IOIIUX yPaBHEHUIO:
) x—y+2=0 [x+y-3=0];
2) (x+4)2+@W-12=9 [(x-3)2+(y+2)?=16].

2. HaiiTu MHOXECTBO TOUYEK KOOPAMHATHOM ILIOCKOCTH, YIOBJIE-
TBOPAIOIINX HEPaBEHCTBY:
1) 2x+y—-1<0 [x-2y+3=0];
2) 2+ @y-2)2%<4 [(x+3)?%+y*>1]

3. M3006pasuTh Ha KOOPAMHATHON ILIOCKOCTH MHOYKECTBO TOUYEK, KO-
OpI[I/IHaTBI KOTOPBIX YAOBJIETBOPAIOT CHCTEME HepaBeHCTB:

2x-y+420, 2y+3x 20,
5y—-2x-420, 3y—-x—-11<0,|.
y+2x-8<0 4x-y—-11<0
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IIpogunvrulii ypoernsv

1. HaiiTu MHOK€CTBO TOUEK KOOPAMHATHON MJIOCKOCTU, YIOBJIETBOP-
IOIUX YPaABHEHUIO

x2+4y® - 6x+20y+25=0 [9x%2+y®—-12x + 4y — 8 =0].
2. HaiiTu MHOXEeCTBO TOYEeK KOOPAUHATHON ILIOCKOCTH, YAOBJIETBOPSI-
foImux HepaBeHCTBY |x + 1|+ |y|<2 [|x|+|y-1]<2].
3. Haiitu nomans Gurypsl, 3aJaHHOM HA KOOPAWHATHON IIJIOCKOCTH
CHCTEMOU HEepPaBEHCTB
x24+y?< 4,
(x+y+2)(y—-x+2)=20
(x+1)2+y? < 4,
+x-Dy—-x+1)<0]

4. HaiiTu Bce 3HaUeHUsA @, IIPU KOTOPBIX CHCTEMa ypaBHEHUH
|x|+2|y|+]|2x-8y|=12,
x?+y’=a
3|x|+|y|+|x+3y|=11,
x2+y?=a
UMeeT POBHO [IBa PEIeHU.

3amMeuaHUe. Hocne/:[Hee 3agaHue MOKeET OBITh BBIIOJITHEHO Ha
OTOEJIBHYIO OIIEHKY.

UToroeoe noeTopeHue Kypca anreopbl
M Hayan maremartundeckoro aHanmsa (19/15 4)

VYpPOoKU UTOTOBOTO ITOBTOPEHUS UMEIOT CBOEH I1eJIbi0 He TOJIBKO BOC-
CTAHOBJIEHUE B MAMATH YYAIlMXCs OCHOBHOTO MaTepumaJjia, HO M 00006-
IeHne, YTOYHEeHNE U CUCTEeMAaTU3AaIlNI0 SHAHUY 110 ajrebpe u HaYaaaM
MaTeMaTUYeCKOT0 aHaju3a 3a Kypc cpefHeil mikoJybl. Marepuan ajs
9TUX YPOKOB COJEP;KUTCS B IepBoii riaBe yuebHuKa 10 Kjgacca u B
pasgese «YIUpaskHeHUs AJS UTOTOBOTO IIOBTOPEHUS Kypca ajaredpbl U
HAYaJ MaTeMaTHUUYEeCKOTO aHAaJIM3a».

Cucrema 3azaHmMil UTOTOBOTO IIOBTOPEHUS IOCTPOEHA TaK, YTOOBI
YUYUTEJSI0 ObLI0 yAoOHO BBHIOpPATH 3aJaHUA Pa3HOTO ypPoBHsA. IIyHKTBI
1—7 comepsKaT ympakKHEeHUs, CTPYINIUPOBAHHBIE II0 CEeMU JIMHUIM.
B xakaoM IyHKTE COAepsKaTcs 3aJaHUA U3 BCceX pasiesioB Kypca, Co-
OTBETCTBYIOIIIME 3asiBJeHHO# JsuHUuM. Hampumep, B mepBoM pasieJie
OpeaiaraeTcs BHIIOJHUTH 3aJaHUA Ha BBIUUCJIEHUS C YUCJIAMU OT pa-
MUOHAJBHLIX 0 KOMILIEKCHBLIX. IIpeoOpasoBaHmsi BLIPasKeHUM pac-
CMaTpUBAIOTCA OT NPeoOpasoBaHUII PAIMOHAJBHBIX BBIPDAKEHUHN IO
TpuroHomMmerpudeckux. B myHKT «TekcroBble 3amaum», KpoMe IIPH-
BBIUYHBIX 3a/1ay HaA [OBUKeHHUe, paboTy W Jp., BKJIOUEHLI 3aJaud Ha
mporpeccuu, MO0 KOMOWHATOPMKE M OCHOBAM TEOPUU BEPOSTHOCTEIl.
IIyakT «PyHKIUT U TPa@UKU» COAEPIKUT YHPaKHEHUs Ha HCCIeI0-
BaHme QYHKIUI KaK MeTOZaMH sJIeMeHTapHON MaTeMaTHuKU, TaK U C
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IIOMOIIIbI0 MaTeMaTUUYecKoro aHaimusa. IlocaemHUil MyHKT COAEPIKUT
yIpasKHEeHUs AJIS TOBTOPEHUWSA BBHIUMCJIECHUS MPOM3BOAHOI M MHTErpa-
Ja U UX TPUMEHEHUSs AJIA PeIleHUs IPOCTEeNIINX MPAKTHYEeCKUX 3a-
mad.

TemaTryecKoe IJIaHUPOBaHWE YPOKOB HMTOTOBOTO IOBTOPEHUS MO-
JKeT OBITh Pas3JIMYHBIM B 3aBHUCUMOCTH OT YPOBHS MaTeMaTHUUYECKOU
HOATOTOBKHU KJacca U ycTpeMJeHUi yuureind. [IpuBegemM oguH m3 BO3-
MOJKHBIX BAaPMAHTOB paCIIPeNeJIeHUSA YacOB. 3JeCh MOBTOPEHUE IIPES-
moJlaraeTcsi IPOBOAUTEL IO OCHOBHBIM COAEPIKaTeIbHO-METOAUYECKUM
JUHUAM. B COOTBETCTBUU C KOHIIENIMEll Kypca U ITIOBTOPEHUE IIEJIECO-
00pa3HO BBICTPOUTH B CJAEAYIOIIEM IOPSAKE: BBIUMCIEHUS U IIpeobpa-
30BaHUS — YpaBHEHUS 1 HepaBeHCTBa — (PYHKI[MU, HaUyajla MaTeMa-
TUYECKOro aHaau3a.

IIpu mpoBemeHNH UTOTOBOTO IMOBTOPEHUS IMPEAIIOaraeTrcs IIMUPO-
KOe WCIOJIb30BaHNe M KOMOMHWPOBaHWE Pa3JIUYHBIX THUIIOB YPOKOB
(eI, cCeMMHAPOB, MPAKTUKYMOB, KOHCYJbTAIIUN U T. A.) C IeJIbI0
OBICTPOrO OXBaTa OOJIBIIOTO II0 00beMy MaTepuaja. HeoOXoZuMBIM
2JIEMEHTOM YPOKOB HTOrOBOTO IOBTOPEHUSA MOJKHA OBITH CAMOCTOS-
TeJbHasdA pabora yuamuxca. OHa moJsiesHa KaK caMUM y4YallluMCS, Tak
W YUYUTEJIO IJis OCYIIEeCTBJIIEHUs O0paTHOI cBA3U. 3aJaHUsA IJs ca-
MOCTOSITeJILHOM IPOBEPOUHOII PabOTHI AOJIPKHBI OBITH M OOIIUMU (IO
BapuaHTaAM OJHOTO, HAIIpHUMeP, 00A3aTeJIbHOTO YPOBHS), U Auddepen-
nupoBaHHbBIMU. POPMBI IPOBEeAEHUA PAGOT TOXKe MOJKHBI OBITH pas-
HOOOPAa3HBIMU: OT TPAAUIIMOHHOI PaGOThI C ABYMSA, TPEMA 3aJaHUAMU
0 TecTOB U paboT B popMe paboumx TeTpamell ¢ 3amoJHeHueM IIpobe-
JIOB B NIPUBEIEHHBIX PACCYXKIEHUSAX (UTO MMOJE3HO MIJIs CJIa0ObIX yua-
IUXC).

JJig cocTaBieHUsS HTOTOBOM KOHTPOJIBHOI DPabOTHI M IIOCJIEHYIO-
IUX YPOKOB pellleHusA 3aJadu IO pe3yJjbTaTaM 3Toi paboThl MOMKHO
WCIIOJIb30BATh YIPasKHEHUsS M3 MOCJeAHero pasgena yuebHuKa. Io-
MOJIHUTEJIbHO [OJA YyYallliXCsd, HHTEPEeCcyIIUuXcsd MaTeMATHKOH u
cOOMpAIOIUXCsS MPOAOIKUTE 00pasoBaHWe B BBICIINX Y4YeOHBIX 3a-
BEIeHUAX, TOe HeoOXOAMMBbI 3HAHUA MaTeMaTHUKU, IeJIeco00pasHo
HUCIIOJB30BaTh 3aJaul U3 pasiesia UTOTOBOTO ITOBTOPEHUs, HOMepa KO-
TOPBIX BBIZEJIEHBI, KAaK YIPaKHEHUs AJIsI WHTEPECYIOINMXCSI MaTeMa-
TUKOI.

Penrenue ympaskHeHMI

137. y=x® - 6x2 + 11x — 6. Hy:xHO HaiiTu IleJble KOPHU ypaBHe-
Huga y = 0. 9to moryr OvITh uncyaa 1, +2, +3, 6. IIpoBepkoit yOexxma-
eMcA B TOM, 4UTO X; =1, Xy =2, x3=3 — KOpHH ypaBHeHusa y =0
(a ocTasbHBIE UMCJIa HE ABJIAIOTCA KOPHSIMU).

196. 1) cos x # 0, cos x + sin x > 0, ypaBHeHue (sin x + cos x)? =

sin x + cos x
=" " — CJeACTBHE MCXOJHOIO.

Ccos X
. T
a) sinx+cos x =0, tg x =-1, x=—z+nn, n € Z, — KOpHHU HC-
XOZHOI'0 YPaBHEHUA.
6) (sin x + cos x) cos x =1, T. e. sin xcos x = sin® x, oTKyma JubO
sin x =0, x =nn (rogurca TOAbLKO X = 2mk), aubo sin x —cos x =0,

2
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T. e. tg x =1, oTkyna x=%+nn, neZ. Eciu n =2k, TO x=%+2nk
(rorma sin x >0, cos x >(0) — KOpHM HCXOOHOTO YypaBHeHUsA. KEciu
n=2k+1, Tox:%m+2ﬂ:km'ror‘na sin x <0, cos x <O.
b4 I
OrsBer. x:—z+1tn, x = 2nn, x:Z+21tn, neZz.
2) sin x — cos x = 0. (1)
5 sin 2x — 2 = 1 — sin 2x, sin2x:%.
L T
a) 2x=6+2nn. Ecan n =2k, T. €. x=—+2nk, TO

cos x > sin x — He BwuImoJiHAeTcA yciyioBue (1). Ecaim n =2k + 1, To

x = %n + 21k u BeIONIHAETCA ycaoBue (1).

6) 2x=%+2nn, x=?—g+nn. Ecan n=2k+1, TO
x = %n + 27k u ycioBue (1) He BBINOJIHAETCA.

OTBer. x:13—n+2ﬂ:k, x:5—n+2ﬂ:k, keZ.
12 12

198. O6GsacTws ompexneneHusa ypaBHeHUA: cos x # 0.

sin? x
cosx +———(1+cosx)—1=0, oTKyma moJayuyuM
cos® x
cos x (cos? x + sin? x) — cos 2x =0,
.x . 3x . 3x
cos x —cos 2x =0, s1n§s1n?=0, sin— =20

(KOpHU ypaBHEHUSA sin% =0 comep:xkaTca cpegu KOpPHell ypaBHEHUS

sin3—x =0), oTKyzma x = Zﬂ
2 3

Ecau n = 3k, To x = 2nk, u torma tg x = 0; 6) ecimu n =3k + 1, TO

x=2?n+2nk,n'ror/:[a tg x < 0; B) ecitu n =3k + 2, Tox=%+2ﬂ:k,

u torma tg x > 0.

OTBerT. x:%+2ﬂ:k, keZ.

2
2 (1—cos(2x+£)
199. (1—0(2)8236) +| 2

L

1-2cos 2x + cos® 2x + 1 + 2 sin 2x + sin® 2x =1,
1 -cos 2x + sin 2x =0, 2 sin? x + 2 sin x cos x = 0.

’

N

2

|
|

a) sinx=0, x=nn, neZ; 0) tgx:—l,xz—%—i-nn,nez.
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-12

Puc. 48

HepaBeuctBo lg(x —v2x+24)> 0 paBHOCHJIBHO HEPABEHCTBY

x—1>+2x+24 (puc. 48), KoTOpOe cIpaBelJMBO NPU X > X, TI'Ae
X, — IIOJIOKUTEJbHBIN KOpPEeHb ypaBHEHUA (X — 1)2 = 2x + 24. Bgechb
Xog=2 +343, rme 7,1< Xg < 7,4. YcJOBUIO X > X, YIOBJIETBOPSAIOT

T
KOpPHU x=nnnx=—z+nnnpnneN,n>3.

OrBeT. Xx =7n, x=—%+nn,neN, n=3.

200. sin 5x = 2 sin x cos 2x,

sin 4x cos x + cos 4x sin x = 2 sin x cos 2x.
a) sinx=0, x=mn, x=0, x, € —E; T ;

) 0 0 6’ 2

6) 4 cos? x cos 2x + cos 4x = 2 cos 2x,

2 (1 + cos 2x) cos 2x + 2 cos? 2x — 1 = 2 cos 2x,
4cos?2x=1,2(1 +cos4x)=1, cos4x:—l,x:ig+nz—n.
ux=

b

HNurepsany (—%; g) OIpUHALIEKAT TOJIBKO KOPHU X =

r K3
6 3

T . T
u3 KOTOPBIX 5 "Hauboapmwuii. OTBET. —.
201. Bocmosb3dyemcsa paBeHCTBOM
. 1
sin® x + cos® x = — (cos? 4x + 14 cos 4x + 17).
32
ITonaras cos 4x = t, moay4yaeM ypaBHEHUE

t24+ 14t +17-3832a=0 1)
HcxomHoe ypaBHeHNE MMeeT KOPHHM TOTJa UM TOJBKO TOrJa, KOrJa

D=142-4(17-32a)=128 (a + 1) 20, . e. ipu a > —1, u 1o kpaii-
Hell Mepe oAWH W3 KOopHell ypaBHeHUsa (1) mo aGCcoJIIOTHOI BeJaWUYUHE
He mpeBocxomuT enuHuIbl. Ilycts t; m t, — KopHU ypaBHeHudA (1),

Torga t;=-7-4,2(a+1) <-1, ty;=4,2(a+1)—-7. HepaBeHcTBo

—1 <ty < 1 paBHOCUJIBHO KaiKJOMYy 13 HEPABEHCTB

1< 4/2(@a+1)-7<1,3<2J/2(@a+1)< 4, 9<8(a+1)<16,
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1
1<8a<8,=-<a<1. Eciu HepaBeHCTBO

8
cosdx =42(a+1)-"7.

OTBerT. %Sa <1, x :iiarccos(41/2(a+1)—7)+752—n, neZ.

< a < 1 BBIIDOJIHEHO, TO

0 | =

233. 2) log . |3x+1]|< % (1). HepagencTso (1) paBHOCHJIBHO He-

paBencTBy log . [3x+1[<log .| x| (2), a HepaBencrso (2) paBHO-
CHUJIBHO COBOKYIIHOCTH ABYX CHCTEM HEPaBE€HCTB:

{|x|>1, 3) {0<|x|<1, )

[8x+1|<|x|; [8x+1]>]x].

Haa pemenus cucreM (3) u (4) HYKHO TOCTPOUTH rpaduru GHyHK-
muit y=|x|uy=|[8x+1|.

a) Ecmau |x|> 1, To rpadur Qpysrnun y =|3x + 1| mexur BoIme
rpaduxa GyHKIUM Yy =|x|, u mosTOMy cucrema (3) He uMeeT pe-
meHu.

6) Ectu 0<|x|<1, To rpabur oyarnuum y=|3x+ 1| Ie-
sKUT BBINIe Tpaduka GyHKDWE y =|x| mHa mETepBame A, = (-1; X5),
Ay = (x5 0), A3 =(0; 1), rne xy — KOpeHb ypaBHeHuUs —3x — 1 = —x,

a x; — KopeHb ypaBHeHus 3x + 1 =-x. CiegoBaresbHO, x2:—%,
o1
T4
1 1
OTBerT. —1<x<—§, —Z<x<0, O<x<l1.

277. 3) BosBoguM ypaBHeHUs B KBaJpaT U CKJIAJAbIBAEM:

2 =sin? y + 3 cos? y, orkyma sin? y:%, siny :ii.

V2
. 1 T 1
a) Ecim siny =—, To smbo y=-—+2nn, tormza cosy=-—,
V2 4 J2
. 1
sinx ==,
a cmcTeMa IIPUMET BUJ 2 OTKyZa x:£+2nk, keZ;
e 6
cos x = —,
2
100 y:3—n+2ﬂ:n, TOT A cosy:—i, sinx:%, cosx:—g,
x=5?n+2nk, keZ.
. 1 B
6) Ecim siny=-—, Tt0 Jgubo y=-—+2nn, necZ, Torma
V2 4
cosy:i, sinx:—l, cosxzﬁ, x:—£+2ﬂ:k, keZ;
J2 2 2 6
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. 1 V3
sinx=-=, cosx=-——,

1
Jz’ 2 2

aubo y:—STn+21m, cosy =—

x=-2" Lok kez.

OrBer. (£+2nk;£+2nn), (5_n+2 nk; 3—n+2nn)
6 4 6 4

(—E+2nk;—£+2nn), (—5—“+2nk —3—n+2nn), LeZ, neZ.
6 4 6 4

1—cos2n(x+ 1)
1 1+cos2nx 3

_ =1
3’ 2 2 2’
cos2nx+c052n(x+%) =1, 200s(21tx+ gjcosgz 1,

Y y=x+=

cos(an+£)=1, 2nx+£=2nn, x=n—l, y=n+l, neZ.
3 3 6 6

OTBerT. (——+n,—+n)
sin(x+y)-sin(x-y)=1,

sin(x +y)cos (x—y)=0
a) sin (x + y) = 0, Torga sin (x — y) =—

5) 3amnwuiieMm cucremMy B BHUIE {

x +y=nmnn, x—y=—g+2nk.

6) cos (x —y) =0, Torza x—y:g+nn.
Ecnu n = 2k, To sin (x — y) =1, u Torga sin (x + y) = 2 — Her pe-
IIeHUH.
Ecmu n=2k-1, o x -y :—g+27tk, sin (x — y) =-1, oTkyza
sin(x+y)=0, x + y =nm, T. e.
T
x—y=—-=+2nk,
Y 2
x+y=mnm.
IlonyueHna Ta xe cepus pelIeHUIN.

OrBer. (—£+@+nk; E+M—1tk),neZ, keZ.
4 2 4 2

278. IlomoxkuB u = sin x cos y, U = cOS X Sin y, MOJIyIUM

. 1
sin xcosy = —=,
6u+20:_3’0TR au——l U——3 T. € g 4
Bu-3v=1, va K i . 3
cos x siny = —=.
4
CK.TIaHI)IBaﬂ n BbIUMUTadA YpPaBHEHUA BTOﬁ CHUCTEeMBI, IIojryyaeMm
sin(x +y)=— . .
) 1 oOTRyZa x+y=—-—+2nn, x —y=(-1)* = + nk.
sin(x -y) =, =70 Y 6
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Y
Yy
11 3
4
21
1/+ 1+
1 /o 11 t o) 1 t
2
Puc. 49 Puc. 50

Orser. (—E+(—1)kl+n(n+f); —E+(—1)k+1l+n(n—f)),
4 12 2 4 12 2

neZ,kel.

354. y=6cos?’x+6sinx—-2, y=6 (1 —sin®x)+6sinx—-2=
=-6sin? x + 6 sin x + 4 = 2 (-3 sin? x + 3 sin x + 2).

Paccmorpum ¢yukmuio g (f) =-3t2+ 3t + 2 Ha orpeske [-1; 1]
(puc. 49). \

_ 2 1 11 1 11 1

g(1) 3(15 t+4)+ " (t 2) + e g(z) Haub0JIb

iee 3HaueHUe (PYHKIUU.

Ecanu tZ%’ TO sinx=%, OTKYyZa x:(—l)”g—kﬂ:n, ne”Z.
2(1-¢)?+t  2t*-3t+2
2t2+3(1-t) 2t2-3t+3

358. IIycts sin®? x =¢, Ttorma y=

2
=1—;,me2tz—3t+3=2(t—§) 415
2t2-3t+3 4 8
3 3)° . 15 i
Ilyers 2(t)=2 t—Z +§ (puc. 50). Ecaum ¢t €[0; 1], To
z(§)=§,z(0):3,§<2(1)<3,lslsﬁ, 81 1
4 8 8 3 =z 15 15 z 3
1 8 1 7 2
HO y=1—-=, mostomy 1-—<y<l-=, T.e. —<ys<—
y 2 (T 3 15 773
OTBeT.ng.
3 15

431. IIyctb C m B — TOUKM IepeceuyeHHsS MNPAMOM Xx =3 ¢
ocrio Ox M KacaTelbHOU, A — TOUYKa IlepeceueHUsi KacaTeJbHOI C
oceio Ox, S — muomans TpeyroabHuka ABC (puc. 51). Tak kax
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y' = _1 , y'(a)= 1 —  yIJIOBOIi y
2Jx 2Ja B
Koa(hpunueHT KacaTeJbHOH, TO ypaB-
HeHUe KacaTeJIbHOI nMeeT BUJ, y= Vx
1
y—vJa=——(x—-a). ] C
2va A O a 3 X
Haiigem abciuccy x, TOUKu A, 1mo-

Jarad B YpaBHEHMH KacaTeJIbHOU
y=0. Ilonyuum xy=-a. Torza

1
S=§(a+3)y1, rae y1=y(3)=

=Ja+ L(3 —a)= a+3 , a Yy (3) — opguHaTa KacaTeJbHOH mIpuU
2va

Ja 2Ja

1(a+3)2 (a+3)2
x = 3. CnenmoBarenbHo, S = f (a) = =——. Ilycts g(a) = ———,
Ja Ja
2(a+3)2 1 , (a+3)
Torma g'(a) = - (a+3)°= (4a—(a+3)) =
Ja 3 3
2a2 2a2
(a+3)3
=—(a-1).
3
2a2
EnuvucTBeHHasA cranuoHapHas ToukKa (GyHKIuU g (X), T. €. TOUKA
a =1, — rouka mumHuMymMma (g’ (x) MeHsdeT 3HAK C MHHyca Ha ILJIIOC

IIpU IIepexojie 4epes3 TOUKY a).
OrBerT. S=4.
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