11 kigacc

1 BapmaHT

1. (2 6amra) Pemmure ypasrenne p® — ¢3 = 117, rae p, g, ¥ — IpoCTHIe YHCA.

Pewenue: Ecan Bce Tpu MCKOMBIX YNCJIA HEUETHBIE UJIN HEYETHOE POBHO OJHO M3 HUX, TO TPABas M JIEBAs YAaCTU PA3HOI
géraoctu. Ciydail, KOrga BCe TPY 9HC/Ia PABHBI ABYM, TAKXKe HE TOAXOANUT. SHAYUT, CPEIU HAIUX JYHCESI POBHO OIHA JBONKA.
Kpowme Toro, p > ¢, moaTomMy mBO#Ka 3TO JHOO 7, JH0O (.

Iycts 7 = 2. Torma p® — ¢ = (p — q)(p* + pqg + ¢*) = 2 - 11. BTopoit MHOKHTETH OY9EBHIHO GOJIBIITE TIEPBOTO W HH OHH
U3 HUX He pasen 1, Takum obpasoMm p = g+ 2 u 3¢ + 6¢ + 4 = 11. JTannoe KBaJparHoe ypaBHEHHe OTHOCHTEILHO ¢ He MMeeT
HATypPaJbHbIX PeLICUuii.

Bropoii ciyuaii: ¢ = 2. Torma p? — 23 = (p — 2)(p? + 2p + 4) = 11r. OueBuzgnHo, p = 3 He TOAXOMUT, TaK UTO OJUH U3
vHoKuTeseH B (p—2)(p? +2p+4) 370 11, a BTOPIt 7. Y KBaJpaTHOro ypasHenus p? +2p+4 = 11 HeT HATYpaJbHBIX PEITeHHi,
3HaYUT ocraércs BapuanT p — 2 = 11, 1.e. p = 13. Orciona monygaem r = 199.

2. (2 6anna) Haiiute HamMenbiee 3HadeHne BhIpazkenus 2 + 4x siny — 4 cos? y.

Omeem: —4.

Pewenue: JTo6asum u Boratem 4sin® y. Ilomyaaem Beipaxenne 2 4+ 4z siny + 4sin?y — 4 = (x + 2siny)? — 4. Ouesusmno,
9TO BbIPAKEHNE NMEET MUHUMYM, DABHBIN —4.

Hoes pewenus 2: Yrobbl HANTH HANMEHbIIEE 3HAYEHUE, MOYKHO B3sITh MIPOU3BOIHBIE OT ITOTO BBIPAYKEHUsI [0 T U IO Y U
HafiTU TOYKY, I/e 00e 3Tu IPOU3BOAHbIE PAaBHBL HYIIO. IIpon3Boxgnas mo = paBHA HYJIO, KOrga © = —2siny.

IIpoussoanas 1o y pasua 4x cosy + 8 siny cosy. Ona paBHa HYJIIO B IBYX Cllydasix: Korga £ = —2siny u korga cosy = 0.
[Tocste 3TOrO HEOOXOANMO PA30OPATHCH, B KAKUX U3 ITUX TOUEK AeHCTBUTEIHHO JOKAJIHHBIH MUHUMYM U MOYEMY TI00aTbHBIH
MHUHUMYM CYIIECTBYET.

KoppekTHoe 10Ka3aTeIbCTBO 3TOO B TEPMUHAX TPOM3IBOIHBIX, K COXKAJIEHUIO, BHIXOIUT 33 PAMKH ITKOJIBHOM ITPOrPAMMBI,
[MO3TOMY [IJTsl yYAIUXCS IIMKOJI 3TO PEIeHNe MOXKET CJIy’KUTb CKOPee BCEro TOJIbKO IOJCKA3KOM K OTBETYy M K DPEIeHUIO,
W3JI02KEHHOMY BBIIIIE.

3. (3 6amna) Ilycrs 1, X9, ..., T1g0 — HATYDaJbHBIE YHCia, Gosbine 1 (He obsi3arTesbHO pasiaudHbie). B Tabmmie
100 x 100 paccrapyeHbr qucyia ceayiomum o6pa3oM: Ha MepeceuennH i-0if CTPOKM u k-To cTos0na 3anucano 1ucio log, 7.
HaI;'I,Z[HTe HaunMeEHbIIEE BO3MOXKHO€E 3Ha9Y€HNe CyYMMBI BCEX YUCEJl B Ta6J'[I/H_[e.

Omeem: —10000

Pewenue: lo Zi —log_ x; —log, 4. CioxKuM yMeHbIIAEMOE C AHAJOIMYHbIM YMEHbLIIAEMbIM B CHMMETPUYHON s4elike:
T 4 T T

log,, =;+log, = =log,, =;+ > 2, MOCKOJIbKY JaHHBIN jorapudm nomoxurenes. Eciu xxe ¢ = k, To 310T orapudm

logmk T

pPaBeH eINHHIIE.

Takum 0OpasoM, CymMMa yMEHBINAEMBIX BO BCeX BbIpaxkenusax log, x; —log, 4 He MeHbIIe KOIMIeCTBa A9€eK, T.€. 1002.
Boerauraembie ke MaKCUMAJIbHBI IIPH MUHAMAJIBHOM T = 2 u paBHbl 2. Ciie1oBaTeIbHO, CyMMa, 9HCeT BO Beeil Tabiulie He
menbie 1002(1 — 2) = —100? u paBeHCTBO JIOCTUraeTCss KOTia BCe Tj = 2.

4. (3 6asuia) Jana byskuus f(x) = P(x)e®, roe P(x) — muorousen crenern 1000 ¢ mosoKuTeabHBIMIN KO3bbuUImeH-
g(1000) _ 4
7(1000)
Joxasamenvcmeo: PacemorpuM Kakoit-To omouster aiyz®. Ero n-as npowssomnas pasra k(k —1)...(k —n + Dagzk—",
a MOCKOJIBKY © k, U M He OOJIbIIIE THICAYM, 9TA MPOU3BOIHASA HE MPEBOCXOIUT 1000" a2~ ™, mpuuéM paBEHCTBO JOCTHIAETCS
Tosbko Korma n = 1 u k = 1000. 3Ha4unT, aHATIOTHIHOE HEPABEHCTBO BEPHO W JJIs CyMMbI OfHO4IeHOB. [lomcrasisem BmecTo
x guco 1000, u momygaem, aro P(1000) > P*)(1000).

To MHIyKIMH JIErKO I0KA3aTh BbIIOIHeH e cieyiomero pasencrsa: (P(x)e®)™ = ¢ (COP(x)+CL P (z)+.. +C*P™ (z)).
Torya, BOCTOJB30BABIIACH JOKA3AHHLIM B TIpeAbIAyIeM a03ame, momydaem, uto ¢(1000) = (P(z)e®)“9(1000)

el9%0 (9, P(1000) 4+ C1, P'(1000) + ... + C{§PUY(1000)) < €% (C,P(1000) + CioP(1000) + ... + C{§P1E00)
< ' (CY + Cly + ...+ CRY) P(1000) = 201090 P(1000)2° (1000). Kpome TOro, 3aMeTHM, 9TO IOCKONBKY B JAHHOI
CyMMe BCTpedaeTcsa He TOJILKO IepBas IPOM3BO/HAS, XOTsd Obl OJHO U3 CyMMHUPYEMbLIX HaMK PABEHCTB Ha CaMOM Jejie CTPO-
roe, MO3TOMY MbI MOYKEM 3aMEHHTD 3HAK < Ha <.

Taxum obpasom, Mbl oy, 9o ¢(1000) < 240 £(1000), orkyna menenuem na f(1000) momydaem TpeGyemMoe HepaBeH-
CTBO.

ramu. Ilycrs g(x) — copokosas npoussoxnas f(x). Jokaxkure, 410

5. (3 6asna) [lana pasaoGenpenHas onucanHas tpamnerus ABCD. C'D — meHbliee ocHoBaHue, H — OCHOBaHUeE TepIIeH-
JuKyispa, omyiientaoro u3 rouku C Ha AB. Jlokaxwure, uro buccekrpuca yria A mepecekaer orpesok CH.

Loxazamesvcmeo: lyers CD = a, AD = BC = b. Torga, o npu3Haky ONHCAHHOTO YeThIpEXyroiabuuka, AB = 2b —
a. Torma BH = AB_# = b — a. Orciona no reopeme IMudaropa maxomum CH = /BC? — BH? = /b*> — (b—a)? =
Va2 +2ab > a.

Hanee, AH = AB — BH = b. 3uauur, tpeyroibauk ADH paBuoGeapeHHbIH U OuccekTpuca yria A saBjsieTcs B HEM
cepesMHHBIM HepieHauKyiaapom K DH. Ho torna 310 u cepeuHHbIN HepieHukyaap B rpeyroibauke CDH | a cepenuHHbLIT

MEPIEHINKYJISP K CTOPOHE TPEYTOJIbHUKA, TepeceKaeT OOJIBINYI0 U3 OCTABIIUXCS CTOPOH, TO ecTh BH.
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6. (3 6amma) Cdepa pamuyca 10 Buucana B Kapkac Terpasapa (r.e. kacaercs Bcex ero pébep). Cymma jjmH pébep
terpadzapa cocrasisier 180. Jokaxkure, 410 00b€M Terpasdapa ne npesocxoxut 3000.

Zloxasameavcmeo: Obo3unaunm wamm terpadap ABCD, nentp cdepsi, Bincanuoit B kapkac, 3a O, a camy cdepy 3a S.
O6béM Terpaspa paBeH cymMmMe 06bEMOB MajieHbkux TerpasapoB OABC, OABD, OACD u OBCD.

[Tepeceuyenue S u mockocru ABC 310 BImMCcaHHas OKPYKHOCTH Tpeyrojabauka ABC. O6oznaunm 3a I €€ neHTp, Torma
OI — Boicora rerpasapa OABC. Ilycrs R — paauyc cdepbl S, 1 — paauyc BIOUCAHHON OKpPYKHOCTH Tpeyroiabauka ABC,
Torya BhIIONHAETCA pasencTso R = OI2 + r2,

Voapc = % -OI-Sapc = % -OI -papc -7, e papc — nojynepumerp rpeyrojbiuka ABC.

OI? 4+ r?
IIo HepaBeHCTBY O CpeJgHEM TIeOMETPHYIECKOM H CPeIHEM KBAJPATHIHOM Ol -r < ”T’ TO €eCThb

(912 2 }F
Ol -r< % =5 Takum obpasom, Voape < % -R?pagc.

CxampiBast 00bEMBI YETHIPEX MATEHBKUX TETPAIPOB MBI moydaeM Vapop < % -R? - (papc +paBp +pacp + pPeep),
a cyMMa TOJIyEPUMETPOB IPAHEl 9TO B TOYHOCTH CyMMa JJIUH pébep Terpajpa. 3HaduT, Vapop < % -102 - 180 = 3000, uTo
u TpeboBaIOCh.

7. (4 6anna) /loxkaxkure, 9to He cymecTsyer dbynkimnu f(x), onpeaenéunoit s Becex x > 1, takoii, uro f(z?) = 2f(z)
n f(z+3) = f(x)+3.

1
Zoxazameavemeo: C omHOl cTOPOHBL, f <x2 + 332> = f(2?) +3 =2f(x) + 3.

2
C apyroit cropons, f <x2+2+$12) =f <x+:15) =2f (z+;) =2(f(z)+3) =2f(z) +6.

CpaBHEBag 3TH PABEHCTBA, IIOJIYYaeM, YTO i J000ro YMuciIa Y, IPeJCTABIMOrO B Buje 2 + 2 npu x > 1, TO €CTh 1A

aroboro y > 2, pemosHserca pasercrso f(y +2) = f(y) + 3.
Torma 2f(3) = f(3%) = f(9) = f(3+2-3) = f(3) +9, orkyna f(3) = 9. Caenosarensno, f(5) = f(3) +3 = 12. C apyroii
croponbt, 2f(5) = f(25) = f(5+2-10) = f(5) + 30, orxyma f(5) = 30 # 12.

[Monywaem mporuBopedne, 3HAYAT TAKON (DYHKIWMH JEHCTBUTEIHHO HE CYIIECTBYET.

8. (5 6aJ1oB) PosonavasbHuK JBOPSAHCKOIO POJA HOJLY YUl yIaCTOK 3eMiid. KaxK/plil 13 My2KUUH B POJY yMUPasi €SIl
JIOCTABIIYIOCS €My 3€MJII0 TIOPOBHY MEXKIy CBOMMHU CHIHOBbsiMH. EC/IM yKe ChIHOBEH y Hero He OBLIO, 3eMJIs MEePEXOInJia, K
rocyaapcTBy. Bosbille HUKTO M3 “JI€HOB POJa HUKAKMM 0Opa3oM He MoJiydas WM He JIUIIaJjcs cBoeil 3emiu. Beero B posy
opw10 180 vemoBek. Kakyio HAaMMEHBITYIO TOJII0 MCXOIHOTO YIACTKA, MOT MOJIYYUTh KTO-TH00 U3 UI€HOB poaa’

0m6€m. m
Pewenue: Paccmorpum 4desioBeka ¢ camoil HamMmenbiei jgoseit. Ilycrs y ero orma ObLI0 a1 CHIHOBEI, v €18 — G U TaK
Jajiee 10 OCHOBATEJS POJia, Y KOTOPOro ObLIO a,,. Torma /mosst 9Toro 4e0BeKa COCTaBasseT —————, IPUIEéM HaM U3BECTHO,
a1ag ...an

410 a1 + az + ... + a, #e upesocxoaur 179 (LOCKOJIBLKY OCHOBATENb POJA B ITY CyMMY TOYHO HE BXOJMT).

Takum 00pa30oM, MBI HUITIEM HAOOP YMCEST C CyMMOit, He mpeBocxoAsameil 179 n MakcuMaabHbIM Mpou3BeaeHreM. /Jokaxkem,
910 JI000# HAOOP, KPOMe HADOpa, COCTOSAIIEro n3 59 TPOEK W OJHOU IBOIKHU, He 00/IaJaeT MAKCHUMAJIbHBIM TPOU3BEIECHUEM,
TaK KaK €ro MOYKHO yBEJIUIUTH,

Bo-niepBrix, eciim cymma uuncen B Habope Menbie 179, mobaBuM Tyma eIné OHO 9uciio, YTOObI crenarh e€ paBHoi 179.
[IpousBenenune or 3TOrO HE YMEHBIITUTCSI.

Bo-Bropsix, nycrs B Haiiem HabOpe ecTh 4uca0 ¢ > 4. 3aMeHuM g Ha napy 4duces b u ¢ 60/IbIIUX €JIUHULIBI, TAKUX, YTO
b+ ¢ = a. Joraxewm, uro be > b+ c. HeiicreurensHo, be —b—c¢ = (b—1)(c—1) — 1, uro HeorpuaTeabHO TpH b U ¢ GOIBITHAX
€TMHUITHI.

B-Tperbux, ecin cpemun Habopa ecThb YuUCIO 1, TO MOXKHO 3aMEHHUTH JI000e 9ucio a u 1 Ha a + 1, oT9ero npousBeneHme
9THUX YHCEJ yBeMmdIuTcs Ha 1.

Takum obpazom, /11060# HAOOP MOKHO TPEOOPA30BATH B HAOOP U3 ABOEK M TPOEK, HE YMEHbIIASA IIPOU3BEICHUS €10 IUCET.

Jlajee, mycTh KOJIUYECTBO JBOEK XOTs ObI Tpw, TOrIA WX Mpou3BeaeHne paBHO 8. Ecim ke Mbl 3aMEHUM TPH JTBOWKW HA
JIBe TPONKHU, CyMMa YHUCeJl He M3MEHUTCH, a MPON3BEJIEHNE CTAHET PABHO 9, TO €CTh ONAThL-TAKM yBEIUIUTCA. Takum 0Opa3om
MOXKHO JTOOUTCS TOrO, 9TOOBI KOJMYECTBO JBOEK CTANIO HE DOJBINE IBYX.

ITockonpky 179 = 59 - 3 + 2, B mToroBom Habope OymeT POBHO OHA BOIKA.

Wrak, s1000ii HAOOP HATYPAJIBHBIX Y9HUCEJI C CyMMOIl, HE npeBocxogdieil 179, MokHO npeodpazosBars B HAOOp u3 59 Tpoek
¥ OTHOW TBOWKW, W TIPU ITOM MPOU3BEIEHNE YKCe]l B HAOOpE He YMEHBITUTCA. JHAYUT, IOy YeHHbINH B WTOore Habop 0071a1aeT
HanGOJIBIITMM TPOU3BEIeHIEM, PAaBHLIM 3°7 - 2, uro maér Ham HAMMEHbIITYIO JOJII0 HACIEICTBA OOPATHYIO K 9TOMY HUHCIIY.



11 kJjacc
2 BapmaHT

1. (2 6asuta) Pemmure ypasnenue p° — ¢3 = br, rjie p, ¢, ¥ — NPOCTbIE YUCIIA.

Omeem: p="1T,q=2,r = 6T7.

Pewenue: Ecu Bce TPU MCKOMBIX YHMCIa HEYETHBIE WU HEYETHOE POBHO OHO W3 HUX, TO MpaBas U JieBasg YaCTU PA3HOM
gérnoctu. Cirydail, KOrja BCe TPU YUC/Ia PABHBI JABYM, TAK2KE HE [MOJXO/IUT. SHAYUT, CPE/IU HAIIKMX YUCEJ POBHO OJHA JIBOMKA.
Kpowme Toro, p > ¢, mosromy nBoika 3To aubo 7, Jubo q.

ITycts r = 2. Torma p® — ¢ = (p — q)(p* + pq + ¢*) = 5 - 11. BTopoit MHOKUTEIh OUeBH/IHO GOJIBIITE TIEPBOTO W HU OJIMH
W3 HUX He paBeH 1, Takum obpasoMm p = q + 2 u 3¢? + 6¢ + 4 = 5. JlanHoe KBaJpaTHOE ypaBHEHHE OTHOCUTEIHHO ¢ HE UMeeT
HATypPaJbHBIX PEIIenii.

Bropoit ciygait: ¢ = 2. Torma p® — 23 = (p — 2)(p? + 2p +4) = 5r. OuesnaHO, p = 3 HE MOAXOJUT, TAK UTO OIHH U3
muoxureneit B (p—2)(p? +2p+4) 910 5, a Bropit r. Y KBagpaTHOro ypasHenus p? + 2p +4 = 5 HeT HATYPAJILHBIX DeleHuii,
3HAYUT OCTAETCA Bapuant p — 2 = 5, t.e. p = 7. Orcroma nogydaem r = 67.

2. (2 6anna) Haiiure HamMenbinee 3HaYeHIe BhIpazkennsa 2 — 6x siny — 9 cos? y.

Omeem: —9.

Pewenue: J1obaBuM m BbIUTEM 9 sin? y. Iomygaem BuIpaskenne 2 — 6z siny + 9 sin? y—9=(x—3sin y)2 — 9. OueBumHo,
3TO BBIpAKEHNE UMEET MUHUMYM, PaBHBIH —9.

Hoes pewerus 2: YToOBI HAWTH HAMMEHbBIIEE 3HAYEHNE, MOYKHO B3sTh MPOU3BOIHBIE OT ITOrO BHIPAXKEHUS 10 T U 1O Y U
HafTH TOYKY, T1e 00e 3T TPOU3BOAHBIE PABHBI HYIO. IIpon3BogHas mo x paBHA HYJIO, KOrga © = 3siny.

[IpousBomnas no y paBua —6x cos y + 18 siny cos y. Ona paBHa HYJIIO B IBYX Ciiydasx: Korjia £ = 3siny u korga cosy = 0.
ITocste aTOr0 HEOOGXOAMMO PA300OPATHCS, B KAKUX M3 ITUX TOYEK AEHCTBUTEIHHO JIOKATHHBI MUHUMYM U MOYEMY TJI00ATBHBIH
MHUHUMYM CYIIECTBYET.

KoppekTHoe 10Ka3aTeTbCTBO 3TOTO B TEPMUHAX MPOU3BOIHBIX, K COXKAJEHUIO, BBIXOAUT 33, PAMKH IMTKOJIBHON TPOTPAMMBI,
TMMO3TOMY JIJIST YHAIUXCS ITIKOJ 3TO PEIeHne MOXKeT CIYKUTh CKOpee BCero TOJIBKO TOJCKA3KON K OTBETY W K PEIeHuIo,
W3JI0KEHHOMY BBIIIIE.

3. (3 6asna) Ilycrs 21, @9, ..., Lgy — HATYPAJBHBIE YnCIA, Ooabinue 1 (He 06s3aTebHO pasnnunbe). B Tadmuie 60 X 60
paccTaByIeHbl YHCTa CIeIYIoNuM 00pasoM: Ha TiepecedeHnn i-ofi cTpoku u k-To cronbia 3ammcano gucio log, G . Haiinnre
HanMEHbIIEE BO3MOXKHOE 3Ha4Y€eHNEe CYMMBI BCE€X YUCE]T B Ta6JII/IHe.

Omeem: —7200

Pewenue: log,, g =log, x;—log,, 8. Ciroxum ymeHbIIaeMoe ¢ aHATOTHIHBIM yMEHBIIACMBIM B CAMMETPUIHON Aueiike:

log,, =;i+log,. = =log,, =;+ > 2, MOCKOJIbKY JaHHBIN jJorapudm nomoxurenes. Ecin xxe ¢ = k, To 3T0T orapudm

logmk T

pPaBeH eIMHWUIIE.

Taknm 06pa3om, cymMMa yMEHBIIAEMBIX BO BCEX BbIpakenusax log, x; —log, 4 He MeHbIe KOIMYECTBA AYEEK, T.e. 602.
Boerauraembie ke MAKCUMAJIbHBI TIPH MUHUMAJIBHOM T = 2 u paBHbl 3. Ciie1oBaTeIHbHO, CyMMa, 9HCeT BO Beeil Tabiuie He
menbie 60%(1 — 3) = —60? - 2 1 paBeHCTBO JOCTUTAETCS KOTJIA BCE T = 2.

4. (3 6amna) Hdana byskuus f(z) = P(x)e”, tne P(x) — muorousen crenenu 100 ¢ mojokuTenbHbIMAN KO3bbUIHEH-
100
ramu. Ilycrs g(x) — nBaauaras npoussopnas f(x). Jokaxwure, 4ro M < 220,

f(100)

Jokazameavcmeo: PaccMoTpuM Kakoif-To ogHodnen ajr”. Ero n-as mpomssognas pasua k(k—1)...(k—n+1apz* ", a
HOCKOIBKY ¥ k, 1 1 He Go/blIe cTa, 3Ta Ipou3BoaHad He npeocxoaut 100™apz ™", npudaéM paBeHCTBO JOCTUTAeTC TOIBKO
korga n = 1 u k = 100. 3aauur, aHAJIOTHIHOE HEPABEHCTBO BEPHO U st CyMMbI ofHowieHoB. [lojcTaBisemM BMECTO & 9UCIO
100, u nomyaaem, aro P(100) > P%)(100).

To MHIYKIMH JTETKO I0Ka3aTh BHITIOMHeHNe ciaeyiomtero paserctsa: (P(x)e®)™ = ¢ (CYP(x)+CL P (z)+.. . +CP P (x)).
Torsa, BOCITOIH30BABIIACH IOKA3AHHBIM B MpeabaymeM a6same, momyuaem, uro ¢(100) = (P(x)e®)(9(100)
= el (CYP(100) + C3P'(100) + ...+ CHPEO(100)) < €% (CYP(100) + CIHP(100) + ...+ C3HP1I00) <
< e (CY + Cly + ...+ C39) P(100) = 220¢'90P(100) = 22° f(100). Kpome TOro, 3amMeTHM, 9TO IOCKONBKY B JAHHOIL CyM-
Me BCTPEYaeTCs HE TOJNBKO IepBas IPOU3BOIHAA, XOTd OBl OJHO M3 CyMMHUPYEMBIX HAMH PABEHCTB HA CAMOM JIEJI€ CTPOrOE,
HO3TOMY Mbl MOKEM 3aMEHHTDb 3HAK < Ha <.

Taxum obpaszom, Mbl ioryunn, aro g(100) < 22° £(100), orkyaa nenennem na f(100) momydaem TpeGyeMoe HEPaBEHCTBO.

5. (3 6ama)

Hana paBuoGenpennas ommcannas tpaneius ABCD. BC' — wmenbliee ocHOBaHue, H — OCHOBaHWE HEPIEHIUKYJISIPA,
omyueHHoro u3 touku B na AD. Jlokaxkurte, 4yro Ouccekrpuca yria D nepecekaer orpe3ok BH.

Zoxasameavcmeo: Ilycts BC = a, AB = CD = b. Torga, mo npu3Haky OMUCAHHOTO YeTHIPpEXyrosbHuKa, AD = 2b —
a. Torma AH = % = b — a. Orcioga o Teopeme Iludaropa maxomum BH = VAB? — AH? = /b2 —(b—a)? =
va? + 2ab > a.

Hamee, DH = AB — AH = b. 3uauut, Tpeyronbauk C'DH paBHOOenpeHHbIN u OuccekTpuca yria D sBjisercs B HEM
cepenuHHbIM mepreHauKynsgpom K C'H. Ho Torma 910 u cepeuHHbBIN TepHeHanKyasp B Tpeyroabanke C'BH, a cepenuHHBIH
MEPIEeHIUKYIAD K CTOPOHE TPEYTOIbHUKA MEPEceKaeT DOMBIINYI0 U3 OCTABIIUXCS CTOPOH, TO ecTh BH.

6. (3 6amra) Cdepa paguyca 3 Buucana B Kapkac rerpasapa (r1.e. kacaercs Bcex ero pébep). Cymma miun pébep rerpa-

sapa coctapisier 60. JJokaxkure, 9T0 00HEM TeTpasdapa He mpeBocxonuT 90.
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Joxazamesvcmeo: O6o3uaunm nam rerpasap ABCD, nenrp cdepsbl, BiucaHHoil B Kapkac, 3a O, a camy cdepy 3a S.
O6bém Terpasdapa paBen cymme 00bEMOB Masienbkux terpasapos OABC, OABD, OACD u OBCD.

ITepecedenne S u maockoctu ABC' 3T0 BImcaHHash OKPY*KHOCTH Tpeyronbunka ABC. Ob6o3naunm 3a [ e€ meHTp, TOraa
OI — Boicora rerpasapa OABC. Ilycrs R — pamuyc cdepbl S, 7 — paauyc BIUCAHHON OKPYKHOCTH Tpeyrojabuuka ABC,
TOr7a BLINOJNHAETCA paBeHcTBO R?2 = OI2 + r2.

Voasc = % -OI - Sapc = % -OI -papc -7, TIE PABc — HoOMynepuMmeTp Tpeyroibuuka ABC.

OI? 4 12

ITo HepaBeHCTBY O CpeIHEM TEOMETPUYECKOM W CpPEJHEM KBaJIPATHIHOM OI-r < 4/ — TO €eCTh

O’ +r* R?

ol r£{ ——=—

S22 2

CkraapiBast 00bEMBI YETHIPEX MAJIEHHKUX TETPAIAPOB MBI TOJIyYaeM VApcp < % R? - (paBc + paBD +Pacp +PBCD),

a CyMMa TIOJIyIEPUMETPOB T'DAHEN 9TO B TOYHOCTH CyMMa, JJINH PEGep Terpaapa. 3Ha4uuT, Vipcop < % -32.60 = 90, uro
TpebOBaIOCH.

. Taxum obpasom, Voasc < § - R?pasc.

7. (4 6anaa) lokaxure, 9To He cymecTsyer dbynkimun f(x), onpeaenéunoi aig secex x > 1, taxoii, uro f(2?) = 3f(z)
mf(z+3)=flx)+2

1
Joxasameavcmeo: C onuoit cTOPOHBI, f <x2 + m2> = f(2?) +2=3f(z) +2.

2
C mpyroii croponsr, f <x2+2—|—x12) =f <x—|—i) =3f (x—&—i) =3(f(x)+2) =3f(z)+6.

CpaBHEBAA 3TH PABEHCTBA, HOJYIaeM, UTO JJIs JI060TO IHCIa 1, IPEJCTABIMOrO B BHIE T2 4 2 mpu r > 1, TO €CTh JJIs

soboro y > 2, BeimosHsiercs pasenctso f(y +2) = f(y) + 4.

Torna 3f(3) = f(3%) = f(9) = f(3+2-3) = f(3) + 12, orxyna f(3) = 6. Cremosarensno, f(5) = f(3)+4 = 10. C apyroit
croponsl, 3f(5) = f(25) = f(5+2-10) = f(5) + 40, orxyzna f(5) = 20 # 10.

IMosry9aeM MPOTHBOPEYNE, 3HAYUT TAKOH QYHKINM NEHCTBATETHHO HE CYMIECTBYET.

8. (5 6aJsoB) PononavyaibHUK JBOPSHCKOrO POJA HOIYUMI yIaCTOK 3eMiid. KaxKIblil 13 My2KUUH B POJY YMUDAs €I
JIOCTABIIIYIOCS €My 3€MJII0 IOPOBHY MEXK/Iy CBOMMU ChIHOBbsiMu. Eciin ke chiHOBell y Hero He ObLIO, 3eMJisd MEPEXOINIIA K
rocysapcrBy. Bouibiile HUKTO U3 9IEHOB PO/ia HUKAKUM 0OpPa30M He IOJIyvaJl WM He Jminajcsa csoeil 3emsu. Beero B pomy
o610 120 uemoBek. Kakyro HAMMEHBITYIO TOJTF0 MCXOIHOTO YYACTKA, MOT MOJIYUYUTh KTO-TH00 W3 UJI€HOB poaa?’

1
Omeem: 3 3%
Pewenue: PaccMorpum destoBeKa ¢ caMoii HamMeHblIeit gomeii. Ilycrs y ero orma ObLIO a1 CHIHOBEH, v J€1a — Gg W TaK
Jajiee 10 OCHOBATENsS Pojia, Y KOTOPOro OBLIO a,. Torma mosst 3TOro 4eg0oBeKa COCTaBasgseT ————, IPUIEéM HaM U3BECTHO,
a1ag ...an

410 a1 + ag + ... + a, #He npesocxoaur 119 (IIOCKOJIBKY OCHOBATEb POJA B 9TY CYyMMY TOYHO HE BXOIMWT).

Takum 0b6pa3oM, MBI UITIeM HAOOD YmCesI C CyMMOil, He mpeBocxozsmeit 119 u MakcumanbHbIM npou3BefenneM. Jokarxkem,
4910 J11000i1 HAOOP, KpoMe HAabopa, cocrodiiero u3 39 Tpoek u OAHOU JBOIKHU, He 00JIaJaeT MAKCUMAJIbHBIM [IPOU3BEIEHUEM,
TaK KaK €ro MOYKHO yBEJIUYUTH,

Bo-niepBrix, eciim cymma unces B Habope Menbime 119, mobaBuM Tyma eImné OgHO 9ucio, YTOOBI chenarh eé paBHoit 119.
[Ipoussenenne OT ITOrO HE YMEHBITUTCS.

Bo-Bropsix, mycth B Hamem HaGope ecTh 9uciao a > 4. 3aMeHuM a Ha mnapy ducesn b u ¢ OONBINUX €IUHUIbI, TAKUX, 9TO
b+ ¢ = a. Jokaxewm, uro bc = b+ c. HeiicrBurenbuo, bc —b—c = (b—1)(c— 1) — 1, 9yro Heorpunaresnbuo upu b u ¢ 6oibLIuX
€IUHUIIbI.

B-tperbux, eciam cpenu HAOOpa €CTHh YUCIO 1, TO MOXKHO 3aMEHWTH J1I000e dnciio a¢ u 1 Ha a + 1, 0T9ero mpowusBemeHue
9THUX YHUCEJI yBEIUIUTCH Ha 1.

Takum obpazom, m060# HAOOP MOKHO TPEOOPA30BATH B HAOOP M3 ABOEK W TPOEK, HE YMEHbIIAA IIPOU3BEICHHUs €r0 IUCeT.

Hanee, mycTh KOJUYIECTBO JABOEK XOTsi ObI TPHU, TOIJIA WX IpoussejeHue paBHo 8. Eciau ke Mbl 3aMeHUM TPHU ABOHKHU HA
JiBe TPOMKH, CyMMa 9KMCE HE M3MEHUTCs, a IPOU3BE/ICHUE CTAaHeT PABHO 9, TO eCTh OnsiThb-Taku yBeaunaurcs. Takum obpaszom
MOYKHO JIOOUTCS TOTO, YTOOBI KOJTMYIECTBO JBOEK CTAJIO HE OOJIBINE IBYX.

IMockoapky 119 = 39 - 3 + 2, B mToroBoMm HaboOpe OyIeT POBHO OIHA IBOITKA.

Wrak, m000ii HAOOP HATYPATBHBIX 9UCET C CyMMOii, He nmpeBocxosiiei 119, MoxkHO nmpeodpa3oBarh B HaOOp u3 39 Tpoek
¥ OJIHO¥ JBOUKH, U MPU ITOM MPOU3BEJECHUE YUCES B HAOOPE He YMEHBIUTCs. JHAYNT, MOJyYeHHbIH B urore Habop obamaer
HauOOIBIIMM 1IPOU3BEIeHueM, PABHLIM 359 - 2, 4To 1aéT HAM HAMMEHBIIYIO JO0JII0 HAC/IEACTBA OOPATHYIO K 9TOMY HHCILY.



11 kJjacc
3 BapumaHT

1. (2 6asa) Pemmure ypasnenne 11p = ¢3 — 73, rae p, ¢, r — mpocThie YUCTIA.

Omeem: ¢ =13, r =2, p = 199.

Pewenue: Ecu Bce TPU MCKOMBIX YHCIA HEYETHBIE WU HEYETHOE POBHO OIHO W3 HUX, TO MpaBas U JieBasg YaCTU PA3HOM
gérrnoctu. Cirydail, KOrja BCe TPU YUC/Ia PABHBI ABYM, TAKXKE He MOJIXO/IUT. SHAYUT, CPE/IU HAIIKMX YUCEJ POBHO OJHA JIBOHKA.
Kpowme toro, g > r, nosromy nBoiika 310 b0 1, 1160 P.

[ycts p = 2. Torna ¢° — 13 = (¢ — r)(¢*> + qr + r?) = 2 - 11. Bropoii MHOXHUTEIh 0UeBHIHO OOJIbIIE TIEPBOTO W HU OJ[UH
U3 HOX He pased 1, TakuM o6pa3oMm ¢ = r + 2 u 3r? 4 6r + 4 = 11. Jlagroe KBaJApaTHOE YpaBHEHHe OTHOCHTEIHLHO T HE MMeeT
HATyPaJbHBIX PEIIenii.

Bropoit ciywaii: r = 2. Torma ¢ — 22 = (¢ — 2)(¢® + 2¢ + 4) = 11p. OueumnO, ¢ = 3 He MOAXOTHUT, TAK UTO OIUH U3
muozureneit B (¢ —2)(q? +2q+4) sro 11, a Bropit p. ¥ KpajpaTHOro ypaphenus ¢> +2q+4 = 11 mer HATYpaIbHbIX PEITeHHit,
3HAYUT OcTaércs Bapuant ¢ — 2 = 11, t.e. ¢ = 13. Orcioga nosygaem p = 199.

2. (2 6asuta) Haiiure HamMenbiee 3HaYeHne Bbhipaykenus 4x? + 4xsiny — cos? y.

Omeem: —1.

Pewenue: JTob6asum u Beratem sin® . Ilomyuaem Boipazkenne 422 + drsiny + siny — 1 = (r + 2siny)? — 1. Ouesumno,
9TO BHIPAYKEHNE UMEET MUHUMYM, PABHBIA —1.

Hoes pewenusa 2: YToObl HAWTH HANMEHbIIIEE 3HAUEHUE, MOYKHO B3dATh MTPOU3BOHBIE OT ITOTO BHIPAYKEHUS 1O T M IO Y U
HaWTH TOUKY, IJie 00e 3TH IPOU3BO/HbIE paBHBI HY/f0. [Ipon3BoiHas 1Mo © paBHA HYJIO, KOrja 2z = —siny.

IMpousBoauas mo y paBua 4x cosy — 2siny cosy. OHa paBHa HYJIIO B JIBYX CIydasx: Korga © = —2siny u xorma cosy = 0.
ITocste aToro HEOO6xOAMMO Pa30OPATHCs, B KAKUX U3 ITUX TOUYEK JIEHCTBUTEIHHO JIOKAJIbLHBI MUHUMYM U IIOYEMY IVI0OATbHBII
MWUHUMYM CYIIECTBYET.

KoppekTHoe 10Ka3aTeIbCTBO 3TOrO B TEPMUHAX MPOM3BOIHBIX, K COXKAJIEHUIO, BBIXOAUT 32 PAMKH ITKOJILHOM TPOrPAMMEI,
TIO9TOMY /ISl yYAIUXCA IKOJI 9TO PEIeHne MOXKEeT CIYy’KUTh CKOpee BCEro TOJBKO MOACKA3KOM K OTBETYy W K DPEIIeHHIO,
M3JI0KEHHOMY BBIIIIE.

3. (3 6asna) Ilycrs 1, o2, ..., Togo — HATYypasbHbIe 4YucJa, Gosblme 2 (He 0bg3aresibHO padsiudsbie). B rabiuue
200 x 200 paccTaBiieHbI YUCJIa CAELYIONIM 00pa30M: Ha MEPEeCeueHnn (-0i CTPOKH U K-IO CTOJIONA 3alUCAHO IHCIIO log, . %.
Haiiqnre HanmeHbIiiee BO3MOKHOE 3HAYEHNE CYMMBI BCEX UMCE B TAOJIHIIE.

Omeem: —40000

i

Pewenue: log,, % =log,, x;—log,, 9. Croxum ymenbmaemMoe ¢ aHATOTUIHBIM YMEHbIIAGMbIM B CAMMETPHIHON sgueiike:

log,, z;+log,, xy =log,, =;+ - 2 2, TTOCKOJIBKY JQHHBIH siorapudm mooxkuTeaeH. Ecan xe ¢ = k, 7o 3TOT jTorapudm

log,,,, @;

PaBCH eIUHUIE.

Taxnv o6pasom, cymMa yMeHbITaeMbIX BO BCeX BBIDayKeHHAX log,, o; — log,, 9 He MeHbIe KOJTMIecTBa AIeeK, T.e. 2002.
BrerauTtaemble 2Ke MaKCHMAJIbHBI IPH MEHAMAJBHOM Tp = 3 U pasBHHI 2. CleqoBaTeIbHO, CyMMa, 9HCe BO BCeil Tabuuie He
menbie 2002(1 — 2) = —200? u paBeHCTBO JIOCTHTaeTCs KOT/a BCe T = 3.

4. (3 6anna) Hdana byrkuus f(z) = P(x)e”, tne P(x) — muorousen crenern 200 ¢ nmosokurenbabiMun ko3bdunmnen-
9200) _ 94

f(200)

Joxasamenvcmeo: PacemorpuM Kakoit-To ommounen apx®. Ero n-as mponssoamas pasna k(k —1)...(k —n+ Dagz
a TOCKOJIBKY U k, M M HE DOJIbIIE ABYXCOT, 9TA MPOM3BOIHAS HE TPEBOCXOINUT 200" ajx* ™", IpUIEéM PABEHCTBO JOCTHUTAETCH
TosbKO Kora . = 1 u k = 200. 3HaunT, aHAJIOTMIHOE HEPABEHCTBO BEPHO U IS CyMMBbI OAHO4WIEHOB. IlomcTaBiisemM BMeCTO
x wucyio 200, u monygaem, 1ro P(200) > P*)(200).

TTo MHTyKIMH JIETKO [0KA3ATD BINOHEHEE Cieayiomero pasenctsa: (P(x)e®)™ = e*(CYP(z)+CL P (2)+.. . +CIPM™ (z)).
Torya, BOCHOIB30BABIINCH [OKA3AHHBIM B Hpepiaymem absaune, noaywaem, [ro ¢(200) = (P(z)e®)19(200)
= €200 (CYP(200) + C1yP'(200) + ...+ C{oPUID(200)) < €209 (CYP(200) + C{yP(200) + ...+ CLIP) <
< €2 (0 + Cly + ... + C1J) P(200) = 219200P(200)2'° £(200). Kpome Toro, 3ameTny, 9TO MOCKONBKY B JAHHOMN CyM-
Me BCTPEYAETCs HE TOJILKO MepBasi MPOU3BOJHAs, XOTs Obl OJHO W3 CyMMUDPYEMbIX HAMH DABEHCTB HA CAMOM JIEJIE€ CTPOrOE,
MO3TOMY MBI MOXKEM 3aMEHHUTHh 3HAK < Ha <.

Taxum ob6paszom, Mbl iosyarn, ato g(200) < 219 £(200), orkyna nenennem ma f(200) momydaem TpeGyeMoe HEPABEHCTBO.

ramu. Ilycrs g(x) — mecaras npoussoxnasa f(x). Jokaxkure, 4To

k—n

)

5. (3 6amna) Jana pasHoGeapennas onmcannast tpanenus ABCD. BC' — Gonbinee ocHoBanne, H — OCHOBaHWe TIepIeH-
JWKyJIspa, onymenaoro n3 Touku D na BC'. [lokaxkure, 9T0 OnccekTpuca yria B mepecekaer orpe3ok DH.

Loxasamesvcmeo: lyecrs AD = a, AB = CD = b. Torma, o Tpu3HaKy ONMHUCAHHOTO YeThIpEXyToibHUKA, BC = 2b —
a. Torna CH = w = b — a. Orciona no teopeme IMTudaropa maxommm DH = /CD? — CH? = /b%2 — (b—a)? =
Va2 + 2ab > a.

Hanee, BH = BC — CH = b. 3uauur, tpeyronbauk ABH paBHoOenpeHubiit u Guccekrpuca yria B gaBisiercs B HEM
cepeauHHBIM epreHaukyaspom Kk AH. Ho torma 310 u cepeuHHbIN TepneHaukysap B Tpeyroabauke ADH | a cepeauHHbII
[EPIEHUKYIIAD K CTOPOHE TPEYrOJIbHUKA [IePeceKaeT OOJIBIILYI0 U3 OCTABIIMXCS CTOPOH, TO ectb DH.

6. (3 G6amna) Cdepa pagmyca 12 Brnmcana B Kapkac Terpaszipa (T.e. Kacaercs Bcex ero pébep). Cymma mianH péGep
Terpasapa cocrapiasger 300. okaxkure, 9T0 00bEM TeTpasdapa He mpeBocxoauT 7200.
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Joxazamesvcmeo: O6o3uaunm nam rerpasap ABCD, nenrp cdepsbl, BiucaHHoil B Kapkac, 3a O, a camy cdepy 3a S.
O6bém Terpasdapa paBen cymme 00bEMOB Masienbkux terpasapos OABC, OABD, OACD u OBCD.

ITepecedenne S u maockoctu ABC' 3T0 BImcaHHash OKPY*KHOCTH Tpeyronbunka ABC. Ob6o3naunm 3a [ e€ meHTp, TOraa
OI — Boicora rerpasapa OABC. Ilycrs R — pamuyc cdepbl S, 7 — paauyc BIUCAHHON OKPYKHOCTH Tpeyrojabuuka ABC,
TOr7a BLINOJNHAETCA paBeHcTBO R?2 = OI2 + r2.

Voasc = % -OI - Sapc = % -OI -papc -7, TIE PABc — HoOMynepuMmeTp Tpeyroibuuka ABC.

OI? 4 12
ITo HepaBeHCTBY O CpeIHEM TEOMETPUYECKOM W CpPEJHEM KBaJIPATHIHOM OI-r < 4 — TO €CTh
O’ +r2 R?
Ohrs—5—=%
CkraapiBast 00bEMBI YETHIPEX MAJIEHHKUX TETPAIAPOB MBI TOJIyYaeM VApcp < % R? - (paBc + paBD +Pacp +PBCD),
a CyMMa TOJIyIepPUMETPOB IPAHER 9TO B TOYHOCTU CYyMMa, [JIMH PEGEp TeTpasapa. 3HAYUT, Vapop < é -122 - 300 = 7200, uTo
n TpebOBaIOCH.

. Taxum obpasom, Voasc < § - R?pasc.

7. (4 6anaa) Jokaxure, 4To He cymecTsyer dbynkimun f(x), onpeaenénnoi aig seex x > 1, taxoii, uro f(2?) = 2f(z)
nf(z+3) = f(x)+5.

1
Zoxaszameavcmeo: C omHOM CTOPOHBI, f <x2 + m2> = f(z?) +5=2f(x) +5.

2
C mpyroii croponsr, f <x2+2—|—x12) =f <x—|—i) =2f (x—&—i) =2(f(x) +5) =2f(z) + 10.

CpaBHEBAA 3TH PABEHCTBA, HOJYIaeM, UTO JJIs JI060TO IHCIa 1, IPEJCTABIMOrO B BHIE T2 4 2 mpu r > 1, TO €CTh JJIs

sioboro y > 2, seimosHsiercs pasenctso f(y +2) = f(y) + 5.

Torma 2f(3) = f(3%) = f(9) = f(3+2-3) = f(3) + 15, orxymna f(3) = 15. Caenosarensno, f(5) = f(3) +5 = 20.
C apyroit cropoust, 2f(5) = f(25) = f(5+2-10) = f(5) + 50, orxyzna f(5) = 50 # 20.

IMonyuaem mpoTHBOpEYHe, 3HAUUT TaKoil (DYHKINK NeHCTBUTEIHHO HE CYIIECTBYET.

8. (5 6aJsioB) PomonavyaibHUK JBOPSHCKOrO POJA HOIY UM yIACTOK 3eMiid. KaxK bl 13 My2KUUH B POJY YMUDAs €I
JIOCTABIIIYIOCSI €My 3eMJIIO MOPOBHY MEXKJy CBOUMHU CHIHOBbsSIMU. FCJiM K€ ChIHOBEl y Hero He ObLIO, 3eMJis MEPEeXOuia K
rocyaapcTBy. Bosibiile HUKTO U3 9J€HOB POJa HUKAKMM OOpPA30M He MOJIydasl WM He JIMIIajcs cBoeil 3emiu. Beero B poy
o610 150 uemoBek. Kakyro HAMMEHBITYIO TOJTF0 MCXOIHOTO YYACTKA, MOT MOJIYUYUTh KTO-TH00 W3 UJIE€HOB poaa?’

1
Omeem: 3310
Pewenue: PaccMorpum destoBeKa ¢ caMoii HamMeHblIeit gomeii. Ilycrs y ero orma ObLIO a1 CHIHOBEH, v J€1a — Gg W TaK
Jajiee 10 OCHOBATENsS Pojia, Y KOTOPOro OBLIO a,. Torma mosst 3TOro 4eg0oBeKa COCTaBasgseT ————, IPUIEéM HaM U3BECTHO,
a1ag ...an

410 a1 + ag + ... + a, #He npesocxoaur 149 (IIOCKOJIBKY OCHOBATEJb POJA B 9TY CYyMMY TOYHO HE BXOIWT).

Takum 0b6pa3oM, MBI UITIEM HAOOD YmCEsI C CyMMOil, He mpeBocxozsmeil 149 u MakcuMaabHbIM npou3BeferneM. Jokarkem,
4910 J11000i1 HAOOP, KpoMe HAabopa, cocrodiiero u3 49 Tpoek u OAHOU [BOiKHU, He 00JIa1aeT MAKCUMAJIbHBIM [IPOU3BEIEHUEM,
TaK KaK €ro MOYKHO yBEJIUYUTH,

Bo-niepBrix, eciim cymma unces B Habope Menbime 149, mobaBuM Tyma eIné OJHO 9uCIo, YTOOBI CIeraTh e€ paBHOi 149.
[Ipoussenenne OT ITOrO HE YMEHBITUTCS.

Bo-Bropsix, mycth B Hamem HaGope ecTh 9uciao a > 4. 3aMeHuM a Ha mnapy ducesn b u ¢ OONBINUX €IUHUIbI, TAKUX, 9TO
b+ ¢ = a. Jokaxewm, uro bc = b+ c. HeiicrBurenbuo, bc —b—c = (b—1)(c— 1) — 1, 9yro Heorpunaresnbuo upu b u ¢ 6oibLIuX
€IUHUIIbI.

B-tperbux, eciam cpenu HAOOpa €CTHh YUCIO 1, TO MOXKHO 3aMEHWTH J1I000e dnciio a¢ u 1 Ha a + 1, 0T9ero mpowusBemeHue
9THUX YHUCEJI yBEIUIUTCH Ha 1.

Takum obpazom, m060# HAOOP MOKHO TPEOOPA30BATH B HAOOP M3 ABOEK W TPOEK, HE YMEHbIIAA IIPOU3BEICHHUs €r0 IUCeT.

Hanee, mycTh KOJUYIECTBO JABOEK XOTsi ObI TPHU, TOIJIA WX IpoussejeHue paBHo 8. Eciau ke Mbl 3aMeHUM TPHU ABOHKHU HA
JiBe TPOMKH, CyMMa 9KMCE HE M3MEHUTCs, a IPOU3BE/ICHUE CTAaHeT PABHO 9, TO eCTh OnsiThb-Taku yBeaunaurcs. Takum obpaszom
MOYKHO JIOOUTCS TOTO, YTOOBI KOJTMYIECTBO JBOEK CTAJIO HE OOJIBINE IBYX.

Iockoapky 149 = 49 - 3 + 2, B wToroBoMm HabOpe OyIEeT POBHO OIHA IBOITKA.

Wrak, m000ii HAOOP HATYPATBHBIX 9UCET C CYMMOit, He mpeBocxosdiei 149, MoxkHO npeodpa3oBarh B HaOOp u3 49 Tpoek
¥ OJIHO¥ JBOUKH, U MPU ITOM MPOU3BEJECHUE YUCES B HAOOPE He YMEHBIUTCs. JHAYNT, MOJyYeHHbIH B urore Habop obamaer
HaubO/IbIIMM IIpou3BeieHueM, pasHbiM 349 - 2, uro 1aér HaM HAMMEHBIIYIO J0JII0 HAC/IEACTBA OOPATHYIO K STOMY HHCILY.



11 kJjacc
4 BapuaHT

1. (2 6asa) Pemmure ypasrenue 5p = ¢® — r3, rie p, ¢, 1 — NpocThbie Yucia.

Omeem: q="17,r =2, p=06T7.

Pewenue: Ecu Bce TPU MCKOMBIX YHCIA HEYETHBIE WU HEYETHOE POBHO OHO W3 HUX, TO MpaBas U JieBas YaCTU PA3HOM
gérrnoctu. Cirydail, KOrja BCe TPU YUC/Ia PABHBI ABYM, TAKXKE He MMOJIXO/IUT. SHAYKUT, CPE/IU HAIIKMX YUCEJ POBHO OJIHA JIBOHKA.
Kpowme toro, g > r, nosromy nBoiika 310 b0 1, 1100 P.

[ycts p = 2. Torma ¢ — 13 = (¢ — r)(¢*> + qr +r?) = 2 - 5. BTopoii MHOKHUTEh 09eBH/IHO GOJILINE MEePBOr0 U HU OJUH
I3 HEX He paBeH 1, TakuM o6pasoM ¢ = r + 2 u 372 + 6r 4+ 4 = 5. Jlannoe KBaApaTHOE ypaBHEHHE OTHOCHTEILHO T HE FMeeT
HATyPaJbHBbIX PEIIenii.

Bropoit ciygait: 7 = 2. Torma ¢® — 23 = (¢ — 2)(¢® + 2¢ + 4) = 5p. OuesuaHO, ¢ = 3 He MOJXOAUT, TAK UTO OTHH U3
muozxuteneit B (¢ — 2)(¢? +2q+4) 310 5, a Bropit p. Y KBajpaTHOro ypasHenus ¢ +2¢ +4 = 5 HeT HaTypPaJbHBIX PEIIeHHil,
3HAYUT OCTAETCsA BapuaHT ¢ — 2 = 5, 1.e. ¢ = 7. Orcioga mosygaem p = 67.

2. (2 6anna) Haiiute nauvenblinee 3Hadenue Boipazkenus 2 + 8xsiny — 16 cos? y.

Omeem: —16.

Pewenue: JTobasum 1 Beratem 16 sin” y. Iomyaaem soipazkenne x2+8z sin y+ 16 sin® y—16 = (r+4siny)?—16. Ogesuno,
9TO BHIPAYKEHNE UMEET MUHUMYM, PABHBIA —4.

Hoes pewenua 2: YToObl HAWTH HANMEHbINIEe 3HAUEHUE, MOYKHO B3SATh MTPOU3BOHBIE OT ITOTO BHIPAYKEHUS 1O T M IO Y U
HaWTH TOUKY, IJie 00e 3TH IPOU3BO/HbIE paBHBI HY 0. [Ipon3BonHas 1Mo x paBHA HYJIO, Korjma © = —4siny.

IMpousBoanas mo y paBua 4x cosy — 8siny cosy. OHa paBHa HYJIO B JIBYX CIydasx: Korga £ = —4siny u xorma cosy = 0.
ITocste 3Toro HEOOXOAMMO Pa30OPATHCs, B KAKUX U3 ITUX TOUYEK JIEHCTBUTEIHHO JIOKAJIbLHBI MUHUMYM U IIOYEMY IVI0OATbHBII
MWUHUMYM CYIIECTBYET.

KoppekTHoe 10Ka3aTeIBCTBO 3TOTO B TEPMUHAX MPOM3BOIHBIX, K COXKAJIEHUIO, BBIXOAUT 32 PAMKH ITKOJIBLHOM TPOrPAMMBI,
TIO9TOMY [IJISl yYAIUXCA IIKOJI 9TO PEIeHre MOXKeT CIYy’KUTh CKOpee BCEro TOJBKO MOACKA3KOM K OTBETYy M K DPEIIeHUIO,
M3JI0KEHHOMY BBIIIIE.

3. (3 6anua) Ilycro x4, x9, .. ., 100 — HaTypabHble Yncia, 6oubiuue 1 (e 0bs3aresbuo pasiuynbie). B rabiaune 80 x 80
paccTaBIeHbl YMCIa, CIeYIONIM 06pa3oM: Ha Tepecedenun i-oft cTpokm u k-ro crombia 3ammcano wucio log, T&. Haitmure
HAaMMEHbIee BO3MOYKHOE 3HAYEHNE CyMMBI BCEX IHCEN B TAOJHUIe.

Omeem: —19200

Pewenue: log,, & =log, x;—log, 16. Croxum ymeHbIIaEMOE ¢ aHATIOTHIHBIM YMEHbIIACMBIM B CHMMETPUIHOl sueiike:

log,, z;+log,, xy =log,, =;+ - 2 2, TTOCKOJIBKY JQHHBIH siorapudm mooxkuTeaeH. Ecan xe ¢ = k, 7o 3TOT jTorapudm

log,,,, @;

paBeH eIUHHUIIE.

Taknm 0Opa3oM, CymMMa yMEHBINAEMBIX BO BCeX BbIpazkenusax log, z; —log, 16 He MeHbIIEe KOJMIECTBA A9EEK, T.€. 802.
BorunTtaemble ke MAKCUMAJIbHBI IIPH MUHUMAJIBHOM T = 2 u paBHbI 4. Ciie/oBaTeIbHO, CyMMa 9HCesI BO Beeil Tabiuie He
menrbie 80%(1 — 4) = —802 - 3 = —19200 1 paBeHCTBO JOCTHTACTCSA KOTJIA BCe Ty = 2.

4. (3 6anna) Hdana byrkuus f(z) = P(x)e”, tne P(x) — muorousen crenern 100 ¢ monokurenbabiMun ko3bdunnen-

100
ramu. ITycrs g(z) — Tpuanaras npoussonnas f(z). Jokaxkure, 910 9(100) < 230,

f(100)

Jloxazamesbcmeo: PaccMorpuM Kakoit-to oqnowier apz”. Ero n-as mpon3sonHas paBHa kE(k—1)...(k—n+ 1)akxk_”, a
MTOCKOJIBKY U kK, ¥ 1 He OOJIbIIIE CTa, T MPOU3BOIHAS HE TTPEBOCXOIUT 100™ajz* ™, npudéM paBeHCTBO JOCTHIAETCS TONBKO
korga n = 1 u k = 100. 3HauuT, aHAJOTUIHOE HEPABEHCTBO BEPHO U [IJIsi CYMMbI OJHOWIEHOB. [locTaBisseM BMECTO & 9HCIIO
100, u momyaaem, aro P(100) > P%)(100).

TTo MHTYKIMH JIETKO J0KA3ATD BBINOHEHEE ceayiomero pasenctsa: (P(x)e®)™ = e*(CYP(z)+CL P (2)+.. . +CIPM™ (z)).
Tora, BOCHOIB30BABIINCH [OKA3AHHBIM B Hpepiaymem absaune, noaywaem, [ro g(100) = (P(z)e®)39(100)
= !9 (CYP(100) + C3 P (100) + ...+ C5PBY(100)) < €% (CYP(100) + C3 P(100) + ...+ C30P1I00) <
< €% (CS) + Cdy + ... + C350) P(100) = 239¢00P(100)230 £(100). Kpome Toro, 3aMeTny, 9TO MOCKONBKY B JAHHOMN CyM-
M€ BCTPEYAETCS HE TOJBKO TepBasi MPOW3BOIHAs, XOTS Obl OHO M3 CYMMHUPYEMbIX HAMHU PABEHCTB HA CAMOM JIeJie CTPOTOE,
MMOITOMY MBI MOYKEM 3aMEHUTh 3HAaK < Ha <.

Taxum ob6paszom, Mbl iomyama, ato g(100) < 239 £(100), orkyna genennem ma f(100) momydaeM TpeGyeMoe HEPABEHCTBO.

5. (3 6anna) Jana pasHoGenpennast onucannas rpanenuss ABCD. C' D — Gonbinee ocHoBauue, H — OCHOBaHWe TIepIIeH-
JUKYyJIsIpa, omyinenHoro u3 Touku A na CD. Jlokaxkure, uro duccekTpuca yria C nepecekaer orpe3ok AH.

Loxasamesvcmeo: Ilyecrs AB = a, AD = BC = b. Torma, no npu3Haky ONUCAHHOTO YeThIpéxyroabuuka, CD = 2b —
a. Torna DH = % = b — a. Orciona no teopeme IMTudaropa maxommu CH = +VAD? — DH? = /b — (b—a)? =
Va2 + 2ab > a.

Hamee, CH = CD — DH = b. 3uaunt, tpeyronbauk DCH paBHOOenpennbiit u buccekTpuca yriaa C' aBjsgercs B HEM
cepeuHHBIM TepreHaukyasgspom Kk AH. Ho Torga 310 u cepeuHHbIN NepneHuKyisip B rpeyroibauke ABH, a cepeuHHbII
[EPIEHIUKYIIAD K CTOPOHE TPEYrOJIbHUKA [IepeceKaeT OOJIBIILYI0 U3 OCTABIIMXCS CTOPOH, TO ecth AH.

6. (3 6amura) Cdepa paguyca 5 BincaHa B KapKac TeTpasapa (T.e. Kacaercs: Bcex ero pédep). Cymma miumH pébep Terpa-
sapa coctapisier 120. Jlokaxkure, 910 00bEM TeTpasdapa He mpesocxoaut 500.

9



Joxazamesvcmeo: O6o3uaunm nam rerpasap ABCD, nenrp cdepsbl, BiucaHHoil B Kapkac, 3a O, a camy cdepy 3a S.
O6bém Terpasdapa paBen cymme 00bEMOB Masienbkux terpasapos OABC, OABD, OACD u OBCD.

ITepecedenne S u maockoctu ABC' 3T0 BImcaHHash OKPY*KHOCTH Tpeyronbunka ABC. Ob6o3naunm 3a [ e€ meHTp, TOraa
OI — Boicora rerpasapa OABC. Ilycrs R — pamuyc cdepbl S, 7 — paauyc BIUCAHHON OKPYKHOCTH Tpeyrojabuuka ABC,
TOr7a BLINOJNHAETCA paBeHcTBO R?2 = OI2 + r2.

Voasc = % -OI - Sapc = % -OI -papc -7, TIE PABc — HoOMynepuMmeTp Tpeyroibuuka ABC.

OI% 4 12
ITo wepaBeHCTBY O CpemHEM TEOMETPUYECKOM W CPEIHEM KBAIPATUIHOM, OI-r < 4/ — TO €CTh
O’ +r* R?
ol r£{ ——=—
S22 2

CkraapiBast 00bEMBI YETHIPEX MAJIEHHKUX TETPAIAPOB MBI TOJIyYaeM VApcp < % R? - (paBc + paBD +Pacp +PBCD),
a CyMMa TOJIyIEPUMETPOB TPaHei 9TO B TOYHOCTH CyMMa JJINH PEDep Terpaapa. 3HAYUT, Vapop < % - 52120 = 500, uTo I
TpebOBaIOCh.

. Taxum obpasom, Voasc < § - R?pasc.

7. (4 6anaa) lokaxure, 4To He cymecTsyer dbynkimun f(x), onpeaenéunoi aig secex x > 1, taxoii, uro f(2?) = 3f(z)
nf(z+3) = f(x)+5.

1
Joxasameavcmeo: C onuoit cTOPOHBI, f <x2 + m2> = f(2?) +5=3f(z) +5.

2
C mpyroii croponsr, f <x2+2—|—x12) =f <x—|—i) =3f (x—&—i) =3(f(x) +5) =3f(z) + 15.

CpaBHEBAA 3TH PABEHCTBA, HOJYIaeM, UTO JJIs JI060TO IHCIa 1, IPEJCTABIMOrO B BHIE T2 4 2 mpu r > 1, TO €CTh JJIs

Jioboro y > 2, somosnserca pasenctso f(y +2) = f(y) + 10.

Torna 3f(3) = £(3%) = f(9) = f(3+2-3) = f(3) + 30, orxyna f(3) = 15. Caenosaremsno, f(5) = f(3) + 10 = 25.
C apyroit croponst, 3f(5) = f(25) = f(5+2-10) = f(5) + 100, orxyzna f(5) = 50 # 25.

IMonyuaem MpoTHBOpEYHNe, 3HAUNT TaKoi (DYHKINK IeHCTBUTEIHHO HE CYIIECTBYET.

8. (5 6aJsoB) PononavyaibHUK JBOPSHCKOrO POJA HOIYUMI yIaCTOK 3eMiid. KaxKIblil 13 My2KUUH B POJY YMUDAs €I
JIOCTABIIIYIOCSI €My 3eMJIIO MOPOBHY MEXK/y CBOUMHU CHIHOBbsIMU. FCJiM K€ ChIHOBEil y Hero He ObLIO, 3eMJisl MEPEeXOIuia K
rocyaapcTBy. Bosibiile HUKTO U3 9J€HOB POJa HUKAKMM OOpPA30M He MOJIydas WM He JIMIiajcs cBoeil 3emin. Beero B poy
6610 200 wemoBek. Kakyro HAMMEHBIYIO OO MCXOIHOTO YYACTKA, MOT MOJIYUYUTh KTO-TH00 W3 UJI€HOB poaa’

1
Omeem: 136
Pewenue: PaccMorpum destoBeKa ¢ caMoii HamMeHblIeit gomeii. Ilycrs y ero orma ObLIO a1 CHIHOBEH, v J€1a — Gg W TaK
Jajiee 10 OCHOBATENsS Pojia, Y KOTOPOro OBLIO a,. Torma mosst 3TOro 4eg0oBeKa COCTaBasgseT ————, IPUIEéM HaM U3BECTHO,
a1ag ...an

410 a1 + ag + ... + a, #He npesocxogur 199 (IIOCKOJIBKY OCHOBATEJb POJA B 9TY CYyMMY TOYHO HE BXOIMT).

Takum 0b6pa3oM, MBI UITIeM HAOOD YmCesI C CyMMOil, He mpeBocxozsmmeit 199 u MakcumanbHbIM npou3BenerneM. Jlokarkem,
4910 J11000i1 HAOOP, KpoMe HAabopa, cocrodiiero u3 39 Tpoek u OAHOU JBOIKHU, He 00JIaJaeT MAKCUMAJIbHBIM [IPOU3BEIEHUEM,
TaK KaK €ro MOYKHO yBEJIUYUTH,

Bo-niepBrix, eciim cymma unces B Habope Menbime 199, mobaBuM Tyma eImné OJHO 9ucio, YTOOBI chenarh eé paBHOi 199.
[Ipoussenenne OT ITOrO HE YMEHBITUTCS.

Bo-Bropsix, mycth B Hamem HaGope ecTh 9uciao a > 4. 3aMeHuM a Ha mnapy ducesn b u ¢ OONBINUX €IUHUIbI, TAKUX, 9TO
b+ ¢ = a. Jokaxewm, uro bc = b+ c. HeiicrBurenbuo, bc —b—c = (b—1)(c— 1) — 1, 9yro Heorpunaresnbuo upu b u ¢ 6oibLIuX
€IUHUIIbI.

B-tperbux, eciam cpenu HAOOpa €CTHh YUCIO 1, TO MOXKHO 3aMEHWTH J1I000e dnciio a¢ u 1 Ha a + 1, 0T9ero mpowusBemeHue
9THUX YHUCEJI yBEIUIUTCH Ha 1.

Takum obpazom, m060# HAOOP MOKHO TPEOOPA30BATH B HAOOP M3 ABOEK W TPOEK, HE YMEHbIIAA IIPOU3BEICHHUs €r0 IUCeT.

Hanee, mycTh KOJUYIECTBO JABOEK XOTsi ObI TPHU, TOIJIA WX IpoussejeHue paBHo 8. Eciau ke Mbl 3aMeHUM TPHU ABOHKHU HA
JiBe TPOMKH, CyMMa 9KMCE HE M3MEHUTCs, a IPOU3BE/ICHUE CTAaHeT PABHO 9, TO eCTh OnsiThb-Taku yBeaunaurcs. Takum obpaszom
MOYKHO JIOOUTCS TOTO, YTOOBI KOJTMYIECTBO JBOEK CTAJIO HE OOJIBINE IBYX.

ITockompky 199 = 65 -3 + 2 - 2, B uToroBom Habope OymeT pOBHO JBE ABOMKM.

Wrak, m000ii HAOOP HATYPATBHBIX 9UCET C CyMMOIi, He mpeBocxosdiei 199, MoxkHO npeodpa3oBaTh B HAOOp U3 65 Tpoek
U JIBYX JBOEK, W P ITOM IPOU3BEJECHUE YrCesl B HADOPe He yMEHBIIUTCS. SHAYUT, [MOJy9IeHHbIH B UTOre HAOOp 0bsamaer
HauOOIBIIMM 1IPOU3BeIeHneM, paBHbIM 35° - 4, uro 1aér HaM HAMMEHBIIYIO J0JII0 HACIEACTBA OOPATHYIO K 9TOMY HHCILY.





