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PASJIEN I
[AHUMETPHA

IlnagmmMeTpust paccMATpPHBAET CBOMCTBA TEOMETPHUECKUX
Giaryp, pacmosIoKeHHBIX B IUIOCKOCTH. 9TO Takme (Urypsl,
KaK OTPEe30K, TPeyTrOJAbHHK, MEOTOYTOJLHHK, OKPYXKHOCTH ¥
Ip. B mpomecce manoyxeEUs MaTepuana GyayT HPHBORUTHCS
AKCHOMEI, & TAKKE TeOpeMhl ¥ WX JOKA3aTeNLCTBA.

Axcuomoii HasrBaeTcs GecciopHOe yTBepikAeHne, He Tpe-
fyomee M He MMelomiee JOKA3ATENLCTB. ;

Teopemoit HaswIBaeTCA YTBEp)KjeHWMe, HPaBUJILHOCTH KO-
TOPOrQ yCTAHABAMBAETCA OyTeM JIOTHYECKHX PacCYXIeHMil.
9TH paccy:xJeHuA Ha3hIBAIOTCH J0KA3amenvcmeom meopemu.




nasa 1

TOYKM, MPAMBIE, OTPE3KM

Touxa n npamas

Touka ¥ NpAMAA ABJSIOTCA OCHOBHBIMM I'€OMETDHYECKH-
MH QUrypaMy IUIAHUMETPHH.

Touxku Ha UYepTexRaX 0003HAYAIOTCH HPONMCHLIMH JATHH-:
ckumu O6ykeamu: A, B, C, Du . 5. (puc. 1).

a .4

Puc. 1

IIpaMuie npexacraasior coboil npsMble JNEMH, HEe HMe-
Ionj¥e Hadasia HaM KoHua. Ha depresxax ¢ HOMOmMbIO JAHEH-
KX n3obparkaeTcs dacTh upamoit. Ilpsmere, kak npaBuao, 06o-
3HaYaIoTCA CTPOYHBIMM JIATHHCKUME OykBamu: a, b,c,du . 1.

CsoiicTBa NpAMBIX U TOYEK
1. Touku MOTyT JjexkaTh HA DPAMOH HJIH He JEXaTh Ha
meii. Ha prcyake 2 TouKa A He JIeKUT Ha OPAMOIL 4, 8 TOUKK
B, C u D HaxopATcA HA HpPAMOM.
B oA
a C

Puc. 2
11



[eometpua 3a 24 waca

2. Uepes mobrie fBe TOYKH MOXXHO IPOBeCTH IPAMYIO, H
TONBKO OXHY (puc. 3).

A B

Puc. 3
9710 3HAYHUT, 9TO Yepe3 TOYKK A M B Helb3s IIPOBECTH ABe
He COBHIANAIONTHE APYT C APYTOM IPAMBIE.
Ecam Ha TIpaMoil JeXaT TOYKH, ee MOXKHO o0603EadInT:h
STHMHU TOYKAMH (Hampumep, npamas AB).
IIpsMble MOTYT IIEPECEKATHCA B KAKOM-HMOYAD ToUKe (puc. 4).

a A

Puc. 4

OTei04a MOXKEO BHIBECTH M 0GpDaTHOE yTBEpIK[EHME: eciH
HPAMBIE MMEIOT 00IMyIo TOYKY, 3HaYHT, OHU Hepeceralorea. IIpu
BTOM nepecexalomuecs IpsIMEIe He MOI'YyT HMeTh GoJree 1 Toukn
nepeceuernsa. Ecnn Gul npAMEIe nMenn XoTa 01 2 obmiue Toy-
KH, TO IOJAYyIMiIock GBI, 9TO 4epe3 3TH TOYKM IPOXOAAT 2 pas-
HEle NpAMEIe. A 9T0 HEBO3MOXXHO, IOTOMY 4UTO, KaK 6sU10 cka-
3aHO BHIIIE, Yepe3 2 TOYKH MOXXEO IPOBECTH TOJLKO ORHY MpA-
myso. TakrM o6paszoM, MOKHO ceaTh CAeNYIONTUH BLIBOA:

1) aBe pasnuunrkie UPpsAMbIe b0 He IepeceKaOTcH, aHbo
IepeceKaloTca TOJXBKO B OMHOM TOUKE;

2) ecal Ha TIPAMOM JIEXKAT 3 TOUKH, TOJLKO OAHA M3 HHX
JIEXKUT MEXAY AByMA ADYTHMH.

3. Jio6aa npamas pasbuBaeT IJIOCKOCTL Ha ABe MOJYILIOC-
xocty (puc. 5).



Pasgen L Mnonumerpus

Monynpsmas (nyu), ee ceowncrea

Ecan Ha upsaMoi @ HOCTABHTHL TOYKY A, OHa pasfeJuT
OpAMYIO Ha ABe noaynpambix. X Taxike Ha3uIBaIOT JAyiamu.
Touxa A ABAAeTCA HAYAALHOM TOUKO Jayda. JIyam obosHayda-
IOT CTPOYHBIMH JJATHHCKUMH OyKBamMu (HAIIpHMED, M, 1) UK
IPONMCHBIMK JATHHCKMMH GyKBaMM, IepBasd H3 KOTOPBIX —
HavuaJbHAA TOYKA JIy4a, 4 BTOopasd — mofasa Apyras TOYKa,
IpHHAANeKaman 9Toi monynpamoii (puc. 6).

m

—Z ., n
A a
Puc. 6

~

Honynpsamele, Jesxarmue Ha OMHOM IPAMOI, HASHIBAIOTECS
donoanumenvrbimu. TouxkH, NpPUHAJIEKAINE HKOLIOJHHUTEb-
HEIM ODOJYNPAMBIM, JIEXKAT II0 Pa3HbIe CTOPOHBI OT HAYAJLHOMN
Touxkn. Touxku ofHOM mOXYyIPAMON JIeXaT IO OAHY CTOPOHY OT
HaYaJbHOH TOUKM:. S

Orpesok-

. Ompe3sxom Ha3HIBaeTCA YacTh NPAMOMH, PACIIONOXKEHHAsS
MeKAY ABYMS TOYKAMY, JIEKAITUMHY Ha 3To# npAamMoi. Harnrwie
TOYKY HA3LIBAIOTCH KoHyamu ompesxa. OTpesok 0003HAYAET-
cs1 mo HasBaHMAM Todek. Hanpumep, orpesoxk AB (puc. 7).

B
’/14;/
Puc. 7

Ecnu mexay Toukamu A u B ma npamoit gexuT Touka C,
CYHTaeTCH, YTO OHA NPHUHAMJIEKHNT OTPesKy AB (puc. 8).
+

13
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A C B

[ e > o4

Puc. 8

Otpesry AB fipusagnesxat rouku A n B, a TaK:ke Bce TOU-
K¥ IPAMOM, PACHOJOKEHHEIe MEeXKAY HHUMMU,

CBOACTBa OTPEIKOEB

1. Ecan opaMas @ AeIUT IIOCKOCTH Ha JBe MOJNYILIIOCKO-
€TH, IDA 3TOM KOEIH OTPEe3Ka AeKaT B OXHON M3 HoayILIoc-
KoCTeil, 9T0 3HAYMT, 9TO OTPE3OK He IePEeCEeKAeTCs ¢ IPAMOIi.
Ha pucyrxe 9 aTo orpesok AB. .

2. Ecan KOHIEI OTpEe3Ka HAXOAATCA B PAsHBIX IOJIYIJIOC-
KOCTSX, TO 3HAYHUT, YUTO OTPE3OK IepeceKaeTcd ¢ IPsIMOH.
Ha pucysaxe 9 aTo orpesok XY.

A X

B a

Puc. 9

PaccrosaMe Me)XAy KOHI[AMH OTDE3KA Ha3BLIBAETCHA €ro
dauHnoil.

3. ¥V Kax[goro orpeska ecTh JJIUHAE, Doxvmias wyada. Jio-
fas TOuKa OTDPe3Ka AEJNHT ero Ha YACTH.

4. lnuHa 0Tpe3Kka pasHAa TaKKe CyMMe JJIMH BCeX yacTei,
Ha KOTOpble OH pas3bHT mioboi TOuKo#M, HpHHAaZdexKamel oT-
peskry. Cepeédunoii ompesxa HA3bIBaeTCS TOUKA, AeASMAA OT-
pe3oK Ha 2 paBHBEIX OTDe3Ka.

5. Ha ay4e oT ero Ha4uaabHOM TOUKH MOYKHO OTJIOMKHTH
TOJBKO OKUH OTPe3OK 3ajaHHON AnuHbl. [Ins Toro urobul on-
peneyinTh, pasHEB OTPe3KM HWIH HET, UX HAJK0 HAJNOKHUTH APYT
Ha Apyra. Ecam oTpesk¥ HOJHOCTHIO COBMECTATCH, 3HAYMT,
OHW DaBHBI,



nasa 2
Y[ bl

Vznom masnipaetes durypa, obpasoBaEHas IBYyMS LOJY-
IPAMEIMA, UCXONAIINMM M3 OXHON o6Imeit Touxy. 3Ta TOUKa
HASKLIBAETCH sepuunoil yzaa. Tlomympsamete, o6pasyiomue yroi,
HA3LIBAIOTCH cmoporamu yeaa (puc. 10).

3 B

a
C
Puc. 10

Vroa, o6pasoBaHARI AONOJHATEILHBIMA NOJXYIPAMBIMH,
HA3LIBAETCA paseeprymbim (puc. 11).

A X B

Puc. 11 -

CnoBo «yros» 0603HaYAIOT +<£». BEro MoxHO HA3BATEH CO-
OTBETCTBEHHO Bepinuue PA iy oo BepIOuHE ¥ JBYM TOUKAM,
IpHHaJJIeKAIUM Kakgo# moaynpamoil PBAC, a Takke o
HA3BaHMIO moxynpamex: Pab.

Jho60i1 yrosn mMeer BHyTPeHHIOH Y4CTH M BHEIIHIOIO.

W3 BepmuHEI yrioa MOXKeT BLIXOAWTH JIyY, OTJIMYHERIA OT
ero cTopoH. Ecam on npn 3TOM mepecexaeT OTpe3oK, COeAWHSA-
0myii CTOPOHB! Y4, TO CIUTAeTCH, UTO Jyd OPOXOAMT BHYTDM

15



. - leoierpna 3¢ 24 vaeq

yrila Mexxy ero croponamu. B passepryTom yrie Bce JywuH,
OTJIMYHEIE OT €r0 CTOPOH, MPOXOAAT MEXAY CTODORAMNA YTJIA.

Msmepenne yrnos

.. Jlyu, mpoxoaAmmi MeXAy CTOPOHAMH YIJa, NEAHT Yroja
RHa 2 yria.

VYranl ®3MepPAOT B Irpajycax. PasBepHYTHIH yroj paBeH
180°. Bepro 1 ob6parsoe: 1° pasex 1/180 gwacTu paseepHYTO-
ro yria.

T'paxgycHas Mepa yriia IOKa3nlBaeT, CKOJBKO pa3 YroJ,
PaBHRIH 1°, MOKeT YJIOXUTBCA B JAHHOM yrje. ¥ f{axcnoro
YIJIa eCTh CBOA IpajycHas Mepa.

Ecnu yron pasafesneH sydaMu Ha HECKOJBKO YIJOB, TO €TI0
TPaAyCHANA Mepa PaBHA CyMMe IPagyCHLIX MepP BceX YrioB, Ha
KOTOpHIe OH pasOuT.

1° penurcsa Ha 60 MMHYT, KOTOphle 0GO3HATAIOTCA 3HAKOM
«’». 1 MuryTa geaurca Ha 60 ceKyEZ, KOTOphle 0003HAYAIOTCA
3HaKOM «”». Hanpumep, rpagycras Mepa yria pasua 30°40°20”.

Or m060ro0 JIy4a MOXHO OTJIOKHUTE B 3afaHHYIO NOJYILIOC-
KOCTh TOJIBKO OZWME YroJ ¢ ONpeZleIeHHOH IPaXyCHOM Mepoil,
Koropad meHbie 180°.

¥Yron, uba rpagycaaa mepa paBHa 90°, HaswiBaeTca nps-
mom (puc. 12a).

Vron, ubsa rpagycHas Mepa meEbme 90°, HaskBaerca oc-
mpoim (puc. 120). )

Yroa, uba rpagycHaa Mepa Gonsme 90°, BaspIBaeTcA my-
nuim (puc. 128).

Puc. 12

16



Paspen . Flaowmerpus .

CpasHenne yrnos

Jna cparHeHWs ABYX YIAOB HAJO HAJIOXKKTE HX APYT HA APY-
ra TakuM 06pasoM, 4TOOH CTODOHA OAHOIO YIVIA COBHAJA CO CTO-
poHO# Apyroro yraa. Broprle CTOPOHEI YIJVIOB HYKHO pPasMec-
TATH 10 OXHY CTOPOHY OT COBMEIIEHHBIX CTOpoH. Ecmm BTOpHIE
CTOPOHEI YIJIOB TOXE COBMECTSATCH, SHAYWT, YIJIH paBHEl. Ecm
HET, TO YroJj, KOTOpHH Oyzer COCTaBIATH YACTh APYToIo yria,
ABJIAETCA MEHLIIMM, & APYTOH YIoJ — COOTBETCTBEHHO GOMLHINM.

Tax, m060it HepassepHYTHIH yrox SBJIAETCH TACTHIO pas-
BEePHYTOr0, & 3HAYUT, MEHBLINEM HO pasMepy. CopaBeAmBO
6yzmeT Tak>Ke M TO, UTO Bce pasBepHYyTHie YIVIbI DABHEIL.

Buccexmpucoii yzaa Ra3bIBa€TCA Jyd, HCXOAANIUN B3 Bep-
IIVHEB! YIJIa, IPOXOAAINUYN MeXKAy ero CTOPOHAMY U JeNsIqui
yroa Ba 2 paBHbIe yactu (puc. 13).

b

Puc. 13

CMexxHbie yrnebi

CmexcHbimu Ha3bIBAIOTCA YIJbl, KOTOPHlEe UMEIOT OAHY
06IITyIO CTOPOHY, a JBe APYIHe SBJIAITCH JONOIBUTEIbEBIMU
nonynpaMmeiMu (puc. 14).

b




leomeTpua 30 24 aca

Teopema: cymMma cMeXHBIX YIJIOB paBHa 180°.

ano:

Zabn Zab — cmexHble YriBL.

Hoxasamy:
Lab + Zab = 180",
oxasameavcmeo:

Za,a, — passepryThiit. [lonynpsamas b npoxoput mMexny
CTODOHAMM G, ¥ @, PA3BEPHYTOTO yTJ4, pa3buean ero Ha 2 yria.
Wx cymma paBHa pa3BepHyTOMY yriay, T.e. 180°.

Teopema AoKa3zaHa.

CupaBeJIMBO TAKKe YTBEDPIKAEHHUE: ¥ ABYX PABHBEIX YIJIOB
CMeXXHBbIe ¢ HUMM YTJIBbI TOXKE DABHBI.

BeprukansHbie yrnb

BepmurxanvHbiMu Ha3BIBAIOTCA YIJIBI, €clu 00e CTOPOHK
ORHOIO yrJla ABJAITCA MNPOLCIKEHMEM CTOPOH APYroro yrJja
(puc. 13).

Puc. 15

Teopema: BepTHKAaJIbHEIE YTJIBL PABHBL.

Zano:

Z1 n £3 — BepTHKAaNBLHBIE.

Horaszamy:

1= /3.

Hoxazamenvemso:

Z4 cmesxern ¢ £3u ¢ Z1. CorjacHO TeopeMe 0 CMEXHBIX
yraax £3 u Z1 gononmaior £4 no 180°, a sEaunr, o rpaayc-
HOH Mepe 3TH yrJbl paBHHI, T. e. /1 = /3.

TeopeMa Roxasana.

18



Pazpen I. MnanumeTpms

Yrnbl, OTNOXEeHHbIE B OAHY NONYNIOCKOCTh

Teopema: ecau OT HAHHOM HOJYIPAMOM OTJIOXKUTH B OIHY
HONYILJIOCKOCTS ABAa yIJIa, TO CTOPOHA MEHBIIETO yIJia, OTINY-
Haf OT JAaHHOH HOJYIPAMOM, IPOXOAUT MeXAY CTOPOHAMH
foapimero yraa (puc. 16).

Puc. 16

Hano:

Zab u Zac — oTI0MXKeHsI B OJHY NOJYILJIOCKOCTS;

Zac < Zab.

Hoxazamu:

JyY ¢ TIPOXOZHNT MEXXAY cTopoHaMu Zab.

Hoxasameanvcmeo:

Ilycrs a, — moaynpsamas, AONOJHMTeNbHASA K Jy4y 4.
ITocrapum Ha nyde a TOUKy A, Ra ayde a, Touky C, Ha ayue b
TouKy B, M coemumEuM nx. Ilonyuum TpeyroasHuk ABC.

IIpsamas, gacThi0 KOTOPOH ABJIAETCH JIy4d €, Iepecexaer
cropory AC tpeyronsauka ABC. CiaenoBaTensEO, OHa mepe-
ceKaer €Ile OAHYy CTOpOHY TpeyroabEmka BA uau BC. 3Orto
nepeceYeHUE OPOBOIHTCH JIYUOM ¢, T. K. OH HAXOZUTCA B IpPY-
TOM HOAYILIOCKOCTH.

Ecnu nyu ¢ mepecekaeT cTopoRy BA, TO 0OH IOJKeH IIpo-
XOAUTH MEXKIY cTopoHamu Zab, a ecnm ctopory BC, To gyg
IPOXOAMT MeX Ay CTOpoHamu ZLa b.

Zac < Zab, no3TOMy COTJIACHO CBOMCTBY CMEXXHEIX YIJIOB
éalb < 4a1c. OTcrofa BUIHO, YTO JYY ¢ HE MOXKET IPOXOIUTE
Mex Iy cTopoHamu Zab. MoxxHO CAenaTs BRIBOX, UTO Jyd €
IPOXOMUT MEXKAYy CTOpoBamMu Zab.

Teopema moxa3aHa.



Maea 3

ﬂEPﬂEHﬂMKVﬂﬂPHbIE [TPAMBIE

ITepnenduryaspubimu Ha3EIBAIOTCA IPAMbBIE, KOTOPBIe HpHY
nepecedennn o6pasyoT upamsie yriasl (puc. 17).

b

Puc. 17

Ecym npu nepece4eHNH ABYX OPAMBIX 00pasyercs XOTh OfAuH
TPAMOH YToJj, OCTaNLHEIE TPH YTJa ToKe GyAYT OPSIMEIMH.

Jlna 0603Ha9eHEHA NePHeARUKYIAPDHOCTH UPAMBIX UCIIONb-
syioT 35ak «ls. Hanpumep, ABLCD uan alb.

Teopema: depes KaxKAyIO TOYKY LIPAMOIH MOXKHO IIPDOBECTH
OepHeHAVKYAAPHYIQ e{ OPAMYIO, H TOJBKO OLHY.

Hano:

npAMain a;

T. A Ha npamoi a.

JHoxasame:

cymecTsyer npsMas bla u b — egUHCTBEHHAS.

20



. Pa3pen I Mnanumerpus

Hoxazamenvcmeo:

Touka A HaxoAWUTCA HA NPAMON @ H ABIAETCA HAYANBHOMN
Touxoit nyua a,. IlocrpomM or aroit Touxkm ayu b,, obpasy-
tomuii ¢ JTydoM @, yroi, pasHbi 90°. Ilpamas b, 9acTsio xoro-
po¥t ABNAETCA JIyY b, OKaXKeTcs NePHeHANKYAAPHON IPAMOI a.

Ecau gomyernTh, YTO cymecTsByeTr emje mpsMas ¢, Iep-
OeHAWKYJAsApHas OpAMOR @ M mpoxojdmas uyepes T. A, TO
ayY ¢, Jiexamuit Ha ITOR OpAMOit M HAXOAATIHICH B OLHOM
HOONYIJIOCKOCTH ¢ JydoM b, Oyxer o6pa3oBeiBaTh C IpAMOit a
nepnennuxyn'ap. B peayasTate monyunTes 2 yria, OTIOXKeH-
HEIX B OJHOH IOJYHJIOCKOCTH, OT OLHOIO Jy4a IOJ YIJIOM
90°. Ho 3T0 HeB03MOXEO. B ofHy mOoayILIOCKOCTE MOKHO OT-
JIOXKUTH TOJbKO OAWH yroi, pasHHI 90°. CaegosareibHO,
gepe3 TOIKY A Ha NPAMOH 4 MOXXHO IPOBECTH TOJIBKO OLHY
OpAMYIO, HNepIeHANKYIAPHYIO eif.

Teopema goxaszaHa.

" Ilepnenduxynapom k¥ npamoii HasbIBaeTcA OTPE3OK, Je-
mamui Ha npAMOi, NEPNERAHKYIAPHON JaBHOH, a MX TOIKA
nepece4eHMA COBIAZRET C KOHOOM oTpeaka (puc. 18).

B

a A

Puc. 18 -
Komern, orpeaka, JeXamuii HA DEePOEHAUKYIAPDHOH IpH-

MOJi, HA3BIBAETCA OCHOBAHUEM NepneHiuKryaapa.

Teopema: u3 TO9KH, He IPUHALJEKATIEH OPAMOH, MOK-
HO OPOBECTH HePHEeHAMUKYJIAD K 9TOH NpAMOi, H IPUTOM TOIb-
KO OJHH. '
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Hdano:

npamas a (puc. 19a);

T. B — He nexxamas Ha OpAMoil a;

T. A — OPREAAJIEKHT OPAMOH a.

Hoxaszamy:

Toabsko ABla.

Hoxaszamenvemeo:

JoKaseM, TTO U3 TOYKM A MOXXHO IPOBECTH IEPHEHZHUKY-
2Ap K npsamo# a. [Lna sroro nocrasumM rouky C Ha OpAMO#H a.
Oraoxum or Touku C yron 1 1 2 (puc. 196).

B

- Puc. 19

Tipwaem /1 pnomxeH 6biTh paBeH Z£2. OTMETHMM Ha CTODO-
Hax Gonpmoro yraa rouxku B u B, tak uro CB = CB,. Coegn-
HuM B u B, ¢ Toukoit A. Hanoxuwm yron B,CA sa ZBCA: CB,
cosnajner ¢ CB, a B,A copnaner ¢ BA. Ilonyuum, uro £3 pasen
Z4, HO TOCKOABKY 43 u /4 cmemxHHE, TO L3 + £4 = 180°.
3aaunT £3 = £4 = 90°, T. e. AB — ncKoMHii NepIeRANKYIIAD.

Joxaxem eZWHCTBeHHOCTh AB: mycTh CYIIECTBYET OBa
nepnesAuKynspa AB u AB,| x npsamoi a, T. e. uepes TOUKy 4,
Jexamylo Ha NaEHOW OpsAMoil HpOXOAWUT ABe HpAMEIE Iepe-
NeHAMKYIAPHEBIe IPAMOII @, YTO HEBO3MOIKHO 0 JOKA3AHHOM
paHee TeopeNMe.

3maunT nepuesankynapsl AB n AB, coBmagyT, T. €. mep-
neHEIHKYAAp AB — eauncreenHHk. Teopema gorasana.



nasa 4

[MAPAJINENbBHBIE MPAMBIE

ITapannenvibvimu HA3BIBAIOTCA NPAMEIE, KOTOPhle HUTHAE
He Tepeceraiorea (puc. 20).

Puc. 20

IMTapannensanie OpaAMble 06o3HavaioTcss 3HAKOM «||». Ha-
npuwmep, a || b unu AB || CD. 3o 3maunr, uyro IpaMas g mapa-
JleJIbHA TIPAMOit b, npsaMas AB mapainenbHa npsamoit CD.

JBa orpeska HA3LIBAIOTCA napainesvhsimu 0pyz dpyzy,
eclI¥ OHY NPWHALNEIKAT SBYM Hapa/LIeNbHEM OpAMBIM. To
JKe MOYXHO CKa3aTh ¥ O DAPAJJIeNLHOCTH OTPe3dKa B IpaAMOi,
IBYX ayd4eif, Jyda M OPAMOH, OTpe3Ka ¥ Jyua.

OcHosHoe CBOWCTBO MAPaMENbHBIX NPAMBIX

Hepea TOYKY, He OPAHALNEHKAIYIO JAHHON IPAMOM, MOXK-
HO OPOBECTH TOJBKO OXHY OPSIMYIO, NApaJlIeJbHYI0 3aagHOMA.

23
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Mepesti: NPH3HAK AGPANNENHOCTH NPAMBIX
Teopema: ABe np:mne, napaJiienpHsle -rpe*n,eﬁ napan-
JIeJBHBE APYT Ipyry.

Hano: ‘ . N
afe ) ‘
ble
Hoxasame: .
albd. )
Horxazamenvemso:
Jlonycram, YT OpAMAR @ He apajvlenbra Tpsamoit b (prc. 21).
c
b
RM
—
Puc. 21

CienosatensHO, OHH ZOJIKHBEI Iepecedbcs B HEKOTOPOM
Touxe M. ITonydaerTcd, 9TO Yepe3 aTy TOYKY LOPOXORAT ARe
npsMeie, DapajulesbALie OPAMOM ¢, YTO HEBO3MOKHO LD OI-
pefileJIeHNI0 OCHOBHOI'O CBOMCTBA IApPaJLIeNbHBIX npsmux

Teopema noxasana

CeKqu.Qﬂ— i e s

Hpamas, nepeaexammas ZBe XPYrve OpAMbie, HASKLBAET-
ca cexywet {pac. 22). . . -




Paigen 1. Nncmerprs

B parnOM ciry=ae 970 npaMas ¢, KOTOPas mepecexaer upA-
Mue @ 1 b. Irg ofozmavaerca TaK: @ N ¢ B ¢ N b, I]pn oToM
06pasyioTea YTk, AMeIOmAe CIenUa bRbe Ha3BAHUS.

Zlm /3, £2 1 /4 Ha3LIBAIOTCA GHYMPEHHUMU 0JHOCMO-
PDOHKUML, .

Z1lm Z4, 2 n /3 HA3KIBAIOTCA SHYMPEHNUMU HaKXDECT Je-
mawumu.

Teopema: ec/iM IPAMAA NepecexaeT oARY H3 ABYX Iapai-
JeALHBIX NPAMEIX, TO OHA HepeceKaeT ¥ APYryio.

Hano:

a| b (prc. 23);

7
. Puc. 23
.ecnasr. M.
Hoxaszamo:
enb.
Hoxazamenvcmso:

Iycrs ¢ He mepecexaer b, CJIeOBATENLEO, ¢ || b. IT0 3HA-
9AT, 4TO uepes T. M NPOXORAT npsMue a ¥ ¢, # 00e oEM
napaynensast b. Ho 370 HeBO3MOMKHO, TOCKOABRY Tepes3 ToU-
KY; Hé esan(yld Ra JagHoli ApaModl, MOXHD. IDOBECTH TONL-
KO OJHY IIPAMYIO, DapaiejbHyI0 AaHHOK. 3Ha9AT, ¢ N b.

Teopema poxasaxa.

. N o

\

Bropo# npuanak napannensHOCTH npamsix

Teopema: ecs npw nepecewerHn ABYX HPAMBIX Cexymel
BHYTpEHHHME RAKDECT Jie'KamMe Yyrabi PARHE, TO NPAMbIE IIA-

25



leomerpus 30 24 yaco

Haro:

upamMsle @ 1 b;

cexymias c;

Ll= /2.

Hoxaszams:

a| .

Horxasamenvcmeo:

Eenu £1 = £2= 90°, npamsle @ u b NepHeHAUKYAADHb
CceKyie#l ¢, a 3HAYWT, OHM IAPAJLIeJIbHEL APYT APYTY.

Mycre L1 = £2 # 90°. Pazgenum orpe3ok AB Ha 2 pas-
Hble 9acTH ¢ T. C mocepeguse. Jepes 3Ty TOUKY HIpOBEREM
nepnesaurynap CM x npsamoit u. Ha opamoii b orimoxum
oTpeaok BN, paBHmII AM, mocje Wero CoOefHHMM OTPE3KOM
Touku Cu B (prc. 24).

N N b
BIHSF‘I

3

C
4

a 16 4 2\4
ZEN

Puc. 24

O6pasoBarHEble TpeyroabHUKE AMC u BNC pasEs mo nep-
BOMY IOPH3HAKY DaBeHCTBA TPEYTOJBLHEHMKOB (IO KBYM CTODO-
HaM ¥ yriay mexay HEumu). I3 paBeHCTBa TPEYTONILHMKOB CJIe-
ayer, uro £3 = £4, £5 = /6, a aga4ur, rouku M, C, N ne-
¥}aT Ha OJRON mpAMoil, a £5 = Z6 = 90°. Taxum oGpasom,
npsiMeie a B b mapannenbHsl ZpYyT APYTY.

TeopeMa nokasana.
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-

O6paTraa TeopeMa: ecH fBe IPSAMEE NapaieibHBL, TO
IpM IepecedeHMH KX CeKyImei BHYTpeHHHME HaKpecT JeXxa-
mu@e yrasl 6yayT PaBHBI.

Haro:
al b
AB — cexymasn (puc. 25).
D .
—~—— 4/ a
1/
2 b
7
c
Puc. 25
Hoxaszamy: B
£L1l= /2,
Hoxazamenvcmeo:

Iyers Z1# Z£2. OrtnoxuM oT Opamoit ¢ /BAD = Z2,
npu atoM ZBAD n /2 — HaKpecT JledKamue OpH mepeceye-
HuM npaMex b u AD cexymeit AB. Ilockonsky £BAD = £2,
crepoBatensro, AD || b. Ilonyuunu xBe mapainensHsle Ips-
MbI€, IPOXOAAIINeE Yepe3 TO4Ky A, 4 3TO HeBOZMOXKHO. JHA-
9UT, OpeANoJoXeHre, 9T0 L1 # £2, reBeprHO. CiiegoBaTennb-
HO, L1 = /2. )

TeopeMma AOKa3aHA.

Tpetus npusHak napannensHOCTH NPAMbIX

VYrawm 11 2,314, 5u6, 7Tu 8 (puc. 26), obpasyomuecs
1pM IepecedyeHEMN JBYX LUPAMBIX CeKyIueil, HA3LIBAIOTCA CO-
0meemcmeeHHbLMl. Y2AAMU.
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| AN

3\7
2N\ 6
4\8

Puc. 26

TeopeMa: ecH IPH epecedeHUH ABYX NPIAMBIX ceKyileil

COOTBETCTBEHHBIE YIJIBI PaBHBI, TO IIPAMEIE IapajjieAbHBbI.

Hano:
npsamsie a 1 b (prc. 27);

\ 2 b
3

4
1 a
RN
Puc. 27
CeKymas c;
Z1 = /2 — co0TBETCTBEHHEIE.
Horxaszame:
a| b.
Hokxasameavcmeo:

ITpu mepeceueH¥HN NMPAMEIX @ X b 06pa3yroTca BepTHKAIL-

Hble yTAK £3 = Z2. IlockoaesKy £2 = /1 (0 yCjA0OBHIO), TO
£3= /1. ¥ram 1 1 3 aBAdI0TCA HAKPECT JEXKAIMMH, a 3Ha-
YUT, IpAMBIe @ ¥ b OapaniejbHEHL.

OfpaTHana TeopeMa: ec/Ii [Be IPAMEIe NapaUIeIbHR, TO OPH

mepeceYeHHY MX CEKYIeH COOTBETCTBEHHLIE YIJIK OYAYT paBHEL.

~

Harno: B
a | b;

¢ — cexymas;

£2n /1 — cootseTcTrBenHBIE (pHC. 28).
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Horaszame:

£L2= /1. .

Hoxaszameavcmeo:

Iockonsky a-|| b (mo yenosuio), To 1 1 8 — HakpecT Jexa-
mue. 38a49uT, £1 = £3. £2n /3 — BepTHKAJIBLHEIE, 3HAYHUT,
L2 = /3.

CnepoBarensro, Z1 = /2.

Teopema moxkasaHa.

l‘IeTBepTi:;lFi MPHX3HAK NApannenbHOCTH NpPAMbIX

Teopema: ecyin IpH lepecedeHHH ABYX NPAMEIX CeKymiei
CyMMa BHYTDEHEUX OZHOCTOPOHHHMX yrioB paeHa 180°, To
OpAMEe IapajjlesLHE].

Hawno:

nopaMsle-a ¥ b (puc. 29);

apAMasa ¢ — CeKyllas;

Z1+ £3 = 180°.
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Hoxaszamy:

a|b.

Hoxazamenbcmeo:

Ilockoabky £3 m Z4 cMexxkHEIE, TO L3+ /4 = 180°. Ilo-
cxoabky Z1+ £3 = 180°, Z1u Z4 — maxpecr nexxamwue u
paBHEI. 3Hauwr, a || b.

Teopema jgoxasaHa.

O6parnas TeopemMa: eciy ABe HNPsAMEIe HAPAJIEALHEI, TO
TIpH IlepecedeHUN MX CeKyIned CyMMa BHYTPEHHHX OLHOCTO-
POHHHX yrioB Gyner pasHa 180°. t

Hano:

al b;

mpaMas ¢ — cekymas (puc. 30).

- B 2
- 1 a
N
Puc. 36
Hoxaszams: -
L1+ £2=180°. »
Hoxasameavemeo:

a || b, cnemosatennHo, £1 = £3 (KaK COOTBETCTBEHHBIE).
Z3n £2 — cMexHbBIE, a 3HATUT, £33+ £2 = 180°. ITockoan-
Ky £1= /3,8 £3+ £2=180° 1o L1+ Z2 = 180°.

Teopema foxazaHa.

Ecnau nBe npaMile NepHEeHANKYJAPHHM TpeThed, OHM HH-
KOrla He nepeceKyTcd, T. €. IPAMEIE OApaJLIeIbHBI.

Ecan npamas nepueHAMKyJIADHEA OAHON M3 HapaileIbHBIX
TPAMEIX, TO OHa NepHeHAUKYJIADHA M APYTOi NpAMOI.



[nasa 5
| TPEYTOFIbHMKA

Tpeyzoavruxom mHasviBaercsa ¢urypa, oGpasoBaHHAS CO-
eSMHEHVWEM OTPe3KaMH TPeX TOUeK, He JeyKamux Ha OZHOM
npamoii (puc. 31).

B .

Puc. 31

Tpu Touxkm A, B, C, B KOTOPHIX COEAMHSAIOTCA OTDE3KH,
HASHIBAWTCA BepuwluHamu TpeyroasEuka. Otpesk: AB, BC,
CA Ha3BLIBAIOTCA CMOPOHAMU TDPEYTOJLHHKa. BMecTo cioBa
«TPEYTOJNBHUK» ynoTpebiiserca 3Ea90K A. Hanpumep, AABC.

ZCAB, LABC u /BCA Ha3bIBAIOTCH yz/aMU TPEYrOJIbHHU-
xa. OHE ofosmauatorca ZA, ZBu £C.

BHewnuM yzaom TDeyTOJBHMKA NPH NAHHOH BepIIWHe
HA3BIBAETCH YTI'OJI, CMEXKHEIH C YrIIOM TPeyTOJILENKA OPH 3TOH
Bepmnge (puc. 32). ’

B Buenmuii
Buytpen-\  yron
Huii yron
Puc. 32
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"t e 0

BuymperHuM Yza0M npn Aannoﬁ BepIODHHE HA3LIBAETCA
yron, ABJAIOIHICA YACTHIO TPEYrOALHWKA.

B mo6oM TPeyronbHEHMKe ABa YIJIAa OCTPEIE, a TpeTmit MO-
#eT GEITL OCTPHIM, TYHRIN RAH HPSIMOYTONLEBIM.

OcmpoyzoavhbiM HAEINEBACTCH TPEYTONBHWK, Y KOTODOTO
BCe TPH yrja ocTphle (puc. 33a).

TynoyzoavHovim HASHBAETCS TPEYIOJBHHK, ¥ KOTODOTO
oxma yron Tymo# (pmc. 330).

IIpamoyzonvrvim Ha3HIBAETCA TPEYTOJABHMK, Y KOTOPOTO
OAMH YTOJ UPAMOYTOABHEIL (puc. 338).

/\/6\

Puc. 33

ITepumempon (P) TpeyrolbHEMKa HA3KBACTCA CYMMa JJINH
ero CTOpOH:
P = AB + BC + CA.
TpeyroabENK, BCe €CTOPOHEI KOTOPOTO PABHEI, HA3LIBACTCH
DPABHOCMODOHHUM:
AB = BC = CA.

Meguana, 6uccektpuca

U BLICOTA TpeyroanMKa

Meduanoi TPEYTONLAENKSA HA3BEIBAIOT OTPE3OK, NPOBEHEH-
HBII OT BepIIMHEI TPEYrofibHAKA K TOUKe, JeKameil B cepe-
J¥He OPOTHBOLOJOMKHONA CTOpOBH (puc. 34a).

Buccexmpucoil TpeyronbEHKa HA3HBAIOT OTPE30K, HPOBe-
JEeHHBIH OT BEDHOIMHH TPEYroJbHHKA K TOUKe, JeXKalleil Ha
IPOTHBOLOJIOKHON! CTOpOHE, PH STOM OTPE3OK LEJNUT Yroj
nononaaMm (puc. 346).
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Buvicomoii TpeyroJbHEMKA HASLIBAETCH NEPIEHAUKYJIAD,
IpOBefleBHBIH OT BepIIWHLI TPEYroJAbHAKA K OpAMO, HA KO-
TOpoOi JIEeKUT MPOTHMBONIOJIONKHAA CTOPOHA (puc. 348).

Cepedunnvim nepnenduxyasapom TPeyroJbHUKA Ha3BIBa-
eTcA IpAMas, MPOXOZAmAA dYepe3 CeDeflHHY CTODOHHKI TDEY-
TOJLHNKSA ¥ NepueHANKYAApHaA K Heil (puc. 342).

" B :
%\ 6 |
A ! } C 4 C
B .
/L\

C A [ C
Puc. 34

A

CaoiicTBa MeauaHbl, HucCexTpuch!
¥ BbICOTbI TPEYIOJ/IbHAKA

OCHOBHOE CBOHeTBO MEAMAHK TPEYTOJAPHUKA: B JI000M Tpe-
yToJIbHHKe BCE er0 MeHAHBI IepeceKaloT¢sa B OAHOM TOUKe.

OcHoBHOE CROMCTBO GHCCEKTpPHCH TPeyroJbHMKAa: B JiO-
60M TpeyroJbHMKe BCe ero OMCCeKTpHCHl IepeceKaloTcd B Of-
HOH TOYKe.

OcHOBHOe CBOMCTBO BHICOTE! TPEYroJbHKKA: B J1060M Tpe-
YTOJBbHHMKE BCe er0 BBICOTHI MJIM HX IPOJOJIKEeHUA NepeceKa-
I0TCA B OLHOM TOYKe. e

OCHOBHOE CBOMCTBO CEDEIHMHHOTI'C MEPONEHANKYJIApPA Tpey-
TrOJIPHUKA: CepeAVHHEIe DEePHeHAHKYAADH K CTODOEaM Tpey-
roJbHVKA IIepeceKaloTcd B OAHOM TOUKe.

2. 3ax, 258 33
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CyMMma yrnos tpeyronbHuka

Teopema: cymma yrioB TpeyrojbEHKa paBHa 180°.

Harno:

AABC.

Hoxasamy:

LA + £B+ ZC= 180"

Horxasamenvcmao:

IIposenem wepes BepmmAEy B mpamyo ¢, opu atoM ¢ || AC
(puc. 35).

- ¥

M B N

A C
Puc.35

£LA = L/MBA, 0OCKOJIbKY OHH HAKDECT Jie)KaIne Ipy Je-
pecedeHHH NapajiielkHbIX OpAMEEX ¢ u AC cexymeit AB.

ZC = LCBN, DOCKONBKY OHH SIBASIIOTCSI HAKPECT JIeJKa-
IOWMHM YIJIAMH IPY HepecedeHUn NapajulebEHX OPAMEIX € U
AC cexymei BC. . '

ZMBA + £ZB + ZCBN = 180° (no noctpoernio). ITockonrsry
LMBA = ZA, a LCBN-= /C, cnegoBarenpHo, LA+ £ZB+
+ Z£C = 180°.

- Teopema foKasaHa.

Teopema: BHeITHUIA YT0JI TPeyT'OJLHNAKA DaBeH CYMMe JBYX
BHEYTPEHBHUX YIJIOB, HE CMEXKHBIX C HHUM.

Haro:

AABC (puc. 36).

Hoxaszams:

L= L1+ /2.
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Puc. 36

oxasamenvcmao:
CornaceHo. TeopeMe O CyMMe YTJIOB TpeyrojbHmka, Z£1 +
+ £2+ £3 = 180°. Y3 3TOor0 paBeHCTBa CJHEAYET, UTO:
L1+ £2=180° — £3 (1).
TTocKoaBKY £4 — CMesxHENI ¢ £3, uxX cyMMa paBHa: £4 +
+ £3 = 180°. OTcroxa MOYXHO BBIBECTH, 4TO:
X Z4 = 180° - 43 (2). .
M3 pasencTB (1) u (2) caexyet, uto L1 + L2 = /4. )
Teopema xoKasaHa.

Teopema o cooTHOwWweEHMAX

MeX[ly CTOPOHOMM U YINIOMKU TpeyronbHUKa

Teopema: B TpeyroJibHNKe HPOTUB Gonpureil CTOPORHI Je-
wur Goapmmit yroiu.

Haro:

AABC;

AB > AC (puc. 37a).

doxasame:

ZC > £B.

Tloxaszamenvcmeo:

Ornoxum Ha ayue AB oTpesok AD npu atom AD = AC.
Ilockonsky AC < AB (no ycnosuw), To u AD < AB, saaumnr,
Touka D nexur Mexay roaxaMmu A B (prc. 376).

£1 asnserca yacteio £C, caepoparennHo, L1 < ZC.

£2 — pHemHMi 10 oTHOmMeRNI0 X ABDC, cnepoBaTennHo,
L2 > £B.
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Puc. 37

£1= /2 — no OpH3HaKy paBeHCTBA YIJIOB IpH OCHOBA-
EHM papHOGeAPEeHHEOIO TPeyraIsHHKa (B faEHOM ciiyyae AADC).

Iockoapry £1 < £C, a Z1 = /2, To £L2 < £C. Buagnr,
ZC> ZB.

Teopema moxa3aHa. "

O6patHasn TeopeMa: B TPeYroJpHWKe NPOTHB GoJIbIIEro
yria JeuT 6ojsIIas CTOPOEA.

Hano:

AABC;

ZC > £B.

Horxasamo:

AB > AC.

Hoxazamenvcmeo:

HonyctumM, aro AB = AC. Torga AABC — pasHOGefpeH-
HBIH, cJiefoBaTenbHo, ZC = /B, YTO He TAaK IO YCIOBHIO.

Honyerum, AB < AC. Torga £B > ZC. 3ro npoTHBOpe-
guT yeaoBmio: ZC > ZB. CnepoBatenpHo, 06a OpeRmoaoxe-
BnA (AB = AC 1 AB < AC) BeBepHbI. 3HAUHT, BEDHBIM ABJIA-
erca: AB > AC. '

Teopema AOKa3aHA.

Hepasencreo Tpeyronbhuka

Teopema: KaKJasg CTOpPOHA TPEYTOJILHMKA MEHbIIE CyM-
MBI ABYX APYTUX CTODOH.

Hano:

AABC.
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Hoxazame:

AB < AC + CB.
Hoxazamenvcmeo:
Paccmorpum AABC (puc. 38).

Puc. 38

Ornoxnm Ha npsanoit AC orpesok CD, npu arom CD = CB.
ABCD — passObGespenaNit ¢ ocHoBanrem BD, caeaorareib-
HO, L1 = /2,

ZABD > /1, a 3HaunT, LABD > /2. TIoCKOJABKY B Tpey-
roapbHUKE OPOTHB GOJILIIETO YTia JeXKHUT Gonpmas cTOPOHA,
T0 AD > AB.

AD = AC +CD, ﬁ;raxxce AD = AC + CB. CnregoBaTensHO,
AB < AC + CB.

Teopema goxasansa.

-

Pasencrso TpeyronsHukos

Ecnu 1Ba TpeyroanrHMKa HOOJHOCTHIO COBMECTATCA IPH
HAJIOKEeHMH, OHM CYHTAIOTCH PABHEIMH. ¥ TAKHX TPEyrojb-
HUKORB BCe 3JIeMeHTH! (CTOPOHEI ¥ YIriH) OGHOH GUrypn! pas-
HBI COOTBETCTRYIOUIUM 3jieMeHTaM ApYyro¥i puryps (puc. 39).

AB=AB,BC=BC,AC=AC, LA= LA, £B= ZBI,
£LC= LC,. :

Ha gepTtexxe paBHEIE OTpPe3KH 0603HAYAIOT OLHOMH, ABYMSA
HIM TpeMsA YepTOuYKaMM, a pABHBIE YIJIRI — OXHOM, AByMSA
HIIM TPeMs ITy>KKaMH. ‘

1
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B
C L
A
4,
C,
Puc. 39

B paBHEIX TpeyroJbHHKAX HPOTHB COOTBETCTBEHHO paB-
HBEIX CTODOH JIe;KaT paBHEIE YIJnl, @ HaoGOpOT, OPPTHB COOT-
BETCTBEHHO PABHALIX YIJIOB JIE;KAT PaBHbIE CTODOHEI.

PaBencrBo TPEYTONBEMKOR AIIETCH: AABC = AA B/C,. Tlo-
psinoxk OYKB B HA3HLIBAHMY TDEYTOJLHHKOB MMeeT ocoboe 3Hage-
Hue. JlanHbli nopsajok osHauaer, uro LA= LA, LB= /B,
4C= £C,. Ecnu paBeHCTBO 3aIHCAHO CIeRyOmuM obpasom:
AABC n AB A C,, 3T0 O3HavaeT, ITO LA= LB, £B= LA,
LC= LC,. ’ .

TpeyroJbHEKH -HA3HIBAIOTCA PAGHbIMU, €CJIH Y HHUX COOT-
BETCTBYIOIIME CTODOHEI M COOTBETCTBYIOIIHE YIJIEI PAaBHEI.

CeoitcTBO TpeyronbHuka
Kakxos 6rI Hu GBI TPEYTOJBHHK, CYIIECTBYET PABHBIHM eMy
TPeyroJLHUK B 3a4AHHOM PACIIOJIOXKeHWH OTHOCHTENLHO JaH-
HOH NOJYIIPAMOMN.

I’Ipusnoxu paseHCTBA TPEYTrONnbHUKOB

MepBbiit NPU3HaK paBeHCTBa TPEYrofibHMKOB
Teopema: ecaH gBe CTOPOHEI M YI'OJI MeXXAYy HEMH OZHOI'O
TPEeYTOJbHAKA COOTBETCTBEHHO PABHEI ABYM CTOPOHAM M yIay
MeXJy HHMH IPYToro TpeyroasHWKa, TO TaKHe TPeyroJbHH-
K{ pasHEHIL.
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,ZIanb:
AABC m AABC,;
AB=AB;
AC=AC; ‘
LA =LA,
Hoxazamb:
AABC = AA B C,.
Hoxaszamenvcmao:
PaccmorpuM AABC u AA B C, (puc. 40).
B
B,
A C C
4,
Pwc. 40

Hanoxum AABC ma AA B C, Tax, 4robsl BepmHHa A COB-
nasa ¢ A, 9TO BO3MOXKHO B CMJy PABEHCTBA YIi0oB: LA = ZA,.
Cropora AB Hanoxmiach Ha oTpesok A B, a cropora AC
HanoXunacs Ha orpesox A,C,. B peayavrare cropona AB co-
BMeCTHTCA CO CTOpoHOH A B, nocxonsky mo ycnosmio AB =
= A B,. Cropora AC coBmecTuTCA CO cTOpoROit A,C,, mOCKOMIEL-
Ky AC = A C,. Touxa B coBMecTHTCH ¢ TOuKO# B, Touka C cos-
MmectuTca ¢ Toukoi C,. Cropora BC COBMECTHTCS CO CTOPO-
mo# B,C,. Tpeyronsauku ABC u A B C, 0o1HOCTEIO COBMEC-
TATCHA, CJAeAOBATENbLHO, OHU DABHH.

Teopema, BhIpaKalomnad coboif IpHIHAK DABEHCTBA TPEY-
rOJIEHAKOB HO JBYM CTODOHAM M YTJIy MEXAY HVMH, JOKa3aHa.
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Bropoit npu3Hak paBeHCTBa TPEYrOfibHUKOB
TeopeMa: eciu CTOPOEA M ABA NpHAEXKAIMX K Hell yraa
ONHOTO TPEYTONLHENKA COOTBETCTBEHHO DABHEI CTOPOHE M ARYM
npHaesxal(¥M K HeHl yraaM APyTroro TpeyrojlbHMKa, TO TAKMe
TPEYTOABHAKN DABHEL.

Hano:
AABC % AA BC;
LA = LA;
4B = £B; -
AB = A B,.
Hoxaszamu:
AABC = AA B.C,. %
Hoxazamenvemeo:
Paccmorpum AABC u AA B,C| (puc. 41).
C
A B 5,
G
A
Puc. 41

ITo ycnosmio y mnx LA= /LA, £B= /B,, AB = A,B,.
Hanoxnm AABC ma AA B\C, Tak, uTobnl BepmuHa A coBMec-
THJACh ¢ BepmHBOA A,, cTopoHa AB — co cropono#i A B, a
BepmmEE C 1 C, OKa3IMCH IO OXBY CTOPOHY OT IpAMOK A, B .

Ilocronbky LA = LA, 10 cTropora AC HaJOKHTCA Ha OT-
peaok A,C,, a mockombky £B = £B,, To cropora BC HAJIOXKHT-
ca Ha otpesok B C,. Bepumna C oxaxcercs nexameit Ha oTpes-
Kax AB u A B n coMecTHTCH 00meii TOTKO# 3THX OTPE3KOB
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rouxoit C,. CoorBercrseBRO coBMecTATCA CTOPoRKI AC n A C,,
BCnBC,.'

Brison: AABC NOJHOCTHIO COBMECTHTCH C AAIBICI, a 3Ha-
9UT, OHH PABHHL. >

TeopeMa, BhIpaxkamomas coboi NpH3HAK PaBEeHCTBa TPEY-
FOJILHAKOB IO CTOPOHE M ABYM IDHJEXKAIMMM K Hell yriam,
JOKaszaHa.

TpeTuiA NpU3HaK paBeHCTBa TPEYTOJIbHAKOB

Teopema: ecqn TPH CTOPOHB! OFHOTO TPEYTOIBLHUKA COOT-
BeTCTBEHHO pAaBHBHI TPEM CTOPOHaM JAPYroro TpeyTroJbHHUKA,
TO TAKHE TPEYTONLHMKHM DARHEI.

Hano:

AABC n AA B.C

AB = AB;;

BC=B/C;

AC=AC,.

Horxazame:

AABC = AA BC,.

Hoxaszamenvcmeo:

Paccmorpum AABC u AA B,C, (puc. 42).

't

4

Puc. 42

CosmecTm cropory AB-AABC co cropomoit A B, AA B C,
TaK, 4Tob6b! BepmuHK C n C, oxazanuch B pa3EBIX HIOJYIJIOC-
KocTsax oT upamoit AB. CoexmHUM OTPE3KOM TOYKH Cu C,.
IIpm aTrom BO3MOXXHEI TPH ciydasi. PaccMorpum mx.
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1. Otpesox CC, pacnonosen sEyTpH yraa A C, B, (puc. 43a).

AA CC, n AB CC, — paBHOGeApeHHEE, IOCKOABLKY IO yC-
nosmo AC = AC,, BC = B,C,. £1 = /2, /3= L4 — 1o CBOii-
CTBY YTJIOB IIpDH OCHOBAHWH PaBHOGeAPEHHOIrO TPEYroJAbHMKA.
Cnenosarensro, ZA.C B, = LA CB,, 1. k. LAC\B, = £2 + /4,
LACB, = L1+ 43.

Breox: AABC = AA B,C, Ha OCHOBAHMH NepPBOr0 OIPH3HAKa
paBeHCTBa TpeyronbaHKoB: AC = AC,, BC = B,C,, £C= £C..

2. Orpesox CC, pacuonosxken BHe yriaa A C B, (puc. 436).

,ACA,C x AC B ,C — pasHOGeApeHHbIE, T. K. IO YCHOBHIO
BC=BC,,AC=AC,. L1 = /2, /3 = £4 — 10 CBOHCTBY YIJIOB
IpH OCHOBAHAY DABHOOEAPEHHOIO TpeyroabHMKa. Clefosartens-
Ho, ZAC\B = ZCC B - LCCA,, ZA\CB,= LC\CB, - ZC/CA,.

Brmson: AABC = AA B,C, Ha OCHOBaHMY IIEPBOro NPH3HAKA
papeHcTBa Tpeyroapankos: 4,C = AC,, BC = BC,, ZAC B =
= LACB,.

3. Orpesox CC, cornanaer ¢ oAno# u3 cropoH yria A,C B,
(puc. 436).

Cl 6 B 8
/‘/2%\‘\ h
ﬁ‘ gl i k B, A‘ Bl
C C
C .

Puc. 43

Q

ACIAIC — paBHODEADPEHHAIH, TOCKOJILKY TI0 YCAOBHIO AC =
=AC,. ZAC B, = ZA CB| — 10 CBO#CTBY YIJIOB IIPH OCHOBA-
HHH PaBHOGEADEHHOI'0 TPEYTOJLHHKA.

Brison: AABC = AA B|C, Ha 0OCHOBAEMH IIEPBOTO IpHU3HAKa
paBeHCTBa TpeyroasEMKoB: AC = A C; BC = B/C;; AC = AC,,
BC = BC,, £AC.B. = ZACB,.

TeopeMa, BHIDaXKAIOINass OPU3HAK DABEHCTBA TPEYrOJbHH-
KOB IO TPEM CTOPOHEAM, JOKA3aHA IOJHOCTHIO.
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PasHo6eapeHHbIN TpeyronbHuK

Pasnobedpenrbim HasbIBAETCH TPEYTOJbHMK, €CJIHA KBE M3
€ro CTOpoH paBHHI (puc. 44).

B

Puc. 44

OTH CTOPOHHI SBIAIOTCA GOXOBEIMH CTODOHAMH, & TPEThS —
OCHOBAHWEM pABHOGELPEHHOrO TPEYTONbLHHUKAE. -

CBoi‘i_c'raa paBHOGEAPEHHOro TPeyronbHNKa
Teopema: B paBHOGeJpPeEHOM TPEYrOJbLHHKE YIJAB IIPK
OCHOBARHMM DaBHHI.

Harno:

AABC;

AB = BC.

Horasame:

LA = LC.

Hoxasamenvcmeo:

Paccnorpum AABC (puc. 45).
B

A C
D
' Puc. 45



[eometpus 30 24 yaca

¥ mero AB = BC — no ycnosmo. Brinonsnm gononanrens-
HBlit ueprexx: BD — o6uccextpuca AABC. O6paayiorca Tpey-
rompauk BDA m BDC. Oun pasHBI TIO IEpBOMY LPU3HAKY
paBeHCTBa TPEYTOJILHUKOB, TOCKOJBKY AB = BC (10 yCI0BHIO),
BD — o6mas cropona, ZABD = £ZDBC (r. k. BD — Guccexr-
puca). 113 paneHcTBa TPEeYTOJLHHMKOB cleAyeT, 4yto LA = ZC.
Teopema noxasana.

O6paTHaa Teopema: eClIM B TPeYroJbHHKe ABa yrja pas-
HEI, TO OH paBHOOEeApEeHHEI,

Harno:

AABC;

LA = £C.

Hoxazamuv:

AB = BC.

Joxasameavcmeo:

Paccmorpum AABC (puc. 46).

B

.
|3

Puc. 46

AABC = ABAC no BTOpOMY NOpPHM3HAKY DaBeHCTBA TPey-
ronbHEVMKOB: AB = BA, /B = /A, ZA = /B. Orciona ciepgyer,
uto AB = BC.

TeopeMa goKasaHa.

/

Teopema: B paBHOGeiPeHHOM TpPeYroabHHKe GMcceKTpHca,

OpoBeAeHHAS] K OCHOBAHMIO, SBJAAETCH MEeJAMAHON M BLICOTOI.
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Hano:

AABC;

AB = BC;

L1 = /2.

Horasame:

AD = DC;

Z3= Z4 = 90°.
Horasamenvcmao:
Pacemorpum AABC (puc. 47).

B
/I\

A 0 C
D

Puc. 47

ITo ycnoBuio y mero AB = BC, a /1= /2 no cBoicTBY
6uccexTpuchl yraa. OfpasoBaBmuecsa TpeyronsBUKKE ABDA u
ABDC paBHH TO IepBOMY IPHU3HAKY PaBEHCTBA TPEYTrOJbHH-
KOB, T. K. AB = BC (uo ycmoBuio), BD — obmas cropora
£1 = /2 (no ycaosuio). Y3 paBeHCTBA TPEYTONLHUKOB CACLY-
eT, uro AD = DC. Tlockoabky /3 u £4 — CMeKHbIe, a TaKkKe
£3 = /4, cnepoBarensno, £3 = £4 = 90°.

Brisog: AD = DC, r.e. Touka D HaxopuTca B cepefuHe
orpeaka AC, 3gaunT, oTpe3ok BD, asaaiomuiica 6ucceKTpHU-
coii paspobGegperHOro TpeyronbEukKa ABC, sBisercd TakiKe
¥ ero MeXHAHOM. )

23 = Z4 = 90°, ciegoBaTenbHO, 6nccex’rfmca BD aBaser-
cA Taxkxe BBICOTOHM TpeyrosbEMKa ABC.

Teopema goka3ana.
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CopaBseBEl TaKKe CJEAYIOIMHE YTBeDKACHHA.

1. Bricota paBHOGEApPEHHOr0 TPEYroJbHUKA, TPOBEAEH-
Had K €ro OCHOBAaHMIO, SBJIAETCA TaKXKe MeJWaHOH m Ouc-
CEKTpHCOI. .

2. Mepmnana paBHoGepeHHOro TpeyroJibHHUKa, TPOBEeAEH-
Had K €ero OCHOBaHMIO, SBJIAETCH TaKxe O6McceKTpHCOH H
BHICOTOM.

PaBHOCTOPOHHMI TpeyronbHMK

PasHOCMOPOHHUM Ha3HIBAETCHA TPEYTOJLHMK, Y KOTOPOTO
BCE CTOPOHB! MMEIOT PaBHYIO JJIUHY. )
TeopeMa: B pABHOCTODOHHEM TPEyTOJNLHHKE BCE YTJIHI DABHEI.

Harno:
AABC;
AB = BC = CA.
Hoxasamy:
LA = £(B= £C.
Loxaszamenvcmeo:
PacemorpuM AABC (puc. 48).
B
A I C
Puc. 48

Tlockonsry AB = BC, To 3TOT TpeyroJILHAK paBHOGEpeH-
Hulil ¢ ocHoBaHueM AC. CornmacHo TeopeMe O paBeHCTBE YrI-
JIOB, JIEKAI{HX B OCHOBAHWH PaBHOOEIPEHHOTO TPEYTOJABHAKA,
Z£C = LA. Ilockonnky BC = CA, To AABC MOYHO CUATATH PABHO-
GenperaniM ¢ ocHoBarmeM AB. CorsacHO TeopeMe O paBeHCTBe
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YTJIOB, JIEKAIMNUX B OCHOB&HWMY PABHOOEADEHHOTO TPEYTOJb-
HUKa, LA = £B. ;

Hrax, LA= ZB= /C. Teopema 0 paBReHCTBE YIJIOB PABHO-
CTOPOHHEr0 TPEYTOJILHMKa AoKas3aHa.

[NpamoyroneHeit TpeyronsHuk

IIpamoyzonbHbiM ABASAETCH TPEYTOJLHUK, OAUH M3 YIJIOB
KoToporo — mOpAMoi, r.e. pasen 90°. [lBa apyrux yria —
oCcTpHle, UX cymma pasaa 90° (ucxoaa M3 Toro, 4TOo cyMma
BCeX yIJIOB TpPeyroiabEMKa pasHa 180°). -

B rpeyroisEnke He MoxkeT GHITH GosbIne 2 HPAMEIX Yr-
JIOB, TIOCKOJBKY HEaye CyMMa YIJIOB TPeyrojJbHHKa 6yxer
6oasme 180°, 9TO HEBO3IMOMKHO.

T'unomery3soil Ha3LIBaeTCA CTOPOHA NPAMOYTOJLHOTO Tpey- =
TOJBHMKA, TPOTHBOJIEKAIIasd OpAMOMY yruy. [IBe mpunesxcaiiie
K NPAMOMY YIVIY CTOPOHS! HA3KIBAIOTCS Kamemamu {puc. 49).

| &,
X

Karer
Puc. 49

B npaMOyroJibHOM TPEYTOJBHKKE AJINHA TUHOTEHY3H 60Ib-
mie JUIAH KaXJOro Karera.

CBOMCTBA NPAMOYIrONLHOrO TPEYronbHUKa
Teopema: cymMma ABYX OCTDBIX YIJI0B HIPAMOYTOJbLHOTO
TpeyrossEUKa paBHa 90°.
Hano:
AABC;
ZA = 90° (puc. 50).
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B

Puc. 50

Hoxasamy:

4B + £C = 90°,

Hoxasamenvcmeo:

CoryiacHO Teopeme 0 CyMMe YIJIOB TpeyroJbHHKA: LA +
+ ZB+ £C= 180°. ITockoarky £A= 90° mo ycnonm\o, TO
PaBeHCTBO MOKHO 3amucaTh caegyomuM obpasom: 90° + 4B +
+ £C = 180°, Orcioga: £B + £C = 180° — 90° = 90°.

Hrax, ZB+ £C = 90°.

Teopema noxazana.

Teopema: kxareT IpAMOYTOJHHOTO TPEYFOJBHUKA, JIEXKAE-
muil opoTus yria B 30°, paBeH NoJiOBHHE F'MIOTEHY3EL.

Harno:

AABC;

ZBAC = 90°%
£BCA = 30°.
Hoxasamu:

AB = 1/2 BC.
Hoxasamenvcmso:

Paccmorpum AABC (puc. 51a). Iocxonsky £BCA = 30°,
TO U3 TEOPEMBI O CYMMe OCTDHIX YIJIOB IPSMOYTOJLHOIO TPe-
yroapHHMKAa BbiBOgmMM: LABC = 60°.

Hocrporm AACD, pasrnii AABC u uMeroImnuil ¢ HUM OGHY
obmyio cropory AC (puc. 516).
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"B a B 6
. 60°
Al 30° C ‘ 30°
A 30 C
60°
D
Puc. 51

Honyaunn ABCD, B kotopom £C = LBCA + £DCA = 30° +
+ 30° = 60°. LD = /B = 60°. CiegosarensHO, £ZD = /C =
= 60°. 3maaur, ABCD -— paBHOCTOpORHHIA, T. €. BC = CD = DB.
AB = 1/2 DB. Tlockonsry DB = BC, to AB = 1/2 BC.
Teopema moKasaHa.

O6parnas TeopeMa: eCIM KATeT IDPSIMOYTOIBHOIO Tpey-
TOMPAMKA PaBeE MOJIOBHHE TMIOTEHYSEI, TO YTOJ, JNEXKaItHit
IPOTUB ITOr0 KaTeTa, péBeH 30°.

Hano:

AABC; ‘ -

£BAC = 90°;

AB = 1/2 BC.

Horxasame:

BCA = 30°.

orxasamensvcmeo: .

Paccmorpum AABC (puc. 52a). Iloctpoum AADC, paBEBLA
AABC, TpHM 3TOM TDEYTOILHHKM MMeOT o6myio cropory AC
(puc. 526). .

Toayununcs ABCD. Y mero BC = CD, a BD = AB + AD.

AB=AD=1/2 BD, cregoBatensno, BD=1/2 BC x 2 = BC.

1
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B a B 6
c ]
4 4 c
D
Puc.52 .

Hrax, 8 ABCD BC = CD = DB. 3raunr, ABCD — parHO-
croporHuii. CooTBeTcTBEeEHO B HeM /B = ZC = /D (no croit-
CTBY YIrJIOB DABHOCTODOHHEro TpeyroJbHHUKa). IIoCKOABKY
cyMMa yrJoB Jo6oro TpeyroanrHMKa pasHa 180°, To LB =
=/ZC= /D = 180°/3 = 60°.

£LC = /ZBCA + ZACD. Tlockonvky £ZBCA = LACD, a
ZC = 60°, to £LBCA = 60°/2 = 30°.

Wrak, £BCA = 30°.

Teopema goxasana.

MpuaHaku paBeHCTBA NPAMOYrObHBIX TPEYrONbHUKOB

1. IIpusHak paBeHCTBa IO KATETAM: €CJM KaTeThi OXHO-
r0 NPSAMOYTONBHOTO TPEYTOJLHMKA COOTBETCTBEHHO DABHHI

' KaTeTaM APYroro IPAMOYTOJLHOTO TPEYroJbHMKE, TO TaKHue
TPEeYTroJbHUKH PABHHI (II0 HEPBOMY IIPU3EAKY DABEHCTRA Tpe-
YTOJABHAKOB).

2. TIpusHAaK PABEHCTBA IO KATETY ¥ NPMJIEXKAIIEMY K HeMy
OCTPOMY YTJIy: €CAM KATET M IPHMIEKAIHI K HeMy OCTpbI
YToJ OZHOTO IPAMOYTOJBHOIO TPEYTOJbHHKA COOTBETCTBEHHO
paBELI KaTeTy M NpHAEKAIIeMy K EEMY YTy APYTOro IpAMO-
YTOJIBHOTO TPEYTONBEMUKA, TO TAKME TPEYTONLHMKN PARHHI (10
BTOPOMY IIDH3HAKY DABEHCTBA TPEYTOJBEMKOB).

Y
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3. IIpusHax paBeHCTBA D0 TMIOOTEHY3€ M OCTPOMY yray:
€CJI TAIOTEeHY3a M OCTPHIM Y0/ OFHOTO NPAMOYTOILHOTO Tpe-
YIOJILHUKA COOTBETCTBEHHO PABHBI THIIOTEHY3€E M OCTDOMY YTy
IpYroro TpeyroasHHKA, TO TAKHE TPEYTOJbHHKY DABHEL.

Hano:

AABC u A4 BC, — IPAMOYTONBHbIE;

LAwn LA =90%

BC=B(C;;

4B = £B,.

Horxasamy:

AABC = AABC..

Hoxaszameavcmeo:

Paccmorpum AABC n AA BC, (puc. 53).

B B,
4 E\\c A,D\ C,

Puc. 53

VEux £LAn LA = 90° a £B = £B, mo yciosmo. 13 Teope-
MEI O CyMMe YTJIOB TPeYTONbHEMKA, BBIBOAMM, uTo ZC= LC,.
AABC = A4 B,C| o BTOPOMY IPH3HAKY PABEHCTBA TPEYTOdb-
HUKOB (IO PaBeHCTBY T'MIOOTERY3hI M ABYX OPHJIEKANIHUX K
He# yriaos).

4. IlpusEak paBeHCTBa IO KATETy ¥ IPOTHBOJIEXKAIIEMY
YIIIy: eCAH KaTeT ¥ NPOTHBOJEOKAINWI eMy yIroJl OJHOro mps-
MOYTrOJBbHOTO TPEYTOJbHUKA COOTBETCTBEHHO PaBHH KaTeTy M
IPOTHUBOJEKAIIEMY YIJIy APYrOro TpeyroJbHHK&, TO TAKHE
TPEYrOJLHHKH DABHB! {OKA3BIBRETCS TAK K€, KAK M IOpeabl-
AyIoasi TeopemMa).

v
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5. Ilpn3Eax paBeHCTBA IO I'MIOOTeHY3€ KX KATETY: ecam
THIOOTEeHY3a M KATET OKHOI'0 MPAMOYTOJBHOIO TPEYroJbHHKA
COOTBeTCTBEHHO PAaBHEI I'MIOTEHY3€ ¥ KareTy APYIroro Tpey-
TONBHMKA, TO TAKVE TPEYTONBHHKHM PABHHI.
Harno:

AABC u AA B ,C, — npaMoyronsHhIe;
LA n LA = 90"

BC = B,C;;

AB=A B,

Hoxasampb:

AABC = AA BC,.

Hoxazameavcmeo:

Paccmorprm AABC n AA B C, (puc. 54a). Hanoxum tpe-
VTOJBHMKH APYT HA KPYra, COBMECTHE BEpMUHR A n AAl,
T. K. A= A 10 ycnosmo. Cropornr AB u AC coBMecTsTCH €O
croporamu A B, n A,C, coorercrsenno. Ilockomky AB=A4, B,,
TOo BepmuHa B coBmecTHTCs ¢ BepmuHOH B .

IpeanonxosxuM, aTo Touxka C He COBMECTMJIACH C TOYKO
C, (puc. 540).

B,
| | ; N
E\ .E\\ . A <
y C 4, c, C,

Puc. 54

)

R

HonycrumM, oHa coBMecTHNACH C TOuKo# C,, mpHHajIe-
sxameit nyay A C,. Coenurmm Touky C, ¢ TOUKOH B,. Ilony-
aum AC, B,C, c oceoBarnem C,C,. YIrinl Ip# OCEOBAHKMH 3TO-
ro TpeyroJbHHMKA He DABHHI, IIOCKOJABKY LB C,C, — Tynoi
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(xax cMexxnwlit ¢ £B,CA,), £C C,B, — ocTpeiii. 3Ha9UT, CTO-
porni C B, u C,B, He pasEE. Ho 270 IPOTHBOPEYHT YCJIOBHIO.
CnepoBaTenbHO, IpeAnookesne, uro C He COBMECTHTCHA C TOY-
koit C,, EeBepHO. 3HauAT, TpeyroasEnku ABC n A B ,C, mox-
HOCTBIO COBMECTHATCH, T. €. OHH PABHEL.

Teopema nOKasaHa. .

HepaseHcrso tpeyronbHuka

Teopema: KakoBul Oul HM GLlIM TPM TOYKH, PACCTOAHME
MesKAy JIOGKIMH NBYMS M3 9THX TOYEK He GOJIBIIE CYMMEI
PACCTOSHKI: OT HAX O TpeTheil TOUKH.

Hano:

Touku A, B, C.

Hoxasamy: -

AB < AC + BC.

Horaszamenvcmeo:

1. IlycTs pBe mamM BCe TPH TOYKHM COBIGAAIOT, TOTHA Ode-
BujHO, uT0 AB = AC + BC.

2. IlycTs BCe TpH TOYKHM pasJWYHHL M JexaT Ha OXHOM
npamoit (puc. 55a), Oxua u3 HUX Gyaer o6sa3aTeJBHO HAXO-
OUTHCA MEXAY ABYMA APYTMMHM TOYKAMHK. B aroM ciaydae
AB = AC + BC.

3. IIycTs TOUKHM He JelKaT Ha OAHOM upsimoil (puc. 556).

A C B

a . - —
o
6
A4 _ D B
Puc. 55
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CoeIHHM BCe TPH TOUKH M IOCTPOHM Tpeyroasauk ABC.
OnycTuM mepneHAMKYAAp M3 BepruuHbl C K cropore AB. ITo-
JY9IAUJOCH ABa OPAMOYTOJNLHKX TpeyronbEuka — ACD n BDC.

B npaMoyroJabHOM TpeyroJbHHKE THIOTEHY3a GOJbIIe
KaTeToB, CJAeROBATE]LHO:

AD < AC; BD < BC.

Iockoasky AB = AD + DB, 10 AB < AC + BC.

Teopema zokasaHa.



nasa 6
OKPYXHOCTb

Oxpy:m:nocmbrb HA3LIBAETCHA NeoMeTpHYecKas Gurypa, Bee To9-
K¥ KOTOpOH paBHO yAajleHBI OT OZHOI TOYKM Ha 3aJjaHHOE pac-
croaEne. JlaHAaA TOYKA HA3HIBAETCS YEHMPOM OKDPYHCHOCIU.

Paduycom OKDYXHOCTH HA3BIBAETCH OTPE30K, IPOBEAEH-
HBI{ OT HeHTpa K Moboit Touke oKpyxEocTH (puc. 56). Pagu-
yc o6osHavaeTcss GYKBOi r.

Puc. 56

Ceolicmeo paduycos: Bce PafgUychi OLHON OKPYKHOCTH
UMEeIoT OAHY AJHUHY. .

Xopdoil Ha3KIBAETCA OTPE3OK, COEAMHAIONIMI /Be JIO0HIE
TOYKH OKPYIKHOCTH.

Huamempom OKPYKHOCTH HA3LIBAETCS XOpAA, IPOXOXSI-
iasa yepes meHTP OKpy:xHOoCcTH. Ha pucyske 57 orpeaxku AB
u CD — xopart, oTpe3ox MN — AuaMeTp OKPy>XXHOCTH C IjeH-
TPoM B TOuKe O.

v
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Puc. 57

Ecnm Ha OKpYXHOCTH HOCTaBHUThH JI0GKIE ABe TOYKH, OHHM
pasfeNsaT OKPY’KHOCTb HA [Be 9ACTH, KOTODble HASHIBAIOTCS
dyzamu oxpyxcrnocmu. Ha pucyare 58 AMC u ANC — pyru
OKPY:KHOCTH, OTPAaHNYEeHREIe ToUKamu A n C.

C

Puc. 58

Kacarenshas k okpyxHocty

Kacamenvnoil K OKpY:KHOCTH HA3bIBAIOT OPAMYIO, IPOXO-
OSMyI0 4epe3 OFHY TOYKY OKDYIXHOCTH, NepPHeHZHKYJIAPHO
pajuycy, IpOBEAEHEHEOMY B 3Ty TOUKY. JlaHHAS TOUKA OKPYXK-
HOCTH Ha3elBaeTcs Moukoi xacanus (puc. 59a).

Teopema: xacaTeJbHAA K OKPYKHOCTHA NePHeHANKYIAPHA
K pajuycy, NpoBeAeHHOMY B TOIKY KacaHMsd.
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Hano:

T. O — IEeHTP OKPYKHOCTH;

opsaMas @ — KAcaTeJabHAs;

T. A — TOYKa KacaEHA.

Horxazams:

AOla.

Horxasamenvcmeo: .

HomyctaM, aro pagryc AO ‘He mepueHANKYJIAPEH IPAMOH
a. Torapa AO — HawkJoHHAA K npamoit a. Ilepmerauxyndap,
mpoBefileBHLIH U3 Toukn O K IpAMO a, KOSKeH GHLITH MEHb-
me HakjgorHOME AQ. CooTBeTcTBEeHHO M paccTosHKe oT O o a
MeHabime AQ. 3HAYUT, UpAMas 4 uMeeT Ase OOHiMe TOYKH C
OKPYXHOCTHI0. HO 3T0O IPOTHBOPEUHT YCJIOBHIO, HOCKOJBKY
npsaMas a — KacareabHadA. CnefoBaTenpHO, npAaMas alAO.

.Teopema noxasaHa.

OGpaTras TeopeMa: eclIM OpAMAA OPOXOLUT depes KOHeI
paguyca, JeXamuil Ha OKPYsKHOCTH, U NepPHeHAWKYIAPHA K
3TOMY PAZMYCY, TO OHA ABJIAETCHA KACATENBHOH

Hano: '

T. O — OEeHTp OKPYKHOCTH;

AO — pazmyc;

T. A — TOUKAa KacaHHA;

AOla.

Hoxazamey:

npsmas @ — KacaTejJbHAasd.

oraszamenvcmso:

CornacHO ycaoBuIO pagnyc AO OKPYKHOCTH ABJIAETCH iIep-
NeHAUKYJIAPOM, TPOBeJeHHKM H3 HeHTpa O OKPY>KHOCTH K
npamoit a. COOTBETCTBEHHO PACCTOSHAE OT HEHTPA OKPYXKHOC-
™1 O 1o mpaMoit a pasHEO paguycy AO. 3gaunT, TpaMas U OK-
PY3KHOCTh MMEIOT TOJBKO OAHY 06ImyIo Touky. ClenoBaTeNbHO,
IpAMAafA @ ABNAETCH KACATEJHHOM K KAHHOU OKPYKHOCTH.

Teopema AoOKasaHA.
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TeopeMa: oTpe3KH KaCATENBHBIX K OKPYKHOCTH, Ipose-
AeHHEIEe M3 OXHOM TOUYKHM (HaXORAIIeicA BHe OKDYXHOCTH),
PaBHEI M COCTABNAIOT paBHEIE YTJB C OpAMON, Ipoxoxsmiei
Yepe3 3Ty TOYKY M LEHTP OKPYKHOCTH.

Hano:

7. O — neHTp OKPYyKHOCTH (pHuc. 596);

Puc. 59

AB u AC — xacateabHHE;

ABNn AC B T. A.

Hoxasamy:

AB = AC;

£ZBAO = LOAC.

Hoxasamenvcmeo:

Cornacro TeopeMe O cBoiicTBe KacaTeabHOH ZOBA m
£Z0OCA — ppamme. 3HaunT, AOBA 1 AOCA — npaMoyrois-
HBle. OTH TPeyroJbHMKH DABHBLI O FMOOTEHy3e U KateTy (06-
mas runoteny3a AO u paBunie Karetsl OB u OC). Craegosa-
reabHo, AB = AC, a ZBAO = Z0OAC. ‘

TeopeMa porasana.

Onucannas okpyxHoCT

OKpYICHOCMbIO, ONUCAHHOL OKOLO MPpeyz0nrvHuKa, Basbl-
BAETCA OKPY’KHOCTh, MPOXOAAIIAs Jepe3 BCe ero BEepPIIHHEI.
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Teopema: 0K0JI0 JI0GOT0 TPEYI'OJLHAKA MOKHO OIMCATE
OKDY3KHOCTD.

Hano:

AABC;

Touxka O — NmEeHTp mepecedeHNs CPeAMHHBIX HEePICHAHKY-
JIAPOB K €ro CTOPOHAM.

Hoxazamu:

TouKa O ABNsAETCA MEHTPOM OKPY/KHOCTH, OMACAHHON 0KO-
Jo Tpeyroasanka ABC.

Hoxasamenwcmao:

Paccmorpun AABC (puc. 60).

B

Puc. 60

BrimonruM pomonEHTENbHBIE MOCTpoeHHUs. IIpoBeneM ua
T. O orpeaxu OA, OB, OC.

Touka O paBHOyYAaZeHa OT BepmMH TpeyroasEmKka ABC,
caeposarensao, OA = OB = OC. 35a4HT, €CAU HPOBECTH OK-
PYXHOCTE ¢ meHTpOM B T. O m pagnycom OA, oma Oyaser mpo-
XOIMTH Yepes BCe TPW BEpPUIMHEI TpeyroabHuka ABC. Cnego-
BRTEJIHHO, OHA GyAEeT OIMCARHON OKOJIO TPEYTOJILHKKA COTVIACHO
OHpeAeNeHUIO ONMMCAHHOM OKDY3XHOCTH.

Teopema mokaszaHa.
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TeopemMa: LHEHTP OKPYKHOCTH, OOMHCAHHONX OKOJIO TPEYTIOJb-
HHKa, ABAAETCA TOUKOH IepecedyeHUWs CEePeJWHHLIX IepIeH-
ANKYASPOB TPEYTOJNbHMKA.

Hano: A

AABC;

- rtouxa O — HeHTP OKDPY>XHOCTH, OUCAHHOH oxoy0 AABC;
OM, ON n OL — cepegnHBEHEe nepneEauKyaspul AABC.
Horxasame:

OM, ON u OL nepecekarorca B Touxke O.

Hoxazameavcmaeo:

Paccmorpnm Tpeyronsauk ABC ¥ ODHCAHHYIO OKPYKHOCTD
¢ meaTpoM B Touke O (puc. 61).

C

‘ 4 Q& / )

Puc. 61

Coegurum Toukn Aum Bc Toukoit O. Ilonyaunm AAOB.
OTOT TPEYroOJAbLHYK — paBHOGEApeHHHH, T. K. AO = BO (xak
paauychl). OL asnsercs Meguasnoi u BhicoToin AAOB. Cireno-
BaTeJIbHO, TOYKa O JIEXKNT Ha CEpeAMHHOM HEpHEHAMKYIspe
K cTopoHe AB. Tak ke MOXHO ZOKa3aTh, 4T0 TOYKa O JeXKUT
HA CePeWHHBIX NepOeHIUKYIAPAX K APYIMM CTODOHAM Tpey-
roasHEMKAa ABC.

TaxuMm o6pasoM, HeHTP OKPYRKHOCTH O JIeKHUT Ha Imepece-
9YeHHH CePeIMHHLIX NEPOEeEIUKYISIPOB K CTOPOHAM TPeyTOJIb-
HYKa, BOKPYT KOTOPOrO OHA OINMCAHA.

Teopema poxaszaza.
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BnucanHas okpyxHoct
Brniucannoii 6 mpeyzoabHuK OKPYMCHOCMbI) HASHLIBAETCS
OKPY’KHOCTE, Kacalomanaca BcexX ero cTopoH (puc. 62).

B

Puc. 62 ¢

Ecan xBe OKPY:XKHOCTH HMeEIOT O0ImyI0 TOUKY M OOmIyIo
KacaTeasHYI0 B 3TOM TOUKe, CYHMTAETCHA, UTO OHH KacaioTcs
ZpYT ApYyra B [AaHHO TOUYKeE.

Ecin ueHTDH OKPYKHOCTEHN JIEIKAT IO OZHY CTOPOHY OT
ux ofmeil KacaTeJanrHOH, TO TaKOe KacaHue OKDPYXKHOCTel Ha-
3EIBaeTCA 6HympenHum (puc. 63).

Puc. 63

Eciy DeHTPH OKPYKHOCTEIl JiedKAT 110 PA3HLIE CTOPOHLI
oT ux ofmei KacaTelbHOH, TO TaAKOe KacAHUEe OKPYXXKHOCTel
HasniBaeTcs @HewHum (puc. 64).
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Puc. 64

Teopema: B M060# TPeYrONLHUK MOXCHO BOMCATH OKPYIK-
HOCTB. } )

Hano:

AABC Tourka O — To4KA mepecedeEua OMCCEXTDHC Tpey-
ronsEMKa ABC.

Horaszame:

Touka O ABNgeTcad HEHTPOM OKPYKHOCTH, BIIHCAHEONH B
TpeyroabEuUK ABC.

Hoxasameavcmeo:

Paccmorpum AABC (puc. 65).

Puc. 65

BrnonsMM JonoJEMTEIbELIE IOCTDOEHHA: NPOBEAEM M3
ToukH O nepueERukyaAps OK, OL, OM x croporam AC, BC,
AB cooTBeTCTBEHHO.
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Touxka O paBEO yAajieHa OT CTOPOH TpeyroabHuka ABC.
CaegoBarensuno, OK = OL = OM. 3BaYHAT, OKPYKHOCTDH C
nentpoM B Touxke O npoxoauTt depes Toukn K, L u M. Touxkn
K, L n M nepnesgukyaapas paguycaMm OK, OL u OM, T. e.
MOJYKEO CKa3aTb, 9TO OKPYIXHOCTS ¢ HeHTpoM B Touke O Kaca-
eTCA CTOpOH TpeyroasBEnKa ABC B Toukax K, L, M.

Takum 06pasoM, OKPYXHOCTbH ¢ OEHTPOM B Touke O u pa-
mpuycoMm OF aBnfeTcA BOHCAHHOH B TpeyroabEuk ABC.

Teopema foKasaHA.

Teopema: NeHTP OKPYXHOCTH, BIMUCAHHOH B TPEYTOJIHHHUK,
ABJAAETCA TOYKOM mepecedeHHsI ero GHCCEKTPHC.

Hano:

AABC;

T. O — HEeHTP OKPY>XHOCTH, BOucaHHOH B AABC;

1. L, M u N — Touku xacaens (puc. 66).

B
L M
A : C
N
Puc. 66

Hoxazamu:
ayun OA, OB n OC nepecexaiorca B Touke O.
Hoxazamenvemaeo:

Coepurum touku N, A, L u B c Toukoit 0. PaccmoTpuam
NpAMOYrolbHEEe Tpeyroabauku AON u AOL. OHu paBHEI IO

v

63



leomerpun 30 24 waca

PABEHCTBY I'HOOTEHY3H M KarteTa; AO — obmaa ruaoTenysa.
LO = NO — xaTeTH (OHH DaBHH KAK PAXMYCHI).

TlockoarKy AAON = AAOL, saauur, ZAON = ZAOL. Cne-
ZoBaTeasHO, ToukKa O JekuT Ha GHCCEKTpHCE TPEYTOJLHHMKA
ABC, nposeficEEO# H3 BepITUHEL A.

Taxum xe 06pasoM MOKHO JAOKa3aTh, YTO TOUKA O JeXHT
Ha JByX IPYTrHX 6mccexTpucax rpeyronbEuka ABC.

Teopema AoxnzaHA.

Vrﬂbl, BAHUCAHHLIC B OKPY)KHOCTB

Yzenom, enucanuvim 6 OKPYHHOCMb, HA3BIBAETCH YTOJ,
BePIIHHA KOTOPOro JIeXXHUT Ha OKDYKHOCTH, & CTOPOHH Iepe-
CeKaloT OKPYKHocTh (puc. 67).

B

4

Puc. 67

Teopema: BOMCABHLI B OKDY’KBOGTh yroJ, CTOPOEHM KO-
TOPOTr0 IPOXOAAT Uepe3 ABe aHHbIe TOUKH OKDYXKHOCTH, pa-
BeH IOJIOBMHE YTI/Ia MeXIy PanuyCaMy, IPOBeAeEHLIMA B 9TH
TOUKM, MM AOIOJHAET DOJOBHHY 3TOro yriaa mo 180°.

Hano:

T. O ~— HEHTP OKPYXHOCTH;

ZABC — BONCAaHHEIH B JAHHYIO OKPYXHOCTh;

OC u AC — pagnychl;

ZAOC — yron MeXxay paguycaMi.
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Hoxasams:

4B = 1/2 LAOC winm £ZB= 180° — 1/2 ZAOC.
Hoxasamenvcmso:

Paccuorpum 4 cayuasn.

1. Ilycrs Touxka O nexur Ha orpesie AB (puc. 68).

B
D

4 C
Puc. 68

CoeaquaumM TouKy A c Touxoit O. Iloayumncs pasuoGen-
perHEIA TpeyroasHnK ABO ¢ ocHOBanRUeM AB (BO = A0 kax
paguychl). 3BaunT, LA = /B KaK yriabki OPM OCEOBAHWMK paB-
HoGeIPDEHHOr'0 TPEYIQIbHUKA.

ZA + LB = LAOC (rax BEemnemy npu Bepmuse O). Cre-
zoBaTeabHO, LB = 1/2 ZAOC. Ir0 u TpeGoBanoCh A0KA3aTh.

2. Mposegem puamerp BM sBryTpER yraa ABC (puc. 69).

y

B

Puc. 69

ZB = /1 + /2, ZAOC = /3 + /A.

3. 3ax. 258 65
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£1 BaxopwTcs OPK OCHOBAHWH PAaBHOGEAPEHHOIO TPEYTOIb-
Buka AOB. /3 aBnserca BEeIIHUM yIJoM Tpeyroasanka AOB
npn BepmuHe Q. CregoBarensno, L1 = 1/2 /3. -
. £2 BaXOZHMTCHA IPH OCHOB&HVH PABHOGEAPEHHOTO TPEYTob-
BEuka COB. 4 apnaercs BHEIIEEM yraoM rtpeyroasauxa COB
npn Bepmmae O. CnenosaTensro, £2 = 1/2 /4. ’
Takmm obpasom, £1+ /2= 1/2(£3 + Z4) = 1/2 ZAOC.
3eaunT, £B= 1/2 ZAOC. Yto u Tpe6oBaJIOCH HOKA3ATH.
3. Muamerp BM npoxogmnT cEapy:xu: yraa ABC (puc. 70).

)

Puc. 70

£B = ZABO - £CBO, ZAOC = LAOM - LCOM.

ZABO HaxognTCs HPH OCHOBAHHH PaBEOGEAPEHHOIO TPEY-
ronsENKA AOB. ZAOM saBasiercd. BHEIIHHAM YIJIOM TPEYrojb-
nuka AOB npu sepmune O. Caegomatensmo, ZABO =
= 1/2 LAOM.

ZCBO Baxoxz@aTcA OpH 0CHOBAHMU paBHEOGEIpPEHEHOrO0 Tpe-
yroneEEKa COB. ZCOM saBaseTcs BHEIIHHM YIIOM Tpey-
roapanka COB npu Bepmmue O. Cnegopatensro, ZCBO =
= 1/2 £ZCOM.

TaxumM obpasom, £ZB = 1/2 (LAOM - £COM) = 1/2 LAOC.
3rauur, £B= 1/2 LZAOC, 94T0 1 TpeboBaNOChH JOKA3ATh.

4. Muamerp BM ppoxoauTt BERyTpH yrua ABC (puc. T1).
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Puc. 71

. LB = L1+ £2, LAOC = £3 + /4.
£1 HaxoAuTCA DY OCHOBAHHY PABHOOEIPEHHOTO TPEYTOJIb-
muka AOB. £5 apnsaercs BREITHUM YIJIOM Tpeyroasauka AOB
upe sepmuHe O. Cnegosarensno, £1 = 1/2 /5. A
£2 BaX0ANTCA IPH OCHOBAHHH PABEODEJpeHHOIO TPEYTOJIb-
Buxa COB. £6 apnsercs BEEIIEMM YTJIOM Tpeyroabauka COB
upH sepmnae 0. CinegosarelbHo, £2 = 1/2 £6.
Taxum obpasoM, £B= /1 + £2=1/2(£5+ £6).
/45 — cMexHE ¢ /3, cnepoBarennsEo, £5 = 180° — £3.
£6 — cmexa ¢ Z4, caegoBaTennHo, £6 = 180° — /4.
£ZB=1/2(180°— £3+ 180° — £4) = 180°— 1/2 (L3 + £4)
Tlockonsry LAOC = £3 + £4, To £LB=180°—1/2 LAOC.
Teopema foxasaHa.

Caedcmesue

Bce BOmcaHARIE B OKPY3HOCTD YIJIBI, CTOPOHE! KOTODHIX
IIPOXONAT Yepe3 ABe JaHHEIE TOYUKHA OKPYKHOCTH, 8 BeDIIKHBI
JIe3KaT 00 OZHY CTOPOHY OT IPAMOM, COEAMHSIONMEHR 3TH TO9-
KM, paBHBI (puc. 72).
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Puc. 72

Ecan cTOPORH yria IPOXOLAT 9epe3 KOHIH ABAMETDA OK-
PY’XHOCTH, TO yroj mpamoi (puc. 73). :

B

Q¢

Puc. 73



[nasa /
MHOFOVFOﬂbHVlKVl

JlomaHas

Jlomanoii naspIBaeTesa pUrypa, COCTOAIAA U3 TOYEK, IOC-
JeXOBATEJILHO COEAVHEHHBIX OTpeaxamu (puc. 74).

Puc.' 74

Touku coeqnHEHNA OTPE3KOB HA3hIBAIOTCA 86PULLHAMU JIO-
MaHOH, & COEAMHSIOMNE HX OTPE3KH — 3B€HbAMU JIOMAHOI.

Jlomarmaa MoxeT GuITh npocmoii (puc. 75a) u ¢ camonepe-
cevenuem (puc. 756).
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Puc. 75

AnuHa nomaHo#
[aunoli noManoit ABNAETCA CyMMAa AJIMH BCEX ee 3BEHBEB.

Teopema: pnmEa JOMaHOl He MeHbINe RAWHBI OTPE3Ka,

COeAUHAIOMEr0 e¢ KOHIBI.
Hano:
nomaHas A AA, .. A.
Hoxaszamp:
AA,+AA+ .. +A +A >AA.
Hoxaszamenvcmeo:
BameHnM B soMaHO! A A A, ... A 3BeHbA A A, n A A, OX-

HAM 3BeHOM A A, (puc. 76).

Puc. 76
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Cornacno HepaBeHCTBY TpeyroasHEKa A A, <A A +4A,
CJEROBATENBLHO, ANMHA JOMaHOH A A A, ... A MeHbIIE JUIHHBI
JoMaHON A AA, ... A .

3amenumM B JoMaHOM A/ AA, ... A 3BeEbsa A A u AA, on-
HuM 3BeHOM A A . Ilo BepaBseHCTBY TpeyroabHEKa AanHA 00-
PA30BaHHOI JIOMaHOI TakKe OyAeT MeHBIIE MCXOXHOM.

IIpoussonAa TakuM cocob60M 3aMeHE! 3BEHLEB, NOMAEM A0
oTpeska A A, AJUHA KOTOPOTO MeHbINe AJHHH JIOMAHOH
AAA . A )

Hrax, Mul DOIyIuAH, 9TO:

AA,+AA +..+A +A > AXAn

Teopema pokasaHa. .

MuoroyronsHuku

Mrozoyzoavruxom HasmBaeTcs GHrypa, COCTOAIMAA M3
HECKOJBKHMX TOYEK, IOCJeAOBATEILHO COCAUBEHHEIX OTpPES3-
KaM#H. JTH TOYKH HA3HBAIOTCA Gepwutamu. OTpe3xkH, co-

. eQUHAIOIGAE TOYKH, HASKIBAIOTCS CIMOPOHAMU MHOZOYZ0Mb-
Huka (puc. 77).

.

D E

Puc. 77

CampIM IOpPOCTBIM MHOTI'OYI'OJIBHMKOM SABJIAETCA TpeyroJib-
HUK. DbiBaloT Takxe \qempexyronbmmn, OATAYIOJIPHUKH,
MMeCTAYIOALHHKA U T. X.
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CocedHumu Ha3bIBAXOTCA ABE BEPINMHEL, ABJISIOM{UECT KOH-
naMH OXHOTO OTpe3Ka.

IIpomueoaexcawyumu BasHIBAIOTCS HE COCEJHNE BEPIMNHEI,
He SIBAAIOIINECH KOHIAMH ONHOTD OTPE3Ka.

MHOroyroJsHHEK 0603HAUAETCA R-YTOJILHUKOM, THE n —
QHCJIO ‘BEPIIMH M CTOPOH MHOTOYI'OJLHHMKA.,
" Juazonanbl0) MHOTOYTONLHWKA HA3LIBAETCA OTPE3OK, CO-
eMUHAIOIMUIA Jobue He COCeAHUE, MPOTHBOIeXKAIHEe BEPIIH-
BBl GUrypHL.

MEHOroyroJabHuK pasfeisieT IIOCKOCTh Ha 2 9acTH: BHYT-
PeHHIOIO ¥ BHEIIHIOI.

BryTrpensel 9acThI0 IJIOCKOCTH sBJIAeTcd Ta qaé'rb, KO-
TOpas JIEXKNT BHYTPH MHOIOYTOJBHHKA.

ITaockum HasriBaeTCA MHOTOYTOJBEHK, COCTOAIOWI M3
OrPAHWYEeHHON CTOPOHAMM MHOI'OYTOJbHHMKA BHYTpeHHeH 4a-
¢ty niockocty (puc. 78).

//

Put. 78

Bbll'IYKHbll;I MHOroyronbH1K

Buvinyrxasim Ha3bIBaETCA MHOTOYTOJBHMK, BCE JACTH KO-
TOPOTO JIEXKAT IO OJHY CTOPOHY OT KaK[0#i IPSAMOii, IpPOXO-
Jsimeit gepes mo6bie ero ABe BeprmiuELL. Ha pucyake 79a u306-
pPa)xeH BHITYKJBIH MHEOroyrojinHEHK, Ha PHCyHKe 796 — He-
BBIIYKJIBLHA,
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a )

Puc. 79
Yzz0m BHIOYKJIOrOD MHOTOYIOABHUKA IpH JAaHHON Bepmu-
He ABIAETCA Yroi, o6pa3soBaEHBN CTOPOHAMH MHOT'OYTOJb-
HHUKa, UMEIIUMH O6IIYIO TOYKY B 3TOH BepHIMHE.
Buewnum yzaom BRIIYKJIOT'O MHOTOYIrONLHHKA IPH JaH-
HO¥ BepIIWHE ABJIAETCA YI'OJ, CMEXKHHII BHYTPEHHEMY YTIY
MHOTOYTOJALHMKA NPH JAHHOH BepIInHe.

:

TeopeMa: cyMMa YIJIOB BRIOYKJOrO 7-yrOJbHMK& DaBHA

180°(n - 2).
Hawno:
AAA, ... A — Blmnyxnuﬁ MEOIOYTONhHHK,
Hoxazamv: -
C LA+ LA HLA, ..+ LA = 180°(n - 2).
Hoxazamenvcmeo:

PaccMoTpuM BhINYyKAHHT MHOTOYTrOAbHMK A AA, .. A
(puc. 80). IIposepem auaromans A A,.
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MHOroyroJsHHK pasfiefnicsl Ha [JBe (UTYPHLI: TPEYTrojb-
Ak A A A, 1 MEOroyronbHuK A AA, ... A, umeronmii n— 1
BepIOVH.

LA, = LAAAMY LAAA; LA~ LAAA + LAAA,

. Cymma yrsioB MEoroyronsHuka paBHa A AA, ... A paBHa
CyMMe YTJOB TPeyroj»EHKa A A A, B MEOroyroasauxa. Cie-
JOBATEJIHHO:

LA+ LA+ LA, . LA = LAAA + LAAA + LA, T
+AA2A._¢41 +AA,A3A‘+ LA, + w t LA =180° + ZA A A+
+ZAAA + LA+ . AA

Taxmm xe oﬁpaaom BBIBOAYIM, YTO CyMMa YIJIOB mnoro-
yronrsEuka A AA, .. A passa cymvxe yr.non TPeyTroJILHNKA
AAA, n MEOroyronsarKa A A A, ...

LA + LA+ LA, .. + LA = 180° +AAA1A‘+AA1A‘AS+
+LA A+ ..+ LA,

Ecny npogonxurh, TO Ha mare (n — 3) Ml IOAYyYUM Tpe-
yroasHHK A A A, cymma yriaoB Koroporo pasHa 180°. Ta-
KuM obpasoM, DOayInMM:

LA + LA+ LA, ..+ LA = 180°(n - 3) + 180° = 180°(n - 2).

TeopemMa foKA3aHA.

MpasuAbHBIM MHOTOYrONLHUK
HpasuabvHuiM MHO20y20AbHUKOM HABLIBAIOT BBHITYKJIBIA
MHOrOYTOJIFHHAK, BCe YIJBEI X CTOPOHBI KOTOPOT'O DaBHEI.

dopmyna HaxoxaeHns yraa
NPaBUABHOTO MHOTOYronbHMKa

Brisenem-tpopmMyny I BBIYHCIEHNA YT18 G OPABAILHO-
TO n-yroJbHUKA.

Cymma Beex yrios n-yroabeuka pasHa 180°(n — 2). Ilo-
CKOJIbKY B HPaBUJIHFHOM MHOI'OYIOJBHUKE BCE YIVIB PABHHI,
yron a_ GyAeT paBeH:

a_= 180°(n — 2)/n.
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YeTbipexyronsHuku )

Yembipexy20ibHUKOM HA3HIBACTCA (DHUTYPa, COCTOAINAA U3
YeThIPEX TOYEeK, MOCAeAOBATE]LHO COEJHHEHHRX OTPe3KaMH.

CTOpOHN YeTHIPEeXYroJbHHKA, MMeIomue o0Imyi0 TOUKY
CoelHHEHHNSA B KOHIle OTPE3Ka, HASKIBAIOTCA COCEOHUMU.

CTOpOHN uYeTHIDEXYroJbHHMKAa, He MMelomque obmiei Tou-
KM, HagLIBAIOTCS npomuaononooléubmu.

JduaroBansMy 4eTHIPeXYTONLHHKA ABJISIOTCA OTPE3KH,
COeAMHSAIOIIAE ero OpOoTHBOJIeKAamye BepIIMHEBI. Yernipexy-
roNLHHMK MMeeT ABe nuaroHanu (pue. 81).

C
B

Puc. 81

YerripexyroxbHEHAK 0003EauaeTcA ero Bepmunamy. Hampu-
Mep, 4eTHIpexXyroabanK ABCD nnn vetnipexyroaseuk KLMN.

YeTsIpeXyroAbHUKY GIBal0T BHITYKJIBIMHA M HEeBBITYK/ILIMH.

B 8binyKaom GeTHIPEXYrONbHUKE Kask[as AHATOHAJD Ae-
auT ero Ha 2 TpeyroasEuKa (puc. 82a, 0).

C ‘ ) C

Punc. 82 A
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B Heavinyxaom deTHIPEXYTONLHYKE TOJBLKO OFHA K3 LHAa-
'roHAJIeH ReJanT QUrypy Ha ABa TpeyroJbHHKa (pmc. 83).

B
D

Puc. 83

B cBs3u ¢ 3THM MOJKHO CAENATH BRIBOA: CYMMAa YIVIOB de-
THIpeXyroirauKka pasHa 360° (kax cymMma yriaos AByX Tpey-
" roxpEMKOB = 180° + 180°).

MNapannenorpamm

IMapannenrozpammom Ba3hIBaeTCA YETHIPEXYIONLHHK, Y
KOTOPOTO IPOTHBONOJIOMKERIe CTOPOHA! NapasLieabHE! (pHc. 84).

' -A/ H. {70

Puc. 84
CaoiicTBa napannenorpaMmma
Teopema: y mapaiiejorpaMMa IpOTHEOIOJOMKHBIE €TOPO-
HBl PABHBE M OPOTHUBOLOJOKEBIE YIJbl PABHEL.
Harno:
ABCD — mapaaiesorpaMm; .

11
[1]
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AB || CD;

AD || BC.

Hoxasamu:

AB = CD;

CB = AD;

ZB = /D;

LA = ZC.

Hoxasamenvcmeo:

Paccmorpum napannenorpamm ABCD (pnc. 85a) Brmon-
HPM JOIOJHATeJbHOE IIOCTPOeHMAe: mpoBefeM auaroHans AC,

AACB = ACAD — 1no BTopoMy Ipu3HAKY paseHCTBA TPEY-
TONBHUKOB (CTODOHE M IMPANEIKAIMUM K Hell yriaam):

CA — obmas cTOpoHa;

ZACB = /CAD (xax Haxpecr nexamue upu CB | AD u_
cexymein CA); :

ZBAC = LACD (xax vaxpect nexamue npu AB || CD n
cexymeit CA).

W3 paBeHCcTBa TPEYTOJBLHMKOB caefyeT, 9to CB = AD; AB =
= CD; 4B = £D (puc. 856).

B (04 B C

y:| . D y:| D
Puc. 85
ZA = ZBAC + ZCAD; £C= LACB + «£DCA; ZBAC +
+ ZLCAD = LACB + £LACD (1. x. ZACB = ZCAD; Z/BAC =

= /ACD), cnegosaTenbHo, LA = /(.
Teopema gokasaHa.
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Teopema: AUATOHANMM NApPAJeNOrPAMMA TOYKOH mepece-
YeHHR JeJATCA MOIoJAM.

Hano:

ABCD — napannenorpamm;

AC u BD — pguaroanu;

AC n BD;

T. O — TOYKa nepeceyeHus auaronaneit AC u BD.

Hoxazamy: '

AO = 0C, BO = OD.

Hoxaszameavemso:

PacemoTrpnm napannenorpaMM ABCD (puc. 86a).

AAOB = ACOD 1o BTOpOMY UPH3HAKY paBeHCTpa Tpey-
TOJALHAUKOB (CTOPOHE M HpMJIEKAINUM K HeH yruam);

AB = CD — 1o cBoOiiCTBY IPOTHBOIOAOIKERIX CTOPON Na-
paJlyIeIorpaMma; '

£DBA = /BDC (rax Bakpect xexantie npu AB || CD u
cexymeitr BD);

£BAC = ZACD (xax naxpecr xexxamgue npu AB | CD n
cexyweit CA) (puc. 860).

A
Puc. 86

M3 paBeHCTBA TPeYroNLHUKOB cienyeT, 4T0 AO = OC; OB =

= 0D. :
Teopema AoKasaHa.
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MNpn3naku napannenorpamMmma

Teopema: eCIX y IeTHIPEXYI'OJIRHAKA ABE CTOPOHBLI PABHEL I
HApaJLIENBHE, TO STOT YeTHIPEXYTONBHAK — NAPAJLIEJIOrDaMM.

Hano:

ABCD — qeTHIDeXYTOJBEMK;

AB = CD;

AB || CD.

Hoxaszamy:

. ABCD — napannenorpaMm. . -

Horasamenvcmeo:

PaccmoTprM weTHpexyroabEEK ABCD (pmc. 87a). Ilpo-
BeneM xauaromans AC.

AABC = ACDA no mepBoMy HPH3BAKY DPABEHCTBA Tpey-
TOJNBHUKOB (BYM CTODOHAM H YTIy MeXRY HAMH):

AC — ofmas cTOpoHa; .

AB = CD — 1o ycioBmio; :

ZBAC = £ACD (xax maxpect jgesxamue opu AB || CD u
cexymes CA) (pre. 876).

B a B 6
C C

D D
Puc. 87

Y3 paseRcTEA TPEYTOJHLHUKOB cliesyeT, 9To ZACB = ZCAD.
OnmaKo 9TH YriB SBIAKTCS HAKPECT JIEIKAUIRMU IOPH. Iepe-
cevenym upsamsix CB m AD cexymeii CA. CaegoBarensHo,
npamere CB 1 AD napaireabHBI.

Hrax, B ueThipexyroasEuke ABCD AB H CD, CB || AD.
3HaunT, SeTHpexyroasEaK ABCD — mapalenorpamm.

Teopema nKoxasaHa.

v
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Teopema: ecam y UeTHpPeXyToJbHHKA IPOTHBOMOJIOMK-
HBE CTOPOEH! PABHE!, TO 3TOT YETHIPEXYTOJBHHK — IIApajie-
JIOTPaMM.

Harno:

ABCD — dYeTHIpeXyronbENK;

_AB = CD;

AD = BC.

Hoxasame:

ABCD — mapannejiorpaMm.

Horxasamenvcmao:

PaceMorpum uersipexyronsaur ABCD (puc. 88a). Ilpo-
BezeM puaroHans AC. )

AABC = ACDA mo TperheMy IDH3HAKY DABEHCTBA Tpey-
TOJNLHUKOB (TpEM CTOPOHAM):

AC — obmasna cropoRa;

AB = CD — no yenoBuio;

AD = BC — 5o ycJoBHIO.

W3 paBeHCTBA TPeyTONBHMKOB claexyeT, 4ro LBAC = LDCA
(puc. 886). 3uauwmrt, AB || CD.

a C 6 C

A A
Puc. 88

Tockonsxy AB = CD u AB | CD, To no mepeoMy TOpu3Ha-
Ky TapajienorpamMma (XBe CTOPOHHI PaBHBI M NAPAJTENbHHI)
TeThpexyroabEUK ABCD — napaiienorpamm.

Teopema noxasana.
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Teopema: ecIH SHATOHANHE JeTHIPEXYTOJBHMAKA epeceKa-
I0TCA B TOYKOH mepecevyeHHs JeJATCA HOMNOJAM, TO 3TOT de-
THIPEXYTOJBHUK — IIapajJIeIorpaMM.

Hdano:

ABCD — 9eTHpeXyroJlbHHK;

AC n BD — pguaronanm;

AC N BD B Touke O;

AO = OC, BO = OD. -

Horxasamu:

ABCD — napaJiieiorpaMm.

Horxasamenscmeo:

Pacemorprm wetsipexyroasauk ABCD (puc. 89a). AAOD =
= ACOB mo mepBoMy NPH3HAKY DaBEHCTBA TPEYrOJLHHEKOB
(EBYyM CTODOHAM M YIrJy MEXIYy HHMH):

ZLAOD = £BOC (xkak BepTHKAJILHEIE);

AO = OC, BO = OD (mo ycnosmuio) (puc. 896).

W3 paBeRCTBa TPEYTOJALHHKOB caeayer, ato ZOBC = ZODA.
Mesxpgy TeM BTH YTJIBI ABAAIOTCA BHYTPEHHHMH HAKPECT Je-
wamumMu opu opaMeix AD u BC un cexymeit DB. 3rauur,
npamseie AD u BC nmapajjieJbHEI.

Paccmorpum rpeyroasankn AOB u DOC (puc. 89s).

B L C B I
LI 6 11
I 0
<>
S
4 H D A4 Il D
B C
s P
<)
4 Qp
. Puc. 89
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AAOB = ADQOC 1o nepsoMy OpHSHA8KY. DABEHCTBA Tpey-
TOJALHAKOB (ABYM CTOPDOHAM M YLy MeKAY HEMH):

ZAOB = /ZCOD (xaK BepTHKaJLHEIE);

AO = 0OC, BO = OD (mo yc.noBmo)

3 paBencTBa TPEYTONLEHMKOB CAeAYeT, UTo LABO = AODC
MexEy TeM 3TH YI/IK SABASKIOTCA BHYTPeHHUMHM EaKXpecT Je-
skammMy Ope npsMeix AB m CD m cexymeit BD. 3Haunr,
npameie-AB n CD napajuiebHEL. .

Wrax, AB = CD, AB | CD, cnepoBatensno, uersipexy-
roasENK ABCD — napajlesorpamMM.

TeopemMa foxasasa,

MNpamMoyronbHmuk
ITpamoyzonvruxom HA3HIBAETCH MADAJLNENAOrPaMM, ¥ KO-
TOpOTO Bée yriasl npammue (puc. 90).

B C
- L

Puc. 90

IIpsMoyroasEnk obnanaer. BceMmE CBOMCTBAMH mapaiie-
JorpamMma:

1) nporrBOmONO:KEHIE CTOPOHEI PABHEI;

2) RmaroHaniy mepeceKaloTCSa M TOYKOI IlepecedeHWA Je-
JATCA IONOJAM.

82



Pasgen |. Mnonwmerpus

OcoGoe CBOACTBO NPAMOYrofibHMXA

Teopema: fMaroHaIn NPAMOYTONBHNUKA DABHEL.

Hano:

ABCD — upaMoOyroiabHHK;

AC 7 BD — pumaronaJu.

Hoxasams:

AC = BD.

‘Hoxasamenvemao:

Paccmorpnn npamoyrombERK ABCD (puc. 91a). ADAB =
= ADAC no mepBoMy IpHM3HaKy PaBEeHCTBA TPEYTOJILEHKOB
(nByM cTOpOEAM M yIiIy MexJy HUMH):

LA n LD — upsamme;

kater AD — obmnii;

KaTeThl AB ¥ CD paBHM KaK IPOTHBONOJOYKHEIE CTODOHBI®
napannexorpamma (puc. 916).

B C B C
a 6
A D A D
Puc. 91 —

M3 paBeBCTBa TpeyroJALHMKOB BLIBOAMM, YTO MX I'MIOOTe-
rysnl AC u BD pasmsL
" Teopema goxraszana.

O6paTHan Teopema: eCIH ¥ HapajLiejorpaMMa JUArGHAIH
DPaBHEI, 3TOT IApPAalAeJorpaMM — IPAMOYTOJBHUK )

Hano:

ABCD — napamrenorpamMm;

AC u BD — puaromajn;

AC = BD. \
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Hoxazamy:

ABCD — OpaMOYTOJALHHK.

Hoxasameavcmeo:

Pacemorprm nmapasnenorpamMm ABCD (puc. 92a) ADAB =
= ADAC po TpeTheMy HIpHM3HAKY DPABEHCTBA TPEYTOJBHHKOB
(oo TpeM CTOPOHAM):

" AB = CD (xax OpOTHBOHNOJIOHEE CTOPOHH NAPAJJIEIOr-

pamMma); .

AC = BD (rar JuaroRAIN);

cropora AD — ofmasn (puc. 9206).

-~

B 4 C B C
a 6
4 D 4 — D
Puc. 92

H3 paBencTBa TPEyroJNbHMKOB cieAyer, udTo LA = £D.

TTockonbky y napasjienorpaMmMa OPOTHBONOJNOMKHBIE YIIThI
paBHLI, TO MOXXHO BRIBeCTH, UTO LA = LC, a LB = /D. Ta-
KHMM ofpasoM, ZA= /C= /B= /D.

CyMma yriioB nmapansesiorpamma pasHa 360°, T.e. Z4 +
+ ZC+ £ZB + 4D = 360°. ITocKOABKY MBI BHIBEJIH, 9TO B Ta-
pasnenorpaMme ABCD Bce yI'bl paBHH, TO LA = ZC= LB =
= ZD = 360°/4 = 90°, 3maunT, napanrenorpamm ABCD as-
JIETCS - UPAMOYTONILHAKOM.

Teopema aoxasaHa.

Pom6

Pombom Ha3HIBaETCH NAPANJIeNOrPAMM, ¥ KOTOpPOro Bce
CTOPOEKI DaBHHI (puc. 93).
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f f

Puc. 93 .

- Pom6 obnazaeT BceMHM CBOMCTBAMH HapaieJorpaMMa.

Ocofoe csoiicTBO pomba

TeopeMa: AuaroHaau pomM6a B3aUMHO NEPUEHANKYIADHBI
H JeJIAT ero yIVIbl HouoJaM,

Haro: '

ABCD — pomb (puc. 94a);

AC u BD — pgharonaim.

Horasamv:

AC | BD;

£DBC = ZABD;

ZACD = /BCA.

Horxasamenvcmeo:

PaccmoTprm AABC (puc. 946). Toaxa O — Touka mepece-
ueguda puarosaneit AC n BD. AO = OC (upu3Hax moapanie-
Jorpamma). 3gaunt, OB asnserca mexuanoi AABC.

AB = BC (1io ompezenennio pomba). CregoBarensHO,
AABC — pasrobenpennsniit. 3gaguT, Meagunasa OB asaserca
rakxe OmccexTpmcoit AABC, COOTBETCTBEHHO M GUCCEKTDH-
coit B. Braunr, ZABO = £ZOBC, coorBercTBeHHO B LABD =
= ZDBC (r. K. orpe3ok BO nexxut Ha ayue BD).

OB saBisercsa Tak:Xe BHCOTOH 'AABC (1m0 CBOHCTBY MexHa-
HBI paBHOGEAPEHHOTO TpeyToabAuKa). 3gauur, AC | BO, coor-
BerctBeBHO AC L BD (T. K. orpesok BO nexur Ha nyue BD).
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Paccmorpum ABCD (puc. 946). BO = OD (upuMsHaK moa-
pasenorpaMma). 3maunt, OC aBiagerca Memguanoit ABCD.

a C 6 C 8 4

-B B B

Puc. 94 '

BC = CD (mo ompepeaesunio pom6a). CaeaomarensHo,
ABCD — pasHOGeapenHHI. 3HaunT, Meguana OC aBaaercs
Takake 6mccexTpucoit ABCD, cooTBeTCTBEHHO H GHcCeKTpH-
coit C. 3rauur, LBCO = ZOCD, coorsercTBeHHO M LBCA =
= LACD (mockonsKy oTpe3ok CO nexxut Ha ayde CA).

HMrax, Mu noxasanu, aro ZDBC = LABD, ZACD = /BCA,

AC 1 BD. _
Teopema xoxazaga.

Npuanakn pomba
1) ecam B mapajenorpaMMe JHATOHANY OEPIeHANKYIAD-
HEI HJIM SIBISIOTCA GMCCEKTPHCAMHM ero YIJIOoB, TO 3TOT IapaJ-
IesorpaMM — pomG;
2) ecsim B 4eTHIPEXYTOJNFEHKE BCE CTOPOHK PaBHBI, TO ITOT
YeTHPEeXYTOALHUK ABJsAeTcs poMOoM.

Keappar

Keadpamom uassiBaeTcsi IPAMOYTOALHKK, Y KOTODOTO BCE
CTOPOHH! paBHH (puc. 95).
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1
T )
1 | n
Puc. 95

Kpazpar ofnajiaeT BCeMM CBOMCTBAMM IpAMOYTOJBHMKA
n pomba:

1) Bce yrianl npameie;

2) AVaroHanNM paBHEI, B3AUMHO NIEePHEHAUKYISPHBI, TOY-
KOl IepeceueHus AEJIATCH IOIOJAM, A TaKiKe NEJSAT YIJIBI
KBaZpaTa IONOJaM.

‘

lNpuanax xBagpara
Ecau AMaroBEan OpAMOYTOJLHHWKA DPABHEI, TO 3TOT HIpA-
MOYTOJBHHK ABJIAETCA KBaApaTOM.

Tpaneuus

Tpaneyueii EaspBaerc YeTHIPEXYTOJIbHUK, Y KOTOPOIO ABE
.CTOPOHBI NAPaJNebHE], a BE JPYTHe CTOPOHBI He apaUleJibHbI.

OcHo8aHUAMU TPaNeIM HA3KIBAIOT €e TapajjlejbHbIe CTO-
POHEL.

Boxosvimu cmopoHamu Tpaoequy HA3KIBAIOT ee HE mapai-
JenabEBIe cTOpoHH (puc. 96a).

Pasrobedpennoli HasHBaeTCa TpanenuA, y KoTopoi 60ko-
BBle CTOPOHHI PaBHH (puc. 966).

ITpamoyz0rvHoli HaskIBAETCA Tpamenis, OAWH M3 YIJOB
KoTopoy mpamoit (puc. 96a).

Cpednelt aunuell TpaleqUM HA3BIBAETCS OTPE3OK, KOTO-
PHIt coequHAET cepeaunnl 60KOBLIX cTOpPOH (puc. 962).
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OCHOBAHMNE
: §

5 6
S .
3 e}
8| ocHogamme & y D
B O C B C
8 2
A

AIICPEHHRHHHHMWE

- N
I S #
Puc. 96

TIpesxe 4eM pacCMOTDETh CBOMCTBA TPAIIEIHM, PACCMOT-

JHHHH TPEeyYroJbHHKAa.

pHMM H JoKa’keM Teopemy Paseca (IpeBHerpedecKoro y4esHo-
ro, KHBIWeEro 8 VIB. o H.3.), & TakKe TeOpeMy O cpPemHeiH

Teopema Qaneca

Teopema: ec/Iy TapajiieTbELIE IPAMEIE, IIEDECEKAIONTHE CTO-
DPOHBI yIVIa, OTCEeKAlOT HA OXHOM ero CTOpOHe DaBHLIE OTPE3KH,
Hano:

TO OHM OTCEKAIOT PABHBLIE OTPE3KH U Ha APYTOH ero cTopoHe.
Zab;

A, A, A, — TOYKH IlepeceveHHS NaPAICTBHRIX IPAMEIX
CO CTOpPOHOI a yria ab;

T. A, IeKHT MEXKAY T. A, U T. A;;

AA,= A4,

B,, B,, B, — COOTBETCTBYIOIIHE TOUKH IIePECeYeHHS TeX
JKe IapaJjeJIbHRIX IPSIMKIX CO CTOPOHOHU b yriua ab;
T. B, nexur mexay T. B, u t. B;
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Hoxazams:

B,B,= B,B,.

Hoxazamenvcmeo:

PaccmoTpeM Zab (puc. 97a). BRIIOIENM JONOJHUTEINb-
HEle IOCTPOEHHA: mpoBelleM depes T. B, mpamyio ¢, mapai-
JeNsHAYI0 OpAMol a. IIpaMas ¢ DepecedeT napaLUieIbEbIE OPA-
mbie A B u A, B, B Toukax C, u C,coorsercTBerHO (puc. 970).

a 6
4, \B A,/\B. /C,

\2; 4./ \/B,
A, \33 . A,F é\B3
N AN

Puc. 97

YeThIPpeXyTOJLHUK AzA1 C,B, — mapajuiejgorpamm, T. K.
AA, | C,B, AC, | AB,. Ilo cBOCTBY CTOPOH HapasJIesIOr--
pamma AA,=C,B,, AC = AZB,

Yersipexyroasaux AA, B, C, — napajjienorpaMm, Imo-
ckonpky AA, || C.B,, AC, | A,B,. Ilo caojicTBy cTopoR ma-
pannenorpamma AA,=C.B,, AC,= AB,.

Iockoneky A A,= A A, (mo ycaosuw), ToC B,= B, C,.

Paccmorpum Tpeyroavauku B,B, C, n B,B,C,. Onm pas-
HEI 110 BTOPOMY IPH3HAKY PABEHCTBA TPEYTOJBHUKOB (IO CTO-
POHe ¥ OIPHJIEKAIMMM K Heil yriam): V

C,B,=B,C,

4B B,C, = £LCB, B, — KaK BepTHKaJIbHEIE;

£4B,C, B,= £B,C, B, — xak BHakpecr jexxamue npu A B ||
| A,B, u cexymeit C,C,. .

W3 pasencrsa tpeyronsaukoB B, B, C, u B,B, C, cnexyer,
uro B B, = B,B,.

TeopeMa AOKa3aga.
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Teopema o cpepHen nuhuM TpeyronsHMka

Cpedneii auHueii mpeyzoavhuxa HA3HLIBAETCA OTDE3OK,
COeZUHAIOMMIA CEPeiMHEL ABYX M3 ero cTOpoH (puc. 98).

B
N
AR
cpeaﬂ C
M n‘,\uﬂ
Y|
Puc. 98

Teopema: cpefHss JMHAS TPEYTOJbHEWKA, COENUHSIOMAn
CEePEeAMEE ABYX €TI0 CTOPOH, Napa/ieNbHA TPEThEH CTOPOHE n
paBHa& ee HOJOBHEE.

Hdano:

AABC;

MN — cpenaas nuensa AABC;
AM = MB;

BN = NC.

Hoxaszame:

MN || AC;

MN = 1/2 AC.
Hoxaszamenvcmso:

1. Paccmorpum AABC (puc. 99).

Yepes Touxy M nposeseM npamyio [ || AC. Bra npamas
nepeceder oTpe3ok BC B Touke L. IIpu aTom moayumTes, aro
BL = LC (no Teopeme ®ameca). 3maunT, Touka L npumage-
JKHUT CpefHEeI JHENHK TPEYTOJLHNKA M COBIAZaeT ¢ TOYKOM N.
Caenosarennsro, ML cosuaaetr ¢ MN. Ilockoasky ML nexur
Ha mpamoit [ | AC, To u MN || AC.
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Puc. 99

2. BelmoanM ROTONHUTENIBHOE IOCTPOEHNE: depes TOUKY
N nposenem cpexmroio muanio NK, 1. e. AK = KC.

O6pasoBaHHEBIH 9eTHpexXyronbaEnk AMNK — napamenor:
pamm, T. x. AM | NK, MN || AK. Tiockonsxky MN = AK (uo
cBoitcTey mapasnnesaorpamma), AK = KC, AK + KC = AC, MOx«-
HO BBIBecTH, I1T0 MN = 1/2 AC.

TeopeMma Aoxasana.

Teopema o cpepHedn nvHuKM Tpareuuu

Teopema: cpeZHAA JUHAA TPAOenWH NapajjieabHa OCHO-
BAHMAM M paBHA MX HOJyCYyMMe.

Hano:

ABCD — Ttpanenmus;

BC.-u AD — ocHOBaHUA;

MN — cpegasasa AuRAdA;

AM = MB;

CN = ND.

Hoxasamb:

MN || AB || CD;

MN = 1/2(BC + AD).

Zoxaszameavcmaeo:

PaccmorpuMm Tpamepmio ABCD (puc. 100).
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B C

JS—\u
A \ >~

D
- Puc. 100

Brimonaum aononauTensHble nocTpoennA. IIposeaeM qe-
pe3 Bepmmay B u Trouky N mpamylo. Touka L — Touka nepe-
ceueHUs npamulx BN u AD.

ABCN = ALDN no BTOpOMYy IDU3HaKy pPaBEHC'EBA Tpey-
TOJTbHHKOB (CTOPOHE M NPHJIEKAINHM K Helf yriam):

CN = ND (no ycinoBuio);

4BNC = ZDNL (xax BepTHKAaJbHBIE);

4NCB = Z/NDL (xax BHyTpeHHEMe HAKPeCT JieXKamue Opyu
BC | AD u cexymeit CD).

W3 paBeHCTBa TpeyroinHHKOB ciexyeT, uro BN = NL;
BC = DL. 3gaant, MN spnsaercs cpegHelt 1uEueil Tpeyrois-
Brka ABL. Coriaceo cRo#CcTBY cpefBeil JWBHH TPeyTOALEH-
ka MN || AL.

AL = BC + AD.

Caeposarensno, MN = 1/2 AL = 1/2 (BC + AD).

Teopema AokasaHa.



nasa 8

[IOWAIM NPOCTLIX GUTYP

ITpocmoii HaskBaerca GUrypa, KOTOPYIO MOXKHO pasbuTs
HA KOHEUYHOE KOJAYeCTBO TPEYIOJLHMKOB.

IIpocToit ¢purypoit aBaseTcs 060i BHRIDYKILIH ILJIOCKHIA
MHOI'OYTOJILHHEK.

Ilnomanes o6osznavaeTcss 6yxkBoif S.

CeoiicTBa nnowanei npocToix ¢uryp
<1. ¥ pasEbIX ¢uryp WiIOMany paBHSI.
2. Ilnomapgs GUrypsl papHa cyMMe IJIOmIajeil BceX MHO-
TOYTOJIBHAKOB, Ha KOTOPbIe OHa paabura.
3. Inomans xnanpaﬁ‘a pPaBHA KBazpaTy ero CTOPOH.

nl'IOLU,O,D,b nNpAaMoOYTronbHKKa

Teopema: maomans HPAMOYTOJILHAKA PaBHA IPOM3BELE-
BHIO €70 CMeXHLIX CTOPOH.

Harno:

ABCD — npaMOYroJbHHK;

AB = DC = a;

BC=AD=b.

Horxasamn:

Sper = ab.
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Hoxaszamenvcmeo:

PaccMorpum npamoyronsauk ABCD (puc. 101a). Barmos-
HHM [OHNOJHATeALHBle mocTpoerus (puc. 1016): yseamuanm
croporsl AB = DC = a Ha gnuHy b, a cropoEnl BC = AD = b
Ha gnuHy a. Uonyaunca xsagpar KBLM co c-roponoﬁ pas-
HO#t a + b. 2

B C
a
4 D
B T C |
R {
6 14 A1
A—4- 0
D <
—_ +
—+ S
- a+b
K M
P
Puc. 101
S pra = (@ + b)*— 1o TpeTseMy cBoficTRy IIOmazei mTpo-
cTeix duryp.
S o= Sasent Socrot Sppou + Sgapp — COTTIACHO BTOPO-

My CBOMCTBY mjomagneil IpocTeix ¢uryp.

IIpamoyromsank ABCD pasen upamoyroasERKYy PDOM.
Tlo nepsoMy ceolicTBy naomageit IpocTHIX PUryp Wiomanu S
9THX IPAMOYTOJILEUKOB DABHEI.

DCLO n KEADP — xBagpaThs cO CTOPOHOX @ # b coorBer-
creeEHO. CrefoBaTenbHO, MX IMAOHIAAM DABHBI:
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Speio = 6%

Sypp = V% .

CocTaBsnfieM ypaBHeHHE:
~{a+b:=S+a*+ S+ b5

=28 =a?+ b — (a + b)%; |

28 =—a?— b%*+ (a®*+ 2 ab + b?);

28 = 2 ab;

S = ab.

Taxknm oﬁpaaong, S, pep = ab.

TeopeMa KOKa3aHa.

Mnowagns napannenorpamma

Teopema: niomajs, NapajiaeoOrpaMMa pasHa IIPOM3IBEHE-
HUIO ero OCHOBAHMSA Ha BHICOTY.

Hano: '

ABCD — napatenorpaMm;

CM — BnicoTa napannenorpamma ABCD, nposeserHasa K
ocHOBaHUIO AD. .

Hoxaszame:

S, pep =AD X CM.
Horxaszameavcmeo:

Paccmorpum napannenorpamm ABCD (puc. 102).

B C

A M
Puc. 102

IIpoBegem BmicoTy BN. O6pa3oBajcA IPAMOYTOJNLHHK
NBCM. Ero mpomans paBHA:
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Sypc = BC X CM
HIHN:
Sysew = AD X CM (1. x. BC = AD).

ILnomazs npaMoyroasEuka NBCM Takike MOMHO 3amu-
caTh B CJIeJVIONIEM BHZE:

Syscr = Sapen T Sananr
IInomans mapanpexorpamma ABCD pasma:
S isco = Saper + Surecrr

AMCD = ANBA — nio rumoTeHy3e ¥ OCTpOMY yriay (OpH-
3HAX PABEHCTBA NPAMOYTOJIBLHBIX TPEYTONLHUKOB):

runoTenyssl BA u CD paBHBL KaK IIPOTHBOJIEKAIIHE CTO-
POHBI HapajIeIorpaMMma; .

LNAB = ZMDC — Kak cOOTBeTCTBEHHBIE YIJIbl OPH @e-
pecedeHnH mapauledbHbix OpaMEIXx AB u CD cexymeit AD.

ITocxonsky AMCD = ANBA, unomajb OapajuieoTpaMMa
ABCD MO0XHO 3amiHcaTh B BHE:

S 5cp = Sasom + Sarcop
Hocxonsxy S, + S,\cp = S
veen = AD X CM, To:

S, pcr = AD x CM.

TeopeMa foxasaga.

wecy» & MBL BEIBEJH, HTO

S

Mnowage TpeyronsHuka

Oxay W3 CTOPOH TPeYroJNbHHMKA Ha3LIBAIOT OCHOBGHUEM.
IIpu aToM BrIcOTOH TpeyroabAMKA GyfeT HasKBATHCA BHICOTA,
IpoBe/leHHAA K OCHOBAaHHIO.

Teopema o nnowany TpeyronbHuxa

Teopema: IIOIaZk TPeyTrOJAbLHHMKA PABHA IOJOBHMHE IIPO-
HM3BeJeHUA €r0 OCHOBAHMS HA BBLICOTY.

Hano:

AABC; SN

AC — ocHOBaBue;

BD — BmicoTA.
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Hoxaszame:

S, zc = 1/2AC x BD.

forxasamenvcmeo:

BHIDONHWM JONOAHEWTENLHEBIE NOCTPOCHKA: JOCTPOMM Tpe-
yronsank ABC o mapannenorpamma ANBC (pmc. 103). -

N B

C

A . D
Puc. 103

BD sBasiercA BBICOTOI IapajjieorpaMma, IPOBENEHHON K
ero ocaoBaHMIO AC. Ilnomans napannenorpamma ANBC pasHa:

S, vse = AC X BD.

HOuaronans AB meAWT mapajiielIorPaMM Ha ABa TPEYToOJb-
auxa — AANB n AABC. Ilnomans mapannenorpamma ANBC
TaKJKEe PaBHA:

Synvpe = Saawz T Saanc

Tpeyronseuxu ANB u ABC paBHBI IO TPETHEMY HPH3HA-
KY PaBEHCTBA TPEYTOJLHUKOB:

AB — ofmasi CTOpOHS;

AN = BC, NB = AC — xak OpOTHBOJe’Kalque CTOPOHBI
napasnenorpamma ANBC,

W3 pasencrsa AANB u AABC cnenyer, 4To X ILIQIIAAH
To)Ke paBHBI. ClefoBaTeNbHO, IUIOINAAL HapajjejorpamMma
ANBC MOHO 3amycaTh ClAexylomuM o0pasoM:

S ANBC Smc X 2.

Otciona caegpyer, uTo miuomnians Tpeyroibanka ABC pasga:
Suse = 1/28 pc

Tlockonrky S,,,. = AC x BD, To0:

.
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S,.sc = 1/2.AC x BD.

TeopemMa moKasaHa.

W3 TeopeMn! 0 MIOIAAM TPEYTOJbHKKA MOJKHO BBLIBECTH
ABa ClEeNCTBHA.

Cnedcmeue 1.

TInomaje UpAMOYTONBLHOTO TPEYrONLHUKA PABHA HOJOBH-
He IIPOM3BeJeHUA ero KaTeToB.

Cnedcmeue 2.

Ecay BBICOTH [BYX TPeYTOJILHHKOB PABHEI, TO MX ILIOMIA-
AM OTHOCATCA KAK OCHOBAHMS,

¢
Teopema 06 OTHOWEHMAX NNOWAAEH TPEYrosbHUKOB,
HMEeIoLWKUX PaBHbIA yron

TeopeMa: ecJM yroj OJHOIO TPEYTOJBHEHMKA DABEH YIY
LpYroro TpeyroJbBHKa, TO LJIOINAAN 3THX TPEYTrOJLHUKOB
OTHOCATCSA KaK HPOM3BeleHUH CTOPOH, B3AKJIOYANIOIIUX PaB-
HbIEe YTJIBL.

Hano:

AABC m AABC;;

LA = LA;

S — nnomans AABC;

S, — naomans A4 BC.

Hoxasame:

S/S, = (AB x AC)/(A,B, x A,C)).

Horxasamenrvemeo:

Paccmorpum AABC u AA B/C, (prc. 104a). Eciu nx Hamo-
JKWTH IPYr Ha ApYyra Tax, 94TO0H BepIIMHA A COBMECTHIACE C
BEePINNHOH A, a cToporsl AB u AC — co croponamMu A, B, n A C,
COOTBETCTBEHHO, TO HOJYIUTCH Cefylomas ¢purypa (prc. 1046).

Coepunrm Touxy B, c C. O6pasosaBmmiica TPEYroJbHHK
AB,C nmeer 06myio Bricoty CM ¢ Tpeyronsankom ABC. Ilio-
maznx TpeyronpEMkos ABC(S) m AB,C(S,) pasHsI:

S=1/2AB xCM.

S,=1/2AB x CM.
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4.4 Ad)
Puc. 104

OTtHomenns miowageit 3THX TPeyrOMLENKOB COOTBETCTBEH-
HO PaBHHI:

S/S,=(1/2AB x CM)/(1/2 AB, x CM);

S/S,= AB/AB, (1).

Paccmorpum TpeyronbEMKM AB.C n AB.C,. OEx uMewoT
obmyio Beicory B,N. CooTHOINEeHMe miomazell TPEYToNbHHU-
kxoB AB,C(S,) u AB,C, (S)) 6yzer pasno:

S,/S, = AC/AC, (2).

Ilepemroxnm paserctsa (1) m (2), momymmm:

(S/8,) X (S,/S,) = (AB / AB,) x (AC/AC,);

S/S, = (AB x AC)/(AB, x AC)).

Anmn:

S/S, = (AB x AC)/(A,B,x A,C)).

Tgopema HOKa3aHa.

Mnowaae rpaneuus

Boicomoli mpaneyuu HA3BIBAIOT NEPUEEAMKYIAD, KOTO-
pelit MoxxeT OmITH IpOBeAeH M3 M0G0 TOYKHM OJHOro M3 ee
OCHOBAHMH K HPAMOii, Ha KOTOPOH JIEYKHT APyroe OCHOBAHKE
(pnc. 105). .

\
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Puc. 105

Teopema: mwiommans, Tpamenny PaBHA IMPOH3BENCHHIO IIO-
JYCYMMEI €€ OCHOBAHU Ha BEICOTY. )

Hano:

ABCD — Tpanenus; 3

CM — BrIcoTa Tpanenun ABCD, npoBeseHHAS K OCHOBA-
Hmo AD.

Hoxazame:
8,0 = 1/2(BC + AD) x CM -~
Hoxasameavcmeo:
Pacemorpum rpanenuio ABCD (puc. 106).
N B C
N
AL O D
) M
Puc. 106

IIporesem amaronais AC. Ona paspenser tpanennio ABCD
Ha nBa TpeyroasENKa: AABC u AACD. Ilnomaas Tpanemum
COOTBETCTBeHHO 6yzLeT paBHAa:

SA.BCD = SMBC + SMCD;

S,.sc = 1/2 BC X AN (AN — Bricora AABC, onymenuas K
ocuosarno BC); .

S,,cp = 1/2AD x CM.
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M3 oTUX paBeHCTB BHIBOAMM ILIOmAZLb Tpauennnr ABCD:
S, pcp = 1/2BC x AN +1/2 AD x CM.

AN = CM, cnenosaTeNsHO:

S, pcn = 1/2(BC + AD) x CM.

Teopema pokasaHa.



naea 9
NNONOBHBIE ®ATYPHI

MNponopunoHanbHbie OTpe3ku ¢
{
AB/BC Ha3BLIBAIOT OMHOWeHUEM OMPe3dkos. ITO 3HAUUT,

910 OAUHA OoTpe3ka AB otHOCHTCA K IauHe oTpe3ka BC.
Ecau AB/A B, = CD/C,D,, To roBODAT, 4TO0 OTPe3Kn AB n

A B, nponopauoBaibEE oTpeskaM CD n C,D,. IIponopnuo-

HAJNBHBIMK MoXeT ObITh M 60JbIlee KOJMUYECTBO OTPE3KOB.

MopobHsle TpeyronbHUKM.

MpusHaku nogobus TpeyronsHUKOB

Ecsn y ABYX TpeyronsEAKOB ABC u A B, C, cooTBeTCTBEH-
HEle YTJIbl PaBEH (ZA = ZA;; LB = £B; LC= LC)), To cTO-
porsi ABu A B, BCuBC,CDn ClDl HA3BIBAIOTCHA CX00-
CMGEEHHbLMU.

JlBa TpeyroabHVKA Ba3bIBAIOTCH NOJOGHBLMLL, €CIIM X YTJIBI
COOTBETCTBEHHO DABHBI, & CTOPOHHI OJHOTO TPEeYyroJbLHNKA
OPONOPIHOHANBHE! CXOACTBeHHBIM CTOPOHAM JADYroro Tpey-
TOJbHUKA. *

ITogo6me oBGosHauaeTcs 3HAKOM ~, HanpuMmep AABC ~
~AA B C,, uro o3Hauaer: TpeyronsHux ABC mopoben Tpey-
roneEUKY A B.C,.

Taxkum obpasom, AABC ~ AAIBICI, ecJin:

LA =LA, LB= LB, LC= LC (1);

AB/A, B, = BC/B\C, = AC/ AC, = k (2).
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Ywucno k HasbIBaIOT Koagguyuenmom nodobus. Ecau ogHO
u3 paseHCTB (1) i (2) BHNOOAHAEeTCA, TPEYTOJbHUKH CIATA-
I0TCA HOROOHERIMM.

Mepsbid NpKu3HaK NOZOGUA TPEYronbHUKOB

Teopema: ecim ABa yrja OZHOrO TPEYrOJbHHUKA COOTBET-
CTBEHHO DaREH JBYM YIJIaM JPYTOro TPEyroibEHKA, TO TAaKHe
TPEeyTOJAbBHAKH NOKODHSEI.

Hano:

AABC m AA B/C;

LA =LA, LB= £LB,.

Hoxazams:

AABC ~ AA BC,.

Hoxazamenscmeo:

Paccmorpum Tpeyromsankyu ABC u A B C, (puc. 107).

C

Puc. 107

£C + ZA+ £B = 180° (no TeopeMe 0 cymMMe YIJIOB ';‘pey-
roneanka). CrexosaresibHO:

ZC = 180°~ LA - £B.

Coorsercrrenno ZC, 6yner paBen:

£C, = 180°~ LA, - £B,. -

Tockomsky LA =LA, /B = £B, (no ycaoBmio), To LC = £C..
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Taxnm 06pasom, Bee yrubl TpeyrodbEHKa ABC cooTseT-
CTBeHHO DaBHH yriam tpeyroibEuka A B C,, 4To cooTBert-
CTBYET OUpeAe]eHnIo mogo0usa TpeyroasEHKoB. CirefoBaTess-
HO. AABC ~ AA BC,.

Teopema Roxa3aHA.

Bropoit npuanax nopaobus TpeyronbHUKOB

Teopema: ecJm ABe CTOPOHH! OJHOrO TPEYrOJBHHKA IIDO-
IOPITHOHAJIBHEL IBYM €TOPOHAM APYTOTO TPEYTOALHUKA M YTJIBI,
06pasoBaHHbIC 3THMH CTOPOHAMH, PABHEI, TO TAKHE TPEYroJb-
HUKH OOA00HLI.

Hano:

AABC u AA BC;

AB/A B, = BC/B.C,;

4B = £B,.

Horxazame:

AABC ~ AABC..

Hoxazamenvcmeo:

Pacemorpum Tpeyronsuuky ABC u A B ,C, (puc. 108a).
Y mux £ZB= 4B, (mo ycnoBmwo). Yrobm Aokasars, 4TO TpEy-
TOILHAKY NOROGHE!, AOCTATOYHO AOKa3aTh, 4To LBAC = £ZB A C,
(mepBriii mpu3EAK NOZOOHA TPEYrOJBLHHKOB),

BuIDOJHEM KODONMHKTEAbHEIE IOCTPOEHMA: MOCTPOUM Tpe-
yroasaux ABC, (puc. 1086) rakum o6pasom, aro C,BA =
=ABC,aZCAB=/BAC,..

B, C, ) B, C

I

B C B C

Puc. 108
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ITo nepBoﬁy npuanaxy nogobus AABC, ~ AA,B,C, (mo pa-
BEHCTBY AByX yri0B). Ciexosarensno, AB /A B, =BC,/ B, C,.
ITockomsxy AB/A B, = BC/B C, noay4aem:

BC,/B,C,= BC/BC,.

N3 paBencrea suiBoguM, uro BC,= BC.

AABC = AABC, — po mepBOMYy HOPH3HAKY DaBeHCTBA Tpe-
YTOJLHUKOB (II0 ABYM CTOPOHAM M YIJIy MEXKAY HUMH):

AB — ofbmast cTOpoHa; ’

BC, = BC (cM. BhIme);

ZABC = LC,BA.

Ciaenosarensro, BAC = BAC,.

Iockonbry £BAC,= £B A C,, nomyuaem: ZBAC=£BAC,

Teopema Koxkasaga.

Tpetwit npusnax nogo6us TpeyronbLHNUKOB

Teopema: ecsim Tpu CTOPOHBLI OZHOI'O TPEYTOJBHMKA COOT-
BeTCTBEHHO IPONOPIMOHAJNBLHBI TPEM CTOPOHAM ApYTOro Tpe-
yTOJbHUKA, TO TaKHe TPeYyroNbEHKH MOJOoOHBI,

Hano:

AABC u AA B.C ;—~

AB /AB =BC/BC =AC/AC,.

Hoxasamu: ,

AABC ~ AA BC,.

Joxasameavcmeo: -

Paccmorpum Tpeyroasanku ABC u A B C, (puc. 109).
C C,

- Puc. 109
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Yro0BI [OKA3ATH, YTO TPEYTOJBHMKH NOAOOHEI, JOCTATOY-
HO Ji0KasaTh, 4T0 ZABC = LA B C, (Bropoii mpn3Eak mofo-
61a TPeyTOJLHMKOB).

BLIDOJHEMM AONOAHHUTENBLHOE NMOCTPOEHUE: HOCTPOKM
AABC,, y xotoporo ZC,BA = ZABC, a ZCAB=/(BAC,.

CoryacHO DepBOMY IOPH3HAKY HmOA0OHMA TPEYrojabHWKOB
AABC, ~ AAIBICl (o0 paBeHCTBY ABYX COOTBETCTBEHHBIX YT-
JI0B TpeyTroAbLHHKOB). H3 mogobua TpeyroJlLHNKOB CAEAYEeT:

AB/A B, = BC,/BC, = AC,/AC..

Vuwrnisas, uro AB/A B, = BC/B,C, = AC/A,C, — no yc-
JIOBWIIO, BLIBORMM:

BC = BC,; AC = AC,. :

AABC = AABC, — no TpeTheMy IpPU3HAKY PABEHCTBA Tpe-
YTOJMBHHKOB (IO TPeM CTODOHAM):

AB — o6mas cTopoHa;

BC = BC,; AC = AC,.

W3 paBeHCTBA TPEYTONLHUKOB cenyeT, wr0 LABC = LABC,.
Tockoarky LABC,= LA B/C,, To LABC = ZA B/.C,.

Teopemé AOKa3aHa.

Mnowagy nogobHbix curyp

Teopema: oTeHOIIeHIe IIOWIAAeH ABYX HOAOOHEIX TPEYIOb-
HMKOB PABHO KBAADATY KO3appuImueHTa mogobus.

Hano:

AABC ~ AABC;

k — xoadpdunuerT moxobus;

S — nmomans AABC;

S, — mnomazs AA B C,.

Hoxaszamo:

S,/8,= k.

Hoxasamenvemaeo:

Ilo mepBoMy mpusHaKy mOAOOMA TPeyTOJBLHHKOB oIpeje-
JisteM, 4TO:
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LA =LA, £B= LB, LC= LC,.

Orciona ciaexyer, 910;

S/S, = (AB x AC)/(A,B, X A,C,) — no reopeme 06 orHOImIE-
HUAX IUIOIMaZeH TPeyrolbHHKOB, UMEIOMUX DaBHEIH yTOJ.

TTo TperveMy IpHIHAKY HOJO0HMHA TPEYIOJBHMKOB IONYIaeM:

AB/A B, = k; '

AC/AC = k.

CiegoBaTesbEO:

8/S, =kxk=Fk. .

Teopema pokazana.



nasa 10
COOTHOLWEHME MEXLY
CTOPOHAMMA U YITTAMA

MPAMOYTOJTIbHOTO
TPEYTOITbHNKA

CuHyc, KOCUHYC, TQHreHC

Cunycom oCTPOro yrja IpAMOYIoJLHOIO TPEYTOJbHMKA Ha-
3EIBAIOT OTHOIIIEHME IIPDOTHBOJIEXKAIIEro KareTa K IHIOOTeHY3e.

Kocunycom ocTporo yria npAaMoyrojabHOTO TPEYroJAbHUKAa
HAa3bIBalOT OTHOINEHME MPUJIEKAIero KaTeTa K THIOTeHyS3e.

Tareercom OCTPOTO yraa OPAMOYTOJLHOrO TPEyroJbHNKA
Ha3bIBAlIOT OTHOINEHMe LIDPOTHBOJIEKALETO KaTeTa K MpuJe-
Kauemy. i

Curyc, KOCMHYC W TaHTeHc yrja O (TZe o — rpagycHas
Mmepa yria) o603Ha4alOTCA COOTBETCTBEHHO: sin ¢, cos o, tg o.

PaccmorpumM pucyHok 110.

C

Puc. 110
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AABC — mpsMOyroibHBIN, £B = 90°. ZA = O.

sin o = BC/AC (1);

cos o = AB/AC (2);

tg o = BC/AB (3).

Orcroma nosxyuaem:

1) xaTer, mpoTmBoOJeXKaIMI yriay O, paBeH IPOHU3Beze-
HHIO TMIOTEHY3kl Ha sin o

2) karer, mpuAexamuil yray o, paseH OPOM3BEAEHWIO
THIIOTEHY3Hl Ha COS O}

3) karer, IPOTHBOJEKAIHIA yIray O, PaBeE IOpPOM3Bee-
HHIO BTOPOro karera Ha tg o.

W3 ¢popmyn (1) 1 (2) MOXXHO BEIBECTH:

sin ot/cos o = (BC/AC)/AB/AC = BC/AB

Hockonnky tg o0 = BC/AB, nony4daem:

tg o = sin a/cos o

Teopema: xocuHyC yria 3aBHCHT TOJBKO OT IPafycHOH
MepEBI yrJa.

Hawo:

AABC u AA’B’C’ — OpAMOyTOJLHEIE;

ZA = LA = 90°%

£LC = £C' = q.

Hoxaszamv:

A'C’/B'C’ = AC/BC.

Horaszameavcmeo:

PaccmoTpuM npaMoyronnHEble TpeyrolbEMKH AABC n
AA'B’C’ (puc. 111),

BorinonHMM [ODONHHTENbLHOE NOCTPOEHHE: OTJOXKHM HA
runoreayae BC orpesoxk CD = B’C’, aa cropore AC — oTpe-
3ok CK = A’C’. O6pasosancsa AKDC.

AKDC = AA’B’C’ no nepsomMy npu3HAKY PaBeHCTBA Tpey-
FONBHUKOB (IO ABYM CTOPOHAM M YIJIY MEXIY HUMH):

£LC = £LC’ = 0. — X0 yCACBUIO;

DC = B'C';

KC = A'C.
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B 5
D
4! I oo
. a
A X C
Puc. 111 ’

AKDC ~ AABC (mo nepsoMy OPH3HAKY HOAOONS TPEYIroJb-
HHKOB (IO PaBeHCTBY BBYX YIVIOB): :

LC — qbmmir;

LK = LA = 90°,

W3 nonobmsa TpeyroJLHUKOB CHeAYeT:

KC/AC = DC/BC.

Orciofa MOXXeM BEIBECTH CJAEAYIOIIEe PaBEHCTBO:

AC/BC = KC/DcC.

ITockoaeky KC = A'C’, DC = B’C’ 110 noCTpoeRmIo, IONY-
yaeM:

A'C'/B’C’ = AC / BC.

Teopema foKa3aHAa.

Teopema: eciiz OCTPHIN YIOJ OXHOrO IPAMOYIOJLHOTO Tpey-
TONMLHMKA PaBeH OCTPOMY YIJIy APYTOro IIPAMOYIOJILHOIO Tpey-
TORLAWKS, TO CHEYCH, KOCKHYCH] ¥ ‘TAHPEHCH 2THX YTJIOB PABHLL.

Hano:

AABC u AA B.C, — IpAMOYyTrojibHbIE;

£C = £LC, = 90°;
4B = /B,. R
oxaszamy:

sin B = sin B;;
cos B = cos B;;
tg B=tg B,.
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Hdoxazameavemeo:

AABC ~ AA B, C, no mepsoMy NpH3HAKY NOK06Ms TPEYTOMIb-
HWKOB:

£C = £C,, £B= /B,.

W3 moxo6us TpPeyroibEWKOB CICAYET, UTO:

AB/A B, = BC/B,C,= CA/CA.,.

W3 aTux paBeHCTB MOKHO BHIBECTH:

CA/AB = CA /A B,

BC/AB = B,C,/A,B,

CA,/B,C,= CA/BC.

Crenoparensro, sin B = sin B,, cos B =cos B,, tg B = tg B,.

Teopema foxaszaHa.

Teopema Iucaropa .

Teopema: B OpSIMOYTOJIBHOM TPEYTOALHMKEe KBAIpaT ri-
HOTEHY3H PABEH CyMMe KBANPATOB KATETOB.

Hano:

AABC — OpsaMOyTOJIbHBII;

AB n BC — xarers!;

AC — runoTeHysa;

4B = 90°,
doxkazamo:
AC? = AB? + BC?.
Hoxasamenvcmeo:
PaccMOTPHM IpAMOYIONBHLIH Tpeyroasank ABC (pnc 112).
B
|
|
|
I
A p C

\ Puc. 112
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ITporenem Bricory BD us sepmmust B. Kocuayc yria A paser:

cos A= AB/AC = AD/AB.

Us sToro paBeHCTBa BHIBOZMIM:

AD x AC = AB?,

Kocunyc yrana C pasen:

-cos C= BC/AC = DC/BC;

DC x AC = BC?.

Cnox¥M noNydeHHBIe PABEHCTBA:

AB?+ BC?= AD x AC + DC x AC = AC(AD + DC).

Ilockonsky AC = AD + DC, nonyuaem:

AB? + BC? = AC?, N

TeopeMa xokasaHa.

W3 Teopemsr Iindaropa MOXHO cAenaTsh CAeAyIOIe BbI-
BOJABI.

1. B npAMOYTroJEHOM TpPEYTOJBbHUKe M000i H3 KaTeTOB
MEHLIIe IMIOTEeHY3bI.

2. Kocuryc n1060r10 ocTpOro yriaa MeHbme 1.

3. Ecau K mpAMOil M3 OZHOU TOYKY IPOBECTH MEPIeHIM-
KyJAsp B HAKJIOHHBIE, TO J06asd HAKJIOHHaA Gojslle mepneH-
RUKYyJIApa, paBHEIE HAKJOHHLEIE UMEIOT paBHbIE npoexmm,'na
IBYX HakKJOHHHX OoJbIne T2, ¥ KOTOPOH 60sibIlle OpOEKIMA.

OcHoBHblie TPpUroHoMeTpuieCcKme ToXaecrsa

sin?a + cos?a = 1 (1);

1+ tg? o = 1/cos?a (2);

1+ 1/tg?a = 1/sin?a (3).

Hano:

AABC — nOpaMOYroJbHHIN;

AB n BC — xaretsI;

AC — ruIoTeHy3a;

LB = 90°;

ZA = a. .
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Hoxasams:

sin?a + cos®a = 1;

1+ tg2a=1/cos?q;

1+ 1/tg?a = 1/sin?a.

Horxasamenvcmso:

Paccmorpnm AABC (puc. 113). Ilo Teopeme Hmbarqpa:
AB?+ BC?= ACZ,

Puc. 113

1. Pasgennm ofe wacTu pareHCTBA Ha AC%:

(AB/AC)* + (BC/AC)Y = 1.

IHockoaBKY: )

AB/AC = cos

BC/AC = sin «.

Honygaem:

sino + cos?a = 1. (1)

2. Paznennm obe yacTu paBerncTsa (1) ga cos? o. Tlonyunm:
sina/cos?a + 1 = 1/cos? . ‘
ITocxonbky: '

sin @/cos o = tg .

IToayuaem:

1+ tg?a = 1/cos’0. .

3. PasgennmM o6e yactu paBeHcrBa (1) Ha sin? o. ITonyunm:
1 + cos?o/sino = 1/sin® o.

ITockoaeKy:

sin o/cos o = tg o, TO cos a/sin @ = 1/tg a.
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HoayaaeM:
1+ 1/tg2a = 1/sin%q.
OCHOBHBIE TPUTOHOMETPHYECKHE TOMKIECTBA AOKABAHEI.

3HaveHune CUHYCQ, KOCHHYCQO M TaHreHca

ansa pO3HbIX yrnos

Teopema: Auna moboro octporo yraa o (0° < o < 90°) cupa-
BEJUIMBHI CJEAYIOIIME DABEHCTBA:

sin (90° - o) = cos a (1);

cos (90° — o) = sin o (2). :

Hano:

AABC — mpaMoyroabHbIA;

AB u BC — KaTeTsl;

AC — runorenyaa;

£B = 90°;
ZA = o.
Hoxaszambp:

sin (90° — o) = cos «;

cos (90° - o) = sin a.
Hoxazamenvcmeso:
Paccmotrpum A4ABC (puc. 114).

C

Puc. 114
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IHockonpky LA = a, To ZC = 90° — q.

ITockonpky sin a = BC/AC, a cos oo = AB/AC — no omope-
IEeJIGHNIO, TO BEIBOXHM:

cos (90° - o) = BC/AC;

sin (90" - o) = AB/AC.

ITopcrasnfeM B 3TH GopMyJH 3HAYEHHA Sin o ¥ cos O,
nonaydaeM:

cos (90° - a) = sin ¢;

sin (90° - @) = cos 0.

TeopemMa goxasaHa.

sin 0° = 0; cos 0° = 1; tg 0° = O;

sin 90° = 1; cos 90° = 0; tg 90° — He ompenenex;

sin 180° = 0; cos 180° = — 1; tg 180° = 0.

Cunyc, Kocunyc u Tanrenc yrna 45°

Hano:

AABC — mpAMOYTONBHEI;

AC 1 BC — xaTersi; .
AB — ramoTeHysa;

£C = 90°%

ZA = 45°,

Haitimu:

sin A, cos A, tg A.

Pewenue:

Pacemorpum AABC (puc. 115).

Puc. 115
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LA = 45°, ‘3Harm'r, ZB = 90° — 45° = 45°, CinepoBaTens-
BO, AABC — paBRoGeapennsit, AC = BC.

IIyets AC = BC = a. Torga no Teopeme IIndaropa ranore-
wysa AB 6yaer paBEa:

AB?= a®+ a%;

AB = J(24°) = a /2.
IloacrannAaeM 3HAYeHHA KATETOB B (hOPMYJIEI, OOpeRend-
10o0qMe CHHYC, KOCHHYC M TadreHc yria. Ilomydaem:

sin A= BC/AB = a/aJ2 = 1//2 = \2/2;
cos A= AC/AB = a/a2 = 1/2 = \[2/2;

tg A= BC/AC = a/a = 1. N
3agada peraeHa.
Hrax,

sin 45° = \2/2;

cos 45° = JE/Z;
tg 45° = 1.

Cunyc, kocunyc u Tanrenc yrna 30° u 60°

Harno:

AABC — paBBOCTOPOHHMIk;

BD — mennana;

ZABD = q.

Haiimu:

sin A, cos A, tg A;

sin o, cos @, tg o.

Pewenue:

Pacemorpum ZABC (puc. 116).

9TOT TPEYroJbHMK pPAaBHOCTODOHHMII, CjefoBaTelbHO,
LA= ZB= £C = 60°, a BD apndeTcsa He TOABKO MEeAMAHOH,
HO TaKXke GHcceKTpHCOM H BricOTOH TpeyronsHuka ABC. 3ra-
aur, o = 30°.
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B

D

Puc. 116

=1/20-
1. Oycrs AB = BC = CA = a. Torna AD &= e

ITo Teopeme IImdaropa: )
2y /4) =
BD = J(AB* - AD?) = |(@® - (a/2)*) = (40" @ )/4)

=aV3/2.
Orciona BRIBOOHM, UTO:
sin a = (a/2)/a = 1/2,
cos & = (a3 /2)/a = V3/2,
tg a = (1/2)/(N3/2) = 1/43
2. HockonsKy:
sin (90° —~ o) = cos a;
cos (90° — o) = sin a.
Orcioga Haxoxum: B
sin A = sin 60° = cos (90° — 60°) =-cos 30° = \/-3./2;
cos A = cos 60° = sin (90° — 60°).= sin 30° =1/2;
tg A= sin A/cos A = (3 /2)/(1/2) = 3.
3anaua pemena.
Hrax,
sin 30°= 1/2;
cos 30° = J§/2;
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tg 30° = 1//3;
sin 60° = J§/ 2;
cos 60° = 1/2;

tg 60° = J§

CeopxHas Tabamua 3madenuit sin o, cos @, tg

« 0° 30° 45° 60° | -90° 180°
sinat| 0 12 | 212 | 312 1 0
cosal 1 | VB2 | V22 | 2 0 -1 |
tg o 0 173 1 3 — |0

Wamenenne sin o, cos (o, tg 0 Nnpu BO3pacTaHnm yrna o

Teopema: Ipy BO3pacTAHHH OCTDOro yria sin o, tg o BO3-
pacrailoT, a €Cos O yOBIBAeT.

Hano:

AB — noayupsaMasd;
ZBAC = o

ZBAD = B;

a < .

oxazams:

IPH BO3DACTABMH YIJIA CHHYC M TAHreHC BO3pACTAIOT, &
KOocuHYC yObIBaeT.

,L(oxaéame.nbcmao: .

IIpoBesem gepea T. B moayupsamoit AB npsaMylo nepneH-
ruxyaapryo AB. Ora nepeceder cTopoEn yrios BAC u BAD
B Toukax Cu D (puc. 117). .

Touka C HaxoguTcsa Mexay Toukamu B n D, DOCKOIBKY
o < B. Caenosarensro, BC < BD. Ilo cBoiicTBy HaKIOH-
HBIX, MPOBEeAEHHBIX M3 OJMHOM TOYKH K IPAMOMN, BHIBOZMM,
yro AC < AD.
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D

~
C
Allz
B A
Puc. 117
cos o = AB/AC;
cos B = AB/AD.

Iocroasry AC < AD, To cos B < cos a. IT0 3HAUMT, UTO
IPH BOSPACTAHMM yrAa KOCHHYC y0eiBaer.

sin o = \/(1 ~ cos® o). I3 aT0it GOPMYJIH CAEAYET, ITO IPH
ybOniBaHMH KOCHMHYCA CHHYC BO3pacTaeTt, ¥ HaobopoT.

] tg a = sin a/cos a. Us atoit popMynm crexyer, uTo Ipu
BO3PAacTAHMY CHHyca M yOLIBAHAH KOCHHYCa TaHredc Gyzer
BO3PACTATE. )

TaxkuM 06pa3oM, OIPH BO3PACTAHHY YTJIA CHHYC M TAHTEHC
BO3PAaCTalOT, a KOCHMHYC YORIBaeT.
Teopema moxasana.
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BEKTOPHI

MNoHatne BekTopa

Bexmopom nasniBaeTca 0TPE30K HMEIONIHIA Hanphnnenne,
T. €. OfUH U3 ero KOHIOB ABJIAETCA HAYAJIOM, a APYroi — KOoH-
oM.

TlogaTHe BeKTOPa MCHONMLIVIOT AJiA ONMCAHMSA TAKMUX HU3H-
YeCKUX BEJIMYMH, KAK CKOPOCTh, CHJIA; ABIDKeHHe 1 T. 1., Takue
BeJIMUMHELI MMEIOT He TOJLKO 4MCIOBoe 3HadeHie, HO H HAIPAB-
JieAVe B mMpoCTpaHcTBe. (DU3KYECKMe BeIMUMHE], HMEIOIIHEe Ha-
OpasjieEle, HAIBIBAIOTCS GEKMOPHbIMU GEAUMUHAMU.

Ha pucyrke oTpe3ok m3o0parkaioT OTPE3KOM CO CTPEIKOH
(puc. 118): Touxa A ABIAerca HauajaoM orpeska AB, Touka B —
KormoM. Crpesika HOKa3LIBaeT, 9TO OTPe30K AB HaNpaBJ/ieH OT
Hagajga K KOHIY.

B
g e'o?
g2

Puc. 118

Ins 06o3ragveHENd BeKTOpa HAX ero GYKBeHHRBIM 0603HaTe-
HEHeM CTABHTCA CTPENKA Wiy YepToYKa:
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, CD, MF;
, CD, MF.

BexTopm Takme MOryr 0603Ea9aTHCA CTPOYEBIMH JATHH-
CKMMH GYKBAMH CO CTPEJIKOR MAV YEePTOYKOi HaBEpXYy:

&l &l

a, b, ¢

a, b, c.

JIxobas TOYKA IIIOCKOCTH TOXKe ABJIAETCS BeKTopoM. B sToM
caydae CUMTaeTcHd, 9TO BEKTOD MMeeT HyJeBoe 3HAYEHNE, MIN
€ro Ha3LIBAIOT Hyaeebim sexmopom. Hadano BEyneBoro BeKTo-
pa coBmafaeT C ero KOHIOM.

JliuHa BexTOpa paBHa AJMHE OTpe3ka. [JIHMHY BeKTODa
emme Ha3BIBAIOT €ro Modynem, WiX aGCONIOTHOW BeJIWIHMHOIM.
Mmnaa BeKTOpa of6o3ragaercs:

|AB| wn |ab| (| AB| nxn | abl).

JnuHa HyAeBOro BeKTOpa paBHA HYJIIO:

|M| =0 (M| =0).

PaseHcrso BekTopos

HenyneBble BEKTODHI, Jexamnue Ha OAHOH OPAMOR MaM
Ha DapajleNbEHX OPAMbIX, HASBIBAIOTCH KOAIUHEADHLIMU
(puc. 119).

a 5 6 —L-) ,
———-> _
_5—> y c
-« c
Puc. 119

Hyneroii BeKTOp ABAAETCA KOJUIMHEADHBIM KO BCEM BEK-
TOpaM. .
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JIBa KOJIMHeapHBIX HEHYJIEBHIX BEKTOPa MOTYT GHITH Ha-
OpaBjeHEH OKHHAKOBO JHG0 mporuBomoaoxkHO. OHM coOTBeT-
CTBEeHHO HA3LIBAIOTCA COHANPABAeHHbiMU JubO npomuseono-
JONCHO HANPAGNLEHKLIMU.

ConanpasjeHHBe BEKTOPH 0003HAYAIOTCA:

. a®b, ABTTCD.

ITpOTHBONOJIOXXHO HANpaBIeHHEIE BEKTOPHI 0003HATAIOTCA:

aTlb, ABTLCD.

Hynepoit BeKTOp He MMeeT HaIpaBJIeHWA, IMOITOMY €ro
CYHMTAIOT COHANIPABJEHHEIM BCEM BEKTODAM.

PagHvimu HA3LIBAIOT COHALPABJEHHbLIE BEKTOPHI, AJIHHKI
KOTOPHIX PABHE. ¥

CBoiicTBO BEKTOpOB
Ot 110607 TOYIKH MOMKHO OTJIOKHTH BEKTOD, PaBHEIM HaH-
HOMY BEKTOPY, M IPATOM TOJBKO OJNHH.

Cnoxenue Bextopos .

Npasuno TpeyronbHUKa

Ilpasunom mpeyzonbHUKG Ha3LEIBAETCA IPABHIO CJOMKE-
HYA BEKTOPOB: -

Hanbi xBa BexTOpa @ ¥ b. Ecan or mpOMSBONEHOH TOUKH A
OTNOMHKTHL BEKTOD AB PaBHI BEKTOPY @, 3aTeM OT Touku B
OTJIOKUTs BeKTOp BC DaBHBIA BEKTODY b, To BeKTOp AC
6yIeT paBeH cyMMe BeKTOpos a u b (puc. 120).

) B

a+b
- A C

Puc. 120
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32aKOHbI C/IOXEHNS BEKTOPOB _

Teopema: Ann JOGKX BeKTOPOR 4, b ¥ ¢ copaBefnMBHL
paBencTBa: _
" 1) a + b= 1b + a (nepeMecTHTeNLHBIA 3AKOR);

2)(a + b))+ ¢ = a + (b +¢) (coueTaTenbHBIR 3aKOH)

Hano: -

BeKTOpPH @, b m c.

Hoxasamy: .

a+b=2>5b+a; o :

(@a+b)+c=a+(b+ c)

Hoxasamenscmeo: p

1. BrDOJHEM AOHONHHTENbHEIE IOCTPOCHMA: OT IIPOU3-
BONILHOM TOYKH A OTJIOKHM BEKTODHI:

AB =au AD = b.

HJanee mocTporM Ha 3THX TOYKax nmapaniaenorpamm ABCD
(pmc. 121).

Puc. 121

Paccmorpnum Tpeyronsank ABC. Ilo npasmmy Tpeyroib-
HNKa HaxoauM cropory AC: _

AC = AB + BC =a+ b.

W3 rpeyronvanxa ACD _g.nep;ye'r:'

AC= AD+ DC= b + a.

H3 atEX pOopMyN BHBOAHUM, UTO:

a+b=2">0+a.

1
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2. BHINOJIHMM JOUOJHUTENbHBIC NOCTPOCHUA:

1)‘ OTI0KHM OT HPOM3BONBHON TOUKH A BEKTOD:

AB = a;

2) oTA0KMM OT IPOM3BOJIBHOM TOYKH B BEKTOP:

BC = b;

3) OTIOKMM OT HPOM3BOJIBHON ToUKM C BEKTOp:
"CD =c.

IonyuuM ueTnIpexyroabEUK ABCD (puc. 122).

Puc. 122

Tlo npaBMnamM TPEYroNLHAKOB BHIBOXHMM:

(@+b)+ c=(AB + BC)+ CD= AC + CD = AD;

a+(b+c)= AB+ (BC + CD)= AB + BD = AD.

W3 srux paseHCTB Dmosrydaem:

(a+ b))+ ¢c=a+(b+c).

Teopema goxasana.

IlepeMeCTHTENBHEI 3AKOH "CIOXKEHHSA BEKTOPOB HA3KIBA-
10T TAKIKe NPAGUAOM NAPANNEROZPAMMA.

CymMa HeCcKoNbkMX BEKTOpOoB
Hecxonpko BEKTOPOB CKASALIBAIOT OCJeA0BaTeAbHO. CHA-
gaJja CKJAALIBAIOT ABA BEKTODA, 3aTéM HX CYMMY CKJIaJblBa-
0T C TPETHBEM BE€KTODPOM, H T. A. CYMM& HECKOJIBKHX BEKTO-
POB HE 3aBHCHT OT TOr'0, B KAKOM ITOpAAKE OHH OuLIH CKJaabl-
BaeMH (puc. 123).
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P=a+a+a+a~+a+a,
T~ Puc. 123

IIpaBusI0 MHOrOYTOJBHUKA.
IIycrs A,, A,, ..., A — IPOH3BOJILHBIE TOYKH ILIOCKOCTH.
Hna EMX copaBefIMBO PAaBEHCTBO:

AA + MA . +ALA = AA,.
9ty GopMyIry HABKIBAIOT NPASUNOM MHO20Yyz0AbHuKa. OHO

COpaBeAJIHUBO AJA JIOOBIX TOUEK, Aaxke IS TeX, KOTOphIe CO-
Boagator (puc. 124).

Puc. 124

Ecnu magano mepBoro BeKTOpa coBOafaeT ¢ KOHIOM IIOC-
JIelEEeT0 BEKTOpa, CyMMa BceX BeKTOPOB GyJer paBHa HYJIeBO-
My BekTOpy (pHEc. 125).
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. bytbtby+b+b+b=0

Puc. 125

Beiunranue BEKTOPOB

PasBOCTE BeKTOPOB aub SBJISETCS BEKTOP, CyMMa KO-
TOpOro ¢ BexTopoM b paBHa BexTOpy a. PasHOCTB BEKTOPOB
obosravaercsa Tak: @ — b.

(a-b)+b=a L

TeopeMa: aius J0GBIX BeKTOpPOB G B b cnpaBeAnHBO pa-
BEHCTBO: _

a-b=a+(-b)

HAano:

BEKTODHl @ H b.

,Zonaaamb'

a-b=a+ (- b).

Horaszamenvemeo:

Cornacao onmpeaenenmo pasﬂoc-m BeKTOPOB:

(a - b) +b=a. . N

Ilpubasmm x ofemm wacTaM paseHcTBa BeKTOp (- b):

(@a—b)+ b+ (-b)=a + (-b).

Tonywnm: "

(a - b)—— a +(—-b)

Teopema goxkasaga.
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YMHOXeHHe BEKTOpa HA YMCno

ITpousgederuem nenynesozo sexmopa a Ha wucao k masmr-
BaeTcs Taxoi BexTop b, AnMHa KoTOpOro pasHa: [k X |a|, mpu
3TOM BEKTOpPH @ W b comanpasness npx k 2> 0 u opoTuBONO-
JIO}XHO HampaBJieHH! mpH k < 0. a

IIpoussenerue BekTOpa Ha 9mcio obo3Hagaercsa: ka.

1. IIponsseaeEMeM HyYJIEBOro BEKTOpa Ha YHCJO BCerja
6yner HyJ1eBOH BEeKTOP.

2. YIponssegefnem mob6oro BeKTopa Ha YUCJI0 HyAb Gyaer
HYJEBOH BEKTOD. L

3. Ina mwobore uucia k BEKTOPHI @ M kG KOJLIMHEAPHEI.

CsoiicTea ymuoxehmi BeKTopa Ha Yucnio.
Jna mobrrx gmcen k, | ¥ m068Xx BeKTOpOE @, b copasen-
JMBH PABEHCTBA: '
1) (kl)a = k(la) — coueTaTenbHEIH 3aKO0H;
2) (k + Da = ka + la — nepex1it pacupenemMTeNbHLLA 32AKO0H;
3) k(a + b) = ka + kb — Bropoit pacnpenenn'renbnmii
338KOH. )

PasnoxeHnune sekropa no aeym
HEeKOMMMHEAPHLIM BEKTOPAM

Teopema 1: ecsiu BeKTopH! @ M b KoJmBeaprs, @ # 0, To
CYIeCTBYeT Takoe dMcJo k, aro b = ka.

HAano:

BEKTOPH @ M b — KoanvHeapHBI;

az0;

k — awcio.

Hoxazamuv:

b =ka.
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Hokrasameavcmeo:

1. aTTb..

Hycts k = |a|/|b|, Torga k 2 0. CregosatensHO:

1) kaTTb (puc. 126a); _  _  _

2) feal = I x Jal = (Bl/1a) x [a] = |5,

Hrax, b = ka.

2.allb.

Hycrs k =—(|bl/|a]), Torma k < 0. CaegosarensHo:
1) kaTlb (pumec. 1266);

2) [ka| = | x |a| = (bl/|a]) x |a| = [b].

) , ) ‘

"
t

&
X
i
=

6) k=~

Q
[l

Puc. 126

Hrax, b = ka.
Teopema gokasana.

Teopema 2: mo60oif BEKTOP MOYKHO Da3JIOKHTh IO JIBYM

JARHBEIM HeKOJITMHEeaPHBIM BEKTOpaM, IpudeM Koadpunues-
THI Pas/IOKEHUA ONpPeAeNAIOTCA eAUHCTBEHHEIM 00Da3oM.

Hawno: _

BeKTOPH @ ¥ b — HexonnMHeapHBI;

BEKTOD .

Hoxazamu: -
BeKTOp P Pa3jioxkeH Ha Bexktopa @ M b, r. e.:

1) ; = xa + y5 (rme x, y — K0a(QGOUONEHTHI PA3IOYKEHH
BEKTOPOR);

2) ko3bdUIHEHTE PA3JIOKeHNSA X U Y OIPeNeNIAIOTCS eIUH-
CTBeHHBLIM 00pasoM.
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Hoxasamenvcmeo:
1. HdokaxxeM, 9TO:

; = x; + yE. _ ) _
1) oycTe BekTOP P KOLIMHeapeH BekTopy b. _
Torza no TeopeMe 0 KoJUTHEEAPHHX BeKTopax: p = yb.
9Ty GopMyay MOMHO NPeACTABUTH B BHJeE:

;J ~0xa+ Yy X b.
' DT0 3HAYAT, YTO BEKTOD ; pasJiosKeH 10 BeKTopaM @ 1 b;

2) nycTs BeKTOP P He KOJUIMEeApeH BeKTopam @ u b.
BHIIOJTHUM JONOJEMTENBHBIE IIOCTPOEHHA: OTMETHMM TOY-

Ky O. OT Hee OT:TIOJKKM BEKTOP -O_AT PaBHLIH ;, BEKTOP b—ﬁ :

pasEKIt b ¥ BexTOp OP pasHHil p (puc. 127).

Puc. 127

IIposegemM n3 Touku P mnpsamylo, mapaiielbEYI0 IPAMOM
. OA. 9ra npsmas nepeceder npsamyo OB B Touxe B,.

ITo mpaBuay TPeyrolbHMKA IOJYUHM:

p= OB + BP.

BeKTOpHI i KOJIMHEADHE!, CIeX0BATEILEO, BEKTOPHL OB, 1

B, P Toxe xonnpHeapHEL. 3HAYUT, CYIIECTBYIOT TaKMe YUCIa
X ¥ Y, OIPH KOTOPHLIX BRITIOJTHSITCA YCJIOBHUA:
B,P = xa, OB, = ya.
129
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O'rclona MOMHO BBEIBECTH:

; =xa+ yb.

Oro 3EAYNAT, UTO BEKTOD p PAa3JIoKeH IO BeKTOpaM awub.

2. JoxaxeM, 9T0 Ko3(pdHOHERTH PASJIOXKEHNA X H Y OI-
PeAenAIOTCA eRUHCTBEHHEIM 06pa3oM.

Jlonycnm, YTO BO3MOXXER AB2 pa3jIOKeHHS nex'ropon.

p = xa+ yb (1)

D= xla + ylb. 2

qu'rem M3 IepBoro paseHcTBa BTopoe. Iloxyamm:

=(x-x)a+ - y,)b. '

B'ro PABEHCTBO BLUIOJHAETCA TOABKO OPH YCAQBHH, UTO:

x—x,=0my-y =0

Ec;m x-x,=0mwmy-y, = 0, rorna:

={x-x)/@-p) xb. _ _

9T0 03HAUAET, UTO BEKTOPH & H b KOJJAHHEAapHH, 9YTO
OPOTUBOPEYHT ycaoBuio. CrefoBaTeILHO, BTOPOE Pa3jIosKeHue
BeKTOPOB HEBO3MOJKHO.

Taxmm_o6GpasoM, KoapPHITMEHTH DA3NOKEHHA X H Y OL-
PeAeNsTCA eAMHCTBEHHKM 06pasoM.

TeopeMa foKasaHa.
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METOL KOOPONHAT

Memod xoopdunam — 3T0 H3ydeHMe CBOBCTB reoMeTpH-
gecKnx GHUryp ¢ IOMOIIbI0 yDABHeHHMIt 1 HepaBeHCTB IyTeM
BBeIeHHA CHACTEML! KOOPAWHAT.

Ocsamu xoopdurnam HASHIBAIOT ABe NPAMEIE Ha NIOCKO-
CTH, B3aUMHO NepHeHAMKYAAPHEIe. VIX HABBIBAIOT NDAMbLIMU
X ¥ Y, a TOYKY HX IepeceueHna — mouxoiz O (puc. 128).

Y

~

Puc. 128

Ilpamas x Ha3kBaeTCA OCb10-abcyucc, & IPAMAS Y — OCHIO
opdunam. Touxa O HasnulBaeTCH Hauanom Koopdurwam. OHa
pasbHBaeT XKAaXAyi0 OCh KOODAWHAT HA ABe nonyocu. Ofma u3

s
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TOXYOCel Kaxx0i NpAMOMH CIOBHO HASHIBACTCH NOAONUMENL-
Holt, a ApyTraa — ompuyamenvhoil (puc. 129).

Y4+

-— 0

H‘L.’.

_!

Puc. 129

JIo6ad TOIKA HIOCKOCTH MMeeT KOOPAWHATH — abcouccy
¥ OpAMHATY.

KoopameaTs Touxm ofosHazalorca: A (x; y), rae x CoOT-
BeTCTBYeT WMCJY X,, a6COJIOTHAS BeJHIMHA KOTODOrO paBHA
PACCTOSHHMIO OT HAYAJIA KOOPAWHAT A0 TOYKM IIepecedeHu A Ups-
MOH IapajLIeNsHOR OCH OpPAWHAT C- OChbI0 abcmMce; J COOTBET-
CTBeHHO 0003HAYAET UHCIO Y,, PABHOE 3HAYEHUIO OCH OPAMHAT
B TOYKe mepecedeHuss B Heil IpSAMOM mapannensHOM ocu abc-

nwuce (puc. 130).

Puc. 130

Bce Touxy, pacumoyoieRHble Ha OCH abemmce X, MMEIOT
HyJaeBywo opauHATy (Y = 0). Taxixe Bce TOUKH, DACIONOKEH-
HBI€ HA OCH OpAMHAT Y, MMEIOT HyJIeBYIO abcumecy (x = 0).
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Ocu KoopAMHAT PasGHBAIOT ILTOCKOCTh HA YeTHIpe JacTH,
HasbIBaeMble JETBEPTAMH X 0003HAYAIOINECA PUMCKIMH ITA(d-
pamu: 1, 11, IH, IV (puc. 131).

GHI 4 1)

v

(I | IV (+-)

Puc. 131

B mpegenax xkaxxnoil wereeprH obe KOOpDAMHATHI HMEIOT
cBOi 35aK. I[mMOCKOCTh, B KOTOPOIl IPOBENEHH OCH KOODAH-"
HaT, HASKIBAIOT NIOCKOCTbIO XY.

KoopapHATE Ha IUIOCKOCTH X W Y HA3HIBAIOT 0eKaPMOosbiMU.

Koopaunarsi cepeautbl otpeska

Kaxpnaa xoopanBara cepefHHE! OTPE3Ka PABHA IONYCYM-
Mé COOTBeTCTERYIOIUIMX KOOPAHHAT ero KORIOB.

Hano:

OTtpesox AB;

KOODZMHATHI KOHIOB oTpesKa AB: A(x;; y,), B(x,; y,);

Touka C — cepegnBa orpeska AB.

Hatimu:-

KoOpZMEATH Touka C (x; y).

Pewernue:

1. Orpesox AB Be mapajuiejies 0CSM X U Y, CAEA0OBATENRb-
HO, X, # Xx,, Y, * Yy, (puc. 132).

Hponenem aepe3 ToukH 4, B n C npamue, napam:em.nme
OCH OpAMEHAT. ITH IpAMbIE IIEPECEKYT OCh abCOMCC B TOUKAX
A/(x; 0), B/(x,; 0), C,(x,;.0).

133



T'eometpwa 30 24 vaca

yw . \
C

=

Puc. 132

ITo Teopeme Paneca Toaka C, Gyser cepeamHoi oTpesKa
A B, 1.e A C =CB,.CregosarensHo, |x — x| = |x - x,]. 3ro
PaBeHCTBO MMeeT JBa pPemeHHs:

)x-x=x~x,

IloxyqaeM: x, = x,, HO 3T0 HEBO3MOXHO, T. K. IO yCJO-
BHIO X, # X,;

2)x-x,=—(x-x)-

Ilony=aem qopMyny abenuccrsr Toaxm C: x = (x, + x,)/2.

AHanoruIHO HaXOZHM GopmMysny opAMHEATHEL TOukH C: Y =
= (y, + ¥,)/2.

2. Orpesok AB napajulesieH ocH Yy, CJIeNOBATENBHO, X, =

2 ‘ -
3. Otpesok AB napajulefieH OcH X, CIeNOBATENBEO, Y, =

=Y"¥

Paccrosnne Mexay Toukamu

pif ano:

Touxa A (x,; v);

Trouxa B (x,; y,).

Haiumu:

pacCTOSAHNE MeXXIY TOYKaMu A 1 B.
Pewenue: ’
l.x,#x,y,#Y,
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Pasgen | Mnamverpus

IIpoBenem uepes Toukm ‘AM B npawmme, mapanreabHBIe
ocaM xoopaurar (puc. 133). Touka C — TouXa mepecedeHRmA
mpamerx AC n BC.

R‘ 4

Paccrosrne mexay Touxamn A u C pasmo: |y, — y,|. Pac-
CTOSTHMe MeXJy ToukaMn B u C paBHO: le - le.

Tpeyromark ABC — npamoyroasusiit. Ilo Teopeme Iln-
daropa:

AB?= BC?+ AC?

AB'= (x, — x,)* + (y,— y,)%

2.x,=x,y,#Y,;

AB=yl—y2;

. x, 2%y, =Yy

AB = x, - x,; g
4.x,=x,,Y,=Y,

AB=0.

ypOBHeHHe NUHKUK HQ NNOCKOCTH

Vpasnenuem nunuu L ma3piBaeTcs ypapHeHEHe C JBYMSA
IEepEMERHRIMA X M Y, KOTOPOMY YAOBJIETBODAIOT KOOPAMHATHL
mo6oii Toukm auEMH L M Re YAOBIETBOPAIOT KOOPAMHATHI
HHUKAaKOH APYTOi TOYKH, He JexKameil HA 3TOH JIHHNM.

1
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Feomerpus sa 24 waco.

YpasHeHue OKpYXHOCTH

YpaBaeHEMEeM GHrypHI Ha IUIOCKOCTA ABAAETCH YpaBHEHWE
C ABYMA HEMIBECTHAIMHU X H Y, KOTOPOMY YAOBAETROPHAIOT KO-
OpAWHATH NI000# TOUKA (PUTYypHI.

JIro6ass OKpPYXHOCTB € IEHTPOM B TOIKe A (a; b) u pagny-
coM r (puc. 134) nMeeT ypaBHeHHE CJAELYIOINEro BHAA:

(x—a)*+ (y-=b):=r2

s

, ) X
Puc. 134

Ecam meaTp okpykHOCTH coBOAzaeT C HAYAJIOM KOODAH-
HAT, TOrAa ypaBHeHHE NPHEVMAET CIEAYIOInNui BHL:
x2+ yi=r2,

YpasHenue npamon

Jliobaa mpAaMas B AEKapTOBBIX KOOPAMHATAX X; Iy MMeeTr
yDABHEHHE CJAeAYIOIero BHAA:

ax + by + c = 0.

1.a =0, b= 0(puc. 135a).

YpaBHeHHE IpAMOH IPHMET CJeAYIOI{UNA BHI:

y=—c/b(1).

9To 03HAYaeT, 4YTO BCe TOUKY NPAMOM MMEIOT OAHY OPAH-
Hary (—c/b), T. e. npAMan nmapanneasHa ocH x. Ecim ¢ = 0,
npsAMasn coBIajgaeT € OChIO X.
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Pazgen |. Nnanserpun

2.a 0, b= 0(puc. 1356).

VpaBHeEMe OpPAMON IpUMET CIeAYIONMHHA BHA:

x = —c/a (2). )

ITO 03HAYAeT, UTO BCe TOYKM NIPAMOIl HMeT ofHy abc-
nuccy (—c/a), T. e. npsAMaa ODapainensHa ocH y. Bcam ¢ = 0,
IpAMas COBIAJAET C OCBIO .

3. YpaBEeHME OPAMOIX;

c = 0(3).

Oto 3Ha4quT: Xx = 0, y = 0. IIpAMas npoxoduT Yepe3 HaYa-
no koopauHAT (puc. 1356), T. K. xoopauHaTH TOUkH O (0; 0)
YAOBAETBOPAIOT 3TOMY YPaBHEHMIO.

Ya J’T 6

yAL

Puc. 135 N

Yrnoson koachbcpuumeHt npsmon

IIycts B ypaBHeEUH npamoi ax +by + ¢ = Oy # 0. Torga
ypABHEHWE MOYKHO IPEACTABUTH B CJERYIOIMEM BHIE:
y =—ax/b. '
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Oboanaqanm (-a/b) = k, (—c/b) = q, TorAa ypasEeHMe OpRA-

MeT BAZA:

y = kx +q (4).

Hano:

T. A (x5 y), T. B (x5 ¥,);

x<zx,.

Haiimu:

k—2

Pewenue:

ITopcrasm KoopgmHATH TO4EK A m B B ypasHeHHe IpS-

moit (4), Doayanam: %

y=kx+gq

y,=kx, + q.

BorareM 3TH paBeHCTBA IOWIEHHO:

y,—y =kx,+ q— (kx + q) = k(x, - x).

OTcmga BBEIBOJHM:

k= (y, - y)/(x, - x).

1. Ilpu y < y, (pmc. 136a): k = (y, — y)/(x, — x) = tg a.
2. IIpu y, < y (puc. 1360): k = (y, — y)/(x,— x) = —tg a.

% o y‘f 6
b L
Bfx,3)
o o g\\ *

Puc. 136

KoadpdunnerT k B ypaBHeHRH UpsamMoit y = kx +q HasbiBa-

eTcA yznosvim Kodppuuuenmom. OH paBeH (C TOIHOCTHIO AO
3HAKa) TAHRTEHCY OCTDOro yrja, KOoTopslii ofpasyer RaHHAS
npsaMaf C OChIO X.
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Mepeceyenne npamon U OKPYXHOCTH

B 3aBHCHMOCTH OT R3aHMHOTO PACIIOJIO0XEHNA OKPYKHOC-
TH M OPAMOH OHH MOTYT EMeTh HECKOJbKO OOIIMX TOYeK, a
TaKkKe OAHY HMJAH HU OXHOI -ofmieil TOYKH. )

Ecnu npamasa npoxogmT depes HEHTP OKPYKHOCTH, OHA
TepeceKaeT OKPYXHOCTh B TOYKaX, ABJIAIIMHKXCA KOHZAMHA
AUaMeTpa OKDPYXHOCTH.

IIpamas me NpoxoAMT 4epe3 NEHTP OKPYKHOCTH. IlycTh
HEeHTD OKPYXHOCTH COBHAZAET C Ha4YaJiOM KOODAWHAT, B KO-
TOpOSi och Ox HmepneHAMKYAAPHEA AaHHOA np;imoi'x {(puc. 137).

gi

[T

O
R‘V

Puc. 137

Torna ypaBHeHHe OKPYXHOCTH MOXXHO 3aIHCATH B BHJE:
x2+ yl=r2,
rae r — pagmyc AaHHOH OKPY3KEOCTH.
VYpasHeRMe JaHHOH Npamoii 6yaer uMers BHA:
x=b.
PemenneM 3THX ABYX YPaBHEHHMH ABIAIOTCA KOODAWHATHI
TOUKH Hepece eHns 3afaHHbIX IPAMON U OKPY’KHOCTH:

x = b; y = £J(r* -b*).
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B 3aBHECHMMOCTH OT COOTHOIUIEHMH MeXAY O M r BO3MOXKHEI
3 BapnasTa. .

1. Ecan pacerosiHMe OT IEHTPA OKPYXHOCTH ZO OPAMOM
MeHbIIe pajnyca OKpY:KHocTH (b < r), TO cHCTeMa ypaBHe-
HA MMeeT /1Ba PemIeHHA. IT0 3HAYAT, YTO OPAMAHA H OKPYIK-
HOCTH HMeloT ABe obmue Touxky (puc. 138a), a zanHas npa-
Masf ABJAETCA CEeKYIeil K OKpPYZKHOCTH.

2. Ecau paccTosiEMe OT IeHTPa OKPYKHOCTH AO IPAMOL
PABHO pajMycy OKPYXHoCTH (b = r), TO OpsAMas X OKpyK-
HOCTh MMEIOT TOJLKO OfiHy o6myio Touky (puc. 1380). Man-
Haf NpAMas ABJAETCA KACATeNBHON K OKPYXKHOCTH. .

3. Ecan paccTosiEMe OT meHTPa OKPY’XHOCTH A0 IPAMOH
fGossme paguyca OKpYXKHOCTH (b > r), TO HpAMAA U OKPYK-
HOCTH He HMeOT o0mux ToueKk-(puc. 1386). 3maunT, npamas
¥ OKPYKHOCTH He IIepeceKaioTcs.

y . 6 Y

AR
AN/ EE

(s
bé\/m

\
J X

()«

Puc. 138
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Paagen 1. Mnawmmerpun

Koopaunars sektopa

KoopauEaTaMH BeKTOpa ABJALIOTCH Kod(DHIMEHTH! ero
Pa3JIoxeHUs IO ABYM KOODLMHATHHIM BeKTOpaM B AaHHOM
cuCTeMe KOODRMHAT: _ _ '

p=xa+yb,

THAE X H § — KOODAWHATH BEKTODA. ’ _
Koopaunari BexkTOpa Moy B purypasix ckobkax: pi{x; y}.
HyneBoit BeRTOP MOKHO IPEACTABHTE B BAAE: 0=0xad+

+0xb, T e ero KOOPAWHATH! PaBHEL: 0{0; 0).

Ecnm @ = b TO X, a+ ylb =x, a+ yzb Orciona cregyer:
X=X, 4,=Y, Bnaim'r, rcoopaunamu DasHbLX 8¢KMOPOE CO-
omeemcmeeHHo pashbt. I o6paTHO: ecau y 8exmopos coom-
semcmayolu e K00pOUHAMbL DREHLL, MO 6€XMOpPbL DAGHDL.

Mpasnna HaXOXAEHUS KOOPAWHAT CYMMb,
pa3HoCTH U npou3BeneHus Asyx U Gonee BexTopos
Mo KOOpAUHATAM 3TUX BEKTOPOB

Hpaeuao 1: kKakaas xoopnnliara cyMmuI fByX mau Gonee
BEKTOPOB paBHA CYMMe COOTBETCTBYIOIIMX KOODAMHAT 3ITHX
BEKTOPOB.

Hano: _

BeKTOPH a{x,; ¥,} m b{x,; y,};

BeKTOp ¢ = a + b.

Hoxasambv:

KOOpPAMHATH BEKTOpa c paBEBL {x + x,; ¥, + y,}.

,Zonaaame.nbcmaO'

Bemropu amu b MOKHO pas3JIOKHTD IO BeXTOpaM:

a=xm+ yln, :

E*xm+%

Cnoxus BEKTOPH am b; nonyIuM:

c—.‘:cm+y1n+xm+y2 (x+x)m+(yl+y2)n.
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Taxnm o6pa3omM, KCOPAMEATHL BEKTOPA ¢ PABERL {X, + X,;

y,t+ y,).
II_pammo 1 noxaza=o. ,

IIpaBmio 2: KaXx12a KOOPAUHATA PasHOCTH ABYX BeKTOPOB
- PaBHA PA3HOCTH COOTBETCTBYIOIGHX KOOPAWHAT 3THX BEeKTODOB.

Hano:  _ -

BexkTOpH @{x; y,} m b{x,; y,};

" BexTop ¢ = a — b.

Hoxazamuv: _ )

KOODAMHATH BEKTODa C PaBHBL {X, — X,; ¥, — Y.

Hoxazamenvcmeo:

BexkTophl @ m b MOKHO Pa3/IOKMUTh MO BEKTOpDaM:

BriuTeM M3 BeKTOpPa BEKTOP, HOJYUMM:
e=xm+yn—x,m-y,n=(x~-x)m+(y, - y)n.
Taxum 06paszoM, KOOPAMHATH BEKTOpa ¢ DABHBL {X, — X

Y,~ Y}
IIpasuno 2 goxaszaHO.

29

IIpaBnio 3: xaxxas KOODAMHATA IPOMIBEAECHNA BEKTODa
Ha YHCJIO PaBHA IPOU3IBENEHWIO COOTBETCTBYIONEH KOODAMHA-
TH BEeKTODP2 HA 3TO YHCJO.

Hano:

BexTOp a{x; y};

k — IpOM3BOJIBHOE YHCIIO.

Hoxasamuy: _

KOODAMHATH BeKTOpa ka pasaml: {kx; ky}.

Horasamenvcmeo:

BeKkTop G MOYKHO PA3JIO¥KHTH 10 BEKTODAM:

a=x;+y;.
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YMEOMUM 370 YpABHCHME HA. Kk, TOAYIHM:

ka = kxm + kyn. _

TaxnumM o6pasoM, KOOPAMHATE BeKTOpa ka pasmEL: {kx; ky).

IIpasniao 3 gokasano.

Y3 npasniia yMHOXEHMS BEKTOPA Ha YNCIO CIEAYET:

1) pas mroGoro Bekropa q' ¥ 4YHCEeA M ¥ N CIPaBejInBO
PaBeHCTBO: _

(m+n)a-ma+na, _

2) A moGHX ABYX BEKTODOB @ ¥ b m umcna k cnpasex-
JHBO DABEHCTBO: '

Ka + b) = ka + kb.

Teopeua ¥ KOJUIAHEADHEIX BEKTODOB coo-me'rc'myxomne
KOOPZHMHATH IPONOPIHOHAILHEL.

Hano:

a{xl, y) = b{x Y,} — KOJTHHeapHLIE BEKTODHI.

JHoxazamp:

/%= Y/ Yy

Hoxasamenvcmeo:

1. aTTb.

Tyers (al/|b)) x & = c.

BexTophl @ M ¢ ONMHAKORO HAIPABJIEHLI ¥ UMEIOT OXHY M
Ty e abCoMOTHYI0 BeIWIHHY, ClIeZOBATENIbHO, OHM DaBHBHI,
COOTBETCTBEHHO DABHBI M UX KOODAWHATEL:

x, = (lal/|b) x x,3

y, = (al/|b]) x y,.
Hx sTHX paBeHCTE DOAYdIaeM:

x,/%, = |bl/|al;

y,/y, = |bl/lal.

CnenoBarensso, x,/%, = ¥,/y,.
2. aTlb. L
Iycrs Bextop = — (|a|/|b]) x b.
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BexTopH @ ¥ ¢ IPOTHBONOJIO)KHO HANPABJECHE!, HO MMEIOT
OZHY M TY e AGCOMIOTHYIO BeJIWYHHY, CJAELOBATEJHLHO, OHM
PaBHEI, COOTBETCTBEHHO PAaBHBI M MX KOOPAMHATHI:

, = ~(al/lb x x,;
© oy, =—(al/[d) x y,
Hx aTux paBeHCTB moJydaeM:
x,/x, =—(bl/|al);
v,/y, =—(dl/la.
CnenosarennHO: x,/%, = Y,/Y,-
Teopema moxasaHa.

OGpaTHan Teopema: eCJ¥ V ABYX HEHYJEBHIX BEKTODOB
COOTBETCTBYIOIIHE KOOPDAHHATH! IPOIOPIMOHANBHBI, TO BeK-
TODPHl KOJUITHHEADHBI.

Hano: _

BeKTODHI a{x,; y,} 1 b{x,; y,};

X/ %y = Yp/Y,-

Horazame:

BEKTOPBI anb— KOJIJIMHEAPHLI,

Hoxaszamenvcmao:

Oyers x,/x, = y,/y, = A, Toraa:

x,= Axy, Y= Ay, o

Wz sTHX paBeHCTB cjegyeT, 4To b = Aa. ITO IHAYAT, YTO
BEKTOPHI aunb— KOJUTHHEeAPHBI.

Teopema poxasana.

Cxcmanoe npouisepneqne BEKTOPOB
Cranaprvim npouseederHuem 8eKmopos E{xl HERD: Z_J{xz; Y,
Ha3BIBAIOT YHCJO paBHOE: X, X, + J,U,.

Hns mobeix BexTOpoB a{x; y,}, b{x,; y,} m c{x,; y,} cupa-
BeAJUBEI PABEHCTBA:
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Paagen 1. Nnasmmerpun
(a + b)c = ac + be;
(a+ b)e=(x;+x)x,+ (Y, + ¥,y
ac+ bec=xx,tyy,t xx;,tyy,. _
Vriom Mexngy HemyJeBsIMM BexktTopamu AB u BC saBnsa-
erca ZBAC.

¥Vraom mexay J0OKIMM BEKTOpaMU a u b aBasercs yroxa
MeyKAy PABHLIMH MM BEeKTODaMH, MMeIOmnMH ofinee HaUao.

Yron MesxAay OAMHAKOBO HATIDABJEHHLIMHM BEKTOPAMH Da- .
BEH HYJIO.

Teopema: cxansipHOE IIPOM3BeJeHUEe BEeKTOPOB PaBHO WIpO-
M3BEEHHIO UX A6COMIOTHRIX BEJIMYHMH HA KOCHHYC yIJa MeX-
AY HUAMH.

Hano: _

BEeKTOpHL a U b; o

B — yron mexpgy BeKTOpaMu a u b.

Hoxasamb:

ab = |a||b| cos B:

Hoxasamenvcmao: o

IlycTs xoOpAMHEATH BeKkTOpa a : |a| u 0 (puc. 139), Torna

KOODAHMHATHI BEKTOpa b GyxyT: |6] cos B = ]I;] sin B.

Y

Puc. 139
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Ckangaproe IPONIBECHAE BEKTODOB a u b MoxEO BRIpa-
3nTH CaeRYIOmEAM 06pasoM:
b = |a| |b| cos P + O x [b] sin B = |a] |b| cos P
Teopema AoxaszaHa. -

Ha TeopeMpl BEITEKSIOT CJIELYIOIHE BLIBOAKI.

1. Eciu BeKTOpPH HepPHEHIWKYJIAPHB, TO HX CKaJIApHOE
npousBefieEne paBHO Hymo. Y o6paTHO, ecni cxansapHOE mpo-
M3BejleHe BeKTOPOB PABHO HYJIO, TO BeKTOPH IepIEHAHKY-
JADHEI. ) )

2. Ecsix yTO1 M@Ky BeKTOpaMn Mernme 90°, BX CRansap-

Hoe mpomasefieBRe Goapme 0.
3. Ecsm yront Mexxxy BeKTOopamu Gonbiie 90° MX CKauap-

Hoe nponaseserne Mersme 0.
4. Ecnm BeKTODPH OAMHAKOBO HANPABJAEHK, HX CKAJIAPHOE

OpoMaBefleHue PABHO:
b =|a] x|b].
5. CranapHL KeafpaT BEKTOpa PaBeH KBaJpaTy ero JUIHELL
aag= |_;1|2 — CKaJIAPHELT KBaZpar BexTopa. Ero raxske o6o-
3HAYAI0T a2
_ 6. Kocrryc yrana B Medxxy HeHYJIeBHIMM BEKTOPAMM t_z{xl; ;)
b{x,; y,} onpenenserca mo dpopmymne:

cos B = (x,x, + yy,)/(J&x ~y?) x J(xZ - yD)

CBOWMCTBA CKANSIPHOTO NPOU3IBEAECHNS BEKTOPOB
- Ins moberx BexTOpOB a, b, ¢ u moboro uncna k cupases-
AUBH CJELYIOMAe COOTHOMICHHS:
1) a®2 0, npirseM a?> O opu a # 0;
2) ax b= b x a (mepeMecTHTENbHEL! 3aKOR);
3)(a + 5)2‘ —axe+bxe (pacopegenuTeNsHBIN 3aK0H,
cupaBezauB s A1060ro gucaa CJIaraeMex);”
4) (ka)l; = k(z X 5) (cogeTaTenbHEIN 3aKOH).



| nasa 13
COOTHOLEHMA MEXTY
- CTOPOHAMU U YTTIAMA
NKOBOTO TPEYTOJIBHUKA

CuHyc, kocuHyc M TaHreHc moboro yma

TIoCTpOMM B HEpBOM M BTOPOM KBaADAHTAX MPAMOYTONb- -
HO¥ cHCTeMH KoopauHAT Oxy eIVHUYHYIO HONYOKDPYKHOCTH
¢ paguycoMm 1 ¥ menTpoM B mauane xoopawHaT. Ilosenem nya
a ¢ HadanoM B T. O, HepeceKaoNIHi efUHIIHYIO IOTYOKPYXK-
HOCTL B T. M ¢ KoopanHaTamu (x; y). Mexay nonosxurens-
HOH ochio abcmuce u ayaoM g o6pasoBajcs yroJa O.

1. Ecau xy4 a coBmagaeT ¢ ochio x, 3Ha9uT, yrox o = 0.

2. Ecay yroa o OCTpHIA, TOr4a TOCTPOMIM HPAMOYIOJb-
gl vpeyroasauk OMN, y xoroporo cropoua ON = x, a cTo-
poEa MN = y (puc. 140).

y

Puc. 140
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HaxoaaM CHHEYC X KOCHEYC yria o

sin o = MN/OM; -

cos 0. = ON/OM.

Ilockonsky OM = 1, MN = y, ON = x, monydaem:

sin a = y,;

cos O = X.

Taxnm o6pasoM, CHEYC OCTDOTO yIJia O, paBeH OPAMHATE Y
Touk® M, a KocuEyCc — abcrucce X Touku M.

3. Ecam yroan o mpamoii, Tymo#t MARM pa3BepPHYTHII
(puc. 141), emEYC ¥ KOCHHYC YIJia TOXKE ONpefle]ReTcA 1o

tdopMynam: sin o = y, cos o0 = X.
%

y

N

[0] x
Puc. 141

Honyaaem: a5 mobOro yraa o U3 IpoMesxyTra 0° < o < 180°
CHHYCOM SBNfAETCA OPAWHATA I TOUKH M, a KocuHycoMm — abe-
nnucca x Touky M.

ITockonbKy AaHEA eXMHWIHAH NONYOKPYKHOCTb, KOODPZH-
HATH ee TOYeK (X; y) 3aKTIOYEHH! B IPOMEKYTOK:

0<y<l;~-15sx<1.

Torna ana moboro yraa o u3 mpomeskyTka 0° < oo < 180°
6yAyT cOopaBefJIMBEI BePABEHCTBA:

O0<sinasl;-1<cosac<l. N

Teopema: pna moboro yriaa o (0° < a £ 180°) copaseann-
BH! clleZyIOINHe PABEHCTBA:
sin (180° - a) = sin o
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cos (180°— o) = —cos o,

s moboro yria a (o # 90°) enpaseAsIHABO PABEHCTBO:
tg (180° - ) = —tg 0.

Hamno:

T. A(x; y) m T A(x;5 ¥,)

T. B(x; 0) m T. B(x;; 0);
ZAOB=ZAOB,= o

AO=A0

Hoxazamp:

sin (180° - a) = sin o

cos (180° ~ o) = —cos «

tg (180° ~ ) = —tg .

Horxazamenvemao:

Paccmorpam AABO u A B O, (prc. 142).

Puc. 142

Onu npamoyroasasie — £B = £B, =90° ¥ pasEH 10 OCTPO-
MY YTy ¥ THOOTedy3e. Y13 paBeBCTBA TpeYrOXbHMKOB BRIBOXHM:

AB=AB,wmy=y,; :

BO=BO, wmx=2x,

CnegosaTenbHO:

sin (180° - @) = sin a;

cos (180° - a) = —cos o;

tg (180° - o) =—tg a.

Teopema jgoxaszaHa.
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dopMyna BhiMKCNGHUA KOOpPAUHAT MoboK TOUKK

Haneo:

Oxy — cucreMa KOOPAHHAT;

Touxa A (x; y), rae y > 0.

Haiamu:

x, Y.

Pewenue: .

CoegurnM Touku Ou A (puc. 143). O6pasoBancs yrona
Mexxy aydoM OA u ochki0 X, PABHBIH O

x = OA cos o;

y = OA sin a.

Puc. 143

Mnowaae TpeyronbHuka

Teopema: mwromajs TpPeyroNpHEKA PABHA [OJIOBHHE IPO-
N3BefeHUd JBYX €r0 CTOpPOH Ha CHHYC yrJjla MeXAy HHMH.

Hano: )

AABC;

AB = a;

BC = b;

S — nnomaas AABC,

Horaszamu:

S =1/2ab sin B.
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Paagen . Mnammerpun

Hoxaszamenvcmao:
BeenemM cucremy KooppuHAT ¢ HaYANIOM B TOuKe B (_pnc 144).
Yy
C
b
h .

Puc. 144

IIpn aToM TouKa A JOMIKEA JEXKAThH HA NOJOKATEIHHOMR ocH
Bx, a Touxa C K0/DXKHA MMETh IOJ0XXATEILEYIO ODAMHATY.

ILromans AABC (S) ompexensierca Do gopMyJe:

8 = 1/2 ah (h — BricoTa Tpeyronsruka ABC).

& paBHa opamrate Touxmn C. CnexoBaTessHO, A = b sin B.

Torga naomans Tpeyroasauka ABC Gyzger paBma:

S =1/2ab sin B.

TeopemMa mokasasa. -

TeopeMma cunycos

Teopema; CTOPOHH TPEeYTOABHEMKA TPOOOPIVOHAJILHE CH-
HycaM IPOTHBOJIEKAHIIUX YIJIOB.

Hano:

AABC;

AB = g;

BC = b;

CA=c.

Horxazams:

a/sin C = b/sin A = ¢/sin B.

Hoxasamenvcmeo:

Paccmorpum TpeyroasEuk ABC (puc. 145).
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A
a
[+
C b B
Puc. 145

Ero mnomans pasna:
+ S8=1/2absin B=1/2bc sin C = 1/2 ca sin A.
W3 aTux paseHCTB BEIBOAMM:
1/2 ab sin B = 1/2 be sin C;
a/sin C = ¢/sin B;
1/2 ab sin B = 1/2 ca sin A;
a/sin C = b/sin A = ¢/sin B.
Hrax,
a/sin C = b/sin A = c/sin B.
Teopema gokasaHa.

Cnedcmeue
B Tpeyroipanke mpoTHB 60JbIIEro yrya JIEXUT OoibmIad
CTOpPOHA, OPOTHUR 0OJIbIIEeH CTOPOHH! JEXKUT GOJABIINE YyroJ.

Teopema kocuHycos

Teopema: KBagpaT CTOPOHH TPEYroJLHHKA DPABEH CyMMe
KBaApaToB NBYX ADYIHX CTOPOH MHHYC YABOEHHOE IIPOM3Be-
JEeHHUE dTUX CTOPOH Ha KOCMHYC yIjia MeJay HHMH.

Hano:

AABC;

AB = g;

BC = b;

CA = c.
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Hoxazamy:
a?= b2+ ¢*— 2bc cos C.
Hoxazameavcemeo:
BrezeM cucTeMy KoopAXEAT B Touke C (puc. 146).
7
A .
¢ : a
]
]
r b
C B x
Puc. 146

IIpu aTom Touxa B Gyger mmetnr XoopauHatsl (b; 0), a Trou-
ka A mo reopeme ITugaropa — xkoopauuaTs! (¢ cos C; ¢ sin C).

ITo dopmysme paccTOSHUA MeKAY ABYMsI TOUKAMH IIOJNY-
YyaeM pPaBEHCTBO:

AB?=a?’=(¢cosC—b)2+ ¢%sin?C = c?cos’ C + ¢*sin? C —
~2bccos C+ b2 =c*+ b2- 2 be cos C.

Taxmm obpasom, a%= b?+ ¢2— 2bc cos C.

TeopeMa JoOKa3zaHA.

Cnedcmeue .

KBazpaTt cTOpoHEI TPEyroJbHHKA PABEH CYMMe KBaApaToB
IBYX OPYIHX CTODPOH ¢*» YABOEHHOE IIPOM3BeeHHE ONHON MX
HUX Ha TOPOEKDHI0O Apyroil (sHax «+» OepyT, Korja IPOTUBO-
JIeXaruil yroJ Tynoii, a 3HaK «—» — KOIAa yrojd OCTPLIH).

Teopema: cyMMa KBaJIPATOB AMAaroHAJIe!l mapanaenrorpam-
Ma paBHa CyMMe€ KBaJPATOB €ro CTOPOH.

Hano:

ABCD — napaJuieslorpamMmm;

AC u BD — pnarosanu;
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£4DAB = «;
ZABC= .
Hoxazamu:
AC?+ BD?= AB?+ BC?*+ CD? + AD>.
Hoxazamenvemeo:
. Paccmorpum mapannenorpamm ABCD (pme. 147).

B C
»

AL

Puc. 147

ITo Teopeme cmEycoB m3 TpeyroabH¥KOB ABC 1 ABD mo-
Jy4aeM:

AC?= AB?+ BC?*- 2 AB x BC cos ;

BD?= AB*+ AD?— 2AB x AD cos q.

CnoxuM 3TH DAaBEHCTBA, MOJYIHM: -

AC?+ BD?= AB%*+ BC*+ CD*+ AD

Teopema moxasana.

Pewenue TPEeYronbHuKos

Peulenuem mpeyzonbHuKa HaSHBAIOT HAXOXKAEHHE TpPEX
€ro CTOPOH K TPeX ero YIJIOB IO KAKMM-HEROYAb TPeM AAaHHLIM
aJIeMeRTaM. PacCMOTPHM YeThIpe 3a/ia9f PeleEUs TPEYToJlb-
HMKOB. Bo Bcex 3azauax CTOpomml TpeyroabHEEKa ABC 060-
aHadens: AB = a, BC = b, CA = ¢. Yranl TpeyrorbEMKa 060-
sHaunM: ZA = o, ZB= P, £C = vy (puc. 148).
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Puc. 148

3anaua 1: zagM cTopoHa M AB4a yria Tpeyroassuka. Haii-
TH TPeTWil yroJ H JBe Apyrue c'roponm

Aarno:

AABC;

AB = a;

LA = o5

4B = B.

Hatumu:

£C;

croporn BC n AC.

Pewenue:

1. U3 cyMmul yrioB TpeyroibHHKA HaXxonum yrou C: -

ZC =180°—-a~- B.

2. Tlo Teopeme cuBycoB HaxoauM cToporn BC n AC:

AB/sin C= BC/sin A = AC/sin B;

a/sin (180° - o — B) = BC/sin o = AC/sin .

O'rcxona BRIBOMIM:

= (a X sin ¢t)/sin (180° - o — B);
AC = (a X sin B)/sm (180° - o — B)
Basaya pemexa.

3apxaua 2: JaHK ABE CTOPOHEI M yroJa Mexay Humu. Haii-
" TH ocTANBHEIE JBa YIJa M TPETHIO CTOPOHY.

Hamno:

AABC;

AB = a;
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BC = b;

4B = f.

Haiimu:

cropory AC;

LA n ZC.

Pewenue:

1. Tlo TeopeMe xocHEYCOB:

AC?= AB? + BC?- 2A4B x BC cos B;
AC?= g?+ b*— 2gb cos B;

AC = J(a® +b* - 2abcosp).

2. Ilo TeopeMe KOCHHYCOB:

BC? = AB?*+ AC?-— 24B x AC cos A;
b2=a?+ AC?~ 2a x AC cos A;

b2= a? + AC? - 2a x AC cos A;

cos A= (a®+ AC?~ b?)/2a x AC.

IIo Tabaune ¥ ¢ MOMOMBIO MHKPOKAIBKYJIATOPA HAXO-

. BAM 3HaueHWe A.

W3 cymMH yriios TpeyronbEMKA HaxoauM yron C:
£ZC = 180° - LA - £B;

£LC = 180°—- £4 - B.

Sajlaua permeHa.

3agaua 3: gaHkL ABE CTOPOHE! M YTOJl, TPOTHBOJIEIKAIW O~
HOH u3 cTopoH. Haitti ocTa/LHEBIe ABA YTJ1a ¥ TPETHIO CTOPOHY.

Harno:

AABC;

AB = qg;

BC = p;

ZA = q.

Haiimu:

cropory AC;

ZB n £C.
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Pewenue:

1. Ilo TeopeMe cAEYCOB:

AB/sin C = BC/sin A = AC/sin B;

a/sin C = b/sin o. = AC/sin B;

sin C = (a x sin o)/b

ITo sin C HaxozuM oTBEUAIOMHE €MY YTAH Y, K Y,. Buibn-
paeM M3 HuX OZMH MiaM 00a, yuymTeIBadA, uTO NPOTUB OoJbiaeit
MX CTOPOH a ® b nexur Goapmimit yroiu.

Ilo cyMmme yrioB TpeyrolsHuKa HaxoguM B:

ZB = 180°~ o — v.

2. Ilo Teopeme crEycoB Haxopum AC:

AC = (b x sin B)/sin a.

3azava penieHa.

3anaua 4: 13HEN TPH CTOPOHEI TpeyroiabHUKA. Haitty ero
yranl

Harno:

AABC;

AB = g;

BC = b;

CA = c.

Haiimu:

LA, 4B, £C.

Pewenue:

ITo Teopeme XOCHHYCOB:

1. AC?2= AB?+ BC?- 2AB x BC cos B;

¢?= a?+ b*>~ 2ab cos B.

Orcona: )

cos B = (a?+ b2~ ¢?)/2ab.
. Ilo TabnnAne WIH ¢ MOMOIILI0 MUKPOKAISKYIATODA HAXO-
oaM ZB.

2. AB*= BC?+ AC?- 2BC x AC cos C;

a?=b%+ ¢%- 2bc cos C.

v
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Orcropa:

cos C = (b% + c® —a?)/2bc.

ITo Tabaupe MM ¢ NOMOIMBIO MEHKPOKAJBKYNATOPA HaXO-
amm Z£C.

3. ITo cymme yrioB TPeyroJIbHHKA HaXoauM A;
- LA =180°- 4B- /C.

3azaua pemena.



[naea 14 -
ONNHA OKPYXHOCTU
- TINTOLWALD KPYTA

OKPY)KHOCTB, ONHUCAHHAA

OKOono I'IpOBMﬂbHOl'O MHOTOYronsHUKa

Teopema: 0K0J0 mo6oro TpaBHJALHOTO MHOrOYroJbLHAKA
MOJKHO OIHMCATH OKPY’KHOCTH, ¥ HPHTOM TOJBKO OZHY.

Hano:

AAA, .. A — npaBUNLEBI MHOrOYrONbHUK;

T. B — Touka mpeceueHHMs OHCCEKTPHC MHOTOYTOJLHHKA
AAA, .. A,.

Hoxazamy:

OKDY>KHOCTBH C IIERTPOM B T. B ¥ paamycoM BA, sisnserca
OOMCAHHOH OK0JIO MHOrOyroabHEKA A AA, .. A ;

OKPY>XHOCTh B HEHTPOM B T. B u pagmycoM BA, asnserca
eMHCTBEHHON OIIHCAHHON OKO0JI0 MEOroyronbEuKa A A A, ... A .

Hoxaszamenvemeo:

1. PaccMOTPAM IpaBMIBHLIA MHOTOYroAsHNK A A A, ... A
M OIMACAHHYIO OKO0JIO HEro OKPYHOCTE (puc. 149a). Bemosamm
JOLOJIENTE/IbHBIe HOCTpoeHUsA. IIpoBesieM OMCCEKTPHMCHI YTJIOB
A, uA,. Ha nx mepecevermu mocrasum T. B. Coepmmmm ary
TOYKY CO BCeMH OCTAJBHLBIMH BEPHINHAMK MHOrOYroJbLHHUKA
AAA, ... A (puc. 1490). loxaxem, aro BA = BA, = ... = BA .

Paccmo'rpnM TpeyroasENKn A A, B un A,AxB (pnc 1493)

\
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OHH DaBHH IO ABYM CTOPOHAM M YIIy MEKAY HEMH:

AIAZ = AzAa; N %

cropona A, B — obmas;

ZAA,B=/BAA,

W3 paBeHCTBa TPEYTONBHUKOB clefyeT, uTo BA = BA,.

TaxuMm cooco60M MOKHO JOKAa3aTh, 9TO BA2 = BAA, BAa =
=BA,=BA ,=BAur. 1.

CnenoBarensao, BA = BA,= ... = BA . Waaroro pasen-
CTBa CJIELYeT, 9TO T. B paBHO yAajieHA OT BCeX BEPIIWH MHO-
TOYTOJBHNKA A1A2A3 An. 3HaYNUT, OKPY’KHOCTE C IIEHTPOM B
T. B ¥ paguycom BA, ABIAETCS ONHUCAHHOH OKOJIO MHOTOYTIOJIb-
EMKa A /A A, .. A .

2. Paccmorpum Tpm s00kie BepIIMHE! MHOTOYTOJIBHHKA
AAA, .. A. Hanpumep, To9ku A, A,, A,. Yepes aTu TpH
TOYKHM MOJKET IPOXOAHUTH TOJBKO ONHA OKPY»KHOCTH. Cieno-
BaTeJbHO, ¥ OKOJIO MHOTOYTOJNbHEMKAa A A A, ... A MOKHO OIH-
CcaTh TOJIBKO OJHY OKPYKHOCTD.

Teopema foka3aHA.

Okpy>HOC™, BMMcaHHas

B l'IpGBHﬂbeIFI MHOFOYTONbHMUK
Teopema: B m060ii IPaBUIBHBEIA MHOTOYroJIbHHK MOYKHO
BOMCATh OKPY>KHOCTH, H OIPHTOM TOJBKO OZHY.
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_Hano:
AAA, .. A — NpaBHALHEIE MHOI'OYTONBLHUK;
T. B — OeHTp OKDPY:XHOCTH, OIIKCAHHOI OKOJIO MHOTOYT'OJb-

Huka A AA, .. A -
BA,, BA,, BA, ... BA — GHCCEKTDPHCH YI7IOM MHOTOYIOIb-

HAKA AAA, .. A;

BH,, BH,, BH 3 +» BH — BHICOTHI TPEYrOJLHHUKOB BAA,,
BAA, .. BAA,. ’

Horxasame: .

OKPYKHOCTH C IEeHTPOM B T. B u paguycom BH | ABAAETCH
BIMCAHHON B MHOroyroJbHHK A/A A, ... 4 ;

OKPYKHOCTb C IeHTpoM B T. B ¥ papuycom BH sBnsiercs
eHHCTBEHHON BIMCAHHOH B MHOTOYTOJBbHHK AIAZA3 An.

Horxasamenvcmeo:

1. PaccmoTpum mMHOTOYronbEMK A A A, ... A (puc. 150).

43
H
45 4
H 4

Puc. 150

n

B npenpigymeit reopeMe ObLIO AOKA38HO, UTO TPEYTOALHM-
xkuBA A, BAA, ... BA A, pasenl. Cilef0BaTeIbHO, BBICOTEHI 3THX
TpeyronbErkos BH , BH,, BH, ... BH Toxe paBHH. 3Ha4HUT,
OKDY3XHOCTb C OeHTPOM B T. B u paguycom BH |, IpPOXOAKT TaK-
se uepes Toukyu H,, H, ... H , T. e. OHa KacaeTca CTOPOH MHO-
TOYTOJBLHHAKA AIAZA3 .. A B 3THX TOYKaX. Takum obpasom,
MOJKHO CKa3aTh, YTO OKPYXXHOCTHL C NEHTPOM B T. B u pagny-
com BH | aBnsieTca BONCAHHOMN B MEOroyronbauk A AA, ... A .

2. JomycTIM, 4TO CYIECTBYET €Ie OAHE OKPYKHOCTH, BIIH-
canHas B MEOTOYyTONBEMK A A A, ... A . Ee nerTp B, Gyner pasHO
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yAaJIeH OT BCEX CTOPOH MHOroyroilmanka. CremosaTeNbHO,
TOYKA Bl Oyaer nexarr Ha KaXAOH u3 GHCCEKTDHC YIIoM
MHOTOYTOJLHMKA M COBOAJET ¢ T. B, KoTOpas spaseTca TOY-
KOH mepecedeNHs 9THX GHCCEKTpDHC.
Papuyc BTOpO#l OKpYy>KHOCTH GyZeT paBeH PACCTOAHMIO OT
_ TOUKH B no cTOpoH MHOTOYTOJBHMKA, a 3HauMT, paBeH OH .
CnenopaTesisHO, BTOPaA OKPYKHOCTE COBIIAZAeT ¢ IepBoii. 3Ha-
9UT, OKPYKHOCTE € IEHTPOM B T. B 1 paguycom BH | saBaseTcs
€IMHCTBEHHO/ BIHCAHHOH B MHOTOYTOJBHUK A A A, ... A.
Teopema goxasasa.
Cnedcmeue 1 '
OKpYXHOCTb, BIHCAHHEAA B IPABHUJILEEIA MHOIOYTOJIBHUK,
KacaeTcad CTOPOH MHOIOYTrOJbHUKA B MX CEPEIUHAX.
Cnedcmeue 2
I1eAaTp OKPY/REOCTH, OIIMCAHHOM OKOJIO IPABUILHOTO MHO-
rOyroJbHUKA, COBIANAET C mEHTPOM OKDYKHOCTM, BUMCAH-
HOH B TOT >X€ MHOTOYTOJBbHMK.

Tnowape npasunsHoro
BbIMYKNOrO MHOIOYroNbHUKG

IInomane npapUABHOrO BRITYKJIONO MHOFOYTOJbHMKA HA-

XOAAT N0 popmyne:
S=1/2Pr,

e P — nepumetp ﬁnoroyr’onbnnxa; r — paguyc BOHCAHHOM
B MHOTOYTOJBHHK OKDYXHOCTH.

Hano:

G — CTOPOHA MHOIOYTOJLHUKA;

r — pajpyc BOMCAHHOY B MHOTOYTOJBHHUK OKDPY>KHOCTH;

S — miaomaxs MHOrOYrojJbhHHKA.

Hoxazamuv: )

S=1/2Pr.
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Horazamenvemeo:

- EcaM BepIIHHSH! 71-YyTONLHUKAE COEAWHHTE C IEHTPOM On-
TypEI, 06paayeTcsa n PaBHLIX TpeyroasHMKoM. Ilromans Kasx-
zxoro TAKOro TpeyroJabHuka OyfeT paBHa:

=1/2ar
O'rcrona HAXOAUM ILIOIAADL MHOI‘OYPOJII:HKK&
S=n1l1/2ar=1/2(na) r=1/2Pr(1).
YTBepxaeHENe JOKA3aHO.

CropoHa npaBunbHOro MHOTOYronbHWKa

W paauyc BNMCAHHOM B HETO OKPYXHOCTH

CropoHa MHOTOYrONEHHKA BHIYMCAAETCHA IO thopMye:
= 2R sin 180°/n.
Pagnyc sovcanHON B MHOTOYTOJBHUK OKDYXXHOCTHM BEHI-

qucaferca mo gopMyne:

6*

r = R cos 180°/n.

Hano: _

AAA, .. A — mpaBUJIbHEIA MHOTOYTOJBHMK;

@, — CTOpOHA MHOrOYTOJIbHHKA;

(. — YTOJI MHOTOYTOJNBEHHKA;

r — paguyc BOMCAHHOH B MHOTOYTOJBHHK OKPYKHOCTH;

R — pajuyc OIIRCAHHOHM OKOJIO MHOTOYTOJILHIKA OKPYKHOCTH;

S — mromajar MHOTOYrOJLHHKA.

Jloxasame: )

a_= 2R sin 180°/n;

r = R cos 180°/n. i

Hoxazamenvcmeo:

Paccmorpum MEOrOyroasHuMK A A A, ... A (puc. 151).

Ha npamoyronsHOro tpeyronbEnka A H B maxonum £A:
= B,/2=180°(n - 2)/2n = 90° ~ 180°/n;

a =2AH,= 2R cos (90° - 180°/n) = 2 R sin 180°/n;

r= BH = R sin (90° - 180°/n) = R cos 180°/n.

Teopema moxasana.
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Puc. 151.

- DOpMynbl BLIMUCNIEHUSI CTOPOH v
NpaBuALHOrO TPEYroNbHUKa, KBagpaTa
M WeCTUYronbHUKa 1 paanuycos
CTOpOHHN IPABMJIBHOTO TPEYTrOJIbHHKA, KBaJADPaTa M NIec-
THYTOJBLHNKA BBRIYUCIAIOTCS O thopMynaMm:

g, = 2R sin 180°/3 = 2R sin 60° = 2R (v3)/2 = R\/3;

a, = 2R sin 180°/4 = 2R sin 45° = 2R (J2)/2 = RV2;
a,= 2R sin 180°/6 = 2R sin 30° = 2R 1/2 = R.

DopMynbl HAXOXAEHWA PAANYCOB BNACAHHOM
M ONMCAHHOM OKPYXHOCTEH NS NPABMAbHOIO
MHOroyrofibHMKa no ero CTopoHe
Hano:
AAA, .. A — npaBUWIbLEHI MHOTOYTONLHHUK;
an — CTODPOHaA MHOI'OYI'OJIBHHKA;
0. — yroJl MHOIOYTOJBHHKA;
r —.pafuyc BONCAEHOH B MHOrOYIOJBHWK OKDPYYKHOCTH;

R — paaumyc ommcaHHON OKOJO MHOIOYTOJBHMKA OKPYIK-
HOCTH.

Haiitn:
r—17?-
R~— 1?7
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M

Pewenue:

PaccMOTpHM IPaBMILHBIA MHOTOYTOJNBHAK AAA, .. A
(pmc. 151). .

y = 90° - B/2 = 90° = 90° — 180°(n — 2)/2n = 180°/n;

R =0A, = H A /sin Y= a/2 sin (180°/n);

r=0H =HA,/tg Y= a/2tg (180°/n).

Gopmynn BLIMUCIEHNA PaaUYCOB BNUCAHHOW
M ONWCAHHOK OKPYXHOCTe [AR NPaBUNbLHOIO
TPEYrofbHMKA, KBAAPaTa M WECTUYroAbHUKA

Paguycsl ONMCAHHEIX OKDYXHOCTEH AJA UPaBHJIBHOTO
TPeyTOALHIKA, KBaApATa H IDeCTHYTOJLHUKA BLITHCIAIOTCS
o (hopmyaamM:

. R = a/2 sin (180°/3) = a/2 sin 60° = a//3;
= a/2 sin (180°/4) = a/2 sin 45° = a/2;
= a/2 sin (180°/6) = a/2 sin 30° = a.

Pannycu ONNCAHHEIX OKPYKHOCTEH A UpaBHALHOTO
TPeyTrOAbHUKA, KBAAPATA M IIECTHYIOJLHHKA BHYUCIAIOTCH
o dopmyaam:

r,= a/2tg (180°/3) = a/2 tg 60° = a/2f

r,= ~ a/2 tg (180°/4) = a/2 tg 45° = a/2;

r,=a/2tg (180°/6) = a/2tg 30° = a+/3/2.

CBOMCTBa OKpPYXHOCTH
Teopema: OTHOIIERNE AAMHALI OKPYIKHOCTH K ee THAMETDY
He 38BHCHT OT OKDPYXXHOCTH, T. €. OOTHO H TO e IJIA BCeX OK-
pYy’XHOCTeIA.

Haro:

l, — nnuma oxpyxHocTH 1;

l,— AnNmHA OKPYHKHOCTH 2;
R, — paguyc oxpyxsoct: 1;
R,— paanmyc oxpykHOCTH 2.
Howrazamv:

1,/2R, = 1,/2R,.
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Hoxazamenvcmeo:

ycrs 1,/2R # 1,/2R,, naupnwep [, /2R < L,/2R,.

BoumeM B faHHEEBIE OKPYKHOCTHY IPABWJILHLEE BHITYKJIBIE
muoroyroiabanxn. IIpu GoasmIOM yHCIIe CTOPOH MHOI'OYTOJb-
HUKOB MX HEPUMETPH! OyAyT Majo OTAMYATECH OT AJAHH OK-
py’XHocTe#t, B KOTOpHE OHM BOucaHHE. ClexoBaTeabHO, IEP-
BOHAYAJNIFHOE HEPABEHCTBO HE HADYHOIMTCH, €CIM JJINHBI OK-
PYXHOCTeHl 3aMEHHTh B HEM HOePDHMETPAMH BOHCAHHBIX
MHOT'OYI'OJILHHAKOB!

P /2R < P,/2R,.

HN3pecTHO, YTO mepmMeTphl IPABUJILHBIX MHOTOYIOABHH-
KOB OTHOCSATCHA KaK PAZMYCH] ONMCAHHLIX BOKPYT HRX OKPYX-
HOCTEI:

P /P,= R /R,.

U3 atoro paseHCTEA BLIBOJWM: .

P /R = P,/R,.

Onmaxo 5T0 paBeHCTBO IMPOTHBODEUHT ycnosuio P /2R <
< P,/2R,. Cneporatensno, P /2R = P,/2R,.

. Teopema noxasaEa. -

OTHOIMEeHNEe AUHB OKDPYKHOCTH K €e AAaMeTpy HPUHATO
obo3HauaTh rpeueckoit GyxBoil n:

I/2R = 7.

Ynucno 1 agBaseTCS MPPATHMOHANLHERIM. Ero npmbauzxes-
Hoe 3HadeRMe: N = 3,1416.

W3 coorromenus [/2R = 7t BHIBOZUM (popMYydy HaxXOMKIe-
HUA AJIUHBI OKPYYKHOCTH: :

!l = 2nR.

LleHTpansHbIn yron u gyra oKpyxHOCTH

YacTe nmiockocT, o0paszoBaHHEas Hocie pasburud ee yr-
JIOM HA B€ YACTH, HA3KIBAETCH NJAOCKUM YZA0M.

Ilnock¥e yrasl HA3LIBAIOTCA JONOAHUMEAbHLLMU, €CIIH OHH
MMeIoT obmIHe CTOPOHBI,
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Llenmpanohvim yzaom 8 OKPYICHOCML HASBIBAETCH ILIOC-
KHui yroj, BepmuHa KOTOPOIC COBIAKAET C OeHTPOM ZaHHOM
OKPY>KHOCTH.

YacTe OKDYIKHOCTH, DACIHOJOMKEHHAs# BHYTDH ILJIOCKOTO
yriaa, HaswBaeTca Oyzoii. OHA COOTBETCTBYeT LEHTPAJLHOMY
yray. I'padycnoii mepoii dyzu HasbIBaeTCs-rpagycHas Mepa
COOTBETCTBYIOIIEr0 WEHTPAJIHHOTO yrJja.

Jauga nyru, oTBevalomana OEHTPANLHOMY yIiay ¢, paBHA:

1 = tRo/180.

Paduannoii mepols yzna HasbIBAETCA OTHOINEHWE JIMHEI
COOTBETCTBYIOMEH AYTH K PaAHYCy OKDPY>KHOCTH.

1/R = n x n/180.

Pagnanraa mepa yria 180° papHa T.

Pagnarsas mepa yriaa 90° pasra /2.

Enmaunei-pagnansoil Mepoii aensaerca paanan. Oaud pagn-
8H paBeH yIiIy, JJIMHA KOTOPOr'o PaBHA DAJUYCY OKPY KHOCTH.

T'panycHasn mepa onsEOro pasmana pasua 180°/n = 57°.

[Mnowaae kpyra

Kpyzom masniBaerca (urypa, coerosamas U3 BCeX TOYEK
IJIOCKOCTH, PACCTOSTHHE OT KOTOPKIX A0 AaHHOM TOYKHY He GONb-
me paggoro (pmc. 152).

Puc. 152

JlarHasA TOYKa HASHIBAETCS YEeHMPOM KPYyza, a JAHHOE PAC-
CTOAHME — Daduycom Kpyza. OKPYXHOCTh C eHTPOM B JAH-
HO# TOYKe M JaHHBIM DAMyCOM SIBJIAETCA ZpaHuyeil xpyza.
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Teopema: naomaLbh KPyra pagHa NOJOBMEE TPOH3IBEXEHHA
AJMWHEI, OTPAHAYMBAIOINEHA ero OKpPy:XHOCTH Ha pagmyc.
S = nR?.
Hano:
Oxpy>HOCTL ¢ TeHTPOM B T. O;
R — papmyc OKpYXHOCTH C IeHTpoM B T. O;
| — AMMHA OKPYIXHOCTH C UeHTPOM B T. O ¥ pagnycom R;
P, — npaBMILEBIA MEOTOYTOJBHENK, BIMCAHHEIK B OKPYX-
HOCTbH € HeHTpoM B T. O ¥ paguycom R;
P, — npaBMIBLEBI MHOTOYrOJILHMK, ONMCAHHHIA OKOJIO
OKDYMHOCTH ¢ meETpoM B T. O M paguycom R;
n — KOJMYECTBO CTOPOH MHOTOYTOJbLHEUKOB P u P,;
S — mnomaar Kpyra, OrpaHWYEeHHOTO OKPYIKHOCTBIO C
meHTPOM B T. O H pagmycom R.
Hoxasampv:
S=1R/2.
Horxasameavcmao:
PaccmoTpum mMEOroyroassuk P, (puc. 153).

Coeanmanm T. O c BepmmEaMu MHOroyronsEuka P,. OG-
Pa30BANTHCH TPeyroJabEUKH, pasHsle AABO. CoeguanM T. O
¢ BepIIMHOA MHOroyrojisamka P, roukoii C. Ora nepecexaer
cropoRy AB mmoroyroisHuKa P,s Touke D. OD asndercs
BHICOTOM M Gmccextpucoit AABO. ZAOD ofozaauum O.
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Taxnm o6pasom, ILIOmMmAaAL> MEOrOYTOJIbHKBKA Oyner papHa:

S (P,) = nS(AABO); »

S (AABO) = AD x OD = AD x AO cos 0;

S (P,) = nADR cos «.

O6GosrauuM n X AD dyepe3 mepuMeTp p MHOrOYTOJbLHHAKA
P, noxyynm:

S (P,) = Rcos o p/2.

Tax ke HaXoA¥M IJIOIEALL MHOTOYTOJIBHMKA P

S (P,) = nS(AEOC);

S (AEOC) = AO x AC = AO AD/cos «;

S (P,)=n AD R/cos o = pR/2 cos a.

WArax:

S (P,)=Rcos ap/2;

S (P,) = nR/2 cos 0.

HocxkgnpKy npH 60JI5II0M KOJIHI€CTRE CTOPOE MHOTOYTOIb-
HUKOB P, u P, AANHA OKPYKHOCTH MAJIO OTJIHYAETCH OT IepH-
MeTpa p, a €oS (L M3-3a MAJIOH Mephl yraa Majo OTAMIaeTcH OT
enrpENNL], TO ¥ naomagu S (P,) u S (P,) MEOrOYrOJIbHMKOB
P v P, mano oTavyaores ot I R/2.

CaenoBarensHO, IUTOINaAL KPyTa paBHa:

S=1R/2uwmn S = nR2

Teopema Roxaszaga.

[Mnowanes kpyrosoro cekropa

Kpyzosvim cexmopom (MAm HIPOCTO CEXTOPOM) HABLIBAIOT
9acTh Kpyra, HaXORAMYIOCH BHYTPH COOTBETCTBYIOINETO HeH-
TpaasHOro yria (puc. 154).

IInomaas KpyroBoro cekropa BRMHMCAAeTCA 1o PopMysre:

S = (nh?/360) a,
rae R — pajguyc Kpyra; 00 — TpagycHass mMepa COOTBETCTBY-
J0ImIero NeHTPAJILHOTO yIJia.
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Puc. 154

[Nnowapp kpyrosoro cermeHra

N
Kpyzoevim cezmenmom HA3WBAKT 0OIIYyI0 HacTh Kpyra H
DOJYILIOCKOCTH (pme. 155). ¥

Puc. 155

ITnomans cermeHTa: He paBHOTO IOJIYKDYTY:

S = (rR?/360) o = S,

0 — TpagycHas Mepa LeHTPAJLHOTO yria, COoAepiKamero
AyTy RAHHOI'O KPYrOBOTO CerMeHTa,

S, — IIOmMaAL TPeyroJbHAKA ¢ BeDHINHAMY B I;en'rpe Xpy-
ra ¥ KOHIAX PafANyCcoB, OI'PaEXHINBAIOIMX COOTBETCTBYIOIIHH
cexTop.

3Bak «+» crassr npy o < 180°, a 3Hak «—» — TpH o. > 180°.



nasa 15

HNBMXEHUS

CummeTtpus .

CrMMETPMSA OTHOCHUTENBHO NPAMOA

JIBe TOUKHM HA3BKBAIOTCH CUMMEMPUYHbIMU OMHOCUMENRL

HO NPAMOLL, €CJIH 3Ta OPAMAaA IPOXOJMT uepe3 CePeHuHy OT-

pe3ka, o6pa30BaHHOrC 3TMMY TOYKAMMU, M IEePUEHANKYIAAPHA

emy (puc. 156a). Bee Touxkn mpsmMoil CMMMETPUMYHH cebe.

durypa HEa3bBAETCS] CUMMEMPULHOL OMHOCUMEAbHO NPA-

MOil, ecnA KasKAaA TOIKA PUIypHl MMeeT CHMMETPHIHYIO eit
TOUYKY, TaKKe IPHHALJNEIKAMYIO 9TOi durype (puc. 1566).

a B 6 5

D C

Puc. 156

IpAMas, OTHOCHTENBHOMN KOTOpO# ONHM TOYKH QHUTYypH!
CHMMETDHYHEI ADYTHM, HA3BIBAETCH OCbI0 CUMMempuu puzy-
pot. Purypa, uMemas ocb CHMMETDUM, HA3bIBAaeTCH TaKiKe
duzypoll, obradaroweil ocesoii cummempueii. Ocepas cHMMeT-
pusa oTobparkaer IJIOCKOCTEH Ha cebd.
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PazBepRyTHIL yron H paBEOOEXPEHALIH TPEYTOILHHUK MMe-

10T OARY Och cuMMeTpHHY (puc. 157a). [Tpamoyroasank u poMd

"HMeloT ABe ocM cmmMerpum (puc. 1576). PasHocTOopoHEMIt

TPeyTrOJILHUK MMeeT TPHM OcH cHMMmeTphnu (puc. 1578). KBax-

paT MMeeT 4YeTHIpe OCH cuMMeTpuu (puc. 1572). ¥V okpyxHOC-
TH GecKOHEeUHOE MHOMKECTBO Oceii cummerpun (puc. 157d).

8 2

Q

Puc. 157

Taxue purypsl, Kax napasseJorpaMM, Pa3HOCTODOHHHH
TpPeyroJbHHK, HepaBHOOeZApDeHHAsA Tpalenus M WHbIE, He MMe-
0T HM ORHOI1 OCH CUMMETDHH.

CuMMETPHUA OTHOCHTENILHO TOYKH

[Be TOYKHM HaSBIBAIOTCA CUMMEMPUUHLIML OMHOCUMEND-
HO mpembveil MoOYKu, eCJIH OHA ABIAAETCSA CepefNHON OTpe3ka,
coeAuH7lOmero 3Ty Ase TOUKH (puc. 158a). Tperbs Touka
cMMMeTpHUHA caMa cebe.

Purypa Ha3HIBAETCH CUMMEMPULHOIL OIMHOCUMENALHO MOLK,
eCiI Kavkjasl TOIKa (PUIyPEI MMeeT CHMMETDUYHYIO € TOuKy,
OPUHAMLJIEKANIYIO 3ToM e ¢purype. Touka, OTHOCHTEILHO KOTO-
PoOit CTPOMTCH CHMMeETDPHUs, HASHIBAETCH YEHMPOM CUMMEMpPUL
duzypv.. Purypa, EMelOmad TOYKY CHMMETPHM, Ha3bIBAETCS

172



Pasgen ). Tnaummerpus

Quzypoii, obradaruyeii yenmparvroii cummempueii. K raxum dbu-
TypaM OTHOCATCA NAPAJUIEJIONPAMM, OKPYYKHOCTh, KBaApAaT ! T. II.
(pne. 1586). Orn 06J1aza1I0T OXHOM TOUKO CHMMETDHH.

a 4 , Q . B

*Q

Puc. 158

IIpaMas obnagaer GeCKOHEUHBIM MHOMKECTEOM TOUYEK CHM-
Merpun. TpeyroJLENK He MMeeT EM OJHOH TOYKU CHMMETDHH.

Y mapannenorpaMma HeHTD CHMMMETDHH COBIIAZAET ¢ TOY-
KOl mepecedeHNs ero quaronajei.

Isuxenue

Heuscerue nnockocmu — 31o oTo6pakeHye MIOCKOCTH Ha
ceba ¢ coxpaHeENeM DPACCTOAHHUA.

IleETpansHas CHMMETPHA IJIOCKOCTH TOXKE ABIAETCS ABH-
JKEHMEeM.

Teopema: nIpy IBMIKCHWH OTPE3OK orobpa)kaeTcs Ha OT-
pEe30K.

Hano:

OTrpesox AC;

T. A u T. C, — orobpaxesus T. An T. C Ipn ABMKEENH
TIJIOCKOCTH.

Horaszamp:

orpe3ok AC orobpakaercs Ha oTpesok A,C,.

3
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Horxasamenvemeo:
1. BoszpMeM npOM3IBONBRVIO TOUYKY B, mpuHajgmeKamyio
orpesky AC (puc. 159).

. ,Ci

A 4,

Puc. 159

AC = AB + BC.

Touxra C orobpasurca B 7. C,. Ilockoabky paccTosHus IPH
ABHI)KCHHH COXDaRAITCA, TO OYAYT COpaBeRIHUBRE CAeXyIomue
paBEHCTEA:

A,Cl = AC;
A B, = AB;
BC, = BC.

Tlonyuaem: AC,= A B, + B/C,. ;

ITO 3HAYTUT, 4TO T. B, OpHHALIEKUT oTPEe3Ky A,C,, nuRaYe
6su10 651 BepHO HepaseHcTso: A,C, < A B + B/C,.

Taxum o6pasoM, Bce ToUKR oTpeaka AC orobpakanTcs B
TOYKM OoTpeska A C,.

2. NomycTuM, npoussonsBasn T.-M Opy 3aJJaHHOM OBHMXKe-
HrH orobpakaetca B T. M, orpeska A C,. Torxa cnpasegnuso
PABEHCTBO:

AM + MC = AC.

CnenopatensBo, T- M npunagiexunr orpe3ky AC. 3Ha-
4T, KAXRAA TOuka oTpeska A C asnsercs orobpamenueM
Kakol-ENOyab ToukM oTpeska AC.

TeopeMa goxazaga.
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Hanoxenne u asuxenus

Hanoxernnem ¢urypst P Ha durypy P, apasercs orobpa-
xenne ¢urypst P ma durypy P,.

JIi06aa Touka IJI0CKOCTH OTOOpa’KaeTca B OUpPeAeJeHHYIO
TOYKY ILJIOCKOCTH.

Hanoxcenue — 310 oToOpaskeHmne IIOCKOCTH Ha ceba. IIpu
9TOM BHIMOJHAIOTCA CHEAYIOMME YCAOBMA.

1. Ecau npu HaNOXeHMH COBMEINAIOTCA KOHIH JBYX OT-
Pe3KOB, TO COBMEINAIOTCA M CAMM OTPEe3KH.

2. Ha mioGoM jsryde OT ero Ha9aja MOKHO OTJIOXKUThL OTpe-
80K, PaBHEIH JaHHOMY, ¥ HPHATOM TOJLKO OLHH.

3. Or mo6oro Jy4a B JAHHYIO HOJYIJIOCKOCTD MOYKHO OT-
JIOKWTH YroJj, pPaBHBI NAaHHOMY HepasBepHYTOMY yriy, H
IPHTOM TOJBKO OXHH.

4. Jxo60it yroa ab MOXXHO COBMECTHTH HAJNIOXKEHHEM ¢ paB-
HHIM eMy yryoM a,b, nByms cmocoGamu:

1) Tax, 9TO JAYY G COBMECTHTCA C JIy4OM a,, & ay1 b ¢
ayqom b,;

2) Tax, 9TO JIyY @ COBMECTHTCA C JIy4oM b, a aya b coBme-
CTHTCHA C JIyIoM a,.

5. Jlio6as purypa pagsa camoi cebe.

6. Ecan ¢purypa P, pasra dpurype P,, a purypa P, papna
durype P,, To ¢purypa P, pasna ¢purype P,.

Teopema: npH HAJOKEeHMHM Pas3jiMIHEIE TOYKH oToOpaka-
IOTCA B PA3IMUHbLIE TOYKH,

Hawno:

¢urypa P, cocroamas u3 T. A% T. B;

¢urypa P,, cocroamasn u3 T. C.

Hoxaszamy: :

T. AU T. B He orobpaxkaioTcs B OgRY Touxy C.
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Hoxasamenvcmeo:

ITycte T. An T. Botobpaxatorca B ogHy C dpurype:r P,.
Toraa ¢urypa P, romxea Obite pasma ¢urype P,. 3to 3Ha-
9T, 9TO IPH HaJIOKeHHH durypa P, orobparkaercs B QUrypy
P,, 7. e. Touxa C oro6paskaercsa B TOUYKY A u TOUKY B.

Onnaxo npu g6oM oTo6paskeEU TOYKH eH COOTBETCTBY-

-eT TOJBKO OZ{Ha TOYKa NJIOCKOCTH. 3HAYHT, PaBeHCTRO P,'= P,
HeBoSMOKHO. CiefoBaTesbHO, Touka A m Touka B He moryt
orobpasuThca B oxHY TOuKy C.

Teopema moxasaHa.

Cnedcmsue .
3
ITpn Hano)xeHHU OTpe30K OTOOpakaeTcs B pPaBHBIH eMY
OTDEBOK.

Teopema: ai060e gBHIKEHUE ABJIAETCA HANOKEHHUEM.

Hano:

AABC;

OpPOHBBOJLHOE ABHIKEHUE £,

Hoxazamy:

£ — ABAseTCA HAJOXEHVEM.

Hoxasameavcmeo:

ITpu pewsxennu g AABC orobpasurca 8 AA B,C,. Ilpyu arom
AABC = AAB.C,.

W3 paBeHCTBa TPEYrOJBHWKOB CJenyeT, YTO CYIIECTBYET
HaJIO}KeHHe j, Opn KotopoM Toukm A, B, C oTobpaxaiorca B
Toukn A,, B,, C,.

IIycTe aBMiKeHMe g He COBIAfAET C HAJOMKEHUEM j. JTO
3HAYMT, YTO Ha NIJIOCKOCTH €CTh XOTH OfHA TouKa X |, KOTOpas
IpH ABHIKEHHU g oTobpaskaeTcd B Touky X, a IIpH HajoXe-
HHH j — B TOUKy X,.

ITockonpky npH oToOpaKeHMAX j M g PacCTOAHUSA coXpa-
HAIOTCA, COPABEeAJVBLEl DaBeHCTBA:

AX =AX, AX=AX,;

BX =B X, BX=BX,.
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W3 oTHX paBeHCTB BBIBOJHM: -

AX =AX, AX =AKX,.

910 3HAUMT, YTO TOYKA A, pABHOYAAJEHA OT TOUKH X ¥ TO4-
km X, (puc. 160), a Touka B, pasHOyzaneHa or Towek X, X,

X,

A B A L

G C

" Puc. 160

CnepoBarensEO, Touku A, B, C, nexxaT Ha CpeJUHHOM
neponeHAHKYJsape K orpeaky X X,. Ho aTo HEBO3MOKHO, T K. -
Toukn A, B, C, He neskaT Ha OXHON HpPAMO.

3maunr, orofparkeENs j U £ COBIAJAIOT, ClefoBaTeIbLHO,
IBM)KeHUe g sABNsieTcs HaJOKeHNeM.

Teopema gokaszaua.

O6paTHan TeopeMma: M1060e HajloKeHHE SABIAETCA IBHXKe-
HHEM.

Hano:

oTpe3ok AB;

j — Banoxenue oTpesra AB.

Horxaszamey:

HaJIOXKeHUE j ABAAETCH ABHYKEHNEM ILIOCKOCTH.

Horxasamenvcmeo:

IIpn Hano)KeHMM j KOHIBI OTpeska AB oTobpaskaidrcs B
Touku A, u B,. C.nenona'ré.nbno, orpesok AB otobpamaercs
Ba OTpesoK A B,. 3uaunt, AB = A B,.

PaBHEBIE OTpe3KM HMEIOT paBHBIE JJINHLI, CJAEJOBATEILHO,
HaJio)KeEHe j aBadercd oTobpakenmem miockoctu Ha cebs,

\
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COXPaHAIOMIMM PACCTOSHHAS. JTO 3HAYMT, UTO HAJOKEeHHE j
ABJNAETCA KBHUIKEHHEM ILIOCKOCTH.
Teopema moxasana.

TeopeMa: TOYKH, Je)Kamque HA NPAMOM, IPH ABHIKEHUH
‘IepeXOAAT B TOYKH, JelKalliie Ha NpAMOHN, M cOXPaHAETCH
NOPAXOK MX B3AMMHOI'O pacloJIOXKeHHH.

Hano:

TouKH A, B u C — nprHAZIEXKAT OZHON IpAMOIL;

Touka B sesxxur mMexzay Touxamu A u C.

Al, Bl, C1 — TOYKH, B KOTODble IEPeXORAT TOoYyKHU A, B,
C Opu /BU:KEHHH.

Hoxazamv:

' Touky; A, B, C, nexaT Ha OZHOI NpPAMONH;

Touka B, nexwr MexAy Toukamu A ¥ C,.

Hoxazameavcmao:

1. Ecan Touku A, B, C, He jiesxaT Ha OfHO# OpAMOM, TO
OHM COCTaBJIAIOT TPEYroJbHMK c Bepmuuamu 4, B, C,. Tor-
Ia CIpaBeiJINBO cJegyomee HeDABEHCTBO:

AC <AB +BC,.

Ws mepaBeHCTBa CIAERYeET, 4YTQ:

AC < AB + BC (mo onpegeseHHIO ABMKEHHUA).

Oxgaxo 370 npoTABOpeIuT ycaoBsuio: AC = AB + BC. Cie-
ROBaTeJbHO, TOUKM A, B, C, neskaT Ha ofHOI mpAMOi,

2. IlycTs Touka A, nexuT Mexay Toukamu B u C,. Torxa
CIpaBe[JIMBO PABEHCTBO:

AlBl + A'ICI = BlCl'

W3 paBeHCTBa ClEeXyeT, 9TO:

AB + AC = BC.

Oxmako aro mporuBopeunT ycaosuio: AC = AB + BC.

WUrak, 13 Tpex Touek, JexaluX Ha OZHON mpsiMoii, Tou-
kn A, u C| He jeXaT MexAy AByMA ADYTHMH, CJIeJI0BATEIHHO,
3TOMY YCJIQBHIO YAOBJIETBOPSET TPeTHA TOYKA — Touka B,.

Teopema nokasanHa.
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Cnedcmeue 1
IIpn asuKeRNH OpsAMEle EPEXOAST B NPAMbIe, HOJIYOpSA-
Mble — B HOAYIPAMBIE, OTPESKN — B DTPE3KH.

Cnedcmeue 2
_Ilpu IBMOXEeHHM COXPAHSIOTCA YIJIBI MEKAY HOJYIPSIMBEIMH.

Crnedemaue 3
Ilpn ABAKEBMA mobas Gurypa orobpakaercs Ha PABHEYIO

eit urypy.

MapannensHsit neperoc

ITapannenvrbiM NepeHOCOM HA 6EKMOpP HA3BIBAETCHA OTO-
6parkeEne MJIOCKOCTH Ha cebs, IPH KOTODOM K&XAas TOUKa
A orofparkaerca B TaKylo TOUYKY A, 4TO BeKTOp AA paBen
BeKTOpY (pmec. 161).

a
/-'
o-——""-’.Al

A
Puc. 161

Teopema: Ip¥ DapayieIbHOM NEePEHOCE TOYKH CMEINaioT-
CA [0 MapaJJieIbHEM (MK COBOAJAIONINM) NPAMLIM Ha OXHO
M TO e pacCTOsSHME,

Hano:

T. A(x, ¥,);

T. B(x,, ¥,); -

A'(x, + a, y, + b) u B'(x, + a, y, + b) — Togxn orobpae-
HUA TodeK A u B.

Hoxazamep:

AA’ = BB'.
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Hoxaszamenvcmeo:
PaccMorpun detnipexyroasank AA’BB’ (puc. 162).
4 A
C \
B B
Puc. 162 -

Touxa C — cepexnmHa oTpesxka AB’. 3Ta TouKa MMeeT KO-
OpAVHATEL: .

x=(x,+x,+a)/2,y=(y, +y,+ b)/2.

9T 3HAYEHHUA COOTBETCTBYIOT KOODAWHATAM Ce€peRWHRI
orpeara RA’. CiemoBaTelbHO, AHMATOHANM JETHIPEXYTOJHHEN-
Ka IMepPeceKaloTCs ¥ TOUYKOH mepecedeHMA JeNATCA WOIoJaaM.
3sauuT, AA’B’'B — mapanienorpaMm.

Tlo cso#ictsam mapautenorpamma A4’ | BB', AA’ = BB'.

Teopema poxasana.

Cnedcmsue

IIpn mapanneabHOM LepeHOCEe NpAMAasA MEePEXOAMT B Ha-
PAsIIeNbHYIO npAMYIO (man B cebs).

Hano:

T. A(x,, ¥,);

T. B(x,, ¥,);

Ax, +a,y +b)n B’(x + a, y, + b) — TOIKm oToGparke-
HYA TOueK A u B.

Hoxazamby:

T. B gexur ma npamoin AA’.

Zorxazamenvcmao:

Ilockonwsry Touxa B nexurt na npamoit AA’, a cepegusa
oTpesxka AB’ comnagaeT ¢ cepeawHoM oTpeaxa BA’, To Touka
B Toxe snexur Ha npamoi AA’.
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Torna AA’ n BB’ paBHH:
AL = J(x, +a—x) + @, +b-y,)?) = J@® +b*);
BB = (((x, +a-x,)* +(y, +b—y,)") = {/(a® + b%).

Hrax, Touxu A u B cMemaloTca mo upamoit AB Ha oguHa-
KOBO€ PAcCTOsIHMe, a mpAMas oTobparkaeTcA B caMy cebs.

Teopema: KaKoBHl 6uI HM OBIMM ABe Touk® Au B, cyme-
CTBYeT M IPHTOM €MHCTBEHHRIA NapaJjIe/IbHbINA IepPEeHOC, IPH
KOTOPOM TOYKa A NEPEeXOAHT B TOYKY B.

Hano:
A, B — npomn3BoJbHEIE TOYKHA (HUrypHI.
Horxasamu:

CYIOeCTBYeT €QWHCTBEeHHH Mapaljie/bHE NepeHoC, IpH
KOTOpOM TOYKa A IepeXOOWT B TOUKY B.

Hoxasaménvcmeo: )

1. Ilycte C — nDpoM3BOJbHASA TOUKA, & C, — TOUKa, B KO-
TOPY10 mepexoRXuT Touka C OpH napanienbHOM NepeHoce, Iie-
peBoasameM TOouKY A B Touky C (puc. 163). Orpezku CB u
AC, nmeloT ofmyio cepeAuHy B Touxe O.

C o3
0

A B
Puc. 163

Touxa C onpenenser TOUKY A Kak cepeguHy orpeaka BC.
A rouxn A n O onpeAeasAIoT TOUKy C,, DOCKONbKY TOUKa Q AB-
nserca cepenwHo¥ orpeska AC,. OxHEO3HAUHOCTDH ompezeJe-
HMA TOUKH C, MOK&3bIBAET €[WHCTBEHHOCTH NApPAJLICIHHOTO
mepeHoCca.

2. BeezeM feKapTOBhR! KOOPAMHATEHI HA ILJIOCKOCTH:

A (a,, a); B(b, b).
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Toraa mapanieJs-HRIA EePeHOC, OEPEBORAIMUI TOYKY A B
TOYKY B, MOMKHO 3aJaTh CjeAyIOIIYMH DABEHCTBAMH:

X=x+b-a,y=y+b,—a,

Ilpm x = a, # y = a,, mony4daem: x' = b, ¥’ = b,.

Teopema moxasaHa.

‘Teopema: mapajieIbHBIH IepPeHOC ABJIAETCH ABHIKEHHUEM,
T. €. OTobpaxKenneM IIOCKOCTH Ha cebA, COXpaHAOIIWM pac
CTOsHHE. ’

Ldano:

BEKTOp a;

TOoukH Au B.

Hoxaszams: B

mapaJuiebERI nepeHoc To9ek A ¥ B Ha BeKTOp @ ABNA-
eTCA ABHYKEHHEM.

Hoxasamenvemso:

Ilpn mapasiiesbHOM IepeHoce Ha BeXTOp TOukM Aw B o-
ToGpaxkalores B Touxku A, m B, (puc. 164).

4,

Ql

B

B
Puc. 164

Ilpu 3TOM cOpaBexIMBH PABEHCTBA:

A4 = a;

BB, - a.

Orcrona caenyer, 9TO:
A4 - BB,

Bmaaur, AA, | BB,, AA, = BB,.
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TaxuMm 06pa3oM, IeTHIPEXYTOJIBHUK AAlBlp — papaJje-
JorpaMM. B mapanneirorpaMme mpoTMBOJIEXKANIHE CTOPOHEI
PaBHHI, CAEfOBATENBHO:

AB=AB,.

9T0 3HAUNT, YTO pPACCTOSHME MEXIY TouKamu A 1 B pas-
HO PACCTOAHHUIO MexJy Toukamu 4, B,.

TaruM oFruLuM, HADALTeILHBIN IepeHoC CQXpaHAeT pac-
LiUWHMT 1Ly IOYKAMA, CER0BATelbHOy OH ABAAETCA ABH-
MICLileM.

Teopema JoxasaHa.

Teopema: nmpeoGpasoBanue, 06paTHOE HapajjeJbROMY Ie-
PeHocy, €CTh HapauleJbHBINA TepeHOC. llBa mapasieNbHBIX
IepeHOCA, BHINOJHEHHbLIE OXUH 3a APYTHM, RAlOT CHOBa Ia-
pajre bHEIH HePeHoC. ‘

Hano:

napaJuUlejIbHbBI IIepeHoC;

npeobpazosaEue, o6paTHOE HapasljieILHOMY IEePeHOCY;

TapalJeJbHBINd IepeHOC, BBHINOJHEHHBIN ITOCIeZORATENh-
HO IIOCJI€e IePBOro.

Zorxaszamu:

obpaTHOe mpeobpasoBaHWe ABJIAETCHA NApaebHLIM IIe-
peHOCOM; ,

IBa IOCAeAOBATEJBHEIX HDapa/UleIbHBEIX IepeHoca JaloT
napaJjreJbHBIA IepeHOC.

oxasamenvcmeo:

1. ITapannensHbI mepeHoc 3afaeTca GopMyaaMu:
x=x+a;

y=y+b.

ObpaTHOE nmpeobpas3oBaHMe 3afaerca HOPMYJIaMu:
x=x"-a;

y=y-b

ITapannensHBIi neperRoc H obpaTHOEe mpeobpa3dBaHHe 3a-
aaxorca GopMyJaMM OZHOro BHAA, CJAeAOBATENbHO, oOpaTHOE
npeobGpasoBaHHe ABJACTCH NapaNjeJbHLIM NEDEHOCOM.
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2. [Ira napannensHBIX IEPeHOCA, BHIMOJHEEHBIX IOCIeA0-

BaTesbHO, 3amaloTea dopmynamm: N
X =x+a; y=y+b
X' =x+e; Y =y +d.

B pesyasTare obpasyercsa mpeobpasoBamme, kKoTopoe 6y-
JeT 3aJaBaThcA HopMyIamMu:

X’'=x+a+c y' ' =y+b+d.

Taxoe npeoGpasosanue ToKe OGYAET SBJIATHCA TAPAJLACIb-
HBIM IE€DEHOCOM.

TeopemMa [oKa3aHa.

Mosopor

ITosopomom naockocmu 6okpyz mouku A Ha yzon O Ha-
3nIBaeTCA 0TOBpaKeHHe IUIOCKOCTH Ha ce0X, IPH KOTODOM KaX-
nast Touka B orofpaskaerca B Touky B, Tak, uro AB = AB,
a yron BAB, = o (puc. 165).

-

B B)

A
Puc. 165

Touka A ocraercs Ha MecTe, TOBOPAT, ITO OHa OTOGpaXA-
erca cama B cebsa. Bce ocTanrpbHBIE TOYKM IOBOPAYMBAIOTCA
BOKDYT TOYKM A B OHOM W TOM ¥Ke HAIIPABJIECHHH.

Teopema: TOBOPOT ABJIAETCA [BHIKEHHEM, T. €. OTOOparke-
HHEeM INOCKOCTH Ha cefs, COXPAHAIOMIMM DACCTOAHHE.

Harno: N ’

1. 0 — meHTP TOBOPOTA;
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s e e e

Paygen |. Mnanumerpus

. — YToA IMOBOPOTA IO YACOBOM cTpeiKe;

T.AnT. B.

Hoxasamo:

IOBOPOT SABJIHETCH ABWIKCHHEM.

Hoxaszamenvscmeo:

Ilyets mpu HOBOPOTE HA YyroA O TOYKM A m B oTobpaxka-
I0TCcA B TOUKH A 1 B,

Tpeyronsauxkn OAB n OA B, paBHE IO NepBOMY OPH3HA-
KY PaBSHCTBA TPEYTOALHUKOB (II0 JBYM CTOPOHAM M YTJIY MEX-
RY HUMH):

OA =O0A;;

OB = OB;;

ZLAOB = LA OB, = o + LA ,OB.

W3 paBeHCTBR TPEYTOJBHHMKOB BLIBOAUM:

AB=AB,.

9TO 3HAUMT, 4ITO PaccTOAHHME MeXAy ToukamMu A ¥ B pas-
HO PacCTOAHHIO MeXJy Toukamy A, B,.

Taknm 06pa3oM, IOBOPOT COXpaHseT PACCTOSHHA MEXIY
TOYKAMH, CJIEZOBATEIILHO, ABIAETCH JBHIKEHMEM.
) TeopeMa maoxasaHAa.



PA3JIEN 11 |
OCHOBHBIE TEOPEMbI KYPCA
CTEPEOMETPUH CTAPLUER WKONI

nasa 1

MAPATIENBHOCTD MPAMbIX
1 MNOCKOCTEM

HaureM c aKCHOM CcTepeOMETPHH ¥ HEKOTOPEHIX CHEeACTBHM
M3 aKCHOM. B

Axcuoma 1 (akcuoMa NAoOcKocTH)

B mpocrpascTBe cymecTByOT IIOCKOCTH., Yepes Kaskasle
TPH TOYKH B IPOCTPAHCTBE IPOXOAMUT IIOCKOCTH.

Brumarnue! Hago noEMMATS, ITO IJOCKOCTEH B IPOCTPAH-
cree Gonbme oxmoii. 3 axcuoMet 1 cneayer, dro:

1) MHOXeCTBO TOYEK NPOCTPAHCTBA GeCKOHEUHO;

2) NJI0CKOCTh NPOXOAUT He TOJABKO 4Yepe3 KaxkJnle TpH
TOYKH, HO M Yepe3 KakAble ONHY MJIN ABE TOYKH.

Axcroma 2 (axcuoma nepecedeHus NAOCKOCTe)

Ecnn zBe nnockocTu mMeioT o6mIyio TOYKY, TO MX Iepece-
YeHWe ecTh BX ofmasd opsiMad.

IBe maockocTH, NMeomue o0mMYy0 TOUKY (M TeM caMEIM
0obmiy0 mMpAMYI0), HA3BIBAIOTCH NNEPECeKAOWUMUCH NAOCKO-
cmamu.

Hcnonrsys MMeHHO 3Ty aKCHOMY, HAXOZAT Hepecede-
HHe OJIOCKOCTeH ¢ MHOrOrpaHHHKAMH — CEUYEHHE MHOTIO-
TPAHHHKOB.
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Axcuoma 3
(axcMoMa NpUHAANEXHOCTH NPAMOA NNIDCKOCTH)

Ecan npaMas OpOXOAHUT depes ABé TOUKH JAHHOH ILIOCKO-
CTH, TO OHA JIE)KHT B 9TOH ILIOCKOCTH.

W3 aroii akcHoME! cyieyer, IO €CJIM HPAMAas He JIEXKUT B JaH-
HOI IIOCKOCTH, TO OHA MMEET C Heil He fojtee ofgHOi 0bmeif TOMKH.

IIpsiMas ¥ UJIOCKOCTH, MMelOMMe eJHHCTBEHHEYIO O0IIyio
TOYKY, HASLIBAIOTCA NEPECeKAUUMUCA.

Brumanue! TpeTbHM CBOMCTBOM ILTOCKOCTH LONL3YIOTCHA
Ha OpPaKTHKe, KOTZAa HANO IOPOBEPHUTH, ABJAETCA JH NaHHAA
IOBEPXHOCTh IIockoii? B aToM ciaydae X mOBEepXHOCTH IpDH-
KJIaABIBAal0T HECKOJMILKO Pa3 AnEeiKy. Eciau moBepXHOCTE ILIO0C-
Kas, TO JMHEHKA JOJKHA HEeJHMKOM Jiedb Ha Hee.

Ilepex axcuomoli 4 BEegeM onpefejieHHE IOJIYIPOCTPAH-
ctBa. IToaynpocmparncmeom, 0zparuieHHuiM naAoCKocmbio L,
HasslBaeTca QUrypa CO CAeAYIOUIMMH CBOMCTBAMM:

1) oma cogepxutr onockocts L, HO He coBmAgaeT ¢ Heli;

2) ecnu Touku A B B npuHaznekar Gurype, H0 He mwiIoc-
xoctH L, To orpesok AB He mMeeT ¢ L ofmux Togek;

3) ecau ke Touxa A IpUHEAANEKHUT PpUrype, a B — mer, 10
oTpe3ox AB umeet ¢ L o0mylo TOUKY. °

IInockocTs, OrpaEHYMBAIOIIYIO HONYOIPOCTPAHCTBO, HA3KI-
BaIOT, ero zpanuyei.

Axcuoma 4
(axcnoma pasbuenns nNpocTpancTsa NNOCKOCTbLIO)

Kaxpana miaockocrs pasbHBaeT HpOoCTpPaBECTBO Ha 2 moy-
OpOCTPAHCTBA.

T'oBODAT, 9TO ABe GPUTYPHI JIEXKAT 0 OZHY CTOPOHY OT ILIOC-
KOCTH, CIIYl OHH NPHHAKIEKAT ONHOMY M3 IOJYyIPOCTPARHCTE,
OrpaEMYeHHRIX AAHHOH IIJIOCKOCTHIO, 4 IO pasHhIE CTODPOHBI
OT IUTOCKOCTH, €CHY OHM MPHHAAJIENKAT PAasHKM IIOJYIPOCT-
PAHCTBAM, OrDAHWYEHHBIM 3TOH IJIOCKOCTBIO, IPHYIEM Kaik-
basA u3 GUryp uMeer TOUKH BHYTPH 3THX IOJYIPOCTPAHCTE.
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Axcuoma 5 (akcvoma paccTonHus)
Paccroarue Mexgy moOsIMuU AByMA TOUYKAMH HPOCTPAH-
CTBA He 3ABUCHT OT TOTO, Ha KAKOH IJIOCKOCTH, cofepKamei

9TH TOYKH, OHO N3MEPEHO.

*. Teopema: Uepe3 OpAMYI0 H He JIEXKAIYI0O Ha HeHX TOUKY
OPOXOAWT IUIOCKOCTH, M IPHTOM TOJBKO OJHA.

Harno:

a — npaMasn;
B¢ a.
Hoxazame:

npaMas a B Touka B 3afaioT nI0cKOCTL, IPHTOM TOJBLKO
OJHY; T. €. INOCKOCTh L cyIqecTByeT, 1 OHa eIUHECTBEHHA.

Hoxasameavcmeo:

JlokasceM CyIqecTBOBAHME ILTOCKOCTH L,

Ymaeprcdenue
1. A — naEHas ODpaAMas
Bea

2. A€ a

3. IlposeneM uepes
Toukn Au B
opamyio b

4. Ilpanwie a 1 b pas-
JUYHHI, T. K.

‘5. Yepea npamMsle a U b
npoBeieM ILTOCKOCTh L

188

Ob6ocnosanue

ycaoBue

axcuoMa MIaHHMETPHH: KaKo-
Ba OB HM GELIa

npsaMas, CYIeCTBYIOT TOYKH,
npHEALAEXKANe, el 1 TOUKH,
He IpHAHALIeXKAmue aToH
npAMo

AKCHOMA IJIAHUMETPMM:

gepes obhle fIBe TOYKH MOMKHO
IIPOBECTH IPAMYIO, ¥l TOJILKO ONHY

Be b, Bea

aKCHOM& CTepeoMeTpnun:

€CJIM ZBe PasJM4YEhkIe MpAMEIe
nmelT ofImyo TOUKY,

TO 4Yepe3 HIX MOXXHO ITPOBECTH
ILIOCKOCTh, M OPHETOM TOJBKO
omay (A€ a, A€ b).

.
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Bui6od: nnockocTs L mpoxogamasn depe3 IPpAMYIO a ¥ TOY-
Ky B cymectByer.

HoxaskeM eZWHCTBEHHOCTH mJIOCKOCTH L (cmocobGom or

IPOTHBHOrO).
Ymeepricdenue Obocnosanue
1. Cymecrsyer L, # L, NpeAIoNOKeHne
IPOXOAAINASA Yepes AKCHOMA CTE€PeOMEeTDPVH: eCJIH
IpAMYIO @ ¥ TOYKY B [Be pasaMIHEIE IVIOCKOCTH HMe- -
2.LnL=a 10T OONIYIO TOUKY (B HaIlleM CJIy-
: qae wiockocTr L, B L numeror
‘ obmyio Touky B), TO OHM mepe-

CeKaloTcA 10 IpsAMoi (B HameM
cayuae 9TO OpAMasn Q)
3. Jliobaa o6man Touka u3 2-ro mara: A€ L, Ae L,
onockocteit L n L
JIeXKHUT HA IPAMOH a

4. Be Ll,-—*Be a H3 2-ro Imara
Be L II0_yCJIOBHIO .
5. Bea

Buieod: 4-it m 5-i1 maru OpuBead HAC K IPOTHBOPEUHIO,
TeM CaMHIM ROKa3AHA eXUHCTBEHHOCTh ILTOCKOCTH L.

3
Napannenbhbie npsmble

HBe OpAMBI€ B IPOCTDAHCTBE BHAIBIBAIOTCH 71APAAJAEAbHDL-
MU, eCJIM OHM JI€)KaT B OGHOH IIJIOCKOCTH ¥ He nepecexarnTci.

Teopema: Tepe3 TOYKY BHE JAHHO IPAMOA MOKHO IPOBECTH
OpPAMYIO, Iapa/LIeJLHYIO 9T0M NPAMOM, M IPHTOM TOJBLKO OXHY.
Hano: '
upsaMas a;
T.A¢ a.

.
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Hoxasame:

.

9TO Yepe3 T. A MOYKHO IIPOBECTH IPAMYIO IapaslIeJbHEYIO

a, IpugeM:

1) Takasa npsMast CymyecTBYeT;

2) ¥ OHA eSMHCTBEHHAS.

JoKkayeM cymecTBOBaHHEe HPAMOI.

Ymeepacdenue
1. Ilpaman a
T.A¢ a
2. IIpoBeneM gepes 1. A
H OpAMYIO a -
(A € a) nnockocts L
3. IlpoBenem B I0CKOC-
T L npamyo
a fla,Aca,

O6ocnoeanue

ycJIOBHE
Taxas IJIOCKOCTh CYIECTBYET
¥ eMHCTBEHHA HA OCHOBAHHMH
TEOpEeMHI*

aKcHoMA IJIAHUMEeTPHH**

Buieod: cymecTBoBague OIpsAMOi a; || mpsimoit @ B maocko-

cti L poxasaHo.

ITpumenanue. Ilpn goxasarenbcTBe ZAHHONH TEOPEMEI CCHI-
Januch Ha Teopemy *: Uepes npamylo n He JieKamiylo Ha Heil
TOYKY HPOXOAUT ILJIOCKOCTHh, B IPUTOM TOJBKO OJHA.

H axcromy nnasuMeTpHM **; Yepes TOYKY, HE JEIKAIOYIO
Ha AaHHO IPSAMON], MOXKHO IPOBECTH Ha ILIOCKOCTH He 6onee
ONHOH UPAMO¥, mapanjeJbHOK JaHHOH.

Hoxaxxem, 4TO TaKas mpsAMad a4, — eSAHCTBEHHAA

1. Iyers a, || a,
nprieM T. A€ a,

2. Yepes mpsaMEle a ¥ a,
MOKHO IPOBECTH
mnockoers L,

OpeZnoJI0XKEeH e
mapajijieibHble OpSIMBlE @ K a,
JexXaT B OJHOM maocKocTH L
110 ONpeNeIeRMIO HA OCHOBARNM
TeopeMBl: Jepe3 HIPAMYIO K He
JIeXanfylo Ha Hell TOYKY Hpo-
XOANT MJIOCKOCTh, U HPUTOM
TOJIBKO OZHA. *
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3. Ilnockoetr L = mioc-
xoctH L,

4. B nnockoctu L cymect-
syer en. a, || a,

CiaenosarensEo, a, = a,

Mpsamas, napannensHas nnockocTy.
MpusHak napannensHOCTM NPAMON 1 MNOCKOCTH

TIpsaMAas ¥ IWIOCKOCTE HASLIRAIOTCH NAPANACAbHLIMU, ECIK
OHHN He InéPeceKaroTcs.

Teopema: ectM mpsMasd, He IPHHALIEXKAMAA IJIOCKOCTH,
mapajljienbHEa KaKOH-EMOYAbs mpAMOH B 3TOi IJIOCKOCTH, TO
OHa mapanjeJbEa H CaMOH IUIOCKOCTH. -

Hano:

IWI0CKOCTH L,

ae L; -

a e L;

ala.

Horasams:

a | L.

Hoxazamenvcmeo:

Ymgepacdenue Ob6ocnosanue

1. IIposenem maocKoCTs L, mapaniesnbHile IpAMbie a ¥ a,

9epe3 NapajuleJbHbIE  JIOXKAT B OLHOMW IJIOCKOCTH L,

OpAMEE @ ¥ @, 0 oupeZie/IeEHI0 NapasLIebHO-

CTH UPAMOH ¥ IJIOCKOCTH

2.L#L T. K. @ € L 10 nocTpoeHEHIO, HO
a-€ L no ycnosmo a, € L,
a, €L,

3.LNnL =a ~

4.anL=A IIPEAIIOJIOKEHNE

5.Aca n3 4-ro mara
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"6.ana,=A u3 4-ro U 5-ro maroB CJIeAyeT,
. T uwtroAnanAdAna,
Hrax: 6-i TYHKT OpHUBEJ HAC K IPOTHBOPEUHIO C YCJIOBH-
em: a, | a.
Buigod: npamas a A L, a caenoatensHo, a || L

MapannensHble nnockocru. -

an3HOK napamnensHoOCTH 'JJ,BYX NnoOcKocTen

JlBe IJIOCKOCTH Ha3BIBAIOTCH NAPAAAEAbHbLLMIL, ECIIA OHU
He IepeceKaioTcs.

Teopema: gBe IWIOCKOCTH IapajjejbHbl, €C/IH OZHA U3 HUX
napajjieJbHa ABYM IEPECeKAIONTUMCS IPAMBIM, JEKAIIAM B
ADYTOH HJIOCKOCTH.

Hano:
nnocxocrn L u B, b € B, b,e B,b,nb,, b | L,b,| L.
Horxaszame:
L | B.
Horxasameavcmeo:
Ymeepxucdenue Obocnosanue
" 1. Tinockocru L u B Ycnorne )
Blr\ bz, b e B, bze B,
b |L B, L TaKKe HAJIOMKEHO YCIOBHEM
2.L+B .
3.LNnB=C¢C JoIymeHue
4.b,Ac;bAc - T.K. b | L, b,| L
5.b,lle;b, e M3 4-T0 mara B IJIOCKOCTH

npsimeie Ju00 mepeceKaloTcs,
aubo mapaJuiesIbHBIL.

Bwt6o0d: 5-i1 mar npuses HaC K OIPOTHBOPEYHIO ¢ AKCHO-
MO mapaseNlbHBLIX IVIAHUMETPHH: MBI IIOJIYIHAN, YTO JIeXKA-
mue B OJOCKOCTH B nepecexaiomuecsa npsamule b, u b, mapasn-
JIeJIbEBL OXHOM M TOH Ke mpsiMoit ¢, 4ero OBITH He MOXKeT.

192



Paagen H. Ocxoshue Teopemes Kypca CTEPEOMETPHH CTApLIEH WKONb

CnepoBaTenrHO, HaIle HOIIYINEHHE O TOM, 4T0 L N B=C
HeBepHo, a, 3maunT, L || B.

Jlunnu nepecevenus asyx napannenbHbix

nnockocren TpeTbeﬂ NNOCKOCTBIO

Teopema: eciu JBe mapaJijieJibHbIE IJIOCKOCTH IepeceKa-
I0TCHA TPeTheif, TO OpPAMbIe HEDPECeUEeHN IapaiaelbHbl.

Haro:

L|B,Lnp=a,Bnp=©b.

Horxazamu:

alb.

Horxaszamenvcmao:

l.aep,be p, ompeAeseHNEe HapAJIIEIbHBIX

anb=o. OPAMBIX

Bui6od: B HameMm ciydae AJd OPAMBIX @ U b TOJHOCTHIO
BHIIIOJIHSIETCA OOpefejeHNe NapaJelbHOCTH, OHHM JIEHKAT B
CeKyImed HJIOCKOCTH P, ONHAKO OHH NIpUHALJIEXKaT mapal-
JIEJIHBIM IJI0CKOCTAM L u B, mosToMy HEKOT[a He mepece-
Kalored. i

Cnenorarensso, a | b.

Ortpesku napannenbHbix NPAMBIX, 3aKMOYEHHbIE
MeXay ABYMs NOPQINENbHbIMA NNOCKOCTAMM

Teopema: 0Tpe3KU IapaiiedbHBIX IPAMEBIX, 3aKJII0YeHHEIE
MEXY ABYMS DapajiieIbHBIMM IUIOCKOCTSIMHM, DABHBI.

Harno:

L1 ” Lz; N
anL=A;

anL,=A;

bnL =B;

bn L,=B,;

a|b.

7. 3ak 258 193
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Hoxazamy: \
AA,~ BB,
Horasamenvcmao:
1.L || L, yciosue
A u b — nepecera-
omue ¥X DapajiieibERe
opaMue A, A,, B,
B, — TouKn nepece-
YEeHHA NPSMBIX
C IJIOCKOCTHIO
2. IlpoBenemM Wepes DA- 1O OOpEeReNeHMIO HADAILIETS-
panne/SbEBE IPAMBIE HbIE NPAMEE JeKAT B OKHOM

a # b mnockocTs p ILJIOCKOCTH
3.pnL,=AB, COIJIACHO aKCHOME: eCJIH JBe
PnL,=AB, pasMyHLIe IAOCKOCTH HMeIoT

obnIyio Touxky, To OHM Hepece-
KAIOTCS 1o TPSAMOH
4. YeTHIPeXyroasauK IO OGpeAeJIeH IO YeTHIPeXyToib- -
A BBA, — napan- HMK, Y KOTOPOTO ITPOTHBOMIONO0MK-

JleJIorpanmM JKHHIE CTOPOHL! NAPANLIEeNbHLI,
LapajuieorpaMM
5.AB = BB, CBOMCTBO IPOTHBOIOJIOMNHBIX

CTOPOH UapajiesIorpaMma
Teopema foxasama.

Csonctsa napannensHOro NpoeKTHPOBaHMA

ITpoercyueil dannoii mourxu A Ha Kaxyr-HuGYdb RAOCKOCMY
L uassiBaeTcs Ta TOUKa A 3TOH NIIOCKOCTH, B KOTOPO# ¢ Helf
mepecexaerca npamMas AM, npoBeleHHaS M3 LBHHOH TOYKH
napanjiensHo sagamgomy HamnpaBaesmio XY. Ilpaman AM
HABHIBAETCA IIPH 5TOM NPOEKMuUpyouieil npamoii, a NI0CKOCTE
L — naocxocmvio npoexyuii.
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Hpoexyueii karoii-Hubyde uzypbl Ha FaHHYI0 RAOCKOCTD
HA3HIBAETCH TeOMETPHYIECKOe MEeCTO IIPOEKNMil BceX ToueK
Gurypel Ha 3Ty ILIOCKOCTB."

CBOMCTBA Npoexunun NPAMbIX NUHKA

1. ITpoernuxneit npamoit AB Ha n06y10 NI0CKOCTH L Apna-
eTcAa npamada AB.

B uacTrEOM caygae, Korja JanHAS OpAMAS TapasleNbHAa
HAUPaBJIEHNI0 MPOEKTUPYIOINUX JUHMNA, mpoexnud ee obpa-
maeTcA B TOIKY, T. K. TOTAa Bte IPOEKTHPYIOIqUe JAHAN CJIN-
BaIOTCA B OZHY UPAMYIO.

IlnockoeTs, mpoxopsamiad depe3 AB mapaineJbHEO SAHHO-
My HampaBbyieruio XY, Ha3RIBA€TCs RpoeKmupyloueil niocko-
cmolo dxa danrol npamoiL.

AC/AC = CB/CB; AC/CB = AC/CB.

- OrHOIeHMe OTPE3KOB MapaJUIeJbHHX IPAMBIX OIPH Iapa-
JIeJILHOM IPOCKTHPOBAHHH COXPAHAETCH.

2. Eciu npamad mapauiesEa IMAOCKOCTH NIPOEKIHI, TO
ee IPOEKIHA mapajjel]bHa CaMOil IPSAMO.

3. OTpe3ok npamMoii, mapanaensHOH IJOCKOCTH TPOEKIHH,
IPOeKTHUPYeTCA HA Hee B HATYPAJIBLHYIO BeAXYHHY. ’

4. Orpe3ok mpaAMON, He IapANIEIbHOH IJIOCKOCTH IIPOEK-
uMil, IpOEKTHpPYeTcA Ha Hee He B HATYPAJBHYIO BEJIHIUEHY.

Brimanue! Cojictsa 3 ¥ 4 IpIMeHAIOTCA IIPH HapasIens-
HOM OPOEKTMDOBAHHMM IOPAMOYIOJBHMKA, NApAaJiesiorpaMma,
Tpamenyu u T. 1. :

ITockonbKyY DapannenbHOCTh OPAMBIX OIPH HapAJJIeIbHOM
OPOEeKTHPOBAHMM COXPaHAETCA, TO M300pakeHMeM Hapalie-
JorpaMmMa (kBajgpata, pom0a, IPAMOYIrOJILHAKA) CIYXKHT Ia-
pasje/lorpaMM, IJIMHLI CTOPOH M BEJHYMHEL YIJIOB KOTODOTO
MOXXHO EnIOMpaTh HPOM3BOJBHO.

N3 croiicTs napaiineabHEOrO IPOEKTAPOBAHEMS CHEYET, 9TO
~7306paskeHneM TpANeNHM ABJISAETCA TPAlenusA, Yy KOTOpoi
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OTHOINEHHE [JIMH OCHOBAHWMH pAaBHO OTHOIIEHMIO IJIKH OCHO-
BaHEMH OpHTMHAaNA.

3agavua .

Ha maobpasxeEun paBHOGeAPeHHOH TpanenuH OOCTPOHTDH
H306pa’keHHe ee BRICOTHI.

Ha oprrwmane rsicota DB, MN — och cummerpmn, DE | MN.,

Tlone3yach cBoicTBAMH NAPAJUIENFHOTO HPOEKTHPOBAHMA
(mpoexnyM mapaUleAbHBX HPAMKX HAPALIEIbHBI M JIMEH
HpoeKnAil napaaieNbHEIX OTPE3KOB MPONOPIMUOHANBHE AJMH-
HAM AAHHBIX OTPE3KOB), HONY4Y&EM IUIAH NOCTPOSHUA:

ITocTponB m3obpaskeHHE phsnoﬁoxoﬁ Tpanenun ABCD,
mocTporM Tpanemmio A B,C D,.

1. Ormeuaem Touknm M, n N, — COOTBETCTBEHHO CEPEAH-
HH oTpeskoB 4, B n D C,.

2. Crponm mpsimyio M\N ..

3. Crpoum orpesok D.E, // M\N,.

Buigod: D E, — AcKoMBI#l OTPe30K — H300passeHre BLICO-

TH Ha H300pakeEnM paBHOGeApPEHHOH Tpamenuu.
. H3zobpaxceEneM HaHHOTO TPEYTOJILHHKA MOXKET CIYXKHTH
IPOM3BOJLHEIA TPEYTOJNbHHK.

B uacTHoCTH, PABHOCTOPDOHHHI TPEYTOJLHUK MOXKHO
n306paskaTe B BHAe JN1060rc pasHOCTOPOHHErO TPEYIrOJbHH-
K&, T. K. IPH DapajieJbHOM IPOEKTHPOBAHMY BeJHIHHEI
YrJIOB H OTHONIEHHH AJHMH HelapaJUIeJLHEIX OTDPESKOB He
COXDAHAIOTCH. '

i

MocTtpoeHne NPABUALHOIO WeECTHYronbHUKA

NpK NAPANNENsHOM NPOEKTMPOBAHMM

Ha opurunane rouxka O — nepecedeHre gnaroHaiei AD u
CF — [eHTD CHMMETDPHH IPABMJILHOTO MIECTHYTOJALENKA, IO-
aromy pom6m ABCO n- DEFO cBMMeTPHYHEI OTHOCHTEJIBLHO
Toaku O.
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Paagen II. Ocxosrme TEOpEMB KyPCa CTERBOMETPUM CTADIIEH WKONM

IIpn napaniensEOM ODpoekTHpoBaEuu pom6 ABCO m300-
pa)xeH B BHJe IPON3BOJLHOIO mapajjieiaorpamma A'B'CO’.

IleETpPanbHO-CHMMETPHIHEIE OTHOEUTENALHO TOUYKH O TOU-
KM IepedAyT B TOYKH, NeHTPAILHO-CHMMeTPUIHLIE OTHOCH-
TensHo Touky O, T. XK. JJHHK OPOeKOuil mapa/UlelbHEIX OT-
Pe3K0B IPOUOPUMOHANEHE AJAMHAM LAHHEIX OTpe3koB. Jlid
IOCTPOEHMS OCTANLHLIX BePIIMH H306pakeHmMs AOCTATOUHO
nocrpouThk Toukn D, E’, F' coorBeTcTBeHHO TOUYKH O TOUKAM
A, BuC. ~

Mectuyronsaux A'B’'C’D'E'F — ucxomoe naofpaskeHue.

|



naea 2
ﬂEPﬂEHﬂMKVﬂﬂPHOCTb
MPAMbIX M MNOCKOCTEU

pamas, nepnenpnkynapHas

I'IPHMOFI U NNOCKOCTH

IIpsmas, mDepecexaoman NAOCKOCThL, HA3LIBAETCS Nepnex-
Ouxyaaphoil 3Tol IAOCKOCTHM, eCNM OHA IEePHeHNUKYJSAPHA
J1060it EpsaMoi B IJIOCKOCTH, MPOXOAAmelt Yyepes TOYKY Iepe-
ce4eHus JAHHOM OPAMOM M IJIOCKOCTH.

Teopema: ecimit IIpAMAas, IepPeceKalOMAn MJIOCKOCTS, MepIeH-
JMKYJIAPHA ABYMS UPAMBIM B 9TO# IJIOCKOCTH, IPOXOSIIAM e-
pe3 TouUKy IepecedeHMA, TO OHA TePHEHINKYAAPHA IUIOCKOCTH.

Hdawno:

anL=2A4;

be Lyce L;

Acb;Acc

alb,alc _

Horasamy: T

allL.

oxazamenvcmaeo:

l.anL=A yenosue

be L;ce L;
Ae b;Ae ¢;
ailbalc.
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Pasgen 1. OcosHbie TeOpeMbl KYPCO CTEPEOMETPHK CTOPLIER WKONY

2. Ae x;xe L.
HJoxaxeM, 9To IpsiMas x

IJIOCKOCTH L mpoBefeHa MPOM3-

BOJIBHO Uepe3 TOYKY A nepnesAuxyasapHa b ¥ .

IIpoBenem mpamylo
HE npoxoaantyio yepes

TIIPOU3BOIBLHO

TOYKY A, nepeceKalomyo

npaMsie ¢, X, b B TouKax
C, X, B co0TBEeTCTBEHHO.
IIycrs AA, = AA,

Paccmorpum AA CA,

YV mero AC=ACT.e.
AA CA, — paBHOGeApeH-
HEBIA, T. K. AC L a oo
yesoBuio AC — Meauana
0 IMOCTPOEHHIO.

AA ,BA, — pasroGen-
PEeRHKIH

AACB = AACB

ZABX = LABX

AABX = ABA,X

AX=AX

AA B X — ;;a:anoﬁen—
PEeHHEHIH
XA — mepupguasa

Ha OpAMOH @ BRIIIE B HUMKe
TOYKH A OTHOKWIHM DABHBIE
OTPe3KH

AHAJIOTUIHO
oo Tpem cropoHaM (3 OpuaEax
PaBeHCTBA TPEYroJbLHNKOB)

B PaBHHIX TPEYTOJBPHMKAX IIPO-
THB PABHBIX CTODOH JI€XKAT PaB-
HBIe YTJIBI :
IO ABYM CTODOHaM H YTy,
JexxXameMy MeXAYy 3TAMHA
cropoEaMH (1 npusHax
PaBeHCTBA TPEYrOJALHHKOB)

B PaBHBIX TPEYTOJbHUKAX
IPOTHB PaBHHIX YIJIOB JIeKAT
PABHEIE CTOPOHEI )
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XA — BBICOTA - CBOMCTBO'MeaMaHEI paBHOGEN
PEHHOTO TPEYIOJABHUKA
Bweod: a | x, cnegosaTesIBHO, IO OIPEAENEHNIO IPAMOIL,
nepnennmcynapnpﬁ nnockoetTH, a L L.

Tpu nepnexaukynapa

Teopema: npAMas, TpOBeAEHHASA HA IUVIOCKOCTH Yepe3 oc-
HOBaHWe HAKJIOHHOM, NepHeHAMKYJSpDHA ee MpPOCKINH, Iep-
NeHAVKYNAAPHA U C8MOH HAKJOHHOM.

Copasegnuso ¥ 06paTHOEe YTBEpPKAEHHUE: €CJAH NpAMasa Ha
IIOCKOCTH MEPIeHANKYNSAPHA HAKJIOBHOM, TO OHA NMepOeHAM-
KyJNAapHA W IPOEKIHMH HAKJIOHHOMH

Hano:

AB 1 L;

AC — HakJOHHaA;

CB — mpoeKnusa HAKJIOHHOM;

Toyka C — OCHOBaHME HAKJOHHOIL;

CeL;Cec,clCB.

Horxasamp:

C 1L AC.

Zoxazamenvcmeo:

1.CA’ 1L HOCTPOMIN

2. CA’ | AB CCBHUIKA Ha TEOpeMy: ABe Ips-
Mble, IepHEHANKYAAPHBIE OX-
HOM M TOH Ke IJIOCKOCTH, ma-
pajieabEsl

3. Ilnockocrs B 3a/1aeTCA MapajieAbHBIMH Ips-
meiMu CA’u AB

4. ¢ 1L CA’ T. K. o ycaosuio AB L L, vO

A’C || AB, cnenosarenngo,

A’C 1 L 1o ompeaeseHRI0O Ips-
. MOii, IepHeHAUKYIAPBOMR

K IU1ockocTd: npamas A'C,

200



Paagen If. Ocrosruie Teopemt Kypca CTEpeOMETpUn CTOPWER WKOM

mepeceKaromiasn mIOCKOCTh L B Tog-
ke C, Ha3nIBaeTCHA NEPIEHIHUKY-
JIAPHOM ITOi MJIOCKOCTH, eC/H
OHA NEepOeHANKYJSApHA Jo0oi
IIPAMOIA ¢ B ILJIOCKOCTH, IIPOXOAA-
meit yepes Trouxky C — TOURy
mepeceveHns JAHHON IPAMOH
¥ IJIOCKOCTH

5.¢L1LCB IO YCJOBHIO

6.cLB CChUJIIKA Ha oOpefejieENe Ops-
MO¥, DepOneHAUKYIAPHOMN
IJIOCKOCTH, IYHKTHI 4 ¥ 5

7.¢c L AC, T.K.ACe B,aclB
AHaNorM4HO NOKA3bIBaeTcA OOpaTHOe YTBEDIKAEHME:
8.¢cLAC IO YCJIOBHIIO

9. ¢ 1LAC 000CHOBaHO B 4-M INare
10.¢c 1B 8-i1, 9-i1 marn

11.¢ 1 BC T. K. BCe B, ¢/B

Teopema moKasaHa TOJHOCTHIO.

Hpyroii BapHaHT AOKAa3aTeJLCTBa TeOpPeMHB O TDeX mep-
OeHAUKYAApax.

Hpgmaﬂ, JeKaImas B OJIOCKOCTH, IepOeHANKYJISpHA Ha-
KJIOHHOH TOTAA M TOJBKO TOTHAA, KOTZA4 5Ta OpsMasd OepHeH-
AUKYIApHA OPOEKOIUH HAKJIOHHOM.

. Jdoxaszams: .

IBa B3aHMHO-OODATHRIX NIPENJIOKEeHHA:

Harno:

IJIOCKOCTH L;

AC 1L L;

AB — nakjJoHHAA;

CB — mpoexnus HaKJIOHHOI;

te L,t 1CB;

t 1L AB,
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Hokxasameavemeo:
1.t 1LCB

AC 1L

2.AC Lt

3. t L nnockoctn (ABC),

4.t 1L AB

Harno:
te L;
t L AB,
Hoxaszamy:
t 1 CB.
Horasamenvcmeo:
1.t L AB

ACL1 L
2.AC 1t

3. t L nnockoctu (ABC)

4.t 1 CB

v

O YCJIOBHIO

0 OIpeAeNeHHIO; IPSIMYIO U
IUIOCKOCTS HA3KIBAIOT IEePIeH-
IUKYJAAPHEIMHE, €CJIH HpAMaA
OepHeHANKYIAPHA KaXA0H
IpsMOit, Jexxamen B IIOCKOCTH
T. K. ¢ NEPIEHAKYNAPEA ABYM
nmepecexalompMca npavMe CB
M AC, JleKamuM B IUIOCKOCTH
(ABC), ecot IpsiMan TepIeHIH-
KYJISIpHA KaX(oi U3 AByX nepe-
CEeKAIOMYXCs OPAMELX, JIeSKAAX
B IUICCKOCTH, TO TA OpAMAS IIep-
nenmncyhﬂpm JAHHOM IUTOCKOCTH
HAa CHOB&RHHH oIpexeyieHNA
NEepHEHAUKYJIAPHOCTH OPAMO
¥ IIOCKOCTH M3 3-ro mara

110 YCJHOBHIO

o onpefefieHHI0 NePOeHIHUKY-
JNSIPHOCTH NPAMOM M IJIOCKOC-
TH t € L no ycarosuio
QHAJOTHYHO IPEeAIIeCTBYIONe-
My mary 3

ofbsAcEeEHe aHAJNOTHYHO 4.

Teopema AOoKa3aHa MOJHOCTHIO.
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Pazaen ll. OcxosHue Teopemst Kypca CTEPEOMETPHH CTAPWER WKONL

MNnockocm, nepnengukynspHas opHoOM

M3 ABYX NAPQANNENbHLIX NPAMBIX
Teopema: eCiId IUIOCKOCTh MEPHEHAUKYAADHA OXHON M3

Hano:

a, | a;

onockocrs L 1 a,.
orxasamo:
mwnockocts L L a,.
Hoxazamenvcmso:
1. Inockocrs L 1 a,

a1 a,

2.a,NnL=x,
3.x,€e L -

X,e L
4.aNnL=X,
5.x € x,
6.a,lx
7.a,1lx,

ABYX HApaINeJLHBIX HOPAMBIX, TO OHA NEPHeHAMKYJIApPHA H
IpYToH. .

-

yCa0BHE
[0 NMOCTPOEHHIO

npsimyio X, NpoBesin depes
TOYKY IepecedeHusA NPAMOH
a, ¢ WIOCKOCThIO L

x, € L, npuuem x, | x,

T. K. IO ycjaosuw a, 1L L

Ha OCHOBaHMH TEOPEMBI: mepe-
cexalomiecs NpAMEIEe, COOT-
BETCTBEHHO, MapalijleJIbHBIe
OepuesAHKYIAPHAIM IPIMEBIM,
CaMH NepHeEAUKYIADHBL.

Bwsod: a, 1l x,, rae x, — nwobaa npaMas, NpHHALIENKA-

Teopema goxasaHa.

masn nnaockoctu L, ciaenosaTensHo: a, L L.
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[se npambie, nepneHAMKYNApHLIE NNOCKOCTH

Teopema: fBe NpAMbIe, NePOEHIKKYJIAPHBIE OOHOK U TOMH

JX€ IJIOCKOCTH, InapaJljleJIbHbI.

ano:
allL;
bLL.
doxaszams:
alb.

Hoxazamenbcmeo: METOLOM OT IPOTHBHOIO

l.afb
2.Ceb,Ce L
3.b,|a

4.5, LL

5.bNL=8B

b,nL=B,
6. BB Lb
BB, 1D,

7. Ho
bnb =C

OpeAmoNoKe e
Touka C BeIOpaHa HNOHU3BOJIBHO
qepe3 Touky C mpoBeaw nps-
Myio b,

CCBLIKA Ha TEODEMY: eCJIM ILIOoC-
KOCTh DEpPIOeHAMKYJISpHA Of-
HO¥ ¥3 ABYX mapaJulejbHBIX
IIPSIMBEIX, TO OHA IIePIEHANKY-
JIEpHA U Apyroit

npaMule b u b, mepecexaloTca
¢ miaocKocteio L B Toukax

B u B, cOOTBeTCTBEHHO

BB e L

II0 oImpefeJIeHHUIO IPAMOi, Iep-
NeHAMKYAAPHON ILIOCKOCTH

IO ITIOCTPOEHHIO

ITpumny K DpOTHBOpEYHIO: npsAmas BB, oAHOBpeMeHHO
nepUeHAUKYNAAPHA ABYM IepPeceKaloImuMCHa HOpAMEIM, 4ero
6uITH He MOkeT. CnefoBaTeIbLHO, Hallle IPeANoJIOKeHHe 0 TOM,

gro a | b, HepepHO.
Bwieod:.a | b.
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Paspen I. OcHossie TeOpeMu Kypcao CTEPEOMETPHH CTOPILER WKONL

NepnenaukynspHeie nnockocTu

JBe mepecexalomuecs IJIOCKOCTH HA3HIBAIOTCA nepneniu-
KYARPHOIMUL, €COA KaKas-Imb0 IJIOCKOCTh, NePIeRAHKYAAD-
Haf IpAMOM IepecedeHHA ATHUX IUIOCKOCTeH, mepecexkaeT HMX
IO NepOeHAUKYAAPHEIM IHPDAMBIM.

' TeopeMa: ecM ILIOCKOCTH IPOXOAUT Yepe3 NPAMYIO, Iep-
DeHAWKYIAPHYIO APYroid IUIOCKOCTH, TO 3TH ILHOCKOCTH Lep-

TeHAAKYJAAPHH.

Hdarno:

nirocKocTs L;

blL;

be B. L

doxaszams:

L 1B.

Hoxaszameascmseo:

1.6nL 0 IOCTPOEHHIO

2.Kea B IIoCKOCTH L mocTpoman
TPAMYO G, TPOXOLALTYIO

ae L gepes Toaky K

3.alb II0 IOCTPOEHMIO

4. a € B, gepe3 OpsiMble @ ¥ b DOCTPOWIH
naockocTs B

be B
5.L1b T.K.ald

Teopema noxasana.

Ckpewpmea IomMecs Apamble

IIpsaMule, KOTODhIe He IepPeCeKAalOTCH ¥ He JIEXKAT B OXHOM
ILJIOCKOCTH, Ha3WBAKWTCA CKPeUSLEAIOULMUCS.
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Obwjum nepnenduKyaspor 06YxX CKPEULUBAIOWUXCA NpI-
Mblx HA3ZKIBAETCHA OTPE30K C KOHIAMH HQ 3THX HNPAMBIX, fB-
| JSA0IMUHACA NepOeEARKYIAPOM K KaXXJ0d H3 HHAX.

HBe ckpemmBalommeca OpsMble BMEOT ofmmid nepmen-
JUKYJIAp, B OPATOM ToNbKo oAuH. OH aBaderca ofmuM mep-
NeHANKYIAPOM HapajieJbHHX IUIOCKOCTeH, IpOXOAAIAX
9eped 3TA OpPAMEe.

Harno: .
an b — CKpeIqMBAIOmEECS IOpAMEIE.
Hoxazamn:

oTpe3oKk AB — obmui nepuneEgAKYJIAP CKPEIIHMBAIOI{UX-
cA OpAMBIX @ H b, 9T0 OH cymiecTByeT, eAHHCTBEHEH.

Horxaxem cymecrsosarue ofmiero mepneHANKyIapa:

1. ITocTpouM miIockocTs depes J0OYIO H3 ABYX CKpemiy-

L || amockoctr B BAMOI(AXCA IPAMBIX MOXKHO
AeL,be B OPOBECTH JIJIOCKOCTL, Hapa-
JIeJIBHYIO APYroi IpsMo#
2.tna,tLlL t — mobad DpaMas, nepeceKa-

lomaa opaAMylo a,. T mepnen-
AAKYNApHA maockocta L, t € p
(TaxEx npaMuEx GecKoHeIHO

MHOTO)
8.pnB=a 7. K. wiockocts L | wrockocra B
affa’
4. nb=B 00 DOCTPOEHHIO
5., ABL1L L po nocTpoernio AB — 3T0 oEA

n3 6eCKOHETHOr0 MEOYKECTEA
. OpAMBIX, AHAJIOTHIHRIX OPAMO# £
6. ABNn B . k. L{|B
Bwbieod: orpesok AB — of6miwil UepOEHAEKYIAP IIOCKO-
crett L m B, a, cregoBaTeqbHO, ¥ OPAMEX @ | b.
© Joxaxem, aro o6muii TepueHAAKYISp — eAAHCTBEHHEIA
(MEeTOROM OT IPOTHUEHOIO).
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Pasgen II. Ocosuue TeopeMs Kypca crepeaMeTpHH CTaplued WwKonu

1. fonycmum, 910 y OpAMHX a n b ecTs Apyroi ofmuit

NepIeERUKYIAAD
2.0 || b
Celbd 0 IIOCTPOEHMIO, TOYHEe JOomy-
mennio, CD — ofmnii nepren-
THKYAAP X TIPAMEBIM a H B,
3.CD/b
4.CD/Vv T.K. b| ¥
b.CD/a IO JOOYINEHHIO -
6.CD/L IO OHpejeNeHNIo TpaAMast, Ie-

pecexalomasn IIOCKOCTD, HASKI-
BAETCA NEPIEHAUKYIAPOM 3TOH
IJIOCKOCTH, €CJIX OHA IepreH-
AUKYJIApHA MoGOoM IpSAMOH B
IJIOCKOCTH, IpOXOAAmIel uepes
TOYKY HepecedeHus AaHBOM
, TpPAMOH ¥ IUIOCKOCTH

7.CD | AB T. K. AB TOXe HepIeHaMKyAAp-
Ha IVIOCKOCTH L 10 HOCTPOEHNIO
HOCTPOSHHIO, TO paccTodHme
MeXAY JIOOBIMHM JBYMSA TOMKA-
MM OPOCTPAHCTBA HE 3aBMCHT
OT TOro, Ha KaKO# IIJIOCKOCTH,
cofepiKame 3TH TOYKH, OHO

} HM3MepeHo.

Buvi6od: napannensEbie mpaMele AB u CD sagator mioc-
KOCTh, B KOTOPOil ROJKHBEI JIe)XKaTh CKpelmqusajoniecs mnpd-
Muie AC 1 BD, 4r0 HEBO3MOKHO.

Hrax, AB — eguBCTBeHHEIN OOIMUHA mepHeEAMKYIAP.

IloxgBenem mror: paccmosnuem mexucdy CKpewuBaIoULMY-
¢s HAa3BIBaeTCA J/iMEA HX obmiero nepneBguxyasapa. OHoO pas-
HO DACCTOSHHMIO MEXKAY OAPAJJICIBERIMM IUIOCKOCTAMH, IPO-
XOAAIIMMHY Yepe3 3TA IPAMEBIE. _



nasa 3
BEKTOPbI B NMPOCTPAHCTBE

OcHOBHEIE NOHATHUSA JJA BEKTOPDOB B IPOCTPAHCTBE BBO-
ISATCA TAK Ke, KAK JJIsA BEKTOPOB Ha IJIOCKOCTH.

Bexmopom Ha3hBaeTCA HANPABJIEHHBIH OTPE3OK, T. €. OT-
Pes3oK, 1JIs KOTOPOr0 YKA3aHO, KAKOM M3 ero KOHOOB CYHTAa-
eTcsT HadajaoM, a Kakoil — xounom. Jliobaa Touka mpocTpas-
CTBA TaXJXe MOJKET PACCMATPHMBATLCH KaK BeKTop. Takoit Bex-
TOp Ha3kIBaeTCA Hyaesuim (puc. 166).

AB

pr—

C

Puc. 166 .

Hrunoii nenyresozo gexmopa AB HasbIBaeTCs JJIHHa OT-
peaka AB. Jlnuna BexTopa AB o6oznagaerca [AB|. Ecnn asa
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Paagen II. OcnosHue TeopeMs Kypca CTEPEOMETDHM CTAPILGH LIKONL

HeHYJIeBBIX BEKTODA JIKAT HA OAHON IpAMOI MM HA mapai-
JIeJIbHEIX IIPSIMBIX, TO OHH HA3HIBAIOTCA KOAAUHEADHBLIMU.

Eciu gBa HeHYJIEBHIX BEKTODA KOJUIMHEADHH! M JIy4YH, HA
KOTODPHIX JIe3KAT BEeKTODa, COHAIPaBJIeHR!, TO BEKTOPH HAa3EI-
BAIOTCA COHANDABACHHbLIMU, a4 €CHH JYyYH He SABIAIOTCH CO-
HanpaBJeHHLIMH, BeKTOpH. HA3LIBAIOTCHA NPOMUBONOLOHCHO
HANPABAEHHbLMU.

BexTOopsl HaSEIBAaOTCS paGHbiMU, €CIM OHM COHAIIDaBJe-
HHE U AJYHES UX paBHEH (puc. 167). Ecim rouxa A — magano
BeKTOpa G, TO BEKTOD 4 OMJA0N}teH OT TOUKH A.

Om n1060ii MOYKU MONCHO OMAOKUMb BEKMOD, PABHDLLIL
darnnomy, u MoabLKO OOUH.

Hycts a — RaEHLIA BekTop, B — AanEas Touka (puc. 167).

L

Puc. 167

Heo0xoguMo IpoBecTH Hepe3 Eayalo M KOHeI BeKTopa a
M TOYKY B IJIOCKOCTH M B 3TOMH IIOCKOCTH IOCTPOHUTEL BEKTOD
AB = a. AB — uckoMulii BeKTop. VI3 mocTpoeENsT ACHO, UTO
BeKTOp AB — eIWHCTBEHHBIH BEKTOD ¢ HAYaIOM A, KOTODHIHI
pPaBeH BEKTODY 4.
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CnoxeHune u BoluMTOHME Bem‘opoa

-1. IIpasuno mpeyzoavhuxa. Jna nobeix Tpex Touex A, B,
n C mveer MecTo paBescTBo AB + BC = AC (puc. 168).

A

ath

C

Puc. 168

2. Ilpasuao napaanenozpamma IPAMeHACTCA AJA CHCKe-
H¥A ABYX HEKOJUIMHEEAPHBIX BeKTOpORB (pmc. 169).

Puc. 169
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Pasgen Il. OcHosHue TeOpeMsl KypcO CTePEOMETDHM CTOPLIEH LWKONY

CBoicTBa CNOXEHUN BEKTOPOB

Ins a06bIX BEKTOPORB a, b M ¢ copaBeasIMBLI DAaBEHCTBA:

a +b=>b+ a — nmepeMeCTHTENLHBIN 3aKOH;

(@ +b)+c=a+ (b+ c)— coderaTenpHbI 3aKOH.

ITpomueononoxHuimu HA3BIBAIOTCA ABA HEHYJEBHIX BeK-
TOpa, €CAM HX OJMHBI PABHEB M OHM IPOTHBOIOJOMHO Ha-
npasjieHsl. BeKTopoM, DPOTMBONION0KHLIM HYJIEBOMY BEKTO-
py, CuuTaeTcHA HyJeBoil BekTOp. BekTop BA sABAfeTcA npoTH-
BOHNOJIOZKHBIM BEKTODPY AB. ’

Pasnocmoio Bextopos AC w AB masnisaerca Bextop BC,
CyMMa ROTOpOro ¢ BekropoM AB pasHa BexTOopy AC.

CJy10:%eHHE HECKOJIBKMX BEKTODOB B IPOCTPAHCTEE BHINOJI-
HAETCA TaK »Ke, KaK H Ha IJIOCKOCTH: IEPBHIH BEKTOp CKJa-
[BIBAETCA CO BTOPHIM, IIOTOM MX CYyMMa CKJIAIBIBAETCHA C Tpe-
THHM BEKTOpPOM, U T. X.

3. Ilpasuno muozoyzoavnuxa. Ecim A, A,, ..., A, — opo-
M3BOJIbHEIE TOUKH, TOA A, + A, A+ ..+ A A=A A,

Ecnu Touku A, n A, T. €. Ha4ano OepBOr0 BEKTOPa M KO-
Hell, IOCNeZHEer0 COBIAZAIOT, TO €YMMa BeKTODPOB DaBHa HYJIe-
BOMY BeKTOpy. CyMMa HEeCKONBKHX BEKTOPOB He 38BHCHT OT
TOro, B KAKOM HODAJKEe OHM CKJIafnIBalorcs. Ha pucyske 170 mo-
Ka3aHo IOCTPOEHNEe CYMMEI TPeX BEeKTOpOB 4, b, c.

C
3
¢

Puc. 170
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YMHOXeHHe BEKTOPA HA YMCNO

ITpouseedenuem HeHyneeozo eéekmopa a Ha wucao k Ha-
snIBaeTcH BeKTop b, fymmaa Koroporo ||al, BekTopk a m b conan-
paBiessl upH k 2 0 ¥ DPOTHBONOJIOKEO HaNpaRjIeHH upu k < 0.
ITpousBeseEMeM HyJIEBOTO BEKTOpA Ha Job6oe 9HMCJI0 CUMTaeT-
cA BYAEBOH BeKTOp.

Has mobrix BexTOPOB @ M b, mobrix 4ucen k, n copasen-
JINBO:

(kn) a = k(na) — cogeraTenbHHIN 3aK0H;

~ k(a + b) = ka + kb — mepBH# pacupeneaIUTeNbHEIN 3aK0H;
(2 + n) a = ka + na — BTOpO#A pacHpefeJIHTEAbLHBIN 3aKO0H.

ﬂ,eneHue KOMIMHEQPHbLIX BEKTOPOB

g=k, r.e.a=kb
b

Ecan BexTopsl ¢ # b KosmEeapHs! # @ # 0, TO CymecTBy-
€T, ¥ OPXTOM TOJBKO OZHO, YHCJO k Takoe, 9To g = kb.

Hoxasameavcmeo:

Cravana AOKa)XeM eMHCTBEHHOCTH: .

lel

a = kb, |a| = |kb| = |k|p], cnemosatensro, [k|=i~, npuueM

bl

pl#0r. x. 520

|k| ,_} }, «+» CTABUTCH, €CJIM BEKTOpa COHANIPABJIEHBI, M
«—» — B OPOTABHOM CJIydae.

JloxaxeM cymecTBOBAHMe a = kb npm paBHOM &k

oo}
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Paanen Il. OcHosHbe Teopems: Kypca CTBPEOMETDUM CTGPIIEA WKOMM

ITocMoTpHM, KAK HAUNPABJIEH BEKTOP kb II0 OTHOIIEHHIO K
BEKTODY a.

1. Ecsn BexTopsl @ M b coranpasieHsl, TO k > 0, BeKTOPHI
kb @ b copanpaByeHB], HO BEKTOp b cOHampaBieH ¢ BeKTOPOM
a, CJeA0BaTeNbLHO, BEKTOPH kb M a coHAmpaBJeHRI.

2. Ecan BeKTOpH @ ¥ b IPOTHBONOJ0KHO BANPABJIEHEI, TO
k < 0, BexTOpPH kb M b HpPOTHBONIOJOXKHO BanpasieHH!, HO
BEKTOPHI 0 ¥ b NPOTHBONOJIOXHO HANPABJIEHEI, CAEA0BATEb-
HO, BEKTOpPH! kb 1 @ COHAIpAaBJIEHEI.

3eaunT, kb H @ Bcerla COHAUPABJIEHBI, CJICKOBATENLHO, kb = a.

Jlna EeKoaMmMHeaApPHRIX BEKTOPOB OTHOMEHME WX JJIVH CyIne-
CTBYeT, HO OHO He COBIAJAeT C OTHOIIEHHEM CAMMX BEKTOPOB.

Komnnanapheie sektopbi

Komnaanapubimu EasbIBAIOTCA BEKTOPHI, €CIH OPH OTKJIA-
IBIBAHHUA MX OT ORHOM TOYKM OHU OYAYT JIeXKaTh B OZHOM
" mnockoctu. Ha pucyake 171 n3obpakeEs! HEKOMILIAHAPESIE
BeKTOPH a, b u ¢.

Bi D

Puc. 171
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ITpusnarx KOMNAGHAPDHOCML: eCAM BEKTOD ¢ MOKHO pPasJio-
JKHTH IO BeKTOpaM a 1 b, T. e. IPeICTABUTE B BUAe ¢ = xa + yb,
roe x ¥ y — mobble avcia, TO BEeKTOPH a, b ¥ ¢ sBaAIoTCA
KOMILJIAHADHBEIMH.

Horaszameascmeo:

- IlyeTs BeXTOPH @ 7 b He KOMAMHEAPHH! (B IPOTHBHOM
clrydae KOMILIaHADHOCTE O4eBHAHA). O1y103KMM oT Toukit O BeK-
topst OA = a m OB = b (pmec. 172).

N
14

OA1=x0A A)IA]

- Puc. 172

BexToprs: OA u OB nexat B mnockocT OAB. B atoit ke
mnockocTH Jeskar BeKTopu OA = xOA n OB, = yOB, cymma
OC = xOA + yOB pasHa BeKTopy ¢. Cef0BaTeJbHO, BEKTOPH
a, b 1 ¢ KoMILIAHADHHI. .

CnpasefnBo 06paTHOE YTBEPMKAeHMEe: eCJU BEKTODH a, b
¥ ¢ KOMIJIAHAPHKI, 4 BEeKTOPH 4@ ¥ b He KOJUIMHEeapHBI, TO
BEKTOP € MOXXKHO pPa3JjIoXXKUTh HO BEKTOpPaM a M b, mpHueM Ko-
2O PHUOACHTH PA3JIOKEENA X B Y ONPEAeNAIOTCA €SUHCTBEH-
HBIM 00pa3oM.

Mpasrno napannenenunepa,

Ilycts a, b B ¢ — HeKOMIUIaHADHBIE BEKTOPHI. OT/IOXKUM

oT mpou3BoaLHOH TOuKKM O mpocrpascTBa BeKTOPH OA = g,
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Paagen Il. OcosHbie TeopeMY KYPCO CTBPEOMETPHH CTAPWER WKONK

OB = b, OC = ¢ u DocTpoMM Iapajjiefenue] Tax, ITobhl
orpeskn OA, OB n OC 6s1nu ero pebpamum (puc. 171)..

OD=OE+ED=(OA+AE)+ ED=0OA+ OB+ 0C =
=a+b+ec.

Ecax sexT0p p npencrasied B Buie p = xa + yb + 2¢, rae
X, Y ¥ 2 — HEKOTOphle TUCJIa, TO BEKTOP P Pas3joyxeH IO BeK-
Topam a, b, m c.

Teopema: 11000 BEKTOP MOKEO PasJioKUTh IO TPEM HaH-
HbIM HEKOMIUIAHADHBIM BeKTOpaM, ImpEdeM Koah¢pHuImHeHTH
pa3jIo:KeHNA OIPefeNAIOTCA eAUHCTBeHENM obpa3oM.

Horasameavemao: '

IIyers a, b, c — KaEHKe HeKOMIAaHADHEIE BeKTOpHI. OT-
IIPON3BOJLEOM TOYKH O OTI0XKUM BeKTOPH OA = g, OB = b,
OC = ¢, OP = p. Yepes Touxy P unposeseM upsMyo, Hapali-
JeapEy0 npamoit OC, n obo3EavnM gepes P, Touxy nepece-
9eHms ITON IPAMOiH ¢ unockocTso AOB. Yepes rouxy P, mpo-
BeJleM IPAMYIO, NapasuieabHyio npamoi OB. Ilycrs Touka P, —
TOuKA NepecedeHMA HTOi IpaMoi ¢ npsamoit OA. Tlo opasury
MHOTOYTOJILHUKA:

OP = OP,+ PP, + PP.

Bexropst OP, n OA, P,P, n OB, P P u OC KoinuseapH:,
HO3TOMY CYIECTBYIOT YHC/A X, Y, 2, Taxue, 40 OP,= x OA,
PP, = y OB, P P = z OC. llonyunm:

OP =x0OA+y OB + 2z OC.

CrnepoBarensHo, p=xa+yb+2zec

Teneps HeoOXOZHUMO AOKA3aTh, YTO K03dhdummenTsl pas-
JIO3KEeHHs OupefesATCa eXHHCTBeHHBIM o6pasom. ITycTs
CYIIeCTBYeT APYyroe pa3JoyKeHye BeKropap: p=xa+yb+z c.
Brruuras 3TO paBeHCTBO M3 IPeARIAYINEro, HOJYIHM: )

O=(x—-x)a+@-y)b+(2-2)c N

9TO PABEHCTEO BHINOAHAETCSA TONLKO TOTAa, Korga x — x, = 0
u 1. . CnenoBarennro, K05 OUIMEHTLI PA3JIOKEHHA Oonpese-
JAIOTCH eXVMHCTBeHHRIM O0pasom. TeopeMa nokazaHa.
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i}

Mertoa koopauHaT B NpocTpaHcTae

Tpu momapHO MepHEeHAWKYNSPHBIE NpPSMBIE X, Y, 2, KOTO-
phle IepecekaioTcs B OXHOM Touke O, Ba3hIBAIOTCH NPAMOY-
202bHOIL eucmemolt Koopdunam @ npocmparcmee. Ilpamuie
HASEIBAIOTCA OCAMU KOoOpOuHam, TOUKA — HAYAAOM KoOpou-
Ham; IIOCKOCTH, KOTOPHIE IPOXOAAT Yepe3 OCH KoopauraT Ox
u Oy, Oy u Oz, Oz u Ox, Ha3HIBAIOTCA COOTBETCTBEHHO KOOpJU-
HamHuuimMu naockocmamu ¥ obosgauasorea Oxy, Oyz, Ozx.

Touxka O pasduBaeT KaXKIyI0 U3 KOOPAWMHATHHIX Ocel Ha
aBa nyda. Ilonomumenvroil noryocvlo HasbIBaeTcs Nyd, Ha-
IpaBieHWe KOTOPOI0 COBIIAJIaeT C HAIIpABJE€HMUEM OCH, a ApY-
TOf JIyY — OTPHMEATEeAbHOH MOJYOCHIO.

Kaskz0ii Touke OPOCTPAHCTBA CTABUTCH B COOTBETCTBHE
TpoO¥iKa Juces, KOTOPhie HA3LIBAIOTCA ee-Koopdunamamu. Xo-
OpAVHATHL TO4YEeK B TPOCTPAHCTEE ONPPEAessiIOTCS TaK Ke, Kak
¥ Ha IJIOCKOCTH.

Ha xaxpgoil u3 NOJA0XKMTENBHERIX NOJyoceil OTKIaALIBAET-
cA OT Ha4aja KOOPAUHAT €AVHMYHBINA BEKTOP, T. €. €0 AJHMHA

. paBHA eAMHMIE. BexTopsI i, j, k HassBaoTCA #oopurHammbi-
Mmu BexTopamu (puc. 173).

j
> —

Puc. 173
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Pasgen ll. Ocnosnbie TeOpeMs KYPCa CTEPROMETPHH CTADWER LUKONK

9t BekTOpH HekoMmaanapHEL. [Toaromy n:060i BexkTOD @
MOYKHO DA3JIOKHUTh MO KOOPAMHATHBIM BEKTOPaM, T. €. IEpef-
CTaBHTh B BHJE: a = xi + yj + 2k, opuueM KO3PpOUOUEHTH!
pPa3NoXKEHHUA X, J, 2 ONPERENAITCA EANHCTBEEHEIM 00pa30OM.
Koadbdbumuenrn x, y, 2 B pa3nodkeEUH BEeKTODA 4 IO KOODAM-
HATHHIM BEKTOPAM Ha3BIBAIOTCA KOOpOUHAMAMU 6eKmopa a B
JaHHOH cucreMe KoopiuHAT. KoopAMHATEI BEKTOpa a ‘3amu-
CHIBAIOTCA B KPYIJBIX CKOOKax mocJie 0603HAYEHHA BEKTOpA:
a (x; y; 2). Bce KoopAMHATEI HYJEBOIr0 BEKTOPA PABHEI HYJIIO.
Koopamurarsl paBHEIX BEKTODOB COOTBETCTBEHHO DaBHEI.

1. Kaxdan xoopdurnama cymmvt 08yx 6eKxmopos’ pasra
cymMme coomeemcmayuux Koopdunam smux eexmopos. Ecin
a(x,; y,; z)nb(x,; y,; 2,) — AanHble BEKTOPH, TO BEKTOp a + b
HKMeeT KOODAWHATHI: (;\:1 + X, Y, + Yy 2, + 22).

2. KaxOan xoopdunama pasnocmu deyx eexmopos pae-
HA pasHocmu coomeemcmeyuux Koopdunam 3mux éexmo-
pos. Ecnu a(x; y,; 2)) u b(x,; y,; 2,) — AaHHBIE BEKTODHI, TO
BEKTOP a — b, MMeeT KOODAMHATHL (X, — X,; Y, — Y 2, — 2,).

3. Kaxcdas rwoopdunama npouséedeHus 6eKmopa Ha Huc-
20 pasna npouseedenulo coomsemcmsylouieil Koopdunamol
eexmopa Ha uucno. Ecnu a(x; y; z) — pagsbli BEKTOp, O —
AaHHOE YHCJIO, TO BEKTOP (@ MMEET KOOPAMHATH (0, Oy, 02).

3

Hpnmep 1

Haiit K0oOpAMEHATHI BeKTOpa p = 3a + —b— ¢, ecan
a(1; 0; -2), b(0; 4; 6), c(=3; 4; 1). 2

Pewenue: N

Ilo yrBepsxaeHMI0 3-My BeKTOp 3a uMeeT KOODAMHATHI

1
(3; 0; —6), BexTOpP Eb — koopaunaaThl (0; 2; 3). [lockoasky Bek-

1
TOp p = 3a + Eb-— €, TO ero KOOPAMHATH BEIYHCIAIOTCA IO

1-my yrBepoxgenmio: x =34+ 0~ (-3)=6,y=0+ 2~ 4 =-2,
2=-6+ 3 — 1=-4, p umeer xooparuaTth (6; —2; ~4).
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Vci0BME KOJUTMHEADHOCTH ABYX HeHYJEBBIX BEKTODOB a U b
HMeeT BHA:

rae a MMeeT KOODAMHATH (X,; y,; 2,), b MMeeT KOOpDAMHATH
(xz; y z; 22)‘

Ilpumep -

Han BexkTop a(2; 1; 3). Haittu KonIMHEApHLIA eMy BEK-
TOp ¢ HAadasoM B Touke A(1l; 1; 1) m xormoM B Touke B Ha
maockocT Oxy.

Pewenue:

Koopanrara z Touxm B pasEa 0. KoopauHAaATHI BEeKTOpPa
AB: x-1,y~-1, 0 — 1=-1. IlockonbKy a u AB KoJnuHEEAD-
HBI, TO DOJYYAEeM CAEAYIOIMNe COOTHOIMEHMSA:

-1 _y-1_-1
2 1 3
2

y ==, T.e. AB ume-

Penms ypasHeHHSA, TOMYINM X = % 3

(-5 -3 °)
eT KOOpANHATHI _§; -=; 0

Paduyc-6exmopom RaHHON TOURM HA3HIBAETCA BEKTOD,
HAYAJI0 KOTOPOTO COBIAZAET ¢ HAYaJIOM KOODAUHAT, a KOHEI, —
¢ paEHOHN TOoukoH. KoopammaThl n1060# TOYKHM paBHEI COOT-
BeTCTBYIOIIMM KOODAMHATAM €€ Pajuyc-BEKTODA.

BuipaxeHue KOOPAMHAT BEKTOpa
yepe3 KOOPAVHATLI €r0 Hauana » KOHLA .
ITycTs TOUKa A MMeeT KOOPAMEATHI (X;; ¥,; 2,), Touka B —
KOOpAMHATHL (X,; Y,; Z,). BexTop AB MOXHO BRIDa3HTh KaK
pa3nocTs BeKTopoB OB u OA (pnc. 174), agauur, ero Koopau-
HaTHl P4BHEI PA3HOCTAM COOTBETCTBYIOIIHMX KOOD/MEAT BeK-
TopoB OB u OA o yrBepskjeRnio 2.
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Pasgen H. OcnosHbie Teopems Kypca CTepeOMETDHM CTAPILIEA WKOMb

‘AZ
A(xiu, 3,21
Cx;y;z)

B(xyy,z2) -

Puc. 174

Ho xoopAWHATE BeKTOPOB COBIANAIOT C COOTBETCTBYIOINM-
Mu KoopauHataMu Todek B u A. Ilotromy BekTOp AB mMeer
KOOPAHEATH (X, ~ X;; Y, Y5 2, 2,). CnenoBarenpHO, Kaxc-
dasa xooplunama 8eKxmopa pasHa PA3HOCMU COOMEemcmaey-
ouwux Koopdunam ezo KOHYA U HAYAAQ.

KoopavHaTtsl cepeavHis oTpesxa
Pacemorpum pucynox 174. BelpasuM KOODAMHATEI cepe-
auasl C orpe3ska AB uepe3 KOOpAHHATH! ero KOHIOB. ITockois-

Ky Touxa C — cepeanHa AB, To OC = —;—(OA + OB). 3amumiem

1
STO paBEHCTBO B KOODAMHATAX: X = E(x‘+ .:xz). y=(y+y,)

z = (2,+ z,). Taxmm obpasom, Kaxdas koopdunama cepedu-
Hbi OMpe3Ka pasHa NOAOBUHE CYMMbi COOMBEMCMBYIOULLX KO-
opdunam ez0 KOHYOe. i
BriuncieRne JIUHHW BeKTOPA I10 €r0 KOOPAHHATAM,
OryosxuM Ha 0cAX KoopamHAT.BeKTOPHl OA, = xi, OA,= yj,
OA, = zk u paccmorpum BexTop OA = OA + OA,+ OA, = xi +
+ yj + zk = q (pnc. 175).
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Az
A3 '
/ \
A
zk
q
yj A2
—>
0 y
A1 L/ xi .
Puc. 175

Jdnuna Bektopa OA Beipaxcaercs cnenylo'nmm obGpaszom:

|oA| = \/F)Af[+ IOA.fI + |OA:| , T. K. CIIPABEJLINBO CBOMCTRO
' AMATOHAJH IPAMOYIOJILHOTO napa.nnenenﬁ:uena: OA?= OA}+
+ OA2+ OAZ |0A)| = |xi | = [x], |04, = Iyl I0A,| = |2] n OA = a,
TO moxyanM Qopmyiy: ’

|a] -ﬁ\ﬂx2|+ |y2f+ lz’l =2+t + 2

Jdnunra Bextopa a(x; y; z) BHYHCAAETCA IO dopMmyle

la| = yx* +y* +2%.

PaccTonnue Mexany ABYMS TOMKaMW

Jlagst 18e nTponaBONIBLELIE TOIKU M (x;; ¥, 2,) 1 M, (x,; y,; 2,).
Buipasum paccroarme d Mesxny Toukamu M, u M, yepes ux ko-
opauaaThl. KoopauaaTsr BexTopa MM, pasenl (x,— x; ¥,— U;;

2,—2,). Jlvma Bexcropa |[M, M, | = \/|;; —:z:ll2 +|y, —y1|2 +[2, —zljz.
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Paagen {l. Ocxosnue TeOpeMt Kypea CTEPEOMETDMH CTOPLIEA LIKONM

Hod = |M1M2 |. Crenosarem:so, paccmosrue mexdy morxamu
M (x; y;; 2) u M(x,; y,; 2,) 6vinucasemea no gopmyne:

d= Jlxz —x1|2 +|y, -—yll2 +|z, —zljz.

CkanspHoe npoussefeHue. BEKTOPOB

IlycTs naso xBa BeKTOpa @ B b. OTi0%HMM OT ToukM O Bek-
ropsl OB = b u OA = a. Ecan a u b Be apiasoTcs coHAIIDaB-
JIeHHBIMH, TO dyuu OA r OB ob6pasyior yron AOB (prc. 176).

b

—>

a

Y

Puc. 176

TI'paaycHas Mepa atoro yria obosmagaeTcs O, T.e. yzoa
MedxncOy sexmopamu a u b pasen .. Eciu BeKTOpH COHaIpas-
JeHRI, TO yroa Mexpay Eumn paseH 0°. BexTopn HasbBaloTcs
nepnenOuUKYAAPHLIMU, €CIN YTOJ MeXJy BeKTODAMH DaBeH
90°. Yron MexIy BeKTOpaMH a m b obosmazaerca a’b.

CranrapruimM npouseedenuem Jsyx éexmopos HA3HIBAETCH -
opoussefeHHe MX JJIEH Ha KOCHHYC yraa mexay Humm. Cka-
JAApHOe NpoM3BefeHne oboamavaercs ab.

CxansgpHoe TPON3BeAicHNe HeHYAEBhIX BEKTOPOB PABHO HYJIIO
TOrAA M TOJBKO TOT[A, KOI'AA 3TH BEKTODHI IepHeHAHKYJIADHLI.
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CkanspHOe mpou3BefiecHMe BeKTopa Ha ceba (T. e. ckansap-
HEIA KBAJPAaT) PaBeH KBARJIPATY. er0 AJIWMHBI.

CransipEOe IpOHM3BEZIeHAE BEKTOPOB &(X,; U,; 2,) M b(x,;
Y,; 2,) B KOOpPAMHATaX BHpaskaerca (opmynoi: ab = x.x,+
tuyt 2,2, . - Ca.

- Nockoasxy ab = |alb| cos o, To cos o= I——’abTbl. Brrpasum

N a .
aTO PaBEHCTBO B KOODAMHATAX M HOJYIMM: KOCHHYC yria O
MesxJy HEeHyJeBEIMM BEKTOpaMmu a(x,; y,; 2,) u b(x,; yz, 2,) BuI-
qyucaserca no opmyne:

0nx% +yy, +22

JeE+ui+2) =2 +ui+2)

CBOitCTBA CKANADHOTO NPOM3BEJAeHNA BEKTODPOB.
1.a220,rgea?>0npu a = 0.

2. ab = ba — nepeMecTHTEeNHLHLIM 32KOH.

3. (a + b)c = ac + bc — pacupenennTeNbELIN 33KOH.
4. x(ab) = (xa)b — coueTaTeJLHLINK 3aKOH.

cosQ =

. IIpumep
Haasr roarn A (0; 2; 3), B(1; -3; 1), C(2; 0; 1), D(3; 1; 0).
Haittn xocuByc yraa o Meagry Bektopamu AB u CD.
Peutenue:
Roop;mnam BekTopa AB: 1 ~-0=1,-3-2=-5,-1-3=

|AB|~le (-5) +(~4)) =42.
KoopauraTe: Bextopa CD: 3 ~2=1,1-0=1,0—-1=-1.
D= (1 +12 + (-1°) = 4.

AB-cD _1-1+(-5)1+(-4)1_ g
|48]-[cD| V423 Jiz6

cos L =
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Pasgen 1l. Ocrosume TeOpeME KYPCO CTEPEOMETPHA CTOpLIEA WKONK

KoopauaaThl HeHyIeBOro BeKTOpa B IPAMOYFOJBLHOM CHC-
TeMe KOOpAWHAT PaBHH |acos . ; |alcos a,; |alcos a, rae o, —
YTOJI MeXAY BEKTOPAMM @ M i, 0, — YTOJ MeXAy @ ¥ j, 0, —
yToit MexAy a | k.

Hoxasameavcmeo:

Ilycrs BekTOp @ MMeeT KoopanAATH (X; Y; 2), TOTAA @ = Xi +
+ yj + 2k. YMHOXHM 3TO PaBeHCTBO CKAJSPHO HA i: ai = (xi +
+ yj + zk) i = x(if) + y(ji) + 2(k). Nockoneky ii = 1, ji = 0,
ki=0,T0ai=x.

Ho mo ompezeneHuio ckaadapHOr0 NPOM3BEAEHHN ai =
= lallilcos o, = lajcos o,. Taxmm obpasom, x = jalcos o,. Amano-
THHO NOJNYYAIOTCS PAaBEHCTBA, Y = |aleos 0, 2 = |ajoos o,

Hanpasasiouguii eexmop npamoil a — 310 HEEYJIEBOH Bek-
TOD, JIeXKAIMI Ha IPAMON @ MM Ha OPAMOM, IADAJLIEILHOM a.

Hpamep

Haiitit yroa Mexxy RRyMs OpAMBIME (CKPEIIHBAIOIHMA-
CA MM NEePEeCeKAIOLIMMMCA), eCJH H3BeCTHH! KOODPAMHATHI
HATIPABAAIOMHAX BEKTOPOB 3THX IPAMEIX.

Pewenue:

ITycrs a(x;; y,5 2)) » b(x,; y,; 2,) — BampasasIOmwMe Bek-
TOPHI OPAMEIX M H N, H (L — HCKOMBIA yTOa MEXKAY ITHMH
IPSIMBIMU.

O6osmauenne: B = gAb. Torza BOSMOMKHE ABA BapHAHTA:

1) a = B, ecan B < 90°, Torma cos o = cos P; '

2) o = 180° - B, ecom B > 90°, Torza cos 0. = — cos P.

B moGom caryqae |cos of = feos B, a T. k. & < 90°, To cos &> 0,
CIIefOBATENLHO, COS O = |cos B| u

(xx2 + Yy, + 22,)
\/(xf +y} +212)-\/(x22 +yl +z§)

3BOJIsIET HAWTH YTOJ (L.

cosQo =

. 3HaYeHWe COS O HO-



naea 4

MHOTOTPAHHUKMA

Touka A Ha3HIBAETCH ZPAHUYHOL MOuKoil JaHHOH! GHUrypH
F, ecqm cpepu cKOab YrOOHO GAM3KMX K Helt Todex (BKAOIas
ee caMy) eCTh TOYKHM, Kak OpuHaAnexauue durype F, Tak n
He npuHagiexammue eil. I'panuiyeil Ha3pIBASTCS MHOYKECTBO BCEX
TPaHMYHBIX ToueK ¢urypnl. Brympenneii mouxoii OUTypH
HasbIBAETCA TOYKA PHUTYPHI, KOTOPAasA He ABJSETCA IPAHNIHOH.
Durypa Ha3HIBACTCHA OZPAHUYEHHOU, €CJV ee MOXKHO 3aKJIIO-
9uTh B chepy. Purypa HasbiBaeTCA C6aA3K0il, ecnu M00bIe gBE
ee TOYKHM MOYXHO CO€JMHHTHL HEIIPEPLIBHOM JUHWEH, HEeJHKOM
npuHaAIexamei fagaoi purype. Purypa, cocTosmas U3 JBYX
mapaJiyIeIbHBIX ILIOCKOCTEH, He ABJSETCS CBA3HOM.

T'eomempuueckoe meno — 3aTO OrpaHWYEeHHAsA CBA3HAH
. @¥rypa B IpOCTpaHCTBe, KOTODAS COZEDIKUT BCE CBOM Ipa-
HHUYHBIE TOYKH. ['paHMIly Tesa HASBIBAIOT €ro NOSepXHOCMbIO.

IInockocTs Ha3HIBAETCH CeKlywell NIJIOCKOCTHIO, €CIH IO
o0e CTOPOHHI OT Hee MMEITCA TOIKH JAaHHOI'Q reOMeTPUIecKo-
ro Tena. Purypa, odpasymomasca OpHU Iepece4yeHUHN Tejaa C
OJIOCKOCTBIO, HA3LIBAETCHA CeYeHueM mend.

- Hsyzpannviii yeor — 210 durypa, obpazoBaEHas ABYMS
TIOJIYILIOCKOCTAMY ¢ obmelt Tparuneii.

IlonyILIOCKOCTH HA3HIBAIOTCHA ZpaHAMU, 4 00IaA Tpadu-
ﬁa — pebGpom deyzpannozo yzaa. ILTockocTs, KOTOpasA mep-
NeHIUKYJIApHA peOpy ABYTPaHHOTO YIia, mepeceKaeT I'DaHM
1O ABYM NOJYUPAMBIM. ¥T0JI, KOTOPEI# 00pasoBaR 3TUMH IIO-
JIYNIPAMBIMH, HASLIBAETCS JUHEILHbIM Y2A0M 08YZPAHHO20 YTAA.
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Pozgen 1l. Ocrosnbie Teopemm kypco CTEPEOMETPHA CTOpUIEN WKONM

HOsyrpapssii yron uMeer GeCKOHEYHO MHOTO JHHEHHBIX yrI-
Ja0B. Bce suHeliHbE yIVIBI OgHOrO ABYTPAHHOIO yIJIa PABHEI
Mexcay coboit. Jloxaxem ato yrepinerne. ¥i3 GeckoHeuHOr0
MHOY>KeCTBa YIJjoB BhIGepeM jBa JuHedBHXx yraa AOB u
A0 B, (puc. 177).

-0, - B
A
——
O B
Al
Puc. 177

PaccmorpuM ayan OA u O A|. OHH JeXaT B OXHOI rpanu
H DepneHAMKYIAPHN mpamoit 00|, cienosaTensHo, ayuu OA
u O A, coanpaBieHsl. AHaJOrH4HO, COHaNpasaens ay4u OB
# O,B,. Iloatomy ZAOB 1 £A,O B, — 3T0 yrisl ¢ COHampas-
JIEHHBIMM CTOPOHAMH.

I'padycroii mepoii 0syzpahnozo y2aa BEASHBAETCA I'Dajyc-
Has Mepa ero JHHENHOro yria.

IlepefineM X DacCMOTPeHHIO0 MHOTOTDAHHMKOB.

MHozozpannuKos Ha3LIBaeTCA IOBEPXHOCTb, COCTABJEH-
Has A3 MHEOTOYTOABHKKOB ¥ OTPAaENYHBAIOINAHA HEKOTOPOE I'eo-
MeTpudeckoe Teno. I'DaHsAmMu MHOTOTDAHHWKA HA3BIBAIOTCH
MHOTOYTOJHLEHKHA, H3 KOTOPHIX COCTaBJEH MHOIOIrPAHHHK.
Cmopony: TpagReit EasnBawTca pebpamu, a KoRNKLI pebep Ha-
3BIBAIOTCA GEPULLHAMU MHO202PAHHKUKA. JJuaz0naAL MEOFOTDAH-
HUKA — 3TO OTPE30K, KOTOPHIH COeAHHAET ABe BEeDLIMHLI, HE

8. 2ax. 258 | ’ 225



Jeometpud 3a 24 vaca

npuHAZIEeKAamue ofeol rpagu. IlpuMeps MEOrOrpaBENKOB —
TeTpasfp, OapajieennIesi, OKTassp, nOpusMa, OHpaMHja.

MEOrorpaEHMKH GBIBAIOT BHEIOYKJAE M HEBHIOYKJHIE.
BrInyKJIBIA MEHOTOTPRHEMK PACIOJIOMEH IO OAHY CTOPOHY OT
IIJIOCKOCTH KaXKJ0i ero rpaHH. Bee rpaEM BRIIYKJIOTO MHOTO-
IPpAHHHWKA SABJAIOTCS BHIIYKJIKMHK MEHOFOYTOABHUKAMH. B BEI-
IYKJIOM MHOTOI'DAHHHMKE CyMMAa BCeX IUIOCKHX YIJVIOB IIPH KaK-
ol ero BepmuHe MeHbIme 360°. '

Mpusma

ITpusmoii HA3BIBAETCA MHOTOIDAHHHMK, KOTOPLIA COCTOMT
M3 JBYX IJIOCKMX MHOTIOYTOJLHMKOB, COBMEIIaeMEIX IIapaj-
JIeJILHBIM IIEDeHOCOM, M BCEX OTPEe3KOB, COEAUHAIOMMUX COOT-
BETCTBYIOIOUE TOYKH 3THX MHOTOYroJbHHUKOB (pHc. 178).

Puc. 178

MHOrOyroJIbEUKY Ha3hIBAIOTCA OCHO6AHUAMU TPHU3MEI, a
OTpe3KH, COeAMHAIONNE COOTBETCTBYIOLIHE BEPUIMHEI, — 00-
KO6biMU De6pAMU TIDU3MEL. '

IIpnsma EaswiBaeTcA npaMoii, ecau ee 6oKoBbIe pebpa nep-
NeHAUKYJAPHEIE OCHOBAHUAM. B mpoTHBHOM CJIyuae IPH3IMA

Ha3BIBAETCA HAKJOHHOL.
’ Ilpames npusMma BEA3LBAETEA npasuabHoil, eciy ee ‘ocHoO-
BaHHWE ABIAIOTCA NPABMJILHBIMM MHOIOYIrOJbHHUKAMH.
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Pazpen Il. OctosHble TeOpeMbl Kypca CTEPEOMETPHH CTAPLIEH WKOMbI

IloBepxHOCT: IPHU3MEI COCTONT K3 OCHOBaHMiI 1 GOKOBOI
TIOBEPXHOCTH, )

BoxoBasa NOBepPXHOCTHL COCTOMT K3 IAPAJIIEJOIPAMMOB.

Ecnu B HaksI0HHOM npusme Goxosoe peGpo A, B, cocrasia-
€T paBHHIE YIJIBl CO CTOPOHAM¥ OCHOBaHMS, 00Pas3yiomuMn
BEpPmMMHY A,, TO OCHOBaHME O BBICOTEI B,0 nesxnr Ha Guccek-
TpHCe yria A,.

Ilpumep .

JuaroHajib mpaBUJIBLHON UeTHIPEXYTOJLHON HPH3MBI Ha-
KJIOHeHa K ILIOCKOCTH OCHOBaHUA mox yryiiom 60°. HaiiTu mio-
Imanh CeYeHMsd, IPOXOAAIIEr0 Yepe3 CTOPOHY HYKHEr0 OCHO-
BaHUA ¥ NPOTHBOJEXKAMYIO CTOPOHY BepXHEro OCHOBAHHUA,
€CJIM AUaroHaNh OCHOBAHUA DaBHA 52 cm.

Pewenue:

ITockonbKy mpu3Ma ABJSAETCA NPaBUILHOM, CleJd0BaTeNb-
HO, OpAMOM, 3HAYUT, ee OCHOBAHMA — KBajapaThl, b L a, HO
a | ¢ n a = c mo ycnoeuio, 3aYuT, ‘ceuenne abcd ABnAeTCH
npaMoyroabEuxkom (puc. 179).

Puc. 179
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S, = ab. )

Ho(c) reopeme IIudaropa nas Acef: a?+ e2= f2,

2a% = [?; nogcTaBuM 3HaYeHMA M NOJYIHMM, YTO @ = 5.

PaccnoTpuM OpAMOYroabHBIH TPEyroJbHHK, CTOPOHAMH
KOTOPOTO ABJISETCHA AUATOHAIb OCHOBAHMSA M AVATOHAJIE IPH-
smu: tg o = g/f, spaunr, g = tg 60° 5\/2- = 5\/6 CM.

Ilo Teopeme Ilmdaropa b = \/(e2 +g%) = 57 cn; S, =
= 5:5\7 = 257 cm?. '

Omsem: 25T cn?. h

Mapannenenunen

Ecay ocHOBaEMA NPU3MB €CTh TAPAJUIENIOTPAMMEI, TO ORA
Ha3nIBaeTCH napaiieienunedom.

¥V napasnenennmesa Bce TPaHM — UAaPaJUieOrPaMMEL.

I'pasy napannenenumeja, He MMelOUue OOIIMX BepPIINH,
Ba3bIBAIOTCA RPOMUBONEHAULUMU.

IIo amanorum ¢ npusMoil mapaijejenunef] pPasauvyaioT
OpAMON M HAKJIOHHBIMH.

- IlpsaMoit mapannenenunes;, y KOTOporo OCHOBAHNEM AR~
eTCA IOPAMOYTOJBLHMK, HA3LIBAETCS NPAMOYZONbHLIM NADAN-
Jenenunedom.

¥ npamoyroarHOro mapajjeienuiena Bce IpaHM — Np4d-
MOYTOJBHHKH.

IIpamoyroapasii mapanaenenunes, y Kotoporo sce pebpa
PaBHEI, HA3LIBAETCH KYOOM.

JIuEs HenapasjaenbHuIX pefep OIPAMOYTOJIBHOTO Mapai-
JleJlenNIeAa HABLIBAIOTCS €ro AUHeiHbMU pasmepamy. Y Opa-
MOYTOJLHOTO Iapajiejleduilefa TPH JHEHEHHLIX pazMepa.
CdhopmMynupyeM u IoKaKeM TeopeMy: QMAroHAJH Iapasielie-
nuneja mepeceKaloTcs B OZHON TOUKe M TOYKOIH IepecedyeHAs
ZeJIATCA IOmoJiaM.
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Pazanen Il. Ocnostbie ToOpEMb KYPCQ CTepEOMETPHH CTpUIEH WKONM

Hano:

AAAAA'AA’A — napamnenennmen;

AA’n AA’ — ero gmaronany.

Hoxazamu:

AA'NAA = O, npuaeM A,)O=0A,n A = OA,.
Hoxasamenvcmao:

1. YeThIpexyroabHNK

A AAA, — napanne-

JIOrpaMMm IO ONpEeAEeNEeHNIO IApALIee-
onoena
2. AJ/AAA, — napar-
JIesIorpaMm AHAJIOTHYHO
3. AA, — obmas CTOPOHA YKA3AHHBIX NApaJLIeNOrPaMMOB
4.AA [AAS [0 CBOMCTBY TPAH3MTHBHOCTH

/I OTHOWIERHNA NAapajesb-
Hoctm: AA, || AA,
n A4 | AA
5. Ilapannensanie npamsie A A, A A, 3a1810T JIOCKOCTH,
KOTOpas nepecexaeT IPOTHBOJIEIKAMMe M'PAHM Iapajijeseny-

Tefa N0 DapanesbRLIM npaMbM 4 4, J AAS
6. YeTnlpexyroJsHUK o OHpefeNeRnIo napanieno-
AAAA’ — mapan- rpamma
JIeJIorpaMM
7. AANAA =0, CBOMCTBO AMaroHaneil mapa-
npugem A, 0 = OA JejaorpamMma
nAO =04/

8. Ananornuasie paccy:XieEXA MOMKHO IPOBECTH AJSR BTO-
poit mapsl n[uaroHanei mapasnsenenuiena.

Buigod: Bce ueTnIpe AMATOHANM HapajljiejleNInmena Iiepe-
CeKaloTca B OJHOM TOYKE H TOYKOH nepecé‘{ennﬂ ReJATCA
IIOIIoJNIaM.

Cnedcmeue.
Touka mepeceueHHMs AUaroHAJel mapanielenunena aBiad-

eTca ero NeHTpoM CHMMMETDHHA.
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CdhopMyamupyeM U OKaKeM TEOPEMY Q HPOTHBOJIEXATINX
rpaEAX HapajjiejJenunesia: y napajjejennnefa NpOTHEOJe-
Jamue TPAHH IapaLIeNbHE H PABHBL.

Hano:
napajirenenunen;
AAAANDAA,.

Hoxaszamy:

rpaEb A A A'A = rparn A AA'A’;
rpass A AASA’ = rpamm A AASA/.

Horxasamenvcmeo:

144, | A,

2. AA; | AA,

T. K. BCe I'PAHM TapajiiejJenu-
nefa — MapajjeNorpaMMBEl,

B YACTHOCTH rpans A A 4.4,
amamoruyno A AAA’ — na-
panenorpaMm

. AP A .

Bwi600: rpars A A AA | rparu A A AA. oGocEOBaRNE:
AB€ IIJIOCKOCTH mapaJijieJIbHbI, eCJIN O0AHA N3 HHX Napajilenb-
Ha [IBYM II€PeCeKaloIMMCA HOPAMBIM, JEeXAMHAM B APYroi

HJOCKOCTH.

3. A A, = AA,

AA, AA T 1.
4. I'paas A A AA >

— Tab,

Tpams AAAA,

TO CAeAyeT M3 TOro, UTO I'pagH
napanienenvnena — napan-
JIeJIOTPAMMBIL

IIO3TOMY BCE COOTBETCTBYIOIHE
OTPE3KH NapALIENLHL X DABHEL
BBITOJIHEH NAPAJINEILHEIN ne-
peHOC Ha OTPe3ok A A, npu
3TOM I'PaHH COBMeCTATCA, T. K.
B 3-M mare MBI JOKa3aiy, 4TO
BCE COOTBETCTBYIONHE OTPE3KH
PABHEI ¥ IApaJNeNLHEL.

Buvieod: rpars A A A, A’ = rpaan AAA'A/, T. k. napan-
JIeJIbHBIH TepeHot COXPAHAET PACCTOSIHKUE M IePEBOAUT QuUry-

PY B DPaBHYIO ef dHrypy.
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Posnen Il. Ockosrsie TeOpeMsl Kypca CTePEOMETPHH CTApILIEH WKONL

ARanorvuHo MOXEO IPOBECTH DPACCYIKAEeHMS M JOKAa3aTh
PaBEHCTBO ¥ DApAJIIEIBHOCTS ABYX APYIMX HDOTHBOJEIKAIIUX
rpaHeif. :

Cdhopmyaupyem M AOKaKeM TEOPEMY O KBajfpaTe KHAro-
HamM NPAMOYTOJHHOIO Iapajesenuiena.

B mpamoyroisEOM mapasuiesenuviefe Ksagpar jio0oi aua-
TOHAJIM pABEH CyMMe KBAXPATOB TPEX €ro JUHeHRHHIX pasMepos.

Hano: )

ABCDA’B’'C’'D’ — npsiMoyroJbHEIHM Napaiiesenunes.

Horxasams:

(AC’)? = (A4’Y + AD? + AB>.

Horxasamenvcmeo:

1. Nz AACC’, - '

rae ZC'CA = 90°

(AC)? = (CC'R® + AC? mo Teopeme Ilndaropa

2. U3 AACB, )

rae LABC = 90°

AC? = AB? + BC? no teopeme Iludaropa

3. (AC’)? = (CC’)* + AB? + BC? mnoacraBuiau PaBEHCTEO 2

B paBeHcTso 1.

Teopema foxasana, T. K. pebpa CC’, AB u BC Ee mtapaJ-
JeJLHBI, TO OHY ABJAIOTCA JUHEHHLEIME pasMepaMy Hapajie-
JenunenaA.

3

Ilpnmep

Cymma Bcex pebep napasienemuuesa ABCDA B,C\ D, pasna
144 cm. Hadimn xasxaoe pebpo mapasnenenvmuena, ecnmm AB/BC =
= 3/4, BC/BB, = 4/5.

Pewenue:

Beeagem x — xoapdunuenT nponopauoEansHocTH. AB = 3x;
BC = 4x; BB, = 5x;

Bce rparu mapanneienuuesa sABASAIOTCA UapaeIorpaM-
MaMH, a MPOTHBOJIEKANIHE CTOPOHH IapajaeaorpaMma pas-
HBl, CJeJOBATEJbHO, HOMYUHM CleAyIoUiee ypaBHeHHe: -
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4AB + 4BC + 4BB, = 144; 12x + 16x + 20x = 144; 48x =
= 144; x = 3; AB = 9cm; BC = 12cm; BB, = 15 cm.
Omeem: 9cym; 12 em; 15 em.

B mpamoyronsaoM napannenemunese ABCDA,B,C D, naro
DB =m, AC = n, AB = k HafiTH PACCTOSIHFE MEXAY:

1) npsmo#t A,C, » nirockocrsio ABC;

2) nnockocramu ABB, n DCC; )

3) npsmo#t DD, n nockoeTsio ACC,.

Pewenue:

1. Iocxomsxy ABCDA B,C D, — npsmMoyronsasf napas-
aeaennnes, To AA L ABCD, cneposarensro, AA, 1L ABC, 3na-
ant, AA, — paccrosame Mmexay A ,C, m niaockocrsio ABC.
N3 npsvoyromaoro AABC no reopeme ITudaropa cnepyer, 9To
BC?*= AC?— AB?*= n®~ k2. Ilo TeopeMe O KMATOHANM NPIMOY-
roseroro napamnenemmena D B?= AA *+ AB*+ BC? nopcra-

BEM B DOJYYEHROE PABEHCTBO 3Ravenma: AA, = (m2 - n’).

2. To croftcTBy NpAMOYTOMBEOrO napaninenenunesa B,C, —

-pacctosEme Mexxy rpassmu B,C, = /(n’ -k).

3. N3 nonobua ADOC u AADC: g-g— = -i—g, clenoRaTeNsb-

po o AD-DC _H(n'-¥')

HO, A AN
AC, n

kJ(n® - &
Omsem: 8) J(mz ~n? ); b): (n2 - kz); c)_._.(__.____).
n
Mupamuga
PaccMOTpHM NHMpaMBAy 00 CAeAYIOmEMY ILTRHY: ompefe-
NIeHHe, dNAeMeHTH NMPAMHJISI, TEOpeMa O IUIOCKOCTH, Hapas-
NexpHON OCHOBAHMIO IMMpAMMJe M Iepecexalmel ee.
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Pasgen II. Ocnosnsie Teopems Kypca CTepeOMeTpHM CTapUIER WKOM

Hupamudoit mazsrsaerca MEHOTrOTPAHENK, KOTOPHR COCTO-
MT U3 IJIOCKOrO MHOTOYrOJNbEMKA (OCHOBAHWSA ITHPAMWAK),
TOYKH, HE JieKameil B I/OCKOCTH OCHOBAHUSA (BEPIOMHE! NH-
PAMUZRI), U BCeX OTPE3KOB, COSAMHAIONIMX BePMMAY C TOY-
K&MH OCHOBAHMSA,

OTpesky, COEAMHAIONME BEPITAEY MHPAMHUALI C BEPIIH-
HAMM OCHOBAHMA, HA3LIBAIOTCH Oorosbimu pelpamu.

IlosepxHOCTH MHPAMUABI COCTONT M3 ocHoBaHWsS M GoKo-
BBIX rpagey. !

Kawnan Goxosasa rpann -— TPEYTOILHAK.

OnHoit M3 BepIME ABNAETCH BepIMHHEA ORPAMHLHI, & PO-
THBOJIEIKANIEN CTOPOHON — CTOPOHA OCHOBARMS ITMPAMUALI.

Buicomoii tmpaMuABl HAZHIBAETCS NEPHEHAWKYAAD, ONMy-
MIeHHEN 73 BepIIRHEI NUPaMMAL! Had ONOCKOCTh OCHOBAMHA.

Tlupamusa HaguBaeTca N-y20abHol, ec/IR ee OCBOBAHMEM
ABNAETCA N-YTOJILHMK.

TpeyrossRas OTRPAMUAS TAKIKE HASLIBAETCA Mempa3adpom
(puc. 180).

'

D

B
Puc. 180

ITpasuavrbiii mempaadp — »To Terpasap, pebpa Koropo-
ro pasHul. TeTpasgp MMeeT deTHIpe BepIIMHEI, YeThIpEe T'PARHA
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u mects pebep. I[Ipomusononoxcnvimu pebpamu TeTpasxpa Ha-

3EIBAIOTCA ABa pebpa, He mMmelomye o0MuX BepmIyMH.
TerpasAp HA3KIBAETCH OPMOYEHMPULECKUM, €CIU TIPAMELE,

coflepykanye ero BRICOTHI, MEPECEKAIOTCA B OAHOIH TOUKe.

CeoiicTBa OpTOLEHTPHUMECKOrO TeTpaagpa
1, Kamnele ABa ero IpPOTHBOIOJOMXKHBLIe pebpa B3aMMHO
OepOeHIUKYAADHEEL. .

2. Ecny offH U3 ILIOCKMX YTJIOB IIpH 1106051 BepIIMHEe TeT-
pasapa — OpAMOi, TO ¥ ABa APYruX IIOCKHX YIJa SBJISIOTCA
OpPAMBIMH,

3. Jiiobas ero BepImmMEA IpOEHYIPYETCA B OPTONEHTD IPO-
THBOIOJIOKEON rparu (OpmoyeHmpom HA3HIBAETCA TOUKA ITe-
peceTeHns NPSAMEIX, COAEPKAINUX BHICOTHI I'paHm).

4. CyMMEI KBaZpaTOB RJMH IPOTHMBONOJIOKHHKX pebep
PaBHEIL. ° .

Ecam BeIcOTA TPEYTOJBLHOU NHPAMMAR IIDOXONHMT dYepes
TOUKY NepecedeHUsA BHICOT TPEYroJbHUKA, JIEKAMIEro B OCHO-
BAHMY, TO NPOTHBOLOJOKHLIE pefpa NMPAMHMALI IEpIeHAH-
KYJIAPHBL. ‘ (

IIpasunvras nupamuda — 1o MpaMuas, OCHOBAHME KO-
TOpO# — IpaBWJIBHEIH MHOTOYTOJIBHHMK, 8 BHICOTA IHPAMUIEI
OPOXOAMUT dYepe3 HEHTD €e OCHOBANHSA.

Teopema: sce 60xoBble pebpa DpaBUILHON IMPAMUILI PaB-
Hrl, & 6G0KOBHIE TPAHM SABJIAIOTCA PAaBHHIMH DaBHOGEApPEHHLI-
MH TPeyTONBPHHKAMI. )

PaccMOTpAM OPABUIBHYIO HeTHIPEXYTOJALHYIO ITUDAMHUAY
ABCDP (puc. 181).

Crayana meofxomumo noxasaTs, uto Bce GoxoBble pebpa
aTo#l mupamuast pasHHL. JI1060e GoKoBoe pebpo npeAcTaBJsAET
cofoi runoTeRys3y NIPSMOYroJbLHOTO TPEYTrOJLHHUKA, OXHUM
KATeTOM KOTOPOro CAy:KHT BhicoTa PO mupammasi, a ApYTrHM
KATeTOM ABAAeTCA Pafuyc R OKDYXHOCTH, KOTOPYIO0 MOKHO
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Paanen Il. Ochosnse Teopemy KYpeo CTEpEOMETPHM CTOPWIEA WKOMN

P

A B
Puc. 181

ONHMCATE BOKPYT ocEoBaHMsA. Ilo Teopeme ITndaropa moGoe 6o-

KOBOe pe6po PaBHO (h2 + Rz), noatomy PA = PB = PC = PD.

Hrax, Bce 6oxornle pe6pa paBELI APYT APYTY, CIE€AOBATEINb-
HO, 60KoBHIE I'DaHM — paBHOGe#peRHbIe TpeyToabEuKH. OcHo-
BRHMA 3THX TPEYTOJBHMKOB TaK)Ke DABHEI APYr ADYTY, T. K.
OCHOBAHVIEM NPABUIbHOM IMDAMHALI ABJAETCS KBaApaT, CJe-
IIOBaTeJLHO, IO TPETHEMY IIPHMIHAKY DABEHCTBA TDEYTOJLHM-
K0B GOKOBBIE I'DAHM DABHEI, YTO M TPeDOBAJNOCH AOKA3ATE.

Bricora 60koBO#t rpaHM NPABHABEON IEPAMHMAB Ha3LIBa-
ercmanogenoii. Bee anodeMbl npaBunbHON OHPAMMARI pas-
HBI PYT APYTY.

1. Ecnm B mupaMusie BHIIIONHEAETCA OZHO M3 CNERYIOMINX
ycnosuit:

1) Bce GoxoBnle rpaEy 06pasyT € IJIOCKOCTBIO OCHOBA-
HMA pDaBHBIE YTJIBI; .
) 2) anrnEsl Becex anodem GOKOBHIX rpaHeil PaBHBI, TO Bep-
OIMHA OUPAMHAL ODPOEKTUPYETCA B HEHTD OKDYXKHOCTH, 6nu-
CaHHOii B OCHOBAHVE IHPAMMABI (3Ta K€ TOYKA CIYKHUT TOY-
KOl nepece4eHUs T GUCCEKTPHC YIJIOB B OCHOBAHMH ITMPDAMHIHI).
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3

2. Ecym B mupamMuie BRIONHAETCA OHO M3 CHEAYIOMIHX
yenonmit:

1) Bce Goxorrie pebpa 06pA3YIOT ¢ NIOCKOCTHIO OCHOBAaRMSA
DABHBIE YTIBL;

2) AnmErnl Bcex 60KOBHIX pefep PABERI, TO BepIIMHA IVpa-
MAJL TPOEKTHPYETCR B IEHTP OKPYXHOCTH, ONUCAHHOL OKO-
JIO OCHOBAHMSA ODUPAMWUAL (3TA YK€ TOYKA CHYKHUT TOIKOH me-
pecedeHns CpeAMEHBIX NEePHeNRUKYIIDOB K CTOPOHAM OCHO-
BaNAA NMUPAMMNZLL).

IIpnumep

OcBOBaHREM MAPAMHAB! ABJIAETCS poMb, CTOPOHA KOTOPOTO
parHa 4 cM, a ofRa M3 AmaroHaneit pasma 6 cm. Heobxommmo
Hafith GOxOBHI¢ pefpa NWPAMHMALI, €CTM ee BBICOTA IIPOXORMT
gepe3 TOUKY Hepecedenns AHAroHaaeit oCHOBARWA 1 paBHa 8 ¢M.

Pewtenue; B

IIyers AC = 6 cm (puc. 182).

Puc. 182

AQO = AC/2mno cpofictey Amaromanefi pom6a, 3HaumT,
AQ = 3 cm.

Ilo reopeme Indaropa AE = 1/(AO2 - EO? )= V73 cm.
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Pasnen Il. OcxosHsie Teopems Kypca CrepeomeTpis CTapLIER WKOMN

Huaronamu pomMba IePHeHANMKYIAPEL,, CIAELOBATENLHO,
AAOB mpaMoyronbanii, 0o Teopeme Ilngaropa

BO:JE_TAm:ﬁcMs-
BE=W=J’E¢M
CE=\/(—E—OW=\/7~3¢M;
ED = (DO* + EO?) = 71 cu.
Omeem:\/’?gcm; w/’ﬁcu; J’?écm; \fﬁcm.

Teopema: ILIOCKOCTS, HaPAJUIeAbEAS OCEOBARMIO MUPAMH-
ABl ¥ IepeceKalomas ee, oTcexaeT moAobHyI0 OMpaMuAy.

Harno:

SABC — nmpamuna;

Ilnockoets A’B'C’ | maockocT ABC.

Hoxasamy:

nupanuaa SA'B’'C’ noaobsa nupamune SABC.

Hokazameavcmeo

1. ILnockocts A’B'C’' 1o mocTpoeEmio
NSA=A

2. TTogsepruem mupamuny SA’
SABC npeobpasoBaHuIo
rdmoreTUR
3. ILiockoers ABC —
— miaockocTs A'B'C’  rouxa Ae mnocxocrn A'B'C
mnockocts ABC || miockoc-
™ A'B'C
Buieod: A’B’C’ cexymaa naockocts, SA'B'C’ — otceka-
enMas 3TOH TJIOCKOCTHIO YacTh nupaMuanl SABC, nupamuja
SA’B’C’ nogobGua nupamune SABC, T. K. rOMOTeTHA €CTh Ipe-
of6pasopanne Dogobua, T. e. OTCeKAENMAS YACTh NMPAMHILI €CThH
nupamMuia, DoxobHAA NAHROR.
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Yceuennasa nupamuda — 9acTh TUPAMUABL, 32KIIOYEHHAA
MeXAY OCHOBaHMeM M CeKyIleiH NAOCKOCTHI0, NapaijiesbHOMH’

ocHopaEuO (pue. 183).

Puc. 183

BokoBrIMM rpanAMM ABIAIOTCH Tpalemyu.

BricoToit yceueHHOR THPAMMAE SBJIAETCA NEePHeHHKY-
NAp, DPOBEREHHEIN 13 M0ob0 TOUKH OLHOTO OCHOBAHMA K IIOC-
KOCTH JPYTOr0 OCHOBAHMA. YCedeHHAH IUPAMHIA HA3LIBAET-
¢d npasuabHoli, eClI¥ OHA HOJyYeHa cedeHHeM HpPAaBHJILHON
OUPpaMUABl IJIOCKOCTHIO, HapaiaeJpH0od ocEoOBaEND. OCEOBA-
HUSA IpaBRASHOR yceueHHOM N¥pPaMHALE — IPaBUILHLIE MHEO-
TrOyroapHHKH, a GOKOBBIe I'PDaHH ABJAIOTCA PABHOOEApPEHHH-
MM TpamenuaAMHd. BRICOTH! 5THX Tpanemuil Ha3hIBAIOTCA Qno-
demamu.

N

IIpumep

Boxopoe pefpo uMpaMuak pasAeneHo Ha ueThipe PaBHLie
9acTH, ¥ Yepe3 TOUYKH JEJEeHMA NpOBelleHhl IJIOCKOCTH, na-
pasneasHNe ocaoBannio. Ilmomans ocHoBarns paBHa 320 cM?,
Haittu oaomanu cegesui,
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Pewerue:
Cedenus HOKOGHEI OCHOBAHHIO DHPaMHUARL C KO3 dprmuen-
1 2 3
Tamy noAobus 1’ i b 1 IInomaan moxobrEIX Puryp coor-
HOCATCA KaK KBagpaThl HX JMHeH#HBIX pasmepos. Crnegosa-
TeJLHO, OTHOIIERNA IJoImaked ceyeHMi K OiAOINAaZHA OCHOBA-

1Y (2Y (3Y
HHAA NHPaMHUAR eCcTh { i] .[Z} [ i] . Hoatomy unomagu

2 2
cedeHHil paBHK 320-[%] =20 cm?, 320-(%] = 80 cMm?,

3\
320-[2} =180 cm?.

Omaem: 20 cm?, 80 cM?, 180 cm?.

CummeTpua B NpoOCTpaHCTBe

Touxs A 1 A Ha3RIBAIOTCH CUMMEMPULHLIMU OMHOCUMENy
Ho mouxu O, eenmn O — cepenuHa orpeska A4,. Touka O Ha-
3uIBaeTcH Yyerwmpom cummempuu. Touka O cuMMeTpHiHA caMa
cebe. Toukn Au A Ha3WBAIOTCA CUMMEMPUULHbIMIL OMHOCU-
MeabHO NPpAaMoll a, ecay OIPAMAA @ NPOXOJUT Heped Cepenuyy
OTpe3Ka éAl ¥ NepmeHAMKYAAPHA OTpe3ry AA,. Ilpamas a
Ha3bIBaeTCH 0Cbi0 cummempuu. Kaxnaa Touxka ipAMoit a cnm-
MeTpH4Ha caMa cebe.

Touxn A ¥ A, Ha3LIBAIOTCA CUMMEMPULHbLMU OMHOCUMEN
HO naockocmu O, ecyIf IVIOCKOCTL (L IPOXOMAMUT Mepe3 CepelURy
oTpeska AA, M HepneHJMKYyAAPHA OoTpe3Ky AA,. Ilnockocts O
Ha3BIBACTCH NJAOCKOoCmbio cummempuu. Kaxnaa TOYka IUIOC-
KOCTH (i CHMMETpUYHA caMa cebe.

Touxka (EpsiMas, IIOCKOCTh) HASKIBACTCA YEeHMPOM (0CbID,
naockocmbio) cuMmempuu Yuzypoi, eciu Kaxgad Touka pu-
I'yPH CHMMETPHYHA OTHOCHTEJIHHO Hee KaKOi-IM00 TOYKe ITON
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¢urypu. durypa obnagaer LEeHTPaJbHQH (OCeBoi, 3epKab-
nbﬁ) cuMMeTpHell, ecaA oHA MMeeT MEeHTP (OChb, IUIOCKOCTH)
cuMMeTPpHHM. ¥ QHIYpH MoxeT OWTL OQME MM HECKOJIBKO
nerrpos (oced, ILIocKocTeit) cuMnmerpur. CymectayloT dury-
PH, KOTOpHe nMeloT 6ecKoOHeYHO MHOrO IeBTPoB (ocei, niaoc-
Kocteit) cummeTpuy. TaxuMn QurypaMu ABJIAIOTCA OpAMas
H miockocTs. CymecTsyoT Takxske (PUryphl, He HMEIOIMe HH
1leHTPOB, HE ILIOCKOCTeH, HY oceit cnumerpun. Hanpumep, y
TeTpPasApa HeT NEHTPA CHMMETDHH.

OneMeNMOMU CUMMEMPUL MHO202DGHHUKG HASHIBAIOTCA
IEeRTpP, OCH M ILIOCKOCTH CHMMETDHH.

[lpasunbHLIA MHOTOrPAHHMK

IIpasunvHbiM MHOZ0ZPDAHHUKOM HA3BIBAETCH] BHINYKJIBIH
MHOTOTDAHHMK, €CJIM BCe eT0 TPAHM ABJAAIOTCA DABHLIMHE IIpa-
BEIBHLIMY MHOTOYIrOJIBHMKAMM, M B KaXKAOH BepmIMHE CXO-
AHETCH OJMHAKOBOe dHncao pebep. Bce pefpa mpasmibHOTO
MHOTOIDAEHMKA PABHE! MexAy coboii. Bce gByrpamasie yrisl,
- KOTOphIe COXepiKaTr JBe rpaBHM c obmmuM pebpoM, Taxike pas-
HN MexAy coboii, IIpuMep IpaBHALHOrO MHOTOTDAHHHKAE —
ky0, T. K. BCe ero rpaHM — paBHEIe KBAZPATHl, B KaxJoMu
BepIIMHE CXONUTCH TPH pebpa.

He cymecTByeT NpaBXIbHOTO MHOTOTPDAHHMKA, TPAHAMHK
KOTODOro EBAAIOTCA N-yrOALHMKY IpH 1t = 6. -

Hdoxazamervcmeso: ,

Ilpu xaxpgoli BepII¥EEe MHOTOrpaERHHKE ROKHO ORTH He
MeHee TPEX OJOCKHX YI/0B, HO Yyroj MPaBHJIBHOIO N-yroJb-
BHKa Op¥ n 2 6 e Mersme 120°, TO3TOMY eCJIH CyI[ecTBYeT
OpaBM/ISHBIA MHOTOTPAHHMK, 'DAHAMH KOTOPOIO ABJISIOTCH
OpaBRIALERE N-YIOALHHEKE UPH n = 6, To cyMMa OAOCKHMX YT-
JIOB OPHE KeuKkjofi BepIIMHE TAXOro MHOTOTPAHHMKA GyReT He
mesee yeM 120° x 3 = 360°, HO cyMMa BCeX ILIOCKMX YTIJIOB
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IIpH KaXXJ0M BepImuHe BEIDYKJIOIO MHOIOIPDaHHMKA MeHee 360°.
IIpuxoauM K IPOTHBQPETHIO, CJIEeJ0BATEIbHO, TAKOTO IPABIIIL-
HOTO MHOTOTPAHHHKA He CYIIeCcTBYeT.

CymecTByloT cieAyloli¥e OpaBUJIbHbIE MHOTOTPAHHMKH.

1. IIpasurvuuiii mempaadp. CocrasieH U3 4eTHIPEX DaB-
HOCTOPOHHUX TPEYroJrHHMKOB. B Kas[Joil BepIIMHE TEeTPadl-
pa cxoputca Tpu pebpa. CiexoBaresbHO, IPH Ka)AOH Bep-
ImpHEe CYMMAa IJOCKHMX yrioB pasHa 180°. He umeer nmewTpa
CMMMETPHH, HO y Hero €cTh TPA OCH CHMMETPHM M IIeCThb
IJIOCKOCTEH CUMMETPHH, NPpHYEM KAXKAAA OPOXOLHUT depes
pebGpo ¥ cepefHHY OPOTHBOIOJIOXKHOTO pebpa.

2. Ilpasurvubiit okmasdp. CocTaBieH U3 BOCBMHM paBHO-
CTOPOHHHX TPEYrOABHHMKOB. B Kakzo# BepIINHE CXOAHUTCHA
gernipe pebpa. Cief0BaTEIBHO, CyMMAa IJIOCKHUX YTJIOB IpH
Ka)xJoi BepoiuHe pasHa 240°. MMeer 1ieBTp cHMMeTpHH, Je-
BATH 0CEl CHMMETPHM B HECKOJIBKO IJIOCKOCTEH CHUMMETDNH.

3. IIpasuabubiii uxocasdp. CocTaBied U3 ABAADATH pPaB-
HOCTOPOHHMX TPEYTroJbHMKOB. B Ka)kZ0#i BepminHE CXOXUTCA
uaTs pebep. CnexosaTresbHO, CYMMA IUIOCKHX YIJIOB TIPH KaX-
Aokt sepinuee pasHa 300°. MMeeT HeCKOABKO Oceil M IJIOCKO-
CTeil CHMMETPHH M NEeHTP CHMMETDHH. ’

4. Ky6. CocraBieH M3 IIECTH KBazpaToB. B kaxgoi Bep-
muHe Kyba cxoxurea TpH pebpa. CrenoBarenbno, cyMMa IJIoC-
KHX YIJIOB IpM KaxkJoi Bepmmae pasHa 270°, [[eETpOoM cHM-
MeTpHH Kyba ABIseTCA TOYKAa ImepecedeHUs ero AMaroHasei.
Ky6 mMeeT AeBATHL HIOCKOCTEH CHMMETPHH M NEBATL OCEH
CHMMETDHH, IpPHYEeM BCE OCH CHMMETPHH OPOXOAAT Uepes
OEeHTP CHMMETpPHH.

5. IIpasuashbiii doderaadp. CocTaBneH M3 ABeHAALDATH _
HPAaBUALHEIX NATHYTOABHUKOB. B Kaskno# BepmuHe CXOLUT-
ca Tpu pebpa. CremosaTenbHO, CyMMa IUIOCKHX YILJIOB IpH
Ka)X0# BepiuHe pasHa 324°. UMeeT neBTp cuMMeTpiu, He-
CKOJIBKO OCeit B IJIOCKOCTe#l CHMMeTpHH. \
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IIpumep ‘

Haiftr aeyrpassEble yIVIN OPAaBANLHOTO TETPAdAPA, €CIH
pebpo TeTpaszpa PaBHO 4.

Pewenue: .

TIposesem 13 BepmusH O TeTpaszapa BricoThi OA, OB, OC

rpaneit ¥ Bucory OH terpasgpa (puc. 184).

Pwc. 184

OA = OB = 0OC =£g—§». H3 parercTBa BRICOT caeayeT pa-
ReHCTBO oTpe3kor HA, HB, HC. A oEHN NepueEANKYAAPHEL CTO-
POHAM TDEYTONLHUKA B OCHOBAHUH TETPasypa. SHAYHT, TOYKA
H sBnsieTcsl IEHTPOM OKPY’KHOCTH, KOTODAA BIHCAHA B OCHO-
a3

re

BaHEe Terpasppa. Cnezmoparessso, HA = HB = HC =

IIycrs 0 — gByrpaEmEIL yron mpH peGpe, KOTOpOe COZEP KHUT

AH a3 2 1

= . = — I a
40 6 ofs 3 focwmyeyr
mo3BosAeT Hakt! yrox o = 70°32'. Ocranbanle ABYrpaHHBIE

YIIBI TAKHe JKe 0 BeJVHRHe.
Omaem: 70°382’.

Toury A. Torga cos o=



[nasa 5

TENA BPALLEEHMA

Lnnmupp

ITunpundpom BasviBaeTCA TeJo, COCTOAIEe W3 ABYX KPY-
I'0OB, KOTOpBIe COBMeEIAaI0TCA Tapasle/ibERIM IEPeHOCOM, U BCeX
OTPE3KOB, COSAUHAIOMMNX TOUKH 3THX KPyroR. Kpyr¥ Hassl-
BAIOTCS OCHOBAHUAMU TMINHAPA, & OTPE3KN — oo‘pasylou;u-
Mu ouIMBZDPa (MIH QUIREADPUYECKOi noBepxHocTH) (pHc. 185).

L B
l(h
A1 7 M

1

\ |
!
| -
I a

’F__——L—‘
£
L™ 4

M

Puc. 185

IockonpKy mapaieLHEIH TIEPEeHOC — IBHYKEHMEe, TO OCHO-
BaHVA NWIMBEADA PABHBI H JIEXKAT B HAPAJUICTBHLIX IIOCKOCTAX.
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O6pasylompe IAINHAPE NapajlelbHEn ¥ PaBHBI (IO CBOMCTBY
napanenssoro nepesoca). IloBepxHOCTS' IHANBAPA COCTOHT
N3 OCHOB2HMI K G0KOBOH mOoBepXHOCTH. BoKopas IOBEepXHOCTH
cocTouT U3 ofpasyomunx. Paduycom nuauHApa HA3HIBAETCA
pagyc ocHOBaHmMs. Bbicomoll muiMHApa HaSHIBAETCA PACCTO-
SiHAe MeXKAY IUIOCKOCTSMH ero oCHOBAHHI, T. e. JnnHa ofpa-
gysomeit. Ocvio DHARBADA HASHBAETCA NPAMAA, IPOXOLAIIAT
Yepe3 MEHTPH ocHOBaEMil. Och mMapayuieibHa 06pasyIomuM.

IIpamvim Kpyz08bim Yururdpom HaspiBaeTcsa QUTypa, IO-
JIy9eHHAA NP BPAIIEEAHN NPAMOYTIOJILEMKA BOKPYT OCH, IIPO-
XopAmei 9epes ofHY U3 ero cTopoH. O6pasyomue nepnesan-
KYJAPHH K IJIOCKOCTAM OCHOBAHMIA.

PaccmoTpnM cedeRMs muamEApA.

Ceuenre DUIMHAPA ILIOCKOCTHIO, IApAJLIeJILHON ero ocwm,
ABNAETCA IPAMOYTOJBEMKOM, IBE €TI0 CTOPOHH -— 00pasyiomue
OAMHMEApPa, a ABe APYTHe — NapajljieJIbHEE€ XOPAR OCHOBA-
Huii. [IpAMOYrossHEKOM ABASAETCS OCEBOe cedeHMe, T. €. ce-
YeHMe MIIMEApa IUIOCKOCTBHIO, IpoXofAmeil depe3 ochb OH-

JHHADA.

~ IIpnmep
OceBoe ceuenme MUIMEAPA SRIACTCA KBAAPATOM, ILIOINALh
KOTOoporo pasHa a. Haift mnomanb ocCHOBAHAA MIIMHADPA.
Pewenue: :
Ecm mnomans XKBagpara a, TO €ro CTOpOHA paBHa\/— .

Cropora kKBagpaTa pPaBHA& AMaMeTpy OCHOBaBHWA. IloaTomy
2

_ a na
IUIOMA/E OCHOBAHHMA paBHA T e = T
Omaesem: %

TeopeMa: ILTIOCKOCTb, IAPAJIENLHAA IUIOCKOCTH OCHOBA-
HHA OUINHJpaA, IepeceKaer ero GOKOBYI0 HOBEPXHOCTH IO
OKPY:KHOCTH, PABHOHM OKPYKHOCTH OCHOBBHWA.
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Hoxasamenvcmeo:
Ilycts B — miiockocTs, mapajiensHad IIOCKOCTH O OCHO-
RaHAA OuauHEApa (puc. 186). N

=

— e

.
| =

Puc. 186

Ona oTcexaeTr OT AAHHOrO IMJIMHEADPA TEJO, KOTOPOe ABJA-
erca qUAUHARpoM. Ero oCEOBAEUAMN CAYXKAT ABA KPyTra, OQWH
M3 KOTOPRIX ecTh cedeHue. Teopema JokasaHA.

ITpusmoii, enucannoii 6 yuaundp, Ha3LIBAETCA HNpPU3MA,
IJIOCKOCTH OCHOBAHHH KOTOpOH SIBIAIOTCA IVIOCKOCTSAMY OC-
HOBaBMY mmianazpa, a Goxosnie pebpa — ofpasylomue nu-
JuBppa (puc. 187).

ITpuamoii, onucarrolt 0K0A0 Yururdpa, HASLIBAETCA IIPH-
3Ma, IJIOCKOCTH OCHOBAHHH KOTOPOH ABRIAIOTCA ILIOCKOCTIMH
OCHOBAaHWI DUIWHAPA, 4 OKOBEIE TPAHN KACAIOTCA LVUJINEIpDA.

Kacamenvhoii naockocmyio Kk TUINEADY HA3HIBAETCA ILIOC-
KOCTBh, KOTOpasg IPOXOAHUT dYepe3 06pasylomyio OMUIWEADPA H
OepUeHAUKYJIAPHA IUICCKOCTH OCEBOT0 NHJIHEAPA, B KOTOPOH
CcOZep>KNTCA ata obpasylomas (puc. 188).

245



[eomerpus 3a 24 vaca

Puc. 187

Ilpumep

HpasunsHad MeCTHYroAbEAA TPH3Ma BOMCAHA B UJIMHAD.
Papsyc ocHOBaHNSA paBeH BrCOTe HUmMEAPa. Haittu yron mexx-
Ay EMATOHANLIO0 OOKOROM IpaEW NPU3MEL W OCHIO MUIWHADA.
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Peuienue:

Cropora A, B, npaBuIbHOrO IMECTHYTOALHHKA, BIIMCAHHO-
ro B OKDYKHOCTB, paBHa pazmycy OA, (puc. 187). Cnenosa-
TeJIbHO, G0KOBBIE TPAHM NPH3ME! ABJIAIOTCA KBagpaTaMu. Pefpa
IPHU3MEI HapaleJIbHb OCH IHUJIMHAPA, IO3TOMY YTOJ MEXIY
Auarosansio AB,m ocpio muamenpa OO, paser yray AAB,.
INockonbky rpanm — xBagpatsl, T0 ZAAB, = 45°,

Omeem: 45°.

Konyc

Konycom HasbiBaeTcs Teno, COCTOAINEe M3 Kpyra, TOYKH,
KOTOpad He NPHHAMJIEIKHT IUIOCKOCTH 9TOTO KpyTa, M BCEX OT-
PE3KOB, COEFHHAIONINX 3TY TOUKY C TOYKaMHM Kpyra. Kpyr ma-
3BIBAETCA OCHO6GHUEM KOHYCA, TOIKA — 6€PUIUHOL KOHYCA, OT-
PE3KH, COeJUHANIOMYE BePIINHY KOHYCA ¢ TOYKAMH OKDY>¥HOC-
TH OCHOBAHWS, Ha3hIBAIOTCH 00pasyiouiumu Koryca. IlopepxHOCTD
KOHycCa COCTOMT M3 OCHOBAHMA M GOKOBOH IIOBEpXHOCTH.

Buvicomoii koEyca Ha3HIBaeTCA NEPOEHANKYJIAD, IPOBENEH-
HBIH M3 BePIIMHE KOHYCA HA IIOCKOCTH OCHOBAHHA.

IIpamuim KpYyz08biM KOHYCOM Ha3mIBaeTca Gurypa, moiy-
YeHHAHA BpANIeHHEM MPAMOYTOJLHOr0 TPEYTOJBHHMKA BOKDYT
OCH, COAepKaleil ero Kater. ¥ NPAMOTO KOHYCa OCHOBAHHUE
BRICOTEH] COBIAZAaeT C IEHTPOM OcHOBamEMA. (OCbi0 IPAMOro
KDYTOBOr0 KOHyCA HAa3bLiBAETCA IPAMAsA, KOTOPAsd IPOXOAHT
Yepes IEHTD OCHOBAHWSA M BePINHHY KoHyca (puc. 189a).

PaccMoTpHM cedeBMsA KOHYycaA.

CeueBHe KOHYCa IJIOCKOCTBIO, KOTOpad IPOXOAUT depes
BepIIMHY KOHyca, ABJAeTCA PaBHOGeADEHHHIM TpPeyroJbHH-
KOM, G0KOBBIe CTOPOHE! KOTODOTOo — 00pasylomue ROHyca.

Ecau cexymas mIOCKOCTL HIPOXOAUT Yepes 0Ch KOHYCa, TO
CcedYeHMe TaKKe ABJIAETCH PABHOOEIDEHHLIM TPEeyroJbHHKOM,
OCHOBaHHE KOTOpPOTO — AHMAMETP OCHOBAHHA KOHyca. Takoe
ceueHNe HABHIBAETCH OCEBLIM.
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IIpamep

Ha#iTR BHICOTY KOHYCA, €CAM ILIONARL €r0 OCeBOTO cede-
BHA paBHa 8 cM%, a muomaxs ocmoBaEHA paBHa 10 cM2.

Pewenue:

OcHOBaEMEeM KOHYCA SRJIMETCS KPYT, & OCEBHIM CEUEHU-
eMm — AABC (puc. 1896).

Puc. 189

IInomags xpyra BeaHCAsdeTcH o dopmyne S = mRZ

’10
Haiinem pagmyc ocuoBagma R = " IInomazy AABC BH-

wucaserca oo gopMyae S = 28, =2- -;—AO -BO = HR. Tlog- -

CTABUM HONydeEHEle 3HAUEHHS B GopMyny ¥ Bhlpasum H:
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Pasgen H. OcHosnsie redpeMb Xypca CTEPEOMETPHM CTAPIUEH WKONb

Teopema: HIOCKOCTE, DapajjejbHas MNJIOCKOCTH OCHOBA-
HHUs KOHYyca, iepecekaeT KOHYC IO KPyry, a 60K0BYyI0 mosep-
XHOCTb — IO OKPY’KHOCTH C IIEHTPOM HA OCH KOHYCA.

Hoxasameavcmao:
IIy¢ts 00 — nsockocTh, mapajjlebHas ILIOCKOCTH OCHO-

BaHMsA KOHyCA M ImepeceKalomas koHyc (puc. 190).

M :
Puc. 190
M — Touxka nmepeceueHHd Jayda PM, ¢ IIOCKOCTBIO OCHO-

BaHUA KOHyca. TpeyroJbEHKH POIM1 n POM nopo6HEI, T. K.
OHH NPAMOYroJIbHEI ¥ HMelOT obmuii ocTtpsiit yroa P.

oM =3,1_5;)2.()1M1 = ;9"'1 =r, T.e. Toyka M JIeKHUT Ha OK-

1 1
PYKHOCTH OCHOBaHMA KOHyca. CirexoBaTelbHO, oTpe3ox PM

ABaseTca obpasyiomell KOHYyCa.
W3 nomobus aTHX Xe HPAMOYTOJBHBIX TPEYroNbHHKOB

ciegyert, uro O.M, = % -OM = -—P—%Lr =71, OKPYXXHOCTH pa-

Auyca r, ¢ nuesrpoM O, sBnserca cedeHreM GOKOBOH mOBepX-
HOCTH KOHYCA IIJIOCKOCTBIO (!, HO3TOMY KPYT, TPaHHOeH KOTo-
pOro ABJAETCA 9TA OKPYXKHOCTh, IPeCTABIAeT COoDoi cede-
HHIe KOHYyca IUTocKocTho &. Teopema nokxasana.

249



TeomeTpia 30 24 yaca

IInockocTs, napatebHAst OCHOBAEHIO KOHYyCAa M Iepece-
Kamasa KOHyC, OTCeKaeT OT Hero mMeHbmmH Konyc. Ocras-
IasAcA YacTh HA3LIBAGTCH YCeieHHbiM KOHycom. OcHOBaHHeE
MCXORHOrO KOHYC& M KPYr, HOJYJIeHHHIH B CeYeEMH ITOTO
KOHYCa IUIOCKOCTHIO, HA3BIBAIOTCA OCHOBGHUAMU YCEHEHHO20
KOHYca, & OTPe30K, COeAUHAIONINN WX HEeHTPHI, — 6bLCOTMOIL
YCeweHHOZ0 KOHYCA, OTPe3KH, 3aKIIOUCHHEIE, MEKAY OCHOBA-
HUAMK, — ofpasyrowumnu yceiernHozo Konyca. Bce obpasy-
I0IOMe yCedeHREOro KOHyCca DABHHL APYT ADYTY.

. YceueHHEHI KOHYC MOKeT GRITH HOJY9eH BpallesneM IIpa-
MOYTOJILHO TPalleGHN BOKPYT ee 60KOBOM CTOPOHEI, IepPIeH-
BUKYJASAPHOH K OCHOBaHMsAM (pmc. 191). ~

P

IMupamudoii, nucannoii 8 KOHYC, HA3KIBAETC NVPAMUTA,
OCHOBAHHEM KOTOPOIl SIBJIAETCH MHOTOYTOJLHUK, BOMCARHEI
B OKPYKHOCTh OCHOBAHHMA KOHYCA, 8 BEPIIHMHOH — BepIIMHA
KoHyca. BokoBrie pebpa nupaMHIEl, BOMCAHHOK B KOHYC, SB-
JawTca ofpasyomuMy Koryca (puc. 192).
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IIpumep

Bce GoxoBbie pebpa mupaMuasl paBHbI. JlokaxkeM, 9T0 OHa
BIHCAHA B HEKOTOPHI KOHYC.

Pewenue:

IIycts SO — nepneEAUKYAApP, NPOBeACHHLIA U3 BepIIH-
HbI IMPAMHIL HA IJIOCKOCTH OCHOBaHHUA (puc. 192).

)

Pne. 192

Inunry 6oxoBrIX pebep MOKHO 0603HAYUTE [ BepmuuM
OCHOBAHMS YAaJIeHE! oT ToukH O Ha OZHO M TO JKe PacCTOSABUe

(Jz —OSZ). CnepoBarebHO, IMPaMAAA BOMCAHA B KO-

HYC, BePIOIMHON KOTOPOro ABIAETCHA BepINMEA MHPAMHABI, 4
OCHOBaHHE — KPYT ¢ meATpoM O B pagmycom R.

Kacameavroii naockocmvio ¥ KOHYCY HA3HIBAETCH IJIOC-
KOCTh, KOTOpasA IPOXOAUT Yepe3d o0pasylomiyio. KOHyca IIep-
UEeHAUKYJIAPHO ILIOCKOCTH OCEBOT'O CEYeRH A, cofepKameli aTy
o6pasyiomyio. N

Hupamudoii, onucannoit 0K010 KOHYca, HA3HIBAaeTCH IH-
paMuzia, OCHOBAHMEM KOTODOI ABJISETCA MHOrOYTOJLHUK,
ONMCAHHKIA OKOJO0 OCHOBAHMA KOHYCA, a BepIIKHA comIaAae'r
¢ BepmmMHOM KOHYyca (puc. 193).
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Puc. 193

ITnockocT GOKOBBIX rpaHeii OMMCAHHOM NHPAMHMALI fAB-
JAOTCA KacaTeAbHBIMH IJOCKOCTSIMHU KOHYCAa.

Wap

IIlap — 3TO TeNO, COCTOAINEe H3 BCeX TOYEK IIPOCTPAH-
CTBA, KOTOpHIe HAXOAATCA HA JAaHHOM paccToAHMM R or ngaH-
"ot Toyku O (puc. 150). larEasn Touka O HA3BIBAETCA YeHM-
pom mapa, a JaHHOe paccroaHMe R — paduycom mapa. I'pa-
HUIa IMapa Ha3hBaeTCA cghepoil WK IapOBOi TOBEPXHOCTHIO.
Toukamu cepsl ABAAIOTCA BCe TOYKM INapa, KOTOPhle paBHO-
yZajieHH OT HeHTpa IIapa HA PAcCTOSiHMe, PABHOE DajHycy
mapa. Juamempom cdepoi HaASHBAETCA OTDEIOK, COENMHSA-
1oImuii ABe TOYKY cdephl ¥ IPOXOAAMMI Jepe3 ee LeHTD. u-
aMerp cdephl HasLIBaeTCH TAKKe Juamempom wapa, a NeETp
¥ paguyc mapa — Yyermpom u paduycom cepvi. Konnur mo-
foro aAmaMeTpa HaswIBAIOTCA JuamMempaibHO NPOMUBONOR0NH-
HbiMU TOYKAMM IIapa. \

Ilap MomeT 6HTHL HOJYUEH BpamjeHHeM HOJIYKPYra BOK-
pyr AuamMerpa, a cdepa — BpalfeHHeM MOJYOXPYKHOCTH BOK-
pyr nuamerpa (puc. 194).
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Puc. 194 =
Ceuexue wapa
Teopema: BCAKOe CeUeHHME MIADA INOCKOCTHIO €CTh KpPyT.
IleuTp aToro Kpyra — ocHOBaHMe NepuesuKyIApa, OIyIHen-
HOTO H3 IEeHTpa mapa HA CeKYIIYI0 ILIOCKOCTD.
Hoxasamenvcmeso:
IIycts 00 — cexymaa OJA0CKOCTs H O — IEHTp mapa
(pmc. 195).

Puc. 195

00’ — TIepneRAUKYAAD, HPOBEJeHANIA N3 qeHTpa mapa O
Ha IIocKocTh . O' — ocHOBaHWMe 3TOT0 IEPHeHAMKYJIADPA.
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X — NpOM3BONBHAA TOUKA mAapa, KOTOPaA OPHHAKIEHKHT
mwirockoctH o. ITo Teopeme ITndaropa OX? = 002+ O’X2 IocKkoms-

Ky OX me Gonnme pagmyca R mapa, To OX < (R2 —OO”),

T. €. 11004 TOYKA CedeHHHA mapa IJOCKOCTBIO O HaXOJXHTCA

oT Pouku O’ Ba pacCTOAHKM, He GoJbIIeM, ueM (R2 - 00 2),

clegoBaTeJbHO, OHA IPHHAXJICIKHT KPYTY ¢ meETpoM O U pa-

ZMycoM 1/(R2 —OO”). )

O6paTro: mo06aa Touka X 3TOoro Kpyra OpHHAAJIENKHT
mapy. 3HaUuT, ceYeHre Imapa MIOCKOCTHIO O, €CTh KPYT ¢ eH-
TpoM B Touke O’. TeopeMa nokasana.

Huamempanvras naockocmp — IIOCKOCTH, KOTOPAA IPO-
XOANT uepes NeHTp miapa. Ceuende mapa AMaMeTpPaIbHOMN
IJIOCKOCTBIO HA3KIBACTCH OONbLUM KDY2OM, & ceweHHMe coe-
PH — 60abuLoll OKPYHCHOCTMBIO.

Kacamenvnoit naociocmuio k utapy HashIBaeTCA IUIOCKOCTE,
OPOXORAIIAA Uepe3 TOYKY A Maposoil MOBEePXHOCTH M fiepIeH-
IHEKYJISIpHAA PagHycy, IpoBeAeHHOMY B TOuKy A. Touka A Ha-
3pIBaeTCA moukoii xacanus (puc. 196). ‘

Puc. 196
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Teopema: KacaTeJbHaA ILUIOCKOCTh MMEET ¢ IIAPOM TOMh-
KO ORHY 00mIyI0 TOUKY — TOYKY KaCaEHUA.

Hoxasamenvemso:

Ilyers OO — ILIOCKOCTB, KacaTenbHas K mapy, A — TouKa
kxacaaud (puc. 196). IlycTs mponssombEad Touka X, OTINYHAS
OT A, IPHHAAJIEIKAT IJIOCKOCTH . Ilockonsxy OA — mepnesn-
IAKyaap, a OX — vaxkaonsasa, o OX > OA = R. Caenosa-
TeJbHO, TouKa X He IpHEAIeKUT mapy. Teopema mfoxkasana.

Hpamep .

IITap pagnyca R xacaeTcs BCceX CTOPOH IPABHABLHOTO Tpe-
YTrOJBHMKA €O CTOPOHOH a. HaiiTH paccTosHmHe OT IeHTpA
mapa O [0 IJIOCKOCTH TPEYroJbHHUKA.

Pewtenue:

Ilycte A, B, C -— TOYKH KacaHMA HIapa CO CTOPOHAMH Tpe-
yronsEuka (pue. 197).

Puc. 197

OO, — nepneHEANKYAAD, IPOBENEHHEIA N3 HEHTPa mapa~0
K ILUTOCKOCTH TpeyroiabHEHKa. Otpesku OA, OB u OC nepnes-
AMKYJIADHEI CTOPOHAM Tpeyroabamka. O A, O B, O,C nepues-
IMKYJISAPHE COOTBETCTBYIOLIMM CTOPOHAM TPEYTroJbHHMKA IO
TeopeMe O TpeX HepHeHAMKYJAApax. PacCMOTpHM IPAMOY-
roasHble TpeyroasENKE OO0 A, OO.B, OO C: y anx obmuit

255



{eomeTpwa 30 24 4aca

xarer OO,, rumorenysant OA, OB, OC paBHH Kak pagwyChI.
CnegoBaTenbHo, TPEYrONLHHKH DABHBI, & U3 paBEHCTBa
TPeYrOJbLHHKOB CHeAyeT paBeHCTEBO cTopoH O A = OB = O,C.
3nauur, O, — OEHTP OKPYKHOCTH, BINMCAHHOH! B TPEYTOAbHHK,

a3

Papuyc okpyxHOCTH paBeH ——6— ITo Teopeme IIndaropa
OA2 OA2 = (Rz——}

2
Omaem: || R® - a
12

Teopema: NTHHKA epeceyeHNs ABYX cep eCTh OKPYIKHOCTD.

Hoxasamenvcmeo:
ITlycrs O, u O, — nenTpH cdep 1 A — TOUKa UX Oepeceye-

BERA (puc. 198).

Puc. 198

ITnockocTs O mpoBefeHa yepe3 TOYKY A NepHeHgUKYIAD-
HO npsamoi 0,0,.

B — rouxa mepecedenns miockocTs 0. ¢ upamoi O,0,. Ilo-
JOKA3aHHOMY BHIe IJIOCKOCTDL O. IlepeceKaeT obe cdepnl IO
oKpy:xkHOCTH K ¢ menTpom B, mpoxonamieil depe3 Touky A. Ta-
K¥M 06pasoM, OKpy:KHOCTh K IpHHALIeKUT epeceuerEnio chep.
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Teneps HeOOXOAMMO ZOKA3ATEH, YTO ChEepLl He HMEIOT ApPY-
THX TOYeK IepecedeHuss, Kpome okpyxkuBoctu K. Ilpexmono-
JKUM, uTo TouKa X mepecedyeHus cthep He JEKHT Ha OKPYXK-
Hoctan K. IlpoBeaeM miockocTs depes Toaxky X ¥ HpPAMYIO
0,0,. Ona nepeceuer chephl IO OKPY’KHOCTSM C LEHTPAMH
O, u O,. 9TH OKPYKHOCTH EPECeKalOTCA B ABYX TOUKAX, IPH-
Hagiexamux okpysxksocty K, u eme B Touxe X. Ho aBse ok-
PYXHOCTH He MOTYT HMeTh DOJbIIe ABYX TOYEK IepecedeHnsl.
Toxyuuan nporusopeune. CiaeaoBaTesbHO, mepecedenue chep
ecth OKpy»kHOCTH ( K). Teopema abkaszana.

MHozozpaHHuKx HASKIBAETCA B8NUCAHHbIM 6 WLAP, €CJIN BCE
€T0 BEPIIMHEL JieXKaT Ha TMOBEPXHOCTH miapa. MHozozpaHHuUK
Ha3bLIBAETCH ONUCAMHbIM OKOJO WAPA, eCliM BCE ero TDaHHU
KacawTcsl ODOBepXHOCTH mapa. IIpw aToM map HaswnIBaercsa
GNUCAHHBIM 6 MHOZOZDAHHUK.

Teopema: meHTp IIapa, OINKMCAHHOTO OKOJIO IPABMUILHOM
OApaMuAsl, JEeXKNT Ha ee OCH,

orxasameavcmeo:

Iycts OA — mepOeHAMKYAAD, IPOBEIEHHLIH M3 IEeHTPa
mapa O Ha OJOCKOCTh OCHOBaHMA mupamMuasl (puc. 199).

Puc. 199
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IIyers X — nmpousposbHASR BePIIMHA OGHOBAHWMS ITHPAMIMJBL.
Ilo Teopeme IIndaropa AX?= OX?— 0A?= R*~ OA®. Cuenosa-
TensHO, AX — HOCTOAHHO AJ1A JI060H BepIINHEE! OCHOBAHHKA IIN-
PAMMARL, 3HAYUT, TOYKA A ABIAETCA NEHTPOM OKPYHOCTH, ONN-
CAHHOM OKOJ0 ocHOBamMsa OMpamuzkl. CienoBaTenbHO, LEHTP
mapa O Jie;XuT Ha ocH mupaMuAsl. TeopeMa aoKasaHa.

YpaBxenne cepbl

3agana OpAMOYTOIBLHAS CECTEMA KoopanHAT Oxyz Ha 1wIoc-
KOCTH. Ypashenuem noeéepxnocmu F HasnBaeIcsa ypaBEEeHUe
C IepEeMEeHHBIMI X, Y, Z, eCJIM 9TOMY YPABHEHMIO YAOBIETBOPA-
JIOT KOOpDARHEATH mobo#l ToukH, nexameil Ha nosepxHOCTH F,
¥ He YAOBJNETBOPHIOT KOODAMHATHLI TOUEK, He JieKAaIlux Ha
3TOf INOBEDXHOCTH. YpABHEHHE HOBEPXHOCTH AHAJNOTHYHO
YPaBHERHIO JMHAN.

Tycrs maHa chbepa paguyca R ¢ memtpoM O(x; Yps 2,)

(pmc. 200).
oty

\_/

() Ty

AZ

Puc. 200

Paccroarne oT BTPON3BONBHOK Touku M (x; y; 2) KO TOY-

kn O BuaMcaserca: MO = \[((x ~x,) + (v-w )z + (z-—zo)z)
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eca Touka M npreagresknat chepe, 10 MO = R, 1. e. MO*= R°.
KoopameaTsl Toukr M HOMKEEBI YAOBJETBOPATL YDABHEHHIO

(x-x,Y +(y-v) +(2-2,) = R®. Ecam rouxa M se mpumaz-
JexXuT cepe, TO ee KOOPAMHATH HE YIOBJAETBODAKOT HOJNY-

ueHHOMY ypaBHeEHI0. ClefioBaTeILHO, YpaBHeHNE chephl pagu-
yca R ¢ nerrpoM B Touke O(x; y,; 2,) B OIPAMOYTOIBHOHK CHCTe-

Me xoopmumar mMeer Bux (X —x, ) +(y-y,) +(2-2,) =
PaccmorprM BlauMHOe pacnosioxenne chephi X IVIOCKOCTH.
IIycts pagmyc chepst paBeH R, paccTosiHMe OT IEHTpa

chepst O a0 maockocTr O paBEO d. PacnioyosKuM CHCTEeMY KOOp-

AWHAT TAK, YTOOR IJIOCKOCTh Oxy COBNANA C IIOCKOCTBIO O,

meHTp cdepsr O pacuoJaraicA Ha IOJOXHTEIBLHOM IOJYOCH,

T. e. Touka O B BTOi CHCTeMe KOODAMHAT HMeeT KOODAMHATHI

(0; 0; z). CaenoBarenpHo, chepa mMeeT ypasHeHMe xZ+ y?+

+ (2 — d)?= R2. IlocKOABKY ILTOCKOCTH (. COBIAJET ¢ MAOCKO-

cThi0 OxY, TO ee YpaBHeHHEe MMeer BAA 2 = 0.

UT0bOB! pemuTh 3aJa9y O B3aMMHOM DACHONOMKEHHH ILJIOCKO-
cTH ¥ cepsl, HEOGXOANMO HCCIAEJOBATH CHCTEMY YPaBHEHMI

z2=0
;)c2+y’+(z--d)2 = R?

MoacrasumM z = 0 Bo BTOpOE ypaBHeHMe: x%+ y2= R?— d2.
Bosmogram TpR ciryuasn.
1.Bcand <R, To R®*—d?>0mn ypaBHenHMe x%+ yi= R2—

ABNISETCA ypaBHeEMeM OxpyxHocTH papuyca r = (R -d*)

¢ eaTpoM B Touke O. Ecan Touxa M AeXHUT Ha 3TOH OKpyX-
HOCTH, TO ee KoopAmHATHL (x; y; 0) YAOBIETBOPAIOT ¥ ypas-
HeHMIO cthepsl H YPABHEHHIO IJNOCKOCTH, T. €, BCe TOYKM 3TOM
oxpyxcnoc'fn — obmue ToOYKM chephl M MIOCKOCTH. 3HATUT,
ctepa 1 IJIOCKOCTE HEPECeKAIOTCS IO OKDY>XHOCTH, eCJIH pac-
_ CTOAHME ‘OT IJIOCKOCTH A0 n;en-rpa chepsl MeHbIME, YEM pa-
mec chepri.
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2. Ecmu d = R, To R? — d?= 0 n ypaBEeHnio x*+ y%= 0 ynos-
neTBopsAlOT 3uaueBua x = 0u y =0, 7. e. O (0; 0; 0) — exun-
cTBeHHan o6miaa Touka chephl M mIOCKOCTH. [IN0CKOCTH aB-
JseTcA KacaTeAbHON K cdepe, €CIH pPacCTOAHHE OT IIJIOCKO-
CTH X0 IeHTpa cheprl paBHO palHycy coepsl.

3: Ecom d > R, To R? — d*< 0 u ypapreHMIO X2+ y5= R~ g2
He YAORJIETBOPAIOT KOODAMHATEI BY ORHOH TouKkn. CaenoBaTens-
HO, cdepa ¥ IIOCKOCTh Re MMEIOT 06X TOUeK, eCM PacCTodA-
HEe OT IUIOCKOCTH A0 NeHTpa chepn Gonnine pagmyca cdepsi.

Teopema: mobaa AMaMeTpanbHAS IOCKOCTh HIAPA SBJIA-
€TCH ero IIOCKOCThIO cuMMeTpun. LlenTp mapa asasercs ero
IeHTPOM CHMMETDHH. .

Hoxasamenvcmeo N

IlycTs @ — AHAMeTPaJIbHASA IJIOCKOCTh A X — IPOH3BONL-
Has Touka mapa (puc. 201).

X

X X
Puc. 201

ITocTporM Touxy X', KoTOpas CHMMETPHIHA TOUKe X OTHO-
CHTEeNHHO IIOCKOCTH (.. IINocKoCTs O NepneHEUKYyAAPHA OTDe3- -
Ky XX’ B mepeceKaercs ¢ HMM B ero cepefmse (B Toukxe A).
PaccMOTPHM NpPSMOYTOJNBHEEE TpeyronsHukx OAX u 0AX":
o6mm#t kateT OA m AX = AX’. CienoBaTesLHO, TPEYTOJBHH-
KM PaBHBHI, & M3 DABEHCTBA TPEYTOJLHUKOB cjefyer DaBeH-
ctBO cropoE OX = OX".
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ITockonsky OX < R, To OX' £ R, T.e. Touka, KOTOpAas
CcHMMeTpHIHa Touke X, mpmHamIe:xuT mapy. IlepBoe yTBep-
JKJleHNe TeOpeMBl JOKa3aHo.

Ilyers X” — Touka, KOTopas cHMMeTpHuHA Touke X OT-
HOCMTeNbHO OnerTpa mapa O. Torga OX” = OX < R, T. e. TOY-
xa X” npuHamIexHUT mapy. Teopema A0Ka3aHA DOJAHOCTHIO.

Teopema: cUpaBefINBhl CJIEAYIOMKE COOTHOIICHHUA MEXKY
dJIEMEHTAMH IIapa ¥ BIHACAHHOrO B Hero Komyca: [ = 2R sin ¢,
2= 2RH, rpe R — paguyc mapa, I — aamua obpasylomeit
Komyca, H — ero BnicoTa, 0. — yroj Mexny obpasylomeit u
IIJIOCKOCTHI) OCHOBaHNA. ITH OTHOMIEHMA COPABEAJIUBH NI
BINCAHHOM B map oupaMuALl, 60K0BhIe pefpa KOTOpoil nMme-
10T AJAHEY | 1 COCTaBIAAIOT C IJOCKOCTLIO OCHOBAHMSA YI'OJI (L.

Hoxasameavcmeo: .

ITocTpoMM oOceBoe cedeHMe KOHyCA, BOMCAHHOrO B HIap
(puc. 202), monyaumM paBHOOeADEHHEBIH’ 'rpeyro.m:mm ABC, Bun-
CaHHBII B OKPYXHOCTH pagnyca R.

C

E
Puc. 202
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ILlenTpoM OKpY¥KHEOCTH ABiAercs. Touka O mepecedesu Bhl-
cotsl CK u cepegunHOro nepnesaukyixapa DO x cropore CB,
npuaem CK = H, £ZCOD = £ZCBK = a. Y3 Tpeyronsauka CDO
noayyuM, 910 CD = CO sin a, T. e [ =-2R sin o.

Ipojgomxrum CK no nepecedecHUs ¢ OKPYKHOCTBIO B TOUKE
E u moctpoumM orpesox BE. Torama noayIuM OpsAMOYTOJbERIL
rpeyronsEMK CBE, B KoTopoM KateT CB = | ecTh cpeamee
TeoMeTpHIECKoe MexAY runorternysoit CE = 2R u npoeknmeit
CHR = H xatera CB Ha rguorenysy CE, T.e. [?= 2RH.

Teopema znokazana.

IIpamep

B xonyc, obpaayionas KOTOpOro HaAKJOHeHa K OCHOBAHHIO
moA yrioM (., BOMCAHE mIap. Pajuyc OKPY>XHOCTH KacaHUS
cepsl 1 KoEYca pases 7. Haiitn gaugy o6pasyomeit koEyca.

Pewenue:

IocTpouM ocesoe ceuenue xKomyca (puc. 203).

Puc. 203

Ilonyunm pasHOOeApeHHBIN TpeyroasHEUK ABC M BOH-
CAHHYIO B HEro OKpPYJKHOCTH ¢ nenrpoM O, rae Touka O —
TOUKA NepeceueENA BuICOTH! BD Tpeyroasuuka ABC n Suc-
cextpuckl CO yrna ACB. Touka E — TOYKa KAaCaHHA OK-
pyxHOCTH ¢ ofpasyiomeit kormyca BC. Ilycts KE 1 BD
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KE = r, ZKOE = qa, OE =0D = W3 AODC nony-

sin o
a ctgg£
9¥uM, 410 DC=0D ctg—=r 2 , bacceMorpuM ABDC:
2 sin
ctg—
Bo=2C _g "2
cos{t sin 2o
ctgg—
Omeem: 2r 2




naea 6

OBbEMbI TEN

B npocrpancTBe A TeJd BRBOAUTCA HOHATHe o0bema aHA-
JIOTMYHO TOHATHIO Iomamyn ¢uryp ma miockoctu. Teso Ha-
3BIBAETCA NPOCMbIM, ECIH €Tr0 MOXXHO Pas6UTh Ha KOHEYHOe
YHCJIO TPEeYTOJbHBIX OHUPAMHUJI.

ns gpocTeix Tes 06'b€M — 3TO IOJIOKHMTENbHOE UMCHO,
KoTopoe obJafaeT CJAEAYIOIIMMH CBOMCTBAMH.

1. PasHme Tena MMeIOT paBHble OOBEMBI.

2. Ecav Tesxo COCTOMT M3 HEeCKOJBKMX IDOCTHIX TeJ, TO
ero o0beM paBeH cymMMe 06'heMOB 3THX TeJl.

CeoticTa 1 1 2 HA3BIBAIOTCA QCHOGHLIMU C8OLicmeamu 0Gse-
Mmoe. ObneM reoMeTpHYECKMX TeJl BRIDAXKAETCH B KyOHUecKHX
egwENnax. Kybuueckoll efunuyeii nassiBaeTcss ooseM Kyba,
Pebpo KOTOPOro PAaBHO exmHHUIE AInEE. Ky6 ¢ pe6pom 1 cm
HA3BIBACTCA KYOULecKUM canmumempom 1 0bo3HATAETCA CM2,
AHaNOrH9HO MOKHO OIpPEeNeNTh xyﬁmecxﬁﬁ meTp (M3), Ky-
6uueckuit fnemumerp (AM3) m . 4.

Pasnoserukumu HASHIBAIOTCS TEJa, KOTOPhIe HMEIOT OXH-
HAKOBEIe 00BeMBI.

IIpunuun KapansepH: ecJd OpU [epeceYeHuU ABYX Tel
JI060¥ IIJIOCKOCTHIO, apaliae/IbHOH HeKOTOPOI 3afaHHOMH III0C-
KOCTH, HOAYYAIOTCA CE€UYeHUA DaBHOH IJIOIIAAU, TO O06BHEeMbI
9TUX TeJI PaBHLI.
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Pazgen Il. OcHostibie Teopembi Kypca CTEpeOMeTpHK CTOpUIER WKOAL

Teopema: 06eM KybHa ¢ peGpoMm 1 paBeH is .
n n

Hoxasamenvcmeo:

PaccMoTprM Ky6, KOTOPBIi IIPUHAT 32 eJUHUIY U3Mepe-
Hus 00beMoB. Pebpo Takoro xyba paBHO efuHEUNE H3MeDEHUH
orpeskoB. Pazo6rem pebpo kyba Ha n paBHEIX YacTei, IpoBe-
JeM uepe3 KaXKAYI0 TOYKRY pasOMeBUs nepHneHIUKYJISAPHEIE
OJIOCKOCTH K aToMy pebpy. Ky6 6yaeT cocroars us n® papEBIX

1 .
Maibix Kyb6oB ¢ pebpom —. O6beM Bcero xyba HO CBOMCTBY
n

2 paBeH cyMMe 00BbEMOB MaJnX KyGoB, T. e. cyMMa 00LeMOB
Maibix Ky6oB paBHa 1. O6Bmembl Bcex ManblX Ky0OB paBHSBI
Mex Ay coboit mo ceoiicTBy 1. ClexoBaTesnbHO, 00BEM KAXKIO-

1
ro masoro KyGa paseE —. Teopema fokasana.
n

O6bem npsMoyronbHoro napannenenmnesa

Teopema: 06eM IPAMOYroAbHOrO mapajnienenunesa pa-
BeH IPOU3BEIEHUI0 TPEX ero W3MepeHEit.

oxaszamenvcmeo:

O6o3HaynM M3MEpeHUSA NPAMOYTOJNBHOTO Iapajelenuie-
na P 6ykBamu a, b, ¢, a ero o6beM — 6ykBoii V u moxakem,
uyro V= abe.

BosmoskHE!l ABa ciydas.

1. M3mepernsd a, b, ¢ upegcTaBagior coboil KOHeUHEIE fe-
CATHYHBlE ApoO¥, Y KOTOPBIX YMCJIO 3HAKOB IIOCJE 3aIATOH
He npeBocxofut n{n = 1). B arom cnyuae uncaa a-10%, b-10%,
¢-10" saBnawrca neasiMu. PazobbeM xakioe pebpo mapasie-

1
JleTIHIIela Ha paBHBIE YacTH AnuEbl ——. [JocKonBKy obbEM
10"

Ka’KJoro Takoro Kyba paseH _013— (1o mpegbigyIIedt Teopeme),
1 n
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Teometpua 30 24 voca,

TO0 06beM Bcero mapaanenenunena P pasBeH ghe. 10 x

N

xi%; = gbc. Utak, V = abe.

2. Xora 611 ofHO M3 mM3aMepemmit ¢, b, ¢ mpeacraBaser
co6oit 6eCKOHEUHYIO AeCATHIHYIO Apobs. PaccMoTpum KoHed-
HEe AecATHYHBIE APOGH a,, b, c¢,, KOTOphle HOMYYAIOTCH U3
uucen a, b u ¢, ecy OTGPOCHTH B KAXKAOM U3 HUX Bce G
nocJse 3anAToit, RayuBEas c(n + 1)31. oueBnaHo, wro g < a<a’

1
rae a ' =a, + TG aHAJNIOTMYHEIE HEPABEHCTBA COPABEXTHBHI
1
nns b n c. IlepeMBok¥M 9TH BepaBeHCTBa @ b,c,<abc<a b ’c/,

TAe, b,"=b, + —1-, ¢, =¢, + —-1— ITo roxasamEOMY B HEPBOM
10" 10"

cJIydae JieBas 9acTh HEPABEHCTBA npeAc'i'annaer coboit oopem V,.
OpAMOYTOJLHOTO mapasulesienuiesa P, ¢ uaMeperuamu a , b, c,,
a mpaBas 4acThb o6beM V' IpAMOYyrobHOrO mapaliiesenuie-
na P ¢ mamepenuamu a.”, b, ¢ ’. Tlockonrxy napannenennnen
P, copepxnr B cebe napastenenvnes P, a caM CofepyKHTCA
B mapajulenenunene P ’, To o6bem V mapanrenenunena P je-
KHT MeRAY V.=abc mnV'=a’'b’'c’ T.e.abc<V<a'db'c'

1
BoanMeM gncio 7 094eBs GoJBIINM, TOTEA IHCIO E”— 6y-

IeT oOUeHbL MAJHIM, TOaTOMY 4mcio a ‘b ‘¢’ Oyaer ouens mano
oTaAMYaThCH OT ymcaa a b, c,. CregosaTensHO, Ymcao V ouens

M&JIO OTAMYaeTcHs OT gnciaa abe. 3HaYnT, IX MOXKHO HPHpAaB-
HATH: V = abc. TeopeMa poxazana.

Cnedcmeue 1. O6beM mpAMOYrojIbHOTO HmapaJjlenenuie-
A4 paBeH NpPOM3BELEHUIO ILJIOMAAY OCHOBAHMA HA BEICOTY.

Hoxazamenvcmso:

IIycTe ocHOBaEMEM #ABAsAETCA I'paHb ¢ pebpamu a u b. Tor-
[a IUIOINagbh OCHOBAHMA S paBHa ab, a BeICOTa h mapanieine-
oumena pasHa c. CaegosaTenbHO, V = abc = Sh. Caexcrsue
HOKa3aHo.
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Pazpen il. Ocrosrue TeOpeME KypCa CTEDEOMETPHH CTAPLIER WKOMM

Cnedcmsue 2. O6beM npAMOR OPHU3MBI, OCHOBAHHEM KO-
TOpOH ABNSAETCHA NPAMOYFOJBHBIM TPEYroJbHHUK, PABEH IIDO-
H3BeCHUIO IUIOIMaAM OCHOBAHUSA HA BRICOTY.

Hoxasamenvcmeo:

HeobxoauMo JONOJIHATE OPAMYIO TPEYTOJbHYIO IPA3MY C
ocaoBarmreM ABC (rae ZA npAmoit) 10 OpAMOYTOJLEOro ma-
pannenennnena. ITo caeacteuio 1 06beM NpAMOYroAbHOFD Ia-
pannenennnena 2S,.-h, rae S,,. — mIomazs TPEYroJbHHKA
ABC, h — sBricoTa npnsmsl. Ilonyunnm ase paBHLIE IPHU3MBEI,
OZHA M3 KOTODHIX JaHHAs (IPU3MK DABHEI, T. K. OHH HMEIOT
paBHBIe OCHOBAHHS M paBHEE BhIcOTHI). CefioBaTebHO, 0bneM V
JAHHO! MpHM3MKI pABEH XMoJioBuHEe o6beMa mapasjenennuesa,
T. €. S,,-h. Caexcrsue noxasaso.

IIpumep

Q0BbeM IpAMOYroNBLHOro Napajulesenuaena pases 81, mio-
maas ocHOBaHuA 27. OHa CTOPOHA OCHOBAHHMA B 3 pasa Hoib-
me ppyroii. Haligure paguyc cdhepsl, ODIMCaHHOH# OKOJIO ma-
paaieyendnesa.

Pewenue:

O6beM nmapainerenunesa paseH V = abc, wiomans GCHO-
BauaudA S = ab. CocTaBHM CHCTEMY TpeX YPaBHEHMH AJiA ompe-
JeJIeHUsl CTOPOH mapajuiejienunena:

abc = 81

ab =27
a=23b

Pemms sty cucTeMy, moayasam, aroa =9, b =3, ¢c = 3. .
Ecmu chepa omxcaEa OKOJIO mapajuiejieInnesa, To JHAro-
HaJIk napajiejlenvOesa ABJSETCS NUAaMeTPOM cPEPHL M KPY-
ra, ONMCAHHOIO OKOJO AHATOHAABHOrO cedeHudA. Ilo Teopeme

Indaropa maxomuM 2R =+/a? + b? +¢? = 311.

Omesem.: 3s/—1—f . .
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O6vem Npuamsl ‘

Teopema: o6pem n060if MPU3MEI paBeH NpPOM3BEAEHHUIO
nJomajsy ee OCHOBRHHSA HA BEHICOTY.

Hano: '

“.ABCA,B|C, — TpeyronbHas IpU3Ma.

Hoxaszamb:

V=S, xH.

Horaaameasvemeo:

1. ABCDA,B,C\D, — na- ZRaHHYI0 TPEYTOABLHYIO MPHA3MY

paTeséMuel TOIKa ~ JOCTPOHM AO Hapajuieiemumena
O — UeHTp CHMMeTPHH
napajuieJienuesa
2. Ilpusma ABCA B,C, - mncxomHas IpU3Ma CAMMETPHYHA
Ilpnamy SOBCDB,C\ D, orrecurensHo Toaxu O xo-
. CTPOEHHOM COTJIACHO TEOPEMBI:
AMAroHAIH Iapajjejemuesa
epeceKaloTca B OAHOM TOUKe
M TOYKOI mepecedeBHsI Ae-
JXATCA IOIOJIAM

3. O6beM mapanienen#- T.K.CHMMETpPHUA — IepeMerne-

nena AD, = 2 ABCA'B'C’ mme, coxpagAiomee paccTosHye.

Bweod:V oprsmer = S x H, 1. x. V napannenennnena =
=S, xXH, tRe S =28S,,,, a H npusmMu cosnagaer ¢ H
mapajaienennmena. .

IlepeitaeM K NpOM3BOJLHOM n-yFONLHON mpusMe. Pa3ofs-
€M ee HA 71 TPEYTOJbHLIX HPH3M, AJIsI 9er0 OCHOBaHHE pasobhn-
" eM HA TpPEYroJIbEMKH, ‘epe3 RBepIIMHEI KOTODHMX IpPOBEeM
npsMEIe, OapajlieabEble GOKOBHIM peGpam.

V MeXONHEIA NPH3MEL =  BCE TPeYToJbHLIE MPU3MEL MMe-

=8, xH+SH+S H= 10T ORHY A Ty e BHICOTY, paB-

= (.S\l +S,+ ..+ S)H, HYIO BHICOTE HCXOAHON IPH3MBI
rge S, S,... S, — !

IUIOINAKM TPEYTOALHHKOB,
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Pogen . Ocroerue Teopemi kypca crepeoMeTpuu cropuiei WO

Ha KOTOpHIe pasbuTo ocHOBA-
HMe Opmambl, H — BricoTa
Hrax, obneM moboit npuamm V=S __ x H.

Teopema: n06as NpN3Ma M NPAMOYTOJALHELA Hapajinele-
nunex paBHOBENHKH, €CJH DABHOBEJHKH HX OCHOBAHHMA M
PABHH HX BEHICOTEI.

Hoxazameavcmso:

Ilycrs naua rpeyromsaas npuama KMNK M N, (prc. 204a);
@ u f — mwiockocTy ee ocRoBaHMA, i = MM, — BHICOTa IPH3MEI.

Ha naockocty O MOCTPOMM IDAMOYroJdbHSINH mapanne-
nenunex ABCDA,B,C D, pe6po AA, xoToporo pasHO k ¥ mio-
manes ABCD pasra naomazn KMN = S. B CEYCHAH NONY-
unM Tpeyronsauk K'M’N’ u npamoyroasaEuxk A'B'C'D’, 1. k.
naomeans K'M'N’ para nanomazy KMN u nnomazns A'B'C'D’
pasHa maomaxau ABCD. Ilo mpusnuny Kapannepu ofnem
npuaMbl 6yaer pasen o6beMy mapajiieienuneja. Teopema
LOKA3aHa.

IIpumep

HaiitTr 06peM HAKJIORHOH TDEYTOJALHOH NPH3MBI, OCHOBA-
HEEM KOTOPOM CIAYKAT PABHOCTOPOHHMI TPEYTONLHENK CO CTO-
POHOI, paBHOIt a, ecar HoxoBoe pebpo MPHU3MEI PaBHO CTODO-
He OCHOBAHNMSA M HAKJIOHEHO K ILIOCKOCTH OCHOBAHHUSA IOXK YT-
noMm 60°.

Pewenue:

Ilycre A K — nepneguxynsap K wiockocra ABC (prc. 2046);
a\3

4

TorAa obbem mpusmet V paser S, .- A K, rne S, =

aJ_

Hockonsxy AA,AK 60° To A K = ——
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Puc: 204

~ a’J3 a3 3a®
Hraxk, V=-4— T-——g—
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Paagen Il. Ocxostue TeopeMy kypca CrepeoMeTpu4 CTapiueh WO

Mpeancrasnenne obveMa uuHTErpaNOM

TeopeMa: oycTh OpocTroe Teno T JIEKHUT MeXZy mapai-
JeILHHIMM OUODHBIMH ILIOCKOCTAMM O ¥ [ um Y(x) — mioc-
KOCTh, JIeKamias MeXAYy HUMY ¥ yJaJeHHad HA PACCTOAHME
x oT o (puc. 205). IlycTs ceuerns Q(x) reaa T nnocKocTAMHU
Y (x) — aT0 3aMKHYTHE obGyacTH, mpudeM Q(X), a TaKkKe HX
mwromany S(x) HepepHIBHO 3aBUCAT oT X. Toraa o6weM V (T)

A
tena T Buipaxaerca dopmyuoit V(T) = I S(x)dx, rae h —
0

paccrosHHe Mexxy o # B.

—<x
)

T
r(x)/ \,_ '

4 A ,
Z COb "’
00
[44
3

Puc. 205

Hoxazameavemao:

IlomsiTie BenpephIBHOH 38BYICAMOCTH Ce9eHHA Q(x) Tena T
MOJXHO OIPEAEJHTH TAK: eCNM 3HAYCHHUA X, M X, AOCTATOYHO
GIM3KH, TO I J1060 TOYKH KaMA0r0o U3 ABYX CeUeHMit Q(xl) .
¥ Q(x,) B APYroM M3 HUX HaijeTca AOCTATOYHO GiM3Kas K
HeH TOUYKA.

ITycte V(x) — obpem Tena T(x), KOTOPOE COCTABIsALT TACTL
Teaa T, jexamad MeXAy IUIOCKOCTAME O ¥ Y(x). CMmemasn
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leomeTpus 30 24 4aca

niaockocTs Y(x) Ha Ax, ponyaum Texno T(x + Ax). Dro Teno
ornmaaerca oT T(x) Ha cnoit AT mMexny mrockocTaMu Y(x) K
Y(x + Ax) (puc. 205). O6rem cioa V(AT) pasern abcomoTaOM
Besmraune mprpamenwit AT ofsema V(x): VIAT) = AV =V (x +
+ Ax) — V(x)|. He uckmioueno, uro Ax < 0, Torxa u AV < 0;
nmoaromy V(AT) = JA V. .

Ecin Ax maso, To ceuerud rena T B upegenax AaHHOTO
CJI0A MAJIO OTJHYAIOTCSH OT cedenua Q(x) upn gannmoM x. Cie-
AOBATENLHO, CJOH MAJIO OTJHYAEeTCH OT UPAMOrOe NUIANHAPA C
ocHOBaHMEM Q(x) ¥ TOH Xe TOJIIMHEI, T. e. BHICOTH |Ax]. Tlo-
aromy obrem cioa Gyaer V(AT) = (S (x) + s)|Ax|, rne s —
Majas BeJMYHMBa, HOCKOMBKY Joboe ceuernme cxos AT maio
OTIN9aeTCA OT ceueHus Q(x) ¢ mromansw S(x). B, xorma Ax
CTpEMHATCA K HyJIiO0, HOMPaBKA § TOXe cTpeMuTrca K Hymo. Ilo-
cxobKy V(AT) = |AV] A Ax u AV ogaOTO 3HAKa, TO M3 paBeHCTBA

AV
V(AT) = (S(x) + s)|Ax| caenyer, uro v S(x) + s. Orcroga mpu

AV
Ax, cTpeMAIIEMCH K HYJIO, IIOXYIIM: E= S(x), T.e. V(x) =

= S(x). CnegoBarensuo, o6vem V(x) ecTs nepsoobpasHas PyHK-
mus S (x). IIpn srom V(0) = 0, V(h) ects obmem V(T) ecero Tena T'.

IMoaromy V(T) = V(h) - V(0) = j S(x)dx. Teopema noxasa=a.

V= J' S(x)dx — ocHOBHAHA (bopmyna IJIA BRIIUCACHEUA o0be-

MOB 're.u.

O6veM nupammap

Teopema: fiBe DUPaMH/AL DABHOBEJIMKH, €CT¥ PARHOBEAN-
KM ¥IX OCHOBAHHA M PARHLI MX BBICOTHIL.

Horxaszamenvcmaso:

IlycTs nana deThipexyronbHAA nupamuga SABCD n tpey-
rosbHan nupamuaa S, KMN (puc. 206).
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Paapen Il. Ocosnsie TeopeMi Kypca CTEPEOMETPHA CTOPUWIER LIXORK

Puc. 206

Hx BricOoTHE! paBEEI SO =S [0,= H n nnomagn ocHOBaHMH
Taxxe pasanl. [Lmomans ABCD pasBa maomaau KMN. Oc-
HOBAHUSA MHPAMHJ, PACHOJOKEHB! Ha ILIOCKOCTH O.

Ilepeceuem mupaMuAbl mAOCKOCTHIO B || o0 Ha paccrosmum
or sepmua mupamug SO = S,0’= h. Ofosmauum S, — mio-
manes cedenma mapamuanl SABCD. Sz— IIOINARL CedeHHns

S, h? S, B?

OUpAMMY S KMN. TlockoneRy = 737 ,
Kp 2 A 1 ® y SA.BCD HZ " SKMN H2
Sl

— SZ
SABCD SKMN
S,= 8,. llo npurnuny Kasanbepm o6beMbl 3THX HHpPaAMHL
paBBEI. Teopema Aoxkasaga.

TO . ITo ycioBuio S  mep = Semn CaepomaTessHoO,

Teopema: o6'beM MHPAMHABLI PABEH OAHON TPETH IPOM3Be-
HEeHHsA IJIOMaiy OCHOBAHMA HA BBICOTY.

Horxasamenvcmeo:

Crayana pacCMOTPHM TPEYTOAbHYIO THPaMHUAY QABC c
obbemoMm V, nnomajsio ocHOBaHUA S M BhicoToi /. Tlposenem
ock Ox, OM — sricoTa nupaMugsl {(puc. 207).
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X -C
Puc. 207

Paccmorpnm ceuenne A B,C, m!pammm TI0CKOCTBIO, ITep-
NeHJUKYNAPHEOH K ocH Ox m mapajyelbHOM IJIOCKOCTH OCHO-
BasusA. OGosEaTMM Jepe3 x abcnmecy TodkA M| mepecedenus
aTo# mnockoeTH ¢ ocko Ox, a gepes S(x) — mwromans cedeHHA.
Bripasum S(x) uepe3 S, & n x. TpeyromsBuxu A,B,C, 1 ABC
nopo6us. Iockomsky A B, || AB, 10 AOA B, ~ AOAB. Cnenosa-

AB OA

TeasHo, —— = —1 | JIpaMoyrommanie BuKkH OA M, n
N oA PAMOYTO. TpPEyTOJab A M,
OAM Taxxe noRoOHH (OHR AMeOT OOLIMI OCTPLLA YIOX ¢ Bep-

mmEo# O). IlosToMy 04, _OM, =2, Amanormumo forass:-

OA OM *h

BalOTCH DABEHCTBA —Bﬁ = -x— CI—AI =

x Hrax bHH-
BC R’ CA k0% TReyrod

xun A B,C nABC nozxoﬁ;xu ¢ xoadpdrneaTOM moxobua i— Cre-

S(x) (zY S
AOBATEIBHO, S = (;‘-] , mm S(x) = —th‘.
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Pasgen Il. Ocnosnue Teopemu xypca Crepecmerpui CTAPWER KONy

IIpaMerHM OCHOBEYIO (POPNMYJIY VIS BHIYUMCIEHHA OGbe-
MoOB Ten npu @ = 0, b = h. Honyanm:

R A S S xB 1
V= E’[S(x)azx= oh—,dex =7F—3_3 = §s-h.

Temeps pacCMOTPHM IPOM3BOILHYIO UMPAMUAY C BEICOTOH h
¥ wIomaneio ocEOBaHUA S. Taxkyio mupaMuZy MOKHO pa3-
6mTH Ha TpeyronbHbIEe IHPAMMALI ¢ o6mesi BrIcoTOM h. Berpa-
3uM 00BbeM KaXxao# TpeyTroJabHOH ODHDAMMALI IO BOKa3aHHOR
dopmye u croxum oTH ofbemul. BrineceM 3a cxo0km oGmuit

1, "
MHOXXHTENL Eh’ IONYYHM B CKOOKAX CYMMy mIiomajei oc-

HOBAHW TPEYTOAbLHAIX IHPAMUJ, T. €. IIONaAb S OCHOBaHUSA
ucxofHoM nupamMugel. TakuMm o6pasoM, 06beM HexoZHOMN IiH-

PaMuILl paBeR %Sh. Teopema jJoxasaHa.

Cnedcmaue.
Obbvem V ycedennoli mHpPaMHALI, BHICOTA KOTOPOH pasHAa
h, a nnomanu ocroBaHWN paBHE S u S,, BEMHCISETCA OO

dopmyne V = %h(s +5,+J5°5).

Hoxaszamenvcmeo:

Ob6BbeM yceueHHOH NMMpaMUAE paBeE Pa3HOCTH OOBEMOR
oberaHOl nupaMunsl U orcedernHoi. ITyers x — BrICOTA HOA-
HOH NHpaMAALl, a S — IUIOmMAaAb ee OCHOBaEMA. Bricora BTOpOil
UHpaMMALl paBHA X — A, ¥ IOmaAnL ee OCHOBAHMA paBHA S,.

S x Y
M3 noxzobus nupaMma HaXoJUM X. — = . Orciopma

S, x-h
hJS . .
X = —=——p=. 3HAYHT, 06beM yCeUeHHO} NUPAMHALI PABER
Js-Js,

1 rdS S 1
Vieo| Soeme - 8, | e -k || = S (S + S8, +8)).
s e s
Yro u TpeboBaNOCH LOKA3ATH.
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IIpumep .

Hailitn 06eM OpaBHABHON TpPeyroJbHONH HHUPaAMHALI, ¥
KoTopoit mwiocknit yroa npr sepmuBe paseR 90°, a paccroa-
HUe MeKiy GOKOBEIM peGpOM M IPOTHBONOJIOXKHOM CTOPOHOM
OCHOBAHWMA PaBHO d.

. Pewsenue:

Hano, aro BS 1. SA m BS L SC (puc. 208), T.e. BS —

mepneBAuKyAAp K rpasx SAC u SD =d.

S

Puc. 208

CneposaTensHo, HCKOMBIH obbeM V = %S - BS. Paccmot-

pmM TpeyroabEuK SAD: OH OpAMOYTOABHLIHA, T. K. ZSDA =
= 90°, g0 ZASD = 45°, cnegosarensHo, ASAD — pasnobej-
pernntit, T.e.AD = SD=dn S, = d°

ABSD sBnrsaercsa npmoyronbnmm. BD = 2d. -—- = d\/_

IIo reopeme ITudaropa:

BS =vBD? - SD? =+/3d* - d* =d\2.

Cneposarenasso, V= %dz- av2 = %dsﬁ.

Omeem: % d"s/§ .
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Pasgen l. Ocxosbie TeOpeMb KyPCO CTEPEOMETPHM CTOPWER WIKONM

O6vem konyca

—

Teopema: 06beM KOHYCA DaBeH OfHOMH TpeTH IpoMU3Beze-
HAA IJIOIAJYM OCHOBAHWA HA BHICOTY.

Hoxasameavcmeo:

Paccuorpim komyc ¢ o6bemoM V, paguycoM ocHoBaHHA R
H BrIcOTOM h ¥ Bepm¥HEOH B Touke 0. BpesieM ock Ox Tak,
KaK mOKasagRo Ha pucyake 209.

0

Puc. 209

OM — ocw xomyca. IIpoussonsHOE cedenne KOHYcCA ILIOC-
KOCTbIO, MepOeHANKYAAPHOH# K ocH Ox, aABAAeTCA KpPYroM C
HOEeHTPOM B TOUKe M, mepecedeHus 3TOH IIOCKOCTH C OCHIO
Ox. IlycTs paguyc aroro Kpyra paBeH R, a nnomanas cevenna
paBHa S(x), rae x — abcmmcca Toaxku M,. IlpaMoyronbHhe
TpeyroasEnkn OM A u OMA 1nopo6Hu1, ciexosaTensHo,

R
—O—]W—’ = -& ITockonsky OM, = x, OM = h, o R, = —x. Ilo-
OM R h

1LR2
cxoxbKy S(x) = nR?Z, To S(x) = i x2,
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IIpumenas ocrOBHY0 dopmysry A}IH BEIYHCAEHHA O0he-
MoB npH @ = 0, b = k, moayyum:
h 2

nR 1
V= J;h_f x3dx = 3 nR?h. Ilnomans S OCHOBAHMSA KOHYCA
0

’ 1
pasHa TR?, moatomy V= 3 Sh. Teopema foKa3aHa.

Cnedcmaue.
V 061eM ycedeHHOTO KOHyca, BhICOTa KOTODOIO PaBHa A,
a IJIOOIAA¥ OCHOBAHMIT paBHH S M S,, BarancasAeTCH 0 (Hop-

1
Myne V= Sh(S + S, +[S-8).

I pumep
TpeyroJsEHK, OrPaEMYEHHLINA OPAMBNMH Y = 2X, Yy =3 — x
u ocklo Oy, Bpamaeress Bokpyr ocu Qy. Haiitu oOpem Tesa’

BpaimeHns.
Pewenue:
Iloctponm npamste OB: y = 2xu AB:y =3 -x (puc. 210).
A
|,
A
C
o x
Puc. 210

AB n OB BMecTte ¢ ocbio Oy OrDaRMIUBAIOT TPEYTOJbHHK
OAB.
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Paapen Il. Octosue Teopem KYPCO CTEPEOMETDMH CTAPIEA WKONK

- B pesyanrare Bpamenus AOAB Bokpyr ocxt Oy moxydaer-
€ Teo, COCTOAIee U3 JBYX KOHYCOB, KOTOPLIE MMEIOT O0Iee
OCHOBaHMe ¢ pagnycom BC = 1.

Bricorsl 3THX KOHYcoB paBHEL AC = 11 OC = 2. Crenoba-
TebHO, 00bEM TeJIa BPaIleHUs PaBeH CyMMe 00beMOB KOHYCOB.

1 1 1
V,+ V,= 3RBC*X AC + ZWBC*X OC = mBC?x OA =

=x1?2x 3=
Omaem. T.

TIpamep

PasHocTs Mex Ay obpasyiomelt # BHICOTOH KOHyca paBHa d,
a yroja Mexnay EuMH pased o. Haiite o6mem komyca.

Pewenue

Iycte ABC — ocepoe ceuyeBHe koryca; CO — BBICOTA KO-
nmyca, CA 1 CB — ero o6pasyomme (prc. 211).

C

A 0 B
Puc. 211
Hano, atro CA—~ CO = d, ZACO = da. Ilycrs OA = R.

R
M3 ACOA monyaum, yro CO = Rctg o, CA = sna’
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1

CA-CO= —Rctga=;R(1-—cosa)=Rtgg=d,
sino 2

sino

oTciofa caegyet, uro R = d cig %.

1 1
V= EKRZXCO= ~3~1r.R°xctga= 1

-

nd’ctg’%ctg a.

Qo

1
Omeem.: -énd“'ctga%ctg o

O6vem unnmHapa

Teopema: 06'beM NNIKHADPA PaBeH NPOA3IBEAEHHIO MLIOIA-
¥ OCHOBaHWMI HA BBHICOTY.

Hoxasameavemso;

Boumem B paEEHHE ODuaueap P pajmyca r um BBHICOTHL h
OPaBUIbHEYIO N-yroibEylo npnamy F , a B 3Ty nmpusaMmy BIH-
meM omrnaap P, (puc. 212),

Puc. 212

ITycre Vu V, — obbemur muauaapos P u P, r — paxuyc
nunuaapa P . Ilockoneky obbem mpuamsr F,, pasen S X h,
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Pasgen }I. Octosrbie Teopems: kypea CTEPEOMETPHM CTAPIIEN WKONM

rae S, — mjomanb OCHOBAHMSA IPU3MHI, & DUIMHAD P co-
AEPXKUT IMPUIMY Fn, B KOTOpO# COAEPIKHUTCA IMIAUHAD P,.'
ToV <8 xXh<V.

Ecym HeOrpaHMYEHHO YBE/MIMBATH UUCIO 7, TO PAAMYC r,
ounvEApa P crpemuTes K paguycy ripumeapa P. Tlosromy o6bem
muwvEpa P, crpemutcs ¥ ofpeMy mumsapa Pilim V, = V. Us

n—pos

Eepasencrea V, <SS x h <V caeayer, 4t0 S, x h =V. Ho limS =

= nr?. Takum obpasoM, V = ntrih. Iliomans nr? ocHOBAaEMA OH-
JIMHIPA MOXHO 00603HaTnTh S, T. €. V = 8 X h. Teopema oKa3aHa.

Ipumep

JmaroHEaiym oceBoro ceueHENA NIIINHEIDPA IePeceKaOTCH Mo
VYIJIOM, PaBHBIM (l, KOTOPLIH ofpameH K ocHOBaHMi0. O6neM
oRANEApa pased V. Haiitu BrICOTY MUAMHADA.

Pewenue:

ITycrs AA,B,B — oceBoe cedeEne nuauaapa (puc. 213) u
ZAOB = o. Ilycts AA, = H.

Al B
A ol 0
a
A B
Puc. 213

T oo
ITockonsky LOAB = ZOBA =(‘2‘—‘2—J To u3 AA AB mo-

n o o
Ay4auM, 9Tro AB = H ctg (“Z‘—EJ=Htg2.
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Cnenosarensno, V= x

o
3 4Vctg2 E
T
3 4Vctgz E
Omeem: 2
T

Obrem wapa

Teopema: oGbeM mapa pafmyca R pasen %nRa

Hoxaszamenvcmeo:
PaccmoTpum map paguyca R ¢ neATpoM B TQuKe O M BHI-

6epeM ock Ox (puc. 214).

=7

Puc. 214
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Pasgen Il. OcHosHsie Teopemsl Kypca CTEPEOMETDHA CTOPLWIEH WKOMb

CeueHre mapa OJIOCKOCTHIO, HEPOERAMKYJISPHOH K OCH
Ox u1 mpoxogsameii yepea TouKy M aroit ocm, siBIAeTCA Kpy-
rom ¢ neetrpom B Touke M. IlycTe pagMyc Kpyra paBeH r, a
naomans obosEaunM S(x), rae x — aGengucca Toukn M. Bri-
pasum S(x) uepes x nu R. VI3 npsaMOYTrOJbHOTO TPEYTOJLHUKA

OMC ponyuuMm r = JOC?: -oM? =R - 2%

TIockonbky S(x) = nr?, o S(x) = n(R*-x?%). dra popmyna
BepHa AJ7a J00oro moJyoxeHms Toukm M Ha numamerpe AB,
T. €. AJIA BCeX X, ynonnemophmmnx yeaoemw —R < x < R.
IIpumensasa ocHOBHYIO YOPMYITY [7isi BHIYNCIEHKA 06 BEMORB DK
a =—R, b = R, noayunm:

R
V= J (R~ x¥)dx = %—nR" Teopema AOKa3aHa.
-R

IlTaposvim cezmenmom Ha3EIBAETCA 9ACTh miapa, KOTOpas
OTCEeKaeTCA OT Hero mIOCKOCThIO (puc. 215).

A
1 X

yS=V.

Puc. 215
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Cexymas ITOCKOCTb (., IPOXORUT Ueped TOUKy B u paage-'
JIAeT mIap Ha ABa cerMeHTa. OcHoéanuem cezmenma Ha3biBa-
eTcd KDYr, DONYYHMBIOMHCH B CedeHUH. Buicomamu cezmen-
moe HaspiBaloTca AAuEBl AB n BC amamerpa AC, KOTOpBIit
nepOeHAMKYIADEH K cexymell IIOCKOCTH.

Teopema: ofbeM V mapoBOFO CerMeHTa BBIUMCAAETCA IO

dopmyne V= ph*R - %h).

Horxazamenvcmeo:

Heobxommmo mpoBecTH ock Ox IepHeHAUKYIAPHO K ILIOC-
KocTu ¢.. CiegopaTensHO, IIOmMALb S(x) cedeHMA IIAPOBOro
CerMeHTa BHIPAXAETCS ¢ IOMOIIBIO (opMyst S(x) = (R — x?) -
npu R— h £ x < R. IIpuMeENM OCHOBHYIO (DOPMYJNY AJIfA BHI-
qucjaeHnsa obbemMoB npu a = R~ h, b =R.

R
V=mn I (R?— x?*)dx = th®(R— —;—h). Teopema nokasaHa.

R~k

Hpumep .

HaijiTi oTHOmeHne 06heMa MApOBOro CerMeHTa K 00heMy
BCEro mapa, ecjii Ayra B OCeBOM CeYeHHMU COOTBETCTBYET L(eH-
TpPaAbHOMY YIJIy, PABHOMY Ol

Pewenue:

IIycts AnB — mapoBoit cermenT, O — HOeHTp mapa, Ayra
AnB paBra ZAOB, KoTopslil paseH O.

IIycTs R — pagunyc mapa, OC — nepuneHAUKYJASP K OCHO-
BaHUIO cerMeHTa, O, — HeRTp OCHOBaHUA cermenTa, O,C = H,

trorga H = R— 00,. Y13 AOO A naxopum OO, = R cos% , cJIe-

poBaTensno, H=R - R cos% = 2R sin’%.
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Pasgen Il. OcosHbie TEOpeMbl KYPCO CTEPEOMETPHH CTGPUIEH WKONM

O6beM mapoBoro cerMeHTa paser V, = nH ’( R _%] =

i .
=n- 4R%in*% R—-ZR inz & = AR sint2( 2+ cos 2 |-
4 3 4 3 4 2

4
O6BeM mapa paBeH V = 3 RS,

Y a
CJIGJIOBaTeJILHO, o = sm‘ 2+ CcOS—
14 .4 2

Omaeem: sint & 2+ cos L
4 2

IITaposbim caoem HA3HIBAETCA YACTH IMADA, KOTODAA 3aK-
JIOYeHA MEeXAY ABYMSA NADAJNEIbHBIMA CEKYIIMMHM ILJIOCKO-
cramy (pHEc. 216). -

B

Llapoeoii
cnoti

| —

Puc. 216

OcnosoHuAMY MAPOBOTO CJIOA HASHIBAIOTCA KPYTH, KOTOPLIE
IOJYYeHE! B CEYERMM MIapa NapaUielbHBIMU ILIOCKOCTANMH.

Bsicoma mapoBOro CI0A — 3TO PACCTOAHME MEKAY ILIOC-
KOCTAMH.
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O63em mMApPOBOTO €0 BHIYMCIIAETCH KAK PASHOCTH 0b6be-
MOB ABYX IDAPOBHIX CEIMEHTOB.

IIaposoii cekmop — Teno, KOTOpoe IOJYyYeHO OPH Bpa-
INeHNH KPYTIoBOro CEKTOPa C yrijioM, Meree 90°, Bokpyr mps-
MO#, KOTOpas COAEPIKUT OXMH M3 PALHYCOB, OrPAHNIMBAIOINX
KpyroBoii cextop (puc. 217).

YO
Puc. 217

IIlapoBoit cerMeHT mosydaeTcs M3 KOHyca M IIapOBOrO

. CerMeHTa. . _
Of6neM mIAPOBOro CEKTOpAa BHIYMCJIAETCSH CJIOKEHHEM MIIH

BHIYATAHWEM OOBEMOB COOTBETCTBYIONIHX CerMeHTa M KOHY-
ca. [Ina o6vema V mapoBOro ceKTopa MOXKHO HOJYUIHMTEH CJe-

a9 .
Ayionryo dopMmyry: V= gnR’h, rae ‘R — paguyc mapa, h —

BBICOTa INApOBOro CerMeHTAa.

O6uembl noaobHLIX Ten

Ilycre paau T u T, — mpocThie N0f06HEIE TENA. 3"auur,
cymiecTByeT npeofpasoBaEue moxofusa, OpH KoTopoM texo T
mepeiifier B Tes0 T, ¢ koappunuesToM moAO6MA X.

Teno T Moxmo pa3buTh Ha TpeyrojbHble HHpAMMALI A,
A,, ... A . Ilpn nasEOM Opeo6pasoBaHMK NOXOGHA MUPAMUALI
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Pasnen H. Ochosntie TeOpeME Kypeo CTEPEOMETHH CTOPUIEA LIKONN

A, A, .., A nepexoxgar B mupamuzu B, B,, .., B,, KOTOpHE
COCTABASAIOT TeJIO T,. CnenosaTesisEO, 00bEM Tesa T1 paBen
cymme obremoB nmupamug B, B, .., B,

Iockonrky nupamuza A nmopobra nmpamuzpe B, ..., ou-
pamuzaa A monobHa nupamuge B, To oTHOIIEHWe BEHICOT 3THX
OHPAMUJ DABHO X, 4 OTHOINEHME IIOMSAEH MX OCHOBAHMIA
pasHo x°. OTHOmeRue 06LEMOB IHPAMHA PABHO Xx°, cjejosa-
TeJbHO, orHOmeHRue 06bemos Tes1 T u T, paBEO x°.

KoasddbymmenT nonobua x — 970 OTHOIIEHEHe PACCTOAHMIA
MeKAYy JNIo0BIMHE ABYyMS NAaPaMH TOYEK OPH IpeobpasoBaEMH
nozofns. 3HAYAT, X PABHO OTHOINEHWIO ABYX mio6GBIX cooT-
BETCTBYIOIMUX JHHeHHEX pasMepoB Tex T u T,.

OGzembt 06Yyx nodobHbIX Mmen omHoCAMCA Kak Kybvl ux
coomeemcemayuux RUREIHbX Pa3Nepos.



nasa /7

INOLAIM -
[MOBEPXHOCTEWN TEN

[Npnsma

ITnowadvio nonnoit nosepxHocmu npu3Mbi HA3LIBAETCA
CyMMa IJIOINaJieH BceX rpaHed MPHU3MBI.

ITnowadvio 6oko60U NOBEPXHOCTMU NPU3MbL HA3LIBAETCH
cyMMa IUiomganeii ee 60KOBHIX TpaHel. )

CohopmysupyeM 1 JOKa*XeM TEOPEMY.

BoxoBasa moBepxHOCTs IpAMOH OPH3MBI PABHA OPOM3BE-
AEHHMIO DEepPHMeTpPa OCHOBAHUS HA BBICOTY UPHM3MBI, T. €. Ha
AnuEy 00KOBOTO pebpa.

- Hano:
AD, — mpsmMasi npusMa.
Hoxazamv:

Sm = pl, TAe p — mepHUMeTp OCHOBaHMA, | — fawHA HOKO-
Boro pelpa.

Hoxaszamenvcmeo:
1. Tpans AB A B, = T. K. rpass DCD,C, nonyqaercs
= rparu DCD,C, u3 rpaiu ABA B, B pesyibTaTe

mapaJuleIbHOrO nepeHoca Ha AD
2. 'pass AA DD, =

= rparu BB,CC, aHAJIOTHYHO

3. Bce GoxoBbie rpaEHR oo OoIpefesIeHNI0 OPAMOf
OPpAMOU OPU3MEL OPH3ME
OPSAMOYTOJILHUKH
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Pasgen If. OcrosHuie TeopeMu KYDCO CTEPEOMETDHH CTOpISR KON

4. S, = 2(AB + AD)x H T. K. OCHOBAHMS 9THX IPAMO-
YTOJLHEMKOB ABJSIOTCA CTODO-
HAMH MHEOTOYTOJbLEMKA, JeXa-
INEero B OCHOBAHHUH IPH3MEI
H =, T. e. BbICOTA pABHA AJH-
) . He 60KOBOrO pebpa

Bweod: S, = pl, T. x. p = 2(AB + AD).

Ilnomans DoaHOM DOBEPXHOCTH OPH3IMBI S .. MOXHO BHI-
pasuTE Yepes miomazns 60K0BO IOBEPXHOCTH S, H IIomans
ocHoBamua S_: S, =8,  +2S .

IIpamep

B mHaxJoEHOH IpH3Me NPOBeAEHO CedYeHHe, MepIeHAHKY-
JAsapHOe GOKOBHIM pefpaM M mepecexalomee Bce 60KoBrIe pel-
pa. Haittu G0KOBYI0 HOBEePXHOCTH, €CJHH MEPHUMETDP CedeHHs
paBeH a, a 60KkoBHIe pebpa paBHBI M.

Pewernue:

IlnockocTs gaHHOro cedeEnsd pasbHBaeT OpusMy Ha ABe

gactru (puc. 218).

'

Puc. 218

IIpyMerrM K OnHOM M3 HHX OAPAJIENLHBLII IIePeHOC, KOTO-
pBIit coBMeIiaeT OCHoBaAMA IpU3MEL. IIpu aTroM mpeoGpasoBanym
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HOJIYIUTCS DPAMAS IPU3MA, OCHOBAHMEM KOTODOM ABAAETCA
CeueHMe MCXORHOI nmpmamnl, a 6oxoBrle peGpa paBHN m. 60-
KOBaA IIOBEPXHOCTH IOJYYeHHO NpU3ME! PaBHa GOKOBOI 1mo-
BEePXHOCTH HCXOZHON npn3mel. CiaexoBaresbH0, GOKOBAA mO-
BepXHOCTh HCXOJHOM IDUIMBI paBRA am.

Omeem: am.

Mupamnpa

Il rowadsvio noanoil noéepxrocmu nupamudv. HasKIBaeTCS
cyMMa mjomjaZiell Bcex rpageil NHPaMHZAEI.

ITnowadvio Goxoeoil nosepxHocmu nupamudbi HaskIBaeT-
cA cyMMa Iomafeil 60KOBEIX rpaneil mUpaMuAEL.

CopasennwnBa topMya:

S i = Sex T Son

CdhopMyaupyeM ¥ JoKaxxkeM TeopeMy o OOKORoi momepx-
HOCTH NpaBMJIbHONX mupaMmzanl. BokoBag mOBEpXHOCTH mpa-
BIJILHOI NMpaMuALI PaBHA NPOMIBENEHMIO IIOJYIIepHMMETDa
OCHOBaHNs Ha anodemy.

Hano: -

IlpasripRas n-yronpHas IMPaMuAA, CTOPOHA OCHOBAHWA G,
{ — anogema.

Horxasams:

S, =Ppl/2,

rae P — nosymepuMeTp.

Hoxasamenvcmeo:

21 1
L. Sy s =5 ABX SK, SA = ah

rme AB = a, SK = |
2. S o l aln T. K. 60KOBRIX rpaHeil V n-yrojs-
2 HO}l UMpAMMUILI, 1 TpAHEH
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Pasgen |. OcHosHbe TeOpeMB KYPCa CTEPEOMETPHH CTOPIUER WKOMY

3. Sm=_;_pl, T. K. Gn =P

Teopema goxa3sana.

IIpamep

Haiitn G0xKOBYI0 IOBEPXHOCTH IPABMIBHON TPEyTOJBHOH
THpaMyAbl, €CJIM UJOCKMIH yroa IpH ee BepmuHe paBeH 90°,
a IJIOmaAb OCHOBAHMA paBHA S .

Pewenue

ITycTs @ s;BASieTCA CTOPOHOH ocEHOBaHHA. IIOCKOJNBKY OC-
HOBaHHEM IMpaMHZLI ABJAETCHA UPABMIBHEINA TpEyTroJNbHHK,

2Js

1 .
S = —a?yJ/3, Bupasum a: a = .
T0 S, 1 pasuM 7

IInomans GoxoBO# moBEpXHOCTH paBHA S, = % a-3-ED
(puc. 219).
E

Puc. 219
1
Ho ED =DC = 3 a.
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HOJIYIRTCH OpPAMaa NpU3Ma, OCHOBAHWEM KOTOpo# ABisercs
CedyeHMe MCXOXHOHR IpuaMEi, a GokoBrie peGpa paBHE! m. Go-
KOBaA NOBEPXHOCTb NOJy4eEHOM NpU3ME paBHa GoKoBOl mo-
BEPXHOCTH MCXOAHON nmpuambl. CrepoBaTensHo, GokoBaA mo-
BEPXHOCTh MCXOAHON HNpHU3IMEl DABHA am.

Omeem: am.

Mupamnpa

ITnowadvio noanoii nosepxrocmu nupamudv. Ha3pIBaeTCH
cyMMa IUIoIpaZieil BceX rpageil MEpaMmAEL.

I rowadvio Gorosoil nosepxrnocmu nupamudv. Ba3nIBaeT-
cd cyMMa IUomaAed GoKOBEIX rpaHelt THpPaMMIRL.

Cupasennusa $hopmyna: '

S = S T Socn

CdopmynupyeM B jokaskeM TeopeMy o GOKOBOil mosepx-
HOCTH DIPaBMAbEON mmpammAx. BoKoBas NOBepXHOCTEL IIpa-
BWILHOH NHpAMAALI DaBHA NPOM3BeeENI0 MOJIYIIEPHMeTpa
OCEBOBANHKA Ha anodemy.

Hano:

Hpasunsaas n-yroasHEas IHPaMHAA, CTOPOHA OCHOBAHWA 4,
1 — avotema.

Hoxasamy:
S, =pl/2,
rpe P — monymepuMerp.
Howxasameavcmeo:

! 1
1.5, ..=14BxSK, sa=1lan

2 2
roe AB =a, SK =1
. 1 .

2.5, = 3 aln T. K. GOKOBBIX rpaHei Y n-yrojib-

HOI MUpaMHALI, n TpaHe
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Pasgen Il. O¢nosume TEOPEMB KYpCa CTEPEOMETPHMH CTOPWER IKONW

3. Sm==.;.pl, T.K.Qn =p

Teopema noxasasa.

IIpumep

Haiitt 60K0BYy}0 HOBEPXHOCTEL IPABMIBHON TPEYTOJBHOM
MUPAMHALE], eClM MWIOCKUIH yroJ mpy ee BepmimHe paBed 90°,
a mwIomanb oCHOBaHHA paBHA S_ .

Pewenue .

IycTs a ABAAeTCA CTOPOHOH OCHOBAaHMA. IIOCKOJIBKY OC-
HOBAHMEM IIMPAMHJBl ABIAAETCH IOPABMILHBIA TPEYIOJBLHHK,

2Js

1
S = —a23, puipasnmM a: a = .
TO ocK 4 p 4’3

IInomans 60xkoBO# NOBEPXHOCTH paBHEA S, = % a-3-ED
(pmc. 219).
E

 Puc. 219
Ho ED=DC= —a.
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2 4
Cnenoparensro, S, = %—= %;—% = SJ§.
Omaem: S+/3.
- Ilpamep

Anodema npaBMAbHOM MECTHYTONLHEOH NAPAMHUALI PABHA
a, ABYTpaHHHA yroj Opy¥ ocEoBaHMH paseH 60°. Hairtu mo-
HYIO IIOBEPXHOCTHh THDPAMMJILL.

Pewenue:
Tlo yenosmo £SKO = 60° (puc. 220), 70 OK = %sx - % h.

OcaOBaHuEM IpaMHUAbl ABAAETCA HpaBKJILHHﬁ IIeCTHYTroNnhb-

HAK, caenoBarensro, ZKOD = 30°n KD = %OD.

Puc. 220

ITo reopeme Iludaropa OK*= OD*—~ KD?= 4KD*— KD?=

h NE)
= 3KD?, 1.e. KD -—-—‘é—é, DE = 2KD =T‘/_.
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Pasgen ll. OcHosheie TeOpeMs: Kypca CrepeoMETpHH CTAPWEN WKOMM

Cregosarensgo, S, = % - 6DE?\3 = -;»h{ S,, = %31)1: x

x h = h?.f3.
S,.=8S,. *S,_=3h3.
Omeem: -;—3];’ V3.

ITrowadvio Goroeoii nosepxHocmu ycewenHoil nupamudv
Ha3bsIBaeTcsa CyMMa maomjazieil OOKOBHX rpaHeil THpaMHAEBL.

Teopema: mromais GOKOBOH NOBEPXHOCTH IPABHALHOMN
yceueHHOH HMpaMMALI PABHA NPOR3BEAEHHIO IONYCYMMBI Iie-
PHMETPOB OCHOBAHHMI Ha anodeMmy.

Hokxasamenvcmeo: .

Bokosrle rpaEu yceueRHOH mHpaMuABR! ABAAIOTCA Tpame-
OUAAMYA ¢ ONHAM ¥ T€M Xe BePXHUM OCHOBAHHEM 4, HIIKHUM
ocHoBaHMeM b u BricoToM (amodemoii) I. Ilromans oguOI rpa-

1 .
HM paBHAa 2 (a + b)l. BoxoBas MOBEPXHOCTH, T. €. CYMMa ILJIO-

. 1
manei Bcex rpasei, paBHa 3 (an + bn)l, rae n — umcao Bep-

IMXH YToJ OCHOBAHHSA OUPaMMALI, @7l 1 bn — mepuMeTpPH OC-
Hoaanni“; nupamug. Teopema zgoxasaHa.

Unnunpp

Paccmorpum mummHADP (puc. 185). Paspesxem ero Goko-
BYI0 IOBePXHOCTH N0 o0pasylomeit AA, ¥ pasBepHEM TaK, UTO-
651 Bce obpasylomue Jie’XajiM B OZHOM IwiocKocTH o (puc. 221).

ITomyuum B miockocTH O npamoyroasEnk AA A /A’ Cro-
POHEI AA, n A'A’ IpAMOYTONBLEAKA ABIAIOTCA KPaAMH paspe-
3a 60KOBOJ HmOBepXHOCTH Io obpasywoimeit AA NMUIKHHAPA.
IlonyueHHRI NpPAMOYTOJBHUK HA3LIBAETCHA pa3eéepmiroil 6o-
Kxo080il nogepxnocmu yuarundpa. AA’ — pasBepTKa OKPYXKHOC-
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A A

A OAUHA OKPYICHOCTIU A"

-

A

Puc. 221

TH OCHOBAHWMA IWJMHAPa, AA, — BhIcoTa muiauHApa. Creno-
BareabHO, AA'= 21, AA, = h. -

IInomaario 60KOBOM ITOBEDXHOCTH OWJIHMHAPA HABJISAETCH
maomaznbk pasBepTKu G0OKOBOH IIOBEDXHOCTH.

IInomans npamoyrombauka AA A ‘A’ pasaa AA| X AA’= 2nrh,
CNeAOBATENLHO, ILIOMIALL OOKOBOM IIOBEPXHOCTH IHMJIMHADA
S, = 2rrh, rae h — BBICOTA NWINHADA, I' — Pajgnyc UMIMHIDA.

ITnomass 60K0BOIT MOBEPXHOCTH HMJIMHADPA PABHA NPOH3Be-

" AeHMI0 NJIMHEI OKPY?KHOCTHM OCHOBAHMS HA BBHICOTY IHJIMBADA.

ITrowadvio noanoit nosepxrocmu YUAUKROPG Ha3HBAETCH

CYMMa miommazieil AByX ero OCHOBAaHKH m GOKOBOM HOBepXHO-

cru. Ilnomans ocHoRanmA pasHa 7r’. CnexosarensHo, S, =
= 2nr(h + r).

IIpumep

[lBe BepIIMHBI PaBHOCTOPOHHErO TPEYroJbHMKA CO CTO-
POHOH a JIedKaT Ha OKDYYKHOCTH BEPDXHEro OCHOBAHHUA LH-
JMHEApPA, & TPeThA BepIIMHA JIGHKHT HA OKDPYKHOCTH HHMKHe-
ro ocHoBaHMA. IIJ0CKOCTh TPEYTOJBHMKA COCTABJSAET C 00-
pasymomeil nuangapa yroJu o. Haiitn 60K0ByI0 DOBepXHOCTH
MUINHADA. '
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Pazaen Il. Ocosttie TeopeMu Kypea CTePEOMETPHM CTOPILIER KON

Pewenue:

Hanr nuamaap, AC = AB = BC = a, npuueM AB npnaazne-
JKHAT BepXHeMY OCHOBAHMIO HWINHAPA, C — OKDY>KHOCTH HUK-
Bero ocHOBaHMSA OUANHEAPA. IlnockocTs ABC coctasaser ¢ CD
yrox o (puc. 222).

/Puc. 222

IIyers CQ 1 AB; Toraa mo TeopeMe O TpeX IepIeHJMKYJiA-
pax DC 1 AB. CaengosaTeibHO, ILUI0cKocTs ABC nepneBAauKy-
JsApHa maocKoery CDQ, 1. K. AB | CDQ. IIposenem DK 1 CDQ;
DK nexnar r mnockocTH CDQ u Toura K newxur ma CQ,
T. e. ZDCK = a.. B tpeyroasanke CDQ nmeem DC = CQ cos o,

QD = CQ sin o, ciaenosatensso, DC = —;—as/?:cos o, @D =

1 . .
= —2~ a3 sin . Ilycts R — pagmyc ocHOBAHHS IHJIMHADPA, T. €.
OD = OA = OB = R. PaccMOTpHEM TpeyrojasEnK AOQ: 0Q =

. a , a 1 .
=,/R -j[,'r.e.R= R -T=QD =-§a\/§sm o. Pemus

) R a (3sin2 o+ 1)
IOJy4eHHOe ypaBHeHHe, HalineM R = ——————
e ’ 4\/§sin o
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[eomeTpHa 30 24 vaca

a(3sin2(x+1) 1 1
S, =on— /.- g3 cos o= —na¥(Ssinta+ 1) ctg o
fox 4/3sino 2 4

Omeem: %naz (3 sino + 1) ctg o

Konyc

PaccMoTpuM Komyc. Ero 60K0BYI0 IOBEpXHOCTH TaKIKe
MOXKHO paspes3aTs U0 OxHOM U3 00pa3yrmux.

Paszeepmroil 60r060iL NOGEPXHOCMU KOHYca ABIAAETCH
KPYTOBO# CEKTOD, IpHYEM JJTHHA IyTH CEKTOpA DABHA JJIIHE
OKpY»KHOCTH OCHOBAHHM, & PARMYC CeKTOpa paBeH obpaayiomei
Komyca (puc. 223).

A
Puc. 223

Ilnomansio 60KOROI HOBEPXHOCTH KOHYCA SABISETCH ILJIO-
majfs paseepTKH 60KOBOI MOBEPXHOCTH.

1 2
IInomans Xpyrororo ceKTopa paBHA %6 nl*0, rue o — rpa-

) . 1
AycHas Mepa XYTH ceKropa. CiefoBaTesasHO, S, = %nlza.
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Paagen Il. OcrosHbie TeopeMbl KYPCQ CTpeOMeTpHH CTAPLIEA KoK

IHockonsky gnuHEA Ayrn AC paBEA AJUHE OKDYXHOCTH
A 1
OCHOBAHHWS KOHYycCa, T. €, paBHa 2%r, TO 21r = 180 nla, caeno-

BaTEeJNBLHO, O = 3_6i0_r IloacTaBuM monydeHHOE BRIDAXKEHHE B
dopmysry maomasu 60koBo# moBepxHOCTH KoHyca: S, = mrl.

ITnouadv Gokxosoil noeepxHOCMU KOHYCA Pa6HA NPOU3Be-
denuio o6pa3syoweil Ha NONOBUHY OAUHBL OKDYHHOCTU.

ITnowadvio NOAHOU nosepxHOCMU KOHYCA HA3LIBAETCA
cyMMa rromaneil ocaoBaHUA M GOKOBO# noBepxHOCTH. ILi0-
(@b TOJHOH MOBEPXHOCTH S, BHIYHC/]AETCA IO dopmye:
S _,=nr(l+r).

Haiigem mnomane S, 60K0BOH MOBEPXHOCTH YCEYEHHOTO
KOHYyCca.

IIycts P — BepImHHEA KOHyCAa, M3 KOTOPOro IOJYIeH yce-
4JeHHBIH KOHyC, AA — obpasyiomas yceueHHOrO KoHyca, O ¥
O, — neBTpH OCHOBaHMH (pucC. 224).

L3

B
3 a:b
A
Puc. 224
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leomeTpus 30-24 vaca -

S, = Trl = nr x PA— nr,x PA,= wr(PA, + AA)) - r, x PA,.

Ilockonsky AA, =1, r0 S, = mrl + n(r—r,)PA,.

PaccmoTpuM npsAMOyrosibHEble TPeYroabEnky PO A n POA:
oBX moAo6HSBI, T. K. MMeloT ofmui ocTpeiit yroa P. Copasen-

. JIABO clleAyIOIgee COOTHOMIEHHE: P4, =4, Bripasam PA ,
PA+l r !
noxcTaBuM B GopMysy muomanyu 60x0BoOi MOREPXHOCTH M TIO-
ayumm, uro S, = ®(r + r )L
IInomaze 601conon TIOBepXHOCTH ycetlennoro KOHYcCa pas-
B2 Opon3BefeHHI0 06pasylomeli Ha HOAYCYMMY JIRH OKPYX-
HOCTeli OCHOBaHMIA.

IIpumep

Ilap pagwyca r BuOMcaH B yCeJeHHEIH KOHyc ¢ ofpasy-
1omei, pasHo#t . HatiTn 06beM 1 G0KOBYIO IOBEePXHOCTE yce-
TEeHHOTO KOHYCA.

Pewenue:

IIposeneM HJIOCKOCTH Wepe3 BRICOTY KoHyca. CeueHueM
6yzer pasHoGeapeRHasi TpamenusA, OOHCAHHAA OKOJIO Kpyra

panuyca r (puc. 225).

Puc. 225

Ilycrs r, m r, — PAAMYCH OCHOBAHMH yCeueRHOro KOHYcCa,
rorga AE = 2r,, BC = 2r,. Ilockonbxy ABCE — omucamHL1i
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Pasgen H. Ocroshue Teopemsw kypca crepeoMerpuu cTapuwen wikonw

YeThIPeXYroNbANK, TO cipaBeganso BC + AE = AB + CE,
T. €. 2r1+ 2r,= 21, cr1enoBaTeNbHO, Sm = rl?,

1
OGreM ycedeHHOTO KoByca V = —?; *H((r,+ r,)*— rr,), rge

H=2rr+r,=Lnrr,= 7, T. K. B IPAMOYTOJILHOM TPEYTONLHEH-
ke OCE cnpaBeayuso papercreo OK?= CK - KE (LCOE = 90°,
T. X. OC n OF — GucceKTpHUCH YIJIOB TpalelvH H, CJeXOBa-
Tensr0, ZOCE + ZCEO = 90°).

CnepoBaTenbHO, ¥V = gm(lz— ).

Omeem: éz—nr(lz— r); riz

IIpumep

B KOHYyC, O0CeBHIM CeJeHHMEM KOTODOTO ABJIAETCHA IPAMOY-
TOJBHEIH TPEYTONLHHK, BIMCAH IMUIUHAD, HIDKHEEe OCHOBAHHE
KOTOPOT'O JIEXHT B ILTOCKOCTH OCHOBAHHA KoHyca. OTHOmeHMe

GOKOBRIX ITOBEDXHOCTEH KORyca ¥ NWIMHAPA PABHO 4 V2. Haii-
TH YrOJd MeXXJy IJIOCKOCTBIO OCHOBAHHMA KOHYCA M IPAMOA,
npoxofiAmeii Yepe3 OEHTD BePXHEr0 OCHOBAHMSA OWIMHADPA HA
IIPOM3BOJLHYIO TOYKY OKPYXHOCTH OCHOBAHHMA KOHYCA.
Pewenue: ~

* IlocrpomM oceBoe ceuerme ¢urypsi. Ilycrs SDC — oceBoe
ceuenue Komyca, SD m SC — obpasyiomue komyca, ZDCS =
= 90°, SO, — BrICOTA KOHYyc4, O, u1 O, — DeHTPH OCHOBa-

HU# BOMCAHHOTO B KOHYC IMJKAApPaA, S, SM_ = 4J§
(puc. 226).
HckoMEri yron o0 — aro yron Mexzay DO, ®m ocHOBaEMeM

xomyca. Ilycrs O,D = R; toraa SD = R\/2,80,=R, S, =

Oox. xon
=R V2.
HYCTL pagnyCc OCHOBAHHA LHJIHHAAPA DaBE€H I, BBICOTA

0,0, — h; Torga Sml‘u= 2nrh, To yenosmo TR? \/5 =4 \/5 - 2wrh,
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leomerpua 3a 24 ygca

S N
A o)) B
DgAa C
A O B
Puc. 226

T.e. R?*= 8rh. Ho SO,= h + r = R, r.e.r = R — h. Iloacra-
BUM IIOJIyYE€HHOE BHIpayKeHHe B paBeHCTBO %= 8rh, T. e. R%=
= 8Rh — 8h?. Pasaenum obe QacTH IOJYyIeHHOTO YPABHEHHS

2 . .
R
Ha h%: (%} - 8-1-’; + 8 = 0. ITockoabKy - ctg 0,D0,= ctg a,

70 ctg?a — 8ctg o + 8 = 0, crefoBaTeNBHO, ctg o = 4 = 24/2,
T.e. 0 = arcctg (4 = 2s/§). )
Omeem: arcctg (4 = 2\/5 ).

Mnowaap cheps

PaccmotpuM cdepy ¢ paguycom R, meAETpoM B TouKe O M
ONMCAHHBIA OKOJO HEe MHOTOTDAHHHK, ¥ KOTOPOTO n rpa-
meit. IIporymepyem rparn u o6o3navum S, nnomans i-i rpa-
By (1< i < n).

CoennEAa meHTp chepHl CO BCeMM BeDIHMHAMH MHOTO-
rpaHHMKA, NOJyYaeM n IupaMujp ¢ obmeil sepmuaoi O, oc-
HOBAaHHSAMH KOTOPHIX SBJASIOTCA T'PAHU MHOTOrpaHHHMKA, BHI-
coTaM¥ — paxuycH cdeprl, KOTODEIe IIPOBeAEHHI B TOYKH
xacands chepw ¥ rpaHeit mEOTOrpaEENKa. O6beM i-i mupa-
MHUJBl paBeH:
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Pasgen II. OcHontie TeOpeME Kypca CTepEOMETPHR CTOPWEN WKOL

1 1
—S R = ,
3 Y 3 n

rae P . — IJomaAsr NOBEPXHOCTH MHOTOTDAHHNKA.

n
R’ -
Ecau BeorpagHrIeEHO YBEJIMYHBATH N TAK, ITOGR HAHGOIL-
mwuit pasMep KasKRoif TPAHHM MHOTOTDAHHMKA CTDEMMJICA K
mymo. TIpu oToM o6beM V_ omucaEHOrO MHOrorpaHEMKa Gy-

Cnenosarensro, P, =

4
ZleT CTPeMHAThCA K 06beMy mapa, T.e. V, — §1LR3 ITockous-

Ky 8 = lim P, To S = 4nR%

n—yen

IIpamep

Jan map, BurcagHbI B TPeyroJbHYIO HHDAMHIAY, BCe pel-
pa KOTopoil paBEN a. HaiiTh miomajs IIOBEPXHOCTE IIapa.

Pewenue:

S = 4nR®.

Heobxoaumo maitthm pagmyc R mapa. IlocrponM ceduenue
IJIOCKOCTBIO depe3 BRICOTY MpaMunsl u anopemy (puc. 227).

E

Puc. 227
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Teomerpus 30 24 vaca

B mojiyueHEHOM cedeHMH pajuyCc Kpyra paBeH pajguycy
mapa. Ilockosabky Bce pe6pa mUpaMHALI paBHEI @, To ED =

1 3
=§aJ§ n OD =E%C . Paccmorpum AEOD: no Teopeme Ilnda-

1
ropa SO = V8D’ -0D* = Ea’v/g . SO, = SO - R. Paccmor-

pam ASKO,. Tlo reopeme Iludaropa O,K?= SO *— SK?r. e.

1 a
R?= (SO — R)’- —a?, cunenosarensHo, R =—— .
(S0-RY'- 3 A 246

S = 4nR? = %—naz.

Omeem: % na’.
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