Oaumnuana "byaymme uccjieqoBaren — Oyayiiee Hayku'' 1Mo MaTeMaTHKe
(puHAIBHBIN TYP)

9 kaacc.

1. KBagparnblit Tpéxunen ax’ + bx + c He uMeeT KopHeil. Jlokaxure, uto ecnu a+c<b , To yucia a u
€ OTPHUIIATEIbHBI.

Ykazanue. ITo ycnoBuio, rpaduk mapaGonsr y = ax” + bx + ¢ He mepecekaercs ¢ ocbio Ox. ITo-
CKOIBKY a +c¢ < b, 10 y(—1) =a—b + ¢ < 0. 3naunt, BeTBU napadosl HarpasiaeHbl BHU3 1 1(0)<0,
T.€. a<0 u ¢<0.

HApyroe pemenue. 113 nepaBenctBa D = b* —4ac<0 CIeyeT, 4YTO a U ¢ ojaHoro 3Haka. Eciu
MIPEINOJIOKUTh, OT IPOTUBHOTO, YTO a>0 1 ¢>0, To BO3BeNs B KBajapaT HepaBeHCTBO 0 < a+c < b,

MOJIYyYUM b% > a® +¢* + 2ac > 2ac + 2ac = 4ac, T.e. JUCKPUMUHAHT b* —4ac>0. [IpoTuBope-
que.

2. Ilyctp s(n) obo3navaeT cymmy nudp (B JSCATHYHOW 3alKCH) HAaTypalbHOTO yucha n. Haiinure
BCE€ HaTypaJIbHBIE 11, 1151 KOTOPBIX n+s(n)=2011.

Oteer: 1991. Ykazanume. Ilockonpky n<2011, to s(n)<2+9+9+9=29. 3nauur, n=2011 -
s(n) > 1982. Iockonbky yucna n =2011 u n =2010, oueBHAHO, HE TOAXOMAST, TO JJI MEPBBIX TPEX
uudp gncaa n MOryT OBITH TpH Bo3MOXHOCTHU: 198, mubo 199, nu6o 200. [lycts nocnenusis (uerBep-
Tas) uudpa yuciaa n paBHa x. Toraa B KaKIOM U3 yKa3aHHBIX CIy4aeB IOJIyYUM ypaBHEHHE: MO0
1) 1980+ x + 18 + x = 2011, mu6o 2) 1990+ x + 19+ x = 2011, mu6o 3) 2000+ x + 2 + x = 2011.
TosbKO BO BTOPOM Cilydae YpaBHEHUE UMEET IIEJI0YHCICHHOE PEIICHHE, a UMEHHO, X = 1.

3. Pé6pa xyba 3anymepoBanu yrciamu oT 1 10 12 u 3aTeM i KaXAOW TpaHH MOACYUTAIN CyMMY
HOMEpOB Ha peOpax JaHHOU rpaHu. JlokaxuTe, 4TO HaieTcs rpaHb, y KOTOPOM 3Ta CyMMa MEHbIIIEe
27.

Yka3anmue. [loncuntaem Ha Kaxa0i IpaHUd COOTBETCTBYIOIIYIO CYMMY U 3aT€M CJIOKUM 3TH CYMMBbI
Ui Beex mectd rpa”e. [lomyuum B pesynabrare (1 +2 + ... + 12)-2, Tak KaK Npu TakOM IOJCUYETE
mo0oe pedbpo OyneT cunTaThes ABaxbl. MTak, momydaem o0yt cymmy 156, u Toraa xots Obl yist

. 156 o
OIHOU I'paHU €€ CyMMa HOMCPOB HC IMMPEBOCXOAUT — = 26. (HCI/ICTBI/ITCHBHO, B MPOTUBHOM CJIy4dac
6

MBI ITOJTYYIHITH OBI OOIIYI0 CyMMY He MeHbIe 27-6 >156).

4. B tpeyronbauke ABC yron A paBeH 60", paccrosinus oT BepimiuH B u C 10 LIeHTpa BIUCAHHOU
OKpPY>KHOCTH TpeyrojibHuka ABC paBHBI, COOTBETCTBEHHO, 3 U 4. Haiinute paauyc OKpy»XHOCTH,
ONMMCAaHHOW OKOJI0 TpeyronbHuka ABC.

[37
Ortser. 3 Yxka3sanmue. [Iycts O — neHTp BimcanHou okpyxHoctu. Torna

ZOBC+ £ZBCO = %(ZB +Z£C) = % -120° = 60°, u nmoaromy LBOC =180° —60° =120°. Ilo

Teopeme KocuHycoB monyanm BC* = BO? + OC? —2BO - OC - cos ZBOC =
37 +4% -2.3.4-(-0,5)= 37.TlostomMy 14 paguyca R onHMCaHHOH OKPYKHOCTH TPEyroNbHHKA

ABC 6ynem umetb 2R sin 60° = V37 . Orcropa R =~/37/3.

5. EquanyHbli KBaapaT NEpPBOM 4yeTBEPTH Ha KoopawHaTHOW Tuiockoctu (0<x,y <1) pa30dur Ha

KBaJIPATUKN cO cTOpoHOi 2-107*. CKOIbKO y3II0B 3TOTO pa3OueHus (BHYTPH eIMHHYHOTO KBaJIpaTa)
JNexuT Ha napabone y = x> ?



OTBer. 49. Yka3zanme. Y3ibl pazoueHuss umeror koopaunarsl Buga (i/5000, j/5000), rae i,

. 2
j=1,2,...,4999. YcnoBue TOro, 4To JaHHBIM y3€I JICKHUT HA Mapadosie, ecTh S _ ! , T.€
5000 5000
i* = j-5%.2°. 3uaunt, HOMep i MOMKeH MMeTh BHA i = 5° -2% -k =100k, rae k — moboe HaTy-
5000
paJbHOE YUCIIO, MEHBIIIEE =50




10 kaacc.

1. Ilycte s(n) ob6o3HavaeT cymmy nudp (B IeCATHYHON 3amMCcH) HaTypajdbHOTO uucia n. Hangure
BCE€ HaTypaJIbHbIE 71, JIJIs1 KOTOPBIX nts(n)=2011.
OtBert: 1991. Yka3zanue. Cm. 3a1auy 2 1u1s 9 knacca.

2. Haiinure Bce 3HayeHHs NapaMeTpa @, IPU KakIOM M3 KOTOPBIX ypaBHEHME |x° —a’| = x—a
HMMEET TPU PA3JIMYHBIX KOPHS.

-1
OT1BeT. — < a < —=. YKa3aHue. YpaBHCHHUE UMEET KOpeHb x=a. [Ipu x#a cokparum o0e yactu

V3 V3

o 2 2 o
ypaBHEHMs Ha x —a . Torzaa npu x>a B JIEBOW YacTH MOJYYUM X~ + Xxa +a” ,anpu x<a B JIEBOU
gactu 6yner — (x* + xa + a®). VITak, Ipy X#a HMeeM COBOKYITHOCTb JBYX CHCTEM:

xX>a x<a
, JIN0O 5 5

5 5 . Bropas cucrema He nMeeT pelIeHn, T.K. TUCKPH-
x“+xa+a” =1 x“+xa+a” =-1

MHHAHT e KBaJApaTHOro ypasHenus D = —3a” — 4 < 0. KOpHH KBaAPaTHOrO ypaBHEHHMS MEPBOi

CHCTeMBI PaBHBI |— a + V4 —3a” |/ 2. Ycinosue Toro, uTo 06a 'STHX KOPHS GOJNbIIE ¢, PABHOCHIEHO

—a—4-3d’

HepaBeHCTBy 2 > a <
i3 < g [ O SO
—3a° <-3a < = 4 & —=<a<-—.
0<4-3¢% < 94> §<a2<§ NE) J3

3. B tpeyrombruke ABC yron A pasen 60°, paccrosaust ot BepmuH B u C [0 [EHTPa BINCAHHOIN
OKPYXHOCTH TpeyroinbHuka ABC paBHBI, COOTBETCTBEHHO, 3 U 4. HaiinmuTte paamyc OKpyKHOCTH,
OTMHMCaHHOW OKOJI0 TpeyronbHuka ABC. .

Ortser. 1/ % . Yka3zanme. Cm. 3anauy 4 nns 9 kiacca.

4. EnuHUuHBIA KBajpaT MEepBOM 4YeTBEpTH Ha KoopAMHaTHOW miockoctd (0<x,y<1) pa3dbur Ha

KBaJpaTUKU CO CTOPOHOH 2- 10™*. CkoibKO Y3JI0B ATOTO pa3dueHus (BHYTPU €IMHUYHOTO KBaJpaTa)
JNIeXUT Ha mapadone y =x° 2.
OtBer. 49. Ykazanme. CM. 3aiauy 5 1 9 kiacca.

5. a) JlokaxxuTe, 4TO PaBHOCTOPOHHHM TPEYrojJbHUK MOKHO pa3outh Ha 2011 paBHOCTOPOHHUX
TPEyroJbHUKOB. §) MOXHO JI1 JOOUTHCS TOTO, YTOOBI B HICKOMOM Pa30MEHHUHU JJTUHBI CTOPOH pa3HbIX
TPEYroJbHUKOB IPUHUMAJIH JIMIIb JIBAa PA3JIMYHBIX 3HAUECHUS?
Otser: 0) na, MOXHO. YKka3anue. a) KoHEUHO, MyHKT a) cIEAyeT U3 MOJOKUTEIBHOTO OTBETA
MyHKTa 0), HO MOXXHO TMPHUBECTH He3aBUcHUMOe pemieHue. CpelHHMHU JUHUSMHU PaBHOCTOPOHHUMN
TPEYroJbHUK pazOuBaeTcss Ha 4 PaBHOCTOPOHHMX TPEYTOJIbHUKA, T.€ YUCIO TPEYTrOJbHUKOB YBEIH-
yyBaeTcss Ha 3. Pa3OuBas a1000W M3 MOTYyYUBUIMXCS TPEYTOJIbHUKOB Ha 4 PaBHOCTOPOHHUX, MBI
OyzneM MMeTh pazOMeHne u3 7 TPeyroJbHUKOB, U TaK Jajee: T.€. MOKHO TaKuM 00pa3oM MOIY4UTh
pa3zbueHne UCXOTHOTO TPEYroiIbHUKA Ha 371+1 paBHOCTOPOHHUX TPEYTOJIBHUKOB JJIs JTFOOOTO 7.
0) [lycTb naH paBHOCTOPOHHUIN TPEYrOJbHUK
ABC c enuHnuHON cTOpOoHOU. Pa3o0breéM ocHO-
BaHue AC Ha 1004 paBHbBIE 4acTH M BO3bMEM
toukn 4, u C, Ha cropoHax AB u CB, coot-

BETCTBEHHO, Ha paccTostHuu 1/1004 ot Touek A
u C. [lonocy Mexay napajjaelbHbIMU HPSMBbI-
mu AC nu A4, C, B tpeyronbHuke ABC MOXHO



JAVAVAN

JAVAVAN

pazoute Ha 1004+1003=2007 paBHOCTOpPOH-
HUX TPEYroJbHUKOB co cTopoHOoU 1/1004 (cm.
pucyHoK). OcTaBIuascsi 4acTb TpPEYroJbHHUKa
ABC mupencrasnsier co0OH paBHOCTOPOHHHI
TpeyrosibHUK co crtoponor 1003/1004, koto-
pBIii CpeqHUMM JMHHUSAMU pa30uBaercs Ha 4
PaBHOCTOPOHHMX TpPEYyrojbHHUKa. B pe3ynbraTe
NOJy4YHuTCss MckoMoe pazouenue u3 2011 Tpe-

YTOJBHUKOB CO cTopoHaMu Jin6o .1/1004, mubo
1003/2008.



11 kaacc.

1. 300pa3ute Ha KOOPAMHATHOM INIOCKOCTH MHOKECTBO TOYEK, YIOBJICTBOPSIONIMX HEPABEHCT-
By log, y<log x .

Ykazanume. O/13: x>0, y >0,x#1, y#1.Ilycts ¢ = log  y.Torna umeem HEpaBEHCTBO
y=x

yae, Korjga (<—l, mojgydyaeM [BE€ CHUCTEMBI:

t<%<:>—(t_l)t(t+l)<0 C{f)i?il' B ciy- 4 ".7/%
%

x>1 x <1
1, 060 1 - B cinyuae, xorma 0<t<l, 1
y<- y>=
X X
x>1
TaK)XK€ MMEEM JIBE CHCTCMBbI: , 160 0
I<y<x
x <1 .
. COBOKYMHOCTh YKa3aHHBIX PEIICHUI YEThIPEX CHCTEM M300pakeHa Ha PUCYHKE.
xX<y<

2. Haiinure Bce 3HaUeHMs apaMeTpa a, IpH KaxkIOM U3 KOTOPBIX ypaBHeHHue |x° —a’| = x—a
UMEET TP Pa3IUYHBIX KOPHSI.

Ot1Ber. — < @ < —=. Yka3zanue. Cwm. 3amauy 2 s 10 kiacca

V3 V3

o o o 2 .
3. Haiiagute MHOXKECTBO 3HAUCHUM U HAMMEHBIIHHN nepuo GyHKIUU y = cos~ 3x+ sin 6x.

OrBer. MHOXECTBO 3HAYECHUN {% — @,% + g} , HAaUMEHbBIMI Tiepuoa  m/3. Yka3aHue.
1 6 ) 1 5 .
[TpeoOpazyem QpyHKIHIO y K BULY V = % + sin 6x = 5 + BN sin(6x + o), rAe oL — BCIO-

MorarteibHbIi yroa (sina =+/1/5, cosa =+/4/5). Takum o0Opa3om, rpaduk JaHHOH (QYHKIHMU

. 5
MOJIy4acTCs U3 l"pa(i)I/IKa y =Sm 6x PACTAKECHUEM 110 OCH ) B 7 pas3, 3aTeM CABUI'OM I10 OCH X

o 1
BJIEBO HAa BEJIMYMHY — U, HAKOHEII, CIBUTOM BBEPX MO OCH y Ha 5 [TosTOMy OTBET Ha BOmpoC
3a/layu CJeNyeT M3 TOTO, YTO MHOXKECTBO 3HaueHUW (yHKmmH ) =sin6x ecth [-1;1], a Ham-

. 21 . o
MCHBIIINN nepnozl Z 5 u, 3HA4YUT, MHOXECTBO 3HAYCHUU JTAaHHOU (bYHKI_[I/II/I €CThb

5 . I
— ——,— 4+ — |, aTepuog — TakoH ke, KaKk KM )y =Sin6x, T.e. —.
RS 2} prox y byHKIMH Y 3

4. Jlan tpeyronsauke ABC, y kotoporo ctopoHa BC BaBoe 00mbIiie CTOPOHBI AB , ¥ B HEM TPO-
BesieHa Ouccekrpuca BM. a) Halinure otHomenue R,/R, ,rae R, R,— panuycsl OIUCAHHBIX

OKpykHOCTeH TpeyroibHukoB ABM n CBM cootBetcTBeHHO. 0) JJokaxuTte, uto 3/4 <r/r, <1,
TA€ 1, ¥, — PaJuyChl BIUCAHHBIX OKPYKHOCTEN TPEeYroiabHUKOB ABM 1 CBM cOOTBETCTBEHHO.

OtBer. a) . R,/R, = 2 . Yka3auue. a) Ilyctb L/BMA=ca, torna /BMC=rx—« . Torna B
TPEYroJIbHUKAX ABM 51 CBM MeeM COOTHOULICHUS AB =2R, sincx,



BC =2R, sin(r —a)=2R,sina. Orcrona R, /R, = AB/BC ="/ . (3ameTuM, 4TO B IaHHOM pe-
IIEHUH HE UCTIONb3YyeTcs TOT (akT, uTo BM — OuccekTpuca).

0) [lnomanes Tpeyronsauka CBM BaBoe Oosibllie TUIONIAAM TPEyroyibHUKAa ABM (3TO cienyer,
Harpumep, U3 (GopMyIIbl IUIOIAAH 110 ABYM CTOPOHAM IIPH BEpIIMHE B U OMHOMY U TOMY K€ YT-
a1y, paBHoMy 1nogoBuHe yrina B). Wmeem 2S5, =Pr =(AB+AM +BM)-r, u
28, =Pr, =(2AB+2AM + BM)-r, (3necb P,, P, — nepuMeTpsl TpeyroiabHUkoB ABM u CBM,
U TP TIOJICUeTe nepumerpa P, Mbl BOCIIOJIB30BAIHCh paBeHCTBOM CM=2A4M, KOTOpOE cilenyer
u3 cporictBa Ouccektpucel: CM/AM=CB/AB). O6o3naunm d=BM, t=AB+AM. OueBuano (u3
HEpaBEHCTBA TPEYrojibHUKa), d<t. Takum oOpa3oM, B 3TUX 0003HaueHUsX uMeeM 2(t+d)r, =
(2t+d)r,. Orcroma crienyer, BO HEpPBbIX, YTO # < F,. BO-BTOpBIX, HCKOMOE HEPaBEHCTBO
3/4 <r /r, npunumaer Buj 8t+4d > 61+6d, 1. d<t.

5. a) JlokaxuTte, 4TO paBHOCTOPOHHUI TPEYrOJIbHUK MOXKHO pa3outh Ha 2011 paBHOCTOPOHHHX
TPEYroJbHUKOB. 0) MOXXHO 71 AOOHUTHCS TOTO, YTOOBI B MICKOMOM DPa3OMEHHH JJIMHBI CTOPOH
pa3HBIX TPEYroJIbHUKOB MPUHUMAIIY JIUIIE JABA PA3JIUYHbIX 3HAYCHUS?

Otgert: 0) 1a, MOxxHO. YKa3zanue. Cum. 3aiauy 5 s 10 kimacca



