XTI onmumnuana umenn Jleonapaa Jiljiepa, 3aKJII0YNTEIbHBIN dTATl

Pemienusi 3aJaHUM EPBOTO AHA.

1. /lanvl 08a uucna (ne obs3amenvho yenvie), we pastule (. Eciu kaxcooe u3 HUX YEeauyums Ha eOUHUYY, ux
npouszgeedeHue Y8eauuumcs 8080e. A 60 CKOILKO pa3z y8eruyumcs ux npou3geoenue, eciu Kaxcooe u3 UCXOOHbIX
yucen gosgecmu 6 keaopam u 3amem ymenvuiums Ha edunuyy? (. llupses, U. Pybanos)

OtrBer. B 4 pa3a. Pemenue. OO0o03HaunM pgaHHbie uucia yepes a u b. Ilo ycnoBuro
(a+1)(b+1) = ab+a+b+1 = 2ab. [IpuBens B MocieqHEM PaBEHCTBE MOJOOHBIC WIEHBI, moirydaeM ab—a—b—1 =0,
otkyza (a—1)(b—1) = ab-a—b+1 =2 u (a®>-1)(b*-1) = (a—1)(b-1)(a+1)(b+1) = 2-2ab = 4ab.

2. Vempoiicmeo KK42 pabomaem mak: eciu noaodcums 8 He20 demvlpe wlapuxd, mo 6 nepavlil 10moK
8bIBANUMCSL BMOPOLL NO 8eC)y WApPUK (M. e. wiapuk eeca b, eciu a > b > ¢ > d), a 60 emopoii 1omox evieanimcs
ocmanvrole. C Opyeum Yuciom wmapukos ycmpotiicmeo e pabomaem. Umeromes 100 oounaxoswvix Ha 6uo wa-
PUKOB NONAPHO PA3IUUHBIX 8eC08. X nponymeposanu yuciamu 1, 2, ..., 100. Kak, ucnonvzosae npubop ne bonee
100 pas, natimu camoiii msaxcenviti wapuk? (K. Kaorr)

Pemenne. CHauana Kax/plil pa3 KiazeM B Ipuoop 4 He OTIIOKEHHBIX paHee MIapuKa U OTKJIaIbIBaeM TOT,
KOTOPBI BbIMal B NepBbid JI0TOK. [locne 97 mpob y HAC OCTaluCh HE OTIOKEHHBIMU CaMbIi TSHXKEJIBIA U JBa
CaMbIX JIETKUX IIapUKa, TaK KaK HU OJMH M3 HHUX BBINACTH B MEPBBIA JOTOK He MOXeT. [IycTh ux HOMepa —
X, y, z. BeiOepeM U3 OTJI0KEHHBIX JII0ObIe TPU IIapUKa a, b, ¢ U IpoJiesiaeM MocleqHre Tpu Ipoosl: (X, a, b, ¢),
(O, a, b,c), (z,a, b, c). B pesynbraTe n1Ba paza B MepBbIM JOTOK BBINAJIET BTOPOM MO BECy IIApUK U3 @, b, ¢ U
OJIMH — KOT'JIa BMECTE C a, b, ¢ B mpo0e ydacTBYeT cCaMblil TSDKEIBIN IAPUK U3 BCEX CTAa — CAMBIHA TSDKEIbIH
HIapUK U3 a, b, c. TakuM oOpa3oM, camMblii TSKENBIN MIAPUK U3 BCEX — ATO IIAPUK U3 X, ), Z, y4aCTBOBABIIHH B
TOM U3 TPEX MOCIETHUX P00, B KOTOPOIl B MEPBBIH JIOTOK BbINAJI HE TOT IIAPUK, YTO B IBYX JPYIHX.

3. Jlano 1000-3naunoe uucno 6e3 Hyneii 6 3anucu. Jlokaxcume, ymo u3 3mo2o YUCid MONCHO GbIYEPKHYNb
HEeCKONbKO (803MOJICHO, HU OOHOUL) NOCICOHUX YUpp max, ymobvl Noayuusuieecs YUucio He Oblio HAmypaibHOU
cmenenvio yucia, menwvuteco 500. (C. bepnon)

Pemenne. byzem BeruepkuBarh B KOHIIE HOJIb, OAHY, JIBE, TPH, ..., 499 mudp. Ecau Bc€ Bpems mosrydaroTcst
cTeneHu ymcesl, MeHbux 500, To OCHOBaHMS KaKMX-TO ABYX U3 HUX coBnaiu. [lycts 3To OyayT a* u @’ (x <y).
YMHOKHM 4HCIIO @* Ha CTENEeHb JECSITKHU TaK, YTOOBI B €0 3alHUCH CTAJIO CTOJIBKO e 3HAKOB, CKOJIBKO B 3aIICH
@, M BBIUTEM pe3yabTaT u3 ¢’. Pa3HoCTh OyneT HaTypalbHBIM YMCIIOM, AemsimuMcs Ha a'. Ho B HéM Oyner He
6onee 499 mudp, a B a* — He menee 501 uudpsl. [IpotuBopeune.

4. lan swvinyknvii  yemwvipéxyeonvhuxk ABSC. Ha ouaconaru BC ewibpana mouka P mak, umo
AP = CP > BP. Touka Q cummempuuna mouxke P omnocumenvro cepeounsvt ouaeonanu BC, a mouxka R cum-
mempuuna mouke Q omuocumenvro npsamou AC. Okazanoce, umo £LSAB = ZQAC u £SBC = ZBAC. [oka-
arcume, umo SA = SR. (C. bepnos)

Pemenne. Ormernm Ha otpeske AC Takyro Touky L, uto QL || AP. Torna tpeyroasauku APC u LOC no-
no6usl U LO = QC = BP. Kpowme Ttoro, BQ = PC = AP u ZAPB = ZLQB, nostoMy Tpeyronbuuku ABP u BLQO
paBHBI 110 IBYM CTOpPOHaM M yrily Mexay Humu. CnenosarensHo, B4 = BL. [lanee,

ZALR = ZALQ = 180°—ZCLQ = 180°-£LACB = LCAB+ZABC = LZABC+/ZSBC = ZABS
u £BAS=ZQAC= ZLAR, nostomy TtpeyroibHuku ABS u ALR mnonobHBl 1O ABYM yriam, OTKyna
AB/AL = AS/AR. 3nauur, TpeyroabHuku ABL n ASR mo100HBI IO IBYM TIPOTIOPITHOHAIEHBIM CTOPOHAM M YTITY
mexny HUMH (£LSAR = ZBAC, nockonbky £SAB = ZQAC = LRAL), Ho Tak kak AB = BL, T0 AS = SR.



XTI onmmmnuana umenn Jleonapaa Jiljiepa, 3aKJII0YUTEIbHbIN ITAI

Pemienusi 3aganuu BTOPOIo JHs.

5. I'paghuxu nunetinvix pynxyuti y = ax+c, y = ax+d, y = bx+e, y = bx+f nepecexaromcs 6 gepuiunax keaopama
P. Mozym nu mouku K(a, c), L(a, d), M(b, e), N(b, f) pacnoracamvcs 6 sepuiunax keaopama, pagrnoco keaopamy P?
(H. Py6anoB)

OtBer. He mMoryT. Pemenue. Ilycts Takoe BO3MOXHO. 3ameTuM, uTo mpsmbie KL 1 MN mapaiienbHbl OCH
OpAWHAT. 3HAYUT, OHH MapaJIeIbHBI MEXIy cO00H, U moToMy oTpe3ku KL u MN — mpOTHBOIIONIOKHBIE CTOPOHBI
kBanpara Q ¢ BepmuHamu K(a, c), L(a, d), M(b, e), N(b, f). CnenoBaTensHO, CTOPOHA 3TOTO KBajapaTa paBHa |c—d|. C
JIpyroil cTopoHsl, rpa@uku QyHKUUN y = ax+c U y = ax+d mapaienbHbl U NEPeceKaT OChb OPAMHAT B TOYKaX
C(0, ¢) u D(0, d). 3HaunT, OHU coaepIKaT MPOTHBOIIOIOKHBIE CTOPOHBI KBajipaTa P, U IJTMHA CTOPOHBI KBaapaTa P
paBHa PACCTOSTHUIO MEXIY dTUMH MPSAMBIMHU. 3aMETUM, YTO 3TO paccTosiHue He npeBocxoaut CD = |c—d|, u paBHO
|c—d| TonBKO TOT/AA, KOT/1a IPSIMBIE Y = ax-+c U y = ax+d neprnenauKyaspHbl ocu opauHaT. Ho B 3Tom citydae rpaduxu
y = bx+e u y = bx-+f 10 XKHBI OBITH MapalIeIbHBI OCH OPJIUHAT, YTO HEBO3MOXKHO.

6. Touxu M u N — cepeounvt cmopon AB u BC coomseemcmeenno mpeyeonvruxa ABC. Ha npooondicenuu om-
peska CM 3a mouxy M ommeuena mouxa D. Oxazanoce, umo BC =BD =2 u AN = 3. Jloxasxcume, umo
ZADC = 90° (A. Ky3HenoB)

Pemenue. O603naunM uepe3 K Touky nepecedenusi meauan AN u CM. Tlo cBovictBy memuan KC=2KM u
AK =2KN. Tlockonbky Kk ToMy e AN =3, To KN = 1. Takum o0pa3zom B TpeyroibHuke BKC Menuana kK cropone BC
pasHa 1 = BC/2, nostomy ZBKC = 90°. D10 03Ha4aeT, 4uro BK — BbIcoTa TpeyroiabHuka BCD, B kotopom BD = BC.
CnenoBarenbHo, BK — ero menuana. [losatomy DK = KC = 2KM, otkyna KM = DK/2 = DM. Ilony4aetcs, 4To qua-
TOHAJIM YEThIPEXYTOJIbHUKA JEJIATCS TOUKOM IMepeceueHus moroyaM, To ectb ADBK — napasienorpamMm. 3HauuT,
BK || AD, otxkyna ZADC = ZBKD = 90°, uto u Tpe60oBaJIoCh 10Ka3aTh.

7. Ha oocke nanucanvl yucaa 1, 2, ..., 1000. Paspewaemcsa cmepems ntobvle 06a yucia a u b u 3anucamo éme-
cmo Hux uucia ab u a’+b°. Mooicno nu maxumu onepayusmu 006umbcsl, ymobbl cpeou Yuces, HanUCAHHbIX Ha 00CKe,
ov110 xoms 6wl 700 oounaxoswix? (M. AHTHIIOB)

OrtBer. Henp3s1. Pemenne. [TpocieniM 3a KOJTMYECTBOM YHCEI HA JOCKE, KPATHBIX TPEM. 3aMETHUM, YTO €CJIi 00a
yucna a, b nenunuch Ha 3, TO M 00a HOBBIX YUCIIAa — TOXE, €CIIM POBHO OJTHO W3 YuCeN @, b ObLIO KpaTHO TpEM, TO ab
KpaTHO TpéM, a a*+b> — Her. Haxonen, ecu 06a uncia a, b He JeNWIKCh Ha 3, TO U a*+b* naét octatok 2 MIPU JENCHUN
Ha 3, T. €. YHCell, KpaTHBIX TPEM, U HE TOsBIsieTCsA. TakuM 00pa3om, o0Iee KOJMYECTBO YUCEN, KPaTHBIX TPEM, HE
Mmensiercs. Tenepb 3aMeTHM, YTO UCXOJHO TakuX yucen Obuto 333 (3, 6, ..., 999), a ecau Obl oce HECKOIBKHX OIle-
panuii Ha TOCKe 0Ka3auoch XOTs Ob1 700 paBHBIX YHCEI, TO YHCEN, KPAaTHBIX TPEM, Ob110 ObI 11100 He MeHee 700, oo
He 6onee 300. [IporuBopeune.

8. /lano namypanvroe yucno k. B 2opode Heckonvko demet, OHU X005M 8 HECKOIbKO KPYHCcKo8. H3eecmmo, umo
8 Kadxcowlil Kpya#coK xooum He donee 3k 0emeii, 110001 peOEHOK X00UM POBHO 8 MPU KPYICKA, U O JH0ObIX 08YX
Odemeli ecmb KPYJHCOK, 8 KOomopoti 0ba oHu xoosam. Kakoe Haubonvuee koauuecmao oemetl Modxcem 6vims 8 2opooe?
(W. borpanos, I'. YenHOKOB)

OtBert. 7k. Pemenne. /Ipumep. Pa3o0bém 7k nereit Ha 7 rpymnn (mpoHyMepoBaHHbIX OoT 1 10 7) mo k aereit B
Ka)KJIOW U COCTaBMM 7 KPY>KKOB U3 aered rpymm (1, 2, 3); (1,4, 5); (1,6, 7); (2,4, 6); (2,5,7); 3,4,7); (3, 5, 6). He-
TPYAHO MPOBEPUTH, YTO BCE YCIOBHUS BBIIIOTHEHBI.

Oyenxa. Ecnu Bce KpyXKH COCTOST U3 HE Oonee, ueM 3(k—1) mereit, MOXKHO 3aMeHUTH k Ha k—1 (M 10Ka3aTh, 4YTO
gucno aereir He mpeBocxoaut 7(k—1)). Takum oOpa3oM, MOKHO CUHTATh, YTO B OJJHOM KpPYKKEe A €CTh XOTS ObI
3k—2 peb6Eénka. MOKHO cUMTATh TaKXKe, 4TO €CTh peOEHOK s BHE A, MHa4e Yncio aeTeil He Oonbiue 3k. Tpu kpyxka,
B KOTOPBIE XOJIUT S, TOKPBIBAIOT A (TaK KaK y § €CTh OO KPY>KOK C JIF0OBIM peOEHKOM U3 A4). 3HAYUT, €CTh KPY>KOK,
OTJIMYHBIN OT A M NepeceKaromuiicsi ¢ A XoTs ObI 10 k 1eTsIM.

[TycTb d — HanbospIIee KOJTUIECTBO ACTEH B IEPECEUCHNH IBYX PA3IMUHBIX KPY)KKOB; 110 JOKa3aHHOMY BHIIIIE,
d 2 k. Paccmotpum kpyxku B u C, nepecekaromuecs 1o d aetsM. [lycts X — nepeceuenue kpyxkoB Bu C,a ¥ —
MHO>XECTBO BCeX JIeTeH, He Xoasamux Hu B B, au B C.

[Tycts x — pebénok n3 X. On xoaut B B, C 1 B KAKOU-TO TPETHH KPY>KOK Dy, B KOTOPBIH MO YCIOBHUIO TOJKHBI
XomuTh Bee aetu u3 Y. Ecim s kakoro-to peOb€HKa z m3 X ero TpeTuil KpyXok D otnudeH oT Dy, To D: u Dy
nepecekarTcs XoTst Obl mo Y, otkynma |Y| < d; 3Hauut, obmee ywmcino aereit |B|+|Cl-|X[+|Y| He mpeBocxommt
3k+3k—d+d = 6k. Unaue xpyxok Dy cogepkuT Bcex nereit uz X u Y, to ects |X[+|Y] < 3k, oTkyna obiee uncio aereit
He Oombine 3k+3,2|X[+(|X[+|Y]) < 9%k—2d < Tk.

3ameuanue. Ilpu orpannyeHnn Ha pa3mep Kpyxka 3k+1 umu 3k+2 B 3agaue OyayT noiydarbes oTBeThl 7k+1 u
7k+4, COOTBETCTBEHHO.





