XVII YcTHaa maTemaTtnyeckasa onumnuaaa ana 6 — 7 knaccos
24.03.2019
7 Knacc
1. Pacnun. Ctongap pacnunun waxmaTHyr A0CKY Ha KneTku 3a 70 MuHyT. 3a Kakoe BpeMsi OH
pacnunnT Takyto XXe OOCKY Ha KBagpaTbl pa3smepoMm 2x2 Knetkn? (Pasmepbl waxmamHoU 00CKU
— 8x8 knemok. Bpemsi pacrniuna rnpornopyuoHasbHO e20 OfluHe.)
4. TpywuH

OtBeT: 3a 30 MUHYT.

PeweHwue. Npn pacnunmeaHmMm JOCKM Ha 64 KNeTkM ObINO cAenaHo CeMb BepTUKambHbIX
pacnuyioB MO BOCEMb KINETOK M CTOMbKO >Xe Tropu3oHTasbHbIX. WUToro: 7-8-2 eguHWYHBIX
pacnunos. [lpu pacnunMBaHMM Ha YKa3aHHble kBagpaTbl notpebyeTca cpenatb Tpu
BepTUKanbHbIX pacnuiia no BOCEMb KNETOK U CTOMBbKO Xe ropu3OHTarnbHbIX, TO ecTb 3-8-2
€0VHUYHBIX Pacnusos.
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2. JlomaHas. [1aH paBHOCTOPOHHMI TpeyronbHUK. CyLLecTByeT NN YeTbipEX3BEHHAsS JIOMaHas,
BEpLUMHbI KOTOPOM He coBMagalwT C BepliMHaMW [aHHOro TpeyrorbHuKa, U KoTopas yepes
KaXayto BEPLUMHY 3TOr0 TPeyrofibHMKa NpoxXoauT ABaXabl?

4. TpywuH

OTBeT: CyLLeCcTBYeET.

PeweHue. Hanpumep, cm. pucyHok: ABC
— [aHHblA PaBHOCTOPOHHUM TPEYronbHUK,
KLMNO — nckomasi nomaHasi.

3. NMokynku. B marasnHe «Bcé gna nytewectsun» npogatotcs 20 nneepos no ueHe ot 500 go
800 pybnen n 20 HaywHukoB no ueHe ot 50 go 140 pybnen. N3BecTHO, 4YTO nobon oauH
npegMeT CTOUT Lenoe Yncno pyobnen n HMkakme gsa He CTOAT oAMHaKoBO. [lokaxute, 4yTo ABa
nokynatens cmoryT npuobpectn no O4HOMY Mfeepy C HaylHMKaMu, NOoTpaTMB OAMHAKOBOE
KONMM4YEeCTBO AEHET.

Onumnuada Baltic Way, 1991

PeweHue. 3ameTnm, 4YTO BCErO pPasnmyHbIX LEHHUKOB B MarasmHe MoxeT 6biTb (800 — 500
+ 1) + (140 — 50 + 1) = 392. A BCeBO3MOXHbIX Nap «nneep-HaywHukn» — 20-20 = 400. 3Hauur,
no npuHuuny Adupuxne, HanayTcs ABe pasHble napbl C OAMHAKOBOW CYyMMapHOM CTOMMOCTLIO.
OpHako, ecnu B 9TUX Napax Kakon-To npeameTr Oyaer ogHMM M TeM e, TO OCTaBLUMECS
npeameTbl CTOST MOPOBHY, NO3TOMY TOXe oAuMHakoBble. CnegoBaTenbHO, HaWayTCca ABe napbl,
KOTOpblE CMOIYT KyNuUTb [Ba pa3HbiX MOKynaTensi.

4. Ckanona3sou4ka. B comHane KoMGMHMPOBAHHOIO YeMnMoHaTa MmMpa No CKanosiasaHuio LWeCTb
CMOPTCMEHOK COPEBHYHOTCA B TPEX ANCUMNNMHAX. B KaXgom n3 HUX OHU pacnpeaensitioT Mexay
cobon mecTta C nNepBOro no wecrtoe (genexen Mect He GbiBaeT). OKOHYaTENbHbIA pe3ynbrart
KaXKgon CNOPTCMEHKM — MPOM3BEeAEHNE TPEX 3aHATbIX MeCT. PrMHanNbHbIE pe3ynbTaTbl OKa3anucb
Takumn: Axuba — 5, Con — 12, xeccuka — 24, Ao — 54, Muxo — 64, lMetpa — 75. Kak
pacnpegenunMcb MecTta B NepBon ANCUMNINHE, €CNM N3BECTHO, YTO Y AHbM OHa camasi crnabas
n3 Tpex?

M. UnroxuHa

OtBet. 1 — Con, 2 — [Ixeccuka, 3 — lNeTpa, 4 — Muxo, 5 — AHbsa, 6 — Akuino.

PeweHune. Y AHbn npousBedeHME 3aHATbIX MECT paBHO S, 3HA4yMT, OHa 3aHsana Asa
nepBbIX MECTa U 0gHO naToe. Tak Kak nepeas AucuuninHa y Hee camasa cnabasi, TO MMEHHO B
Hen OHa 3aHsana natoe MecTo. Y NeTpbl NponsBeneHNe 3aHATLIX MECT paBHO 75 = 352, 3Haum,
OHa 3aHsna ABa NATbIX Mecta U ogHo TpeTbe. B mepBon aucumnivHe oHa He MOorna 3aHsTb
NSATO€ MECTO (OHO 3aHATO AHbeWN), 3HA4MT, OHa Obina TpeTben.
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MpounsBegeHne MecT, 3aHATbIX Muxo, paBHO 64 = 43, 3HaAuuT, OHa KaxgblK pa3 3aHMMana
yeTBEPTOE MecTo. [lpomnsBeaeHmne MecCT, 3aHATbIX AKUINO, paBHO 54 = 3%.6, 3HaunT, OHa 3aHsana
ABa TpeTbMX MecTa M OAHO LWecToe. Tak Kak TpeTbe MecTo B MepBON AMCUMUNINHE 3aHAna
MeTpa, TO AKMIO 3aHsANa WecToe.

Takmm obpasom, noka He 3adMKCUPOBAHbI: B MEPBOWN OUCUMUNIIMHE — NEepBOe U BTOpoe
MEeCTO, BO BTOPOM AUCLMNIIMHE — BTOPOE U LWeCToe, B TpeTben — Takke BTopoe u wecToe. U3
ycnoBus 3agayun cnegyet, 4To Con 3aHsna nepeoe, BTOpoe M Lectoe MecTa, a [hxeccuka — aBa
BTOpPbIX U 0gHO WwecToe. CnegoBartenbHO, B nepson ancumnnuHe Con 3aHsna nepeBoe MecTo, a
[xeccuka — BTOpoeE.

Ommemum, 4mo 8 pearibHOU XU3HU bbIII0 8 MOYHOCMU Mak, Kak 8 ycrioguu 3adayu.

5. Crmn6. [lpsamoyronbHbin NUCT OBymarn COrHynuM no AguaroHanu. MoxeT nv nepumeTp
NOMYyYEeHHOro NATUYIoSfibHUKA OKa3aTbCs paBHbIM NEePUMETPY UCXOAHOro nucta?
@ornbKiop (8 pedakyuu A. lNewHuHa)

OTBeT: He MOXeET.

PeweHue. [lyctb npamoyronsHuk ABCD corHynu no
anaroHann AC n nony4nnun natuyronbHUK ABMD’C (CM. pUCYHOK).

Torga nepumeTp npsimoyronbHuka Py = 2(AB + BC), a nepumetp
natnyronsHuka P, = AB + BM + MD’ + D’C + CA.

PaccmoTpum 1 npeobpasyem pasHOCTb, yuuTbiBad, Yto AD' =
AD=BCuDC=DC=AB: Py —P,=(BC-BM)+ (AD - MD’) —

CA =CM + MA — CA > 0, TaK Kak N0 HepaBeHCTBY TpeyrorbHuKa
CM + MA > CA. Takum obpasom, P > Ps.

Om WKOMbHUKO8 MOXHO He mpebosamb cmpo2ol ¢hopMynupo8KU HepaseHcmea
mpeyeonbHuka. OHu, Harpumep, UMerm rpaso cCbliambCs Ha Mo, Ymo Kpam4yauwuu rnymeb
MexQy d8yMsi modYkamu rpoxooum o npsimMod.

6. Urpa. Ha gocke 3anmcaHo: *** x *** x *** x *** rpaloT gBoe: y4YnTernb N YYEeHUK. Yuntenb
Ha3blBaeT HEeHyneByl uUUpy, a YYEHUK CTaBUT ee BMEeCTO OAHOW M3 3BE3J0YEK, npuyem
yunTenb BUAOWUT, Kyda WMEHHO. Y4YeHuK xoyeT, 4Tobbl nocne pABeHaguatyv nap Xoaos
npoun3BedeHne YeTbIpEX MOMyYMBLUMXCA TPEX3HAYHbIX Yucen genunocb Ha 9. CMOXeT fM OH
3TOro 4OBMTLCA HE3ABMCMMO OT TOro, Kakne Lndpbl HA30BET yunTenb?

Onumnuada CaHkm-lNemepbypaa, 2012

OTBeT: CMOXeT.

PeweHue. YkasaHHoe npousBeneHne OyoeTr pgenutca Ha 9, ecnu xoTa Obl gBa
TPEx3HayHbIX yucna OyayT kpaTHbl Tpém. CriegoBaTenibHO, YYEHUK OOIMKEH O0OUTbCS, YTOObI
XoTsl Obl y OBYX TPEX3HA4YHbIX YyMcen cymma undp 6bina kpatHa TpEM. [ns 3TOro OH MOXeT
pacnpegendatb uudpbl NO rpynnam B 3aBMCUMMOCTM OT MX OCTaTtka npu geneHumnm Ha 3.
Hanpumep, B nepByto rpynny BMECTO 3BE3J04EK 3anucbiBaTb LMEPbI, UMetoLwme npu geneHum
Ha 3 ocTaTok 1, BO BTOPYK — MMeKLMe ocTaTok 2, B TpeTblo — uMmerwme octatok 0. Ecnu
Kakas-TO U3 3TUX IPynn yxe 3arnofiHeHa, To ungpa 3anucbiBaeTcs B YETBEPTYIO rpynny.

Mocne cegbMoOro xoda ydYeHMKa ofHa M3 nepBbiX TpEX rpynn OyaeT 3anonHeHa.
PaccmoTpum Tenepb cuTyaumio rnocre Aecsatoro xoga ydeHuka. Ecnv 3anonHunack ewe xots
Obl ogHa M3 nepBbiX TPEX rPynmn, TO ero uenb AOCTUrHyTa. B MpoTMBHOM cnyyae yeTtBépTtasi
rpynna okasblBaeTcs 3arorHeHa ungpamm, MMerLWmMMn OgUHaKoBbIN OCTaToOK Npwu AerfeHun Ha
3. CnepoBatenbHO, Yncno obpasoBaBLLeecs B 9TOW rpynne aenutca Ha 3.

Takum obpasom, He No3xXe, YeM Nnocne A4eCcATOro xoaa yyYeHuka, obpasytorcsa xoTa Obl ABa
TPEX3Ha4YHbIX 4ucna, KpaTHble Tpém. OcTaBwmecs uUMPbl YYEHUK MOXET paccTaBnsATb
NPOU3BOSLHO.

7. Obea. [IBa matematvka pewwunu noobepate B kadpe. Ob6wasa CTOMMOCTb UX 3aKa3oB
coctaBuna 770 pybnein. MNepBbln matemaTuk ckasan: « CymmapHoe Konn4ecTtso Ontoa, KoTopble
Mbl 3aKasanu, — NpocToe 4Yncnox». Bropon maremaTuk otBeTUn: «ECnn Tbl TaKOW YMHbIW, TO S
oTaam Tebe NPAHMK CTOMMOCTBIO 64 pydns 1 nocne aToro CpeaHas CTOMMOCTb BN, y Kaxaoro
13 Hac yBenuunTcHa Ha oguH pybrnb». Ckonbko pybren notpaTnn Kaxabli U3 HUX Ha CBOW 3aka3s?

benbeautickas onumnuada (e pedakyuu A. JllammioauHa)

OTBeT. nepBbIN notpatun 122 pybns, a BTopon — 648 pybnen.
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PeweHwme. lNMyctb S1 1 S, — cpegHue ctoumocTn 6nog nepBoHavanbHOro 3akasa, a Ny U Ny
— KonnyecTBo Ontog B 3aKkasax nepBoro 1 BTOPOro MaTeMaTUKOB COOTBETCTBEHHO. Torga obuwias
CTOMMOCTb 3aKa3a NepBOro maremartvka paBHa Sinq, a BToporo — Syn,.l1o ycrnoBuio 3agayn
MOXHO COCTaBUTb TPU YpaBHEHWS:
(1) S1n1+64 =(S1+1)(n1+1); (2) Son,—64 = (Sa+ 1)(n2—1); (3) S1nq+ Sany =770.

N3 (1) cneayert, 4to S1 = 63 — ny, a u3 (2), 4to Sy = 63 + ny. NoacTaBnAsa 3T 3HAYEHNA B
(3), nonyunm: 63n, —n; +63n, +n; =770 . MNocne pasnoxeHus obenx yacten Ha MHOXUTENN 3TO

ypaBHEeHWe NpuMeT BUAL (n1 +n, )(n2 -n, +63) =257-11.

Mo ycnoswuio, ny + N — npoctoe Yncno. Ecnun ny + nx <7, To(n1 +n2)(n2 —n, +63)< 7(7 +
63) = 490 < 770. 3Hauut, n1 + np = 11, Torga n, — n1 + 63 = 70, TO eCcTb N2 — Ny = 7.
CnepoBatenbHo, Ny =2, n, = 9. Torga S, =-n +63n, =122, S, =n; +63n, = 648.

Ommemum, ymo 8 ycrosuu 3adaqyu He cKkasaHo, Ymo cmoumocmu br1t00 (Kpome npsiHUKa)
U cpedHue cmoumMocmu 3aka3oe sernsomcs yenbiMu Hqucnamu. Mosmomy moboe peuweHue,
ucronb3yruwee 6e3 0b60cHoB8aHUSI amu hakmebl, HeNb3s MPU3Hame 8epHbIM. Ho u3 paseHcme
S; =63 -n;uS,; = 63 + ny cnedyem, ymo S u S, — HamyparbHbIe Hucra, omkKyda Mosly4um,
ymo yucna Sing € Syny, — makxke HamyparbHble. [Janee 803MOXHO rnepebopHoe peweHue, HO
OHO 8ecbMa 2pOMO30KOe.
8. Yron. BHyTtpu TpeyronbHuka ABC oTmeveHa Todka P Tak, 4yto cymma yrnos ABC n APC
paBHa 180° n CP = AB. [lokaxuTte, 4yto LCAP < 60°.

A. lNewHuH

PeweHue. Ha npogormkeHun ctopoHbl BC 3a TOYKy
B otmeTtum TouKy D Tak, yto BD = AP (cM. pucyHoOK). 13
ycrnoBsusi 3agaym cnegyet, uto ZDBA = 180° — ZABC =
ZAPC. Torpga TpeyronbHuk DBA paBeH TpeyrofibHUKY
APC (no pgBym CTOpoHaM W Yyriy Mexay HUMN).
CneposatensHo, AD = AC, 10 ecTb TpeyronbHuk ADC —
paBHObGeapeHHbIn. Kpome Toro, ZACD = Z/ADC = ZCAP
= a. Torga un3 TpeyronbHuka ADC no Teopeme 0 cymme
yrnoB TpeyronbHuka nonyuum: 3a + ZCAP = 180°,
oTKyga a < 60°.

Ans  ceMuknaccHUKos,  yxe  3HakOMbIX C

npu3Hakamu u ceolicmeamu 8rnucaHHO20
yembIpéxya0osibHUKa, MOXHO  npednoxums  Opyaou
crocob peweHusl.

Paccmompum moyky Q, cummempuyHyro moyke P
omHocumersbHo npsamol AC (cm. pucyHok). Toeda ~AQC +
<ABC = AAPC + AABC = 180°, noamomy 4embipéxy20ribHUK
ABCQ — srnucaHHbIU.

Tak kak QC = PC = AB, mo ABCQ — pasHobedpeHHasi
mpaneuyusi. CnedosamenbHo, ~ACB = ~QBC = AAQB =
<ZCAQ = ACAP = a. Tozda cymma yenos ABCQ: 5a + .BQC
+ /BAP = 360° Tak kak «.BQC = ~CAB > o, mo 6a < 360°,
mo ecmb a < 60°.

9. 3anonHeHue kBagpaTa. CKonbkMMKM crnocobamMmm MOXKHO 3anofiHUTb UMPpamMmn  KNeTku
KBagpata pasmepom 3x3 Tak, YTOObl B KaXXAoOW CTPOKE U Kaxaom ctonbue cymma ungp boina
paBHa 7, a HeHyneBble UUdpbl He NOBTOPANUCH?
Harvard-MIT mathematics tournament, 2019
OTBeT. 216 cnocobos.



PeweHwue. [NepBbint cnocob. 3ameTnm, YTO CyLLECTBYET NSATb Pa3HOBUAHOCTEN CYyMM Tpex
unmpp: 0+0+7=7(1);0+1+6=7(2);0+2+5=7(3);0+3+4=7(4);1+2+4=7(5).

MycTb HangyTca aBe cTpoku Buaa (1). Torga ocTaBwlasacs CTpoka UMeEET TOT Xe Bua. B
3TOM cny4yae Tabnuua MoxeT 6bITb 3anonHeHa 3! = 6 cnocobamw.

MycTb ecTb poBHO ofHa cTpoka Buaa (1). B ogHom ctonbue ¢ umMdpon 7 AOMKHbI CTOATb
HyfM, NO3TOMY OCTaBLUMECS CTPOKM MOryT ObiTb TONbKo Buaa (2), (3) unu (4). 3ameTtum, 4To
OCTaBLUMECH OBe CTPOKW AOMXKHbl ObITb oAHOro Buaa. Takum obpasom, ecTb Tpu cnocoba
BblGpaTb cTpoky Buaa (1), Tpym cnocoba 3anonHUTb ee, Tpu cnocoba BblbpaTb BMA OCTamnbHbIX
CTPOK 1 gBa crnocoba paccTtaHOBOK B 9TuUX cTpokax. Utoro: 3-3-3-2 = 54 cnocoba.

Hanee 6ygem cuntaTb, YTO CTPOK BMAaa (1) HeT.

MycTb ecTb ABe cTpokn Buaa (2). Toraa octaBLUasCs CTPOKa MMEET Takom Xe Bug. 3HauuT,
€CTb LeCTb CNnocoboB 3amnonHUTL NEpPBYHD CTPOKY, 3aTeM ABa cnocoba 3anofnHWTbL BTOPYHO, a
TpeTbs CTpOKa onpeaensercs ogHo3HayHo. ATtoro: 6-2 = 12 cnocoboB.

lMycTb ecTb poBHO oagHa cTpoka Bmaa (2). B ogHom cTtonbue ¢ umdpon 6 MoryT CTosTb
Tonbko O n 1. CTpoka ¢ eguHULEN MOXET ObITb TONMbKO BMaa (5). Torga Mbl NosyYUM OAHY U3
cnenyoLwmx paccTaHOBOK (C TOYHOCTbLIO O NEPECTAHOBKN CTPOK M CTONOLIOB):

016 016
421 241
340 520

Takmm obpasom, ecTb Tpu cnocoba BbibpaTb MOMoXeHne CTpokn Buaa (2), wecTtb cnocobos
paccTaBUTb YMCna B 3TOW CTPOKe, ABa cnocoba onpeaenvTb NOMnoXeHne CTpoku Buaa (5), Aea
cnocoba paccTtaBuTb Yncna B aton cTpoke. UNtoro: 3:6-2-2 = 72 cnocoba.

[anee 6ygem cuntaTtb, YTO CTPOK BMAA (2) TOXE HET.

MycTb Hamgytca aBe cTpoku Buaa (3). Torga ocTaBwasdAcs CTpoka UMeEET TOT Xe BuA.
3HauuT, ecTb LWeCTb CrnocoboB 3anonHUTbL MEPBYK CTPOKY, 3aTem ABa crnocoba 3anonHuTb
BTOPYIO, @ TPETbA CTPOKa onpeaenseTca ogHo3Ha4vHo. MToro: 6-2 = 12 cnoco6oB.

lMycTb ecTb poBHO oaHa cTpoka Buaa (3). B ogHom cTtonbue ¢ umdpon 5 MoryT CToATb
Tonbko 0 n 2. Ctpoka ¢ uudppon 2 pormkHa 6biTb Buaa (5). Torga Mbl nonyyYnm ofHy wm3
cneayroLLnX pacCTaHOBOK (C TOYHOCTbIO 40 NepecTaHOBKN CTPOK U CTONOLOB):

025 025
412 142
340 610

Btopas tabnuua cogepXuT CTpPOKy Tuna 2, YTO HaM He MNOAXOAUT. 3HauuMT Hac MHTepecyeT
Tonbko nepBasa Tabnuua. Takum, obpasom, ecTb Tpu cnocoba BbiOpaTb MONOXEHUE CTPOKU
Bnaga (3), wectb crnocoboB pacCTaBUTb 4Yucna B 3TOW CTpoKe, ABa crnocoba onpenenvtb
nonoxeHue ctpoku suga (5). Ntoro: 3-6-2 = 36 cnocoboB.

Hanee cuntaem, 4To cTpoK BuAa (3) Toxe HeT. Toraa ectb NMGO xoTa Obl ABE CTPOKM BMAa
(4), Nnubo xoTa 6kl ABe CTPOKM BUAa (5).

B nepBom cny4ae octaBLlasica CTpoka Toxe umeeT Bug (4). Torga ectb WwecTb Ccnocobos
3anonHUTb NEPBYHO CTPOKY M ABa cnocoba 3anonHuTbL BTOpYH. MToro: 12 cnocoboB.

Bo BTOpOoM cnyyae octaBLlasica cTpoka Toxe umeet Bug (5). Torga ecTb WecCTb cnocobos
3anonHNTbL NepBY0 CTPOKY U ABa cnocoba 3anonHuTb BTopyto. MToro 12 cnocobos..

Takmm obpasom, obuiee KonmyecTBo cnocobos: 6 + 54 + 12 + 72 + 12 + 36 + 12 + 12 =
216.

BTopon cnocob. PaccmoTpumM Npon3BONbHYIO CyMMY TPEX Umdp, paBHyto 7. 3aMeTuM, 4YTo
B HEM POBHO OAHA HeYETHas undpa (KONMYECTBO HEYETHBLIX LMAP OOMMKHO ObiTb HEYETHLIM, a
€CInKn 1X XoTsa Obl Tpn, TO X cymma byaet He MeHbLue, Yyem 1 + 3 + 5 > 7). [loaTomy B 4BONYHOM
pasnoXeHnn PpoBHO Yy OOHOro criaraeMoro B paspsge eanHuy, ctout 1. B paspsge vetBepok 1
CTOMT TaKxe POBHO Y OAHOro cnaraemoro. [lencteutenbHo, ecnu 1 cTouT B paspsae YeTBEPOK Y
ABYX unu Tpéx cnaraemblX, TO cymma byanet 6onbwe 7. Ecnn xe 1 B paspsage 4eTBEPOK He
OyOeT CTOATb HU Y OAHOrO cnaraemMoro, To 7 Mbl CMOXEM MNOSTy4YMUTb TONbKO cymmamu 3 + 2 + 2
mnn 3 + 3 + 1, B KOTOpbIX crnaraemMble NOBTOPAOTCA. Takum obpasom, n B paspsne ABoOeK 1
CTOMT POBHO Yy OOHOrO Craraemoro.




Tenepb 6yaem 3anonHaTb Tabnuuy cneayowmm obpa3om: cHavyana Besge NocTaBuUM Hymnw.
3artem BbIbepeM TpU KNETKM N3 pasHbiX CTPOK 1 CTONBLOB 1 yBenuyum Kaxayto Ha 1. Cnocobos
aTo cgenatb: 3!. 3ateM BbiGepem TpuU KMNETKN C TEM Xe YCIOBUEM, TONbKO B HUX Yyxe Jo6aBuM
no 2. A 3atem BblbepemMm elé Tpu, B KoTopble Aobasum no 4. MToro nonyyum: (3!)3 = 216
cnoco6os.

Bapuanm cocmasunu A. lNewHuH, A. JllammioeuH, [. TpywuH.





