Ouanvmnunaga mkoJbHHKOB CIIOI'Y mo maremaruke.
BaksrouyuresnbHbIil sran. 2018/2019 yuebusbiii rog. 10 — 11 kiaccsl.

Bapnant 1

1. Umeemca 8 weprvix aadeti u n beavix. Ipu Kaxom HAUOOALWEM N UL MOHCHO DACCTMABUML HA ULGL-
mamnoti docke mak, wmobv, odnoysemmbie Aadvu we buau dpye dpyea? Jlades ne bbem HacCK603b wepes
dpyeyro Pueypy.

OrBeT: 16.

Pentenne. Ilycrs B i-it cTpoke JOCKH CTOUT N,; 9epHBbIX jajeit. Torma B 9TOi CTPOKE MOXKHO PaCIO-
JIOKUTH He bosiee n; + 1 Oesbix jaseit, He ObiomMX apyr Apyra. Ilosromy

n<(n+1)+Mme+1)+...+nsg+1)=(m1+...+ns) +8=8+8=16.

PaccranoBka st 16 Genbix jtafieil mokas3ana Ha, pucyHke. [
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2. Jlanv, noaooscumenvuoie wucaa T,y, z. Hatidume maxcumanrvroe 3navenue 8opartcenus

ryz (T 4y +2) .
V@)t + (y2)t + (22)!

A=

Orser: /3.

Peurenne. ,HJIH OIICHKHU YUCJIUTEIIA A BOCTIOJIb3yeMCsI HEPABEHCTBOM Ko IJIA CpeaTHUuX:

TY T2+ TY Y2+ T2 Yz <

(zy) -;—(:EZ) N (zy)* —;(yz) N (z2)’ —;(yZ) — (2y) + (y2)? + (22)?.

Ucnons3ys mepasencrso ((zy)? + (yz)* + (3:2)2)2 <3((@y)* + (y2)* + (z2)*), MBI HOTy MM

3((ey)* + (y2)* + (x2)t)

S ) T ) T @)

A< VB,
PaBsencrBo peasm3yercs npu x =y = z. [

3. Jan mpeyzoavnux ABC ¢ menvwets cmoponoti AB. Ha cmoponax AB u AC ewbpans. coomeem-
cmeenno mouku X uY mak, wmo BX = CY. Ilod Kaxum yaaom npsmas, Nporodiuas 4epes yeHmpos
ONUCAHHBLT oKpYsrcHocmet mpeyzorvrurkos ABC u AXY , nepecexaem npamyro BC, ecau ZABC = 3
u LBCA =~7?

Orser: 90° + # .

Pemtenne. Ilycts w u wy — omucanubie okpykuOCTH TpeyroabHukoB ABC u AXY, O u O; — ux
HEHTPbI, Z — oraudHasg o A To4YKa epecedeHus w U wy. 3ameruM, 4ro LABZ = L ACZ nockoJibKy 311
YIJIbL BIIMCAHBL B W U OLMPAITCs Ha 00y 0 Ayry. AHaJorudHo nupopepsiercsa papeacrso ZAXZ = LAY Z.



[Mosromy AXBZ = ANYCZ, orkyna BZ = CZ. Toraa paBHbL U Jyrd OKPY2KHOCTU W, CTAIMBAEMbIE
xopgamu BZ u C'Z. CienoBaresbHo,

BAZ =7C =1 BAC=1(28+2y)=8+7, omya ZBAZ=180°—1(3+7).

Orpesok AZ spasiercss obIeit Xopmoit okpy:kHoCTel w U wi. 3Hadur, O u Op JeXKaT HA CePEIUHHOM
neprneHaukyasape Kk AZ wu, B wacraocru, AZ 1 OO;. Iockonsky ZABC = u /BAZ = 180° — '8.%,
yron mexay upsimbiva OO; u BC Gyner paBeH

360° — LABC — ZBAZ —90° = 270° — 3 — (180° — L (B+ 7)) =90° + 3(v - B). O

4. Jlecamuunas 3anuct K6adpama HamyparbH020 YUCAG T npedcmasasem cobol 06a 00unakosur coced-
HUL Oa0Kka u3 n yudp. Moocem au n pasnamocs 20182019%

Orser: /[la.

Pemenne. Yucio 2 no/mkno umers suj (10" + 1) a, rie a — nekoropoe n-3nadnoe uucyo. s
HEYETHBIX N 1O (POpMysIe [1Jisi CyMMbI F€OMETPUIECKON TPOTPECCUU

10"+1=(10+1)b=11b, 1me b=1-10+10*—... + 10" %

Bamerum, uro 10¥mod 11 = (—1)¥ aua meorpunarensubix nenbix k, orxysa bmod 11 = nmod 11.

Buauut, (10" + 1) : 121 nj1a HeweTHBIX 1, KpaTHLIX 11, u, B yacTHOCTH, It N = 20182019. ITojoxkuMm
T = %(10”—0—1), a= %(10"—}—1).

[To nokazannomy uucia a u x Harypasjbabie. OTMeruM J1Ba MPOCTbIX PaKTa.

1) a < 10™. HeficrBurenbHo,

_ 100 (10m+10""")  100-10""'-11 10

== .10" < 10™.
@ 121 121 V<10
10" +1
2) a > 10", nockonbky a > 013_ > 1071,

U3 1) u 2) BBITEKAET, YTO YHUCIO ¢ SBISETCS n-3HAYHBIM. Kpowme Toro,
2? =190(10" +1)> =120 (10" + 1) - (10" + 1) = (10" + 1) a.

[Tosromy 4uciio x yaoBierBopsger ycjIoBuio 3aaadu. [



5. Ha 001oxpy20601 mypHup no HacmosbHOMYy MeHHucy nodaro 3aa6ky 16 weaoser. Kozda 6viao coiepa-
HO N mamuel, 0KA3GA0CH, MO cpedu A00bT MPexT MEHHUCUCTOE Haldymces 060e, yYsce Col2paeulur
Mmencdy coboti. Ilpu Kaxom HAUMEHLULEM T MAKOE B03MONHCHO?

OrtBet: 56.

Pemrenue. Ilycrb rennucucr A nposesi poBHO k Mardeil, a BCe OCTajbHbIE YYaCTHUKUM — HE MeHee k
Mmardeil. Pa3obbeM TEHHHCUCTOB Ha JBE IPYIIILE: B MepBOil — caMm A U Te, ¢ KeM OH ChITpaJl, BO BTOPOl —
Te, ¢ KemM A He wrpas. llepas rpymma comepxur k + 1 9eoBek, W KarKIblii W3 HUX MPOBEJ HE MEHEe
k urp. Torma y9acTHEHKE U3 3TON I'PYNIIbI IIPOBEJIX HE MEHEe % k(k + 1) marueii (B cymme Kaxkaas urpa
yuurbiBaercs He Obosiee aByx pa3). Bo Bropyio rpyuiy Bxogur 15 — k ugesosek. [TockoubKy Hu oun u3
HUX HE UIpajl ¢ A, OHU BCE JOJKHBL ObLIM ChI'PATH APYL C APYLOM, TO €CTh IPOBECTH 110 KpaliHeil Mepe
2 (15 — k)(14 — k) maraeit. IlosToMy 0bmIee 9MCIO UIP HE MEHBIIE, YeM

Li(k+1)+1 (15— k)14 — k) = k* — 14k + 105 = (k — 7) + 56 > 56.

Takum obpazom, n < 56 HAM HE IOAXOIUT.

[Tokazkem Tenepb, 9T0 n = 56 yI0BIETBOPSET YCJAOBUIO 3a0a49u. Pa300beM TEHHUCHCTOB HA, IBE TPYIIIIHI
1m0 8 9YeJIOBEK, W IMYCTh B 00EUX TPYINaxX BCE YIACTHUKHU CHITPAIOT APYT C ApyroM. B cymme mosydwTcs
poBuO 56 matueit. Cpenn OOBIX TPEX TEHHUCHUCTOB HANIYTCS IBOE W3 OIHOM TPYIIIbI, W, 3HAYUT, OHU
y2Ke ChIIpaJid MEeKIy coboit. [

6. Tpu xonyca ¢ obwel sepwunoli, Kacarowurca opye 0py2a SHEUWHUM 00PA30M, uMeom 6blcomy 2 u
paduyc ocrnosarnua /3. Jea wapa kacaromes enewnum obpasom opyz dpyea u ecex xonycos. Hatdume
OMHOWEHUA PAIUYCO8 WaPo6 (60AbWEZ0 K MEHBULEMY).

OrBer: 4 : 3.
(e}

20/ | o+

B O X

Pemmenune. Ilycts O — o0miasa BepinuHa KOHYCOB, 2ac — WX yTrOJI Tpu Bepiiuie, P u () — HeHTPbI
MEHbIIIEro U DOJIBIIEro MIAPOB, 7' U R — ux pajuycbl. 3amerum, 910 TOYKa X KACAHHUs MEHBIIEro mapa ¢
OJIHUM U3 KOHYCOB JIEXKUT B ILIOCKOCTH, IPOXOsiIiel yepe3 P u ock cuMmmerpuu 31oro Kouyca. Ilomoxum
B =ZXOP. J1oT yroyi oMHAKOB /I BCEX KOHYCOB, HOCKOJIbKY sin 3 = 5p. 3uauur, gyd OP obpasyer
YIOJd & + 3 C OCAME CUMMETPHH BCEX KOHYCOB. AHAJIOTHYHO JIOKA3BIBAETCSI, YTO HA, ITOM JIyUe JIEKUT U
TOYKA (.

Ornoxkum Ha ocsix cummerpun KouycoB orpesku OA, OB, OC enpunuanoii pymnbl. Torma OABC —
[paBUIbHAS MUPAMU/IA ¢ IockuMu yrytamu 2« npu Bepiauae O. Ilycrs D — nenrp tpeyrosbauka ABC.

Touku P u @ nexar Ha syde OD. Ilo yciosuio tga = @ ITosTomy

AD AB 2sina
sinfa+fB) =sinZAOD = — =AD = — = ———
@+ 0A V3 V3

[Tockonbky «, 3 < , Mbl HOMy4uM « + 3 = 5 — o, oTKyzia = § — 2an

=cosa = sin(% - a).

2tga . 1 1
ctgﬁ:tg2a:7‘:4\/§:>5m5:7:_.
1-tg*a ctg?f+1 7



onoxkum ¢t = &, Torna

P

R—r=(R+r)sinf<=t-1=L(t+1)«=t=%2 O



Bapnanr 2

1. Umeemca 9 weprwux aadeti u n beavir. Ilpu Kakom HaubOsbLUWEM N UL MOHCHO PACCTNAGUITIL HG WAL-
mamnoti docke mak, wmobv, odnoysemmbie Aadvu we buau dpye dpyea? Jlades ne bbem HaACKE03b wepes
dpyeyro Pueypy.

OrBet: 17.
Pemntenne. Ilycrs B i-it cTpoke JOCKH CTOUT n; 9epHBIX jajeit. Torma B 9TOi CTPOKE MOXKHO PaCIIO-

JIOXKUTH He Oosee n,; + 1 benbIx jtaneit, e Opiomux aApyr apyra. [losromy

n<(m+)+me+)+...+Mmg+1)=(M1+...+n3) +8=9+8=17.

Bosmoxkubre paccranosku st 17 Gesbix j1a/ell noKa3aHbl HA pucyHke. [
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2. Jlaww, noaosicumenvrole wucaa T,y, 2. Hatidume makcumasvhoe sHaveHue 6bparicenus
_wyz(r+y+2)
1'4 + y4 + 24

OrBer: 1.

Peurenne. ,HJIH OIICHKHU YUCJIUTEIA A BOCTIOJIb3yeMCs HEPABEHCTBOM Ko IJIA CpeaTHUuX:

(129)” + (@2)* | (@9)* +w2)* | (@2)° + (2)’
2 y 2 b 2

Y T2+ TY Y2+ T2 Yz < = (zy)* + (y2)* + (z2)”.

Ucnom3ys Hepasenctso ot + y* + 24 > 22y + 3?22 + 2222, Mb1 nomyunm

(29)? + (v2)2 + (@2)? _
S @7+ W) + (@2)?

PasencrBo peanusyercs npu x =y = z. U

3. Oxpyorcnocmsd w edunuunozo paduyca nporodum ueped sepwunsvt B u C mpeyzorvruxa ABC u émo-
puuno nepecexaem ezo cmoponvs AB u AC 6 mourkaxr K u L coomeemcmeenno. Ha ayvwax BL u
CK omwmeuenv, coomeemcemeenno maxue mousu P u Q, wmo BP = AC u CQ = AB. Hatidume
DPACCTNOAHUE MEACOY UEHMPAMYU ONUCGHHHLT 0KpYyarcHocmed mpeyzorvhukos APQ u K BC.

OrBer: 1.




Pemrenune. Ilycrs O — uenrp w, M — cepeauna ayru BKC. Xopapt BM u CM craruBaior oJuHa-
KOBbIe Jyru u 1noromy pasibl. Kpome roro, CQ = AB 1o ycnosuo u ZABM = /QCM Kak BlIKUCaHHbIE
yTJIBI, omuparomirecs Ha oguy ayry. Torma AABM = AQCM, orkyma AM = QM. AnajorudsbiM
obpazom mposepsiercst, uro NACM = APBM wu, 3uauur, AM = PM. Takum obpa3om, rouka M pas-
Hoynasena ot A, P, (), To ecTb OHa SBIISIETCS EHTPOM OIMCAHHON OKpyKHOCTH Tpeyronbunka APQ. Tak
Kak rpeyroyibiuk K BC' Buucas B w, Ham Tpedyercs Haiitu paccrosaue OM. ITockonbky Touka M jnexxkur
Ha w, orpe3ok OM — paauyc w, orkyaa OM =1. O

4. Hlecmuadyamupuinas 3anuct K6adpaima HaMypaibHo20 wucae T npedcmasasem coboti dea 0dunako-
evx cocednux baoka u3 n yudp. Moocem au n pasnamoces 20237

OrBet: /la.

Pemenne. Yucio 2 no/mkno uvers suj (16" + 1) a, rie a — nekoropoe n-3nadtnoe uucyio. s
HEYETHBIX 1 110 POPMYJIE JIJisi CYMMbI F€OMETPUYECKON IPOrpeccun

16" +1=(16+1)b=17b, rae b=1—16+162— ...+ 16" L.

Bamerum, uro 168 mod 17 = (—1)F aua meorpunarensubix nenbix k, orxysa bmod 17 = nmod 17.

Buauur, (16™ + 1) : 289 jyia HedeTHbIX N, KpaTHbIX 17, u, B yacruocry, A n = 2023. [Tonoxum

r=18 (16" + 1), a=3238(16" +1).

[To nokazannomy uucia a u x Harypasjbabie. OTMeruM J1Ba MPOCTHIX PaKTa.

1) a < 16™. HeiicrBurenbHo,

_ 256 (16" +16""')  256-16""'-17 16

= —.16" < 16".
@ 289 289 17
16" +1
2) a > 16"! nockonbky a > 6176—}_ > 16771,

U3 1) u 2) Bbirekaer, 4T0 YUCIO G ABJsercd n-3Ha4nbiM. Kpome Toro,

2® =28 (16" +1)* = 228 (16" + 1) - (16" + 1) = (16" + 1) a.

[TosToMy 4mCI0 x yHOBIETBOPSAET yCJIOBUIO 330a49u. [

5. B 00nokpyz080m mypHupe no HacmosbHomy mennucy yuacmsyem 2k cnopmemenos. B xaorcdom mype
6CE YUACTMHUKY NP0B00am No 0dHomy mamuy. Kaxoe naumenvuiee wucao mypos wado colzpamov, wmobot
nPU A000M PACTIUCAHUY U2D 00A3AMEABHO HAWAOCH TPOE MEHHUCUCTNOS, ColzPasWUL Ipye ¢ Ipyzom?

Orser: k + 1.

Pemrenne. Ilokaxkewm, aro k + 1 Typos mocrarouno. Ilycrs rTemrmcucrsr A u B chIirpaiin MeXIy
coboii B mepBoM Type. B ciemyromux k Typax OHEM Wrpajiu C KEM-TO U3 OCTAJbHBIX 2k — 2 y4aCTHUKOB
U 1poBeJi B 00miei caoxkuocTu 2k mardeit. 3uauur, Hadierca rennucucr C, coirpasimii u ¢ A, u ¢ B.
Torna tpoiika {A, B,C'} yIOBIETBOPSET yCJIOBHIO 331240,

[Tokazkem Tenepb, 9To k£ TypoB He XBaTuT. Pa300beM BCeX yIaCTHUKOB HA JIBE I'PYIILI IO k I€/TOBEK.
[IycTh KaxKplii TEHHUCHUCT CHICPAJI CO BCEMHU COMEPHUKAMHU U3 APYTOil TPYMIbI, a8 C TEHHUCHCTAMU U3
cBoeit rpymnmsl He urpasa. Cpeau J00BIX TPEX yIaCTHUKOB HANIYTCA BOE U3 OIHON I'PYIIbI, W, 3HAYUT,
OHWU €IIe HE WTPAJIu MeXKIy coboii. [

6. Umeemcesa mpu 00uHGKOBHL KOHYC ¢ 00uLets 8epuunoli, KACGOWULCA 0pye 0pyza 6HEWHUM 00paA30oM, a
maxoce 0686 WAPA, KACGHOUULCA 8HEUHUM 00pasom dpye dpyea u ecex konycos. Paduyco, wapos om-
nocames xax 1 : 3. Hatidume yeoa npu eepwune Konycos. (Yeaom npu 6epuune KOHYCH HaA3bi6AELTNCA
Y200 meHCOY €20 00PA3YOUUMY 8 0CEBOM CEUEHUL).



OrBer: 2Z.

20/ | o+B

B O X

Pemrenune. Ilycrb O — o0uas BepliMHa KOHYCOB, 2ac — MX yroJi 1pu BepuiuHe, P u (Q — UeHTpbl
MEHBIIEro U DOJIBIIEro MAPOB, 7 U R — UX paauychl. 3aMeTrM, 9T0 TOYKa X KaCaHWs MEHBIIIEro mapa C
OJITHUM U3 KOHYCOB JIEYKUT B IJIOCKOCTH, MIPOXOIel yepe3 P 1 0Ch CUMMETPUU 9TOr0 KOHyca. 11oaoxKmm
B =ZXOP. J10oT yron oIuHaKOB JIJIst BCEX KOHYCOB, MOCKOJIBKY 8in 3 = 4. 3uaunr, gy1 OP obpasyer
yIoa « + 3 ¢ OCAMH CUMMETPHH BCEX KOHYCOB. AHAJIOMMYHO JIOKA3BIBAETCs, YTO HA ITOM JIyUe JIEKUT U
rouxa Q. Honoxum t = £, Torua

-1

R—r:(R—l—r)sinﬁ(z}t—l:(t—}—l)sinﬁ(:)sinﬁ:t =

1
t+1_§(:>6_

™
5

Ornoxum Ha ocax cummerpun KouycoB orpe3ku OA, OB, OC egunununoii mjiuabl. [lycrs D — menTp
rpeyrosbauka ABC. Touku O, P, () pasHoygajensr or A, B, C u, 3Ha4uT, JIeXKAT HA MEPIEHIUKYIAPE K
mwiockocru ABC, upoxoggmem depe3 rouky D. Torpa ZAOD = a+ S u

Sin(a-l-%) =sin(a+ 8) = A_D — AD = A_B _ 2511104'

0A YERE

[Tosromy

3 1 2
T-Sina-l-i'cosa: 'sina<:>tga:\/§<:>2a:§. O

2
V3



Bapuanr 3

IIpu kaxom HaubOALWEM T HA WATMAMHOU JOCKE MOHCHO PACCTNABUMDL N KOposeld U n aadel mak,
wmobv, HuKakas Puaypa He bovLia nod boem?

OrBer: 5.

Pemenne. Koposu MOryr crogarb TOJIBKO B KJIETKAX HA II€PECEYEHUN I'OPU3OHTAJIU U BEPTHKAJIH,

cBoboaubix or Jajeil. Takux Kieroxk scero (8 — n)Z. [TockobKy Ha TOCKE JTOKHO OBITH 1 KOPOJIEH, MbI

nosyuaem HepaseHcTso (8 — n)? > n, uz koroporo n < 5. Ilpumep paccranosku 5 Kopodeit u 5 Jjaseit
IIOKa3aH Ha pucynke. L[]

7
1

2. Janv, wucaa x,y > 0. Hatdume marxcumasbroe 3navenue 8opartcerus,

A Y

OTser: /2.

2
Pemenne. 3avernm, aro 2% + % > %(:1:3 + y3) . Ilosromy

Agzvy(:chy)\/i: zyV2 - V2 <3

x3 4 3 z? — zy + y?

Pasencrso peanusyercs npu x =y. U

3. Jdan ocmpwti yeon BAD, 2de mouxa D omauuna om A. Ha ayve AB npouseosvrvim 00pa3om 6bi-
bupaemesa mowka X, maxoce omauwnas om A. Ilyeme P — mouka nepecevenus Kacameavhols

onucannol oxpyochocmu mpeyzoavhuka ADX | nposedennoir 6 mowkaxr D u X. Hatidume zeomem-
puneckoe mecmo movex P.

OTBer: JIy4, COHANTPABJIEHHBIH ¢ JydoMm AD, HAYUHAIONIWICS B TOYKe nepecedenust AB u cepeIuHHOro
MEPIEeHINKYIApa K oTpe3ky AD.

D D

A X C

Permternne. O6o3naunm depe3 C' TOUKY MEPECEUeHUsT CePEIUHHOrO MepPIeHIuKy/Isapa K orpe3ky AD ¢
Jgydom AB.



[Iycrs Touka P mocrpoeHa mo X B COOTBETCTBUU C ycjaoBueM. JloKazkeMm, 9TO OHA JIEZKHUT HA JIyde C
nadasiom C, conanpasyeHtbiM ¢ AD. 3amerum, 910 yros mex/y kacarejibuoit DP u xopaoit DX pasen
prmcannomy yriry DAX, onupatornemycs va ayry DX. ITosromy

LADC = /DAC = /PDX = ZPXD.

BoamoxxHEL ABa Caydad.

1) Touxa C aeorcum meacdy A u X (cm. sesblit pucynok). Torua
180° — 4DPX =2/PDX =2 /DAC = 180° — ZDCA = /DCX.

[Mostomy werbipexyroabauk CDPX pnucannwiit u /PCX = /PDX = Z/DAC. 3uauur, CP || AD.

2) Touwa X aeorcum meorcdy A u C (cMm. npasbiii pucyrok). Toraa
/DCA=180°—-2/DAC =180°-2/PDX = /DPX.

[Tosromy yersipexyroabuuk C'PDX Brnucannbiii, orkyma 180° — /PCX = /PDX = Z/DAC. 3uauur, u
B 3ToM caygae CP || AD.

[Tycrs Tenmeps Touka P jexxur Ha Jiyde ¢ HadajgoMm C', conanpasiennbim ¢ AD. Boibepem na jayue AC
Touky X Tak, 9T00ObI OHa Jexasa BuyTpu yraa ADP u /ZPDX = ZDAC. llokaxkeMm, 9TO Takas TOYKa,
X nmopoxmaer P B coorsercrBuu ¢ yciaosueMm. Ilycrs AX > CX. Tak kak LZPCX = ZDAC = /PDX,

verbipexyroibauk C'DPX BuUCAHHDIHA, OTKY/a
/PXD =180° - /PDX — /DPX =180° - /CDA - /DCA = /DAC = /PDX.

[Mposenem uepes rouku A, D, X okpyxuocrb. Ona kacaercs npsmoit DP, rak kak ZPDX = ZDAC,
u upsimoit X P nockosibky ZPX D = /ZPDX. 3uadur, Touka X HOPOXKIAET TOYKY P B COOTBETCTBHU C
ycaosueMm 3agaqun. Cayuait AX < CX pasbupaercs aHajgorudauo. [

4. Jlano namypasvbHoe 4ucao T, 0eCAMUNHAA 3ANUCH KOMOPO20 N-3HAUHAA U He codepacum wysed. Hucaa
x u x? 6 decamunnoti cucmeme 00URAKOSO “UMAINCA CALEG HANPAGO U cnpasa Haseso. Hatidume

6Ce N, NPU KOMOPHIT MAKOE T CYULLCMEYEM.
OtrBer: n € {1,2,...,9}.

Penrenune. Eciim n < 9, To sam moaxoaut = 1...1, TOCKOIbKY

1...12=12...(n—Dn(n—1)...1

[IpeamoIoKuM Temephb, 9To TpebyeMoe WHCIO X CYIeCTBYeT, H 3allilIeM ero B JIeCATHIHON CHCTeMe:
T =Tp_1...ap. U3 cummerpuu 4uces ap BbITeKaer, 4ro w2 = by + 10by + ... + 102" 2by,_», r1e

br, = apar +ararp_1 + ...+ arag, bap o xr=br mwpm k=0,1,...,n—1.
Hawm nocrarouno nokazars, aro by, < 9 qnsa scex k= 0,1,...,2n—2. JleiicrBuresnbHo, 110 yCJI0BUIO aj, > 1
upu Bcex kK =0,...,n — 1, u mbt nonyunm n < b, < 9. dokaxkem Tpebyemoe HEPABEHCTBO 110 MH/LYKIIHUH.

Basa undykyuu. IIpoBepum, 410 a% < 9. Ipenmonoxum, ato ag > 3. Torma maammas mudpa TucCIa
2 pasha a mod 10, a ero crapwas uudpa ecrs [z? - 10172"]. Bameruwm, uro

x? g (a0-10”71)2 _[dd
102n—1 = 102n—1 - 10

Hecoxxuo ybeaurbes B TOM, 9TO

# @ ()10 (a4 1)
102n—1 102n—1 102n—1 10 :

2
mp ap € {4,5,6,7} u a?mod 10 < ﬁ—g] mpu a € {8,9}.

(CLO + 1)2

agmod 10 > 10



3HauuT, crapmag 1 Maaaag Tudpbl 27 He COBHAJAIOT, YTO IPOTUBOPEUHUT yCIOBHIO.

Ormerum, 4To 1O Jo0KazaHHoMy uucio 2 Oyaer (2n — 1)-3uaunbiv. [leficrsurensho, © < 4 - 10771,
nosromy B (2n — 1)-m paspsane x? moxker 661Th ToabKo 0 nau 1. Bo BTopoMm ciayuae maammas mudpa x>
pasna crapreii (To ectb 1), a Takxke a3. Ho Toraa a,—1 = ap = 1 u 2% < 10>"~1, 4ro HeBO3MOKHO.

Hnoyxyuonnnt nepexod. llycts HepaBencTBO mokasano nas b; mpm j < k. Torma by, ...,bx—1 —
MJIa/IIIHe THMPEL 9UCTa 22, § B CIUTY YCJIOBHA by_1,...,by — ero crapmmue mudpsr. [losTomy

10277170 > 2 — 10772y — .. — 102 Ry, =

=2 = 107" %byyp — ... — 107" by, g g > 10702 by p g = 107777 Ry,
orkyna by < 10. O

5. B 00noKpy2080M MYPHUPE MO HACTNOADHOMY MEHHUCY NPUHALO yuacmue 35 weaoser. Ilo umoeam
MYPHUPE 0KA3AA0CH, MO Hem makol wemeepky uepokos A, B,C, D, wmo A ewvuepan y B, B —
yC,C —yD,aD —y A. Kakoso naubosvuwee KOAUYECEO MPOEK YUACMHUKOS, 00EPHCABUUL 60
ecmpeuar mexncdy coboli posHo no odnoti nobede? Huuvbur 6 menwnuce we bvieaem.

OrBer: 11.

Permmenue. HazoBem yuk.iom TaKyio TPOUKY yIaCTHHKOB, YTO BO BCTPEYAX MEXKIY CODOON KarKIbIi u3
HUX OZIeP2KaJI 110 OHOM 1obexe. Jokarkem BHadYase, YTO HU OJMH TEHHUCHCT HE MOXKET BXO/JUTH DoJiee
yeM B oiuH K. JloroBopumcs cumBoiom A — B ormedarsb ¢akr nobeapt A nan B. Ilycrs Hamescs
yaactauk C, burypupyronuit B AByX Pa3HbIX MUKJIAX. JTHU UKJBI MOTYT OBITH ABYX THIIOB.

1) (A,B,C) u (C,D,E). Torna A — D, tak kak unaie A - B — C — D — A, 9470 HEBO3MOKHO.
Ho B atom ciygae A - D — E — C' — A, dero takx)e ObITh HE MOYKET.

2) (A,B,C) u (B,C,D). Torna suosb A — D. Ho B srom ciyuae A — D — B — C — A, uro raxxke
HeBO3MOXKHO. Takum 06pazom, B nBa nukia TeHHUCUCT C' BXOIUTH HE MOXKET.

[To noka3aHHOMY LUKJIBI HE IEPECEKAIOTCH, II0ITOMY UX KOJIUYIECTBO HE IIPEBOCXOIUT [33—5} = 11. Ilpu-
Besem mpumep TypHupa ¢ 11 nukiamu. Pazodbem 33 yuacTHMKA HA TPYIIILL [0 3 YEI0BEKA U 3aHY MEPYEM
ot rpymmbl guciaamu or 1 go 11. Ilycrs kakmas rpymma oOpa3yer mUKJI, & BO BCTPEYE TEHHUCUCTOB,
BXOJSIIUX B PA3HBIE IPYIIIbI, IOOEXKIAET CIIOPTCMEH U3 rpymibl ¢ 60abmum HoMepoMm. Hakomerr, ocras-
LIMECs [IBA YYaCTHUKA [IOOEXKIAIOT BCEX OCTAJIbHBIX. TAKOM TypPHUD y/IOBJIETBOPSET yCJIOBHIO 33/a4U U
umeer poBuO 11 muksios. [

6. Yemupe xouyca ¢ obwieti sepuunoti nonapuo Kacaomes dpye opyza swewnum obpasom. Ilepevie dea
u nocaednue 06a Konyca umerom odunarosull yzor npu eepwune. Hatdume makcumasoHbl yzon
MENHCOY OCAMU CUMMEMPUL NEPEOZO U THPETNLEZO KOHYCo6. (Yenrom npu epuune KOHYCca HA3b8aAEMCs
Y2on MedAcOY €20 00PASYIUUMY 8 0CEBOM CEUEHUL,).

OrBer: 7™ — arctg(2\/§).

2p

A

Pemenune. Ilycts 2o u 23 — yriibl mpu BEPITUHE COOTBETCTBEHHO MEPBOIO W TPETHETO KOHYCOB.
OT/102KMM Ha OCAX CUMMETPHUH [EPBbIX JBYX KOHYcoB pashble orpeskn OA n OA’. Obo3HaduM cepenuny



orpeska AA’ yepes H. Menuana OH pasnobeapennoro rpeyroibiuka AOA’ 6yjer Takxke ero BbICOTOR
u 6uccekrpucoii. ITostomy OH 1 AA’, u nyy OH sapiserca obiueil obpasyolieil nepBbIX ABYX KOHYCOB.
OrMeruM Ha OCSIX CUMMETPUH TPETHEro W 4eTBepToro KoHycoB Touku B u C' coorBercrBenHo. Ilo-
kazxeMm, aro gyan OB n OC jexar B mockoctu I, cocrosmeii m3 Touek, paBHOyIaJeHHbX oT A m A’
Slcuo, uro O € II. Tockombky ZAOB = ZA'OB = o + 3, rpeyronmpanku AOB uw A’OB pasHbI, OTKyIa
AB = A'B u B € II. Anasoruuno nposepsercd, 4ro jsy4 OC nexur B I
[Monoxkum ¢ = ZBOH. 3amerum, uro AOH 1 BOH u ZAOB = « + (3, Tak KaK HepBbIil U Tpe-
TUH KOHYCHI KacaloTcs npyr apyra. Vcnomab3ys aas mupamunasl OABH ¢GopMynly Tpex KOCHHYCOB, MbI
MTOJTY IUM
cos LZAOB = cos LZAOH - cos ZBOH <= cos(a + 3) = cos « - cos . (%)

[MockouibKy TpeTuit u 4erBepThiii KOHYC Kacatores Apyr apyra, yroia COH pasen @ — 2 wiu 21 — o — 2[3.
Kpowme roro, yerseprolit konyc Kacaercs nepsbix asyx. Torga cos(a+ ) = cos a-cos(¢+203) no dopmyie
rpex kocunycos st nupamuist OACH , u B cuiy (%)

cos(wi?ﬁ):%:cosg0<:>2sin[3-sin(<p:|:ﬂ):0<:><p:7r:|:6.

[Mopcrasiss sru paBeHcrBa B (%), MbL 110JIy4UM
cos(a+ ) = —cosa-cos S <= 2cosa-cos B =sina-sinff < tga-tg s = 2.
s
Tornaa+ 38> 35 u

tga+tg

S " S0 —tga+tgh>2V/tga tgh =2v2.
tga-tgfh—1

tg(r —a—f) = —tgla+p) =

Iostomy m™ — a — B > arctg(2v2) u a + 8 < 7 — arctg(2v/2). Pasencrso peaimsyercs B ciydae
a=f=arctgy2. O



Bapunanr 4

1. Ilpu xaxom waubosvuwem n na docke 9 X 9 mooicho paccmasumsv n Kopoasel u 6 aadetd max, wmobvl
HUKaKas Puaypa He bovLaa nod boem?

OTBer: 9.
Perrenne. KopoJiu MOryT CrosaTh TOJIBKO B KJIETKAaX Ha IEPECeYeHUU I'OPU30HTAJIM U BEPTHKAJIM,

cBoboHbIX OT Jagieit. Takux kierok seero (9—6)2 = 9, nosromy n < 9. Ilpumep paccranosku 9 KopoJiei
n 6 srazeil moka3aH Ha pucyHke. [J

e e
HEER T
e e
HEER E
e e el [ ] ]
HEER T

)

E

| |E

2. Janv, wucaa x,y > 0. Hatdume marxcumarvroe 3navenue 8opartcenus

4o yEty)

4/ 12 12’
ety

Orser: /8.

Pentenne. 3amernm, 4To (x3 + y3)4 < 4(1:6 + y6)2 < 8(x12 + y12). ITosromy

zy(z+y)vV8  xyv8 VB

A< _ 4 .
Sy z? — zy + y? +4-1

< V8.

z
Y

PaencrBo peanusyercs npu x =y. U

3. Jan mynot yeon BAD, 2de mouxa D omauwna om A. Ha aywe AB npouseoavhvim 00pa3om 6bi-
bupaemesa mowka X, maxoce omauunas om A. Ilyeme P — mouka nepecevenus Kacameavhols
onucannol oxpyoschocmu mpeyzoavhuka ADX , nposedennoir 6 mowkaxr D u X. Hatidume zeomem-
puneckoe mecmo movex P.

OTBer: JIy4, COHANIPABJIEHHBIH ¢ JIydoMm DA, HAaYWHAIONIMICS B TOYKE nepecedenust BA u cepeIuHHOrO
HEPIEeHIUKY/Ispa K orpe3ky AD.

D C
C/ E A i \
X P
Permternne. O6o3naunm depe3 C' TOUKY MEPECEUeHUsT CePEIUHHOrO MepPIeHIuKy/Isapa K orpe3ky AD ¢
sgydom BA.




[Iycrs Touka P mocrpoeHa mo X B COOTBETCTBUU C ycjaoBueM. JloKazkeMm, 9TO OHA JIEZKHUT HA JIyde C
nadasiom C, conanpasyieHtbiM ¢ DA. Yron mexy KacaresbHoit PD u xopaoit AD paBeH BIUCAHHOMY
yray AX D, omupatomemycs va jayry AD. Ilosromy /PDA = ZAX D wu, anajmornyuo, ZAXP = ZADX.
3amernm, 9T0

/CDP+ /PDA=/CDA=/CAD =180° — /DAX = ZAXD + /ADX = /PDA+ Z/CXP.
Buauut, ZCDP = ZC' X P u gersipexyronbauk C'DX P suucannsiii. Torma

/PCX = /PDX = /CDA = ZCAD, orxyna CP | DA.

[Tycrs Teneps Touka P jexur Ha jyde ¢ HadajgoMm C', conanpaniaennbim ¢ DA. Beibepem na jayue C' A
touky X Tak, arobert CX > CA u LZADX = ZCDP. Tlokaxkewm, 910 Takas To4Yka X mOpoxkmgaer P B
COOTBETCTBUU C ycjoBueM. Tak Kax

/PCX = /LCAD = Z/CDA = /PDX,
yerpipexyroibHuK C' DX P Buucaunusiii. Orciona
LCXP=/CDP=/ADX wu /ZCXD=/ZCPD = /ZPDA.
[TosroMy OKpYKHOCTH, mpoxofsiias depe3 Touku A, D, X | kacaercs npsambix X P u DP. [

4. Jlano Hamypasvbroe wUCAO T, WeCMHAOUAMUPUYHAL 3ANUCH KOMOPO20 N-3HAYHAA U He codeparcum
nyaeti. Yueaa v u 22 6 wecmnadyamupuuroli cucmeme 00URAKOSO “UMAMCA CALEL HANPAEO U
cnpasa waneso. Hatidume 6ce n, npu KOMopuLT makoe T cywecmsyem.

OrBer: n € {1,2,...,15}.

Pentenune. Ecim n < 15, To mHam mogxomuT © = 1. .. 1, MOCKOJBKY

1...12=12...(n— Dn(n—1)... 1

[IpeamooKuM Temepb, UTO TpebyeMoe WHCIO X CYyIIeCTBYeT, W 3alHIIeM ero B IMeCTHAIIATHPIIHOLMN
cucreMe: T = Gp_1...0p. VI3 CUMMETpUM 4uCes aj BbITEKaer, 4ro 2 = by 4+ 16b; + ... + 162" 2by, o,
e

br, = apar +ararp_1 + ...+ axag, bap o x=br mwpm k=0,1,...,n—1.
Hawm mocraroguno mokasark, uto by < 15 mysg Bcex k = 0,1,...,2n — 2. [lelicTBUTENBHO, IO YCIOBUIO
ar > 1 opu Bcex k = 0,...,n — 1, u mbr monmyanm n < b, < 15. Jlokaxkem Tpebyemoe HEPABEHCTBO TI0

WHTYKIIIU.

Basa undyryuu. IIpoBepum, aro 0% < 15. Tlpenmomoxkum, 9To ag > 3. Torma miamamas mudpa Iucia,
2 pasha ad mod 16, a ero crapuwas nudpa ecrs [z? - 16172"]. Bameruwm, uro

{E2
|:]_62n1 :| 2

[pu ag € {4,8,C} maanmas mudpa x? Gyaer Hyjaem, 4To HeBO3MOKHO. Kpome Toro,

] (w116 (a4 1)?
162n—1 162n—1 162n—1 16 :

(a0'16”1)2] _ [ﬁ}

162n—1 16

2
upu ap € {5,6, B} u ajmod 16 < [i—g} upu ag € {7,9,A,D,E, F}.

2
. [eN)) + ].
aé mod 16 > Q
16
Buauut, crapias u Miajmas mudpbl 22 He COBNAAIOT, YTO MPOTUBOPEUUT YCIOBHUIO.
Ormerum, 4ro 10 4ucio z? 0bsa3ano 6birb (2n — 1)-3na4nbiv, Tak Kak © < 4-16""1 u 22 < 162771



Hnoyxyuonnnti nepexod. llycrs mepasencrso mokasano miast by npu j < k. Torma by, ...,bg—1 —

Muamue nudpbl yuciaa x2, u B cuity ycaosus by_q, ..., by — ero crapume uudpsl. Iosromy
162771 F > g% — 162" 2hy — ... — 16" Ry, =
=2 — 16" Phyp 5 — ... — 16" by, 1 g > 167" F by, o g = 1677 Ry,

orkyna by < 16. [

5. B 00HOKDPY2060M TYpHUPE N0 HACTNOADHOMY MEHHUCY TPpuHuMmaem ywacmue 20 weaosek. Ecau mpotika
yuacmuukos A, B,C maxosa, wmo A eviuepasr y B, a B — y C, mo opzanusamopv, myprupa 6py-
waA0M CNOPMEMEHAM U3 IMOU Mpoliku coomeememsaenno “3onomot”, “cepebpanviti” u “Oponsosviii”
CYBEHUPDLL. YUACTNHUEK, 0KA3ABUWUTCA 68 HECKOALKUT MPOUKAT, NOAYUGEM CYSEHUP 30 KAHCOYH U3 HUL.
Kaxoe naumenvuwee xoruwecmeo “cepedpannis” cyseHupos wado 3aKYNUMb 0P2AHU3ATNOPAM, 4Mobb

UL TOAMUAO BHE 3ABUCUMOCTIU 0T Pe3ysbmamos myprupa? Huwvuxr 6 menwnuce e bveaem.
OrBert: 1800.

Permenune. [lorosBopumcsa cumBosom X — Y ormedars dbaxt modeast X uHag Y. Ilycts Temmumcucr
B onepxan m mobexn u norepren 19 — m nopaxkenuii. Torma waiigerca posao m(19 — m) rpoek Buia
A — B — C. Makcumym rpexwiena m(19 — m) peasusyercs B GuuKallluX K €ro BEPIIMHE LEJIbIX
TOYKax, TO ecrb upu m = 9 wim m = 10. 3nadenue rpexdieHa B 3tux rodkax paao 90. 3uaqut, Gosee
90 “cepeOpsibIx” CyBEeHUPOB TeHHUCHUCT B He mosyuunr, a Bcero mocrarodro 90 - 20 = 1800 cyBeHupoB.

[Mokaxkem, aro 1799 “cepebpsiHbix” CyBEHHUPOB MOXKET HE XBATUTb. DTO [POU3OWIET, €CJIU KAXKJIbIi
yaactauK omepkuT 9 miau 10 moden. g k = 2,3, ..., 10 npuBemem npumep TypHupa ¢ 2k yIacTHUKAMU,
rae k TeHHUCHCTOB ofep:kaym 1o k — 1 mobem u k rernucuctoB — 1o k moben. Ilycrs k = 2, a yuacTHUKOB
obosuauum uepe3 A, B,C,D. Torma moxkuo monoxurb A -+ B - C - D — A, A — C, B — D.
Hormycrum, uro mis Hekoroporo k < 10 coorsercrByiomiuil upumep yzke nocrpoer. JlobaBum K TypHUDY
JIBYX HOBbIX y4acTHUKOB A u B, npuuem A — B. Ilycrb crapbie yuacrauku ¢ k — 1 nobemamu npourpasiu
A u Bomrpaiu y B, a yyacrauku ¢ k nobesamu npourpasu B u Bomrpasu y A. Torna y Bcex crapbix
YYaCTHUKOB CTAJIO Ha OjHYy mobemy Gosbine. Kpome toro, A omepxur k + 1 mobeny, a B — k mobe.
Taxkum 06pa3oM, Mbl TIOJTyuuu ipuMep Typaupa ¢ 2(k + 1) rennucucramu. [

6. Yemwpe ronyca ¢ obwet sepwunot O kacaromcesa Opye 0pyza SBHEWHUM 00PA30OM, TPUYEM TEPEbLE
dea u nocaednue 06a UL HUL UMENM 00UHAKOGLIT Y204 NPy eepwure. Ilamud KoHyc, omauwroil om
YEMBEPMOZ0, KACGEMCA NEPSLLL TMPET KOHYCO8 HewHUM 00pasom. Hatidume makcumasoroiti yeos npu
sepwute NAMO20 Konyca. (Yaaiom npu sepuiune KOHYCE HA3BLBAETCA Y204 MENHCOY €20 00PA3YIOULUMY
6 0CEBOM CEHEHUL).

OrBer: 2 arcctg(?ﬁ) .

B+y

A

Pemmenune. Ilycts 2, 2 u 27 — yriibl Ipyd BEPIIWHE COOTBETCTBEHHO MTEPBOrO, TPETHETO U MSTOTO
KOHyCOB. OTJIOXKMM Ha OCAX CHMMETDPHH MEPBBIX ABYX KOHyCOB paBHble oTpeskn OA nu OA’. Obozaaunm
cepenuny orpeska AA’ wepes H. Meauana OH pasuobenpentoro rpeyroibuuka AOA’ 6yuner Takake ero



BbicoTO# 1 6uccekrpucoii. I[Mosromy OH | AA’, u nyy OH apisiercsa obuieir obpasyolieil 1epBbIX AByX
KOHYCOB.

OrMernM Ha OCSIX CHMMETPHUH TPETHErO U Y€TBEPTOTO U MATOr0 KoHycos Touku B, C' u D cooTBeTcTBeH-
wvo. Ilokaxkewm, aro jgyuu OB, OC u OD nexar B mmockoctu 1, cocrosimeil u3 To4eK, paBHOYIATEHHBIX
or Au A'. dcno, uro O € II. Ilockonbky ZAOB = ZA'OB = « + f3, Tpeyronsauku AOB u A'OB
pasubl, orkyaa AB = A'B u B € II. Anasoruuno nposepsercd, uro jgyudn OC u OD nexar s II.

Monoxkum ¢ = ZBOH. 3amerum, uro AOH 1 BOH u ZAOB = « + (3, Tak KaK HepBbIil U Tpe-
TUH KOHYCHI KacaloTcs npyr apyra. Vcnomab3ys aas mupamunasl OABH ¢GopMynly Tpex KOCHHYCOB, MbI
MTOJTY IUM

cos LZAOB = cos LZAOH - cos ZBOH <= cos(a + 3) = cos « - cos . (%)

[MockouibKy TpeTuit u 4erBepThiii KOHYC Kacatores Apyr apyra, yroia COH pasen @ — 2 wiu 21 — o — 2[3.
Kpowme roro, yerseprolit konyc Kacaercs nepsbix asyx. Torga cos(a+ ) = cos a-cos(¢+203) no dopmyie
rpex kocunycos st nupamuist OACH , u B cuiy (%)

cos(wi?ﬁ):%:cosg0<:>2sin[3-sin(<p:|:ﬂ):0<:><p:7r:|:6.

OJHO W3 TIOJIy Y€HHBIX 3HAYEHUI (0 COOTBETCTBYET TPEThEMY KOHYCY, IPyroe — deTBepromy. Mbl MOKeM
CYUTATH, YTO ¢ = T — [3, NHAYE CMMMETPUYHO OTPA3UM BCE KOHYCbI OTHOCHTEIbHO ILtockocTu OAA’.
Torpa ZDOH =9 —f—~v=m—28—r. B cuiy paBencrsa (*)

cos(a+ ) = —cosa - cos B <= 2cosa - cos B = sin« - sin . ()
Tenepn (opmysia Tpex Kocuuycos jist ntupamuabl OADH naer

cos(a+7y) = cosa - cos(p —y — B) = —cosa - cos(y + 20) <
<= cosa-cosy —sina-siny =siny - cosa - sin2f — cosy - cosa - cos 2P <—>

<= cosy-2cos’ B-cosa = sinvy (sina + 2cosa - cos 3 - sin 3).

B cuiy dopmyubt (x%) 3amenum B 06enx 4acrax LOCJeAHEro paseHcrsa 2cosa - cos J Ha sina - sin 3, a
3aTeM COKpaTuM Ha sin . Mbl mosryaum

cos® B + 2sin® o 2v/2 - cos 3 - sin _ 23,

cosy -sin 3 - cos B = siny (1 + sin? f) = ctgy = cosB 5B~ cosB.smp

Iosromy v < arcctg(2v/2). Papencrso peammsyercs B ciaydae tg o = 2v/2, ctg 8 = v2. O



Bapuanr 5

1. Kakoe naubosbvwee KOAUYECTIBO CAOHO8 MONCHO PACCIMABUINL HA WATMATHOT Jocke Mak, 4mobb, Ha
Kaotcdol dua20HAAU PACNOAGRAAOCH He boree mpeT cron08?

OrBer: 38.

Pemenne. Bynem o6o3Ha4uarh KJETKH JOCKM TAaK, KAK 3TO HPUHATO B INAXMATAX. ¥ IIOPAIOYUM
JuaronaJiu, napaJuiesnbabie al — h8; ceepxy Buu3. Tpu nepBbIX U TPU IOCIEIHUX IUATOHAJHU COHEPIKAT
B 0bmieit ciokHocTu 12 Kjerok, u3 KoTopbix 4 jexar Ha guaronasu a8 — hl. 3Hauut, Ha STUX HIECTH
JAArOHAJIAX MOXKET pacrmoJiararbcs me dosee 11 cmoros. OcrambHble 9 muaroHajeil comepskar He dojee
geM 110 3 ciiona. IlosTromy obiree uucso ciounoB He mpeBocxomuT 11 + 3 -9 = 38. Paccranoska 38 ciioHoB
IoKa3aHa Ha pucynke. [l

7
%(

7 U
7

7 7
2 7

2. Jano, pasausnoe wucaa a,b, c. Hatdume MUHUMAADHOE 3HAYEHUE BOIPANCERUA

(a—=0b)(b—c)(c—a)

A= .
la—=b]3+|b—c]?+]c—al?

OTBer: —%.

Permenne 1. Tak Kak A He MEHAETCA OPU MUKJIAYECKON IIEPECTAHOBKE EPEMEHHBIX d, b, ¢, MBI MOYKEM
cauTarh, 4ro a 6oubiie b u ¢. Torga (a —b)(c—a) < 0, orkyzna b > ¢, TOCKOJIbKY MUHUMYM A, 09eBUIHO,
orpunareser. [lycrb  =a — b, y = b — ¢. Dru 9uciia NOJIOKUTEIbHbI, U

wyle+y) Ty _ 1
Y3+ (x 4y 222+ 2%+ ay 2(%+%)+1

<

O] =

Takum obpazom, A > —
c=0). O

%. PagencrBo peasnusyercs B ciyuae ¢ = y (maupumep, upu a = 2, b = 1,
Pemrenne 2. Tak Kak A He MeHsIETCs IPU LUKJIMYECKOH [I€PECTAHOBKE IEPEMEHHBIX @, b, ¢, Mbl MO2KEM
cauTarh, 4ro a Goubiie b u ¢. Torga (a —b)(c—a) < 0, orkyzna b > ¢, TOCKOJIbKY MUHUMYM A, 09eBUIHO,

orpunareser. [lycts 2o = a — ¢. Yucna a — b u b — ¢ mOJI0XKUTEIBbHBI, & UX CyMMa paBHa 2z. [TosTomy
oumu uMeroT Bug r —d u x + d, rme —x < d < x. Torma

2z(x — d)(z + d) oz —d?) 2 1

- <— =2,
2z)2+(x—d)3 + (z+d)® 5a3+3xd?> ~ 523 b

A=

Taxkum obpazom, A > —%. Pagencrso peanusyercs B ciuyuae d = 0 (naupumep, upu a = 2, b = 1,
c=0). O

3. Ha cmoponax BC u AB ocmpoyzoavrozo mpeyzorvrnuka ABC ewbpansr mowku D u X. Ipsamoie,
npozodausue weped X napasresvno BC' u AD, nepecexarom coomeemcmeenno cmoponvs AC' u BC
6 moukaxr Y u Z. Ilyemv M, K u N — cepedunv, ompesxos BC, YZ u AD coomeemcmeenno.
Hatdume yeon MKN.

OrBer: 180°.



A

Pemtenne 1. Ilycrs L — touka mepecederns XY ¢ AM. 3amernm, 910 % = B—]g =1, To ecTb
L — cepemuua XY. Torma LK — cpenHsst auHus TpeyroibHuka XY Z, orkyma LK || X Z || AD.
[Iponosizkum jiya LK u 0603nauum 104Ky ero nepecedenus ¢ BC' yepes P. Tpeyrosibauku LKY uw PKZ
paBHBI O CTOPOHE u nByM yraam, nosromy LK = KP. Ilockoneky LP || AD, tpeyronbauku MLP u
M AD 1opobubl, a upsamaa MK 6yaer ux obuei meguanoit. Ho M N — roxe meauana M AD. 3nauur,

rouku M, K, N mexar na omuoit npsamoit u ZMKN = 180°. O
Pemenne 2. Iojoxum b = zﬁ C= @ A= ﬂ Torua

2AK = AZ + AY =5+ AAD =) + (1= N)&= (1= A)(b+ &) + AAD = 2((1 — \AM + MAN ).
TTocie COKPAITIEHHS HA 2 MbI HOJI<THM
MR = AK — AM = A(AN — AM) = AMN.
Bnaunt, roukn M, K, N nexar ua ommoii npamoii u ZMKN = 180°. O

4. Jecamuunas 36aNUCb HAGMYPAADHOZ0 YUCAL T — 9MO Hanucannas 2019 pa3 nodpsd nape kaxuz-mo
yugdp. Yucao y noayueno nexomopotl nepecmanosrot yudp x. Moowcem au decamuunas 3anuch
YUCAG T - Y NPeIcmasasms cob0l MHO2OKPATMHO TOSTOPEHHBLT OA0K U3 wemuper yudp?

OtBer: [a, naupumep x = 4545...45, y = 4455 ...445545, x - y = 2025...2025.

Pemmenune. Ilycrs 3amuch © — 310 mapa ab, moBTopennas 2n + 1 pa3. I[lokaxkewm, 9Tro Tpebyembre
YUCJIa CYIIECTBYIOT JJIs JIF000r0 HEOTPHUIATEIBLHOrO 11esioro n. llojmoxum

P, =10001...0001, M, =101...01, NN, =29900...99009901,

rae 3anuck P, u M, comepxut no 2n + 1 exunur, a 3anuck N, — 2n JIeBATOK.
Hoxkazxkem BHauame, 910 P, = M, - N,, 1js J11000ro HEOTPHUIATEILHOTO MEJIOr0 7. 3aMEeTHUM, 9TO

_ 104n+2 -1

1087+4 — 1 10472 41
99 ’ '

_ 4 4\2n _ - )
P, = 14+10% .. .+(10H)™" = My ——57

_ 2 2\ 21
M, = 1410°+...+(107) 5999

Ocranocs nposeputs pasencrso 10471241 = 101-N,,. g n = 0 ono ouesuano. Eciu npu HeKOTopom n
9TO COOTHOIIEHUE BEPHO, TO

10*"70 4 1 = (10*"2 4+ 1) +10*"2 . 9999 = 101 - N,, +101-99 - 10*"2? = 101 - N, 1.

[Iepeiinem tenepnb K BeIOOPY mapbl ab u nepecranoBku mudp x. MoxkHO nckarb y B Bume cd - Ny,
[IOCKOJIBKY B 9TOM CJLy4ae

z-y=ab-M,-cd-N, =ab-cd- P,

U JIECATUYHAS 3AMUCH X - Y TOJIYYUTCS MHOTOKDATHBIM TIOBTOpeHueM nudp npoussenenus ab - cd. Bynem
cuurarh, 4ro ¢ # d u d # 0. 3auuch y KaK 1epecTaHOBKa 3a1ucu & cocroutr u3 uudp a u b (B 04uHaKoBOM



komuecrse). C apyroii croponbt, Miaiume mudpbt uucia cd - N, pasibt ¢ u d. [Tosromy {a,b} = {c,d},
a mpoussenenue 99 - cd TOMKHO COmepKaTh MO JBe UdpbI ¢ 1 d. 3aMeTuM, 9TO

99 - ed = 1000c + 100d — 10¢ — d = 1000¢ + 100(d — 1) + 10(9 — ¢) + 10 — d.

Tperbsa nudpa 99 - cd ne moxer pasuaTbCA d. 3HAYMT, OHA PABHA C, TO ecTb ¢ = d — 1. Muaamas mudpa
99 - ¢d pasna ¢ nmu d, orkyna 10 —d = d — 1 w10 — d = d. Ilepsblii ciyuaii HeBo3MOZKeH, a Bropoi
maer d =5, c=4u99-cd =4455. Torma y = 4455 ...445545, a B Ka4ecTBe T MOXKHO B34Th 45 .. .45 uinm
54...54. O

5. B o00Hokpy2080M MypHUPE NO HACMOALYHOMY MEHHUCY NPUHAA0 Yuacmue 25 wesoeer. Kaoswcdwi men-
Hucucm odepotcanr no 12 nobed. Ckoabko no umozam myprupe 0Ka3aA0CH MPOEK YH4aCIMHUKOS, odep-
CABWIUT 80 BCMPEATL MeHCAY 000l posHo no 00nol nobede? Huuvur 6 mennuce ne bvieaem.

OrBer: 650.

Permrenue 1. HazoBeMm yuk.40m TAKyIO TPOMKY yIACTHUKOB, YTO BO BCTPEYAX MEXK/Ty COOOM KaXKIblii U3
HUX OJIep2KaJI o oauo# mobeme. O603HaAUNM Yepe3 T 00IIee KOJTMIECTBO IUKJIOB, a 9epe3 Y — KOJIMIEeCTBO
BCEX TPOEK, He 0bpasytomux mukJia. Torga 4+ y — obliee 9ucso pa3jindHbiX TPOEK yIaCTHUKOB, OTKY/1A
z 4y = Csy = 2300.

Paccmorpum reneps ynopadouwennsie mpoturu ydacruukos (A, B,C), B koropbix A nobenun B, a B
Boiurpait y C. Eciu renaucucrer A, B, C' He 00pa3yior UK, UX MOXKHO YIOPJOYUTh OJHO3HAYHO, a
eciu 06pa3yoT — Tpemsd crocobamMu (IOAXOAAT TaKKe IUKJINIECKUE IePECTAHOBKU TPOWKM). SHAUWT,
o0I1iee IUCI0 yHIOPSA09EeHHBIX TPOeK paBHO 3x + y. C Apyroit CTOpOHbBI, /st KaXKIO0TO TeHHuCucTa B
ero naprHepoB 1mo Tpoiike A u C' MOXKXHO BbIOpATh HE3ABHCUMO JIBEHAINATHIO CIOCODAMU, TIOCKOILKY B
norepues 12 nopazxkenuit u oxepzkast 12 nobexn. [Tosromy Bcero ects 12 - 12 - 25 = 3600 ynopsaoueHHbIX
Tpoek, orkyna 3z + y = 3600. Takum obpazom,

r=1%Bz+y—(z+y)) = 1 (3600 — 2300) = 650. O

Pemtenne 2. Ilycts B TypHupe ydacrBoBajo 2k + 1 TEHHHCHCTOB, M KarKJblil OJiep:KaJjl Mo k 1mobe/.
Ha3zoBem yuki0Mm TaKyIO TPOWKY YIACTHUKOB, 9TO BO BCTPEUAX MEXKTY COOOM KaXKIbIH U3 HUX OIEPIKAJI 10
onuoit mobene. Obo3naumM depes Sy 0011ee KOJUIECTBO IUKJIOB B TypHUpE ¢ 2k + 1 yyacraukamu. ZcHo,
qro S; = 1. JobaBum B TypHup ¢ 2k — 1 y4acTHUKaMM JBYyX HOBbIX TEHHMCUCTOB A u B u mocmorpum,
Ha CKOJIbKO YBEJIMYMTCA 4MCJI0 UuK/I0B. Ilycrs A Bemrpan y B. Toraa ocrajbhbie 2k — 1 y4acTHUKOB
pa300biorcs Ha rpynnbl u3 k — 1 u k 4eloBeK: mepBas rpymma npourpaja A u Beurpasia y B, Bropas —
Ha060poT. HOBBIE IIUKJIBI MOTYT OBITH JABYX THUIIOB.

1) (A,C,D) wmu (B,C,D), rue C,D orsmunbt or A u B. Eciu C u D BxoAgar B OfiHy YTy, TO
TaKWUX I[UKJOB OBbITH HE MOXKET, MOCKOJbKY u A, u B gubo Bemrpaaun y C' u D, nubo mpourpajud uM.
[Tycrs C B3aT u3 nepsoii rpynnbl, a D — u3 propoii. Eciu C semrpan y D, to (A,C, D) obpa3yer
uuki, a (B,C, D) — ner. Ecau xe D sorpaa y C, ro (B,C, D) obpasyer uuki, a (A,C, D) — uer.
Takum obpazom, uapa (C, D) pgaer pOBHO OJUH HOBbIHA LMKJI, & O0IIEe YUCIIO LUKJIOB [IEPBOIO TUIIA PABHO
(k= 1)k.

2) (A, B,C), rue C orsmuen or A u B. Takas Tpoiika 6yjer LUKJIOM TOIA U TOJIbKO TOrja, Korua C
Gepercst U3 BrOpoil rpyIiibl. SHAYUT, Mbl IOJYy9aeM €Iie k HOBBIX [UKJIOB.

U3 1) u 2) Boirexaer, uro Sk — Sk—1 = (k — 1)k + k = k?, orkyna /1 1106010 HATYPAILHOTLO 1

Snzsl+(Sg—81)+...+(8k—8k,1) :].2+22+...+7”L2 = %n(n+1)(2n+1)
OcraJjiocs noncrasurs n = 12, [
6. Tpu xonyca ¢ obweti sepwunoli O kacaromes dpye dpyza enewrnum obpaszom. Ilepevie dsa Kornyca ume-

10T Y204 NPU 6EPUUNHE 5, G OCH CUMMEMPUU MPEMbELO KOHYCA NEPNEHOUKYAAPHA OCAM CUMMETNPUL
nepewx deyzr. Fue odun xonyc ¢ sepwunot O kacaemcs enewrnum obpasom mpex opyeuzx. Hatidume



€20 Yy2on npu sepuiukre. (Yarom npu eepuuHE KOHYCA HA3BIBAETCA Y204 MEAHCOY €20 00Pa3yoOUUMY 6
0CcesoM ceuenHUl. )

OtBer: 2 arctg(7\/§ + 12).

Pemenne. Ilycte o = §, 28 u 2y — yribl mpu BepIIMHE COOTBETCTBEHHO TPETHETO M YETBEPTOro
KOHyCOB. OTJIOKMM Ha OCAX CHMMETDPHH TMEPBBIX ABYX KOHyCOB pasHble oTpeskn OA nu OA’. Obozaaunm
cepenuny orpeska AA’ wepes H. Memnana OH pasHOGenpennoro tpeyroabuauka AOA’ Gyner takxke ero
BbicOTO# 1 6uccekrpucoii. I[Mosromy OH | AA’, u nyy OH apisiercsa obuieir obpasylolieil 1epBbIX AByX
KOHYCOB.

OrMeruM Ha OCSIX CUMMETPUH TPETHErO W YeTBepTOro KoHycoB Touku B u C' coorBercrBenHo. Ilo-
kazxem, aro gyan OB n OC jexar B miockoctu I, cocrosmeii m3 Touek, paBHOyIaJeHHbXx oTr A m A’
Scuo, uro O € II. Tlockonbky LAOB = ZA'OB = a + 8, tpeyronbuuku AOB u A’OB paBHbl, OTKYy/Ja,
AB = A'B u B € II. Anasoruuno nposepsercd, 4ro jsy4 OC nexur B I

[Monoxkum ¢ = LZCOH. 3amerum, uro AOH 1 COH u ZAOC = a + 7, Tak KaK nepBblil u 4eTBep-
ThIl KOHYCBI Kacatores Apyr apyra. Vcnosb3ys s mupamuabl OACH Gopmyiy Tpex KOCHHYCOB, MbL
MTOJTY IUM

S

cos LZAOC = cos LAOH - cos ZOOH <= cos(a +7) = cosa - cosp <= cos(y+ %) = 5 -cosp. ()

Io yc/oBIIO OCH CHMMETPHE TIEPBOTO U TPEThEero KOHyCOB MepIeHIHKyIAPHbI, TO ecTh o+ 3 = 7. Kpowme
toro, ZBOH = ¢ + (8 + 7, TOCKOJIbKY TPETHil ¥ YeTBEPTHI KOHYC KAaCAIOTCs APYr Apyra. lorma mo
dopmyse Tpex KocuHycoB s mupamuasl O ABH

cosar- cos(p+ B +7) = cos(a+ ) =0 <= cos(p+ S+7) =0<=cos(p+7+5) =0.

Bo3moxxHBL ABa CIydad.

)p+y+5 =735, 0rkynap=75—7.
2) p+y+ 2 =3 roectp =7+ % — 7.

|

Taxum 06pa3oM, cos p = =+ cos(%F — ). Ilovsromy u3 () MbI mOTyIaEM

1 2
?-cosv—ﬁ-sinvzi(z-cosw—l—?-sinv) @tgv:%jg:ﬁ/gilz O
B n

C
A

v
S



Bapuanr 6

1. Kaxoe naubosvuiee KoAUNECTIEO PUWEK MONCHO PACCMABUMD HG Kaemuamol docke 12 X 12 mak,
4mobbl Ha KaHCOOT OUGZOHAAYU PACTIOAGZAA0CH He boaee namu duwer?

OrBer: 94.

Pemenne. Ilycts DT — amaronanb, coeuHAIONIA JTEBLIH HIZKHII YTOJI C IPABLIM BepXHUM, a D~ —
JIMArOHAJIb, COEIUHSIONIAA IPABDII HUKHUN yroJl C JIEBBIM BEPXHUAM. ¥ IIOPSI0YUM [IMArOHAJM, [APaJ-
nempable DV, cBepxy BEu3. IlaTh HEpBLIX U IATH HOCIEIHIX AUArOHAICH comep:KaT B 00Mmell CI0XKHOCTH
30 kjerok, uz Koropbix 6 sexar Ha D7. 3HAYUT, HA ITUX JECATH JUATOHAJIX MOXKET PACIIOIArATbCS
ue 6osee 29 dumrek. Ocranbubie 13 guaronaseit comepxkar ne 6osee dem mo 5 durrek. [Tosromy obrree
qucyo ¢umek He npeBocxoaut 29 + 5 - 13 = 94. Paccranoska 94 dumiek mokaszana Ha pucyHke. [

2. Jano, pasausnoe wucaa a,b, c. Hatdume MakcuMaibHOE 3HAYERUE BbLPAAHCEHUS

(a—0)*(b—c)*(c — a)?

A= 3
((a=0)2+4(b—c)2+(c—a)?)
.1
Orser: ;.
Pemrenne. Tak kak A He MeHseTCs TpH JIO00 MEPECTAHOBKE TIEPEMEHHBIX ¢, b, ¢, MBI MOXKEM CIUTATh,
x
gto a > b > c. llyctb 2 = a — b, y = b — c. Yucanrens A pasen z2y? (v + y)2. Homoxum t = ﬁ
rry

[Io mepasencrBy Kommmu ayia cpequux ¢ < i, OTKY/Ia

Ao 22y% (z +y)? 2y (e+y)? 1 2 o 1 % 1
(@2 +12 + (@ +9)?2)°  (2@+y?-2ay)° 8 1-1° "8 (11 54

PasencTBo peanusyercs B ciaydae ¢ = y (manpumep, npu a =2, b=1,¢=0). O

3. Ha cmopone BC ocmpoyzoavrozo mpeyzosvrura ABC ewbpana mowka D, a wa npodosscenuu cmo-
ponvt AB 3a mouky B — mouka X. Ipamoie, nporodsuwue wepes X napasseavrno BC u AD, nepece-
karom coomeemcmeerno Ayuwu AC u CB 6 moukar Y w Z. Iyemo M, K v N — cepedunv, ompesxos
BC,YZ u AD coomsemcmeenno. Hatidume yzon KMN.

OrBer: 180°.
X




Pemterne 1. Ilycrs L — rouka nepecedenus XY ¢ AM. 3amerum, 410 % = B—Aé =1, 1o ecrp

L — cepemuna XY. Torma LK — cpenussa awmaus tpeyronbEuka XY Z, orkyma LK || X Z || AD.
[Ipomomxum tya LK u obo3uadnm 109Ky ero nepecedenns ¢ BC gepe3 P. Tpeyrompuuku LKY u PKZ
paBHbBI 110 CTOPOHE U AByM yriam, nosromy LK = KP. TIockoabky LP || AD, tpeyrosbauku M LP u
M AD nonobusr, a npamas M K Gyner ux obmeit meguanoii. Ho M N — roxe menuana M AD. 3uauwr,
touku K, M, N sexar na onuoit upsamoit u ZKMN = 180°. O

Pemenue 2. Tlonoxum b = E c= /ﬁ A= BX . Torma

—

2AK = AZ + AY =b+ A(b—AD) + (1 + N)@= (1 + \)(6 +7) — AAD = 2((1 + \)AM — MAN ).
[Tocne coxpaienus Ha 2 MbI IOy IHM
NE < AR AN = (AT — ) = AN
Buaqant, Toukn K, M, N nexar Ha oxuoit mpamoit u ZKMN = 180°. O

4. BocobMepuuras 3anuct HAGMYPAALHOZ0 YUCAG T — 90 Hanucarhas 2019 pas nodpad napa Kakuz-mo
yugp. Hucao y nosyueno Hexomopol nepecmanoskolt yudp x. Mookcem AU 80CHLMEPUUHAA 3GNUCH
YUCAG X - Y NMPedcmasasmb cob0l MHOZOKPAMHO NOSMOPEeHHBLT 00K U3 wemuvipexr yudp?

Orser: [la, nanpumep x = 3434 ...34g, y = 3344 ...3344345, v - y = 1420 ... 1420s.

Pemntenne. Ilycrs 3amuch © — 310 mapa ab, mosropennas 2n + 1 pa3. Ilokaxkem, aro Tpebyembie
YUCIIA CYIIECTBYIOT JJisi JJIOO0r0 HEOTPUIATEILHOrO 1estoro n. Ilonoxum

P, = 10001...0001g, M, =101...01g, N, = 7700...77007701g,

rae 3anuck P, u M, comgepxut o 2n + 1 exunui, a 3anuck N, — 2n ceMepoK.
Hokaxkem BHaudage, yro P, = M, - N, s J1060r0 HEOTPULATEILHOIO LEJIOro 7. 3aMeTruM, 4TO

84n+2 1

" g8n+4 _ 1 gin+2 +1
63 ’ '

_ 2 2)2n = .
M,=1+8+...+ (8% = 4095 M, 65

2
Py=1+8"+...+(8%)
Ocrasiocs 1poseputb pasencrso 82712 41 = 65- N,,. g n = 0 ono ouesuuo. Ecii npu HEKOTOPOM N
9TO COOTHOIIIEHUE BEPHO, TO

gint6 4 1 = (84+2 1 1) 4892 . 4095 = 65 - N,, + 65 -63 - 8" T2 =65 N,,;1.

[Iepeitnem tenepnb K BeIOOPY mapbl ab u mepecranoBku mudp x. MoxkHO nckarb y B Bume cd - Ny,
[IOCKOJIBKY B 9TOM CJLy4ae

z-y=ab-M,-cd-N, =ab-cd- P,

1 BOCHMEepPHYHAS 3aIHCh T -y 0Ty INTCS MHOTOKPATHBIM MOBTOpeHneM mudp mpoussenenus ab-cd. Byaem
cuuTaTh, uro ¢ # d u d # 0. 3anuch Yy Kak MepecTaHOBKa 3amucu - cocTouT u3 mudp a u b (B 0IMHAKOBOM
kosmruecrse). C apyroii croponbt, Miaue mudpbt uncia cd - N, pasibt ¢ u d. [Tosromy {a,b} = {c,d},
a rpousBejeHue 77g - cd J10JKHO cojep2Karh 110 JBe uudpsbl ¢ u d. 3aMerum, 4ro

T7g-cd=8c+8d—8 —d=28%c+8(d—1)+8(7—c)+8—d.

Tperbs nudpa 775 -¢d He MOXKeT paBHATHCS d. 3HAUUT, OHA PaBHA ¢, TO ecTb ¢ = d — 1. Mnaamas mudpa
773 - cd pasna ¢ unn d, orkyna 8 —d = d—1 nnmu 8 —d = d. Ilepsblit ciyuaii HeBO3MOXKeH, a BTOPO# aer
d=4,c=3u 77s-cd = 33445. Torma y = 3344 ...334434g, a B Ka4ecTBe T MOKHO B34Tb 34 ...34g niu
43...435. O

5. B 00HOKpY2060M MYpHUPE N0 HACTNOALHOMY MEHHUCY NPUuHAL0 Yyuacmue 20 wenroser. O0na norosuna
menHucucmos odeporcanra 6 myprupe no 10 nobed, emopas nososuna — no 9 nobed. Ckoavko no



UMO2aM MYPHUPA 0KA3AAOCH MPOEK YHACTNHUKOS, 00EPHCABUIUL 60 GCMPEHAL MeHCOY cO00T POSHO No
odnoti nobede? Huwvux 6 mennuce ne bvieaem.

OrBer: 330.

Pentenne. HazoBeMm yukaom TAKyIO TPOUKY yIACTHUKOB, ITO BO BCTPEYIAX MEXKY COOOM KaXKIbIi 13
HUX O/Iep2KaJl 10 0/1HOM 1106eme. Obo3HAYMM Yepes3 & 0bIIee KOJUIECTBO UKIIOB, & Yepe3 Y — KOJIMYeCTBO
BCEX TPOEK, He 0bpasytomux mukia. Torga &+ y — obiee 9ucso pa3jindHbiX TPOEK yIaCTHUKOB, OTKY/1A
x4y = Csy = 1140.

Paccmorpum Tenepb ynopadouwennve mpotru ydacraukos (A, B, C), B koropbix A nobemun B, a B
Borpan y C. Eciau teraucuctet A, B, C' He 00pa3yloT IUKJA, UX MOXKHO YIOPSIOYUTH OJHO3HAYHO, a
eciu obpasyor — Tpems cuocobamu (LOAXOJHMT TAKKE IUKJINIECKUE [I€PECTAHOBKU TPOWKK). SHAUUT,
obLee 4110 yIopsI0deHHbIX TPoeK paBHo 3z +y. C apyroit cropoust, eciu B Tpoiike (A, B, C') yuyacrHuk
B onep:zxair 10 moben, To TeHHHCHCTA A MOXKHO BBIOPATh JEBATHIO CIIOCO0aMU, a TeHHUCUCTa C' — JecAThIO
cnocobamu. Eciu ke B onmepxxkan 9 moben, To A MOXKHO BbIOpaTh JecAThbio crocobamu, a C — IeBATHIO
cnocobamu. [Tosromy Becero 6yzmer 9-10-104+10-9-10 = 1800 ymopsitodeHHBIX TPOEK, OTKyAa 3z +y = 1800.
Taxum obpaszom,

r=1%Bz+y—(r+y)) =3 (1800 — 1140) = 330. O

6. Tpu xonyca ¢ obweti sepwunoli O Kacaromes dpye dpyza enewnum obpaszom. Ilepevie dea Kornyca ume-
10M Y204 NPU GEPULUHE %’T, @ 0Cb CUMMEMPUL MPEMBE20 KOHYCA NEPNEHOUKYAADPHA OCAM CUMMEMPUL
nepewx deyzr. Fue odun xonyc ¢ sepwunot O kacaemcs enewrnum obpasom mpex opyeuzx. Hatidume
€20 yeon npu eepwune. (Yarom npu eepuwuHe KOHYCH HA3BIBAEMCA Y204 MeAHCIY €20 00PA3YOUUMY 6

0cecoM CBHBHUU.)

OtBer: 2arcctg(3\/§) unn %’T

B M
C
A
B+y
>
0 a H
A

Pemenne. Ilycte o = %, 28 u 2y — yriibl npu BepIIMHE COOTBETCTBEHHO TPETHETO M YETBEPTOrO
KOoHyCoB. OTI0KUM Ha OCSIX CUMMETPHUHM [EPBBIX ABYX KOHYCOB pashble orpesku OA u OA’. Obozuadum
cepenuny orpeska AA’ wepes H. Meauana OH pasuobenpentoro rpeyroibuuka AOA’ 6yner Takake ero
BbIcoTO# 1 6uccekrpucoii. I[Tosromy OH | AA’, u nyy OH apisiercsa obuieii obpasyolieil 1epBbIX AByX
KOHYCOB.

OrMeruM Ha OCSIX CUMMETPUU TPETHErO W YeTBepTOro KoHycoB Touku B u C' coorBercrBenHo. Ilo-
kaxkeM, 9ro jayun OB n OC nexar B maockocTr I, cocrosimeil u3 TO4eK, paBHOyaJIeHHbIx or A m A’
dcno, uro O € II. Tlockonbky ZAOB = ZA'OB = a + 8, tpeyronbuuku AOB u A’OB paBHbl, OTKyJa,
AB = A'B u B € II. Anasoruuno nposepsercd, 4ro jsy4 OC nexur B II.

[Momoxum ¢ = LZCOH. 3amerum, uro AOH | COH nw ZAOC = o + 7, TaKk KaK MEPBBI U 9€TBEP-
TBI KOHYCBHI KacamoTcs Apyr apyra. Vcmoab3ys aas mupamunbl OACH GopMmyay Tpex KOCHHYCOB, MbI
MTOJTY IUM

cos ZAOC = cos LZAOH - cos ZCOH <= cos(a+7) =cosa-cosp <= cos(y+ %) =1 -cosp. (%)
ITo yc0BHIO OCH CHMMETPHH HEPBOTO W TPETHETO KOHYCOB HEePIeHINKYIAPHLI, TO ecTh a+ 3 = 5. Kpome
roro, ZBOH = ¢ + [ + 7, HOCKOJIbKY TPETUil U YeTBEPTHI KOHYC Kacarorcs apyr japyra. Torma mo



dopmyJie Tpex kocunycos A nupamuiabl O ABH
cosar- cos(p+ B +7) =cos(a+ ) =0 <= cos(p+S+7) =0<=cos(p +7+ %) =0.

BoamoxxHEL ABa Caydad.
) o+~y+ 5 =73, T0ecth ¢ = T — . U3 popmymsr (*) MBI moTyTaem

%-cosv—?-sinv:%-cosv—}—‘/Tg-sinW{:)ctgv:&/g.

2) p+y+Z =3 roecte p =7+ F —~. Torma

s

-cos"y—‘/Tg'sinﬂy:—%'c0s7—§~sin~y<:>tg"y:\/§<:>"y:3. O

M



Bapuanr 7

1. Hmeemcs odun wepuoil gepsv u n beavix. IIpu xarxom HAUOOALWEM T IMU GUYPDL MOHCHO PACCTLA-
UMb HA WATMAMHOT docke mak, wmobv, beavie Pepsu ne busu dpye dpyza? Depsv He Gbem HACKE03b
wepes dpyeyro duezypy.

OrBerT: 9.
Pemntenne. B crpoke, riae crout depHblit pep3b, MOZKET ObITH He 6ostee AByX Oesbix pepaeit, He ObIoImX

ApyT apyra. B ocTasbHBIX cTpoOKax HE MOKeT ObITh Oosiee omaoro 6emoro ¢gpepssa. Takum obpasom, obiee
4qucsio 6esibix epseit ve npesocxonut 9. Ilpumep s n = 9 nokasan na pucynke. [

P
W

2. Yucaa T,Y,2 — Yeabl, MPeYyzoNLbHUKG. Hatidume maxcumanbHroe 3Ha%EHUE GUPAAHCEHUA

sinx -siny - sin 2z

sinz +siny +sinz

OrBer: %.

Pertenne 1. 3amernm, uro sin z = sin(z + y). Yucanreas A paBen

8sing cosg sin%cos%sinx-;y cosx-;y,
a 3HaMeHare/ib A pasen
2sinx+y cosI;y+2sin$;y cosa:;y :4sinI;y cosg cos%.
ITosTomy
- 1
A:2sing sin%cosx;y = (costy—cosx;y) cosx;y < (1—cosx;y) cosx;y <Z,

Tak Kak MakcumyM tpexdiena (1 — t)t¢ paBen %. Pagencrso peamusyerca mpu v =y =z = 5. U

Pemenne 2. Paccmorpum TpeyrosibHUK C yIyiaMu &, Y, 2, BIACAHHBIA B OKPY2KHOCTb DaJIMyca %
CrOpOoHBI TAKOIO TPEYTOJIbHUKA 110 TEOPEME CUHYCOB PABHBI Sin 2, sin y u sin 2z, a ero yJBOeHHAs ILJIOMIA/Ib
paBHa sinx - siny - sinz. Torma A — pajuyc BIMCAHHON OKPY2KHOCTH TpeyroJibHuka. Ilosromy A He
IIPEBOCXOUT MOJIOBUHBI PAMUYCa €ro OMUCAHHON OKPYXKHOCTH, TO ecTh +. PaBeHcTBO peaimsyercsa Ha

4
TpaBUJIbHOM TPEYTOJIbHUKE. O

3. Jan ocmpoyzosvhoti mpeyzorvrnuk ABC. B nezo enucan npamoyzosorur K LM N max, wmo mouku
M u N aescam coomeemcmeenno wa cmoponaxr AB u AC, a mouxu K u L — wna cmopone BC.
ITyecmo AD — meduana mpeyzorvrura ABC, E — cepeduna €20 6vb.comot, ONYw,erHotl us sepusuros A,
O — mouka nepeceverus duazonanreli npamoyzoavrhuka. Hatidume yeon DOE.

OrBer: 180°.

Permenne. Ilycrs AH — Boicora tpeyroibauka ABC, P u () — cepenunbl orpe3koB KL u M N
coorBercrBeHHO. Tak kak rpeyrosibiuku AMN u ABC 1ono6ubl, gy AD Oyaer meauanoii u gyt AM N,



TO eCTh OH mpOXOoauT [Yepe3 Touky (. Ilockonbky PQ || AH, tpeyromsauku QDP u ADH nonobuel, a
ayd DO spnsierca ux obweit meaunanoi. Ho DE — roxe mequana ADH. Tlosromy Touka E jiexkur Ha
ayge DO, u ZDOFE =180°. O

A
M Q/ AE \N
o)
|
B L DP H K C

4. lanvt namypasvusie wucaa T u y. B eocvmepuunoli cucmeme onu 4n-3naumvie, npuuem 6 3anucu
T yudpvr NOEMOPAOMCA wepes 00ny, a 6 3anucu y — uepes mpu. OKA3aA0CH, 4IMO B0COMEPUUHAA
3aNUCHL T - Y COCTMOUM U3 MOCAE006AMENLHUT OA0K06 N0 4 odunakosux yudpv. IIpu waxuxr n smo
6803MOHCHO?

OtrBer: n € {1,2,...,7}.

Pemntenne. Joroopumcs Bce 9uC/Ia MACATh B BOCbMepUIHOH cucreme. IlycTtb A\ m pu — derbipex3nad-
HbIE YHC/Ia, 0Opa3oBaHHbIe MiajmuMu mudpavu 1 y (To ectb A = xmod 8 u p = ymod 8*). Yucso
A - |4 — CeMu- WJIM BOCHBMHU3HAYHOE, 8 Y€TBEPKA €ro M IIuX udp Takasd ke, Kak y - y. [losromy mbr
MOYKEeM 3aIlcaTh A - 1 = abcdzzzz = Zzzz + 8* - abed. Bamerum, uto Ha 101 meamrcs m060e UeThIpex-
3HAYHOE YHCJIO, Yy KOTOPOro Iapa CTapmux nmudp COBIAIAET C Mapoil miaamux. B gactHoctu, A u 2222
kparubl 101. Torma

0= (A-p)mod 101 = 8 - abed mod 101 = abedmod 101 = (ed — ab) mod 101,

oTkyma a =cu b=d.

[Monoxum v = Zzzz, v = abab. Yucna x, y MOIyHaAIOTCS YMHOKEHIEM COOTBETCTBEHHO A, /i HA YHCIIO
p=1+8"+8+ ... 48"V Torma

x-y:)\-u-p2=(u+84v)(1—|—2-84—|—...—|—(n—1)-84("_2)+n-84("_1)—|—(n—1)-84"—0—...):
=u+(v+2u)-84—|—(2v—|—3u)-88—0—...—0—((n—l)v—l—nu)-84("_1)+(nv+(n—1)u)-84"—|—...

(66mbmme crenenn 8 nac me unrepecytor). Ormerum Tpu QaxTa.

1) Lan awobozo k € {1,...,n} wucao (k — 1)v + ku wemwpexsnaunoe. deiicrBurensno, upu k = 1
910 oueBuaHO. Ilycrb k < n u aua 1,. ..,k yrsepxienue nokasano. Yucso kv + (k 4+ 1)u ne 6osee yem
HATU3HAYHOE, MOCKOJBKY 9TO CyMMa derbipex3uadubix uuces (k — 1)v + ku, v u v. Eciu s — mudpa B
narom paspane kv + (k + 1)u, To aucio kv + (k+ 1)u — 8%s ectb (k + 1)-a gerBepka nudp z -y, KoTopas
IO YCJIOBHIO TIOCTOSTHHA |, caefoBaTenbHO, KparHa 101. Ho uwncma v n v Takxke genmsarca Ha 101, oTkyma
0 = 8%smod 101 = smod 101. Buauut, s = 0 u uucso kv + (k + 1)u gerpipexsnaunoe.

2) Yucao nv + (n — 1)u wemwpexsnaunoe. Heiicrsuresnbuo, nv + (n — Du = (n — 1)v + nu 4+ v — u.
Eciu v < u, 10 yrBepxenue cpa3y ciaeiayer u3 1), a B ciydae v > 1 OHO LIPOBEPHETCH TaK 2Ke, KaK B 1).

3) v = Gaaa. HeiicrBuresbHo, Bropas dersepka uudp = -y kparua 11, a B cuuy 1) ona pasua v + 2u.
Ho u Taxxe memmres Ha 11, orkyma 0 = vmod 11 = ababmod 11 = 2(b — a) mod 11, To ecTb b = a.

Bamerum, uro a > 0, uHade 9ucjao A - u Oyger He Gojiee ueM derbipex3HadHbiM. 113 2) u 3) BbITEKAeT,
YTO YHCJIO N - AAAA — YeThIpeX3HaIHOe. 3HAUUT, 7 > na > n. [losromy n > 7 He yI0BIETBOPSIET YCIOBUIO
3a/1a9H.



IIycrp reneps n < 7. Ilosmoxum x = 22...22 uwy = 4000 . ..4000. Torma A-p = 2222-4000 = 11110000,
OTKY/1a
roy=\-p-p?=11112222 ... nnnn ... 222211110000.

Takum obpazom, n < 7 yg0OBJIETBOpPsET yCJAOBUIO 3aja4u. [

5. B 0010KDY2060M MYPHUPE NO HACTNOALHOMY MEHHUCY YHACTNEOEAAD N MEHHUCUCTIOS C PAZAUNHBLMU
petimunzamu (n > 4). Bo ecex napmuax, kpome 06yz, nobedus ywacmuur ¢ 6oiee 8biCOKUM PetmuH-
20M, HO MEHHUCUCTIL C CAMBIM MAAEHOKUM DETMUHZOM 6bIUZDAA Y TEHHUCUCTIG C CAMBIM DOALUUM
PEUTNUHZOM, G TMEHHUCUCTL C NPEONOCACOHUM PETMUHZOM GbIUZPAA Y TMEHHUCUCTIG CO GMOPLIM peli-
murzom. CKOALKUMU CNOCOOAMU MOJICHO PACCTNABUIND CTOPTICMEHOE 6 PAO ThAK, 4o KaHcobl (Kpome
CaAMO20 NPAB020) EbIUZPAL Y C80€20 coceda cnpasa?

Oter: 1 +2"72 4274 4 2.374,

Pernenne. Ilycrb [ IpoCTOTHI PERTUHIM TEHHUCUCTOB paBHbL 1,2, ..., n. OnHa paccraHoBKa ove-
BUJHA — 110 yObIBAHUIO peiituHra. B apyrux paccraHoBKax yObIBAHME HAPYIIAETCH. JTO MOKET IPOUCXO-
JIITh TOJIBKO U3-3a MpUCyTCTBHs map coceneit (1,n) u (2,n—1) (kakoii-ro oquoit nnn obenx). Paccmorpum
TPH Cllydas.

1) Bempeuaemes moavko napa (1,n). Jo u nocse 1oif uapbl Moxker ObiTh J11060€ KOJIMYeCTBO TeHHU-
CHCTOB, HO MX HOPAJ0K pukcupoBad. Ilpunuimem cnopreMeny uuaekce 0, €CM OH CTOMT CJIEBa OT AP,
u 1, eciiu cupasa. ljis KaXKI0ro u3 OCTaBIIUXCA 7 — 2 TEHHUCUCTOB JOIyCTUMbI 008 MHJIEKCA, MOITOMY
Bcero Gymer 2" 2 pacCTaHOBOK.

2) Bempeuaemes moavko napa (2,n—1). ITockonbky mapst (n—1,n) u (1, 2) HeZOIyCTHMBI, TEHHUCHCT
C PEATHHIOM 7 JIOJI2KEH CTOATH HEPBLIM B Py, a TEHHHCHCT ¢ peiiruarom 1 — nociaenaum. OcrajibHbie
n —4 COOPTCMEHA MOTYT CTOAThH Kak /10 napel (2,n — 1), Tak u mocse nee, HO B (DUKCUPOBAHHOM MOPSIIIKE.
Takux paccraHoBOK Bcero 27 4,

3) Bempeuaromcea napes (1,n) uw (2,n — 1). Jlio6oii u3 0CTadbHBIX 1 — 4 TEHHUCHCTOB MOXKET Dac-
moJTaraThCs JI0 TIepBOil Taphbl, MKy TapaMu M TIocae BTOpoi mapbl. Takux paccTaHOBOK Bcero 37 %
[ockosbKy 1mapet (1,1) u (2,n — 1) MoryT uaru B 1F060M TOpP#AIKe, Mbl HoTydaem 2 - 3"~ % Bapuantos.

Taxum 06pazoM, Beero Bo3MOzKHO 1 4 2772 4 274 4 2. 3n~4 paccranosok. [

6. Ha cmone aescam mpu kKonyca ¢ obwel sepwuHol, kacascb dpyz dpyza enewrnum obpazom. Ocu
CUMMEMPUL NEPEHLL 08YT KOHYCOE 83AUMHO NEPNEHIUKYAAPHDL. J]6a wapa enucans, 6 mpemull Konyc
u Kacaromea dpye dpyea sHewHum obpasom. Hatidume marcumasvroe omuowenue paduycos bosbuLezo
U MEHLULEZ0 WaAPOG.

OrBer:

A B

Pemtenne. Ilycrs 2, 23, 2-y — yruibt upu Bepummae KounycoB. Omioxum enunndubie orpesku OA, OB,
OC' Ha JIeX)aImx B MJIOCKOCTH CTOJIA 00pa3yorux KOHycoB. 1lycts O1 u Oy — TOYKHU HA OCSIX CUMMETPUH
MEPBBIX JIBYX KOHYCOB, MPOEKIHUSIMHU KOTOPBIX Ha, CTOJ sBJsiorcs Touku A u B, OD — equHUYHBIH
0TPe30K Ha 001eil obpas3ytouiei 3rux Kouycos. Tpeyroiapauku Q01 A u OO1 D paBHbl 110 ABYyM CTOPOHAM
u yray, orkyiaa DO; L DO u DO; = AO; = tg a. Ananoruunbiv obpazom DOy, = BO, = tg [. [Hosromy

AB? = 0,03 — |AO; — BO,|* = (tga +tgB3)? — (tga — tg B)* = 4tgatg B.



[IpumMensisa Te 2Ke paccyzK/eHud K ABYM JPYTUM [apaM KOHYCOB, Mbl IIOJLyYMM
AC? = 4tgatgy, BC? =4tgfBtgy.

ITo ycmosuio o + f = 90°. 3Buauwr, tgatgf = 1 u AO + OB = 2 = AB, 1o ectb ZAOB = 180°.
[Tockonbky OA = OB = OC, rpeyrosbauk ABC npsmoyronbhbiii. ITo reopeme ITudaropa

4=AB> = AC® + BC? = 4tgv (tga + tg 8) = 4tg~y (tg o + ctg o) <= tgy = sinacos o = L sin 2a.

1
2
3Ha4YeHUE Sin 7y PABHO %

Suauur, tgy < 5, a paBeHCTBO peasnusyercd upu « = [ = 45°. Orcioma BbITEKaeT, YT0 MAKCUMAJIbHOE

[Iycte 7 1 R — paauychl MEHbIIEro u 0oJbiero mapos. I1ocKo/IbKy mapbl BIXCAHBI B TPETHI KOHYC,
MBI [I0JIY 9UM

R+r R V5+1 3445
— — < = .
\/5 T \/5—]_ 2

R—r=(R+r)siny <

Pagencrso peasusyercs npu v = arcctg2. [



Bapuanr 8

1. Umeemca dea wepruz gepsa un beavix. Ipu waxom naubosvutem n amu Guzypol MOHCHO PACCIABUTID
HaA WALMAMHOT docke mak, 4mobv, odnoysemmoie epau ne buau dpyez dpyza? Depsv He Obem HACKE03b
wepes dpyeyro dueypy.

OrBet: 10.
Pemntenne. Ha ropusonranu, rge croutr k depHbix ¢depseil, moxker ObiTb HE 6osee k + 1 Oesbix.

[TosTomy obiree uncsio Henbix dep3aeit na gocke ne npesocxomut 8 + 2 = 10. Ilpumep mia n = 10 nokazau
Ha pucyHke. [J

2. Yucaa x,y, 2z — yaav, mpeyzorvhuka. Hatidume maxcumansvroe 3navenue 8oipartcenus,

COST - COSY - sin z

cosx + cosy +sinz

Orser: %.
Pewmenmne. [lonoxny z = 5 —a, y =% —b. Torna a,b € [—%,Z] usinz = sin(a + b). Yucamrens A
paBeH

8si acosasi acosasi a+bcosa+b
n— — sin — — sin
2 2 2 2 2 2
a 3HaMeHaTeh A paBeH
. a a—>b o a+b a+b . a+b a b
2sin cos + 2sin cos =4sin COS — COS — .
2 2 2 2
[Tosromy
a b a+b a—>b a+b a+b a+b a+b 1
A = 2sin — sin — = - — -— < (1= <z
sin 5 sin 5 cos 5 (cos 5 cos 5 > cos 5 S < cos 5 ) cos 5 S
Tak Kak MakcumyM tpexdiena (1 — t)t¢ paBen %. PagsencTBo peasusyercsd mpu x = y = %, z = %” O

3. dan ocmpoyeorvnoiti mpeyzoavnux ABC. ¥V npamoyzonvruxa KLMN eepwunve M uw N aescam
coOmBemMcmeeHHo Ha Ha npodoascenuss cmopor AB u AC 3a mouky A, a K u L — na cmopone BC'.
Hyemv AD — meduana mpeyeosvrura ABC, E — cepeduna e2o 6vbicomol, onyuerHots ud eepuuns, A,
O — mouka nepeceverus duazonanreli npamoyzosvruka. Hatidume yeon DEO.

OrBer: 180°.

N Q M




Pemmenune. Ilycrb AH — Bbicora Tpeyrosbauka ABC, P u (Q — cepenunbl orpe3kos KL u MN
coorBercrBenHo. Tak kak rpeyrosibHuku AMN u ABC nonobhbi, upsamas AD spisercs ux oOwei
MeIMaHON U, 3HAUUT, OHa, IIPOXoAUT Yepe3 Touky Q. ITockombky PQ || AH, rpeyroasuuku ADH u QDP
mo0bubI, a tyd DE — ux obmas meauana. Ho DO — toxe meauana QD P. Ilosromy touka O jgexur
wa gyue DE, u ZDEO =180°. O

4. Hawo, namypanrvroe wucaa x u y. B decamuwnol cucmeme onu 4n-3naunsie, npuiem 6 3anucy T
yuPpoL NOSMOPAIOMCH wepe3 00ny, a 6 3anucu y — ueped mpu. OKa3a40CHb, ¥MO JECAMUYHAA 3GNUCH
Ty cocmoum u3 nocaedosamesvbrux 640%08 no 4 00unaKrosuxr yudpsv. [Ipu Kaxur n 9mo 603moxHcHo?

Orer: n € {1,2,...,9}.

Perrenue. /loroBopumMcst Bce 9nC/Ia MUCATh B IeCATUYIHON cucreme. [lycTh A u 4 — deTbIipex3HadHbIe
4ncia, obpasoBanHble MaaammMu madpamu x 1 y (To ectb A = xmod 10* u u = ymod 10*). Ymcio
A - 4 — CeMHu- W BOCBMH3HAYHOE, a 9eTBEPKa ero M/Iaamux mudp Takasd ke, Kak y T - y. lLloaromy
MbI MOXKEM 3amucarb A - 4 = abcdzzzz = 722z + 10* - abed. Bamerum, uro ma 101 pesmmrcs soboe
4YeTBIPEX3HAYHOE YHCJIO, y KOTOPOro mnapa crapiux mudp cosmnagaer ¢ napoit muagmux. B vacraocru, A
u zzzz kpatasl 101. Torma

0= (A-p)mod 101 = 10* - abed mod 101 = abcdmod 101 = (cd — ab) mod 101,

oTkyma a =cu b=d.

[Tostoxkum v = zZzzZ, v = abab. Yucna x, y MOIYyIAIOTCA YMHOKEHAEM COOTBETCTBEHHO A, (i HA, YUCJIO
p=1+10*+10%+... 4+ 104D, Torma

zoy=XAp-p?=(u+10%)(1+2-10*+...+ (n—1)-10* "2 4 . 10* "D 4 (n—1)- 10" +...) =
=u+(v+2u)-104—|—(2v+3u)-108—|—...—|—((n—l)v+nu)-104("_1)+(nv—l—(n—l)u)-104"+...

(66mbmme crenenn 10* mac ne unarepecytor). Ormerum Tpu dakra.

1) Jas awboeo k € {1,...,n} wucao (k — 1)v + ku wemwpexsnaunoe. eiicrBuresbuo, npu k = 1
910 oueBuaHO. Ilycrb k < n u aua 1,.. .,k yreepxienue nokasano. Yucuo kv + (k 4+ 1)u ne 6osee yem
LUSTU3HAYHOE, [IOCKOJIbKY 9TO CyMMa derbipex3Hadubix uucest (kK — 1)v + ku, v u v. Ecau s — uudpa B
nsroM paspaze kv + (k+ 1)u, To aucio kv + (k+ 1)u — 10%s ects (k + 1)-a gersepka uudp z -y, KoTopas
IO YCJIOBHIO TIOCTOSTHHA |, caefoBaTenbHo, KparHa 101. Ho uncma v n v Takxke genmsarca Ha 101, oTkyna
0 = 10*smod 101 = smod 101. 3uauur, s = 0 u yucao kv + (k + 1)u yerbipexszuauHoe.

2) Yucao nv + (n — 1)u wemwpexsnaunoe. Heiicrsuresnbuo, nv + (n — Du = (n — 1)v + nu 4+ v — u.
Eciu v < u, T0 yrBepxkaeHue cpa3y ciaeayer u3 1), a B ciydae v > 1 OHO IPOBEPSETCS TaK ¥Ke, Kak B 1).

3) v = Gaaa. HeiicrBuresbHo, Bropas dersepka uudp x -y kparua 11, a B cuuy 1) ona pasha v + 2u.
Ho u raksxe mesurea na 11, orkyna 0 = vmod 11 = ababmod 11 = 2(b — a) mod 11, To ects b = a.

Bamerum, 4ro a > 0, unade qucao A - p 6yjer ue Gosiee yeMm derbipex3nadubiM. 13 2) u 3) Bblirekaer,
9TO YUCJIO N - GAAG — YeThIpex3HadHoe. 3Ha4uT, 9 > na > n. [lostomy n > 9 He yIOBIETBOPSIET yCIOBUIO
3a/1a4 0.

IIycro renepp n < 9. Ilosmoxum z = 16...16 my = 6875...6875. Torma A-p = 1616-6875 = 11110000,
OTKY1a

Toy=A-p-p?=11112222 ... nnnn ... 22221111 0000.

Taxkum obpazom, n < 9 yaoBIeTBOpsieT yCaoBUiO 3a1a4uu. [

5. B 00H0KpYy2060M MypHUPe MO HACTROALHOMY MEHHUCY YHACINE06aso n cnopmemenos (n > 3). Ilo
UMO2aM MYPHUPE OKA3AAOCH, YN0 BCEL YHACTNHUKOE MONCHO PACCAOUMb 34 KPY2AbLM CINOAOM TAK,
YMo 0 NPou3eosvbHol napwv. cocedett A u B 10600 mennucucm, omauunsd om A u B, npouepan
xomas bv, 00nomy u3 menwnucucmos A u B. Ilpu kaxux n maxoe 603mooHcHo?

OTBeT: 1pu HEYETHBIX 7M.



Pemntenne. Ilokaxkem, 9TO Jjid HEYETHOrO N MCKOMas paccagka cymecrsyer. Ilycrs n = 2k + 1.
[Torpebyem, 9T06bI KazK bl TEHHUCUCT BBIATPAJI Y BCEX COIIEPHHUKOB, CUSAIIUX OT Hero depes3 2,4, ..., 2k
4eJIOBEK BIIPABO, & OCTAJBHBIM IIPOUTPAJI. DTO PACIIOIOKEHHUE YIOBJIETBOPSET YCIOBUIO 3a/a4H.

[Iycts Tenepsp n = 2k. dokaxkem, 94T0 OO 11000 TEHHUCUCT BBIMTPAJ Y CBOETrO COCEIa CJIeBa, JTUOO
JI000# TEHHUCHCT BBIMTPAJI y CBOETO COCeMIa CpaBa. JlJis 3Toro 70cTaT0vH0 MpoBepuTh, 4To ecian A, B, C
CUAAT 3a CTOJIOM 1oapsAs u A Bemrpan y B, to B sbwrpas y C. Eciu cuopreven A sbiurpan y B, o
10 yciaosuio ou posizken upourparb C. Ho rennucucr C' noszken npourpars komy-ro u3 napot (4, B), u
TAKUM COMEPHUKOM MOKET ObITh TOJBKO B.

[IycTb 151 ONIpeIe/IeHHOCTH KAk IbIil TEHHUCHUCT TTPOUTPAJI CBOEMY COCETy C/ieBa. Bo3bMeM mpon3BOJIb-
HOrO TeHHuCcHUCTa A, cumsamero 3a crosom. CrpaBa oT Hero Haxoaurcs k — 1 map cocefieii, U B KaxK 10l u3
1ap o yCJIOBHIO €CTh conepHuk, koropomy A npourpan. Kpome roro, A npourpas cocemy cieBa. Takum
00pa30M, KazK/Iblif TeHHUCUCT LOTepIe/l He MeHee k II0pakKeHuil, 8 BMecTe OHU LpOUrpa/u He menee 2k?
urp. Ho 910 HeBO3MOXKHO, 1IOCKOJIbKY BCero ObLI0 Chirpano Jjuiib k(2k — 1) napruii. O

6. Ha cmone aeorcam mpu kKonyca ¢ obwell 6epuwuHol, Kaceacv dpyez dpyza euewnum obpazom. Ocu
CUMMEMPUY NEPEBLLIT 08YT KOHYCOE 63GUMHO NEPNEHOUKYAADHVL. Y204 NPU BEPUIUHE NEPBO20 KOHYCH

. 5 o
pasen arcsin 5. /Jlea wapa enucanvt 6 mpemutl Konyc u xacaromes opye dpyea eHewHuM 00pasom.

Hatdume omuowenue paduycos wapos (60avwezo £ menbulemy).
OrBer: 9: 4.

o)} o)

A B

Pemtenne. Ilycrs 2, 23, 2-y — yruibt upu Bepumae KounycoB. Omioxum enunndubie orpesku OA, OB,
OC' Ha JiexKalyX B IJIOCKOCTH CTOJ1a 00pa3yfoux Konycos. Ilycrs O1 u Oy — TOYKHU Ha OCIX CUMMETPUKI
MEPBBIX JIBYX KOHYCOB, MPOEKIUIMHU KOTOPBIX Ha, CTOJ sBJsiorcs Touku A u B, OD — equHUYHBIH
OTPe30K Ha 00Iei obpasyrorreii 3tux Kouycos. Tpeyroabauku O01 A u OO; D paBHBI 110 IBYM CTOPOHAM
u yray, orkyaa DOy | DO u DO; = AO; = tg . Ananoruunbiv obpaszom DO, = BOy = tg 5. [Hosromy

AB? = 0,0} — |AO; — BO,|* = (tga +tgB)? — (tga — tg B)* = 4tgatg B.
[Ipumenss Te e pacCy’kKIeHUs K BYM JPYTUM MapaM KOHYCOB, MbI TIOJLY TUM
AC? = 4tgatgy, BC? =4tgftgny.

ITo ycnoBuo o + B = 90°. 3mauur, tgatgf = 1u AO + OB = 2 = AB, 10 ectb LAOB = 180°.
[Mockombry OA = OB = OC, tpeyrompuuk ABC npsmoyrosbabiii. [Io Teopeme [Iudaropa

4=AB? = AC” + BC? = 4tgv (tg o + ctg o) <= tgy =sinacosa = & sin20 = 5 < siny = .

IIycts » 1 R — pamuychl MeHbIIero u 060JbIiero mapos. [IoCKOIbKY mrapbl BIIMCAHBI B TPETUH KOHYC,
MBI TIOJTy 9UM

R—r=(R+r)siny<=5[R+r)=13R-r) <= £=45 O



Bapuanr 9

1. Kaxoe nHauboavwee KoAUNECNE0 AGOET, MOHCHO PACCMABUMD HA WATMAMHOT docke Mak, wMmobvs KaHc-
Y10 1a0o610 6uao e boaee mpex dpyeux? Jladva ne Ovem HACKB03b wepes dpyzyto Puzypy.

OTBer: 28.

Pemntenne. Ilycts n — gucio nHekpaesbix Jjiageit. Kazxmas Takast jga/bst 6beT XoTsa ObI OHY CBOOOTHYTO
KpPaeByIo KJIeTKy (nHaue OHa Oujia Obl YeThIpe JIaJ(bU, 3aKPbIBAIONIME ITU KJIETKH). 3HAYUT, HA [IEPUMETDE
JIOCKU WMEETCd M0 KpaiHell Mepe 7 IMyCThIX KJETOK, 8 HA HEKOTOPBIX W3 OCTAJBHBIX 28 — 1 KJIETOK
IEPUMETPA, MOTYT CTOSATH JIaabu. Takum 00pa30oM, BCEro Ha JOCKE MOXKET ObITh He bojee n + 28 —n = 28
mageit. [Ipumep mra 28 jageit MOXKHO HOTYYHUTD, PACCTABUB JAIbU II0 IEPUMETPY JOCKU. [

r

5+ Hatidume maxcu-

2. Yucaa z,y,z — yesb MPEY2oLbHUKG, NPULEM OOALWUL Y204 Z He NPEeBOCTodum
MAADHOE 3HAUEHUE BYLPAHCEHUSA

A = /sinz -sin(z — y) + \/siny - sin(z — ).

Otset: /2.

Pemntenne. B cuny mepasencrsa Ko ajs cpegaunx

A< L (sinz +sin(z — y) +siny +sin(z — 2)) = £ (sinz + sin(z + 2y) + siny +sin(2z + y)) =

= sin(x + y) cosy + sin(z + y) cosx = sin(x + y)(cos x + cosy).
[onoxum B = sin(x + y)(cosz + cosy). 3amerum, uro v +y =7 — 2z > 5. Ecm x +y > J, 10 3aMmenum

y na T —x. Ilpu srom ysesudarca sin(z +y) u cosy, a suauur, u B. Ilosromy makcumym B jnocruraercs
_ 0w
upu r +y = 5. B arom ciyuae

B =cosz +sinz = V2 sin(w + %) < V2.
Taxum o6pasom, A < B < v/2. PaBeHcTBO peannsyercs npu & = y = =5 U

3. Jan wemwvpexyzorvrur ABCD, omauswnoil om napassenoepamma. Ha cmoponax AB, BC, CD u DA
swouparomes coomeememeernno mouwku K, L, M u N max, wmo KL || MN || AC w LM || KN || BD.
Hatdume zeomempuneckoe mecmo mouer nepeceuenus duazonanet napasaesoepamma K LM N .

OTBer: WHTEPBAJ C KOHIIAMU B cepenunax auaronajeir ABCD.

B
K L
6‘
A G
A T\ /PF|O C
N M
D
Pemmenue. Ilycrs O u T— rouku nepecedenuss AC coorsercreenHo ¢ BD u KN, E — rouka

nepecedenns jguaronaJieii K LM N. Ilposenem yepes E upsiMbie, napaJjuieibhble guaronaiam ABCD, u
oboznaunm Touku ux nepecedenusi ¢ AC' u BD depe3 F' u G coorBeTcTBeHHO (cM. prcyHOK). ITosoxknm
A= ﬁ—g, x = A0, y = 0C. Tornma

AF =AT+TF = AT+ KL =X-A0+3(1-X)-AC=Xz+ 11— N(z+y).



[Mycrs P u Q — cepepunbl orpeskoB AC u BD cOOTBETCTBEHHO. 3aMETUM, 9TO
AO—AF=z—-dz—3(1-Nz+y) =1-N(z—31(@=+y)) =(1—-N(A0 - AP).

[Tosromy rouku P u F jiexxar no oy cropony or O u FO = (1 — \) - PO, orkyna PF = X\ - PO.

Anasornynbie paccyxaenus s guaronaiaun BD nokasbiBaior, 9ro Q u G jiexkar 1mo oJHy CTOPOHY
or Ou GO = \-QO0. Torma EF = )\ - QO, u rpeyrosibiuk PEF nonoben PQO c¢ ko3dduuuenrom A.
W3 ycioBus Boitekaer, 4ro P # Q. Ilosromy touka F jiexkur Ha orpeske PQ u [ejuT ero B OTHOLIEHUU
A (1= )). IMockonbky A — mpoussoibHoe uucio u3 (0,1), rakue Touku F 3amoyHsaior cobol BeCh
unrepsas (P, Q). O

4. Hamypasvroe wucao T 6 eocomepuunoli cucmeme 2019-snaunoe, ezo maadwas yudpa pasha 3, a ece
0CMAAbHYLE YUUPPLL OMAUYHYL 0m 3 U coenadatom uepe3 00HYy. HUCAO Y NOAYUAEMCA 3ANUCHI YUPD T
6 obpamuom nopsoke. OKa3a.40CH, YN0 BOCOMEPUUHOE NPEICTMABACHUE T+l COIEPHCUM TOALKO UUPPDL
1 u 6. Hatidume x -y (8 s0cbmepuunol cucmeme).

OrBer: -y =11616...1611616...16 upu = =25...253.
——
2018 2018 2018

Peinenne 1. Pemuv 3anaday mis (2n + 1)-3uaunoro . JJoroBopuMcst BOCbMEPUYHbBIE YUCJIA [TUCATH B
CKOOKax, 9TOOBI OTJINYIATh UX OT JAeCaTUIHbIX. [los1oKum

x=(ab...ab3), y=(3ba...ba).

2n nudp 2n nudp

Muanmras mudpa « - y pasia 3a mod 8. Tlpu a # 3 oHa He MoKeT ObITh 1, a ¢ 6 COBIAIAET TOJBKO MPH
a = 2. Tak xak 3a < 8, cieaytomas mudpa « -y pasaa b(a + 3) mod 8 = 5bmod 8. dro maer 1 npu
b=>5u 6 npu b =6. Bropoii ciyuaii He OIXOAUT, MOCKOJILKY B npousseaenun (26 ...263) - (362...62)
B uerBeproM paspsize okaxercs 4. Takum obpaszom, z = (25...253) u y = (352...52).

MpbI moKa HE 3HAEM, Y/IOBJIETBOPAIOT JIU HAUIEHHBIE & U Y YCJIOBHUIO 33a9u. UTOOBI yOEIuThCS B 9TOM
U [OJIy9UTh OTBET, HEOOXOAUMO BBIYUCIUTD T -+ Y. 3aMETUM, UTO

y—x=(7...7)=8"—1, 2r+y=(52...526)+ (352...52) = (11) - 8*" =9.8*",

OTKY/1a
3r=2r+y—(y—2)=8""+1, 3y=2y-2z)+2r+y=11-8"-2.

[lepemuoxkum 311 paBeHCTBA U HOEAUM Pe3ynbrar Ha 9. Mbr nosyuum

(82 +1 +1)(11 - 82" — 2)
9

Ty =

2n __

Hucaurenb U 3HaMeHare b Apodu B UPaBOil yactu pasubl coorsercrBenHo (777...7) u (11), nosromy
gacraoe pasHo (70707 ...07) (B uem durypupyer n cemepok). Torma

zy=(8"t"+1)-(116...16) = (116...16116...16). O
N—_—— N—_—— N —

2n nudp 2n nudp  2n nudp

Peinenne 2. Pemum 3ana4ay agia (2n + 1)-3aaunoro x. JIoroBopuMcs mucaTh 9UCjia B BOCbMEPUYHOMN
cucteme. Ilomoxxum
T, =ab...abld, y,=3ba...ba.
—— ——

2n uudp 2n uudp

Muanmras nudpa x, - ¥y, pasia 3amod 8. Ilpu a # 3 oHa He Moxker ObITh 1, a ¢ 6 COBIAJAET TOJBKO
upu a = 2. Tak kak 3a < 8, cuepyowas uudpa T, -y, pasua (a + 3)bmod 8 = 5bmod 8. Dro gaer 1



upu b =95 u 6 upu b = 6. Bropoii caydait He noaxoaur, HOCKOJIbKY B poussenenun 26 . ..263 - 362...62
B 4ETBEPTOM Pa3psijie OKaxKercs 4.
JokaxkeM 1o WHIYKIUH, 9TO

25...253-352...52=1161...6116...16.
S—— S—— ——
2n nudp 2n nudp 2n nudp 2n uudp

Baza unaykmuu ogesumana: 253 - 352 = 116116. Ilpemmosioxkum, 9T0 j18 HEKOTOPOIO N yTBEDPXK/IEHUE
JIOKA3aHO. 3aMEeTUM, YTO

Tpy1 =25...25300 — 25 = 822, — 25, Yny1 = 352...5200 + 52 = 8%y, + 52 = 8%y, + 2 - 25.
2n nudp 2n nudp

Bocmonb3yemcs dpopmyimoii
25 (2z,, — yn) = 430...034, (%)
———

2n—2

KOTOPYIO IIpoBepuM Huzke. Mbl nosrydum

. o 4. . . 2 —_ —_ . f— —_— =
Tt Yot = 8% T Y +25-82 (225 —yp) —25-52 = 1161...6116...160000+430...03400 — 1562

2n 2n 2n—2
=1161...6116...160000 + 3400 — 1562 =1161...6116...16,
——— —— —— ——
2n+2 2n—2 2n+2 2n+2

910 1 TPeOOBAIOCH JOKA3ATh.
Ocranocs uposepurb pasencrso (k). [Monoxum z = 52...52. Toraa
—

2n nudp

20, =52...526=82+6, y,=2z+3 8"

2n nudp

3amernm, 9T0
252 =157...762=16-8%" — 16 = 16 (8*" — 1).
N——

2n—2

ITosTomy

25 (22 —yn) =25 (724+6—3-8") =7-16 (8" —1)+25-6—3-25-8*" =
=8"(7-16—-3-25)+6-25—7-16=143-8"" +34=430...034. O
N——

2n—2

5. B odunokpyz0680m mypHupe N0 HACMOALHOMY MeEHHUCY yuacmeosanro 100 cnopmemenos, npuvem Hu
00un U3 HUT He 8biuepan 6ce mamuu. Bydem zo6opums, wmo uzpox A kpyue uepoka B, ecau A éviuzpan
y B uau natidemea maxot uepox C, wmo A ewuepan y C, a C ewuepan y B. Karxoso naumenvwee
KOAUYECTNIB0 TEHHUCUCTNOS, OKA3ABUULCA NO UM02AM MYPHUPLE kKpyue ecer ocmasvuuxr? Huwour 6
menHuce He Ovleaem.

OrBer: 3.

Pemterne. /lokaxkeMm BHAYAJIE JIEMMY: 6 NPOU3BOAbLHOM Myprupe mennucucm X, odeporcaswuti Hau-
boavwee wucao nobed, kpywe ecex. lefictBurenbHo, mycTh Y — APYroil y9acTHUK TypHUpa. HKcim
teraucucT X BBIUTPAJI Y Y, TO OH Kpyde Y. B mporusHOM ciydae Y mo/keH ObLT MPOUTPATh KOMY-TO U3
COIEPHUKOB, y KOTOPBHIX X BBIUTpAJI, nHa4de Y omeprkaji Obr OosibIine mobesm, gem X . MbI cHOBa moIydaem,
qaro X kpydue Y, u jleMMa JI0Ka3aHa.



Paccmorpum Tenepb TypHUD, YAOBJIETBOPSIONMA ycaoBuio 3agaau. llycrs tenrucuct A ojepkai B
HeMm HamboJibiiee quciao noben. B cuiny gemmbr A kpyde Becex. Ob6o3nadumm uucsiao nobex, A gepes k u
3ameruM, 9ro k < 99, mockobky A Bemmrpast He Bce Marau. [Ipeamomoxum, 910 A noOe I TeHHUCHCTOB
By, ..., By u npourpaj conepaukam C,...,Cog_g. Eciam yguTbiBaTh TOJBKO PE3YAbTATHI UTP MEXKIY
Ci,...,Cy9_k, TO B 3TOM MUHU-TYPHHUPE IO JeMMe Haigercs yaacTHuk C™ ) KOTopsIil Kpyde Bcex. Kpome
toro, regaucucr C* porpas y A, nosromy on Kpyde kKak A, Tak u cuoprcmeHos B, ..., By, KoTopbie
A npourpanu. Takum obpaszom, C* Kpyde OCrajbHbIX y4aCTHUKOB BCEIO TYPHUPA.

Samernm, 9T0 110 ycaoBuio C™ [IOMKEeH mMpourpaTh KOMYy-TO u3 comepuukos. Ilycrs Dy, ..., D, — Bce
yuacrauky, Beiurpasmue y C*. 1o nemve B munn-rypuupe D1, ..., D,, Halinerca teaaucuct D*, KoTO-
poiit kpyde Bcex. Kpome toro, D* kpydue j060ro ygacTHuka F He W3 3TOM0 MUHH-TYPHUPA, TOCKOJIBKY
D* prpan y C*, a C* — y E. 3uagur, D* Kpyde OCTajbHBIX YIYACTHUKOB BCErO TypPHUPA.

Takum 06pazom, Beerja cymecTByior 1o Kpaiineii mepe tpu rennucucra (A, C* u D*), koropbie Kpyue
Beex. IlpuBenem npumep TypHUpPa, B KOTOPOM TAaKUX yd9acTHUKOB poBHO 3. Ilycrb Tpoe TennucucToB
OJIep2KAJIA TI0 OIHOM mo0ee B IMYHBIX BCTPEYAX U BBIMTPAJIN Yy BCEX OCTAIbHBIX. 1Orma KaxKablil 3 ITOH
TPORKHU KPyde BCEX, HO HUKTO U3 OCTAJbHBIX YIaCTHUKOB UX HE Kpyde. [J

6. Ha cmoae aescam dea konyca ¢ obwet sepwunot O, Kacaacy dpye dpyza SHEWHUM 00pa3om. Yeon
MEHCOY UT OCAMU CUMMEMPUY PAGEH Arctg %. Hatioume maxcumasbhvili Y2os npu 6epuiune MeHbuLe20
u3 d6yx Kouycos ¢ sepwunoti O, KOMopsie AeXHCAM HA CMOAE U KACAOMCA 6HEWHUM 00pA30M NEPELIL
06Yx KOHYcos. (Yesom npu epusuHne KOHYCa HA3BIBACTNCA Y2ou MeHCdy €20 00PA3YIOUUMU 6 0CEGOM
ceveruu.)

Otrset: 2arcctg(4 + 2v/3).

o} o)

A B C

Pemtenne. Ilycrs 2, 23, 2-y — yruibt upu Bepummae KounycoB. Omioxum enunndubie orpesku OA, OB,
OC' Ha JeX)aImx B MJIOCKOCTH CTOJIA 00pa3yormux KOHycoB. 1lycts O1 u Oy — TOYKHU HA OCSIX CUMMETPUH
MEPBBIX JIBYX KOHYCOB, MPOEKIHUIMHU KOTOPBIX Ha, CTOJ sBJsiorcs Touku A u B, OD — equHUYHBIH
0OTPe30K Ha 001eil obpas3youieil 3rux Kounycos. Tpeyronbauku Q01 A u OO1 D paBHbl 110 ABYM CTOPOHAM
u yray, orkyaa DO; L DO u DO; = AO; = tg a. Ananoruuanbiv obpazom DOy, = BO, = tg . [Hosromy

AB? = 0,0} — |AO; — BOs)? = (tga +tgB)? — (tga — tg B)? = 4tgatg B.
[Ipumensis Te ke pacCyK/IEHUs K JABYM APYTUM I1apaM KOHYCOB, MbI HOJIY UM
AC? = 4tgatgy, BC? =4tgptgy.

[Iycts ¢ = LAOB. TlockoabKy HaM Hy?KE€H MEHBITHH U3 BYX BO3MOMKHBIX TPETHUX KOHYCOB, ayd OC
nexkur BayTpu yria AOB. Torpa (cM. npaBblil puCyHOK)
2/ACB =2/AC0+2/0CB =7 —/ZAOC +m - /ZBOC =21 — LZAOB =21 —p = LACB =7 — %.

Samerum, 4To

AB
sing =210 = VtgatgS u cosLACB = —cosg =—\/1—-tgatgp.



ITo reopeme Kocunycos it Tpeyrobauka ABC

/I _tgatgh = AC+BC AR tgatgy +igftgy —tgatyf
gatel=——4c.5c 2 igatgp g7 '

JomHozKas 9T0 pasencrso Ha 2+v/ctga ctg B, Mbl nosryunm
—2+/ctgactgf —1=ctga+ctgf —ctgy = ctgy =ctga +ctg S + 2 \/W.
[Monoxum x = ctg o + ctg 5. Ilo ycaoBuio o + 3 = arctg %, OTKYyZIa
ctgactgf—1=ctgla+B)(ctga+ctgf) =22 u ctgy =+ V3.

Yucna ctg o u ctg [ aBIMIOTCH KOPHAMEA KBAJAPATHONO yPABHEHUS 2 —xt + %x + 1 = 0 (oruHocuresnbHO
nepeMeHHoi ). OHO JOJIKHO UMETh DEIeHUs, TI0ITOMY

x2—31:—420<:>x24<z>C‘cg*y>4+2\/§<:>*y<arcctg(4+2\/§).

PagsencrBo peammsyercs mpu ctga = ctg S =2. [



Bapuanr 10

1. Kaxoe nHauboavwee KoAUNECME0 AGOET, MOHCHO PACCMABUMD HA WATMAMHOT docke Mak, wMmobvs KaHc-
dyro aadvro 6uno e bosee deyx dpyeuzr? Jladvsa ne bbem HacK803b ueped dpyeyro duzypy.

OrBer: 16.

Pemntenne. Ilycts n — obmiee guciio mafeil, cpean KOTOPBIX M HEYIIOBbIX. Kazkmoit HeyTrIoBoii jraabe
L comocraBuM mmapy KJIETOK IIEPUMETPa JIOCKHU ciemytommum oopasoM. Eciaum L — HekpaeBas jaabs, TO
oHa 6beT X0Ts Obl BE CBOOOIHBIE KPAEBbIE KJIeTKU. VX Mbl U BO3bMEM (€C/IM TaKUX KJIETOK DOJIbIIE ABYX,
1o momoiizer ymobas napa). Ecau L — kpaesas /1abs, TO OHa ObET XOTs Obl OHY CBODOAHYIO KPAEBYIO
kJIeTKy. Boibepem ee, a Takxke Ty KJI€TKY, HA KOTOPOit L cTowT.

Takum 0Opa3oM, MbI HOJIYYHId HAOOP U3 2M KJIETOK IepuMerpa JO0CKH. B 3ToM HaOOpe HEyrjioBbIe
KJIETKH HE HOBTOPSIOTCS, & HEKOTOPBIE YIJIOBBIE MOIYT BCTPEYAThCH JBAXKIbL. Ilycrb Takux Kierok k.
Bamerum, uto k < 4 — (n—m) u 2m — k < 28 — (n — m). Ilosromy

2n=2m+2n—m)<28—(n—m)+k+2(n—m) <28+ (n—m)+4—(n—m) =32.

Buaunt, n < 16. Bo3amoxkubie paccranoBku ¢ 16 jgaapamMu moka3aHbl HA pucynke. [

“a
|
/% 7

.
UV

2. Yucaa T,y,z — Yeavl HEKOMOPOZO MPEY2OALHUKG, 00UH U3 KOMOPHT He menvwe 5. Hatdume mak-
CUMAADHOE 3HAMEHUE BBLPAANCEHUSA

A =cosz + cosy + cos z + cos(x — y) + cos(y — z) + cos(z — x).

Orser: 2v/2 + 1.

Pemenne. Tax xax A He MeHAETCA TIPU MEPECTAHOBKE MEPEMEHHBIX, MbI MOKEM CIATATh, 9TO 2 > .
Tak Kak cos(y — z) = — cos(z + 2y), cos(z — x) = — cos(2z + y) u cos z = — cos(x + y), MBI HOILYIUM

A = cosz — cos(x + 2y) + cosy — cos(2x + y) + cos(z — y) — cos(x + y) =
= 2 (sin(z + y) siny + sin(z + y) sinz + sinz siny).
Bamerum, 9T0 T +y = m— 2 < §. Ecam mepaBencTso cTporoe, To 3amennM y Ha 5 —x. Torma ysemmaarca
sin(x + y) u siny, a 3Hagnt, 1 A. Taknm obpa3oM, MakCUMyM A peain3yercs npn r+y=7%. Borom
caydae
A =2(cosz +sinz) + 2sinzcosz = 2v2 sin(z + §) 4 sin 2z < 2V2 4 1.

Bnauenne 2v/2 4+ 1 gocruraerca npu z =y = =, z = g

4

iy

3. Jan wemwipexyzorvnur ABCD, omauunsd om napassenroepamma. Ha aywaxr AB, CB, CD u AD
eéne cmopon wemvipexyzosvrurae ABCD ewbuparomes coomeememeenno movwku K, L, M u N max,
wmo KL || MN || AC u LM || KN || BD. Hatdume zeomempuseckoe MeCmo moser nepecederus
duazoranet napasLesozpamma.

OrBer: qy4, unymuit u3 cepeaunbl AC 4depes cepenuny BD, 3a BbIY€TOM OTpPE3Ka, COEIUHSIONIETO
9TH TOYKH.



M T L
GQ\o S
F
E —
~1
N c K

Pemrenune. Ilycrs O u T— rouku nepecedenus AC coorsercrsenno ¢ BD u LM, S — rouka nepece-
qenus upamoit BD ¢ KL, E — touka nepecedenns auaronaseit K LM N. Ilposegem wepe3 E npsmble,
napaJutesbubie nuaronaiaM ABCD, u obo3nauuM Touku ux nepecedenusi ¢ AC u BD depes F u G

COOTBETCTBEHHO (CM. PUCYHOK). Ilojtoskum \ = %, x = A0, y = 0C. Torma

CF:CT—TFz()\+1)CO—%KL=()\+1)CO—%)\-ACz()le)y—%)\(:v—ky).
IMycrs P u () — cepenunbt orpe3kos AC u BD COOTBETCTBEHHO. 3aMETUM, 4TO
CO-CF=y—(A+ly+ii(z+y)=-MNy—1(z+y)=-X(CO-CP).

ITosromy Touku P u F' nexar no pa3usie croponsl or O u OF = X\ - OP.
[Monoxkum Teneps z = BO, w = OD. Torma

BG=SG-SB=3LM—-X-BO=1(A+1)BD-X-BO=1(A+1)(z+w)— Az,

2 2

OTKYy/a
BO-BG=z—3A+1)(z+w)+Az=A+1)(z— % (z+w)) = (A +1)(BO — BQ).

[Tostomy rouku @ u G nexar no oxay cropory or O u OG = (A + 1) 0Q, To ectb QG = A - OQ.
Ocraoch 3aMeTUTH, ITO

QB =G0 + G = 00 + O = 1 (00 - 0F) = ». 73,

rje A — MPOW3BOJIHLHOE MOJIOKUTEHHOE YUCJI0. JHAUUT, TOUYKH F 3anoaHsaioT coboii BeCh JIyd, WIAyIIuii
u3 ) B Hanpasjenun PQ. 0O

4. Hamypaarvroe wucao T 6 6ocbmepuunoli cucmeme 2018-3naunoe, u €20 yu@dpv. noemopsomes wepes
00ny. OKa3a.40CH, 4NO BOCLMEPUUHAA 3ANUCH T2 codeparcum moavko Yudpst 3 U 4, npudem 6 pasHom
woauuecmee. Hatidume 12 (6 socomepuunoti cucmeme).

Orser: 2 = 34...343343...4344 mpu x = 52...52.
— N—— ——
2016 uudp 2016 uudp 2018 uudp
Pemenne 1. Ilycrs © = (ab...ab). Jorosopumcs BOCbMEPUYHbIE YUCJIA UCATH B CKOOKAX, 4T00bL
OTIMYATh WX OT JecaTndnblx. Torna nocienuss mudpa x> pasaa b’ mod 8. U3 rabimip

b 0 1 2 3 4 ) 6 7
b*mod 8 0 1 4 1 0 1 4 1




ACHO, 9T0 b = 2 wym b = 6. 3amerum, uro 2 mod 7 = 2018 - (3 + 4) mod 7 = 0. ITosromy
0=2mod 7=2018 (a + b)mod 7 =2(a+b)mod 7, orkyga a=7—b.

Ciyuait b = 6 e noaxoaut, nockonbky (16...16)% okanunsaerca na 04. 3uauut, z = (52...52).

MpbI 1TOKa HE 3HAEM, Y/IOBJIETBOPSET JTH HAMJEHHOE 9UC/I0 T YCIOBUIO 3aa9u. UTOOBI yOEIUTHCI B 9TOM
U TIOJIy9uTh oTBeT, phraucauM 2. Iycrs n = 1009. Bamerum, 4To

30 =(17...76) =2-8"" —2, orkyma 9z’ = (8" —1)(4-8"" —4).

Yucino 4 - 82" — 4 kparuo 9, nockosnbky 82" mod 9 = 1. Tak kak (400) = (11) - (34) + 4, aas 06010
HATYPAJIBLHOTO 1M BEPHO PABEHCTBO

4-8%™ = (11) - (34) - 8™ 2 4. 8*m 2,
[Ipumenss ero g m =n, m =n — 1 1 Tak gajee, Mbl IOy IUM

2n __ . — —
4-8" =(11)-(3434...34) +4=9(qg+ 1) +4, rue ¢=(3434...3433).
2n—2 nudp
Torua
2= (87" —1)(q+1)=8"q+8" — (¢+1) = (3434...34 33 4343 .. .43 44). [

2n—2 nudp 2n—2 nudp

Pentenne 2. /loroBopumcst nmucarh 9ucjia B BocbMepuaHoi cucreme. Ilycrs © = ab. .. ab. Ilocnenusis
mudpa z2 pasaa b?mod 8. 13 Tabauner

b 0 1 2 3 4 ) 6 7
b*mod 8 0 1 4 1 0 1 4 1

AcHO, uTo b = 2 uiam b = 6. Bamerum, uro 22 mod 7 = 2018 (3 + 4) mod 7 = 0. [losTomy

0=2mod 7=2018(a+ b)mod 7 =2(a+b)mod 7, orkyma a=7—b.

Cnyuait b = 6 He IOAXOAUT, HOCKONBKY 16...16% oxamunpaerca ma 04. 3HaUUT, YUCIO T MOXKET OBITDL

PaBHO TOJIBKO 92 ...52.
JlokarkeMm 1O WHAYKIWK, 9TO IPH JIIOOOM HATYPAJIbHOM 71

52...522 = 34...34 33 43...43 44.
N—_—— N—_—— N—_——

2n mudp 2n—2 nudp 2n—2 nudp

[MomoxuM =, = 52...52. Basa maayknun ogesuana: 522 = 3344. JIomycTEM, 9TO PaBeHCTBO BEPHO HIpH

2n nudp
nexoropoM n. Torma T,41 = 82z, + 52. 3amerum, 4TO

8" — 1

2-52 2, =2-3344- (1+8%+ ... +8"7%) =242}, ———
6310

= 5610 - (8" — 1) =78 —70.

ITosTomy

al,, =8%7 +52° +8%-2-52- 2, =34...343343...43443344 + 70...0—7000 =
N—_—— N—_—— N——
2n—2 2n—2 2n+3
=34...34343343...43443344 — 7000 = 34...343343...4344,
N——— N—_—— N—_—— N—_——

2n 2n—4 2n 2n



910 1 TPebOBAIOCh HOKAa3aTh. [

5. B 00noxpyzo60m mypHupe no HACTOADHOMY MEHHUCY YIaCTE06as0 N mennucucmos (n > 3). Bydem
2080pums, wmo uzpox A xpyue uepoxa B, ecau A evuepanr y B usu natidemces maxot uepox C, wmo
A evnuepan y C, a C evuepas y B. Ilpu xakuz n no umozam myprupa Mo2ao 0KA3GMbCA MAK, 4o
Kaotcouli uepok kpyue scex ocmaaviux? Huuvbur 6 mennuce ne bveaem.

OtBer: n # 4.
B C

F E

Permenue. /lorosopumcs cumBosiom X — Y ormedars dakt modeapt X Hanm Y. Jlokaxkem ciaemyromee
YTBEDKJIEHUE: €ecAU Hexkomopoe N ydosaemsopsem ycaosuto 3adadu, mo n + 2 — mooice. JJobaBum K
TYPHUDY C N ydacTHUKaM¥ HOBbIX TeHuucuctoB A u B. Ilpennosioxum, aro A Beiurpan y B u upourpad
BCEM OCTaJibHbIM, a B nobemnun Beex, kpome A. Ilycrs C' — rennucucr, ommmunbiii or A u B. Tak kak
A— B — C — A, B poiike A, B, C kaxXplil Kpyde ABYX APYrUX, & 3TO U HYXKHO JTOKA3ATh.

3aMernmM, 4TO BCE HEYETHBIE N > 3 HAM MOAXOAAT. JleficTBUTEIbHO, BOCITOIB3yeMC sl MHIYKIUEH Mo 1
¢ marom 2. VHAyKIUMOHHBIA EPeX0/ BBITEKAECT U3 JOKA3AHHOIO yTBEPXKJEHUs, a 0a3a odeBuHA: s
reanucucros A, B, C nonoxum A — B — C — A.

[Mokaxkem, uro n = 4 He yHOBJIETBOPsET YCJAOBUIO 3aja4du. lIpeanosioxkum nporusHoe. ObOo3HAIUM
yuactHukoB yepe3 A, B, C, D. Cpenu Hux xoTs Obl 07uH ojiepkaJi 6ojiee 0fHOM mobeabl (MHade CyMMapHOe
YHCJI0 NOpaXKeHuil He MeHee 8, 4T0 HEBO3MOXKHO pu 6 ChIrPAHHBIX MTAPTUAX ). ILyCcThb 11 Onpe e/ IeHHOCTH
A — Bu A — C. llockonbky B u C kpyde A, mbt monyunm B — D — Au C — D — A. Ho torma
npourpasmmii B nape { B, C'} me Gyner Kpyde BBIUTPABIIErO.

Ocrasioch moka3arh, 94T0 Bce 4erHble n > 6 Ha ycrpauBaior. BHOBb BOCHO/Ib3yeMCs MH/YKIUEH 110 7 ¢
marom 2. VMHIyKIMOHHBIN Mepexo/] BHITEKAET U3 I0KA3AHHOTO pAHEee yTBEPKIEHU, & mpuMep i n = 6
IIOKa3aH Ha pucynke. L[]

6. Ha cmoae aeocam dea konyca ¢ obwet sepwunot O, Kacaacy dpye 0pyza SHEWHUM 00pa3om. Yeon
MeAHCAY UT OCAMU CUMMEMPUU PAGEH arctg % Hatidume makcumanvhorll y2oa npu sepuute 604buezo
u3 d6yx Konycos ¢ sepwunoti O, KOMopsie ALXHCAM HA CMOAE U KACAOMCA 6HEWHUM 00pA30M NEPELIL
08yx KoHycos. (Yeaom npu sepuwsune KOHYCa HA3LIBAEMCHA Y204 MeHCIY €20 00PA3YIOULUMY 8 0CEGOM
cevenuu.)

OrBer: 2 arcctg(3 — \/5)

(o)} o)




Pemtenne. Ilycrs 2, 23, 2-y — yruibt upu Bepumae KounycoB. Orioxum enunndubie orpesku OA, OB,
OC' Ha JiexKalyX B IVIOCKOCTH CTOJ1a 00pal3yfoiux Konycos. Ilycrs Op u Oy — TOYKHU Ha OCIX CUMMETPUKI
MEPBBIX JIBYX KOHYCOB, MPOEKIHUSIMHU KOTOPBIX Ha, CTOJ sBJsioTcs Touku A u B, OD — equHUYHBIH
OTPe30K Ha 00Ieil obpasyorreii 3tux Kouycos. Tpeyroabauku O01 A u OO; D paBHBI 110 IBYM CTOPOHAM
u yray, orkyaa DOy | DO u DO; = AO; = tg a. Ananoruunbiv obpaszom DOy = BO; = tg 5. [Hosromy

AB? = 0,0} — |AO; — BO,|* = (tga +tgB)? — (tga — tg B)* = 4tgatg B.
[Mpumensist Te ke PACCy>KISHUsT K JBYM IPYTUM HapaM KOHYCOB, MbI MOJIY IHM

AC? = 4tgatgy, BC? =4tgptgny.

Mycrs ¢ = LZAOB. IlockoiibKy HAM Hy2KeH OOJIbIIUi U3 JABYX BO3MOXKHBIX TPETbUX KOHYCOB, jiyd OC
nexkur BHe yria AOB. Torga (cM. mpaBblil pUCYHOK)

2/ACB =2/AC0 +2/0CB =71 —2/0AB = ZAOB = p = LACB = .

Samerum, 4To

AB
sing =510 = VtgatgS u  cosLACB = cosg =+1—-tgatgp.

ITo Teopeme KOoCHUHYCOB st Tpeyroabinka ABC

T gagh= ACP+BC* —AB® _ tgatgy+tsftgy —tgate
sater = 2AC - BC - 2Vtgatg - tgy '

JloMHOKas 9TO paBeHCTBO Ha 2+/ctg a ctg B, MBI oy InM
2 /ctgactgf—1=ctga+ctgf —ctgy = ctgy =ctga +ctgf — 2/ctgactgf — 1.

[Monoxkum & = ctg o + ctg 5. Ilo ycaoBuio o + 3 = arctg %, OTKY/1a

2
ctgarctg S — 1 =ctgla+ B)(ctga+ctgf) =Sz u ctgy:x—ﬂ%x:(x/——\/f’—z) + 3.

Bamerum, 4TO HpaBas 4acTb Bo3pacraer uo x Ha [3,400). Hucna ctga u ctg S dABuAIOTCH KOPHSIMU
KBa/IpaTHOrO ypasHeHus t> — xt + 15—2 z + 1 = 0 (ornocuresbuo nepemenHoii t). OHO J0JZKHO UMETb
pelienud, 103ToOMY

2 — 22420+ >3 < ctgy >3- V5 <= y<arcctg(3 - V5).

Pasencrso peanusyercs npu ctga = ctgf =5. O





