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12 mapra 2017 1.
11 kJacc
Pernenusi.
1 BapuaHT

1. (2 6amna) Pemure ypasuenne p° — ¢3 = 117, rae p, ¢, 7 — IPOCTBIe YHCIA.

Omeem: p =13, ¢ =2, r = 199.

Pewenue: Eciu Bce Tpu MCKOMBIX YKCJIa HEYETHBIE UIN HEYETHOE POBHO OHO W3 HUX, TO MPABas U JEBas YACTH PABHON
géraoctu. Ciydail, KOraa BCe TPU YUCJIA PABHBI IBYM, TAKKe He TOAXOJNT. SHAYUT, CPEIN HAIUX YUCE] POBHO O/IHA, JBOMKA.
Kpowme Toro, p > ¢, mosromy aBoiika 310 mbo 7, Jubo q.

Iycrs 7 = 2. Torma p® — ¢ = (p — q)(P? + pq + ¢*) = 2 - 11. BTopoit MHOKATE/TH OYeBHUIHO GOMBIIE IEPBOTO W HU OHH
U3 HUX He pased 1, TakuM o6paszom p = g+ 2 u 3¢> + 6g + 4 = 11. Jlannoe KBaJpaTHOe ypaBHEHHE OTHOCUTEILHO ¢ HE UMeer
HATYPAJIHLHBIX PEIIenii.

Bropoii ciyuwaii: ¢ = 2. Toraa p? — 23 = (p — 2)(p? + 2p + 4) = 11r. OuesuaHo, p = 3 He TOAXOANUT, TaK YTO OJUH U3
vHokuTesneit B (p—2)(p? +2p+4) 370 11, a Bropii 7. Y KBagpaTHOTO ypaBHeHus p2 +2p+4 = 11 HeT HATYPATbHBIX PeleHnii,
3HaYUT ocTaércs Bapuant p — 2 = 11, r.e. p = 13. Orcioga nonydaem r = 199.

2. (2 6amna) Haiture HanMenblee 3HadeHIe BbIpaxkenus T2 + 4x siny — 4 cos? y.

Omeem: —4.

Pewenue: JTo6asum u sorarem 4sin® y. Ilomydaem Bepazkenne 2 4+ 4z siny + 4sin®y — 4 = (x + 2siny)? — 4. Ouesusno,
9TO BbIpAKEHNE MMeeT MUHUMYM, DaBHbIH —4.

Hoes pewsernus 2: UroObl HAWTH HAUMEHBIEE 3HAYEHNE, MOXKHO B34Th IPOU3BOIHBIE OT ITOTO BHIPAXKEHWS 110 T U O Y U
HaliTH TOYKY, rae o0e 3T MPOU3BOJAHbIE PaBHbI Hy0. [Ipon3BosHas mo x paBHa HyJI0, KOrga © = —2siny.

IIpoussonuas mo y pasua 4x cosy + 8 siny cosy. OHa paBHA HYJIO B ABYX CJIydasx: KOrma £ = —2siny u korga cosy = 0.
ITocste 3TOrO HEOOXOAMMO PA300PATHCS, B KAKUX M3 ITHX TOUYEK JAEHCTBUTEIHHO JOKAIBHBI MUHUMYM W TIOYEMY TJI00ATHHBIH
MHUHUMYM CYIIECTBYET.

KoppekTHoe 10Ka3aTe1bCTBO 3TOTO B TEPMUHAX TPOU3BOIHBIX, K COXKAJIEHUIO, BHIXOIUT 33 PAMKH IITKOJIHHON TPOTPAMMBbI,
[TO3TOMY ISl YYAIUXCH IIKOJ ITO PEIEeHUe MOYXKET CIY2KUThb CKOPee BCEro TOJIbKO IIOJCKA3KOM K OTBETY U K PEIIeHHIO,
W3JI02KEHHOMY BBIIIIE.

3. (3 6amua) Ilycrs 1, 2o, ..., 100 — HATypaJbHbIe uducia, Goabimme 1 (He obsi3aTesbHO pasinvHble). B Tabmmie
100 x 100 paccTaByeHbl YuCTa CACTYIONMM 00pa3oM: Ha MepecedeHun -0if CTPOKH U k-TO CTOMONa 3anucano 1ucio log, 7.
HaﬁﬂHTe HaXMEHbIIIee BO3MOXKHOE 3HaY€HHE CyMMBI BCEX YHUCET B Ta6.]'[I/H_[e.

Omeem: —10000

Pewenue: log,, % =log, x;—log, 4. Cnoxum ymenbiiaemMoe ¢ aHaTOIMYHbIM YMEHbIIAEMbIM B CUMMETPUYIHOM Adeiike:

log,, =;+log, = =log,, =;+ > 2, MOCKOJIbKY JAHHBIN jjorapudm mosoxkuTeneH. Ecu ke ¢ = k, T0o 3T0T jI0rapudm

logmk T

pPaBEH eIVHWUIIE.

Taknm 00paszom, cyMMa yMeHbIIAeMbIX BO BCeX Bblpaxkenusx log, x; —log, 4 He MEHbIIe KOJIUYeCTBa AIEEK, T.e. 1002.
Borauraembie ke MAKCHMAaJIbHBI DU MUHUMAJIBHOM T = 2 u paBubl 2. ClenoBarenbHO, CyMMa YUCEN BO Beelt Tabiune He
menbie 1002(1 — 2) = —100% u paBeHCTBO JOCTUTACTCS KO Bee T) = 2.

4. (3 6asna) Jana byukuus f(x) = P(z)e”, rae P(x) — mHOorowien crenern 1000 ¢ MOJIOKUTETbHBIMUE KO3 DUITHEH-
g(1000) _ 4
£(1000)
Joxaszameanvcmeo: PaccMoTpum Kakoi-To oguOdIeH ayz®. Ero n-as npoussommas pasaa k(k — 1) ... (k —n + Dagzt ™",
a TMOCKOJIbKY u k, U m He OOJIbIIIE THICAYH, ITA MPOU3BOIHAS HE MTPEBOCXOIUT 1000" Gz~ ™, mpudéM paBeHCTBO JOCTHUTAETCS
TobKO Korga n = 1 u k = 1000. 3aauuTt, aHATIOrMYIHOE HEPABEHCTBO BEPHO W JJI CYMMBbI OHOUIEHOB. TlofcraBiasgeM BMECTO
x gucao 1000, u momygaem, aro P(1000) > P*)(1000).

TTo mHy KIHu JIerKo JI0KA3aTh BBIIOJIHEHEE cieayiomero pasencrsa: (P(x)e®)™ = ¢ (COP(x)+CL P (z)+. . . +CP P (x)).
Torya, BOCTOL30BABICH TOKA3aHHBIM B NpebLIymieM abszame, momydaem, uro ¢(1000) = (P(x)e®)“9(1000) =

el9%0 (€9, P(1000) 4+ C1, P'(1000) + ... + C{§PUY(1000)) < €% (C,P(1000) + CioP(1000) + ... + C1§P1I00)
< ! (CY + Clp + ...+ CR) P(1000) = 20190 P(1000)2° £(1000). Kpome TOro, 3amMeTnM, 9TO MOCKOILKY B JAHHOM
CyMMe BCTpedaercss He TOJILKO IIepBas IIPOU3BOHAA, XOTd Obl OIHO U3 CyMMUPYEMbIX HAMH PABEHCTB Ha CaMOM Jiejle CTPO-
roe, MO3TOMY MbI MOXKEM 3aMEHHUTh 3HaK < Ha <.

Taxum 06pasom, Mbl nosryanmu, o ¢(1000) < 240 £(1000), orkyma senennem na f(1000) mosydaem TpebyemMoe HEpaBEH-
CTRO.

ramu. Ilycrs g(x) — copokoBas npoussoguas f(x). Jokaxure, 4To

5. (3 6anua) [ana paBHOoOenpeHHas onucannast rpanenus ABCD. C'D — menbinee ocHoBanue, H — OCHOBaHHE T€PIIEH-
aukyaspa, omyienaoro u3 rouku C Ha AB. Jlokaxkure, uro duccekrpuca yria A mepecekaer orpesok CH.

Loxaszameavcmeo: llycrs CD = a, AD = BC = b. Torga, no npu3Haky OIMUCAHHOIO YeTbIPEXyrobHUKA, AB = 2b —
a. Torna BH = AB_% = b — a. Orciona no teopeme Iudaropa maxomum CH = /BC? — BH? = /b?> — (b—a)? =
Va2 + 2ab > a.

Hanee, AH = AB — BH = b. 3uauur, tpeyronbauk ADH paaoGepennblit u Ouccekrpuca yriia A sBjisercs B HEM
cepesMHHbIM LepueHauKyaapom K DH. Ho rorna 310 u cepeaunublii nepueHiuky/sap B rpeyrosbiuke CDH | a cepejyHHbIM
MEPIIEHINKY/ISIP K CTOPOHE TPEYTOJbHUKA MEPECEKAET DOJIBITYIO U3 OCTABIINXCS CTOPOH, TO ecTh BH.



6. (3 6amma) Cdepa pamuyca 10 Buucana B kKapkac rerpasapa (r.e. kacaercs Bcex ero pébep). Cymma jjuH pébep
terpasapa cocrasiger 180. lokaxkwure, 4ro 00bém Terpa’npa ne npesocxomaut 3000.

Zloxasameavcmeo: Obo3naunm Hamt terpasap ABCD, uentp cdepsl, BOUCAHHON B Kapkac, 3a O, a camy cdepy 3a S.
O6béM TeTpasapa paBeH cymMMe 00bEMOB MajleHbKuX TerpasapoB OABC, OABD, OACD u OBCD.

ITepeceuenne S u maockoctu ABC 310 BImcaHHas OKPY:KHOCTH Tpeyroibauka ABC. O6o3naunm 3a I e€ meHTp, Toria
OI — Boicora terpasapa OABC. Ilycrs R — paauyc cdepbl S, 1 — paauyc BOUCAHHON OKPY:KHOCTH Tpeyrosbauka ABC,
Torya BhIIOIHATCA paBencTso R = OI2 + r2,

Voapc = % -OI-Sapc = % -OI -papc - T, TI€ PApc — TNoaynepumerp Tpeyroabanka ABC.

OI? 4+ r?
IIo HepaBeHCTBY O CpemHEM TEOMETPHYECKOM H cpemHeM Kpagparmaaom +OI-r < ”T’ TO eCcThb

(912 2 }F
Ol -r< % =5 Takum obpasom, Voape < % -R?pagc.

CkaapiBast 00 bEMBI YETHIPEX MaJeHbKUX TETPA3IPOB MbI HOIy4YaeM Vipcop < % -RZ%. (paBc +PaBD +DACD + PBCD)S
a CyMMa TOJIyIIEPUMETPOB I'PaHeil 9T0 B TOYHOCTH CyMMa JJIHH pEOep Terpajpa. 3HAUUT, VAapop < % -102 - 180 = 3000, uro
u TpeboOBaJIOCH.

7. (4 6anna) /lokaxkure, uto He cymectsyer dpynknuu f(x), onpeaenéunoit aas seex ¥ > 1, taxoii, uro f(z?) = 2f(z)
n f(z+3) = f(z)+3.

1
Zoxazamesvcmeo: C omHOl cTOPOHDI, f <x2 + 332> = f(2?) +3 =2f(x) + 3.

2
C apyroit croponsr, f <x2+2+$12) =f <x+:15) =2f (z+;) =2(f(z)+3)=2f(z) +6.

CpaBHHBAs 3TH PABEHCTBA, HOJIyYaeM, YTO JJId JI0O0ro Yicia y, IpeJICTaBUMOro B Buje 2 + 2 npu x > 1, TO eCTh A5

aro6oro y > 2, pemonnsercs pasenctso f(y +2) = f(y) + 3.
Torma 2f(3) = f(3%) = f(9) = f(3+2-3) = f(3) +9, orkyna f(3) = 9. Caenosarennno, f(5) = f(3) +3 = 12. C apyroit
croponnl, 2f(5) = f(25) = f(5+2-10) = f(5) + 30, orxyma f(5) = 30 # 12.

ITonygaem mporuBopedne, 3HAYUT TaKOH (HYHKIIUNA AEHCTBUTETHHO HE CYIECTBYET.

8. (5 6aswtoB) PosonavyasbHuK IBOPAHCKOIO POAA HOJLYYUIL y4ACTOK 3eMiid. KaxK bl 13 My2>KUuH B POJY yMUpPas JeJiiil
JIOCTABIIIYIOCS €My 3€MJII0 MMOPOBHY MEKIY CBOMMHU CBHIHOBbsiMH. EC/IM Ke CHIHOBEH y HEro He ObLIO, 3eMJIs MepeXOIniia K
rocyaapcTBy. Bosbllie HUKTO M3 HWJIEHOB PO/ia HUKAKMM 00pa3oM He MOJydasl WM He JIMIIajcs cBoeil 3emisin. Bcero B poxy
6pw10 180 4desroBek. Kakyio HAMMEHBIIYIO JOJII0 MCXOIHOTO YIACTKA MOT MOJIYy9UTh KTO-JI00 U3 WIEHOB pPoaa’

Omeem. m
Pewenue: Paccmorpum 4deioBeka ¢ caMmoit HauMenbineit goseit. [lycrs y ero orma ObLI0 @ CHIHOBEH, y 1€/1a — G M TaK
JaJiee 10 OCHOBATES PO/IA, Y KOTOPOTO OBLIO a,,. TOrma mo/ist 3TOro 4emoBeKa CoCTaB/Iger ————, IPUIEM HaM U3BECTHO,
a1ag ...an

410 a1 + as + ... + a, #e upesocxoaur 179 (LLOCKOJIBKY OCHOBATENb POJA B 9Ty CYMMY TOYHO HE BXOJMUT).

Takum obpa3om, MbI uireM HAOOP YUCES C CyMMOIi, He TTpeBocxoasaieil 179 u MakcuMaabHbIM TTpou3BeneHneM. JlokaxkeM,
910 JI000# HAOOP, KpoMme HAbOpa, COCTOAIIETO U3 59 TPOEK W OMHOI IBOIKH, He 00J1aaeT MaKCUMAJIbHBIM MTPOU3BEICHUEM,
TaK KaK €ro MOXKHO yBEJUYIUTh,

Bo-nepsbix, ecnim cymma gmcesr B Habope menbiie 179, mobaBuM Tyma €Ié OJHO YHCJIO, 9TOOBI ¢eaarh eé paBHo# 179.
[Ipoussenenue oT 3TOr0 HE YMEHDBIIATCS.

Bo-BTOpBIX, MycTh B HaIIEM HAOOPE €CTh YUCIO ¢ > 4. 3aMeHUM ¢ Ha Tapy ducea b u ¢ OOJBINX eIWHUIILI, TAKUX, ITO
b+ ¢ = a. Joraxewm, 4ro be > b+ c. Heiicreurenbho, bc —b—c¢ = (b—1)(c—1) — 1, uro HeorpuiaTeabHo mpn b u ¢ GOIBIHIX
€TUHUIIBI.

B-tperbux, ecau cpemu mHabopa ectb dmcsio 1, TO MOXKHO 3aMeHHUTH Jitoboe 4ncsio ¢ u 1 Ha a + 1, oT9ero npomsseeHue
STUX YUCEJ yBeJudnuTcs Ha 1.

Takum ob6paszom, 060i HAOOP MOKHO ITPeodpa30BaTh B HADOP U3 JABOEK M TPOEK, HE YMEHDIIAs IPOU3BEICHUS €r0 TUCE.

Jlasee, myCcTh KOJUYECTBO JBOEK XOTS ObI TPH, TOT/A WX MPOU3BEIeHNe PaBHO 8. Kcjum ke Mbl 3aMEHUM TpU IBONUKU HA
JIBE TPOUKHU, CyMMa UHCEJI HE W3MEHUTCs, a MPOU3BEIEHNE CTAHET PABHO 9, TO €CTh OMSITh-TAKU YBEJUUUTCs. TakuMm 0O6pa3om
MOYKHO TOOHTCS TOTO, YTOOBI KOJTHIECTBO IBOEK CTAIO HE OOJbIIE IBYX.

ITockonbky 179 = 59 - 3 + 2, B mwroroBom Habope OygeT POBHO O/HA IBOUKA.

Nrak, 11000it HAOOP HATYPAJIBHBIX YUCEJ C CyMMOIi, He mpeBocxoagieil 179, moxkuo npeobpazosarb B HAOOP u3 59 Tpoex
¥ OJHOW TBOMKY, U TIPU ITOM MPOU3BEIEHUE YNCE B HAOOpE He YMEHBIUTCS. SHAYUT, MOJIYIEHHBIN B uTOre HAOOp 00/Ia1aeT
HaMOOJIBIITMM TPOU3BEIEHNEM, PABHBIM 3°Y - 2, uTo naérT Ham HAMMEHBIITYIO TOJII0 HACIEACTBA OOPATHYIO K 9TOMY UUCJY.



11 kJacc
2 BapuaHT

1. (2 6asuta) Pemure ypasuenue p° — ¢3 = br, rie p, ¢, 7 — IPOCTbIe YUCIA.

Omeem: p="T,q=2, r =67.

Pewenue: Eciiu Bce TPU MCKOMBIX YHUCJIa HEUETHBIE WJIM HEYETHOE POBHO OJHO M3 HUX, TO MPaBas U JieBas YaCTU PA3HON
gérnocru. Ciydail, Korja BCe TPU 9MCJIa PABHBL IBYM, TAKZXKe HE MOIX0/IUT. SHAYUT, CPE/IU HAIKX YUCEJI DOBHO OJHA JIBOMKA.
Kpowme Toro, p > ¢, mosTomy aBoiika 310 mbo 7, Jub0 q.

ITycrs r = 2. Torma p? — ¢ = (p — q)(p* + pq + ¢*) = 5 - 11. BTopoit MHOKUTEIH OYEBUIHO GOJIbINE MEPBOTO W HU OAH
U3 HUX He paBeH 1, TakuM obpaszom p = q + 2 u 3¢ + 6q + 4 = 5. JlanHoe KBaIpaTHOE ypaBHEHUE OTHOCHTEIbHO ¢ He NMeeT
HATypaJbHbIX PEIlenii.

Bropoit ciayugait: ¢ = 2. Torma p® — 23 = (p — 2)(p? + 2p + 4) = 5r. OueBuanO, p = 3 HE HOAXOJUT, TAK UTO OJUH U3
vaoxuTeneit B (p — 2)(p? +2p+4) 310 5, a BTOPIt r. Y KBagpaTHOTO ypaBHeHHs p? + 2p +4 = 5 HeT HATYPATLHBIX DeTTeHwuii,
3HAYUT OCTAETCH BapuaHT p — 2 = 5, 1.e. p = 7. Orciona nomydaem 7 = 67.

2. (2 6ana) Haiiure HanMenblIee 3Ha9eHIe BhIpaxkenns 12 — 62 siny — 9 cos? y.

Omeem: —9.

Pewenue: [TobaBum u Bbratem 9 sin? y. Ilomywaem BuIpaskenne 22 — 6z siny + 9 sin? y—9=(x—3sin y)2 — 9. OueBugHO,
3TO BBIpAYKEHNE UMeeT MUHUMYM, PABHBIN —9.

Hoes pewenua 2: Y100 HAWTH HAMMEHBINIEE 3HAYEHUE, MOXKHO B34Th MPOW3BOIHBIE OT ITOIO BHIPAXKEHUSI 110 T U 1O Y U
HafTH TOYKY, rae o0e 3T MPOM3BOJAHBIE PABHBI HyMI0. [Ipon3BogHas MO = paBHA HYJIO, KOTAA £ = 3siny.

[IpousBonnas o y paBua —6x cosy + 18 siny cosy. Ona paBHa HyII0 B ABYX CIydasax: Korga r = 3siny u korga cosy = 0.
ITocme aToro HEOOXOMNMO PA30OPATHCS, B KAKUX U3 ITUX TOUEK JAEHCTBUTENIHHO JTOKAJBHBINT MUHUMYM W TIOYEMY TJI00ATHHBIH
MHHUMYM CYITIECTBYET.

KoppekTHoe 10Ka3aTeIbCTBO 3TOTO B TEPMUHAX MPONU3BOIHBIX, K COXKAJEHUIO, BHIXOIUT 38 PAMKH ITKOJIHHOM TPOTPAMMBI,
TMO3TOMY /IS YYAIIAXCSA IKOJ 3TO PeIleHrne MOXKeT CIYKUTHh CKOpee BCEro TOJIBKO TOJCKA3KOH K OTBETY W K PEIIeHuIo,
W3JIO’KEHHOMY BBIIIIE.

3. (3 6amna) Ilycrs x1, o9, ..., Lgyp — HATYPANbHBIE YnCIIa, Oosbime 1 (He obsi3arenbHO pasanynbie). B rabiuie 60 X 60
PacCTaB/IeHBI YUC/Ia CIeyIomum 00pa3oM: Ha MepeceveHnn i-0ff CTPOKU u k-TO cTomOIma 3ammcano 1ucio log, 4. Haitiure
HaXMEHbIIIEEe BO3MO2KHOE 3HAYCHNE CyMMBI BCEX YUCEJl B Ta6HI/IL[e.

Omeem: —7200

Pewenue: log,, % =log, x;—log, 8. Croxum ymenbiiaemMoe ¢ aHATOIMYHbIM YMEHbIIAEMbIM B CUMMETPUIHOI Adeiike:

log,, =;i+log,. = =log,, =;+ > 2, MOCKOJIbKY JAHHBIN jjorapudm mosoxkuTeneH. Eciu ke ¢ = k, T0o 10T jI0orapudm

logmk T

pPaBEH eIVHWUIIE.

Taknum 06pa3om, cymMa yMeHbIIAEMbIX BO BCEX BbIpaxkeHusax log, w; —log, 4 He MeHbIIe KOIMIECTBA AYEEK, T.€. 602.
Borauraembie ke MAKCHMAaJIbHBI DU MUHUMAJIBHOM T = 2 u paBubl 3. CiemoBarenbHO, CyMMa YUCEN BO Beelt Tabiune He
menbie 60%(1 — 3) = —602 - 2 1 paBeHCTBO JIOCTUTACTCS KON Bee T = 2.

4. (3 6amna) Hdana byukuus f(z) = P(x)e”, tne P(x) — muorousen crenern 100 ¢ HOMOKUTETBHBIMIN KO3 DHIHEH-
100
ramu. Ilycrs g(x) — nBaanaras nupoussonuas f(x). Jokaxkure, 4ro M < 220,

f(100)

Jokasameavcmeo: PaccMoTpuM Kakoi-To oxrouseH ajx”. Ero n-as mpoussomnas pasua k(k—1)...(k—n+1Dagz* ", a
HOCKONBKY u k, 1 1 He GoJble cTa, 3Ta Ipou3BoaHas He npesocxoaut 100" ayz? ™, npuuém paBeHCTBO JOCTHIAETCH TOIBLKO
korga n = 1 u k = 100. 3uauur, aHAJIOrMYHOE HEPABEHCTBO BEPHO W JJIs CyMMBbI OiHOWIEHOB. [lo/cTaBisieM BMECTO & 9UCII0
100, u nosygaem, uro P(100) > P®)(100).

To MH Ty KITHH JIETKO JIOKA3aTh BBITOJTHEHNE cieayomero paserctsa: (P(x)e®)™ = ¢ (CYP(x)+CL P (z)+. . . +CP P (x)).
Torya, BOCIOJIB30BABITICH JOKA3AHHBIM B TpeAbIAyIEM absamne, momygaem, [ro ¢(100) = (P(x)e®)(%(100)
= el (CYP(100) + C3HP'(100) + ...+ CHPEO(100)) < €% (CYP(100) + CIHP(100) + ...+ C3HP1I00) <
< e (08 + Cly + ...+ C39) P(100) = 2%0¢'90P(100) = 22° f(100). Kpome Toro, 3amMeTnm, 910 NOCKOIbKY B JAHHOM CyM-
Me BCTPEYaeTCss He TOJBKO IepBasg MPOU3BOAHAL, XOTd Obl OJHO M3 CyMMHUPYEMbBIX HAMH PABEHCTB Ha CAMOM JIeJIe CTPOroe,
[O3TOMY MbI MOXKEM 3aMEHHMTh 3HAK < Ha <.

Taxum obpaszom, Mbt osryaumn, uro g(100) < 229 £(100), orkyna nerenuem ua f(100) momyuaem TpeGyeMoe HEPaBEHCTRO.

5. (3 6asura)

Hana paBuoGenpennas onucanuas rpamnenuss ABC'D. BC' — wmenblinee ocHoBanue, H — OCHOBaHWE NEPIEHIUKYJISAPA,
omymeHHoro u3 Touku B na AD. lokaxure, 4ro buccekrpuca yria D nepecekaer orpe3ok BH.

Zloxasameavcmeo: Illycte BC = a, AB = CD = b. Torga, no npu3Haky ONUCAHHOTO YeThIPEXyToJbHUKA, AD = 2b —
a. Torna AH = % = b — a. Orcioga no Teopeme Iludaropa maxomum BH = VAB? — AH? = /b%2—(b—a)? =
Va2 +2ab > a.

Hamee, DH = AB — AH = b. 3uauur, tpeyronbank CDH paBHOOeIpeHHBIN U OMCCeKTpUCa yria [ sBjsercs B HEM
cepenuaabIM TepreHauKyasgspom kK C'H. Ho Torma 310 u cepeuHHbIi nepneHauky/sp B Tpeyrojbanke C'BH, a cepeauHHbIM
MEPIEHIUKYIAD K CTOPOHE TPEYTOJbHUKA TePeceKaeT GOJBINYI0 U3 OCTABINUXCS CTOPOH, TO ecTh BH.

6. (3 6amma) Cdepa pasuyca 3 Buucana B Kapkac rerpasapa (r.e. kacaercs Beex ero pébep). Cymma ayun pébep rerpa-
sapa cocrasiser 60. Jlokaxkure, 9To 00bEM TeTpasapa He mpeBocxoauT 90.



Joxaszameavcmeo: O6o3uaunm Harr terpasap ABCD, nentp cdepbl, BoucanHoi B kapkac, 3a O, a camy cdepy 3a S.
O6bém rerpaspa paBeH cymme 00bEMOB MasieHbKuX Terpasapos OABC, OABD, OACD u OBCD.

[Tepeceuenne S u maockoctu ABC' 3T0 BhucanHas OKpPyKHOCTH Tpeyroiabunka ABC. O6o3naunm 3a I €€ meHTp, Tormaa
OI — Boicora terpasapa OABC. Ilycrs R — paauyc cdepbt S, 7 — paauyc BOUCAHHON OKPY>KHOCTH Tpeyroybauka ABC,
TOra BHIMOJHAETCH pasencTso R?2 = OI2 + r2.

Voasc = % -OI - Sapc = % -OI -papc -7, TI€ pApc — noaynepumerp rpeyroabuuka ABC.

OI? +r?
Ilo mepaBeHCTBY O CpeIHEM TEOMETPUYECKOM W CpPeJHEM KBaJIPATHIHOM Ol -r < — TO €CTh
O’ +r2 R?
Ofrs—5—=7%

CxkiaapiBast 0ObEMBI Y€THIPEX MAJIEHBKUX TETPAIPOB MBI MOIyIaeM VAapop < % -R? - (paBc + paBD + Pacp +PBCD),
a CyMMa, MOJIyIIEPUMETPOB I'PaHeil 3TO B TOYHOCTH CyMMa JJIMH PEGep Terpaapa. 3HAYuT, Vipcop < % -32.60 = 90, uro m
TPebOBATIOCH.

. Takum obpasom, Voase < § - R?pasc.

7. (4 6anna) lokaxkure, 4ro He cymecrsyer dynknun f(x), onpeaenénnoi aaa seex x > 1, taxoii, uro f(2?) = 3f(z)
nf(z+3)=flx)+2

1
Jloxasameavcmeo: C onuoit cTOPOHBI, f <x2 + m2> = f(2?) +2=3f(z) +2.

2
C zpyroii croponsl, f <x2+2—|—x12) =f <x—|—i) =3f (x—&—i) =3(f(x)+2) =3f(z) +6.

CpaBHEBAs 3TH PABEHCTBA, MOITyYaeM, ITO 78 JT000r0 YICIa 1, IPeJCTABUMOrO B BUIE T2 + 2 mpu r > 1, TO €CThb AJIis

soboro y > 2, Bemosnsercsa paserctso f(y +2) = f(y) + 4.

Torma 3f(3) = f(3%) = f(9) = f(3+2-3) = f(3) + 12, orxyna f(3) = 6. Cienosaremsuo, f(5) = f(3)+4 = 10. C apyroit
croponsl, 3f(5) = f(25) = f(5+2-10) = f(5) + 40, orxyzma f(5) = 20 # 10.

ITosmy9aeM MpOTUBOpEYNE, 3HAYUT TAKOH DYHKIMN JACHCTBATEIHHO HE CYMIECTBYET.

8. (5 6astoB) PojonadaibHUK IBOPAHCKOrO POZA MOJYYUII yUACTOK 3eMJid. KaxK bl U3 MyKUuH B POJY yMUDPasi eIl
JIOCTABIILYIOCH €My 3€MJIIO [TOPOBHY MEXKIy CBOMMHU ChIHOBbsiMu. Eciim ke ChbIHOBeil y Hero He ObLIO, 3eMJisd HePeXoauiia K
rocysapcrBy. Bosbllie HUKTO U3 4YI€HOB POJA HUKAKMM 00pa30M He IOJIydaJ WU He JIMIIAJICH CBoell 3emuin. Beero B posy
66110 120 veroBek. Kakyo HAWMMEHBIIYIO JOJTE0 MCXOIHOTO YIACTKA MOT MOJIYYUTh KTO-JTH00 U3 WIEHOB pPoma’

1
Omeem: 3 3%
Pewenue: PaccmorpuM denoBeka ¢ caMmoit HanMenbimeit mpomeit. [Iycrs y ero orma ObLIO @ CHIHOBEH, Y I€1a — Gg W TaK
Jajee 10 OCHOBATENs POJa, Y KOTOPOro OBLIO a,,. Torma moss 3Toro 4ejaoBeKa coCTaB/isser ——————, IPUYEM HaM U3BECTHO,
a1ag ...an

410 a1 + ag + ... + a, #He npesocxoauT 119 (IIOCKOJIBLKY OCHOBATENb POJA B 3Ty CYMMY TOYHO HE BXOJIMUT).

Takum obpazom, Mbl uieM HAOOP YUCEs C CyMMOii, He mpeBocxoasmeii 119 u makcumanbubiM pou3BenenueM. Jlokaxkem,
410 J1I000i HAbOop, KpoMme Habopa, cocrosAero u3 39 Tpoek u OxHOi JABOIKHU, He 00J1aJaeT MAKCUMAJIbHBIM [IDOU3BEICHIEM,
TaK KaK €ro MOYKHO yBEJUYUTh,

Bo-niepBoix, ecnm cymma gmcesr B Habope menbine 119, mobaBuM Tyma €Ié OJHO YHCJIO, 9TOOBI Caeaarh eé paBuoit 119.
[IpousBeaenme OT 3TOrO HE YMEHDBIIUATCS.

Bo-Bropbix, mycrs B HalieMm HabOpe ecTb 9ucyo ¢ > 4. 3aMeHuM a Ha mapy 4uces b u ¢ GONbIIUX eIUHUIbI, TAKUX, 9TO
b+ ¢ = a. Jokaxewm, uro bc > b+ c. HeiicrBurensuo, bc —b—c = (b—1)(c— 1) — 1, yro HeorpunareabHo upu b u ¢ 6osbIIUX
€TNHUIIBI.

B-tperbux, ecau cpeau HAOOpA €CTh 9KCJI0 1, TO MOXKHO 3aMEHWUTH JiI000e 4ncyio ¢ u 1 Ha a + 1, OT9ero npom3BeaeHue
9TUX YUCEJ YBEJUIUTCS HA 1.

Takum obpaszom, 060 HAOOP MOKHO MPeodpa30BaTh B HADOP M3 ABOEK M TPOEK, HE YMEHbIIAasl TPOU3BEICHHUS €ro ThCe.

Hanee, mycTh KOJIMYECTBO JIBOEK XOTs ObI TPH, TOrIa WX Ipoussejgenue pasHo 8. Eciiu ke Mbl 3aMeHUM TpU IBOMKH HA
JiBe TPOMKH, CyMMa YUCEJl HE U3MEHUTCs, & [IPOU3BE/ICHIE CTAHET PABHO 9, TO €CTh OUATh-TAKK yBeJUIuTCst. Takum 06pazom
MOXKHO JIOOUTCsT TOTO, 9TOOBI KOJUYIECTBO JBOEK CTAJIO HE OOJIBIIE IBYX.

IMockoapky 119 = 39 - 3 + 2, B mToroBoMm HabOpE OyIET POBHO O/HA IBOUKA.

Wrak, m1060it HAOOP HATYPATBHBIX YUCEJ C CyMMOii, He mpeBocxoagiei 119, moxuo mpeobpazoBars B HAOOP u3 39 Tpoek
¥ OJIHOM JBOWKH, U TIPH 3TOM MPOU3BEJICHNE YUCe B HAOOpE HE YMEHBIIUTCs. SHAUNT, [0y YeHHbII B UTOre HAOOp 00IaJaeT
Hau6O/IbIIMM IIPOU3BEIeHIEeM, PaBHbIM 359 - 2, 410 J1aéT HAM HAMMEHBILYTO JOJII0 HACAEACTBA OOPATHYIO K 3TOMY HHCILY.



11 kJacc
3 BapumaHT

1. (2 6ama) Pemure ypasuenue 11p = ¢> — 13, rae p, ¢, 7 — TpocThie 4uca.

Omeem: g =13, r =2, p = 199.

Pewenue: Eciu Bce TPU MCKOMBIX YUCJIa HEUETHBIE WM HEYETHOE POBHO OHO M3 HUX, TO MPaBas U JieBas YaCTU PA3HON
gérnocru. Ciydaii, Koria Bce TPU 9MCIa PABHBL IBYM, TAKXKe HE MOIXO/IUT. SHAYUT, CPE/IU HAIIKX YUCEJ DOBHO OJHA JTBOMKA.
Kpowme Toro, ¢ > r, mosTomy aBoiKa 3TO JUOO T, OO P.

Iycrs p = 2. Torna ¢ — 13 = (¢ — r)(¢*> + qr +r?) = 2 - 11. Bropoii MHOKUTEb OYEBUTHO GOJIbITE TEPBOTO W HU OJUH
I3 HOX He paBeH 1, TakuM obpasoM ¢ = r + 2 u 3r2 4 6r + 4 = 11. Jlannoe KBaIpaTHOE ypaBHEHHe OTHOCHTEIBHO T HE HMEeT
HATypPaJbHBbIX PEIlenii.

Bropoit ciywait: 7 = 2. Torma ¢ — 22 = (¢ — 2)(¢® + 2¢ + 4) = 11p. OueBnnHo, ¢ = 3 He MOAXOMHUT, TAK YTO OJUH W3
muoxuteneit 8 (¢ —2)(q? +2q+4) sro 11, a Bropit p. ¥ KsajpaTHoro ypasnenus ¢> +2q-+4 = 11 et HaTypabHbIX PeITeHHuil,
3HAYUT OCTaércs BapuanT ¢ — 2 = 11, t.e. ¢ = 13. Orcroga mosyuaem p = 199.

2. (2 6amna) Haiiiure Hanmenbiee 3Havenne Bbipazkenns 4r? + 4x siny — cos? y.

Omeem: —1.

Pewenue: Jobasum u sorare sin® . Tlomyuaem Boipazkenne 422 + drsiny + siny — 1 = (r + 2siny)? — 1. Ouesuno,
9TO BBIPAYKEHUE UMEET MUHUMYM, PABHBIN —1.

Hoes pewenus 2: YToObI HAWTH HAMMEHBIIIEE 3HAYUEHNE, MOXKHO B3STh ITPOU3BOIHBIE OT ITOTO BHIPAXKEHWS 110 T U O Y U
HaWTH TOUYKY, TJie 00e 3TU NMPOM3BO/HbIE PaBHbI Hy0. IIpon3BoaHast o x paBHaA Hy/I0, KOrja 2z = —siny.

IMpouszBonnas mo y paBua 4x cosy — 2siny cosy. OHa paBHA HYJIIO B ABYX Clydasx: Korga £ = —2siny u xorga cosy = 0.
ITocsie 3Toro HEOOXOAUMO PA30OPATHCS, B KAKMX U3 ITUX TOYEK JAEHICTBUTEIHHO JOKAJIHHBI MUHUMYM ¥ IIOY9E€MY [JI00aJIbHbBIH
MUHUMYM CYIIECTBYET.

KoppekTHoe 10Ka3aTesbCTBO 3TOMO B TEPMHUHAX MTPOU3BOIHBIX, K COXKAJIEHUIO, BEIXOJIUT 38 PAMKH IIKOJIbHOM TPOTPaMMBbI,
MIO3TOMY JIJIsl YUaIUXCs MIKOJ 3TO PelieHNe MOYKeT CJIyKHTh CKOPee BCEro TOJBKO IMOJCKAa3KOH K OTBETY M K DeNIeHHIO,
MU3JI0KEHHOMY BBIITIE.

3. (3 6amma) Ilycrb 1, x2, ..., Togo — HATypasbHble uucia, Goubiuue 2 (He obsm3aTesbHO paziuvnbie). B rabiuue
200 x 200 paccTaBJieHBI YUCJIA CIEAYIOMNM 00Pa30M: HA IEePECeYEHUN (-0 CTPOKU U K-IO CTOJIONA 3aIIUCAHO YUCJIO log, . %.
Haiinure HanMeHbinee BO3MOXKHOE 3HAYEHUE CYMMbI BCEX YHCET B TAOJIHIIE.

Omeem: —40000
. T __ 22 2 -
Pewenue: log,, % =log, x;—log,, 9. Cioxkum ymeHbiaemMoe ¢ aHATOTHYHBIM yMEHBIIAEMbIM B CAMMETPUYHOI sdeiike:

log,, z;+log,, xy =log,, =;+ - 2 2, TTOCKOJIbKY JTaHHbIii sorapudm nojoxkuresen. Ecim xe i = k, To 9T0T JTorapudm

log,,,, @;

PaBeH eIUHAIE.

Taxnm 06pa3zoM, cymMMa yMeHBIIAEMBIX BO BCEX BBIpakeHnax log, x; —log, 9 He MeHbITe KOJTMIeCTBa A9eeK, T.e. 2002.
Bbrauraemble ke MAKCHMAJIbHBI TP MAHUMAJIBHOM T = 3 U pasHbl 2. Clre0BaTenpHo, CyMMa IHCEeN BO Beeil Tabmume He
menbie 2002(1 — 2) = —200? u paBeHCTBO JOCTUTAETCS KOTIa BCe T = 3.

4. (3 6amna) Jdana byukuus f(x) = P(x)e”, tne P(x) — muorousen crenern 200 ¢ MOMOKATETHHBIMIN KO3bDUITHEH-

200
ramu. Ilycrs g(x) — mecaras npoussomnas f(x). Jokaxkure, 4To 9(200) < 1024.

f(200)

Joxaszameavcmeo: PaceMoTpim Kakoi-To ognowaen ayz®. Ero n-as nponwssomnas pasaa k(k — 1) ... (k — n + Dagzt™",
a TOCKOJIbKY U k, U M HE OOJIbIe JBYXCOT, 9TA MPOU3BOIHAS HE MPEBOCXOIUT 200" ajx* ", npuYéM PaBEHCTBO JOCTUTAETCS
ToabKO KoTga 1 = 1 u k = 200. 3HaunT, aHAJIOrHIHOE HEPABEHCTBO BEPHO W I CyMMBbI OAHOUWIEHOB. [lomcTasiisiem BMecTO
x wucyio 200, u nomygaem, aro P(200) > P*)(200).

TTo mH Ty KMy JIEKO OKA3aTh BBIIOIHEHHE cietyiomiero pasencrsa: (P(x)e®)™) = e*(CYP(z)+CL P/ (2)+.. . +CIPM™ (z)).
Torya, BOCHOJIB30BABIIMCH JIOKAZAHHBIM B TpeabyLymeM abzame, nomyuaem, qro g¢(200) = (P(z)e®)19(200)
= €200 (CYP(200) + C1yP'(200) + ...+ C{oPUID(200)) < €209 (CYP(200) + C{yP(200) + ...+ C{IPE) <
< €20 (0 + Cly + ... + C1Y) P(200) = 2'9200P(200)2'° f(200). Kpome Toro, 3amernm, 9T0 TMOCKOIBKY B JAHHOH CyM-
Me BCTPEYAeTCs He TOJIbKO IepBas MPOU3BO/HAS, XOTs Obl OJHO W3 CyMMHUDPYEMbIX HAMH DABEHCTB Ha CAMOM JIeJIe CTPOroe,
MIO9TOMY MBI MOKEM 3aMEHUTDH 3HAK < Ha <.

Taxum o6paszom, Mbr osryaumm, aro g(200) < 219£(200), orkyna nerennem ma f(200) momydaeM TpeGyeMoe HEPABEHCTBO.

k

5. (3 6amura) Jana paBHOGeaperHas onvcanHas Tpanennss ABCD. BC' — Gosbitiee ocHoBaune, H — OCHOBaHWE TI€PIIEH-
JUKYJsSpa, omytnennoro w3 rouku D na BC'. [lokaxwure, aro OuccekTpuca yria B mepecekaer orpe3ok DH.

Joxaszameavcmeo: Mlycrs AD = a, AB = CD = b. Torma, mo npu3Haky ONHCAHHOTO YeThIpExyrosbuuka, BC = 2b —
a. Torna CH = w = b — a. Orciona no teopeme Iudaropa maxomum DH = CD? — CH? = /b%2 — (b—a)? =
Va? + 2ab > a.

Hanee, BH = BC — CH = b. 3uauut, tpeyronsauk ABH paBHOGenpeHHBIN U OuccekTpuca yria B sapnserca B HEM
cepeIMHHBIM TepreHauKyasipoM K AH. Ho Torga 310 u cepeiuHHbI MepueHIuKyasap B Tpeyroabauke ADH | a cepeIuHHbIH
MEPIEHIUKYIAD K CTOPOHE TPEYTOJIbHUKA HEePeceKaeT OOJIbIINYI0 U3 OCTABIIMXCS CTOPOH, TO ectb DH.

6. (3 6amma) Cdepa pagmyca 12 Brmcana B Kapkac rerpasiapa (T.e. Kacaercs Bcex ero pébep). Cymma miamH péGep
Terpasapa cocrasiasger 300. Jlokaxkure, 910 00bEM TeTpasapa He mpeBocxomuT 7200.



Joxaszameavcmeo: O6o3uaunm Harr terpasap ABCD, nentp cdepbl, BoucanHoi B kapkac, 3a O, a camy cdepy 3a S.
O6bém rerpaspa paBeH cymme 00bEMOB MasieHbKuX Terpasapos OABC, OABD, OACD u OBCD.

[Tepeceuenne S u maockoctu ABC' 3T0 BhucanHas OKpPyKHOCTH Tpeyroiabunka ABC. O6o3naunm 3a I €€ meHTp, Tormaa
OI — Boicora terpasapa OABC. Ilycrs R — paauyc cdepbt S, 7 — paauyc BOUCAHHON OKPY>KHOCTH Tpeyroybauka ABC,
TOra BHIMOJHAETCH pasencTso R?2 = OI2 + r2.

Voasc = % -OI - Sapc = % -OI -papc -7, TI€ pApc — noaynepumerp rpeyroabuuka ABC.

OI? +r?
Ilo mepaBeHCTBY O CpeIHEM TEOMETPUYECKOM W CpPeJHEM KBaJIPATHIHOM Ol -r < — TO €CTh
O’ +r2 R?
Ofrs—5—=7%

CxkiaapiBast 0ObEMBI Y€THIPEX MAJIEHBKUX TETPAIPOB MBI MOIyIaeM VAapop < % -R2. (paBc +paBD +PacD +PBCD):
a CyMMa TOJIyIIEPUMETPOB TPaHeil 9TO B TOYHOCTU CyMMa, [JInH pEdep TeTpajapa. 3HAYUT, Vapop < é -122 - 300 = 7200, uTo
n TpebOBaIOCH.

. Takum obpasom, Voase < § - R?pasc.

7. (4 6anna) lokazkure, 4ro He cymecrsyer dynkuun f(x), onpeaenénnoi aas seex * > 1, taxoit, uro f(2?) = 2f(z)
nf(z+3) = f(x)+5.

1
Zoxaszamenvcmeo: C omHON CTOPOHBI, f <x2 + m2> = f(z?) +5=2f(x) +5.

2
C zpyroii croponsl, f <x2+2—|—x12) =f <x—|—i) =2f (x—&—i) =2(f(x) +5) =2f(z) + 10.

CpaBHEBAs 3TH PABEHCTBA, MOITyYaeM, ITO 78 JT000r0 YICIa 1, IPeJCTABUMOrO B BUIE T2 + 2 mpu r > 1, TO €CThb AJIis

soboro y > 2, Bemosnsercsa paserctso f(y +2) = f(y) + 5.

Torna 2f(3) = f(3%) = f(9) = f(3+2-3) = f(3) + 15, orxyzna f(3) = 15. Caenosarensuo, f(5) = f(3) + 5 = 20.
C npyroit croponsr, 2f(5) = f(25) = f(5+2-10) = f(5) + 50, orxyzma f(5) = 50 # 20.

IMony4yaem mpoTuBOpeYne, 3HAYUT TaKOH (DyHKIUYU JeHCTBUTEIHHO HE CYIIECTBYET.

8. (5 6asroB) PosonadanibHUK JBOPSHCKOrO POZA MOJYYUII yUACTOK 3eMJid. KaxK bl U3 MyKUuH B POJY yMUDPasi eIl
JIOCTABIIYIOCS €My 3€MJII0 MOPOBHY MEXKJIy CBOMMHE ChIHOBbsiMU. FCiin Ke ChIHOBeil y HEro He ObLIO, 3eMJIsi MEePEXOIua K
rocyaapcerBy. Bosibliie HUKTO U3 9IEHOB PO/a HUKAKAM 00Opa30oM He HOJIydas WM He JIMmiajcs cBoeil 3emusn. Beero B pomy
66110 150 vemoBek. Kakyo HAWMMEHBIIYIO JOJTI0 MCXOIHOTO YIACTKA MOT MOJIYYUTh KTO-JTH00 U3 WIEHOB Poaa’

1
Omeem: 3310
Pewenue: PaccmorpuM denoBeka ¢ caMmoit HanMenbimeit mpomeit. [Iycrs y ero orma ObLIO @ CHIHOBEH, Y I€1a — Gg W TaK
Jajee 10 OCHOBATENs POJa, Y KOTOPOro OBLIO a,,. Torma moss 3Toro 4ejaoBeKa coCTaB/isser ——————, IPUYEM HaM U3BECTHO,
a1ag ...an

410 a1 + ag + ... + a, #He npesocxoauT 149 (IIOCKOJIBLKY OCHOBATENb POJA B 3Ty CYMMY TOYHO HE BXOJIMUT).

Takum obpa3om, Mbl uileM HAOOP YUCET C CyMMOii, He mpeBocxoxasimeii 149 u makcumasnbubiM Tpou3BenenueM. Jlokaxkem,
410 J1I000it HAbop, KpoMme Habopa, cocrosAero u3 49 rpoek u oxHOl JABOIKHU, He 00J1aJa€T MAKCUMAJIbHBIM [IDOU3BEICHIEM,
TaK KaK €ro MOYKHO yBEJUYUTh,

Bo-niepBbix, ecnmu cymma gmcesr B Habope menbine 149, nobaBuM Tyma €Ié OJHO YHCJIO, 9TOOBI CIeaarh eé paBHO# 149.
[IpousBeaenme OT 3TOrO HE YMEHDBIIUATCS.

Bo-Bropbix, mycrs B HalieMm HabOpe ecTb 9ucyo ¢ > 4. 3aMeHuM a Ha mapy 4uces b u ¢ GONbIIUX eIUHUIbI, TAKUX, 9TO
b+ ¢ = a. Jokaxewm, uro bc > b+ c. HeiicrBurensuo, bc —b—c = (b—1)(c— 1) — 1, yro HeorpunareabHo upu b u ¢ 6osbIIUX
€TNHUIIBI.

B-tperbux, ecau cpeau HAOOpA €CTh 9KCJI0 1, TO MOXKHO 3aMEHWUTH JiI000e 4ncyio ¢ u 1 Ha a + 1, OT9ero npom3BeaeHue
9TUX YUCEJ YBEJUIUTCS HA 1.

Takum obpaszom, 060 HAOOP MOKHO MPeodpa30BaTh B HADOP M3 ABOEK M TPOEK, HE YMEHbIIAasl TPOU3BEICHHUS €ro ThCe.

Hanee, mycTh KOJIMYECTBO JIBOEK XOTs ObI TPH, TOrIa WX Ipoussejgenue pasHo 8. Eciiu ke Mbl 3aMeHUM TpU IBOMKH HA
JiBe TPOMKH, CyMMa YUCEJl HE U3MEHUTCs, & [IPOU3BE/ICHIE CTAHET PABHO 9, TO €CTh OUATh-TAKK yBeJUIuTCst. Takum 06pazom
MOXKHO JIOOUTCsT TOTO, 9TOOBI KOJUYIECTBO JBOEK CTAJIO HE OOJIBIIE IBYX.

IMockoabky 149 = 49 - 3 + 2, B mwToroBom HabOpE OyIET POBHO OHA IBOUKA.

Wrak, m1060it HAOOP HATYPATBHBIX YUCEJ C CyMMOIi, He mpeBocxoagiei 149, moxkHO mpeobpazoBarh B HAOOP u3 49 Tpoek
¥ OJIHOM JBOWKH, U TIPH 3TOM MPOU3BEJICHNE YUCe B HAOOpE HE YMEHBIIUTCs. SHAUNT, [0y YeHHbII B UTOre HAOOp 00IaJaeT
HaubOo/IbIIUM IIpousBeienreM, pasubiM 349 - 2, uro 1aér HAM HAMMEHBIIYTO JOJII0 HACAEACTBA OOPATHYIO K 3TOMY HHCILY.



11 kJacc
4 BapuaHT

1. (2 6asuta) Pemure ypasuenue 5p = ¢> — 3, rie p, ¢, 7 — TPOCTbIe YUCIA.

Omeem: q="17,r =2, p=06T7.

Pewenue: Eciu Bce TPU MCKOMBIX YUCJIa HEYETHBIEC WM HEYETHOE POBHO OHO M3 HUX, TO MPaBas U JieBas YaCTU PA3HON
gérnocru. Ciydaii, Koria Bce TPU YMCJIa PABHBL IBYM, TAKXKe HE MOIXO/IUT. SHAYUT, CPE/IU HAIIKX YUCEJI DOBHO OJHA JTBOMKA.
Kpowme Toro, ¢ > r, mosTomy aBoOHKa 3TO JUOO T, JIUOO P.

Iycrs p = 2. Torna ¢ — 3 = (¢ — r)(¢* + qr + r?) = 2 - 5. Bropoii MHOKUTEIb OYeBUIHO GOJIbINE TIEPBOTO U HU OJ[UH
U3 HEX He paBeH 1, TakuM obpasoM ¢ = r + 2 u 3r2 + 6r 4+ 4 = 5. Jlagnoe KBaIpaTHOE YPABHEHHE OTHOCHTEILHO T HE HMEET
HATypPaJbHBbIX PEIlenii.

Bropoit caywait: 7 = 2. Torma ¢® — 23 = (¢ — 2)(¢* + 2q + 4) = 5p. Ouesnano, ¢ = 3 HEe MOAXOUT, TAK ITO OJIUH W3
muoxuteneit B (¢ — 2)(¢? +2q+4) 310 5, a Bropii p. Y KBajipaTHOro ypasHenus ¢ +2¢+4 = 5 HeT HaTYPaJIbHBIX PelIeHHuil,
3HAYUT OCTAETCH Bapuant ¢ — 2 =5, 1.e. ¢ = 7. Orcroga mosydaem p = 67.

2. (2 6anma) Haiiure nanvenbliiee 3uadenyne Boipazkenus 2 + 8xsiny — 16 cos? y.

Omeem: —16.

Pewenue: Jobasum u serareM 16 sin” y. Iomyuaem soipazenne 2+ 8z sin y+ 16 sin® y—16 = (r+4siny)?—16. Ouesuno,
9TO BBIPAYKEHUE UMEET MUHUMYM, PABHBIN —4.

Hoes pewenusa 2: UToObI HAWTH HAMMEHBIIIEE 3HAYUEHNE, MOXKHO B3STh ITPOU3BOIHBIE OT ITOTO BHIPAXKEHWS 110 T U O Y U
HaWTH TOUYKY, IJie 00e 3TU NMPOM3BO/HbIE PaBHbI Hy0. IIpon3BoaHas o x paBHa Hy/I0, Korja ¢ = —4siny.

IMpousBonnas mo y paBua 4x cosy — 8siny cosy. OHa paBHA HYJIIO B ABYX clydasx: Korgaa £ = —4siny u xorga cosy = 0.
ITocsie 3Toro HEOOXOAUMO PA30OPATHCS, B KAKMX U3 ITUX TOYEK JAEHCTBUTEIHHO JOKAJIBHBI MUHUMYM ¥ IIOY9E€MY [JI00aJIbHbBIH
MUHUMYM CYIIIECTBYET.

KoppekTHoe 10Ka3aTesbCTBO 3TOMO B TEPMUHAX MTPON3BOIHBIX, K COXKAJIEHUIO, BEIXOJIUT 38 PAMKH IIKOJIbHO TIPOTPaMMBbI,
MIO3TOMY [IJIsl YUaIUXCs MIKOJ 3TO PelieHre MOYKeT CJIy’KHTh CKOPee BCEro TOJBKO IMOJCKAa3KOH K OTBETY M K DeNIeHHIO,
MU3JI0KEHHOMY BBIITIE.

3. (3 6asna) Ilycrob x4, x9, .. ., 100 — HaTypaJbHbIE YucCia, bosbliue 1 (He obs3aresnbHo pasiudnbie). B rabiaune 80 x 80
PacCTaBIeHbl YUCTIa CIETYIONIM 00pa30oM: Ha Tlepeceyenn i-oft CTpoKH i k-To cronbma 3ammcano wncio log, T&. Haitmzure
HAaMMEHbINee BO3MOKHOE 3HAYEHNE CyMMBI BCEX YUCE B TabJIuUIe.

Omeem: —19200

Pewenue: log,, 7& =log, x;—log,, 16. Cioxmum ymeHbIIaeMOe ¢ AaHATIOTUYHBIM YMEHBIIAEMbIM B CHMMETPUYHON sdeiike:

log,, z;+log,, xy =log,, =;+ - 2 2, TTOCKOJIbKY JTaHHbIii sorapudm nojoxkuresen. Ecim xe i = k, To 9T0T JTorapudm

log,,,, @;

paBeH eJINHUIIE.

Takum 006pa3oM, CyMMa yMEHBITAEMBIX BO BCEX BBHIPAKEHUIX log% T — 1ngk 16 He MeHBIIE KOJIMIeCTBA T9eeK, T.e. 802
Brranraembie ke MaKCHMAJIbHBI TIPU MUHUMAJIBHOM T = 2 u pasHbl 4. Cre0BaTe/IbHO, CyMMa, YUCEI BO BCeil Tab/IuIe He
menbie 80%(1 — 4) = —802 - 3 = —19200 u paBeHCTBO JOCTHTACTCA KOTJA Bee Ty = 2.

4. (3 6amna) Jdana byukuus f(x) = P(x)e”, tne P(x) — muorousen crenern 100 ¢ momoxuTeabHbIMIN KO3bdUIHEH-

100
ramu. [lycrs g(x) — tpuanaras npoussognas f(z). Jokaxkure, 910 9(100) < 230,

f(100)

Jloxasamenvcmeo: PaccMoTpuM KaKOH-TO OTHOUIEH apz®. Ero n-as nponssoanasi pasHa k(k—1)...(k—n+ 1)akxk_”, a
TTOCKOJIBKY W K, ¥ 71 He OOJIBITIe CTa, 9Ta MPOW3BOIHASA HE MPEBOCXOIUT 100™aj,z* ™, npuuéM paBeHCTBO HOCTHUrAeTCs TOIHKO
korga n = 1 u k = 100. 3naunT, aHAJTOTUIHOE HEPABEHCTBO BEPHO W JJIs CYMMBI OZHOUIEHOB. [loacTaBisgeM BMECTO & 9HCIIO
100, u momygaem, aro P(100) > P%)(100).

TTo mH Ty KMy JIE'KO OKA3aTh BHIIOIHEHHE cietyiomiero pasencrsa: (P(x)e®)™ = e*(CYP(z)+CL P/ (2)+.. . +CIPM™ (z)).
Torya, BOCHOJIB30BABIIMCH JIOKAZAHHBIM B TpeabyLymeM abzame, nomyuaem, qro g¢(100) = (P(z)e®)39(100)
= €% (CYP(100) + C3 P (100) + ...+ C5PBY(100)) < €% (CYP(100) + C3 P(100) + ...+ C30P1I00) <
< €% (C5) + Cdy + ... + C350) P(100) = 23900 P(100)230 £(100). Kpome Toro, 3amMernm, 9TO TMOCKOIBKY B JAHHOH CyM-
Me BCTPEYaeTCsi He TOJBKO [ePBasi IPOU3BOJHAS, XOTs ObI OJHO U3 CyMMHUDPYEMbIX HAMU PABEHCTB HA CaMOM Jiejie CTPOTOe,
MTO9TOMY MBI MOYXKEM 3aMEHWTb 3HAK < Ha <.

Taxum obpaszom, Mbr osryauma, aro g(100) < 239 £(100), orkyna nerennem ma f(100) momydaeM TpeGyeMoe HEPABEHCTEO.

5. (3 6ama) Jana pasHOGeapenHas onucanuas tpameius ABCD. C' D — Gosbinee ocHoBanue, H — OCHOBaHWe TIEPIIEH-
JWKYJISIpa, omyIeHnoro u3 rouku A wa CD. Jokaxkure, uTo 6uccekrpuca yria C nepecekaer orpe3ok AH .

Joxaszameavcmeo: llycts AB = a, AD = BC = b. Torga, mo mpu3HaKy OMUCAHHOrO YeTbipéxyronabauka, C'D = 2b —
a. Torna DH = % = b — a. Orcioma o teopeme Iudaropa maxomum CH = VAD? — DH? = /b — (b—a)? =
Va? + 2ab > a.

Hanee, CH = CD — DH = b. 3uauur, Tpeyronbuuk DCH paBuoGenpenubiii u Guccekrpuca yria C gBiasgercsd B HEM
cepeIuHHBIM TepreHuKyasipoM K AH. Ho Torga 3mo u cepeiuHHbIN nepneHauky/sap B Tpeyroibauke ABH | a cepeIuHHbIH
MEPIEHIUKYIAD K CTOPOHE TPEYTOJIbHUKA HePeceKaeT OOJIbINYI0 U3 OCTABIIMXCS CTOPOH, TO ectb AH.

6. (3 6amuta) Cdepa paguyca 5 Brmcana B Kapkac Terpaszpa (T.e. Kacaercst Beex ero pédep). Cymma mnH pébep rerpa-
sapa coctasaser 120. Jokaxkure, 9T0 00bEM TeTpasdapa He mpepocxoauT 500.



Joxaszameavcmeo: O6o3uaunm Harr terpasap ABCD, nentp cdepbl, BoucanHoi B kapkac, 3a O, a camy cdepy 3a S.
O6bém rerpaspa paBeH cymme 00bEMOB MasieHbKuX Terpasapos OABC, OABD, OACD u OBCD.

[Tepeceuenne S u maockoctu ABC' 3T0 BhucanHas OKpPyKHOCTH Tpeyroiabunka ABC. O6o3naunm 3a I €€ meHTp, Tormaa
OI — Boicora terpasapa OABC. Ilycrs R — paauyc cdepbt S, 7 — paauyc BOUCAHHON OKPY>KHOCTH Tpeyroybauka ABC,
TOra BHIMOJHAETCH pasencTso R?2 = OI2 + r2.

Voasc = % -OI - Sapc = % -OI -papc -7, TI€ pApc — noaynepumerp rpeyroabuuka ABC.

OI? + 12
Ilo wepaBeHCTBY O CpegHEM TEOMETPUYECKOM W CPEIHEM KBAJIPATUIHOM, Ol-r < — TO €CTh
OI? + 2 R?
Of-rs —5—=7%

CxkiaapiBast 0ObEMBI Y€THIPEX MAJIEHBKUX TETPAIPOB MBI MOIyIaeM VAapop < % -R? - (paBc + paBD + Pacp +PBCD),
a CyMMa MOJIYIIEPUMETPOB T'PAHEN 9TO B TOYHOCTH CyMMa JJINH pEOep Terpaapa. 3HAYUT, Vapop < % -52.120 = 500, uTo u
TPebOBATIOCH.

. Takum obpasom, Voase < § - R?pasc.

7. (4 6anna) okaxkure, 4ro He cymecrsyer dynkuun f(x), onpeaenénnoi aag seex x > 1, taxoii, uro f(2?) = 3f(z)
nf(z+3) = f(x)+5.

1
Jloxasameavcmeo: C onuoit cTOPOHBI, f <x2 + m2> = f(2?) +5=3f(z) +5.

2
C zpyroii croponsl, f <x2+2—|—x12) =f <x—|—i) =3f (x—&—i) =3(f(x) +5) =3f(z) + 15.

CpaBHEBAs 3TH PABEHCTBA, MOITyYaeM, ITO 78 JT000r0 YICIa 1, IPeJCTABUMOrO B BUIE T2 + 2 mpu r > 1, TO €CThb AJIis

sioboro y > 2, soiosnnsercs pasercrso f(y +2) = f(y) + 10.

Torna 3f(3) = £(3%) = f(9) = f(3+2-3) = f(3) + 30, orkyna f(3) = 15. Crenosarensno, f(5) = f(3) + 10 = 25.
C npyroit croponsy, 3f(5) = f(25) = f(5+2-10) = f(5) + 100, orxyzma f(5) = 50 # 25.

IMonygyaem mpoTuBOpeYne, 3HAYUT TaKOH (DyHKIUYU JeHCTBUTENIHHO HE CYIIECTBYET.

8. (5 6astoB) PojonadaibHUK IBOPAHCKOrO POZA MOJYYUII yUACTOK 3eMJid. KaxK bl U3 MyKUuH B POJY yMUDPasi eIl
JIOCTABIIYIOCS €My 3€MJII0 MOPOBHY MEXKJIy CBOMMHE CHIHOBbsiMU. FCiin Ke ChIHOBeil y HEro He ObLIO, 3eMJIsi MEePEXOIua K
rocyaapcerBy. Bosbllie HUKTO U3 9IEHOB PO/a HUKAKAM OOpa30M He HOJIydas WM He JIMmiajcs cBoeil 3emun. Beero B pomy
66110 200 veroBek. Kakyo HAWMMEHBIIYIO JOJTE0 MCXOIHOTO YIACTKA MOT MOJIYYUTh KTO-JIH00 U3 WIEHOB pPoma’

1
Omeem: 136
Pewenue: PaccmorpuM denoBeka ¢ caMmoit HanMenbimeit mpomeit. [Iycrs y ero orma ObLIO @ CHIHOBEH, Y I€1a — Gg W TaK
Jajee 10 OCHOBATENs POJa, Y KOTOPOro OBLIO a,,. Torma moss 3Toro 4ejaoBeKa coCTaB/isser ——————, IPUYEM HaM U3BECTHO,
a1ag ...an

410 a1 + ag + ... + a, #He npesocxoauT 199 (IIOCKOJIBLKY OCHOBATENb POJA B 3Ty CYMMY TOYHO HE BXOJMUT).

Taxum obpazom, Mbl uieM HAOOP YUCET C CyMMOii, He mpeBocxoxasmeil 199 u makcumanbubiM Tpou3BenenueM. Jlokaxkem,
410 J1I000i HAbOop, KpoMme Habopa, cocrosAero u3 39 Tpoek u OxHOi JABOIKHU, He 00J1aJaeT MAKCUMAJIbHBIM [IDOU3BEICHIEM,
TaK KaK €ro MOYKHO yBEJUYUTh,

Bo-niepBoix, ecnu cymma gmcesr B Habope menbine 199, nobaBuM Tyma €€ OJHO YHCJIO, 9TOOBI CIeaarh eé paBHO# 199.
[IpousBeaenme OT 3TOrO HE YMEHDBIIUATCS.

Bo-Bropbix, mycrs B HalieMm HabOpe ecTb 9ucyo ¢ > 4. 3aMeHuM a Ha mapy 4uces b u ¢ GONbIIUX eIUHUIbI, TAKUX, 9TO
b+ ¢ = a. Jokaxewm, uro bc > b+ c. HeiicrBurensuo, bc —b—c = (b—1)(c— 1) — 1, yro HeorpunareabHo upu b u ¢ 6osbIIUX
€TNHUIIBI.

B-tperbux, ecau cpeau HAOOpA €CTh 9KCJI0 1, TO MOXKHO 3aMEHWUTH JiI000e 4ncyio ¢ u 1 Ha a + 1, OT9ero npom3BeaeHue
9TUX YUCEJ YBEJUIUTCS HA 1.

Takum obpaszom, 060 HAOOP MOKHO MPeodpa30BaTh B HADOP M3 ABOEK M TPOEK, HE YMEHbIIAasl TPOU3BEICHHUS €ro ThCe.

Hanee, mycTh KOJIMYECTBO JIBOEK XOTs ObI TPH, TOrIa WX Ipoussejgenue pasHo 8. Eciiu ke Mbl 3aMeHUM TpU IBOMKH HA
JiBe TPOMKH, CyMMa YUCEJl HE U3MEHUTCs, & [IPOU3BE/ICHIE CTAHET PABHO 9, TO €CTh OUATh-TAKK yBeJUIuTCst. Takum 06pazom
MOXKHO JIOOUTCsT TOTO, 9TOOBI KOJUYIECTBO JBOEK CTAJIO HE OOJIBIIE IBYX.

IMockoabky 199 = 65 - 3 + 2 - 2, B uTOroBOM HaOOpe OyJAeT POBHO JBE JTBOUKM.

Wrak, m1060it HAOOP HATYPATBHBIX YUCEJ C CyMMOIi, He mpeBocxoagiei 199, Moo mpeobpazoBars B HAOOP u3 65 TPoek
U JIByX JBOEK, U TIPHU 9TOM I[IPOU3BEJEHUE YUCES] B HADOPE HE YMEHbBINUTCA. SHAYUT, [OJTYy9IeHHBI B urTore Habop obiajgaer
Hau6O/IbIIMM IIPOU3BEIeHIEeM, PaBHbIM 35° - 4, 4T0 J1aéT HAM HAMMEHBIIYTO JOJII0 HACAEACTBA OOPATHYIO K 3TOMY HHCILY.





