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1. � â ¡«¨æ¥ 3 × 4 à ááâ ¢«¥ë 12 ç¨á¥« â ª, çâ® ¢á¥ á¥¬ì áã¬¬ íâ¨å ç¨á¥« ¢ áâà®ª å ¨ ¢

áâ®«¡æ å â ¡«¨æë à §«¨çë. � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ç¨á¥« ¢ íâ®© â ¡«¨æ¥ ¬®�¥â

à ¢ïâìáï ã«î?

�â¢¥â: 8.

�¥è¥¨¥. � §®¢¥¬ ¨¤¥ªá®¬ â ¡«¨æë ®¡é¥¥ ç¨á«® ¥¥ ã«¥¢ëå áâà®ª ¨ áâ®«¡æ®¢. Ǳ® ãá«®¢¨î

¨¤¥ªá ¥ ¯à¥¢®áå®¤¨â 1. Ǳãáâì n | ¥ã«¥¢®© í«¥¬¥â â ¡«¨æë. �®£¤  ¢ ®¤®© áâà®ª¥ ¨«¨ ¢

®¤®¬ áâ®«¡æ¥ á n ¥áâì ¥é¥ ®¤® ¥ã«¥¢®¥ ç¨á«® (¨ ç¥ áã¬¬ë ¢ áâà®ª¥ ¨ áâ®«¡æ¥, á®¤¥à� é¨å n,
à ¢ë n). � ç¨â, ¥ã«¥¢ë¥ í«¥¬¥âë ¢áâà¥ç îâáï ¯ à ¬¨. � ª¨å ¯ à ¯® ªà ©¥© ¬¥à¥ ¤¢¥,

¨ ç¥ ¨¤¥ªá â ¡«¨æë ¥ ¬¥ìè¥ 4. �á«¨ ¯ à à®¢® ¤¢¥, â® ®¨ ¥ ¯¥à¥á¥ª îâáï, ¢ ¯à®â¨¢®¬

á«ãç ¥ ¨¤¥ªá â ¡«¨æë à ¢¥ 3. � ª¨¬ ®¡à §®¬, â ¡«¨æ  á®¤¥à�¨â ¥ ¬¥¥¥ 4 ¥ã«¥¢ëå ç¨á¥«,  

ª®«¨ç¥áâ¢® ã«¥© ¥ ¯à¥¢®áå®¤¨â 8. Ǳà¨¬¥à â ¡«¨æë á 8 ã«ï¬¨ ¯à¨¢¥¤¥ ¨�¥. �

0 0 0 0

1 2 0 0

0 0 4 5

2. � ë ç¨á«  x, y, z ∈ [0, π℄. � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï

A = sin(x− y) + sin(y − z) + sin(z − x).

�â¢¥â: 2.

�¥è¥¨¥ 1. �ë ¬®�¥¬ áç¨â âì, çâ® x 6 y ¨ x 6 z, ¯®áª®«ìªã ¢ëà �¥¨¥ A ¥ ¬¥ï¥âáï ¯à¨

æ¨ª«¨ç¥áª®© ¯¥à¥áâ ®¢ª¥ ¯¥à¥¬¥ëå. � ¬¥â¨¬, çâ®

sin(x− y) + sin(z − x) = 2 sin

(

z−y
2

)

os

(

z+y
2

− x
)

.

�à£ã¬¥â á¨ãá  ¨§ ¯à ¢®© ç áâ¨ «¥�¨â  

[

−π
2

, π
2

]

,   ª®á¨ãá  |   [0, π℄, â ª ª ª π >
z+y
2

> x.
� áá¬®âà¨¬ ¤¢  á«ãç ï.

1) z > y. � ¨¡®«ìè¥© ¯à ¢ ï ç áâì ¡ã¤¥â ¯à¨ ¬ ªá¨¬ «ì® ¢®§¬®�®¬ x, â® ¥áâì ¯à¨ x = y, ¨
§ ç¥¨¥ A ®ª �¥âáï ã«¥¢ë¬.

2) z 6 y. Ǳà¨ ä¨ªá¨à®¢ ëå y ¨ z ¯à ¢ ï ç áâì ¤®áâ¨£¥â ¬ ªá¨¬ã¬  ¯à¨ x = 0. � íâ®¬ á«ãç ¥

A = sin z − sin y + sin(y − z) = − sin y + 2 sin

y
2

· os
(

y
2

− z
)

6 2 sin

y
2

− sin y 6 2.

� ª¨¬ ®¡à §®¬, A 6 2. � ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = 0, y = π, z = π
2

. �

�¥è¥¨¥ 2. Ǳ®«®�¨¬ a = x − y, b = y − z, c = z − x. �ã¬¬  ç¨á¥« a, b, c à ¢  ã«î, ¯®íâ®¬ã
å®âï ¡ë ®¤® ¨§ ¨å ¥¯®«®�¨â¥«ì®. Ǳãáâì,  ¯à¨¬¥à, c 6 0. �®£¤  c ∈ [−π, 0℄, ®âªã¤  sin c 6 0.

Ǳ®íâ®¬ã

A = sin a+ sin b+ sin c 6 sina+ sin b 6 2.

� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = 0, y = π, z = π
2

. �

3. �®çª  O | æ¥âà ®¯¨á ®© ®ªàã�®áâ¨ âà¥ã£®«ì¨ª  ABC. �  áâ®à® å AB ¨ BC ¢ë¡à ë

â®çª¨ Q ¨ R á®®â¢¥âáâ¢¥®. Ǳàï¬ ï QR ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®¯¨á ãî ®ªàã�®áâì âà¥-

ã£®«ì¨ª  ABR ¢ â®çª¥ P ¨ ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®¯¨á ãî ®ªàã�®áâì âà¥ã£®«ì¨ª  BCQ
¢ â®çª¥ S. Ǳàï¬ë¥ AP ¨ CS ¯¥à¥á¥ª îâáï ¢ â®çª¥ K. � ©¤¨â¥ ã£®« ¬¥�¤ã ¯àï¬ë¬¨ KO
¨ QR.

�â¢¥â: 90

◦
.
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�¥è¥¨¥. � ¬¥â¨¬, çâ® ∠CSQ = ∠CBQ ¨ ∠APR = ∠ABR ª ª ¢¯¨á ë¥ ã£«ë, ®¯¨à î-

é¨¥áï   ®¡éãî ¤ã£ã. Ǳ®íâ®¬ã ∠KSP = ∠KPS, â® ¥áâì âà¥ã£®«ì¨ª PKS | à ¢®¡¥¤à¥ë©.

Ǳ®áª®«ìªã

180

◦ − ∠AKC = 2∠KSP = 2∠ABC = ∠AOC,

ç¥âëà¥åã£®«ì¨ª AOCK | ¢¯¨á ë©. � ª ª ª âà¥ã£®«ì¨ª AOC à ¢®¡¥¤à¥ë©, ¬ë ¯®«ãç¨¬

∠AKO = ∠ACO = ∠CAO = ∠CKO.

Ǳ®íâ®¬ã ¯àï¬ ï KO ï¢«ï¥âáï ¡¨áá¥ªâà¨á®© à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  PKS,   § ç¨â, ¨ ¥£®

¢ëá®â®©. � ª¨¬ ®¡à §®¬, KO ⊥ QR. �

4. �  ¤®áª¥  ¯¨á ® ¯à®¨§¢¥¤¥¨¥ âà¥å§ çëå ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ

à §«¨çë¬ ¤¥áïâ¨çë¬ æ¨äà ¬. �â® ¯à®¨§¢¥¤¥¨¥ è¥áâ¨§ ç®¥, ¥£® ªà ©¨¥ æ¨äàë à ¢ë,  

¬¥�¤ã ¨¬¨  å®¤ïâáï ¤¢¥ ¯ àë ®¤¨ ª®¢ëå á®á¥¤¨å æ¨äà. �â®  ¯¨á ®   ¤®áª¥?

�â¢¥â: 633 556 = 847 · 748.
�¥è¥¨¥. Ǳ®áª®«ìªã § ¤ ç  ¥ ¬¥ï¥âáï ¯à¨ ¯¥à¥áâ ®¢ª¥ � ¨ �, ¬ë ¡ã¤¥¬ áç¨â âì � < �.

Ǳãáâì p = ��� ·���, d | ¬« ¤è ï æ¨äà  p. � ª ª ª d = � ·�mod 10, § ¯¨è¥¬ � ·� = 10m+ d,
£¤¥ m | æ¥«®¥ ç¨á«®. Ǳ® ãá«®¢¨î d ¡ã¤¥â â ª�¥ áâ àè¥© æ¨äà®© p. �®£¤ 

(d+ 1) · 100 000 > p > � ·� · 10 000 > m · 100 000.

�âáî¤  d > m, ¯à¨ç¥¬ à ¢¥áâ¢  ¡ëâì ¥ ¬®�¥â, ¨ ç¥ � · � .

.

.

11. �à®¬¥ â®£®, á¯à ¢¥¤«¨¢®

¥à ¢¥áâ¢® p < (� + 1)(� + 1) · 10 000, ®âªã¤ 

m < d 6

[

� ·�+�+�+ 1

10

]

= m+

[

d+�+�+ 1

10

]

. (∗)

�§ ãá«®¢¨ï ¢ëâ¥ª ¥â, çâ® p ªà â® 11. �®£¤    11 ¤¥«¨âáï ��� ¨«¨ ���, çâ® íª¢¨¢ «¥â®

� +�− �

.

.

.

11. Ǳ®íâ®¬ã «¨¡® � = �+�, «¨¡® � = �+�− 11. � áá¬®âà¨¬ íâ¨ á«ãç ¨.

1) Ǳãáâì � = �+�. � ª ª ª d+�+�+1 = d+1+� < 20, ¨§ (∗) ¬ë ¯®«ãç ¥¬ d = m+1, â® ¥áâì

� ·� = 11m+1. �à®¬¥ â®£®, �+� 6 9, ®âªã¤  � ·� 6 20. Ǳ®íâ®¬ã � ·� = 12, ¨ ¯ à  (�,�) à ¢ 
(2, 6) ¨«¨ (3, 4). Ǳ®áª®«ìªã 682 · 286 = 195 052 ¨ 473 · 374 = 176 902, íâ¨ á«ãç ¨  ¬ ¥ ¯®¤å®¤ïâ.

2) Ǳãáâì � = � + � − 11. � ª ª ª d + �+ � + 1 6 27 < 30, ¨§ (∗) ¬ë ¯®«ãç ¥¬ d = m + 1 ¨«¨

d = m+ 2, ®âªã¤  � ·�mod 11 à ¢® 1 ¨«¨ 2. �à®¬¥ â®£®, �+� > 11, ®âªã¤  � ·� > 18. Ǳ®íâ®¬ã

� ·� ¬®�¥â ¯à¨¨¬ âì § ç¥¨ï 24, 35, 45, 56,   ¯ à  (�,�) | (3, 8), (5, 7), (5, 9), (7, 8). Ǳ®áª®«ìªã

308 · 803 = 247 324, 715 · 517 = 369 655, 935 · 539 = 503 965 847 · 748 = 633 556,
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 ¬ ¯®¤å®¤¨â â®«ìª® ¯®á«¥¤¨© á«ãç ©. �

5. Ǳ® ªà î ªàã£«®£® áâ®«  áâ®ïâ n ¯ãáâëå áâ ª ®¢ (n > 3). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ ( ç¨ ï

á Ǳ¥â¨)  «¨¢ îâ ¢ ¨å ª®¬¯®â ¨«¨ «¨¬® ¤. �  ®¤¨ å®¤ ¨£à®ª ¬®�¥â § ¯®«¨âì ®¤¨

¯ãáâ®© áâ ª  «î¡ë¬ ¨§ ¤¢ãå  ¯¨âª®¢   á¢®© ¢ë¡®à. �£à®ª, ¯®á«¥ çì¥£® å®¤  ®¡à §®¢ «áï

áâ ª  á «¨¬® ¤®¬, ã ª®â®à®£® ®¡  á®á¥¤¨å áâ ª   á ª®¬¯®â®¬, ¢ë¨£àë¢ ¥â. �á«¨ ¨£à®ªã ¥

¤®áâ «®áì ¯ãáâ®£® áâ ª  , â® ® ¯à®¨£àë¢ ¥â. Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢¥ § ¢¨á¨¬®áâ¨

®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ¯à¨ ¥ç¥âëå n.

�¥è¥¨¥. Ǳãáâì n ¥ç¥â®. Ǳ®¡¥¤ ï áâà â¥£¨ï Ǳ¥â¨ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. Ǳ¥à¢ë© áâ -

ª  ® ¢ë¡¨à ¥â ¯à®¨§¢®«ì®. �®¯ãáâ¨¬, çâ® ®ç¥à¥¤ë¬ å®¤®¬ � áï § ¯®«¨« áâ ª , ®âáâ®ïé¨©

®â ¯¥à¢®£®   k ¯®§¨æ¨©, áç¨â ï ¯® ªà âç ©è¥© ¤ã£¥. �á«¨ ã Ǳ¥â¨ ¯®á«¥ íâ®£® ¯®ï¢«ï¥âáï ¯®¡¥¤-

ë© å®¤ | ® ¢ë¨£àë¢ ¥â. � ¯à®â¨¢®¬ á«ãç ¥ Ǳ¥âï  «¨¢ ¥â â®â �¥  ¯¨â®ª ¢ áâ ª , ®âáâ®ïé¨©

®â ¯¥à¢®£®   k ¯®§¨æ¨© ¢ ¤àã£ãî áâ®à®ã. �§ á¨¬¬¥âà¨¨ ïá®, çâ® ã � á¨ ¯®¡¥¤®£® å®¤  â®�¥

¥ ¯®ï¢¨âáï. � á¨«ã ¥ç¥â®áâ¨ n ¯®á«¥¤¨© ¯ãáâ®© áâ ª  § ¯®«¨â Ǳ¥âï, ¥á«¨ ® ¥ ¢ë¨£à ¥â

¤®áà®ç®. � «î¡®¬ á«ãç ¥ � áï ¯à®¨£àë¢ ¥â.

Ǳãáâì â¥¯¥àì n ç¥â®. �ã¤¥¬ áç¨â âì, çâ® áâ ª ë áâ®ïâ ¢ ¢¥àè¨ å ¯à ¢¨«ì®£® n-ã£®«ì¨ª .
� §®¢¥¬ ª«îç¥¢®© âà®©ª®© â ª¨¥ âà¨ ¯®á«¥¤®¢ â¥«ìëå áâ ª  , çâ®, § ¯®«¨¢ ®¤¨ ¨§ ¨å ¯®¤å®-

¤ïé¨¬  ¯¨âª®¬, ¬®�® ¯®«ãç¨âì ¯®¡¥¤ãî ª®¬¡¨ æ¨î. �âà â¥£¨ï � á¨ á®áâ®¨â ¢ á«¥¤ãîé¥¬:

¥á«¨ Ǳ¥âï § ¯®«¨« ®ç¥à¥¤®© áâ ª  ¨ ¥ ®¡à §®¢ «®áì ª«îç¥¢®© âà®©ª¨ | � áï  «¨¢ ¥â â®â

�¥  ¯¨â®ª ¢ áâ ª , á¨¬¬¥âà¨çë© áâ ª ã Ǳ¥â¨ ®â®á¨â¥«ì® æ¥âà  n-ã£®«ì¨ª . �¢¨¤ã ç¥â®-
áâ¨ n Ǳ¥âï ¬®�¥â ¯®¡¥¤¨âì «¨èì ¤®áà®ç®. Ǳ®ª �¥¬, çâ® íâ®£® ¥ ¯à®¨§®©¤¥â. Ǳãáâì ¯®á«¥ å®¤ 

� á¨ ®¡à §®¢ « áì ª«îç¥¢ ï âà®©ª  T ,   ¤® íâ®£® â ª¨å âà®¥ª ¥ ¡ë«®. �®£¤  ¢ T ¢å®¤¨â ¯®á«¥¤-

¨© áâ ª , § ¯®«¥ë© � á¥©. Ǳ® ¯®áâà®¥¨î áâ ª ë âà®©ª¨ T ′
, á¨¬¬¥âà¨ç®© T ®â®á¨â¥«ì®

æ¥âà  n-ã£®«ì¨ª , § ¯®«¥ë â ª �¥, ª ª ¢ T , ® ¢ ®¡à â®¬ ¯®àï¤ª¥. � ç¨â, T ′
â®�¥ ï¢«ï¥âáï

ª«îç¥¢®© âà®©ª®©. �® ®  áãé¥áâ¢®¢ «  ¥é¥ ¤® å®¤  � á¨, çâ® ¥¢®§¬®�®. �

6. �  áâ®«¥ «¥� â ¤¢  è à , ª á ïáì ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �®ãá ª á ¥âáï ¡®ª®¢®© ¯®-

¢¥àå®áâìî áâ®«  ¨ ®¡®¨å è à®¢ (¢¥è¨¬ ®¡à §®¬). �¥àè¨  ª®ãá   å®¤¨âáï   ®âà¥§ª¥,

á®¥¤¨ïîé¥¬ â®çª¨ ª á ¨ï è à®¢ á® áâ®«®¬. �§¢¥áâ®, çâ® «ãç¨, á®¥¤¨ïîé¨¥ ¢¥àè¨ã ª®-

ãá  á æ¥âà ¬¨ è à®¢, ®¡à §ãîâ à ¢ë¥ ã£«ë á® áâ®«®¬. � ©¤¨â¥ ¬ ªá¨¬ «ì® ¢®§¬®�ë©

ã£®« ¯à¨ ¢¥àè¨¥ ª®ãá . (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨

¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â: 2 artg 2.

O1

C

O2

K

H

M
N

A1 A2C

O1

O2

H

ϕ
ψ

�¥è¥¨¥. Ǳãáâì O
1

¨ O
2

| æ¥âàë è à®¢, R ¨ r | à ¤¨ãáë è à®¢, A
1

¨ A
2

| â®çª¨ ª á ¨ï

è à®¢ á® áâ®«®¬, C | ¢¥àè¨  ª®ãá , 2α | ã£®« ¯à¨ ¢¥àè¨¥. Ǳ® ãá«®¢¨î ∠O
1

CA
1

= ∠O
2

CA
2

,

®¡®§ ç¨¬ ®¡é¥¥ § ç¥¨¥ íâ¨å ã£«®¢ ç¥à¥§ ϕ. � ¬¥â¨¬, çâ® â®çª¨ O
1

, O
2

, A
1

, A
2

, C «¥� â ¢ ®¤®©

¯«®áª®áâ¨, ¯®áª®«ìªã O
1

A
1

‖ O
2

A
2

,   C ¯à¨ ¤«¥�¨â ®âà¥§ªã A
1

A
2

. �®£¤ 

R tgϕ+ r tgϕ = A
1

C + CA
2

= A
1

A
2

=

√

(R+ r)2 − (R− r)2 = 2

√
Rr ⇐⇒ tgϕ =

2

√
Rr

R+ r
.
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�ë¡¥à¥¬   ®á¨ á¨¬¬¥âà¨¨ ª®ãá  â®çªã K â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H   ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â

  ®âà¥§®ª O
1

O
2

(á¬. «¥¢ë© à¨áã®ª). �¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®ãá ª á ¥âáï ®¤¨ ª®¢ëå è à®¢,

«¥� â ¢ ¯«®áª®áâïå KCO
1

¨ KCO
2

, ®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α.

�¯ãáâ¨¬ ¨§ â®çª¨ K ¯¥à¯¥¤¨ªã«ïàë KM ¨ KN   CO
1

¨ CO
2

á®®â¢¥âáâ¢¥®. Ǳàï¬®ã£®«ìë¥

âà¥ã£®«ì¨ª¨ KCM ¨ KCN à ¢ë, ¯®íâ®¬ã CM = CN . �â¬¥â¨¬ ¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) MH ⊥ CO
1

¨ NH ⊥ CO
2

. �â® ¢ëâ¥ª ¥â ¨§ ®¡à â®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥¤¨ªã«ïà å.

2) ∠MCH = ∠NCH. �¥©áâ¢¨â¥«ì®, ¢ á¨«ã 1) ¯àï¬®ã£®«ìë¥ âà¥ã£®«ì¨ª¨MCH ¨ NCH à ¢-

ë ¯® £¨¯®â¥ã§¥ ¨ ª â¥âã, ¯®íâ®¬ã ¨ ¨å á®®â¢¥âáâ¢ãîé¨¥ ã£«ë à ¢ë. �¡®§ ç¨¬ ®¡é¥¥ § ç¥¨¥

ã£«®¢ MCH ¨ NCH ç¥à¥§ ψ.
3) Ǳàï¬ ï CH ¯¥à¯¥¤¨ªã«ïà  áâ®«ã. �¥©áâ¢¨â¥«ì®,

180

◦
= 2ϕ+ 2ψ, ®âªã¤  ∠A

1

CH = ϕ+ ψ = 90

◦. (∗)

Ǳ®íâ®¬ã ¯àï¬ ï CH ¯ à ««¥«ì  A
1

O
1

¨, § ç¨â, ¯¥à¯¥¤¨ªã«ïà  áâ®«ã.

�§ 1) á ãç¥â®¬ (∗) ¬ë ¯®«ãç ¥¬

os∠KCH =

CH

CK
=

CM

os∠O
1

CH
:

CM

os∠KCO
1

=

os(ϕ+ α)

osψ
=

os(ϕ+ α)

sinϕ
= tgϕ osα− sinα.

�ãç CK ®¡à §ã¥â á® áâ®«®¬ ã£®« α, ¨ ¨§ 3) ¢ëâ¥ª ¥â, çâ® ∠KCH = 90

◦ − α. Ǳ®íâ®¬ã

sinα = os∠KCH = tgϕ osα− sinα =

2

√
Rr

R+ r
osα− sinα ⇐⇒ tgα =

R+ r√
Rr

.

Ǳ® ¥à ¢¥áâ¢ã �®è¨ tgα > 2, â® ¥áâì α 6 artg 2. � ¢¥áâ¢® à¥ «¨§ã¥âáï ¢ á«ãç ¥ R = r. �

Яг
уб
ов

.Р
Ф


