
� à¨ â 4

1. � �¤ ï ª«¥âª  â ¡«¨æë 5× 5 ®ªà è¥  ¢ ®¤¨ ¨§ âà¥å æ¢¥â®¢: á¨¨©, ªà áë© ¨«¨ �ñ«âë©.

Ǳà¨ íâ®¬ ¢ ª �¤®© áâà®ª¥ â ¡«¨æë ç¨á«® �ñ«âëå ª«¥â®ª ¥ ¬¥ìè¥ ç¨á«  ªà áëå ª«¥â®ª ¨

¥ ¬¥ìè¥ ç¨á«  á¨¨å ª«¥â®ª,   ¢ ª �¤®¬ áâ®«¡æ¥ â ¡«¨æë ç¨á«® ªà áëå ª«¥â®ª ¥ ¬¥ìè¥

ç¨á«  �ñ«âëå ª«¥â®ª ¨ ¥ ¬¥ìè¥ ç¨á«  á¨¨å ª«¥â®ª. �ª®«ìª® á¨¨å ª«¥â®ª ¬®�¥â ¡ëâì

¢ â ª®© â ¡«¨æ¥? Ǳà¨¢¥¤¨â¥ ¯à¨¬¥à á®®â¢¥âáâ¢ãîé¥© à áªà áª¨.

�â¢¥â: 5.
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�¥è¥¨¥. � ª ª ª ¢ ª �¤®© áâà®ª¥ �¥«âëå ª«¥â®ª ¥ ¬¥ìè¥, ç¥¬ ªà áëå, ¨å ¥ ¬¥ìè¥

¨ ¢® ¢á¥© â ¡«¨æ¥. �®£¤  �¥«âëå ¨ ªà áëå ª«¥â®ª ¯®à®¢ã ¢ ª �¤®¬ áâ®«¡æ¥. �¥©áâ¢¨â¥«ì®,

¥á«¨ ¢ ®¤®¬ ¨§ áâ®«¡æ®¢ �¥«âëå ª«¥â®ª ¬¥ìè¥, ç¥¬ ªà áëå, â® ¨å ¡ã¤¥â ¬¥ìè¥ ¨ ¢® ¢á¥©

â ¡«¨æ¥, ¯®áª®«ìªã ¢ ®áâ «ìëå áâ®«¡æ å ¨å ¥ ¡®«ìè¥, ç¥¬ ªà áëå. �à®¬¥ â®£®, ç¨á«® ªà áëå

ª«¥â®ª ¢ ª �¤®¬ áâ®«¡æ¥ ¥ ¬¥ìè¥

5

3

, â® ¥áâì ®® ¯® ªà ©¥© ¬¥à¥ 2. � ç¨â, â ¡«¨æ  á®¤¥à�¨â

ª ª ¬¨¨¬ã¬ 10 ªà áëå ª«¥â®ª ¨ áâ®«ìª® �¥ �¥«âëå. Ǳ®íâ®¬ã ¢ â ¡«¨æ¥ ¨¬¥¥âáï ¥ ¡®«¥¥ 5

á¨¨å ª«¥â®ª. � ¤àã£®© áâ®à®ë, ¢ ª �¤®¬ áâ®«¡æ¥ ®¡é¥¥ ç¨á«® �¥«âëå ¨ ªà áëå ª«¥â®ª ç¥â®,

¯®íâ®¬ã ¢ ¥¬ ¨¬¥¥âáï å®âï ¡ë ®¤  á¨ïï ª«¥âª . � ç¨â, â ¡«¨æ  á®¤¥à�¨â ¥ ¬¥¥¥ 5 á¨¨å

ª«¥â®ª. Ǳà¨¬¥à à áªà áª¨ á ¯ïâìî á¨¨¬¨ ª«¥âª ¬¨ ¯à¨¢¥¤¥   à¨áãª¥. �

2. � ë ç¨á«  x, y ∈
(

0, π
2

)

. � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï

A =

4

√
sinx sin y

4

√
tg x+ 4

√
tg y

.

�â¢¥â:

4

√
8

4

.

�¥è¥¨¥. � ¬¥â¨¬, çâ®

4

√
a+ 4

√
b 6 4

√

8(a+ b) ¯à¨ «î¡ëå a, b > 0, ¯®áª®«ìªã

(

4

√
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4

√
b
)

4

6
(

2

(√
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√
b
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2

6 8 (a+ b)4.

Ǳà¨¬¥ïï ¥à ¢¥áâ¢® ¤«ï áà¥¤¥£® £ à¬®¨ç¥áª®£® ¨ áà¥¤¥£®  à¨ä¬¥â¨ç¥áª®£®, ¬ë ¯®«ãç¨¬

A 6
1

4

4

√

sinx sin y
(

4

√

tgx+ 4

√

tg y
)

=

1

4

(

4

√

sinx os y + 4

√

osx sin y
)

6

6

4

√
8

4

4

√

sinx os y + osx sin y =
4

√
8

4

4

√

sin(x+ y) 6
4

√
8

4

.

� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = π
4

. �

3. �¥âëà¥åã£®«ì¨ª ABCD ¢¯¨á  ¢ ®ªàã�®áâì ω, æ¥âà ª®â®à®© «¥�¨â   áâ®à®¥ AB.
�ªàã�®áâì ω

1

ª á ¥âáï ¢¥è¨¬ ®¡à §®¬ ®ªàã�®áâ¨ ω ¢ â®çª¥ C. �ªàã�®áâì ω
2

ª -

á ¥âáï ®ªàã�®áâ¥© ω ¨ ω
1

¢ â®çª å D ¨ E á®®â¢¥âáâ¢¥®. Ǳàï¬ ï BD ¢â®à¨ç® ¯¥à¥á¥ª -

¥â ®ªàã�®áâì ω
2

¢ â®çª¥ P ,   ¯àï¬ ï AC ¢â®à¨ç® ¯¥à¥á¥ª ¥â ®ªàã�®áâì ω
1

¢ â®çª¥ Q.
� ©¤¨â¥ ã£®« PEQ.

�â¢¥â: 180
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O2
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ω

ω1

ω2

�¥è¥¨¥ 1. � ª ª ª ∠ACO = ∠QCO
1

, à ¢®¡¥¤à¥ë¥ âà¥ã£®«ì¨ª¨ AOC ¨ QO
1

C ¯®¤®¡ë,

®âªã¤  ∠AOC = ∠QO
1

C. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® ∠BOD = ∠PO
2

D. �®£¤  ®âà¥§ª¨ O
1

Q ¨

O
2

P ¯ à ««¥«ìë ¯àï¬®© AB ¨, § ç¨â, ¤àã£ ¤àã£ã. Ǳ®íâ®¬ã ∠O
1

QE = ∠O
2

PE, çâ® íª¢¨¢ «¥â®
∠O

1

EQ = ∠O
2

EP . � ç¨â, â®çª  E «¥�¨â   ®âà¥§ª¥ PQ, ®âªã¤  ∠PEQ = 180

◦
. �

�¥è¥¨¥ 2. �â¬¥â¨¬ ¯®«¥§®¥ á¢®©áâ¢® ª á îé¨åáï ®ªàã�®áâ¥©: ¥á«¨ á¥ªãé ï UV ¯à®å®¤¨â

ç¥à¥§ â®çªã T ª á ¨ï ¤¢ãå ®ªàã�®áâ¥©, â® ¢¯¨á ë¥ ã£«ë, ®¯¨à îé¨¥áï   ¢ëá¥ª ¥¬ë¥ ¥©

¤ã£¨, à ¢ë. �¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã ¢¯¨á ë© ã£®« à ¢¥ ã£«ã ¬¥�¤ã ª á â¥«ì®© ¨ á¥ªãé¥©,

á¯à ¢¥¤«¨¢ë à ¢¥áâ¢  ∠UU
1

T = ∠UTY = ∠XTV = ∠V V
1

T (á¬. «¥¢ë© à¨áã®ª ¨�¥).

�¡®§ ç¨¬ â®çªã ¯¥à¥á¥ç¥¨ï AD ¨ BC ç¥à¥§ R. Ǳãáâì ∠OO
1

O
2

= 2α ¨ ∠OO
2

O
1

= 2β. �®£¤ 
¨§ à ¢®¡¥¤à¥®áâ¨ âà¥ã£®«ì¨ª®¢ O

1

CE ¨ O
2

DE ¬ë ¯®«ãç ¥¬, çâ®

∠O
1

EC = 90

◦ − α, ∠O
2

ED = 90

◦ − β ¨ ∠CED = 180

◦ − ∠O
1

EC − ∠O
2

ED = α+ β.

� ¤àã£®© áâ®à®ë, ¨§ áã¬¬ë ã£«®¢ âà¥ã£®«ì¨ª  OO
1

O
2

 å®¤¨¬, çâ® ∠COD = 180

◦ − 2α − 2β.
�¯¨á ë© ã£®« ∠CAD | ¯®«®¢¨  æ¥âà «ì®£® ã£«  ∠COD. �®£¤ 

∠DAC = 90

◦ − α− β, ∠ACR = ∠ACB = 90

◦, ®âªã¤  ∠DRC = α+ β.

� ª¨¬ ®¡à §®¬, ∠DRC = ∠DEC. � á¨«ã ¤®ª § ®£® ¢ëè¥ ãâ¢¥à�¤¥¨ï

∠PED = ∠BAD = ∠RAB ¨ ∠CEQ = ∠ABC = ∠RBA.

�¥¯¥àì ¬ë ¬®�¥¬  ©â¨ ã£®« PEQ:

∠PEQ = ∠PED + ∠DEC + ∠CEQ = ∠PED + ∠DRC + ∠CEQ =

= ∠PED + 180

◦ − ∠RAB − ∠RBA+ ∠CEQ = 180

◦. �
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4. �¬¥îâáï ç¥âëà¥å§ çë¥ ç¨á«  m ¨ n, ¯®«ãç ¥¬ë¥ ¤àã£ ¨§ ¤àã£  § ¯¨áìî æ¨äà ¢ ®¡à â®¬

¯®àï¤ª¥. �§¢¥áâ®, çâ® ç¨á«®mn ¤¥«¨âáï   100,   ¥£® ¤¥áïâ¨ç ï § ¯¨áì á®áâ®¨â ¨§ ç¥âëà¥å

¯ à ®¤¨ ª®¢ëå á®á¥¤¨å æ¨äà. � ©¤¨â¥ m ¨ n.

�â¢¥â: 6325 · 5236 = 33 11 77 00.

�¥è¥¨¥. � ¯¨è¥¬

m = abcd, n = dcba, mn = xxyyzz00.

�á®, çâ® ®¤® ¨§ ç¨á¥« m ¨ n ®ª ç¨¢ ¥âáï   5 (¯ãáâì íâ® ¡ã¤¥â m). �®£¤  d = 5, æ¨äà  a ç¥â .
�ç¥¢¨¤®, çâ® mn ªà â® 11. � ª ª ª

mmod 11 = (b+ d− a− c)mod 11 = (−n)mod 11,

ç¨á«  m ¨ n ¤¥«ïâáï   11,   ¨å ¯à®¨§¢¥¤¥¨¥ ¤¥«¨âáï   121. Ǳ®áª®«ìªã xxyyzz = 11 · x0y0z, ¬ë
¯®«ãç ¥¬ x+ y + z

.

.

.

11, ®âªã¤  x+ y + z à ¢® 11 ¨«¨ 22. � ¬¥â¨¬, çâ®

(a+ b+ c+ d)2mod 9 = mnmod 9 = xxyyzz00mod 9 = 2 (x+ y + z)mod 9.

� ¢¨á¨¬®áâì ¬¥�¤ã ç¨á« ¬¨ p ¨ p2mod 9 ¯à¨¢¥¤¥  ¢ â ¡«¨æ¥:

p 1 2 3 4 5 6 7 8 9

p2mod 9 1 4 0 7 7 0 4 1 0

(¤ «¥¥ ®áâ âª¨ ¡ã¤ãâ æ¨ª«¨ç¥áª¨ ¯®¢â®àïâìáï). � ª ª ª 44mod 9 = 8, á«ãç © x + y + z = 22

¥¢®§¬®�¥. �á«¨ x+ y+ z = 11, á ãç¥â®¬ d = 5 ¬ë ¯®«ãç ¥¬ (a+ b+ c+5)

2

mod 9 = 22mod 9 = 4.

�à®¬¥ â®£®, b+ 5− a− c ªà â® 11. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) Ǳãáâì a+ c = b+ 5± 11. �®£¤ 

4 = (a+ b+ c+ 5)

2

mod 9 =

(

2(b+ 5)± 11

)

2

mod 9 = 4(b+ 5± 1)

2

mod 9 ⇐⇒ (b+ 5± 1)

2

= 1mod 9,

¨ ¯® â ¡«¨æ¥ b+5± 1 à ¢® 8 ¨«¨ 10. � á«ãç ¥ ¯«îá  a+ c ¡ã¤¥â à ¢® 18 ¨«¨ 20, çâ® ¥¢®§¬®�®.
Ǳà¨ ¬¨ãá¥ a+ c ®ª �¥âáï ¥¯®«®�¨â¥«ìë¬, ç¥£® ¢¢¨¤ã a > 0 â ª�¥ ¡ëâì ¥ ¬®�¥â.

2) Ǳãáâì a+ c = b+5. �®£¤  ¯® â ¡«¨æ¥ b+5 à ¢® 8 ¨«¨ 10, â® ¥áâì b à ¢® 3 ¨«¨ 5. �ëç¨á«ïï
¯à¥¤¯®á«¥¤îî æ¨äàã mn, ¬ë ¯®«ãç¨¬

0 =

(

5b+ ac+ a
2

)

mod 10 =

(

5 + ac+ a
2

)

mod 10. (∗)

� ª ª ª a ç¥â®, ¤®¯ãáâ¨¬ë¬¨ ¯ à ¬¨ (a, c) ¯à¨ b = 3 ¡ã¤ãâ (2, 6), (4, 4), (6, 2), (8, 0),   ¯à¨ b = 5 |

(2, 8), (4, 6), (6, 4), (8, 2). Ǳ®¤áâ ¢«ïï íâ¨ ¯ àë ¢ ¯à ¢ãî ç áâì (∗), ¬ë ¯®«ãç¨¬

8, 3, 0, 9, 2, 1, 2, 5.

� ç¨â, ãá«®¢¨î (∗) ã¤®¢«¥â¢®àï¥â â®«ìª® m = 6325. Ǳ®áª®«ìªã 6325 · 5263 = 33 11 77 00, íâ® ç¨á«®

¨ ¤ ¥â ®â¢¥â. �

5. Ǳ® ªà î ªàã£«®£® áâ®«  áâ®¨â n ¯ãáâëå áâ ª ®¢ (n > 3). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ ( ç¨ ï

á Ǳ¥â¨)  «¨¢ îâ ¢ ¨å  ¯¨âª¨: Ǳ¥âï | ª¢ á, � áï | ¬®àá. �  ®¤¨ å®¤ ¨£à®ª ¬®�¥â

§ ¯®«¨âì ®¤¨ ¯ãáâ®© áâ ª    á¢®© ¢ë¡®à â ª, çâ®¡ë ¯®á«¥ ¥£® å®¤  ¥ ®¡à §®¢ «®áì ¤¢ãå

á®á¥¤¨å áâ ª ®¢ á ®¤¨ ª®¢ë¬  ¯¨âª®¬. �á«¨ ¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨© ¨£à®ª®¢ § ¯®«ïîâ-

áï ¢á¥ áâ ª ë, â® ¨£à  § ª ç¨¢ ¥âáï ¢¨çìî. � ¯à®â¨¢®¬ á«ãç ¥ ¯à®¨£àë¢ ¥â ¨£à®ª, ¥

¨¬¥îé¨© å®¤ . Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ¨ ¯à¨ ª ª¨å.
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�¥è¥¨¥. �âà â¥£¨ï � á¨ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬:   ª �¤®¬ è £¥ ® ¤®«�¥ § ¯®«ïâì

áâ ª , á«¥¤ãîé¨© ¯® ç á®¢®© áâà¥«ª¥ §  â¥¬, çâ® ¯à¥¤ë¤ãé¨¬ å®¤®¬  ¯®«¨« Ǳ¥âï. Ǳ®ª �¥¬,

çâ® íâ® ¢á¥£¤  ¬®�® á¤¥« âì. �®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® ç¨á«ã å®¤®¢ Ǳ¥â¨. � ª ª ª n > 3, ¡ § 

¨¤ãªæ¨¨ ®ç¥¢¨¤ . �®¯ãáâ¨¬, çâ® ¤«ï k è £®¢ íâ  áâà â¥£¨ï ¯à®å®¤¨â. Ǳ¥à¥¤ (k+1)-¬ å®¤®¬ Ǳ¥â¨

áâ ª ë á ª¢ á®¬ ¨ ¬®àá®¬ ®¡à §ãîâ á®á¥¤¨¥ ¯ àë: ¯® ç á®¢®© áâà¥«ª¥ ¬®àáã ¯à¥¤è¥áâ¢ã¥â ª¢ á.

Ǳãáâì Ǳ¥âï  «¨« ª¢ á ¢ ®ç¥à¥¤®© áâ ª . Ǳ® ãá«®¢¨î ¢ á«¥¤ãîé¥¬ áâ ª ¥ ¥ ¬®�¥â ¡ëâì ª¢ á.

�¥ ¬®�¥â ¡ëâì â ¬ ¨ ¬®àá, â ª ª ª ¬®àáã ¢á¥£¤  ¯à¥¤è¥áâ¢ã¥â áâ ª  á ª¢ á®¬, ¨ Ǳ¥âï § ¯®«¨«

¡ë ¥£® ¯®¢â®à®. � ç¨â, á«¥¤ãîé¨© áâ ª  ¯ãáâ. � ª®¥æ, ¢ áâ ª ¥,  å®¤ïé¥¬áï ç¥à¥§ ®¤¨ ®â

 «¨â®£® Ǳ¥â¥©, ¬®àá  ¥â, ¯®áª®«ìªã ¯à¥¤è¥áâ¢ãîé¨© ¬®àáã áâ ª  ®¡ï§ â¥«ì® § ¯®«¥. � ª¨¬

®¡à §®¬, � áï ¬®�¥â á¤¥« âì á«¥¤ãîé¨© å®¤. �

6. �  áâ®«¥ «¥� â è àë à ¤¨ãá®¢ 2, 2, 5, ª á ïáì ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �¥àè¨  ª®ãá 

 å®¤¨âáï ¯®á¥à¥¤¨¥ ¬¥�¤ã â®çª ¬¨ ª á ¨ï ®¤¨ ª®¢ëå è à®¢ á® áâ®«®¬,   á ¬ ª®ãá ª -

á ¥âáï ¢¥è¨¬ ®¡à §®¬ ¢á¥å è à®¢. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨¥ ª®ãá . (�£«®¬ ¯à¨ ¢¥àè¨¥

ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨.)

�â¢¥â: 2 artg 72.
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ψ

�¥è¥¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥âàë è à®¢, A
1

, A
2

, A
3

| â®çª¨ ª á ¨ï è à®¢ á® áâ®«®¬,

C | ¢¥àè¨  ª®ãá , 2α| ã£®« ¯à¨ ¥£® ¢¥àè¨¥, ϕ = ∠O
1

CA
1

, ψ = ∠O
3

CA
3

. �§ ãá«®¢¨ï ª á ¨ï

è à®¢

CA
1

= 2 ¨ A
1

A
3

= A
2

A
3

=

√

(5 + 2)

2 − (5− 2)

2

=

√
40.

�®£¤ 

CA
3

=

√

A
1

A
3

2 − CA
1

2

= 6 ¨ tgψ =

O
3

A
3

CA
3

=

5

6

.

�à®¬¥ â®£®, O
1

A
1

= 2 = CA
1

, ®âªã¤  ϕ = 45

◦
.

�ë¡¥à¥¬   ®á¨ á¨¬¬¥âà¨¨ ª®ãá  â®çªãK â ª, çâ® ¥¥ ¯à®¥ªæ¨ï H   ¯«®áª®áâì CO
1

O
2

¯®¯ ¤ ¥â

  ®âà¥§®ª O
1

O
2

(á¬. «¥¢ë© à¨áã®ª). �¡à §ãîé¨¥, ¯® ª®â®àë¬ ª®ãá ª á ¥âáï ®¤¨ ª®¢ëå è à®¢,

«¥� â ¢ ¯«®áª®áâïå KCO
1

¨ KCO
2

, ®âªã¤ 

∠KCO
1

= ∠KCO
2

= ϕ+ α = 45

◦
+ α.

�à®¬¥ â®£®, CO
1

= 2

√
2 = CO

2

. �â¬¥â¨¬ ¥áª®«ìª® ¯à®áâëå ä ªâ®¢.

1) H | â®çª  ª á ¨ï à ¢ëå è à®¢. �¥©áâ¢¨â¥«ì®, âà¥ã£®«ì¨ª¨ KCO
1

¨ KCO
2

à ¢ë,

®âªã¤  KO
1

= KO
2

. � ª ª ª KH ⊥ O
1

O
2

, ¬ë ¯®«ãç¨¬ HO
1

= HO
2

.

2) Ǳ«®áª®áâì KCH ¯¥à¯¥¤¨ªã«ïà  O
1

O
2

. �¥©áâ¢¨â¥«ì®, âà¥ã£®«ì¨ª O
1

CO
2

à ¢®¡¥¤à¥-

ë©,   H | á¥à¥¤¨  O
1

O
2

, ®âªã¤  CH ⊥ O
1

O
2

. �ç¥¢¨¤® â ª�¥, çâ® KH ⊥ O
1

O
2

.

3) �á«¨ KM | ¯¥à¯¥¤¨ªã«ïà, ®¯ãé¥ë© ¨§ â®çª¨ K   CO
1

, â® MH ⊥ CO
1

. �â® ¢ëâ¥ª ¥â

¨§ ®¡à â®© â¥®à¥¬ë ® âà¥å ¯¥à¯¥¤¨ªã«ïà å.
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Ǳãáâì KM | ¯¥à¯¥¤¨ªã«ïà, ®¯ãé¥ë© ¨§ â®çª¨ K   CO
1

. �§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ¯àï¬ ï

CH ª á ¥âáï à ¢ëå è à®¢, ¯®íâ®¬ã ∠O
1

CH = ∠O
1

CA
1

= 45

◦
. �®£¤  ¢ á¨«ã 3)

os∠HCK =

CH

CK
=

CM

os∠O
1

CH
:

CM

os∠KCO
1

=

os∠KCO
1

os∠O
1

CH
=

os(45

◦
+ α)

os 45

◦
= osα− sinα.

� ¤àã£®© áâ®à®ë, ¢ á¨«ã 1) ¨ 2) ¯«®áª®áâì HCK á®áâ®¨â ¨§ â®ç¥ª, à ¢®ã¤ «¥ëå ®â O
1

¨ O
2

.

� ç¨â, HCK á®¤¥à�¨â â®çªã O
3

. �®£¤  (á¬. ¯à ¢ë© à¨áã®ª)

osα− sinα = os∠HCK = os(90

◦ − 2ψ − α) = sin(2ψ + α) = sin 2ψ osα+ os 2ψ sinα,

®âªã¤ 

tgα =

1− sin 2ψ

1 + os 2ψ
=

(sinψ − osψ)2

2 os

2 ψ
=

(tgψ − 1)

2

2

=

1
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