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1. �  ª«¥âç â®© ¤®áª¥ 7×7 ®â¬¥ç¥® 14 ª«¥â®ª. � §®¢¥¬ ¯ àã ª«¥â®ª á ®¡é¥© áâ®à®®© ¨â¥à¥á-

®©, ¥á«¨ å®âï ¡ë ®¤  ª«¥âª  ¨§ ¯ àë ®â¬¥ç¥ . � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¨â¥à¥áëå

¯ à ¬®�¥â ¡ëâì?

�â¢¥â: 55.

�¥è¥¨¥. � §®¢¥¬ á®á¥¤¨¬¨ ¤¢¥ ª«¥âª¨ á ®¡é¥© áâ®à®®©. �¨á«® ¨â¥à¥áëå ¯ à, á®¤¥à� é¨å

§ ¤ ãî ®â¬¥ç¥ãî ª«¥âªã, ¥ ¡®«ìè¥ 4,   ¤«ï £à ¨ç®© ª«¥âª¨ | ¥ ¡®«ìè¥ 3. �®£¤  ®¡é¥¥

ç¨á«® ¨â¥à¥áëå ¯ à ¥ ¯à¥¢®áå®¤¨â 14 · 4 = 56. Ǳà¨ íâ®¬ ¥á«¨ áà¥¤¨ ®â¬¥ç¥ëå ª«¥â®ª ¥áâì

¤¢¥ á®á¥¤¨¥, â® á®¤¥à� é ï ¨å ¨â¥à¥á ï ¯ à  áç¨â ¥âáï ¤¢ �¤ë. � ¬¥â¨¬, çâ® áà¥¤¨ 14 ª«¥â®ª

¨§ ª¢ ¤à â  5× 5 ®¡ï§ â¥«ì® ¥áâì ¤¢¥ á®á¥¤¨å. Ǳ®íâ®¬ã áà¥¤¨ ®â¬¥ç¥ëå ª«¥â®ª ¨¬¥¥âáï «¨¡®

£à ¨ç ï, «¨¡® ¤¢¥ á®á¥¤¨å. � ª¨¬ ®¡à §®¬, ®¡é¥¥ ç¨á«® ¨â¥à¥áëå ¯ à ¥ ¯à¥¢®áå®¤¨â 55.

Ǳà¨¬¥à à §¬¥âª¨ á 55 ¨â¥à¥áë¬¨ ¯ à ¬¨ ¯à¨¢¥¤¥ ¨�¥. �
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2. � ë ¯®«®�¨â¥«ìë¥ ç¨á«  a, b, c, d. � ©¤¨â¥ ¬¨¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
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�â¢¥â: 64.

�¥è¥¨¥. � á¨«ã ¥à ¢¥áâ¢ �®è¨ ¤«ï áà¥¤¨å
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cd · ad · ab · bc = 64 · a
2
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2cd
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2
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> 64.

� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ a = b = c = d = 1. �

3. �®ªàã£ âà¥ã£®«ì¨ª  ABC ®¯¨á   ®ªàã�®áâì ω. � á â¥«ìë¥ ª ®ªàã�®áâ¨, ¯à®¢¥¤¥ë¥ ¢

â®çª å A ¨ B, ¯¥à¥á¥ª îâáï ¢ â®çª¥ K. �®çª  M | ¥à¥¤¨  áâ®à®ë AC. Ǳàï¬ ï, ¯à®å®¤ï-
é ï ç¥à¥§ â®çªã K ¯ à ««¥«ì® AC, ¯¥à¥á¥ª ¥â áâ®à®ã BC ¢ â®çª¥ L. � ©¤¨â¥ ã£®« AML.

�â¢¥â: 90

◦
.
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�¥è¥¨¥. Ǳ®«®�¨¬ α = ∠ACB. �£®« ¬¥�¤ã ª á â¥«ì®© AK ¨ å®à¤®© AB ®ªàã�®áâ¨ ω
à ¢¥ ¢¯¨á ®¬ã ¢ ¥¥ ã£«ã, ª®â®àë© ®¯¨à ¥âáï   AB, ®âªã¤  α = ∠BAK = ∠ABK. � ª ª ª
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AC ‖ KL, ¬ë ¯®«ãç ¥¬ ∠BLK = ∠ACB = ∠BAK. � ç¨â, ç¥âëà¥åã£®«ì¨ª ALBK | ¢¯¨á ë©.

�®£¤ 

∠ALC = 180

◦ − ∠ALB = ∠AKB = 180

◦ − 2α ¨ ∠LCA = α = 180

◦ − ∠ALC − α = ∠LAC.

Ǳ®íâ®¬ã âà¥ã£®«ì¨ª ALC à ¢®¡¥¤à¥ë©,   ¥£® ¬¥¤¨   LM ï¢«ï¥âáï â ª�¥ ¨ ¢ëá®â®©. � ª¨¬

®¡à §®¬, ∠AML = 90

◦
. �

4. �  ¤®áª¥  ¯¨á ® ¯à®¨§¢¥¤¥¨¥ ç¨á¥« ��� ¨ ���, £¤¥ ¡ãª¢ë á®®â¢¥âáâ¢ãîâ à §«¨çë¬ ¥ã-

«¥¢ë¬ ¤¥áïâ¨çë¬ æ¨äà ¬. �â® ¯à®¨§¢¥¤¥¨¥ è¥áâ¨§ ç®¥ ¨ ®ª ç¨¢ ¥âáï ¥   ®«ì. Ǳ¥âï

áâ¥à á ¤®áª¨ ¢á¥ ã«¨ ¨ ®¤ã æ¨äàã �, ¯®á«¥ ç¥£® â ¬ ®áâ «®áì ���. �â® ¡ë«®  ¯¨á ®  

¤®áª¥?

�â¢¥â: 206 032 = 632 · 326.
�¥è¥¨¥. Ǳ®«®�¨¬ p = ��� · ���. � ¤¥áïâ¨çãî § ¯¨áì p ¢å®¤ïâ æ¨äàë �, � ¢å®¤ïâ ¯®

®¤®¬ã à §ã,   æ¨äàë � ¨ 0 | ¯® ¤¢  à § . �®£¤  ç¨á«  (� + � + �)

2

¨ (� + � + 2�) ¤ îâ ¯à¨

¤¥«¥¨¨   9 ®¤¨ ª®¢ë¥ ®áâ âª¨, ®âªã¤  �mod 9 = (�+�+�)(�+�+�−1)mod 9. � ¢¨á¨¬®áâì

¬¥�¤ã ç¨á« ¬¨ n ¨ n(n− 1)mod 9 ¯à¨¢¥¤¥  ¢ â ¡«¨æ¥:

n 1 2 3 4 5 6 7 8 9

n(n− 1)mod 9 0 2 6 3 2 3 6 2 0

(¤ «¥¥ ®áâ âª¨ ¡ã¤ãâ æ¨ª«¨ç¥áª¨ ¯®¢â®àïâìáï). � ª¨¬ ®¡à §®¬, � ∈ {2, 3, 6, 9}. �« ¤è¥© æ¨äà®©

ç¨á«  p ï¢«ï¥âáï �, â ª ª ª p ®ª ç¨¢ ¥âáï ¥   ®«ì. � ¤àã£®© áâ®à®ë, ¬« ¤è ï æ¨äà  p à ¢ 

®áâ âªã ®â ¤¥«¥¨ï � · �   10. Ǳ®íâ®¬ã � · (� − 1)

.

.

.

10. Ǳ®áª®«ìªã æ¨äà  � ¥ ¤¥«¨âáï   5,

¢®§¬®�ë ¤¢  á«ãç ï.

1) � = 1. Ǳà¥¤¯®á«¥¤ïï æ¨äà  ç¨á«  p à ¢  ®áâ âªã ®â ¤¥«¥¨ï �

2

+�   10. Ǳ®áª®«ìªã �

2

¥ ¤¥«¨âáï   10, íâ  æ¨äà  ®â«¨ç  ®â �. � ç¨â, ®  à ¢  � ¨«¨ 0. Ǳãáâì ¢ ç «¥ ®  à ¢  �.

�®£¤  �

2 − � + �

.

.

.

10. �áâ âª¨ ®â ¤¥«¥¨ï �

2 − �   10 ¯à¨¨¬ îâ â®«ìª® § ç¥¨ï 0, 2 ¨ 6,

®âªã¤  � à ¢® 4 ¨«¨ 8. Ǳà¨ � = 4

(5 + �)

2 − 5− 2�

.

.

.

9 ⇐⇒ �

2

+ 8�− 7

.

.

.

9 ⇐⇒ � (�− 1)mod 9 = 7,

çâ® ¥¢®§¬®�® (á¬. â ¡«¨æã). �á«¨ � = 8, â® � +� = 9 ¨ (�

2 − 2�)

.

.

.

9, ®âªã¤  � = 2 ¨«¨ � = 9.

�â¨ á«ãç ¨  ¬ ¥ ¯®¤å®¤ïâ, ¯®áª®«ìªã 189 · 891 = 168 399 ¨ 182 · 821 = 149 422.

Ǳãáâì â¥¯¥àì ¯à¥¤¯®á«¥¤ïï æ¨äà  ç¨á«  p à ¢  ã«î. �®£¤  �2

+� ¤¥«¨âáï   10. Ǳ®áª®«ìªã

�

2

mod 10 ∈ {1, 4, 6, 9} ¨ æ¨äàë �, �, � à §«¨çë, ¯ à  (�,�) ¬®�¥â ¡ëâì à ¢  (6, 2) ¨«¨ (4, 6).
� ª ª ª 162 · 621 = 100 602 ¨ 146 · 461 = 67 306, íâ¨ á«ãç ¨ â ª�¥ ¥ ¯®¤å®¤ïâ.

2) � = 6 ¨ æ¨äà  � ç¥â . �®£¤  � = 2, ¯®áª®«ìªã � 6= �. �§ â ¡«¨æë ¬ë ¯®«ãç ¥¬

�+�+� ∈ {11, 14, 17} ⇐⇒ 8 + � ∈ {11, 14, 17} ⇐⇒ � ∈ {3, 9},

â ª ª ª � 6= �. �á«¨ � = 9, â® 692 · 926 = 640 792, çâ®  ¬ ¥ ¯®¤å®¤¨â. � á«ãç ¥ � = 3 ¬ë

¯®«ãç ¥¬ 632 · 326 = 206 032, çâ® ¨ ¤ ¥â ®â¢¥â. �

5. �  ®ªàã�®áâ¨ ®â¬¥ç¥® n â®ç¥ª (n > 5). Ǳ¥âï ¨ � áï ¯® ®ç¥à¥¤¨ ( ç¨ ï á Ǳ¥â¨) ¯à®-

¢®¤ïâ ¯® ®¤®© å®à¤¥, á®¥¤¨ïîé¥© ¯ àë íâ¨å â®ç¥ª, ¥ ï¢«ïîé¨åáï á®á¥¤¨¬¨. �î¡ë¥ ¤¢¥

¯à®¢¥¤¥ë¥ å®à¤ë ¬®£ãâ ¯¥à¥á¥ª âìáï â®«ìª® ª®æ¥¢ë¬¨ â®çª ¬¨. Ǳà®¨£àë¢ ¥â ¨£à®ª, ¥

¨¬¥îé¨© å®¤ . Ǳà¨ ª ª¨å n Ǳ¥âï ¢ë¨£à ¥â ¢¥ § ¢¨á¨¬®áâ¨ ®â ¤¥©áâ¢¨© � á¨?

�â¢¥â: ¯à¨ ç¥âëå n.
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�¥è¥¨¥ 1. �¥©áâ¢¨ï ¨£à®ª®¢ ¬®�® ®¯¨á âì â ª: ®¨ ¯à®¢®¤ïâ ¢ n-ã£®«ì¨ª¥ ¤¨ £® «¨,
¯¥à¥á¥ª îé¨¥áï à §¢¥ çâ® ª®æ ¬¨. �«ï ã¤®¡áâ¢  ¬ë ¬®�¥¬ áç¨â âì íâ®â n-ã£®«ì¨ª ¯à ¢¨«ìë¬.
Ǳãáâì n ç¥â®, â® ¥áâì n = 2m. Ǳ®¡¥¤ã Ǳ¥â¥ ®¡¥á¯¥ç¨â á«¥¤ãîé ï áâà â¥£¨ï. Ǳ¥à¢ë¬ å®¤®¬ ®

¤®«�¥ ¯à®¢¥áâ¨ ¤¨ £® «ì, à §¡¨¢ îéãî n-ã£®«ì¨ª   ¤¢  ®¤¨ ª®¢ëå (m+1)-ã£®«ì¨ª . � «¥¥

«î¡ ï å®à¤ , ¯à®¢¥¤¥ ï � á¥©, ¡ã¤¥â ¯à®å®¤¨âì ¢ ®¤®¬ ¨§ ¤¢ãå (m + 1)-ã£®«ì¨ª®¢. � ®â¢¥â

Ǳ¥âï ¬®�¥â ¯à®¢¥áâ¨ â ªãî �¥ å®à¤ã ¢ ¤àã£®¬ (m+ 1)-ã£®«ì¨ª¥. � ª¨¬ ®¡à §®¬, ã Ǳ¥â¨ ¢á¥£¤ 

¥áâì å®¤, ¨ ® ¢ë¨£à ¥â.

Ǳãáâì n ¥ç¥â®. � §®¢¥¬ ª«îç¥¢®© ¯®§¨æ¨î, ¢ ª®â®à®© ¨áå®¤ë© n-ã£®«ì¨ª à §¡¨â   ¥áª®«ì-
ª® ¬®£®ã£®«ì¨ª®¢ (¢®§¬®�®, ®¤¨) á ¥ç¥âë¬ ç¨á«®¬ ¢¥àè¨. �®ª �¥¬ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥-

¨¥: ¥á«¨ Ǳ¥âï ¤¥« ¥â å®¤ ¢ ª«îç¥¢®© ¯®§¨æ¨¨, â® � áï ¬®�¥â ®â¢¥â¨âì â ª, çâ®¡ë ¢®¢ì

¢®§¨ª«  ª«îç¥¢ ï ¯®§¨æ¨ï. �¥©áâ¢¨â¥«ì®, «î¡®© å®¤ Ǳ¥â¨ | ¤¨ £® «ì ¢ ®¤®¬ ¨§ ¬®£®ã£®«ì-

¨ª®¢ (áª �¥¬, �),   ª®â®àë¥ à §¡¨â n-ã£®«ì¨ª. �â  ¤¨ £® «ì à §à¥§ ¥â �   ¤¢  ¬®£®ã£®«ì-

¨ª  á ç¥âë¬ ¨ ¥ç¥âë¬ ç¨á«®¬ ¢¥àè¨. � ®â¢¥â � áï ¤®«�¥ ¯à®¢¥áâ¨ å®à¤ã, ®âà¥§ îéãî

âà¥ã£®«ì¨ª ®â ¬®£®ã£®«ì¨ª  á ç¥âë¬ ç¨á«®¬ áâ®à®. � ª¨¬ ®¡à §®¬, � à á¯ ¤¥âáï   âà¨

¬®£®ã£®«ì¨ª  á ¥ç¥âë¬ ç¨á«®¬ ¢¥àè¨, ¨ ¢®¢ì ¢®§¨ª¥â ª«îç¥¢ ï ¯®§¨æ¨ï.

� ¬¥â¨¬, çâ® ¨áå®¤ ï ¯®§¨æ¨ï | ª«îç¥¢ ï. �«¥¤ãï ®¯¨á ®© ¢ëè¥ áâà â¥£¨¨, � áï ¢á¥£¤ 

¬®�¥â á¤¥« âì ®â¢¥âë© å®¤, ¯®íâ®¬ã ® ¢ë¨£à ¥â. �

�¥è¥¨¥ 2. �¥©áâ¢¨ï ¨£à®ª®¢ ¬®�® ®¯¨á âì â ª: ®¨ ¯à®¢®¤ïâ ¢ n-ã£®«ì¨ª¥ ¤¨ £® «¨,
¯¥à¥á¥ª îé¨¥áï à §¢¥ çâ® ª®æ ¬¨. �«ï ã¤®¡áâ¢  ¬ë ¬®�¥¬ áç¨â âì íâ®â n-ã£®«ì¨ª ¯à ¢¨«ìë¬.
Ǳãáâì n ç¥â®, â® ¥áâì n = 2m. Ǳ®¡¥¤ã Ǳ¥â¥ ®¡¥á¯¥ç¨â á«¥¤ãîé ï áâà â¥£¨ï. Ǳ¥à¢ë¬ å®¤®¬ ®

¤®«�¥ ¯à®¢¥áâ¨ ¤¨ £® «ì, à §¡¨¢ îéãî n-ã£®«ì¨ª   ¤¢  ®¤¨ ª®¢ëå (m+1)-ã£®«ì¨ª . � «¥¥

«î¡ ï å®à¤ , ¯à®¢¥¤¥ ï � á¥©, ¡ã¤¥â ¯à®å®¤¨âì ¢ ®¤®¬ ¨§ ¤¢ãå (m + 1)-ã£®«ì¨ª®¢. � ®â¢¥â

Ǳ¥âï ¬®�¥â ¯à®¢¥áâ¨ â ªãî �¥ å®à¤ã ¢ ¤àã£®¬ (m+ 1)-ã£®«ì¨ª¥. � ª¨¬ ®¡à §®¬, ã Ǳ¥â¨ ¢á¥£¤ 

¥áâì å®¤, ¨ ® ¢ë¨£à ¥â.

Ǳãáâì n ¥ç¥â®, â® ¥áâì n = 2m + 1. �®ª �¥¬ ¯® ¨¤ãªæ¨¨, çâ® ¯à¨ «î¡®¬ m ã � á¨ ¥áâì

¯®¡¥¤ ï áâà â¥£¨ï. � §  ¨¤ãªæ¨¨ ®ç¥¢¨¤ : ¢ âà¥ã£®«ì¨ª¥ ã Ǳ¥â¨ ¥â å®¤®¢. Ǳãáâì ¯à¨ «î¡®¬

k < m â ª ï áâà â¥£¨ï áãé¥áâ¢ã¥â ¤«ï (2k + 1)-ã£®«ì¨ª . Ǳ¥à¢ ï å®à¤ , ¯à®¢¥¤¥ ï Ǳ¥â¥©,

à §¤¥«¨â ¨áå®¤ë© ¬®£®ã£®«ì¨ª   ¤¢ : � á ç¥âë¬ ç¨á«®¬ ¢¥àè¨ ¨ �

′
á ¥ç¥âë¬. � ¬¥â¨¬,

çâ® ¯à¨ ¨£à¥ â®«ìª® ¢ � ¯®¡¥¤ã ¬®�¥â á¥¡¥ £ à â¨à®¢ âì ¯¥à¢ë© ¨£à®ª (â ª ª ª ç¨á«® ¢¥àè¨ ¢

� ç¥â®),   ¯à¨ ¨£à¥ â®«ìª® ¢ �

′
| ¢â®à®© ¨£à®ª (¯® ¨¤ãªæ¨®®¬ã ¯à¥¤¯®«®�¥¨î). �¯¨è¥¬

¢ë¨£àëèãî áâà â¥£¨î � á¨. Ǳ¥à¢ë© ¥£® å®¤ ¤®«�¥ ¡ëâì ¢ �,   § â¥¬ ª �¤ë© à § � áï ¯à®¢®¤¨â

å®à¤ã ¢ â®¬ �¥ ¬®£®ã£®«ì¨ª¥ (� ¨«¨ �

′
), çâ® ¯¥à¥¤ íâ¨¬ Ǳ¥âï. Ǳ®ª �¥¬, çâ® ã � á¨ ¢á¥£¤ 

 ©¤¥âáï å®¤. �¥©áâ¢¨â¥«ì®, ¨£à  ¨¤¥â ¯ à ««¥«ì® ¢ ¤¢ãå ¬®£®ã£®«ì¨ª å, ¯à¨ç¥¬ ¢ �  ç¨ ¥â

� áï,   ¢ �

′
| Ǳ¥âï. Ǳ®íâ®¬ã ¤«ï � ¨ �

′
ã � á¨ ¥áâì ¯®¡¥¤ë¥ áâà â¥£¨¨ ¨, á«¥¤ãï ¨¬, ® ¢á¥£¤ 

á¬®�¥â á¤¥« âì ®ç¥à¥¤®© å®¤. �

6. �  áâ®«¥  å®¤ïâáï âà¨ è à  ¨ ª®ãá (®á®¢ ¨¥¬ ª áâ®«ã), ª á ïáì ¤àã£ ¤àã£  ¢¥è¨¬ ®¡-

à §®¬. � ¤¨ãáë è à®¢ à ¢ë 20, 40 ¨ 40,   à ¤¨ãá ®á®¢ ¨ï ª®ãá  à ¢¥ 21. � ©¤¨â¥ ¢ëá®âã

ª®ãá .

�â¢¥â: 28.
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�¥è¥¨¥. Ǳãáâì O | æ¥âà ®á®¢ ¨ï ª®ãá , h | ¥£® ¢ëá®â , 2α | ã£®«  ª«®  ®¡à §ãîé¨å

ª®ãá  ª áâ®«ã. � áá¬®âà¨¬ á¥ç¥¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§ ®áì á¨¬¬¥âà¨¨ ª®ãá  ¨ æ¥âà ®¤®£® ¨§

è à®¢ (á¬. «¥¢ë© à¨áã®ª). Ǳãáâì K | â®çª  ª á ¨ï è à  á® áâ®«®¬, R | à ¤¨ãá è à . �®£¤ 

OK = R · tgα+ 21. (∗)

�¡®§ ç¨¬ ç¥à¥§ A,B,C â®çª¨ ª á ¨ï è à®¢ á® áâ®«®¬ (á¬. ¯à ¢ë© à¨áã®ª). �§ ãá«®¢¨ï ª á ¨ï

è à®¢ BC = 80 ¨

AB = AC =

√

(40 + 20)

2 − (40− 20)

2

= 40

√
2.

� ç¨â, ¢ëá®â  AD âà¥ã£®«ì¨ª  ABC ï¢«ï¥âáï á¥à¥¤¨ë¬ ¯¥à¯¥¤¨ªã«ïà®¬ ª BC. �§ (∗) ¢ëâ¥-
ª ¥â, çâ® â®çª  O à ¢®ã¤ «¥  ®â B ¨ C, â® ¥áâì ®  «¥�¨â   AD, ¨ OA = 20 tgα+21. � ¬¥â¨¬,

çâ®

BD = 40, AD =

√

AB2 −BD2

= 40, OD = AD −OA = 19− 20 tgα.

� ¢¥áâ¢® (∗) ¤ ¥â OB = 40 tgα+ 21, ¨ ¯® â¥®à¥¬¥ Ǳ¨ä £®à 

OB2

= OD2

+BD2 ⇐⇒
(

40 tgα+21
)

2

=

(

19−20 tgα
)

2

+40

2 ⇐⇒ 30 tg

2α+61 tgα−38 = 0 ⇐⇒ tgα =

1

2

.

�âáî¤ 

tg 2α =

2 tgα

1− tg

2 α
=

4

3

¨ h = 21 · tg 2α = 28. �
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