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1. �  ªàã£«ë¬ áâ®«®¬ á¨¤ïâ 50 èª®«ì­¨ª®¢: ¡«®­¤¨­ë, ¡àî­¥âë ¨ àë�¨¥. �§¢¥áâ­®, çâ® ¢ «î¡®©

£àã¯¯¥ á¨¤ïé¨å ¯®¤àï¤ èª®«ì­¨ª®¢ ¬¥�¤ã ¤¢ã¬ï ¡«®­¤¨­ ¬¨ ¥áâì å®âï ¡ë ®¤¨­ ¡àî­¥â,   ¢ «î¡®©

£àã¯¯¥ ¬¥�¤ã ¤¢ã¬ï ¡àî­¥â ¬¨ | å®âï ¡ë ®¤¨­ àë�¨©. � ª®¥ ­ ¨¬¥­ìè¥¥ ª®«¨ç¥áâ¢® àë�¨å

¬®�¥â á¨¤¥âì §  íâ¨¬ áâ®«®¬?

�â¢¥â: 17.

�¥è¥­¨¥. �á«¨ ¡ë §  áâ®«®¬ á¨¤¥«¨ ®¤­¨ ¡«®­¤¨­ë, â® ç¨á«® ¯ à á®á¥¤¥© ¡ë«® ¡ë à ¢­® ª®«¨ç¥áâ¢ã

¡«®­¤¨­®¢. Ǳ®áª®«ìªã ¬¥�¤ã «î¡ë¬¨ ¤¢ã¬ï ¡«®­¤¨­ ¬¨ ¥áâì ¡àî­¥â, ¡àî­¥â®¢ §  áâ®«®¬ á¨¤¨â ­¥

¬¥­ìè¥, ç¥¬ ¡«®­¤¨­®¢. �­ «®£¨ç­ë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï, çâ® àë�¨å §  áâ®«®¬ ­¥ ¬¥­ìè¥, ç¥¬

¡àî­¥â®¢. �­ ç¨â, §  áâ®«®¬ á¨¤¨â ­¥ ¬¥­ìè¥

50

3

= 16

2

3

àë�¨å èª®«ì­¨ª®¢, â® ¥áâì ¨å ¯® ªà ©­¥© ¬¥à¥

17. Ǳà¨¢¥¤¥¬ ¯à¨¬¥à à áá ¤ª¨, á®¤¥à� é¥© à®¢­® 17 àë�¨å:

���; ���; . . . ; ���; (16 à §); ��

(¡ãª¢ë �,�,� ®¡®§­ ç îâ á®®â¢¥âáâ¢¥­­® àë�¨å, ¡àî­¥â®¢ ¨ ¡«®­¤¨­®¢). �

2. � 200-§­ ç­®£® ­ âãà «ì­®£® ç¨á«  áâ¥à«¨ áâ àèãî æ¨äàã ¨ æ¨äàã, áâ®ïéãî ç¥à¥§ ®¤­ã ®â ­¥¥. �

à¥§ã«ìâ â¥ ç¨á«® ã¬¥­ìè¨«®áì ¢ 44 à § . � ©¤¨â¥ ¢á¥ ç¨á« , ¤«ï ª®â®àëå íâ® ¢®§¬®�­®.

�â¢¥â: 132c · 10197 ¯à¨ c = 1, 2, 3.

�¥è¥­¨¥. Ǳà¥¤áâ ¢¨¬ ¨áå®¤­®¥ ç¨á«® ¢ ¢¨¤¥ m+ 10

k · cba, £¤¥ a, b, c | ¤¥áïâ¨ç­ë¥ æ¨äàë, k, m |

­¥®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« , ¯à¨ç¥¬ c > 0 ¨ m < 10

k
. �â¥à¥¢ æ¨äàë a ¨ c, ¬ë ¯®«ãç¨¬ ç¨á«® m+10

kb.

Ǳ® ãá«®¢¨î

m+ 10

ka+ 10

k+1b+ 10

k+2c = 44

(

m+ 10

kb
)

⇐⇒ 43m = 10

k
(a− 34b) + 10

k+2c.

�¨á«® m ¤¥«¨âáï ­  10

k
¨ ¬¥­ìè¥, ç¥¬ 10

k
, ¯®íâ®¬ã ®­® à ¢­® ­ã«î. �®£¤  ¯®á«¥ á®ªà é¥­¨ï ­  10

k

ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤ 34b = a + 100c. Ǳ®áª®«ìªã 0 = (100c+ a)mod 34 = (a − 2c)mod 34, ¬ë ¯®«ãç ¥¬

a = 2c, ®âªã¤  b = 3c. � ª ª ª b < 10, æ¨äà  c ¯à¨­¨¬ ¥â §­ ç¥­¨ï 1, 2, 3. �áâ «®áì § ¬¥â¨âì, çâ®

¨áå®¤­®¥ ç¨á«® (k + 3)-§­ ç­®¥, ¯®íâ®¬ã k = 197. �

3. � ­ë ç¨á«  x
1

, . . . , xn ∈ (0, 1). � ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï
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√
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√
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�â¢¥â:

√
2

2

.

�¥è¥­¨¥. � á¨«ã ­¥à ¢¥­áâ¢  ¤«ï áà¥¤­¥£® £ à¬®­¨ç¥áª®£® ¨ áà¥¤­¥£®  à¨ä¬¥â¨ç¥áª®£®
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∑
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∑
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�âáî¤  ¢ á¨«ã ­¥à ¢¥­áâ¢  �®è¨
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Ǳ®íâ®¬ã A 6
√
2

2

. � ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x
1

= . . . = xn =

1

2

. �

4. �­ãâà¨ ã£«  à áâ¢®à  30

◦
á ¢¥àè¨­®© A ¢ë¡à ­  â®çª  K, à ááâ®ï­¨ï ®â ª®â®à®© ¤® áâ®à®­ ã£« 

à ¢­ë 1 ¨ 2. �¥à¥§ â®çªã K ¯à®¢®¤ïâáï ¢á¥¢®§¬®�­ë¥ ¯àï¬ë¥, ¯¥à¥á¥ª îé¨¥ áâ®à®­ë ã£« . � ©¤¨-

â¥ ¬¨­¨¬ «ì­ãî ¯«®é ¤ì âà¥ã£®«ì­¨ª , ®âá¥ª ¥¬®£® ¯àï¬®© ®â ã£« .

�â¢¥â: 8.
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�¥è¥­¨¥ 1. �ë¡¥à¥¬ ­  áâ®à®­ å ã£«  â®çª¨ P ¨ Q â ª¨¬ ®¡à §®¬, çâ®¡ë â®çª  K ¡ë«  á¥à¥¤¨­®©

®âà¥§ª  PQ. Ǳ®ª �¥¬, çâ® ¯àï¬ ï PQ ®âá¥ª ¥â âà¥ã£®«ì­¨ª ­ ¨¬¥­ìè¥© ¯«®é ¤¨. �®§ì¬¥¬ ¤àã£ãî

¯àï¬ãî, ¯à®å®¤ïéãî ç¥à¥§ â®çªã K. Ǳãáâì ®­  ¯¥à¥á¥ª ¥â áâ®à®­ë ã£«  ¢ â®çª å X ¨ Y . Ǳ¥à¥áâ ¢«ïï

¯à¨ ­¥®¡å®¤¨¬®áâ¨ P á Q ¨ X á Y , ¬ë ¬®�¥¬ áç¨â âì, çâ® X «¥�¨â ­  ®âà¥§ª¥ AP . � ¬ ¤®áâ â®ç­®

¤®ª § âì, çâ® KX < KY . �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥

SKXP =

1

2

·KX ·KP · sin∠XKP =

1

2

·KX ·KQ · sin∠Y KQ < 1

2

·KY ·KQ · sin∠Y KQ = SKYQ,

®âªã¤  SAXY = SAPQ−SKXP +SKYQ > SAPQ. �®¯ãáâ¨¬, çâ® KX > KY . �â¬¥â¨¬ ­  ®âà¥§ª¥ KX â ªãî

â®çªã Z, çâ® KZ = KY (á¬. «¥¢ë© à¨áã­®ª). �à¥ã£®«ì­¨ª¨ KQY ¨ KPZ à ¢­ë ¯® ¤¢ã¬ áâ®à®­ ¬ ¨

ã£«ã, ®âªã¤ 

∠KQY = ∠KPZ ¨ ∠ZPQ+ ∠AQP = 180

◦.

�® íâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã â®çª  Z «¥�¨â ¢­ãâà¨ âà¥ã£®«ì­¨ª  APQ ¨

∠ZPQ+ ∠AQP 6 ∠APQ+ ∠AQP = 150

◦ < 180

◦.

�áâ «®áì ¢ëç¨á«¨âì ¯«®é ¤ì âà¥ã£®«ì­¨ª  APQ. Ǳãáâì M ¨ N | ¯à®¥ªæ¨¨ â®çª¨ K ­  «ãç¨ AP ¨ AQ,

£¤¥ KN = 2 ¨ KM = 1. �¡®§­ ç¨¬ ¯à®¥ªæ¨î P ­  ¯àï¬ãî AQ ç¥à¥§ C,   ¯à®¥ªæ¨î Q ­  ¯àï¬ãî AP |

ç¥à¥§ B (á¬. ¯à ¢ë© à¨áã­®ª). �®£¤  BQ = 2, PC = 4 ¨

SAPQ =

1

2

· AP ·BQ =

1

2

· PC

sin 30

◦
· BQ = 8. �

�¥è¥­¨¥ 2. Ǳãáâì ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã K, ¯¥à¥á¥ª ¥â áâ®à®­ë ã£«  ¢ â®çª å X ¨ Y ,

¯à¨ç¥¬ à ááâ®ï­¨ï ®â K ¤® AX ¨ AY à ¢­ë á®®â¢¥âáâ¢¥­­® 2 ¨ 1. Ǳ®«®�¨¬ x = AX , y = AY . �®£¤ 

1

4

xy = 1

2

· AX · AY · sin 30◦ = SAXY = SAXK + SAKY =

1

2

(2x+ y) ⇐⇒ y(x− 2) = 4x.

�ç¥¢¨¤­®, çâ® x > 2. Ǳ«®é ¤ì âà¥ã£®«ì­¨ª  AXY ¢ëà � ¥âáï äã­ªæ¨¥©

S(x) =
x2

x− 2

, ®âªã¤  S′
(x) =

x(x− 4)

(x− 2)

2

.

�­ ç¨â, ¯à®¨§¢®¤­ ï S ®âà¨æ â¥«ì­  ¯à¨ x ∈ (2, 4) ¨ ¯®«®�¨â¥«ì­  ¯à¨ x > 4. Ǳ®íâ®¬ã ­ ¨¬¥­ìè¥¥

§­ ç¥­¨¥ S ¤®áâ¨£ ¥âáï ¯à¨ x = 4 ¨ à ¢­® 8. �

5. � ª«¥âª å â ¡«¨æë 75 × 75 à ááâ ¢«¥­ë ¯®¯ à­® à §«¨ç­ë¥ ­ âãà «ì­ë¥ ç¨á« . � �¤®¥ ¨§ ­¨å

¨¬¥¥â ­¥ ¡®«¥¥ âà¥å à §«¨ç­ëå ¯à®áâëå ¤¥«¨â¥«¥©. �§¢¥áâ­®, çâ® ¤«ï «î¡®£® ç¨á«  a ¨§ â ¡«¨æë
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¢ ®¤­®© áâà®ª¥ ¨«¨ ¢ ®¤­®¬ áâ®«¡æ¥ á ­¨¬ ­ ©¤¥âáï â ª®¥ ç¨á«® b, çâ® a ¨ b ­¥ ï¢«ïîâáï ¢§ ¨¬­®

¯à®áâë¬¨. � ª®¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¯à®áâëå ç¨á¥« ¬®�¥â ¡ëâì ¢ â ¡«¨æ¥?

�â¢¥â: 4218.

�¥è¥­¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® á®áâ ¢­®¥ ç¨á«® a ®¡á«ã�¨¢ ¥â ¯à®áâ®¥ ç¨á«® p, ¥á«¨ ç¨á«  a ¨ p ­¥

¢§ ¨¬­® ¯à®áâë (â® ¥áâì a ¤¥«¨âáï ­  p). �«ï ª �¤®£® ¯à®áâ®£® ç¨á«  ¢ â ¡«¨æ¥ ¥áâì ®¡á«ã�¨¢ îé¥¥

¥£® á®áâ ¢­®¥. Ǳ®áª®«ìªã ª �¤®¥ á®áâ ¢­®¥ ç¨á«® ¨¬¥¥â ­¥ ¡®«¥¥ âà¥å à §«¨ç­ëå ¯à®áâëå ¤¥«¨â¥«¥©, ®­®

®¡á«ã�¨¢ ¥â ­¥ ¡®«¥¥ âà¥å ¯à®áâëå ç¨á¥«. � ª¨¬ ®¡à §®¬, ¥á«¨ â ¡«¨æ  á®¤¥à�¨â n á®áâ ¢­ëå ç¨á¥«, â®

¯à®áâëå | ­¥ ¡®«¥¥ 3n. �«¥¤®¢ â¥«ì­®, ®¡é¥¥ ª®«¨ç¥áâ¢® ç¨á¥« ¢ â ¡«¨æ¥ ­¥ ¯à¥¢®áå®¤¨â 4n. �®£¤ 

4n > 75

2

=⇒ n > 75

2

4

= 1406

1

4

=⇒ n > 1407 =⇒ 75

2 − n 6 75

2 − 1407 = 4218.

�­ ç¨â, ª®«¨ç¥áâ¢® ¯à®áâëå ç¨á¥« ¢ â ¡«¨æ¥ ­¥ ¯à¥¢®áå®¤¨â 4218.

Ǳ®ª �¥¬ â¥¯¥àì, ª ª ¬®�­® à §¬¥áâ¨âì ¢ â ¡«¨æ¥ 4218 ¯à®áâëå ç¨á¥«. �®á¯®«ì§ã¥¬áï á«¥¤ãîé¨¬

 «£®à¨â¬®¬ § ¯®«­¥­¨ï áâà®ª ¨ áâ®«¡æ®¢.

1) Ǳ¥à¢ë¥ 54 ¯®§¨æ¨¨ § ¯®«­ï¥¬ à §«¨ç­ë¬¨ ¯à®áâë¬¨ ç¨á« ¬¨ p
1

, p
2

, . . . , p
54

. �â¨ ç¨á«  ¤®«�­ë

¡ëâì ­®¢ë¬¨, â® ¥áâì ­¥ ¨á¯®«ì§®¢ ¢è¨¬¨áï à ­¥¥ ¢ â ¡«¨æ¥.

2) � á«¥¤ãîé¨å 18 ª«¥âª å à §¬¥é ¥¬ ç¨á«  p
1

p
2

p
3

, p
4

p
5

p
6

, . . . , p
52

p
53

p
54

.

3) Ǳ®á«¥¤­¨¥ âà¨ ¯®§¨æ¨¨ ®áâ ¢«ï¥¬ ­¥§ ¯®«­¥­­ë¬¨.

Ǳà¨¬¥­¨¬ íâ®â  «£®à¨â¬ ¯®á«¥¤®¢ â¥«ì­® á­ ç «  ª áâà®ª ¬ 1, 2, . . . , 75,   § â¥¬ ª âà¥¬ ¯®á«¥¤­¨¬ áâ®«¡-

æ ¬. �¥¬ á ¬ë¬ ¬ë à ááâ ¢¨¬ 75 · 54+3 · 54 = 4212 ¯à®áâëå ç¨á« . �áâ «®áì § ¯®«­¨âì ª«¥âª¨ ª¢ ¤à â 

3× 3 ¨§ ¯à ¢®£® ­¨�­¥£® ã£« . �ë¡¥à¥¬ ­®¢ë¥ ¯à®áâë¥ ç¨á«  q
1

, . . . , q
6

¨ à ááâ ¢¨¬ ¨å â ª:





q
1

q
2

q
3

q
4

q
5

q
6

q
1

q
3

q
5

q
2

q
4

q
6



 .

� ¨â®£¥ ¬ë à §¬¥áâ¨¬ 4218 à §«¨ç­ëå ¯à®áâëå ç¨á¥«. �

6. �  áâ®«¥ áâ®ïâ ­  ®á­®¢ ­¨ïå âà¨ ª®­ãá , ª á ïáì ¤àã£ ¤àã£ . �ëá®âë ã ª®­ãá®¢ ®¤¨­ ª®¢ë¥,  

à ¤¨ãáë ¨å ®á­®¢ ­¨© à ¢­ë 2r, 3r ¨ 10r. �  áâ®« ¯®«®�¨«¨ è à à ¤¨ãá  2, ª á îé¨©áï ¢á¥å ª®­ãá®¢.

�ª § «®áì, çâ® æ¥­âà è à  à ¢­®ã¤ «¥­ ®â ¢á¥å â®ç¥ª ª á ­¨ï ª®­ãá®¢. � ©¤¨â¥ r.

�â¢¥â: 1.

P

O1 A C

O

E 2

2

α

O1

O2

O3

A

B

C

2r 10r

2r

3r

�¥è¥­¨¥: Ǳãáâì O
1

, O
2

, O
3

| æ¥­âàë ®á­®¢ ­¨© ª®­ãá®¢, O | æ¥­âà è à , R | à ¤¨ãá è à , C |

â®çª  ª á ­¨ï è à  á® áâ®«®¬, 2α ¨ 2β | ã£«ë ¯à¨ ¢¥àè¨­¥ ¯¥à¢®£® ¨ ¢â®à®£® ª®­ãá®¢, A ¨ B | â®çª¨

¯¥à¥á¥ç¥­¨ï ®âà¥§ª®¢ CO
1

¨ CO
2

á ®á­®¢ ­¨ï¬¨ ª®­ãá®¢. �  «¥¢®¬ à¨áã­ª¥ ¯®ª § ­® á¥ç¥­¨¥ ¯¥à¢®£®

ª®­ãá  ¯«®áª®áâìî COO
1

. � á ­¨¥ è à  á ¯¥à¢ë¬ ª®­ãá®¬ ®§­ ç ¥â, çâ® ¯¥à¯¥­¤¨ªã«ïà OE, ®¯ãé¥­­ë©

¨§ â®çª¨ O ­  ®¡à §ãîéãî PA, à ¢¥­ R. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥ è à ¨ ª®­ãá ª á îâáï ¯«®áª®áâ¨,

¯à®å®¤ïé¥© ç¥à¥§ ®¡à §ãîéãî PA ¯¥à¯¥­¤¨ªã«ïà­® á¥ç¥­¨î, ¨ «¥� â ¯® à §­ë¥ áâ®à®­ë ®â ­¥¥. �®£¤ 

è à ª á ¥âáï ¯àï¬ëå AC ¨ AE ¢ â®çª å C ¨ E, ®âªã¤ 

OC = OE = 2, AC = AE ¨ ∠AOC =

1

2

∠EOC =

π
4

− α
2

.
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Ǳ®íâ®¬ã AC = 2 tg

(

π
4

− α
2

)

¨,  ­ «®£¨ç­®, BC = 2 tg

(

π
4

− β
2

)

. Ǳ®«®�¨¬

λ = tg

(

π
4

− α
2

)

, µ = tg

(

π
4

− β
2

)

.

� ª ª ª O
1

O
2

= 5r, O
1

O
3

= 12r, O
2

O
3

= 13r, âà¥ã£®«ì­¨ª O
1

O
2

O
3

ï¢«ï¥âáï ¯àï¬®ã£®«ì­ë¬. � á¨«ã

ãá«®¢¨ï â®çª  C à ¢­®ã¤ «¥­  ®â â®ç¥ª ª á ­¨ï ®á­®¢ ­¨© ª®­ãá®¢. �®£¤  C «¥�¨â ­  ¯¥à¥á¥ç¥­¨¨

¡¨áá¥ªâà¨á âà¥ã£®«ì­¨ª  O
1

O
2

O
3

¨, §­ ç¨â, ï¢«ï¥âáï æ¥­âà®¬ ¥£® ¢¯¨á ­­®© ®ªàã�­®áâ¨, à ¤¨ãá ª®â®à®©

à ¢¥­ 2r. �ëç¨á«ïï CO2

1

¨ CO2

2

¤¢ã¬ï á¯®á®¡ ¬¨, ¬ë ¯®«ãç¨¬

{

(2r + 2λ)2 = 8r2,

(3r + 2µ)2 = 13r2
⇐⇒

{

4λ2 + 8λr = 4r2,

4µ2 + 12µr = 4r2
⇐⇒

{

λ2 + 2λr − r2 = 0,

λ2 − µ2 = r (3µ− 2λ)
(∗)

(¬ë ¢ëç«¨ ¢â®à®¥ ãà ¢­¥­¨¥ ¨§ ¯¥à¢®£®). � ¬¥â¨¬, çâ®

1

λ
− λ =

1 + tg

α
2

1− tg

α
2

− 1− tg

α
2

1 + tg

α
2

=

4 tg

α
2

1− tg

2

α
2

= 2 tgα ¨,  ­ «®£¨ç­®,

1

µ
− µ = 2 tgβ.

� á¨«ã à ¢¥­áâ¢  ¢ëá®â ª®­ãá®¢ á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥ tg β =

3

2

tgα. Ǳ®íâ®¬ã

1− µ2 =
3µ

2λ

(

1− λ2
)

¨ λ2 − µ2 = λ2 − 1 + 1− µ2 =

(

1− λ2
)

(3µ− 2λ)

2λ
.

�â®à®¥ ¨§ ãà ¢­¥­¨© (∗) ¤ ¥â
r =

λ2 − µ2

3µ− 2λ
=

1− λ2

2λ
=

1

2

(

1

λ
− λ

)

.

�§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (∗) ¢ëâ¥ª ¥â, çâ® λ = r
(√

2− 1

)

. �áª«îç ï λ, ¬ë ¯®«ãç¨¬

2r =

√
2 + 1

r
−
(
√
2− 1

)

r ⇐⇒
√
2 + 1 =

(
√
2 + 1

)

r2 ⇐⇒ r = 1. �
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