
� à¨ â 9

1. ��¥à¥«ì¥ á®áâ®¨â ¨§ 80 ¡ãá¨®ª ªà á®£®, á¨¥£® ¨ §¥«¥®£® æ¢¥â . �§¢¥áâ®, çâ®   «î¡®¬ ãç áâª¥

®�¥à¥«ìï ¬¥�¤ã ¤¢ã¬ï á¨¨¬¨ ¡ãá¨ª ¬¨ ¥áâì å®âï ¡ë ®¤  ªà á ï,     «î¡®¬ ãç áâª¥ ®�¥à¥«ìï

¬¥�¤ã ¤¢ã¬ï ªà áë¬¨ ¥áâì å®âï ¡ë ®¤  §¥«¥ ï. � ª®¥  ¨¬¥ìè¥¥ ª®«¨ç¥áâ¢® §¥«ñëå ¡ãá¨®ª

¬®�¥â ¡ëâì ¢ íâ®¬ ®�¥à¥«ì¥? (�ãá¨ª¨ ¢ ®�¥à¥«ì¥ à á¯®«®�¥ë æ¨ª«¨ç¥áª¨, â® ¥áâì ¯®á«¥¤ïï

á®á¥¤áâ¢ã¥â á ¯¥à¢®©.)

�â¢¥â: 27.

�¥è¥¨¥. �á«¨ á¨¨¥ ¡ãá¨ª¨ à á¯®«®�¥ë ¯® ªàã£ã, â® ç¨á«® ¯ à á®á¥¤¨å ¡ãá¨®ª à ¢® ª®«¨ç¥áâ¢ã

¡ãá¨®ª. � ª ª ª ¬¥�¤ã «î¡ë¬¨ ¤¢ã¬ï á¨¨¬¨ ¡ãá¨ª ¬¨ ¥áâì ªà á ï, ªà áëå ¡ãá¨®ª ¢ ®�¥à¥«ì¥ ¥

¬¥ìè¥, ç¥¬ á¨¨å. � «®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï, çâ® §¥«¥ëå ¡ãá¨®ª ¢ ®�¥à¥«ì¥ ¥ ¬¥ìè¥, ç¥¬

ªà áëå. � ç¨â, §¥«¥ëå ¡ãá¨®ª ¥ ¬¥ìè¥, ç¥¬

80

3

= 26

2

3

, â® ¥áâì ¨å ¯® ªà ©¥© ¬¥à¥ 27. Ǳà¨¢¥¤¥¬

¯à¨¬¥à ®�¥à¥«ìï, á®¤¥à� é¥£® à®¢® 27 §¥«¥ëå ¡ãá¨®ª:

���; ���; . . . ; ��� (26 à §); ��. �

2. � 100-§ ç®£®  âãà «ì®£® ç¨á«  áâ¥à«¨ ¤¢¥ á®á¥¤¨¥ æ¨äàë. � à¥§ã«ìâ â¥ ç¨á«® ã¬¥ìè¨«®áì ¢

87 à §. � ©¤¨â¥ ¢á¥ ç¨á« , ¤«ï ª®â®àëå íâ® ¢®§¬®�®.

�â¢¥â: 435 · 1097, 1305 · 1096, 2175 · 1096, 3045 · 1096.
�¥è¥¨¥. Ǳà¥¤áâ ¢¨¬ ¨áå®¤®¥ ç¨á«® ¢ ¢¨¤¥ m + 10

ka + 10

k+2n, £¤¥ a, k, m, n | ¥®âà¨æ â¥«ìë¥

æ¥«ë¥ ç¨á« , ¯à¨ç¥¬ m < 10

k
¨ a < 100. �â¥à¥¢ æ¨äàë ¢ k-¬ ¨ (k + 1)-¬ à §àï¤ å, ¬ë ¯®«ãç¨¬ ç¨á«®

m+ 10

kn. Ǳ® ãá«®¢¨î

m+ 10

ka+ 10

k+2n = 87

(

m+ 10

kn
)

⇐⇒ 86m = 10

k
(a+ 13n).

�¨á«® a + 13n ¯®«®�¨â¥«ì® ¨ ¤¥«¨âáï   43. �à®¬¥ â®£®, a + 13n < 86, ¨ ç¥ m > 10

k
. Ǳ®íâ®¬ã

a + 13n = 43, ¨ ¯ à  (n, a) ¯à¨¨¬ ¥â § ç¥¨ï (0, 43), (1, 30), (2, 17), (3, 4). � ¯¥à¢®¬ á«ãç ¥ ç¨á«®

à §àï¤®¢ à ¢® (k + 2), ®âªã¤  k = 98. �®£¤  m = 5 · 1097,   ¨áå®¤®¥ ç¨á«® à ¢®

m+ 10

ka = 5 · 1097 + 43 · 1098 = 435 · 1097.

� ®áâ «ìëå á«ãç ïå ç¨á«® à §àï¤®¢ à ¢® (k + 3), ®âªã¤  k = 97. �®£¤  m = 5 · 1096,   ¨áå®¤ë¬¨

ç¨á« ¬¨ ¡ã¤ãâ

10

99

+ 30 · 1097 + 5 · 1096, 2 · 1099 + 17 · 1097 + 5 · 1096, 3 · 1099 + 4 · 1097 + 5 · 1096,

çâ® ¨ ¤ ¥â ®â¢¥â. �

3. � ë ç¨á«  x
1

, . . . , xn ∈ (0, 1). � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
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√
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√
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√
n
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.

�¥è¥¨¥. � ¬¥â¨¬, çâ® ¯à¨ «î¡ëå a
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a2k.

�âáî¤  ¢ á¨«ã ¥à ¢¥áâ¢  ¤«ï áà¥¤¥£® £ à¬®¨ç¥áª®£® ¨ áà¥¤¥£®  à¨ä¬¥â¨ç¥áª®£®
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�®£¤  ¯® ¥à ¢¥áâ¢ã �®è¨

A 6

(

n
∑

k=1

√
1− xk

)

·
(

n
∑

k=1

√
xk

)

n
√
n

6

(

n
∑

k=1

√
1− xk

)

2

+

(

n
∑

k=1

√
xk

)

2

2n
√
n

6

n
∑

k=1

(1− xk) +

n
∑

k=1

xk

2

√
n

=

√
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� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x
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= . . . = xn =

1
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. �

4. �ãâà¨ ã£«  à áâ¢®à  30

◦
á ¢¥àè¨®© A ¢ë¡à   â®çª  K, à ááâ®ï¨ï ®â ª®â®à®© ¤® áâ®à® ã£« 

à ¢ë 1 ¨ 2. �¥à¥§ â®çªã K ¯à®¢®¤ïâáï ¢á¥¢®§¬®�ë¥ ¯àï¬ë¥, ¯¥à¥á¥ª îé¨¥ áâ®à®ë ã£« . � ©¤¨-

â¥ ¬¨¨¬ «ìë© ¯¥à¨¬¥âà âà¥ã£®«ì¨ª , ®âá¥ª ¥¬®£® ¯àï¬®© ®â ã£« .

�â¢¥â: 4
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√
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�¥è¥¨¥. Ǳà®¢¥¤¥¬ â ªãî ®ªàã�®áâì ω, ª á îéãîáï áâ®à® ã£«  ¢ â®çª å M ¨ N , çâ® K «¥�¨â

  ¬ «®© ¤ã£¥ MN (á¬. «¥¢ë© à¨áã®ª). �¡®§ ç¨¬ ç¥à¥§ p ¯¥à¨¬¥âà âà¥ã£®«ì¨ª , ®âá¥ª ¥¬®£® ®â ã£« 

ª á â¥«ì®© ª ω ¢ â®çª¥ K. �®£¤ 

p = AP + PK +KQ+AQ = AP + PM +QN +AQ = AM +AN = 2 ·AN.

� ¬¥â¨¬, çâ® ¢ íâ®¬ à ááã�¤¥¨¨ ¬®�® § ¬¥¨âì K «î¡®© ¤àã£®© â®çª®©, «¥� é¥©   ¬ «®© ¤ã£¥ MN .

Ǳ®ª �¥¬, çâ® ¯¥à¨¬¥âà p ¡ã¤¥â ¬¨¨¬ «ìë¬. Ǳãáâì ℓ | á¥ªãé ï ª ω, ¯à®å®¤ïé ï ç¥à¥§ â®çªã K.

Ǳà®¢¥¤¥¬ ¯ à ««¥«ì® ¥© ¯àï¬ãî ℓ
1

, ª á îéãîáï ¬ «®© ¤ã£¨ MN . Ǳàï¬ë¥ ℓ ¨ ℓ
1

®âá¥ª îâ ®â ã£« 

¯®¤®¡ë¥ âà¥ã£®«ì¨ª¨. Ǳàï¬ ï ℓ
1

¤ ¥â ¬¥ìè¨© âà¥ã£®«ì¨ª, ¯¥à¨¬¥âà ª®â®à®£® à ¢¥ p. � ç¨â,   ℓ

¬¨¨¬ã¬ ¥ à¥ «¨§ã¥âáï.

Ǳãáâì T ¨ S | ¯à®¥ªæ¨¨ â®çª¨ K   áâ®à®ë ã£« , £¤¥ KT = 2 ¨ KS = 1. Ǳ®áâà®¨¬ ®ªàã�®áâì ω.

�¡®§ ç¨¬ ç¥à¥§ O â®çªã ¯¥à¥á¥ç¥¨ï ¡¨áá¥ªâà¨áë ã£«  á ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ K ¯ à ««¥«ì® AT

(á¬. ¯à ¢ë© à¨áã®ª). Ǳãáâì M ¨ N | ¯à®¥ªæ¨¨ â®çª¨ O   «ãç¨ AS ¨ AT , L | ¯à®¥ªæ¨ï K   OM .

�®£¤ 

OM = ON = KT = 2, LO = OM − LM = OM −KS = 1 ¨ OK = 2,

¯®áª®«ìªã ∠LKO = ∠MAN = 30

◦
. � ç¨â, O | æ¥âà ¨áª®¬®© ®ªàã�®áâ¨ ω. Ǳ® ¤®ª § ®¬ã ¢ëè¥

p = 2 · AN = 2 ·ON · tg 15◦ = 4 · 1 + os 30

◦

sin 30

◦
= 4

(

2 +

√
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)

. �

5. � ª«¥âª å â ¡«¨æë 80×80 à ááâ ¢«¥ë ¯®¯ à® à §«¨çë¥  âãà «ìë¥ ç¨á« . � �¤®¥ ¨§ ¨å «¨¡®

¯à®áâ®¥, «¨¡® ï¢«ï¥âáï ¯à®¨§¢¥¤¥¨¥¬ ¤¢ãå ¯à®áâëå ç¨á¥« (¢®§¬®�®, á®¢¯ ¤ îé¨å). �§¢¥áâ®,

çâ® ¤«ï «î¡®£® ç¨á«  a ¨§ â ¡«¨æë ¢ ®¤®© áâà®ª¥ ¨«¨ ¢ ®¤®¬ áâ®«¡æ¥ á ¨¬  ©¤¥âáï â ª®¥

ç¨á«® b, çâ® a ¨ b ¥ ï¢«ïîâáï ¢§ ¨¬® ¯à®áâë¬¨. � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ¯à®áâëå ç¨á¥«

¬®�¥â ¡ëâì ¢ â ¡«¨æ¥?

�â¢¥â: 4266.

�¥è¥¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® á®áâ ¢®¥ ç¨á«® a ®¡á«ã�¨¢ ¥â ¯à®áâ®¥ ç¨á«® p, ¥á«¨ ç¨á«  a ¨ p ¥

¢§ ¨¬® ¯à®áâë (â® ¥áâì a ¤¥«¨âáï   p). �«ï ª �¤®£® ¯à®áâ®£® ç¨á«  ¢ â ¡«¨æ¥ ¥áâì ®¡á«ã�¨¢ îé¥¥ ¥£®

á®áâ ¢®¥. Ǳ®áª®«ìªã ª �¤®¥ á®áâ ¢®¥ ç¨á«® ¨¬¥¥â ¥ ¡®«¥¥ ¤¢ãå à §«¨çëå ¯à®áâëå ¤¥«¨â¥«¥©, ®®
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®¡á«ã�¨¢ ¥â ¥ ¡®«¥¥ ¤¢ãå ¯à®áâëå ç¨á¥«. � ª¨¬ ®¡à §®¬, ¥á«¨ â ¡«¨æ  á®¤¥à�¨â n á®áâ ¢ëå ç¨á¥«, â®

¯à®áâëå | ¥ ¡®«¥¥ 2n. �«¥¤®¢ â¥«ì®, ®¡é¥¥ ª®«¨ç¥áâ¢® ç¨á¥« ¢ â ¡«¨æ¥ ¥ ¯à¥¢®áå®¤¨â 3n. �®£¤ 

3n > 80

2

=⇒ n > 80

2

3

= 2133

1

3

=⇒ n > 2134 =⇒ 80

2 − n 6 80

2 − 2134 = 4266.

� ç¨â, ª®«¨ç¥áâ¢® ¯à®áâëå ç¨á¥« ¢ â ¡«¨æ¥ ¥ ¯à¥¢®áå®¤¨â 4266.

Ǳ®ª �¥¬ â¥¯¥àì, ª ª ¬®�® à §¬¥áâ¨âì ¢ â ¡«¨æ¥ 4266 ¯à®áâëå ç¨á¥«. �®á¯®«ì§ã¥¬áï á«¥¤ãîé¨¬

 «£®à¨â¬®¬ § ¯®«¥¨ï áâà®ª ¨ áâ®«¡æ®¢.

1) Ǳ¥à¢ë¥ 52 ¯®§¨æ¨¨ § ¯®«ï¥¬ à §«¨çë¬¨ ¯à®áâë¬¨ ç¨á« ¬¨ p
1

, p
2

, . . . , p
52

. �â¨ ç¨á«  ¤®«�ë

¡ëâì ®¢ë¬¨, â® ¥áâì ¥ ¨á¯®«ì§®¢ ¢è¨¬¨áï à ¥¥ ¢ â ¡«¨æ¥.

2) � á«¥¤ãîé¨å 26 ª«¥âª å à §¬¥é ¥¬ ç¨á«  p
1

p
2

, p
3

p
4

, . . . , p
51

p
52

.

3) Ǳ®á«¥¤¨¥ ¤¢¥ ¯®§¨æ¨¨ ®áâ ¢«ï¥¬ ¥§ ¯®«¥ë¬¨.

Ǳà¨¬¥¨¬ íâ®â  «£®à¨â¬ ¯®á«¥¤®¢ â¥«ì® á ç «  ª áâà®ª ¬ 1, 2, . . . , 80,   § â¥¬ ª ¤¢ã¬ ¯®á«¥¤¨¬ áâ®«¡-

æ ¬. �¥¬ á ¬ë¬ ¬ë à ááâ ¢¨¬ 80 · 52+2 · 52 = 4264 ¯à®áâëå ç¨á« . �áâ «®áì § ¯®«¨âì ª«¥âª¨ ª¢ ¤à â 

2× 2 ¨§ ¯à ¢®£® ¨�¥£® ã£« . � ¥¬   ®¤®© ¤¨ £® «¨ ¬ë ¯®áâ ¢¨¬ ¯ àã ®¢ëå ¯à®áâëå ç¨á¥«,    

¤àã£®© | ¨å ª¢ ¤à âë. � ¨â®£¥ ¬ë à §¬¥áâ¨¬ 4266 à §«¨çëå ¯à®áâëå ç¨á¥«. �

6. �  áâ®«¥ áâ®ïâ   ®á®¢ ¨ïå âà¨ ª®ãá , ª á ïáì ¤àã£ ¤àã£ . �ëá®âë ã ª®ãá®¢ ®¤¨ ª®¢ë¥,  

à ¤¨ãáë ¨å ®á®¢ ¨© à ¢ë 1, 2 ¨ 3. �  áâ®« ¯®«®�¨«¨ è à, ª á îé¨©áï ¢á¥å ª®ãá®¢. �ª § «®áì,

çâ® æ¥âà è à  à ¢®ã¤ «¥ ®â ¢á¥å â®ç¥ª ª á ¨ï ª®ãá®¢. � ©¤¨â¥ à ¤¨ãá è à .

�â¢¥â: 1.
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�¥è¥¨¥: Ǳãáâì O
1

, O
2

, O
3

| æ¥âàë ®á®¢ ¨© ª®ãá®¢, O | æ¥âà è à , R | à ¤¨ãá è à , C |

â®çª  ª á ¨ï è à  á® áâ®«®¬, 2α ¨ 2β | ã£«ë ¯à¨ ¢¥àè¨¥ ¯¥à¢®£® ¨ ¢â®à®£® ª®ãá®¢, A ¨ B | â®çª¨

¯¥à¥á¥ç¥¨ï ®âà¥§ª®¢ CO
1

¨ CO
2

á ®á®¢ ¨ï¬¨ ª®ãá®¢. �  «¥¢®¬ à¨áãª¥ ¯®ª § ® á¥ç¥¨¥ ¯¥à¢®£®

ª®ãá  ¯«®áª®áâìî COO
1

. � á ¨¥ è à  á ¯¥à¢ë¬ ª®ãá®¬ ®§ ç ¥â, çâ® ¯¥à¯¥¤¨ªã«ïà OE, ®¯ãé¥ë©

¨§ â®çª¨ O   ®¡à §ãîéãî PA, à ¢¥ R. �¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥ è à ¨ ª®ãá ª á îâáï ¯«®áª®áâ¨,

¯à®å®¤ïé¥© ç¥à¥§ ®¡à §ãîéãî PA ¯¥à¯¥¤¨ªã«ïà® á¥ç¥¨î, ¨ «¥� â ¯® à §ë¥ áâ®à®ë ®â ¥¥. �®£¤ 

è à ª á ¥âáï ¯àï¬ëå AC ¨ AE ¢ â®çª å C ¨ E, ®âªã¤ 

OC = OE = R, AC = AE ¨ ∠AOC =

1

2

∠EOC =

π
4

− α
2

.

Ǳ®íâ®¬ã AC = R · tg
(

π
4

− α
2

)

¨,   «®£¨ç®, BC = R · tg
(

π
4

− β
2

)

. Ǳ®«®�¨¬

λ = tg

(

π
4

− α
2

)

, µ = tg

(

π
4

− β
2

)

.

� ª ª ª O
1

O
2

= 3, O
1

O
3

= 4, O
2

O
3

= 5, âà¥ã£®«ì¨ª O
1

O
2

O
3

ï¢«ï¥âáï ¯àï¬®ã£®«ìë¬. � á¨«ã ãá«®¢¨ï

â®çª  C à ¢®ã¤ «¥  ®â â®ç¥ª ª á ¨ï ®á®¢ ¨© ª®ãá®¢. �®£¤  C «¥�¨â   ¯¥à¥á¥ç¥¨¨ ¡¨áá¥ªâà¨á

âà¥ã£®«ì¨ª  O
1

O
2

O
3

¨, § ç¨â, ï¢«ï¥âáï æ¥âà®¬ ¥£® ¢¯¨á ®© ®ªàã�®áâ¨, à ¤¨ãá ª®â®à®© à ¢¥ 1.

�ëç¨á«ïï CO2

1

¨ CO2

2

¤¢ã¬ï á¯®á®¡ ¬¨, ¬ë ¯®«ãç¨¬

{

(1 + λR)2 = 2,

(2 + µR)2 = 5

⇐⇒
{

λ2R2

+ 2λR = 1,

µ2R2

+ 4µR = 1

⇐⇒
{

λ2R2

+ 2λR− 1 = 0,
(

λ2 − µ2
)

R2

= 2R (2µ− λ)
(∗)
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(¬ë ¢ëç«¨ ¢â®à®¥ ãà ¢¥¨¥ ¨§ ¯¥à¢®£®). � ¬¥â¨¬, çâ®

1

λ
− λ =

1 + tg

α
2

1− tg

α
2

− 1− tg

α
2

1 + tg

α
2

=

4 tg

α
2

1− tg

2

α
2

= 2 tgα ¨,   «®£¨ç®,

1

µ
− µ = 2 tgβ.

� á¨«ã à ¢¥áâ¢  ¢ëá®â ª®ãá®¢ á¯à ¢¥¤«¨¢® á®®â®è¥¨¥ tg β = 2 tgα. Ǳ®íâ®¬ã

1− µ2 =
2µ

λ

(

1− λ2
)

¨ λ2 − µ2 = λ2 − 1 + 1− µ2 =

(

1− λ2
)

(2µ− λ)

λ
.

�â®à®¥ ¨§ ãà ¢¥¨© (∗) ¤ ¥â

R =

2(2µ− λ)
(

λ2 − µ2
)
=

2λ
(

1− λ2
) ⇐⇒ R− λ2R = 2λ.

�§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (∗) ¢ëâ¥ª ¥â, çâ® λR =

√
2− 1. �áª«îç ï λ, ¬ë ¯®«ãç¨¬

R−
(√

2− 1

)

2

R
=

2

(√
2− 1

)

R
⇐⇒ R2

=

(
√
2− 1

)(
√
2 + 1

)

= 1⇐⇒ R = 1. �
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