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1. �  ­¨âª¥ ­ ¤¥âë 75 á¨­¨å, 75 ªà á­ëå ¨ 75 §¥«¥­ëå ¡ãá¨­®ª. � §®¢¥¬ ¯ïâ¥àªã ¯®¤àï¤ ¨¤ãé¨å ¡ãá¨­®ª

å®à®è¥©, ¥á«¨ áà¥¤¨ ­¨å à®¢­® 3 §¥«¥­ëå ¡ãá¨­ª¨ ¨ ¯® ®¤­®© ªà á­®© ¨ á¨­¥©. � ª®¥ ­ ¨¡®«ìè¥¥

ª®«¨ç¥áâ¢® å®à®è¨å ¯ïâ¥à®ª ¬®�¥â ¡ëâì ­  íâ®© ­¨âª¥?

�â¢¥â: 123.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ¯¥à¢ ï ¨ ¯®á«¥¤­ïï §¥«¥­ë¥ ¡ãá¨­ª¨ ¢å®¤ïâ ­¥ ¡®«¥¥ ç¥¬ ¢ âà¨ å®à®è¨¥

¯ïâ¥àª¨, ¢â®à ï ¨ ¯à¥¤¯®á«¥¤­ïï | ­¥ ¡®«¥¥ ç¥¬ ¢ ç¥âëà¥ ¯ïâ¥àª¨,   ®áâ «ì­ë¥ | ­¥ ¡®«¥¥ ç¥¬ ¢ ¯ïâì

¯ïâ¥à®ª. �á«¨ á«®�¨âì íâ¨ ­¥à ¢¥­áâ¢ , â® ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¨âáï 2 ·3+2 ·4+71 ·5 = 369,   ¢ «¥¢®© |

ãâà®¥­­®¥ ª®«¨ç¥áâ¢® å®à®è¨å ¯ïâ¥à®ª, ¯®áª®«ìªã ª �¤ ï ¡ã¤¥â ãçâ¥­  âà¨�¤ë. �­ ç¨â, ¢á¥£® ¬®�¥â

¡ëâì ­¥ ¡®«¥¥ 123 å®à®è¨å ¯ïâ¥à®ª.

Ǳà¨¢¥¤¥¬ ¯à¨¬¥à à á¯®«®�¥­¨ï ¡ãá¨­®ª, ¤ îé¥£® à®¢­® 123 å®à®è¨å ¯ïâ¥àª¨:

�����; �����; . . . ; ����� (25 à §); �� . . .

(¬­®£®â®ç¨¥ ¢ ª®­æ¥ ®§­ ç ¥â ¯à®¨§¢®«ì­ãî ª®¬¡¨­ æ¨î á¨­¨å ¨ ªà á­ëå ¡ãá¨­®ª). �®à®è¨¬¨ ¡ã¤ãâ

¯ïâ¥àª¨, ­ ç¨­ îé¨¥áï á ¯®§¨æ¨© 1, 2, . . . , 123, ¨ â®«ìª® ®­¨. �

2. � 200-§­ ç­®£® ­ âãà «ì­®£® ç¨á«  ®¤­ã ¨§ æ¨äà § ¬¥­¨«¨ ­ã«¥¬ (¥á«¨ ®­  áâ àè ï | ¯à®áâ® áâ¥à-

«¨). � à¥§ã«ìâ â¥ ç¨á«® ã¬¥­ìè¨«®áì ¢ 5 à §. � ©¤¨â¥ ¢á¥ ç¨á« , ¤«ï ª®â®àëå íâ® ¢®§¬®�­®.

�â¢¥â: 125a · 1097 ¯à¨ a = 1, 2, 3.

�¥è¥­¨¥. Ǳà¥¤áâ ¢¨¬ ¨áå®¤­®¥ ç¨á«® ¢ ¢¨¤¥ m+10

ka+10

k+1n, £¤¥ a | ¤¥áïâ¨ç­ ï æ¨äà , k, m, n |

­¥®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« , ¯à¨ç¥¬ m < 10

k
. � ¬¥­¨¢ æ¨äàã a ­ã«¥¬, ¬ë ¯®«ãç¨¬ ç¨á«® m+10

k+1n.

Ǳ® ãá«®¢¨î

m+ 10

ka+ 10

k+1n = 5

(

m+ 10

k+1n
)

⇐⇒ 4m = 10

k
(a− 40n).

� ¬¥â¨¬, çâ® n = 0, ¨­ ç¥ m < 0. Ǳ®íâ®¬ã a ¡ã¤¥â áâ àè¥© æ¨äà®© ¨áå®¤­®£® ç¨á« , ®âªã¤  k = 199.

�®£¤ 

4m = 10

ka = 10

199a ⇐⇒ m = 25a · 10197,
¨ ¨áå®¤­®¥ ç¨á«® à ¢­® 125a · 10197. � ª ª ª m < 10

199

, æ¨äà  a ¯à¨­¨¬ ¥â §­ ç¥­¨ï 1, 2, 3. �

3. � ­ë ç¨á«  x
1

, . . . , xn ∈
(

0, π
2

)

. � ©¤¨â¥ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¢ëà �¥­¨ï

A =


os

2 x
1

+ . . .+ 
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√


tg

4 x
1

+ . . .+ 
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4 xn

.

�â¢¥â:

√
n

4

.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ¯à¨ «î¡ëå a
1

, . . . , an

( n
∑

k=1

ak

)

2

6 n

n
∑

k=1

a2k.

�âáî¤  ¢ á¨«ã ­¥à ¢¥­áâ¢  ¤«ï áà¥¤­¥£® £ à¬®­¨ç¥áª®£® ¨ áà¥¤­¥£®  à¨ä¬¥â¨ç¥áª®£®
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�®£¤  ¯® ­¥à ¢¥­áâ¢ã �®è¨
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� ¢¥­áâ¢® à¥ «¨§ã¥âáï ¯à¨ x
1

= . . . = xn =

π
4

. �

4. �  ®á­®¢ ­¨¥ BC à ¢­®¡¥¤à¥­­®£® âà¥ã£®«ì­¨ª  ABC ®¯ãé¥­  ¢ëá®â  AH. �  áâ®à®­¥ AB ®â¬¥ç¥­ 

â ª ï â®çª  P , çâ® CP = BC. �âà¥§®ª CP ¯¥à¥á¥ª ¥â ¢ëá®âã AH ¢ â®çª¥ Q. �ª § «®áì, çâ® ¯«®-

é ¤ì âà¥ã£®«ì­¨ª  BHQ ¢ 4 à §  ¬¥­ìè¥ ¯«®é ¤¨ âà¥ã£®«ì­¨ª  APQ. � ©¤¨â¥ ã£«ë âà¥ã£®«ì­¨ª 

ABC.

�â¢¥â: 30

◦, 75◦, 75◦.

A

B

C

H

P

Q

N

α

�¥è¥­¨¥ 1. Ǳ®áª®«ìªã âà¥ã£®«ì­¨ª ABC à ¢­®¡¥¤à¥­­ë©, ¥£® ¢ëá®â  AH ï¢«ï¥âáï â ª�¥ ¡¨áá¥ªâà¨-

á®© ¨ ¬¥¤¨ ­®©, ®âªã¤  BH = CH ¨ ∠CAH = ∠BAH . Ǳãáâì N | á¥à¥¤¨­  ®âà¥§ª  BP . �®£¤  NH |

áà¥¤­ïï «¨­¨ï âà¥ã£®«ì­¨ª  PBC ¨, §­ ç¨â, NH ‖ PC. �à¥ã£®«ì­¨ª BCP à ¢­®¡¥¤à¥­­ë©, ¯®íâ®¬ã

®âà¥§®ª CN ¡ã¤¥â ¥£® ¢ëá®â®©. � á¨«ã ãá«®¢¨ï

4 =

SAPQ

SBHQ

=

SAPQ

SCHQ

=

AQ · PQ

QH ·QC
=⇒ PQ

QC
= 4 · QH

AQ
= 4 · PN

AP
.

� ª ª ª AQ | ¡¨áá¥ªâà¨á  âà¥ã£®«ì­¨ª  APC, ¬ë ¯®«ãç¨¬

AP

AB
=

AP

AC
=

PQ

QC
= 4 · PN

AP
.

Ǳ®«®�¨¬ x = AN
AB

. �®£¤ 

PN

AB
=

BN

AB
= 1− x,

AP

AB
= 1− 2 · PN

AB
= 2x− 1,

¨ ¨§ ¯à¥¤ë¤ãé¥£® à ¢¥­áâ¢ 

(2x− 1)

2

=

(

AP

AB

)

2

= 4 · PN

AP
· AP
AB

= 4 · PN

AB
= 4− 4x ⇐⇒ x =

√
3

2

.

� ª ª ª x = AN
AC

= 
os∠BAC, ã£®« BAC à ¢¥­ 30

◦
,   ã£«ë ABC ¨ ACB à ¢­ë 75

◦
. �

�¥è¥­¨¥ 2. � ¬¥â¨¬, çâ® ¯® ¤¢ã¬ ª â¥â ¬ à ¢­ë ¯àï¬®ã£®«ì­ë¥ âà¥ã£®«ì­¨ª¨ AHB ¨ AHC,   â ª�¥

QHB ¨ QHC. �®£¤  ∠BAH = ∠CAH ; ®¡®§­ ç¨¬ ®¡é¥¥ §­ ç¥­¨¥ íâ¨å ã£«®¢ ç¥à¥§ α. �à¥ã£®«ì­¨ª¨ BCP

¨ BAC | à ¢­®¡¥¤à¥­­ë¥, ¯®íâ®¬ã

∠CPB = ∠PBC = ∠ACB = 90

◦ − α ¨ ∠APC = 90

◦
+ α.

�à¥ã£®«ì­¨ª¨ AQB ¨ AQC à ¢­ë ¯® ¤¢ã¬ áâ®à®­ ¬ ¨ ã£«ã, ®âªã¤ 

∠PBQ = ∠ACQ = 180

◦ − ∠APC − ∠PAC = 90

◦ − 3α ¨ ∠QBH = ∠QCH = ∠ACB − ∠ACQ = 2α.
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Ǳ® ä®à¬ã«¥ ¤«ï ¯«®é ¤¨ âà¥ã£®«ì­¨ª 

1

2

AQ · PQ · sin∠AQP = SAPQ = 4SBHQ = 4SCHQ = 2CQ ·HQ · sin∠CQH = 2CQ ·HQ · sin∠AQP.

� ª¨¬ ®¡à §®¬,

4 · CQ

AQ
=

PQ

HQ
=

PQ

BQ sin∠QBH
=

PQ

BQ sin 2α
.

Ǳ® â¥®à¥¬¥ á¨­ãá®¢ ¤«ï âà¥ã£®«ì­¨ª®¢ CQA ¨ PBQ

CQ

AQ
=

sinα

sin(90

◦ − 3α)
=

sinα


os 3α
¨

PQ

BQ
=

sin(90

◦ − 3α)

sin(90

◦ − α)
=


os 3α


osα
.

Ǳ®¤áâ ¢«ïï íâ¨ á®®â­®è¥­¨ï ¢ ¯à¥¤ë¤ãé¥¥ à ¢¥­áâ¢®, ¬ë ¯®«ãç¨¬

4 · sinα


os 3α
= 4 · CQ

AQ
=

PQ

BQ sin 2α
=


os 3α

sin 2α · 
osα .

�«¥¤®¢ â¥«ì­®,


os

2

3α = 4 sinα 
osα sin 2α = 2 sin

2

2α,

®âªã¤ 


os 3α =

√
2 sin 2α ⇐⇒ 1− 4 sin

2 α = 2

√
2 sinα ⇐⇒ sinα =

√
3− 1

2

√
2

⇐⇒ α = 15

◦. �

5. �§ n2 « ¬¯®ç¥ª á®¡à «¨ â ¡«® n × n. � �¤ ï « ¬¯®çª  ¨¬¥¥â ¤¢  á®áâ®ï­¨ï | ¢ª«îç¥­­®¥ ¨ ¢ë-

ª«îç¥­­®¥. Ǳà¨ ­ � â¨¨ ­  ¯à®¨§¢®«ì­ãî « ¬¯®çªã ¥¥ á®áâ®ï­¨¥ á®åà ­ï¥âáï,   ¢á¥ « ¬¯®çª¨, ­ -

å®¤ïé¨¥áï á ­¥© ¢ ®¤­®© áâà®ª¥ ¨«¨ ¢ ®¤­®¬ áâ®«¡æ¥, ¬¥­ïîâ á¢®¥ á®áâ®ï­¨¥ ­  ¯à®â¨¢®¯®«®�­®¥.

�§­ ç «ì­® ¢á¥ « ¬¯®çª¨ ­  â ¡«® ¢ëª«îç¥­ë. � áï ¯®á«¥¤®¢ â¥«ì­® ­ � « ­  ­¥áª®«ìª® « ¬¯®ç¥ª,

¨§ ª®â®àëå ­¨ª ª¨¥ ¤¢¥ ­¥ «¥� â ¢ ®¤­®© áâà®ª¥ ¨«¨ ¢ ®¤­®¬ áâ®«¡æ¥. � ª®¥ ­ ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢®

« ¬¯®ç¥ª ¬®£ § �¥çì � áï?

�â¢¥â:

n2

2

¯à¨ ç¥â­®¬ n ¨

n2−1

2

¯à¨ ­¥ç¥â­®¬ n.

�¥è¥­¨¥. � §®¢¥¬ à¥¢¥àá¨à®¢ ­¨¥¬ ­ ¡®à  « ¬¯®ç¥ª á¬¥­ã á®áâ®ï­¨ï ¢á¥å « ¬¯®ç¥ª íâ®£® ­ ¡®à  ­ 

¯à®â¨¢®¯®«®�­®¥. �â¬¥â¨¬ ¤¢  ¯à®áâëå ä ªâ .

1) � � â¨¥ ­  « ¬¯®çªã íª¢¨¢ «¥­â­® à¥¢¥àá¨à®¢ ­¨î áâà®ª¨ ¨ áâ®«¡æ , ¢ ª®â®àëå íâ  « ¬¯®çª 

áâ®¨â. �¥©áâ¢¨â¥«ì­®, ¯à¨ â ª¨å à¥¢¥àá¨à®¢ ­¨ïå ­ �¨¬ ¥¬ ï « ¬¯®çª  ¬¥­ï¥â á¢®¥ á®áâ®ï­¨¥ ¤¢ -

�¤ë, â® ¥áâì ­¥ ¬¥­ï¥â ¥£®,   ®áâ «ì­ë¥ « ¬¯®çª¨ ¢ â®© �¥ áâà®ª¥ ¨«¨ â®¬ �¥ áâ®«¡æ¥ ¬¥­ïîâ á¢®¥

á®áâ®ï­¨¥ ®¤¨­ à §.

2)Ǳà¨ ¯®á«¥¤®¢ â¥«ì­®¬ ­ � â¨¨ ­¥áª®«ìª¨å « ¬¯®ç¥ª á®®â¢¥âáâ¢ãîé¨¥ ¨¬ à¥¢¥àá¨à®¢ ­¨ï ¬®�-

­® ¯à®¨§¢®¤¨âì ¢ «î¡®¬ ¯®àï¤ª¥. �¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®© « ¬¯®çª¨ ç¨á«® á¬¥­ ¥¥ á®áâ®ï­¨© à ¢­®

áã¬¬ à­®¬ã ª®«¨ç¥áâ¢ã à¥¢¥àá¨à®¢ ­¨© áâà®ª ¨ áâ®«¡æ®¢, ª®â®àë¬ ®­  ¯à¨­ ¤«¥�¨â.

Ǳãáâì ¡ë«® á¤¥« ­® k ­ � â¨© ­  « ¬¯®çª¨. �®£¤  ¬ë à¥¢¥àá¨à®¢ «¨ k à §«¨ç­ëå áâà®ª ¨ k à §«¨ç-

­ëå áâ®«¡æ®¢. Ǳà¨ íâ®¬ ¨§¬¥­ïâ á¢®¥ á®áâ®ï­¨¥ ¯® áà ¢­¥­¨î á ¨áå®¤­ë¬ (â® ¥áâì ¢ª«îç âáï) ¢ â®ç­®áâ¨

â¥ « ¬¯®çª¨, ª®â®àë¥ áâ®ïâ ¢ à¥¢¥àá¨à®¢ ­­®© áâà®ª¥ ¨ ­¥à¥¢¥àá¨à®¢ ­­®¬ áâ®«¡æ¥ ¨«¨ ­ ®¡®à®â. �¥å ¨

¤àã£¨å « ¬¯®ç¥ª ¨¬¥¥âáï k(n− k), ¯®íâ®¬ã ¢ à¥§ã«ìâ â¥ ¡ã¤¥â £®à¥âì 2k(n− k) « ¬¯®ç¥ª. Ǳ®ª �¥¬, çâ®

2k(n− k) 6
n2

2

¯à¨ ç¥â­®¬ n ¨ 2k(n− k) 6
n2 − 1

2

¯à¨ ­¥ç¥â­®¬ n. (∗)

� áá¬®âà¨¬ ¢ëà �¥­¨¥ 2k(n − k) ª ª ª¢ ¤à â­ë© âà¥åç«¥­ ®â­®á¨â¥«ì­® k. �£® £à ä¨ª ¯à¥¤áâ ¢«ï¥â

á®¡®© ¯ à ¡®«ã á ¢¥àè¨­®© k =

n
2

. � ª ª ª ª®íää¨æ¨¥­â ¯à¨ k2 ®âà¨æ â¥«¥­, ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥

âà¥åç«¥­  ¤®áâ¨£ ¥âáï ¢ ¢¥àè¨­¥ ¨ à ¢­®

n2

2

. �®£¤  2k(n− k) 6 n2

2

, ¨ ¯¥à¢®¥ ¨§ ­¥à ¢¥­áâ¢ (∗) ¤®ª § ­®.
�«ï ®¡®á­®¢ ­¨ï ¢â®à®£® ­ã�­® ¥é¥ § ¬¥â¨âì, çâ® ç¨á«® 2k(n− k) æ¥«®¥, ¯®íâ®¬ã

2k(n− k) 6

[

n2

2

]

=

n2 − 1

2

.
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�áâ «®áì ¯®ª § âì, çâ® ¢ ­¥à ¢¥­áâ¢ å (∗) ¬®£ãâ ¤®áâ¨£ âìáï à ¢¥­áâ¢ . � �¬¥¬ ¢ ¨áå®¤­®¬ á®áâ®ï­¨¨

k =

[

n
2

]

à §«¨ç­ëå « ¬¯®ç¥ª ­  £« ¢­®© ¤¨ £®­ «¨ â ¡«®. Ǳà¨ ç¥â­®¬ n ¬ë ¯®«ãç¨¬

n2

2

§ ��¥­­ëå

« ¬¯®ç¥ª,   ¯à¨ ­¥ç¥â­®¬ n ¨å ç¨á«® á®áâ ¢¨â

2 · n− 1

2

·
(

n− n− 1

2

)

=

n2 − 1

2

. �

6. �  áâ®«¥ áâ®ïâ ­  ®á­®¢ ­¨ïå âà¨ ª®­ãá , ª á ïáì ¤àã£ ¤àã£ . � ¤¨ãáë ¨å ®á­®¢ ­¨© à ¢­ë 2r, 3r

¨ 10r. �  áâ®« ¯®áâ ¢¨«¨ ¬¥­ìè¨¬ ®á­®¢ ­¨¥¬ ¢­¨§ ãá¥ç¥­­ë© ª®­ãá, ª®â®àë© ¨¬¥¥â á ª �¤ë¬

¨§ ®áâ «ì­ëå ª®­ãá®¢ ®¡éãî ®¡à §ãîéãî. � ©¤¨â¥ r, ¥á«¨ à ¤¨ãá ¬¥­ìè¥£® ®á­®¢ ­¨ï ãá¥ç¥­­®£®

ª®­ãá  à ¢¥­ 15.

�â¢¥â: 29.

O1 B C
R2r

O1

O2

O3
B

C

x 12r

y

5r

�¥è¥­¨¥. Ǳãáâì C | æ¥­âà ¬¥­ìè¥£® ®á­®¢ ­¨ï ãá¥ç¥­­®£® ª®­ãá , O
1

, O
2

, O
3

| æ¥­âàë ®á­®¢ ­¨©

¤àã£¨å ª®­ãá®¢, R = 15. �¡®§­ ç¨¬ ç¥à¥§ K
0

ª®­ãá, ¤®¯®«­ïîé¨© ãá¥ç¥­­ë© ª®­ãá ¤® ®¡ëç­®£®,   ç¥à¥§

K
1

| ª®­ãá á æ¥­âà®¬ ®á­®¢ ­¨ï O
1

. �  «¥¢®¬ à¨áã­ª¥ ¯®ª § ­® á¥ç¥­¨¥ K
0

¨ K
1

¯«®áª®áâìî �, ¯à®å®¤ï-

é¥© ç¥à¥§ â®çª¨ O
1

¨ C ¯¥à¯¥­¤¨ªã«ïà­® áâ®«ã. Ǳ® ãá«®¢¨î K
0

¨ K
1

¨¬¥îâ ®¡éãî ®¡à §ãîéãî, ª®â®à ï

«¥�¨â ¢ �, ¯®áª®«ìªã ¯à®å®¤¨â ç¥à¥§ ¢¥àè¨­ë ª®­ãá®¢. Ǳãáâì B | â®çª  ¯¥à¥á¥ç¥­¨ï íâ®© ®¡à §ãîé¥©

á® áâ®«®¬. �®£¤  B «¥�¨â ­  £à ­¨æ¥ ®á­®¢ ­¨© K
0

¨ K
1

,   â ª�¥ ­  ®âà¥§ª¥ CO
1

, á®¥¤¨­ïîé¥¬ æ¥­âàë

®á­®¢ ­¨©. �âáî¤  ¢ëâ¥ª ¥â, çâ® ®á­®¢ ­¨ï K
0

¨ K
1

ª á îâáï ¤àã£ ¤àã£  ¢ â®çª¥ B, â® ¥áâì BC = R.

�­ «®£¨ç­® ¯à®¢¥àï¥âáï, çâ® à ááâ®ï­¨¥ ®â C ¤® ®á­®¢ ­¨© ¤¢ãå ¤àã£¨å ª®­ãá®¢ à ¢­® R. � ¬¥â¨¬, çâ®

O
1

O
2

= 5r, O
1

O
3

= 12r, O
2

O
3

= 13r,

â® ¥áâì âà¥ã£®«ì­¨ª O
1

O
2

O
3

| ¯àï¬®ã£®«ì­ë©. � ¯à ¢¨¬ ª®®à¤¨­ â­ë¥ ®á¨ ¢¤®«ì «ãç¥© O
1

O
3

¨ O
1

O
2

(á¬. ¯à ¢ë© à¨áã­®ª). Ǳãáâì â®çª  C ¨¬¥¥â ª®®à¤¨­ âë (x, y). � ª ª ª

CO
1

= BO
1

+BC = 2r +R, CO
2

= 3r +R, CO
3

= 10r +R,

á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

(2r +R)2 − x2 = y2 = (10r +R)2 − (12r − x)2 ⇐⇒ 4r2 + 4rR = 20rR+ 24rx− 44r2 ⇐⇒ 3x = 6r − 2R,

  â ª�¥

(2r +R)2 − y2 = x2 = (3r + R)2 − (5r − y)2 ⇐⇒ 4r2 + 4rR = 6rR + 10ry − 16r2 ⇐⇒ 5y = 10r −R.

Ǳ®áª®«ìªã x2 + y2 = CO2

1

= (2r +R)2, ¬ë ¯®«ãç¨¬

225 (2r +R)2 = (30r − 10R)2 + (30r − 3R)2 ⇐⇒ 225r2 − 420Rr− 29R2

= 0.

�â® ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® r ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¯®«®�¨â¥«ì­®¥ à¥è¥­¨¥ r = 29

15

R = 29. �
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