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1. �  ¨âª¥  ¤¥âë 150 ¡ãá¨®ª ªà á®£®, á¨¥£® ¨ §¥«¥®£® æ¢¥â . �§¢¥áâ®, çâ® áà¥¤¨ «î¡ëå è¥áâ¨

¡ãá¨®ª, ¨¤ãé¨å ¯®¤àï¤, ¥áâì å®âï ¡ë ®¤  §¥«¥ ï,   áà¥¤¨ «î¡ëå ®¤¨ ¤æ â¨, ¨¤ãé¨å ¯®¤àï¤, |

å®âï ¡ë ®¤  á¨ïï. � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ªà áëå ¡ãá¨®ª ¬®�¥â ¡ëâì   ¨âª¥?

�â¢¥â: 112.

�¥è¥¨¥. �ë ¬®�¥¬ ¢ë¡à âì

[

150

11

]

= 13 ¯®á«¥¤®¢ â¥«ìëå ¡«®ª®¢ ¯® 11 ¡ãá¨®ª. � ª ª ª ª �¤ë©

¡«®ª á®¤¥à�¨â å®âï ¡ë ®¤ã á¨îî ¡ãá¨ªã, ¢á¥£®   ¨âª¥ ¥ ¬¥¥¥ 13 á¨¨å ¡ãá¨®ª. �à®¬¥ â®£®,

¬ë ¬®�¥¬ á£àã¯¯¨à®¢ âì ¢á¥ ¡ãá¨ª¨ ¢ 25 ¯®á«¥¤®¢ â¥«ìëå ¡«®ª®¢ ¯® 6 ¡ãá¨®ª. � �¤ë© ¨§ ¡«®ª®¢

á®¤¥à�¨â å®âï ¡ë ®¤ã §¥«¥ãî ¡ãá¨ªã, ¯®íâ®¬ã ¢á¥£® ¨å   ¨âª¥ ¥ ¬¥¥¥ 25. � ç¨â, ç¨á«® ªà áëå

¡ãá¨®ª ¥ ¡®«ìè¥ 150− 25− 13 = 112.

Ǳà¨¢¥¤¥¬ ¯à¨¬¥à, ª®£¤  ¨âª  á®¤¥à�¨â à®¢® 112 ªà áëå ¡ãá¨®ª. � §¬¥áâ¨¬ §¥«¥ë¥ ¡ãá¨ª¨  

¯®§¨æ¨ïå, ªà âëå 6,   á¨¨¥ |   ¬¥áâ å á ®¬¥à ¬¨

11, 22, 33, 44, 55; 65, 76, 87, 98, 109; 119, 130, 141.

�áâ «ìë¥ ¯®§¨æ¨¨ § ¯®«¨¬ ªà áë¬¨ ¡ãá¨ª ¬¨. �

2. �  âãà «ì®£® ç¨á« , ®ª ç¨¢ îé¥£®áï ¥   ®«ì, ®¤ã ¨§ æ¨äà § ¬¥¨«¨ ã«¥¬ (¥á«¨ ®  áâ à-

è ï | ¯à®áâ® áâ¥à«¨). � à¥§ã«ìâ â¥ ç¨á«® ã¬¥ìè¨«®áì ¢ 9 à §. �ª®«ìª® áãé¥áâ¢ã¥â ç¨á¥«, ¤«ï

ª®â®àëå íâ® ¢®§¬®�®?

�â¢¥â: 7.

�¥è¥¨¥. Ǳà¥¤áâ ¢¨¬ ¨áå®¤®¥ ç¨á«® ¢ ¢¨¤¥ m+10

ka+10

k+1n, £¤¥ a | ¤¥áïâ¨ç ï æ¨äà , k, m, n |

¥®âà¨æ â¥«ìë¥ æ¥«ë¥ ç¨á« , ¯à¨ç¥¬ m < 10

k
. � ¬¥¨¢ æ¨äàã a ã«¥¬, ¬ë ¯®«ãç¨¬ ç¨á«® m+10

k+1n.

Ǳ® ãá«®¢¨î

m+ 10

ka+ 10

k+1n = 9

(

m+ 10

k+1n
)

⇐⇒ 8m = 10

k
(a− 80n).

� ¬¥â¨¬, çâ® n = 0 (¨ ç¥ m ¡ã¤¥â ®âà¨æ â¥«ìë¬), ®âªã¤  8m = 10

ka. � ª¨¬ ®¡à §®¬, ã«¥¬ § ¬¥ï¥âáï

áâ àè ï æ¨äà  ¨áå®¤®£® ç¨á« . �à®¬¥ â®£®, k > 0, ¨ ç¥ m = a = 0. �®£¤  ç¨á«® 8m ªà â® 10 ¨ ¯®â®¬ã

®ª ç¨¢ ¥âáï   0. � á¨«ã ãá«®¢¨ï ç¨á«® m ®ª ç¨¢ ¥âáï ¥   0. � ç¨â, ¯®á«¥¤ïï æ¨äà  m à ¢  5 ¨

ç¨á«® m ¥ç¥â®. Ǳ®íâ®¬ã 8m ¥ ¤¥«¨âáï   16, ®âªã¤  k 6 3. � áá¬®âà¨¬ âà¨ á«ãç ï.

1) Ǳãáâì k = 3. �®£¤  m = 125a. � ª ª ª ç¨á«® m ¥ç¥â® ¨ ¬¥ìè¥ 1000, æ¨äà  a ¬®�¥â ¯à¨¨¬ âì

§ ç¥¨ï 1, 3, 5, 7, çâ® ¤ ¥â  ¬ 4 ¢ à¨ â .

2) Ǳãáâì k = 2. �®£¤  m =

25a
2

. � ª ª ª ç¨á«® m ¥ç¥â® ¨ ¬¥ìè¥ 100, æ¨äà  a à ¢  2 ¨«¨ 6. �â¨

§ ç¥¨ï ¤ îâ  ¬ ¥é¥ 2 ¢ à¨ â .

3) Ǳãáâì k = 1. �®£¤  m =

5a
4

. � ª ª ª ç¨á«® m ¥ç¥â® ¨ ¬¥ìè¥ 10, ¬ë ¯®«ãç ¥¬ a = 4.

� ¬¥â¨¬, çâ® ¢ 1) ¯®«ãç âáï ç¥âëà¥å§ çë¥ ç¨á« , ¢ 2) | âà¥å§ çë¥, ¢ 3) | ¤¢ã§ çë¥. Ǳ®íâ®¬ã

ª �¤®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î § ¤ ç¨, ¢å®¤¨â à®¢® ¢ ®¤¨ ¨§  ¡®à®¢ 1) { 3). � ç¨â, ®¡é¥¥

ª®«¨ç¥áâ¢® ¢ à¨ â®¢ à ¢® 4 + 2 + 1 = 7. �

3. �¨á«  x
1

, . . . , xn, y1, . . . , yn ã¤®¢«¥â¢®àïîâ ãá«®¢¨î x2
1

+ . . .+ x2n + y2
1

+ . . .+ y2n 6 1. � ©¤¨â¥ ¬ ªá¨-

¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï

A =

(

3(x
1

+ . . .+ xn)− 5(y
1

+ . . .+ yn)
)

·
(

5(x
1

+ . . .+ xn) + 3(y
1

+ . . .+ yn)
)

.

�â¢¥â: 17n.

�¥è¥¨¥. �«ï k = 1, . . . , n ¯®«®�¨¬ tk = 4xk − yk, sk = xk + 4yk. �®£¤ 

A =

( n
∑

k=1

(4xk − yk)−
n
∑

k=1

(xk + 4yk)

)

·
( n
∑

k=1

(4xk − yk) +

n
∑

k=1

(xk + 4yk)

)

=

( n
∑

k=1

tk

)

2

−
( n
∑

k=1

sk

)

2

.
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� ¬¥â¨¬, çâ®

n
∑

k=1

t2k 6

n
∑

k=1

(

t2k + s2k
)

= 17 ·
n
∑

k=1

(

x2k + y2k
)

6 17,

®âªã¤ 

A 6

( n
∑

k=1

tk

)

2

6 n

n
∑

k=1

t2k 6 17n.

� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x
1

= . . . = xn =

4√
17n

¨ y
1

= . . . = yn = − 1√
17n

. �

4. � ¯àï¬®ã£®«ì®¬ âà¥ã£®«ì¨ª¥ ABC   £¨¯®â¥ã§ã AC ®¯ãé¥  ¢ëá®â  BH. �®çª¨X ¨ Y | æ¥âàë

®ªàã�®áâ¥©, ¢¯¨á ëå ¢ âà¥ã£®«ì¨ª¨ ABH ¨ CBH á®®â¢¥âáâ¢¥®. Ǳàï¬ ï XY ¯¥à¥á¥ª ¥â

ª â¥âë AB ¨ BC ¢ â®çª å P ¨ Q. � ©¤¨â¥ ¯«®é ¤ì âà¥ã£®«ì¨ª  BPQ, ¥á«¨ ¨§¢¥áâ®, çâ®

BH = h.

�â¢¥â:

h2

2

.

A

B

CH

YX

P

Q

�¥è¥¨¥ 1. Ǳàï¬ë¥ HX ¨ HY | ¡¨áá¥ªâà¨áë ¯àï¬ëå ã£«®¢ AHB ¨ BHC, ®âªã¤ 

∠AHX = ∠BHX = ∠BHY = ∠CHY = 45

◦
¨ ∠XHY = 90

◦.

�âà¥§ª¨ HX ¨ HY ®â®áïâáï ª ª à ¤¨ãáë ®ªàã�®áâ¥©, ¢¯¨á ëå ¢ ¯®¤®¡ë¥ âà¥ã£®«ì¨ª¨ AHB ¨

BHC, ¯®íâ®¬ã HX
HY

=

AB
BC

. � ç¨â, âà¥ã£®«ì¨ª¨ XHY ¨ ABC ¯®¤®¡ë. �®£¤ 

∠BAC = ∠HXY = 180

◦ − ∠PXH,

¨ ç¥âëà¥åã£®«ì¨ª AHXP ¡ã¤¥â ¢¯¨á ë¬. �«¥¤®¢ â¥«ì®, ∠QPB = ∠AHX = 45

◦
, â® ¥áâì âà¥ã£®«ì-

¨ª BPQ à ¢®¡¥¤à¥ë©. � ¬¥â¨¬, çâ® âà¥ã£®«ì¨ª¨ PBX ¨ HBX à ¢ë. �¥©áâ¢¨â¥«ì®, áâ®à® 

BX ã ¨å ®¡é ï, ∠BPX = ∠BHX = 45

◦
,   ã£«ë PBX ¨ HBX à ¢ë, ¯®áª®«ìªã BX | ¡¨áá¥ªâà¨á 

ã£«  PBH . �®£¤  BP = BH = h ¨ SBPQ =

BP 2

2

=

h2

2

. �
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�¥è¥¨¥ 2. �¡®§ ç¨¬ ç¥à¥§ I æ¥âà ¢¯¨á ®© ®ªàã�®áâ¨ âà¥ã£®«ì¨ª  ABC. Ǳ®ª �¥¬, çâ® I |

®àâ®æ¥âà âà¥ã£®«ì¨ª  BXY . Ǳãáâì BD | ¡¨áá¥ªâà¨á  âà¥ã£®«ì¨ª  CBH , E | â®çª  ¯¥à¥á¥ç¥¨ï

¯àï¬ëå AX ¨ BY (á¬. à¨áã®ª). �®£¤ 

∠DAE =

1

2

∠BAC =

1

2

(

90

◦ − ∠ABH
)

=

1

2

∠CBH = ∠DBH.

� ª¨¬ ®¡à §®¬, ¢ âà¥ã£®«ì¨ª å DAE ¨ DBH ¨¬¥îâáï ¤¢¥ ¯ àë ®¤¨ ª®¢ëå ã£«®¢. Ǳ®íâ®¬ã à ¢ë ¨ ¨å

âà¥âì¨ ã£«ë, â® ¥áâì ∠AED = ∠BHD = 90

◦
. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® Y I ⊥ BX . � ç¨â, BI ⊥ PQ,

¯®íâ®¬ã «ãç BI ¡ã¤¥â ®¤®¢à¥¬¥® ¡¨áá¥ªâà¨á®© ¨ ¢ëá®â®© âà¥ã£®«ì¨ª  BPQ. �«¥¤®¢ â¥«ì®, △BPQ

à ¢®¡¥¤à¥ë©, ®âªã¤  ∠BQP = 45

◦
.

� ¬¥â¨¬ ¤ «¥¥, çâ® âà¥ã£®«ì¨ª¨ BHY ¨ BQY à ¢ë, ¯®áª®«ìªã ã ¨å ¥áâì ®¡é ï áâ®à®  BY ¨ ¤¢¥

¯ àë ®¤¨ ª®¢ëå ã£«®¢:

∠HBY = ∠QBY ¨ ∠BHY =

1

2

∠BHC = 45

◦
= ∠BQY.

Ǳ®íâ®¬ã BP = BQ = BH = h ¨ SBPQ =

BQ2

2

=

h2

2

. �

5. Ǳàï¬®ã£®«ì¨ª 3×5 à §¡¨â   15 ª¢ ¤à â®¢ 1×1. � §®¢¥¬ ¯ãâ¥¬ ¯¥à¥¬¥é¥¨¥ ¯® áâ®à® ¬ ¥¤¨¨ç-

ëå ª¢ ¤à â®¢, ¯à¨ ª®â®à®¬ ¨ ®¤  ¨§ áâ®à® ¥ ¯à®å®¤¨âáï ¤¢ �¤ë. � ªãî  ¨¡®«ìèãî ¤«¨ã

¬®�¥â ¨¬¥âì ¯ãâì, á®¥¤¨ïîé¨© ¤¢¥ ¯à®â¨¢®¯®«®�ë¥ ¢¥àè¨ë ¯àï¬®ã£®«ì¨ª ?

�â¢¥â: 30.

�¥è¥¨¥. �¡®§ ç¨¬ ¯àï¬®ã£®«ì¨ª ç¥à¥§ ABCD, ¨ ¯ãáâì ¯ãâì á®¥¤¨ï¥â ¥£® ¢¥àè¨ë A ¨ C. � §®-

¢¥¬ áâ®à®ë ª¢ ¤à â®¢ 1× 1 à¥¡à ¬¨, ¢¥àè¨ë íâ¨å ª¢ ¤à â®¢ | ã§« ¬¨,   ç¨á«® à¥¡¥à, ¯à¨¬ëª îé¨å

ª ã§«ã | ªà â®áâìî ã§« . � ¬¥â¨¬, çâ® ª¢ ¤à âë 1 × 1 ¯®à®�¤ îâ 38 à §«¨çëå à¥¡¥à. �á«¨ ¯ãâì

¯à®å®¤¨â ç¥à¥§ ã§¥« ªà â®áâ¨ 3, â® ¯® ®¤®¬ã à¥¡àã ® ¯à¨å®¤¨â ¢ ã§¥«, ¯® ¤àã£®¬ã | ¢ëå®¤¨â ¨§

ã§« ,   âà¥âì¥ à¥¡à®, ¯à¨¬ëª îé¥¥ ª ã§«ã, ¥ ¬®�¥â ¯à¨ ¤«¥� âì ¯ãâ¨. Ǳãáâì X | ¬®�¥áâ¢® ã§-

«®¢, «¥� é¨å   «®¬ ®© BAD, §  ¨áª«îç¥¨¥¬ â®ç¥ª B ¨ D. �® á®áâ®¨â ¨§ â®çª¨ A ¨ è¥áâ¨ ã§«®¢

ªà â®áâ¨ 3. � ¬¥â¨¬, çâ® â®çª  A ¨¬¥¥â ªà â®áâì 2,   ¯ãâì ¢ ¥¥ ¥ ¯à¨å®¤¨â. Ǳ®íâ®¬ã ª ª �¤®¬ã

ã§«ã ¨§ X ¯à¨¬ëª ¥â à¥¡à®, á¢®¡®¤®¥ ®â ¯ãâ¨ (¥§ ¢¨á¨¬® ®â â®£®, ¯à®å®¤¨â ¯ãâì ç¥à¥§ ¤ ë© ã§¥« ¨«¨

¥â). �«ï ¥á¬¥�ëå ã§«®¢ íâ¨ à¥¡à  § ¢¥¤®¬® à §ë¥,   ¯ à á¬¥�ëå ã§«®¢ ¥ ¬®�¥â ¡ëâì ¡®«ìè¥ 3.

� ç¨â, ¬®�¥áâ¢® X ¤ ¥â ¥ ¬¥¥¥ 4 à¥¡¥à, á¢®¡®¤ëå ®â ¯ãâ¨. �¥ �¥ à ááã�¤¥¨ï á¯à ¢¥¤«¨¢ë ¤«ï

«®¬ ®© BCD. � ª¨¬ ®¡à §®¬, ¢á¥£® ¨¬¥¥âáï ¥ ¬¥ìè¥ 2 · 4 = 8 à¥¡¥à, á¢®¡®¤ëå ®â ¯ãâ¨,   ¤«¨  ¯ãâ¨

¥ ¯à¥¢®áå®¤¨â 38− 8 = 30. Ǳà¨¬¥à ¯ãâ¨ ¤«¨ë 30 ¯®ª §    à¨áãª¥. �
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6. �  áâ®«¥ áâ®ïâ   ®á®¢ ¨ïå âà¨ ª®ãá , ª á ïáì ¤àã£ ¤àã£ . � ¤¨ãáë ¨å ®á®¢ ¨© à ¢ë 72, 28 ¨

28,   ã£«ë ¯à¨ ¢¥àè¨¥ |

π
3

,

2π
3

¨

2π
3

á®®â¢¥âáâ¢¥® (ã£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®«

¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨). � ¤ áâ®«®¬ ¯®¤¢¥á¨«¨ è à, ª á îé¨©áï ¢á¥å ª®ãá®¢.

�ª § «®áì, çâ® æ¥âà è à  à ¢®ã¤ «¥ ®â ¢á¥å â®ç¥ª ª á ¨ï ª®ãá®¢. � ©¤¨â¥ à ¤¨ãá è à .

�â¢¥â:

√
3+1

2

.

�¥è¥¨¥. Ǳãáâì O
1

, O
2

, O
3

| æ¥âàë ®á®¢ ¨© ª®ãá®¢, O | æ¥âà è à , C | ¥£® ¯à®¥ªæ¨ï   áâ®«,

R | à ¤¨ãá è à . �®çª  C â®�¥ à ¢®ã¤ «¥  ®â â®ç¥ª ª á ¨ï ®á®¢ ¨© ª®ãá®¢, ¯®íâ®¬ã ®  «¥�¨â

  ¯¥à¥á¥ç¥¨¨ ¡¨áá¥ªâà¨á âà¥ã£®«ì¨ª  O
1

O
2

O
3

(á¬. ¯à ¢ë© à¨áã®ª). � ç¨â, C ï¢«ï¥âáï æ¥âà®¬
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¢¯¨á ®© ®ªàã�®áâ¨ △O
1

O
2

O
3

,   ®âà¥§®ª AC | à ¤¨ãá íâ®© ®ªàã�®áâ¨. � ¬¥â¨¬, çâ® ¯¥à¨¬¥âà

âà¥ã£®«ì¨ª  O
1

O
2

O
3

à ¢¥ 256 ¨

AO
1

=

√

O
1

O2

2

−AO2

2

=

√

100

2 − 28

2

= 96,

®âªã¤ 

AC =

AO
2

·AO
1

128

=

28 · 96
128

= 21.

Ǳãáâì B ¨ D | â®çª¨ ¯¥à¥á¥ç¥¨ï ®âà¥§ª®¢ CO
1

¨ CO
2

á ®á®¢ ¨ï¬¨ ª®ãá®¢. �®£¤ 

BC = AO
1

−AC −BO
1

= 96− 21− 72 = 3 ¨ CD =

√

AO2

2

+AC2 −DO
2

=

√

28

2

+ 21

2 − 28 = 7.

� á ¨¥ è à  á ¯¥à¢ë¬ ª®ãá®¬ ®§ ç ¥â, çâ® ¯¥à¯¥¤¨ªã«ïà ¨§ â®çª¨ O   ®¡à §ãîéãî ª®ãá ,

«¥� éãî ¢ ¯«®áª®áâ¨ COO
1

, à ¢¥ R (á¬. «¥¢ë© à¨áã®ª). �¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥ è à ¨ ª®ãá

ª á îâáï ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ íâã ®¡à §ãîéãî ¯¥à¯¥¤¨ªã«ïà® COO
1

, ¨ «¥� â ¯® à §ë¥

áâ®à®ë ®â ¥¥. Ǳ®íâ®¬ã

R = BC · os π
6

+OC · sin π
6

⇐⇒ OC = 2R− 3

√
3.

Ǳà¨¬¥ïï íâ¨ à ááã�¤¥¨ï ª ¤àã£®¬ã ª®ãáã, ¬ë ¯®«ãç¨¬

R = CD · os π
3

+OC · sin π
3

=

7

2

+R
√
3− 9

2

= R
√
3− 1⇐⇒ R =

1

2

(
√
3 + 1

)

.

�¥®¡å®¤¨¬® â ª�¥ ¯à®¢¥à¨âì, çâ® è à ª á ¥âáï ®¡à §ãîé¨å ª®ãá®¢,   ¥ ¨å ¯à®¤®«�¥¨© §  ¢¥àè¨ã.

�â® à ¢®á¨«ì® ãá«®¢¨ï¬

R os

π
6

6 CO
1

= 75 ¨ R os

π
3

6 CO
2

= 35,

ª®â®àë¥, ®ç¥¢¨¤®, ¢ë¯®«ïîâáï. �
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