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IIpemucosue

B sroit kHMre cobpaHBl MaTepHralibl MO KypCy MaTeMaTWKU B
OJIHOM M3 KJIACCOB MOCKOBCKOM [laThaecar ceapMoii WKoJIbI (Bb-
myck 2000 roma, kmace «B»). Tpaguums cocrour B TOM, 4TO B
KaX/JIOM KJIACCE KypC MAaTEMATHKHU CTPOUTCS MO-CBOEMY: HE TOJIb-
KO Habop 3a7ja4, HO M CITUCOK TEM B Pa3HBIX Kjaccax MOTYT ObITh
COBEpIIEHHO pa3HbiMU. [lomBGopky 3a7ad Takoro poia HeCKOJb-
KO pa3 mybnukoBanuch (cM., Harpumep, [1] u [2]). HegasHo BbI-
urefuias KHuxkka [3] comepKut obs3aTebHy0 4acTh Kypca st
knacca 1993 roga Beimycka. OTMeTHM, YTO BCE BTU MATepUasIbl
OTHOCATCS K KJIacCaM C [BYXJIETHMM HWJIM TPEXJIETHUM CPOKOM
oby4eHns (B HallleM cjlydae Kypc paccuuTaH Ha 4 ropa).

[MpenogaBanre MaTeMaTWKu B Kjacce AEIWIOCh HA TPU Ya-
cru: anrebpa (2 yaca B HemEsO), reomerpust (2 4aca) W 3aHSTUS
o 3ama4aM (4 gaca), KOTOPBIE TI0 TPAJULMK HA3BIBAINCH «MaTe-
MATHYECKMM aHAJM30M», XOTs B TEUEHME NEPBBIX JBYX JIET 3a4a4
0 aHa/IM3y MPaKTUYECKU He OBINIO.

3anarusa mo anrebpe u reomerpur BEN Padann Kaamanosuu
Topaun. Ha oTux 3aHaTHAX 3HauYMTEIbHAS YacTh BPEMEHU OTBO-
JUIach Ha pelieHre 3a4ad U UX obCcyXaeHue B KJlacce. JaHITUs
[0 MAaTEMATUYECKOMY aHAJIM3y COCTOSUIM B BbIJAYE 34 JaHUI U UH-
JUBUYaIbHOU MPOBEPKE PEIEHMi, PaCcCKa3bIBAEMBIX IIKOJIbHU-
KaMW; 3TUM 3aHNMajiach 6oJiblliasi TpyMa mnpernogasatesieii (cM.
IJIaBy «YUEHWKU W YUUTENISD ).

B teuenue roma mepes HaGopoM Kilacca Mbl BEJIA 3aHATHUS B
Beuepneit MaTeMaTr4yeCcKOi 1IKOJIE; MHOTHE (XOTS JAJIEKO HE BCE)
LIKOJIbHUKM By ayllero Kjacca 6GbIBany Ha OTHUX 3aHATHIX. 3aJa4d
BeuepHeit MaTeMaTHuecKoi MIKOJBI (M BCTYMUTEIBLHBIX cobeceIo-
BaHWii) TaKXke MPUBEJEHBI B KHUTE.

CkaxeM HECKOJIBKO CJIOB O TOM, B 4éM (KaK HaM KaXeTcs)
BBIOPAHHBIE 33a/1a49M HECKOJIBKO OTCTYMAIOT OT TPAJULIA.

IIpexnae Bcero, B HUX 3aMETHO MEHbLIE AOJS 3a4a4 MO MaTe-
MATMYECKOMY aHANIM3Yy — ABA NEPBBIX NOJa TAKUX 3a7ad Ipak-
TUYECKU HE OBLIO.

Mur HAOBOJIBHO CITOKOMHO OTHOCUJIUCH K Tpe60BaHI/I$[M Jioruye-
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CKOIf crporocTu (ImoJiarasi, 9Yto ypOBEHb TAaKUX TPeGOBaHMIl HOI-
JK€H TIOCTETIEHHO PACTH BMECTE CO MIKOJbHHMKamu). Kak u mHO-
CTPaHHBIA A3bIK, MATEMATUKY MOXHO M3y4YaTh I0-Pa3HOMYy: MO0
HaYMHATh C TPAMMATHKH, JUOO HauYMHATH TOBOPUTH KaK TIPUIET-
C O YEM-TO MHTEPECHOM, MOCTENEHHO MPUBbIKas TOBOPUTH TIpa-
BUIbHO. B 3T0ii LIKase Halm 321241 HECKOJIBKO CMELLEHBI B CTO-
POHY BTOPOro Bapuadrta (II0 CPaBHEHUIO C TPAJULIMOHHBIMM IS
MaTEMaTUYECKUX KJIACCOB). Mbl CTapajuch CBECTU K MUHMMYMY
YUCJIO TIOHSATHIA, OTKJIaBIBasi OTNpPeIesieHUs OO MOMEHTa, Koraa
OHM HaIpalllMBalOTCA caMu coboil, M m3beras 3afad Ha TOHU-
MaHWe M TIpUMEHeHNe (POPMAaIbHBIX OMpeIesieHnil (THUMa «sBJis-
€TCA JIM MHOXECTBO LIEJIBIX YWCEJ TPYIIION IO CIIOKEHUIO?).

Wznaras teopernyeckuii Matepuall, MOXHO Da3JIOXUTh Ka-
KYIO-JINOO TEOpeEMY B TIOCJIEOBATEIBHOCTD 3a7ja4 — pelliasi aTh
3a]jauM, IIKOJIbHUK TIEPENPBITMBAET ¢ KaMelllka Ha KaMellleK U B
KOHIIE KOHIIOB JOXOAMT JIO MCKOMOTO yTBepXaeHus. Mul crapa-
JIACh TIOJIOXKUTH 3TUX KAMELIKOB «C 3aI1acoM», 9TO6BI MOXKHO 6BLIO
JIBUTaThCs B HYXKHYIO CTOPOHY I10-Pa3HOMY, HE GOSACH OCTYIIUTHCS.

M-&1 He TONBKO He u36erajid MOBTOPEHMI, HO CTAPAJIUCh BO3-
BpAIlaThCs K OJHOMY M TOMY K€ MaTepHhaly HECKOJIBKO pa3 C Tie-
pepbiBaMu, cliefys Myapomy rnpuMepy CoBbl U3 KHUXKHU 0 Bunnu
[Tyxe u nonb3ysich KaXAbIM yIOOHBIM CIy4aeM BHOBb BEPHYTHCH
K BelllaM, KOTOPBIE (CIOKONHO MOXHO OOBSCHUTH [Ba pas3a, HE
omacasich, YTO KTO-HHUOYb MOMMET, O YEM BbI TOBOPUTE).

Mpbl cTapaninch He TOPOMMTBCS — B KOHIIE KOHIIOB BOIPOC
HE B TOM, YCTEIOT JIM IIKOJIbHUKU W3YYUTh YTO-TO, & B TOM, CO-
XPaHAT JIM OHM WHTEPEC JIO KOHILIA IIKOJBI U TIPOAOJIKAT X OHU
3aHATHA 110CJI€ OKOHYaHUs (XOTH, yBbI, 9Ta LEJIb OCTAJIach CKOpee
HEIOCTHXKMMOI ).

Xouercst mobarogapuTh BCEX YUUTENEH W COTPYOHUKOB 57
WIKOJIBI, paboTaBuM ¢ Kjaccom, B dactHoctw, M. B.Pextman
(xnaccubiii pykoBoautesb), b. M. [laBugosuya (3aByu matemaru-
yeckux kiaccoB) u C. JI. Mengenesnua (qupeKTOp LIKOJIBL).

YyeHnku u yauresis

CHI/ICOK YYCHUKOB, MPUHATBHIX B KJIacCC:

Ha

Benapes Bragumup
Bypauios Unes
Bororun Unbst
JmurpeBckas Auna
Imurpesckas Enena
Hy6oBckuit murpuit
Kryu Bnagumup
3apy6una Auna
3BepkoB [IMurpuii
3opkuit DEmop
Kopo6os Biagumup
Jlymexuna Codbs
Henpkua Muxann
Hemerros BukTop
Hosogsopckwuit [T€rp
[Manva Anekcannap
Mommyk Osner
[Ipeobpaxenckuit Makcum
Canpanxos Cepreit
Craneroposa Kara
TapacoB AJtekceii
Tennoa Harammsa
Yernnos Muxann
®eokTucroB Bragumup
[Ipamos Ilasen

YpPOKax MareMaTU4Y€CKOro aHajim3a ¢ KJjacComM pa60TaJ‘II/I

AxmerumH Asekceit
Borycnasckas Bepa
Bypman IOpuii
Hepsiruna IMutpuit
Houenko Bnagumup
3aBbsasioB Bnagucnas
3y6os Muxann
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3ytnep Wibs

Konpapatses Brnagumup

Mapkapss Hukura

MuxaiinoBa TatbsiHa

[Manos ITérp

[lepumna Mapus

[Tonreposuu Nocud

Pomaienko Anapeit

Pei6uvikos Jleonug

Protvn Koncrantun

CasBareeB AJekceii

Cobomb Anekcanap

Ypronuna Oipra

VYmakoB Makcum

[Tanosan Anekcauap

[Isapiy Amurpmii

lenr Anexcanmap

[IIpamor Koncrantuu

[lysanos Bukrop

Opunep Imurpwuit
u apyrue. Jlekuyn mkoiapHuKaM npountam Axna [wobuna, Bna-
gumup Dok u Jeremy Bem. B mposemenun zanstugii mo ¢wu-
31Ke y4actBoBaj JleB MeTbHUKOBCKMIA, 3aHATHII TIO TIPOrPaMMHU-
poBauuto — Poman Aspanun, Koucrantun BenoB u [Imurpuit
IIxonbHuK.

Hakonen, 6obliias rpyrmmna npemnofaBaTtesieil oMoraia BECTH

3aHaTAa BeuepHeil MaTeMaTHUeCKOl IIKOJIBI.

BeuepHsag MmaTreMaTmdeckas 1mKoJsa
" cobeceoBaHnS

Beuepnss maremarmueckas LIKOJIA — 3TO KPYXOK IO Ma-
TEMAaTHKE, KOTOPBIA TPAAMIMOHHO PabOTAaeT B IMATHAECAT CEllb-
MOJA IKOJIE ISl MOCKOBCKUX HIKOJbHUKOB 7 1 8 kyaccos. Omua
U3 OCHOBHBIX LEJIEN 9TOr0 KpyXKKa — Haiith GyqylUX ydeHu-
KOB LLKOJIbI, XOTs IO TPAAWLUN HE3ABUCUMO OT CBOMX YCIIEXOB Ha
KPYXK€ LIKOJIbHUKM CEJbMBIX U BOCbMBIX KJIACCOB CIAIOT BCTYIIM-
TeJIbHBIE BK3aMeHbI (TPaAULIOHHO HAa3bIBAEMbIE «COOECEI0BAHMS-
MI») Ha OOIMX OCHOBAHUSIX.

3austus BMIII (BeyepHeil MaTeMaTU4ecKoi LIKOJIBI) MPOXO-
AT pa3 B HENENIO, OOBIYHO B TPEX —MATH rpymmax (B KaxIou
rmapasuleNid) 1Mo OJHUM W TeM Xe 3amadaM. [Ipuxomgurs Moxer
060 IIKOJIBHYK,, HauMHas ¢ Jmo6oro 3aastus. O6eYHO 3aHATHE
IIPOMCXOAMT TakK: BBIAAIOTCA JIMCTKU C 3aa4aMM; LIKOJIbHUK, Pe-
UIMBIIAIA 3a7a4dy, MOAHAMAET PYKY, K HEMY IMOAXOANUT KTO-TO U3
mpernoasareieii u cirymaer petienre. VHorga penrenve paszbupa-
eTcs y JOCKH. 3aAadn Hoabuparorcs 60siee Wi MEHee [0 TEMAM,
HO C TaKMM DACy€TOM, YTOObI MPHUILEJIUMI BIIEPBBIE LIKOJIHLHUK
TAKX€ MOT MX PELIATh.

Kaxk nipaBusio, Mbl BKJII0YaH B 3ajaHUE WECTD 32024 (OOBIYHO
msTas ¥ ecrast 3aaa4a ObUIM HE COBCEM MAaTeMaTHUYECKHE).

Mpeb1 npuBoauM Takxke 3amaud cobecemoBanuii. Ileperie nBa
cobecemoBanus (27 mapra m 3 ampesnst) ObUIM MHUChbMEHHBIMU:
LIKOJIbHMKAM IIPEJIarajaoch 3alKcaTb OTBETbl M KPATKME pELLe-
uus 3anad. Cremyromme cobecefoBanus yxe 6bUTH yCTHRIMEA (1
TIPOXO/IUINA TIPUMEPHO TaK Xe, KaK U 3aHATHS KPYyXKa).

3aaun mocse 3BE30YEK — JOTOJIHUTEITBHBIE.

3anarue 4 oktsa6psa 1995

1. Moxer 5 waxMaTHBII KOHb 06OiTH Bce 9 moneil moc-
ku 3 x 3?7
2. Cpasaure apobu

1994 1995
1995 7 1996
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3. Kaxk Bbl gymaere, B 3amucu urcia 2'°°C (mpoussenenue
Teicaun aBoeK) 6osbiie 500 uudp win menbuie? [loyemy?

4. Kyneu npognas xadran nokynateso 3a 10 py6ieit. Y Hero
He 6110 caaun ¢ 25 py6neii, n oH pasmensa 25-py6neByio Kyno-
py nokynatens y cocena. Ilokynatens ymen. Coceq mpuxomur:
«Bymaxka asbimasy. [Tpunuiock Kynity gath Hacrosiyo. Yto
MoTepsT Kyne?

5. JIBoe xoTaT mepeiitu NMpsMyO KaHaBy IUMPUHON 4 MeTpa.
Ha kparo oHM Hauui [gBe TPOYHBIE JOCKW IJIMHOW 3,5 MeTpa
Kaxzad. Kak uM nepeiitu Ha Apyryio cTopoHy?

6. Crneayrommii TeKCT MOJIydYeH U3 XOPOLIO M3BECTHOTO 3aMeé-
HOM KaX0i GyKBbI Ha Kakylo-To JApyryw. [loceasee cioBo mpo-
myleHo. BoccranoBure ero.

— Carpgay pa Haks, carmay pa Haka! — myaraby3 YBHIOB
Cyuisaniip6, Jicreiye Ji INSKIOb CIOCI03yb TalJIIOM LB3YLI03 HaKa
By IUTYBTAIUIIeM 3yd. — E B bioLia (DIOredr p CIOHABOYXK. —
Dsunory Bsi CIOBE3 SO PIOJIA3ITYBIE B CIOUA3Y3 sba (DIOYTIOM
BIOOD.

— CriogzeHoM uynarbyB, — criopioroys Jlcatos, nygaHopy-
enuy p gsae3n. — BauBio sgpa 403w Jpsibna HaksHuL. fba us
xaud. E ncyniy Ba ploua usn ouse. — banig, pamiig, — crio-
(ro3uy3 0B, — 4 ps ypaj pa cyras. — Bio wrysran Bs 10Hpsaoy3
D PJIOIOTSI TIYXKTYCS3. . .

Veaio CymiBanis6 mybo36y3, aaHy3I0/HIL 3 PIBBOS CYToO by-
310-CIObY3a CTSAPIOMBIOL3d A0 YIOEN33PIOJIHIL, 0B JIHY3 (PrabyHLI,
D PJIOIOTS LBAYIONPM JIIOB I0P3y(si3 b JIIOPSTKSIBBIO.

JlarysBros LoHIOpasom spa criodoudsasag. 0B 6apmapro-
PY3 JIAPIOIILL JIIOB, GHIO JHIO-HIO HOXKIOBILIO (MATIY3 SO Iy Pro-
TIOH Tauykp. YBHIOB CyliBaHIp6 IOHAN03 L3Iy 9 Cro u3sidBIOb
JIpSIHS J0JISBBALO aHry apadss carad modom Psinoray: mrys-
Tamn p I0(BIOM rafisd QArdy3s JyrbyBBOM CIJIHIO3SH, Y (Dralifoy FOHJI-
HALPPY3 NypsHBau jaba. YBHIOB CylIBaHAIIR6 109bsAT.

— Hsamuy gs i1, pastis, QeI gs Jisl, — CTEOSMBST OB HI'sl-
CAXaXab LIO3I0JTIOb.

— Hoks, br1036yHII, — 0OHPsAOY3 aboHA3I G3JIHOb TaLIARhb
€MnoIob, — bIO30YHII 933 PO Criocy3a. E
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3amsarue 11 okrabpa 1995

1. B crpoky mammcans 10 equnn noapsa. Ilepen xaxnoii
u3 HuxX (B TOM YMCJIE M IEPEN MEPBOi) CTOUT ILIIOC MM MHUHYC.
Kakue uncna moryt nomyuutbes B cymme? [louemy?

2. MOXHO 1 HapuCOBaTh MATUYTOJIBHUK U TOUKY BHYTPH He-
ro Tak, 4robsl Jir0bas CTOPOHA MATUYIOJbHMKA Oblaa Obl BUAHA
m3 He€ nog yriom 70°7

3. Kak pazgenntp 7 OOMHAKOBBIX SIOJIOK MOPOBHY MeXay 12
JIIOJbMH, €CI A0JIOKM pa3peliaeTca pesath He 6osee yeM Ha 5
vacreii?

4. JIBoe urpator B Taky urpy. [lepBsiit HazsiBaeT yrcsio or |
mo 10, zatem Bropoii HaszbiBaeT unciio or 1 go 10. IlepBbiii BbI-
UTPHIBAET, €CJIM CyMMa 4YKCESI YéTHA. KTO BBIMIpBIBAET mpu mpa-
BWJIbHOI urpe (IEPBbIA WM BTOPOi) M KaK OH HOJIKEH UIPaTh’!
Tor xe BOmpoc, €C/Ii BMECTO CyMMBI YKCEJT BBIYUCIISIOT UX MPO-
U3BEJIEHUE.

5. B crakaune ¢ Bojoii maBaer Kycouek abaa. Kak uamenurcs
YDOBEHb BOJIBI B CTAKaHe, KOIa JIE] pacTaer?!

6. OrrapgaiiTe 3aKOH M MPOAOIKUTE TABGNIUILY:

3amsarue 18 oktabpa 1995

1. ¥V Bacu B xomome nexar 10 uepnbix, 16 cuamx u 20 3e-
JIEHBIX HOCKOB. CKOJIBKO HOCKOB HaJ0 JOCTaTh He IJIA[s, YTOOBI
CpeaM HUX 3aBeJOMO Oblia Mapa HOCKOB OZHOro I(eTa’?

2. Y Iletu B xomope Basstorca 10 u€pHbix pykasull (5 nap),
16 cumux (8 map) m 20 3enémeix (10 map). Ckonpko pykasmuil
HaJ0 JOCTaTh He IVIA/d, YTOOBI 3aBEJOMO MOXHO GbLIO BBIATH Ha
yJIMIY B PyKaBUIaX OJHOro IBera’
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3. Ckompko uncen or 00 go 99 comepxaT B CBOEi 3amucu
mwahpy 3 u ckompko He copepxar? Ckompko umcen or 000 go
999 comepxar B cBoeli 3anmcy Ludpy 3 U CKOJIBKO HE COepKaT?!

4. TIpsmMoyrosibHyI0 LIOKOJIAKy pa3sMepoM 3 X 4 pasjaMbiBa-
10T Ha gonbku 1 X 1. CKOJIBKO pa3ioMOB i 9TOrO HEOBXOAUMO
(7loMaTh OHOBPEMEHHO ABa Kycouka He paspeuraercs)? MoxHo
71 OGOMTHCH MEHBLINM YKCIIOM Pa3JiOMOB?

5. Bonpuioil AmpK 3amojHEH MeJIKOM KapToukoi. Jpyroit
CTOJIb € GOJIBLION SAIIMK 3aloJIHEH el 6oJiee MEJIKOM KapToll-
koii. Kak BBl ymaere, B KaKOM U3 SIMKOB GOJbllie KAPTOLIKA
(o Becy)?

6. B xoMHaTe CTOAT TPU BJIEKTPUYECKUE JIAMITOUKH, B COCE[I-
Hell — TPU BBIKJIIOYATE)IS K HUM, MIPHYEM HA KaXOM HAIUCAHO
«BKJIIOUEHO» U «BBIKJIOYEHO», HO HEM3BECTHO, KAKOW BBHIKJIIOYA-
TeJlb COOTBETCTBYET KAaKOii Jjlamrouke. JIaMmoyku u3 KOMHATHI €
BBIKJTIOYATENIAMA He BUAHBL. Kak ompenennTtb, Kakoil BBIKJHOYA-
TeJIb COOTBETCTBYET KaKoii jlamriouke? Paspelaercs 3aiiti B KOM-
HATy C BBIKJIIOYATEISIMU, TPOJEJIATh C HUMU JIIOObIE NEVCTBUS, a
MOCJIE 9TOTO BOWTH B KOMHATY C JIAMIIOYKAMU U TIPOAENATD JIIOObE
JIENCTBUS C HUMM, TIOCJIE YErO JaTh OTBET.

3ansatue 25 oktabpa 1995

1. Uz ropona A B ropox b Bemyr 2 moporu, uz ropoga b
B ropon B Bexyr 3 moporm, uz ropoma B B ropox I' Bemyr 7
nopor. CKOJIbKO pa3IMYHBIX MapLIPyTOB BeAyT u3 A B B uepes B?
Ckonpko pasmuuHbix MapupyToB BeayT u3 A B I uepes b u B?

2. IIpsamoyromeauk 7 X 9 pasbut Ha knetku 1 X 1. Tpebyercsa
3akpacuth 4 KyeTku, obpasyroume kBaapar 2 X 2. Ckojabkumn
Pa3HBIMU CMIOCOGAaMU MOXHO BBIOpATh TaKOW KBagpat?

3. CKoOJIBKO CYIECTBYET YETHIPEX3HAYHBIX YKCEST, BCE LUPPHI
KOTOPBIX HEYETHBI?

4. IIpamoyronbHelii Topoa 5 X 7 pa3buT Ha KBaJApATHLIE KBApP-
tamel 1 X 1. MBI XOTUM NPOWTH U3 IOro-3amaHoro yrjia B CEBe-
PO-BOCTOYHBIM, M/ HA CEBEP U HA BOCTOK. Bce BO3MOXHBIE IIyTU
umeroT oauHakoByo mHy. ([Touemy?) CkosbKO pasinyHbBIX IMy-
Teil cyliecTByer?
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5. Berep ayer na cesep. B xakyio cropony passeBaercs ¢ar,
3aKPEIUIEHHBIA HA BO3IYLIHOM Liape?
6. 3amenuTe BO (hpase

1 BCE XE OH HE ITPAB

kaxnaywo us necatu 6yks U, B, C, E, X, O, H, II, P, A ogmoit
w3 wudp 0, 1, 2, 3,4, 5,6, 7,8, 9 (pasubie 6yKBbl 3aMEHSIOT-
c Ha pasHble LU(PHI) TaK, YTOOH BCE C/IOBA MPEBPATHINCH B
JIeCITUYHBIE 3aMiCH TOYHBIX KBaJPaToB.

3amarue 1 vOsA6pa 1995

1. Ha npsamoii Bei6pann ase Touku A u B Ha paccrosuum 10.
Ine na npsmoii Moxer HaxoguThesa Toyka C, €M U3BECTHO, YTO
paccrosiune A C B mositopa pasa Gosbiue paccrosiaust BC? (Yka-
KUTE BCE BAPUAHTHI. )

2. Moxer jin CTOpOHa TPEYroJibHWKa ObITh BIBOE GOJIBILE
JIPYroOii CTOPOHBI M BJBOE MEHBLIE TPEThEi?

3. 3emmuoii map o6BsS3aIM MO SKBATOPY BEPEBKOIl. 3aTeM Be-
PEBKY Y UIMHWIA HA METP U IPUIIOJHSIA HAJ[ 3KBATOPOM TaK,
4TO 06Pa30BAsIACh LIEJb TIOCTOSHHON IMPUHEL. CMOXET M B 3Ty
IIEJIb TIPOJIE3Th Kolka?

4. Ha ckonbKo yacreil JeasaT IpOCTPAHCTBO IIOCKOCTH, SBJISI-
oupecs rpagamu Ky6a? terpasapa (TpPeyrojbHOrO MOJIOYHOrO
nakera)?

5. TToueMy KpBIILIKY KAHATU3AILMOHHBIX JIIOKOB Eal0T KPyT-
JILIMU, a He OBaJIbHBIMU WJIA KBaPATHBIMU !

6. Ha koHle BepE€BKY Clie/IaHbl TIETIIM, HAJIETHIE HA 3alSCThs
(e Tyro, HO ¢ pyK OHM HE CHMMAIOTCs). MOXHO M, He pa3Bs-
3bIBast BEPEBKY (M TEM CaMbIM HE CHHUMAs €€ C PyK), 3aBs3aTh HA
Heii yzen?

3amsarue 15 Hosa6psa 1995

1. B Bectinanauu 64 ropona. {lokaxure, 94To B KAKUX-TO TPEX
U3 HUX YUCJIO JOXJIMBBIX JHEN B CeHTAOPE GbLIO OJUHAKOBO.

2. Kakoe naubosnbiiee yncio (a) mazneir; (6) CJIOHOB MOXHO
MOCTABUTh HA IIAXMATHYIO JOCKY Tak, YTOOBl OHM He Guim Apyr

npyra?



Beueprss matematnyeckas wikosa u cobeceqoBaHus 13

3. Moxer ym kot Jleonosba nonapute 10 MelatamM KOHGMETHI,
€CJIM OH XOUET, YTOOBI KaX Ablii IOJIy4rIT XOTs Obl 010y KOH(ETY,
HUKAKME [1Ba MBIILOHKA HE MOJIy4YMIM OJMHAKOBOIO YKC/Ia KOH(MET
u Bcero y Hero (a) 15 kouder; (6) 50 xouder; (8) 100 xouder?

4. Jlokaxwure, 4T0O B 1000V KOMIIAHUM HANMIYTCS [BA YEJIOBE-
K4, HMEIOIMX PABHOE YMCJIO 3HAKOMBIX B BTOM KoMmaHuu. (3Ha-
KOMCTBa CUMMeTpUYHBL: eciii A 3HakoM ¢ b, 1o b 3Hakom ¢ A.)

5. Ectb Heckonbko ayiMa3oB U MeH3ypka ¢ AejieHusiMu. Kax
U3MEPUTh CyMMapHbIii 06beM BCex aMaszoB?

6. Ectb Tpu kapanpgama u wutku. Crenaiite 3 HUX «KECT-
KYIO» KOHCTPYKIIVIO, B KOTOPOIi KapaHJalli He Kacajuch Obl ApyT
npyra (maxe 4yepes CJiOil HUTOK ), HO YA€ PXKUBAIUCh ObI HUTKAMU
B ONPEAEEHHOM IIOJIOXKEHUN APYI OTHOCUTEJILHO APYra.

3anarue 22 Hos6psa 1995

1. TpaBusia XopoLIETO TOHA 3ATPEILAKOT KEHILUHE CTOSITH TIEP-
BOIi B OYEPEAH, & MYKYMHE CTOSTh MEPEL XKeHIMHON. Moxer i
B OYepey, Te BCE MPaBIIa COOIIIONEHDI, OKA3aThCs JKEHIMHA T

2. JIwbyto cymmy naeHer, HaumHas ¢ 8 KOIMEEK, MOXHO yILia-
TUTh msTakamu u anteiHaMu. [lodemy? (Ilsarak — msaTh komeexk,
aJIThiH — TPH KOIEHKH; 9TO CTAPMHHBIE PYCCKHE MOHETHI. )

3. Ha mtockocTi HaprcOBaHO HECKOJIBKO OKPYKHOCTEMH, JIK0-
Oble [Be U3 KOTOPBIX Mepecekarorcs. [{okaxure, 4ro Takyo ¢u-
rypy MOXHO OOBECTM KapaHJAalloOM, HE OTphIBas €ro or Oymarw,
HE IPOXOJs HU II0 OJHOMY YYacCTKy [ABaKIbl U HE IPOIIyCTUB HU
OJIHOTO Y4acTKa.

4. B mocrenosatensHocta 1,1,2,3,5,8,13,... kaxmoe cie-
JYIOLIEE YKCIIO PABHO CyMME ABYX Mpeabiayiux. Moryt jm B Heil
okaszaTbeca paaoM (a) asa 4€THeIX uyuciaa? (0) aBa ymcna, aess-
muxcsa 1a 137

5. BeikJmroyaresis uMeer Tpu KoHTakTa 1, 2 u 3 u [1Ba moJioxe-
uug. B ogaom nonoxenvu kouTakT 1 cOEIMHER C KOHTAKTOM 2, a
B APYIrOM IIOJIOXKEHMH KOHTaKT | coeaMHEH ¢ KOoHTakToM 3. Kak,
HMesl [1Ba TaKUX BBIKJIIOYATENS M MHOIO IPOBOJA, CIEJATh Tak,
4TOOBI CBET HA JIECTHULE MOXHO OBUIO BKJIIOYATH W BBIKJIIOYATH U
CBEPXY, U CHU3Y?!
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6. Ha 6epery peku KpecTbsiHMH, BOJIK, KO3a U Kamycra. Bok,
OCTaBJIEHHBII1 C KO30ii 6€3 KPECThSIHNHA, €€ CheJaeT — B CBOKO
ouepesb, KO3a CheaeT KaIycTy, OCTaBLINCh C Heil 63 mpucMoTpa.
Kaxk kpectbsaunny nepeBe3tn Bcex Ha Jpyroil Geper, ecid B JIOAKY
MOXHO B3SITh TOJIbKO OWH U3 TPeX 0OBbeKTOB (3a pa3)?

3amarue 29 Hosa6psa 1995

1. He mosp3ysichk KabKyJIITOPOM, CKAXWUTE, Kakas U3 Jpobeit

13 21

21 1
Gospiie. Moxere i BBl yKazaTh Apo6b, KOTOpas IO BEIMYUHE
HAXOIMTCA MEXIY HUMH?!

O6bikHOBEHHYIO APO6H TM/TL HA3BIBAIOT COKPATUMOI, eCIA €€
MOXHO COKPATHTh, TO €CTh HALIEJIO Pa3fe/IUTh YNCIIUTENb U 3Ha-
MeHaTe b Ha OJHO U TO Xe 1ejioe ynciio (6osburee 1).

2. CokpaTtumsl 1 Apobu:

39, 6 1363 . 6
57 1357 1357 1357

3. Ipr kakKMX N ¥ HA YTO MOXHO COKPATHUThH ApOOH

n+6 n+19 5n+3?
n’ n+13’ In+2°

4. Haiitu cymmy

1 1 1 1
127237347 %90
(Yka3zaHue: HAYHUTE CKJIABIBATD. )

5. Umerorcs HeBepHBbe YanieyHble BeChl (ILIEYN HEOOUHAKO-
BO¥l [IJIVIHBI, TAK YTO [JIs PABHOBECHS Ha OJIHY YAIIKY HaO0 KJIACTh
Gosiblile, YEM HA [PYTYIO), MPaBUIbHAS KUJIOTPAMMOBAs TUPS U
MEILIOK caxapHoro mecka. Kak OTBECHUTh KUJIOTPaMM CaxapHOro
necka?

6. ITpodeccop B KOMAaHIUPOBKE, a ChIH OTLA MTPOECCOPA MTHET
JIoMa Yaii ¢ OTLOM chiHa mpodeccopa. Kak Takoe Moxer GbITh?
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3ansatue 6 nexabpsa 1995

1. Moxuo nu paspesath GuUrypy, 1300paxeHHyo Ha puc. 1,
Ha JiBE, HA TPU U HA YEThIPE OJMHAKOBBIE YACTHU!

2. MoXHO 711 IPAMOJIMHENHBIM Pa3pe30M IOAEIUTh OqHOBPE-
MEHHO TOTI0JIaM MPSIMOYTOJIbHBIN KYCOK XJieba 1 JieKalunii Ha HeM
KDPYIJIBIA Kycok kojibackl (puc. 2)? Ckoyibkumu criocobamu aTo
MOXHO CHEeJIaTh?

3. Bce rpanu kyGuka pasmepom 3 X 3 X 3 mokpacwm. [lo-
TOM ero paspesam Ha 27 Ky6ukos pazmepoM 1 x 1 x 1. Ckonbko
MPU 9TOM TIOJYYHIIOCh KYOMKOB CO BCEMM HEOKAIIEHHBIMU Tpa-
HAMU? C OZHOI OKPAILEHHON IPaHbio? € ABYMsI OKDAILEHHBIMU
rpasmMu? ¢ TPEMSI OKPALIEHHBIMUA TPAHSAMU? C YETBIPbMSI OKpa-
IIEHHBIMUA TPAaHAMU?!

4. Buyrpu kBagpara pasmepom 1 X 1 mocraBieno 105 To-
yek. JlokaxuTe, 4TO CPEU HUX HAWYTCS [BE TOYKH, PACCTOSHUE
MeXAy KoTtopeiMu He Gonbuie 0,2.

5. Kak v3MennTcs BHyTpeHHMI quaMeTp Kosbua (puc. 3) mpu
HATPEBAHUN!

6. MoXxHO /1 ABYMsl NPSAMOJMHEMHBIMU PA3PE3aMM Paccedb
moakoBy (puc. 4) Ha wiecth yacTeill (Yacti MEXAy pa3pesamu
MEePEKJIA IBIBATE 3arpemaercs)?

O

Puc. 1 Puc. 2 Puc. 3 Puc. 4

3anatue 13 nexabps 1995

1. Yuurenpuuia 3apaia Ha I0M 3aa4y: MTPOBEPUTH, JEJIUTCS
Jm HekoTopoe uncsio Ha 2, 3 u 6. Ha crnenyromem ypoke Bosa
ckazar: «f 3abplL1, Kakoe YKCIIO 3a0aid, U JEW JPYyroe, ABa
pa3a ocTaTka He ObLIO, Ha TPETuil ObUTY. YUYWTENBHMLIA CKa3aia:
«Ter ommbcsn. [Nouemy ona tak ckazana?

2. Jleavtcs i Ha 7 cymMma JBYX ClaraeMbix, eciam (a) o6a
caraembix Jiesiatcs Ha 7; (6) pOBHO OIHO W3 HUX JEJIUTCS Ha 77
(B) HM OZHO W3 HUX HE JEJUTCS Ha 77
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3. Y uucna 100! = 1-2-...-99- 100 nocunramm cymmy
Ldp, y CyMMBI CHOBA TIOCYUTAIIA CyMMY LU(P, U TaK MOCTYMAIn
JIO TEX TIOP, TOKa HE MOJTYYMIIA YKCIIO U3 OAHOM Ludpsl. Yto a0
3a yncyo?

4. Ilenoe uncno, 6oapuiee 2, HA3BIBAETCS MPOCTHIM, €CJIA OHO
He pa3jiaraercs B MPOU3BEIEHME [IBYX MEHBIINX LIEJIBIX MOJIOKU-
TesibHbIX yncesl. JJokaxure, uro umcio 999 991 — ue mpocroe.

5. Ilouemy TpaMBaiiHblE MPOBOAA MIYT HE IPSMO, a 3Ur3a-
rom? Uro rutoxoro 6s110 GBI, C/U MyCTUTH X poBHO! (YKazaHue:
C TPOJUIENHOYCOM BTOI TPOBIEMBI HET. )

6. MOXHO /T PaCTIONIOKHUTD 6 [UIMHHBIX KPYIJIBIX KAPaHAAIIEH
Tak, 4TOOB KaXkblii U3 HUX Kacascs BCEX OCTaJIbHBIX?

3ansarue 20 nexabpsa 1995

1. Baca Bimmin crakad Kuciiotsl B 6aHky ¢ Bofoii. [loayunmics
10-nmpoLEeHTHBI PacTBOP KUCIIOTH B Boje. [loTom oH go6asun B
pacTBOp €l OJMH TaKOil e CTakaH KMCIOThl. Kakoii pactBop
MOJIYYUJICS B PE3yJbTare’?

2. CkonbKko pa3 B CYyTKHM CTPEJIKM 4YacoB OOPa3yloT MpsiMoOit
yron?

3. (a) Haitoure cyMMy Bcex YETHBIX YETBIPEX3HAYHBIX YHCEIT.
(6) Haiigure cymmy Bcex YeThIpEX3HAUYHBIX YHCESI, BCE LHQpPHI
KOTODBIX YETHHI.

4. Cawa yTBEpXAaeT, 4TO MPU MOACTAHOBKE BMECTO X B BBIPa-
xeHne X2 +x+41 uncen 1,2,3,4, ... Bcerna MoIyduTcs IpocToe
yucyio. [IpaB i ou? (Yncno HaswIBaeTCs MPOCTHIM, ECIIA OHO Je-
JIATCS TOJIBKO Ha eIVHUIYY W caMo cebs.)

5. Kak uaMepuTh TOJIUHY HUTKU, UMes KATYIIKy C HATKOW,
KapaHJall 1 JITHENHKY C CAHTUMETPOBBIMU JIEIEHUSIMIU 7

6. Typucr BBILIET M3 CBOEH MaJaTKH, MPOIIEJ DKM Ha IOT,
5KM Ha BOCTOK M 5KM Ha CeBep, IMOCJIE YEro CHOBA OKaszajicsl y
cBoeii mayiaTku. [ e Takoe Moryio mpousoiitu?

3anarue 27 nekabps 1995

1. Kak paccraButs 5 GyThHUIOK M0 6 MOJHOCAM TaK, YTOOHI Ha
KaXJIOM MOoJHOCE ObUIO Mo OAHON OyThUiKe?
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2. Ilpocroe ymcioO — BTO YMCIO, KOTOPOE HE Pa3JIaraeTcs
B IIPOM3BENEHNE ABYX MeHbLIMX wesbix yrcen. (Hampumep, 7 —
IIPOCTOE YNCIIO, a 10 = 2x 5 — mer.) [lokaxure, 4ToO mOJIycyMMa
JIBYX COCEIHUX HEYETHBIX MPOCTHIX YUCEJT — COCTABHOE YHUCJIO.

3. UssectHo, uto 57 = 2° +52. Haiigure aHanorn4soe pasio-
xenne yncna 5757 (1. e. Takue uesnble yncna ¢ u d, uyro 5757 =
=cd +d°).

4. Tlpomomxure mocnenoBatenbHocts: 4, 3, 3, 6, 4, 5, 4, 6,
6,6, 11, ...

5. Tlerss crour Ha Gayikone 2-ro sraxa, a Baca — wHa Gai-
KOHE 5-TO 9Taxa TOro Xe AoMa. B HEeKOTOpBIi MOMEHT OHU Of-
HOBPEMEHHO BBIKPHKHMBAIOT CjI0BO «paz. Okaszamock, uro Ilers
YCJIBILIAJ BACHHO CJIOBO HEMHOIO paHblle, YyeM Bacsa — meruHo.
ITouemy?

6. Tpu yepenaxu yyactBoBanu B Kpocce. Ilepsas ckazana: «f
MpUILIa K (QUHUILY paHblie BTOpoil.». Bropas ckazana: «f mpu-
1wTa K UHWLIY paHbllle TpeTbeil.» TpeThs ckasana: «§ mpuuia K
vHmLy panble nepBoii.»Kak Takoe MoxkeT 6bITh?

E O

7. Tlouemy mapukmaxep B Kenese oxoTHee nobpeer AByx (hpaHiy-
30B, YEM OJJHOrO HeMmua?

8. Tlpopnenaiite B TETPaJHOM JIACTE OTBEPCTHE, B KOTOPOE MOXKET
MPOJIE3Th YEJIOBEK.

9. Hapucyiite ¢urypy usz 11 Touek M HECKOJIBKHUX OTPE3KOB MEXK-
Iy HAMH TaK, 4TOOBI KaX[as TOYKA ObUla COEAWHEHA POBHO C ABYMS

IPYTYMMHU.
10. Tlpu Beex menmbix X umeno ax’ + bx + ¢ nenoe. Moxuo ym

YTBEPXKAATh, UTO YKCIA A, b, ¢ — meble?

Homainss ommmnmana

1. MoxHo M Tak pacrojioXuTh B IMPOCTPAHCTBE TPU OJU-
HAKOBBIX KybuKa, 4To6bl CBEpXY, COOKY M Criepeay Oblia BHAHA
ollHa U Ta Xe (urypa — TPHU KBaapaTa, PUJIOKEHHBIX IPYT K
napyry cropoHamu (GykBoit «[»)?

2. Yro Gonbiue: obuiee KonmyecTBo udp B uuciaax 1,2,3,
4,...,999,1000 unu KoaudecTBO HyJiei B unciax 1,2,3,4,...,
9999, 100007
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3. CkomnbKo pa3 BXOAWT 2 B PA3JIOKEHWE HA MPOCTBIE COMHO-
xurenu yucia 100 - 101102103 -...- 199 - 2007

4. Hekoropsie Liesble Yncia 0ObIBIEHb XOPOIIMME, OCTAJTb-
uble — rwioxumu. W3secrno, yro (a) ecam X xopoiuee, o X + 15
ToXe xopouiee; (6) ecnu X mIoxoe, To X+6 Toxe mioxoe. CKoabKo
TJIOXUX YKCEST MOXKET ObITh cpeau yrcest ot 1 go 10007 Ykaxkure
BCE BApUAHTHI U [OKAXUTE, YTO JPYTUX ObITh HE MOXET.

5. flnoHckue HAa3BaHUS HEKOTOPBIX TOOB MO TPAAULUOHHOMY
BOCTOYHOMY KaJleHaapio: kauoto ycu (1901), xunos yma (1966),
uytuHod yma (1978), uyrtusoro xuuymsu (1979), kaHos capy
(1980), xunos Topa (1986), uyrusoro mu (1989), MumzyHos yma
(2002), mugzynoro xuuy3u (2003), xunos yma (2026). (a) 3a-
muimure Hassauus romoB 1991, 1993, 1997. (6) Yepes ckombko
JIET HACTYITUT OIVKAMNLINIA TOZ XUHOD capy’! KaHOTO MHU! MHUI3Y-
HO? ycu?

3anstue 17 supapa 1995

1. B MockBe kuBET 6oJiee 5 MUIJTMOHOB YesioBeK. Bacst Ky
kapty macwraba 1 : 100000, paccremmn e€ Ha 3emye U AyMaer,
yro Ha He€ BcranyT 50 yenosek (50 = 5000 000,/100 000). IIpas
y ou?

2. MoxHO 11 3aMOCTUTh IUTOCKOCTh OLWHAKOBBIMH (a) Tpe-
yrosbHUKaMu; (6) YeThIpeXyroIbHUKaMy; (B) MSATHYTOJIbHUKAMMT;
(r) wecrryrosapHUKamMu; (1) CEMUYTOJbHUKAMU !

3. CKOIBKO HYXKHO NPOBECTH HEMEPECEKAIOIMXCS UArOHA-
neit B 100-yronpHuke, 4robpl pa3pe3aTh €ro Ha TPEYTrOJIbHUKU?
INoyemy Bcerma mosTydaeTcss OOHO M TO K€ YMCIIO AMArOHAJIEN?

4. Ha npsamoii gopore crost 6 JOMOB HA PaBHBIX PACCTOSHUAX
ZIPYT OT apyra. B kakom Mecre 1oporu HaIo0 caesaTh aBTOOYCHYIO
OCTAHOBKY, YTOOBI CYMMapHOE PacCTOSIHUE OT HEE O BCEX JOMOB
6bUTO 6B KAK MOXHO MeHbIIe?

5. Mepubiii mpmmHap 3amojHed Bomoil. Ilepesépuyras mpo-
OUpKa, YaCTUYHO 3alOJIHEHHAs] BOJON, [IABAET B TOJILE BOIHI.
IMouemy oma omyckaercs, ecjiM HaX)aTh HAa PE3UHOBYIO TUIEHKY,
3aTATUBAIOLIYIO OTBEPCTUE LIMHApa?

6. Pazpexnre (a) TymoyrosibHbI Tpeyrobuuk; (6) KBagpar
Ha OCTPOYTOJIbHBIE TPEYTOJIbHUKH.
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3ansatue 24 supapa 1995

1. SABnsrorca u crapefiumii XyJOXKHUK CPEAM IIAXMATUCTOB
U CTApEMLINii MAXMATUCT CPEAU XYJOXKHUKOB OJHVM U TEM XKe
JIMLIOM — WJIK 9TO He obsizarespHo? SBsiorcs i nydimii mwax-
MaTUCT CPEOU XYAOXHUKOB U JIyYIlHii XyJOXHUK CPEOU Iaxma-
TUCTOB OJHKMM U TEM K€ JIMLIOM?

2. Ilera 3agyman umcno or 1 go 1000. Baca xouer y3nath
9TO YKCIIO, 3aaBas [leTe BOMPOCH], HA KOTOPHIE BO3MOXKHBI OTBE-
THL «Ja» U «HeT». Kakue BOMPOCH OH [OJIKEH 3a[aBaTh, YTOOBI
rapaHTUPOBAHHO y3HATH 3aqyMaHHOe 4nciio mocse 10 BompocoB?
MoxXeT 5 OH CAeNaTh TO XK€ caMoe, eCiy cnucok u3 10 Bompocos
OH JIOJIKEH COCTaBUTh 3apaHee?

3. Cymma yriioB TpeyronsHuKa Beerga passa 180°. Uemy pas-
Ha CyMMa YIJIOB maTuyroyibHuka? Yemy paBHa cymMMma yrjioB Iisi-
TUKOHEYHO 3BE3/bI7

4. N3 yrBepxaeHuii «x > Iy, «x > 2n, «x > 3», «x > d»,
«X > 5» Tpu BepHBIX U aBa HeBepHBIX. Kakme?

5. Ilouemy He roput GyMaxHasg KOpo6OUKa, B KOTOPOIA KHIIs-
TAT BOIy?

6. llapb BbIZBaN ABYX MYyOPELOB, Jajl KaXIOMy W3 HUX Kap-
Touky (Tak, 4roObl APYroii €€ He BUIE)), U CKasal: «Y Kaxmio-
ro U3 BaCc Ha KAPTOUYKE HAIMCAHO LIEJIOE IOJIOKUTEIBHOE YHCIIO,
MIPUYEM OTH YKCIIA OTIMYAIOTCS Ha equHuiy». [locse storo mapb

cnpocust nepsoro myapena: «Kakoe y Broporo uncno?». — «He
3HaIO», — OTBeTWJ TepBblit. Ilapb cripocun Broporo: «A Tl He
3Haelllb, KaKOe YnCiIo y epBoro?». — «M s He 3Haron, — OTBETHI

Bropoii. Ml cHOBa CcpoCwJT Laph MEPBOro, W CHOBA TOT OTBETHIT,
4yTO He 3Haer. Iloce 3Toro OH CIIPOCUII BTOPOro, M TOT CKa3all,
Kakoe 4nciio y nepBoro. Kakue dncia Morsiu GbITh HA KAPTOYKAX
¥ KaK paccCyXajl BTOpoii?

3anstue 31 suBapa 1996

1. Yrto cayuurca ¢ mepuMETpOM U IUIOLAILIO MPSIMOYIOJIb-
HHUKa, €CJIM OJHY €ro CTOPOHy yBeauuuTh Ha 10 IpOLEHTOB, a
apyryio ymeHbunTh Ha 10 mpoueHToB?

2. J1Boe JIBIKHUKOB 1A JPYT 32 JPYTOM C TMOCTOSIHHON CKO-
poctbio 6kM/4 Ha paccrossaun 200 meTpoB. (a) Hauancs Gosee
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TPYOHBIA y4YacToOK, IJi€ Ha KOTOPOM CKOPOCTb JIBLKHUKOB CTajia
4 xm/4. KakoBo paccrosiHrue Mexay JbIKHAKAMHA HA 3TOM y9acT-
ke? (6) 3arem GbUT JETKMIA Y9ACTOK CO CKOPOCTBIO 7 KM/, 3aTEM
OYEHb TPYIOHBIA CO CKOPOCThIO 3 KM/Y W, HAKOHEL], OHM BBILLIA
CHOBa Ha YYaCTOK CO CKOpOCTh0 6kM/4. KakoBo paccrosuue
MEX/y HUMU B 9TOT MOMEHT?

3. Ha crone nexar 4yeTbIpe KAapTOUKH, HA KOTOPBIX CBEPXY
Hanucano: A, B, 4, 5. Kakoe HanMenblliee KOJIMYECTBO KaPTOYEK
U KaKye MMEHHO HYXHO TEPEBEPHYTh, YTOOBI MIPOBEPUTh MUCTHH-
HOCTh yTBepXkaeHus «Ecnu Ha OmHOI CTOPOHE KAPTOUKM YETHOE
4KCJI0, TO HAa OPYroil — ryacHasi OykBas?

4. U3 Mocksb B0 BriagnBocTok exXeqHEBHO POBHO B IOJIHOYb
(10 MOCKOBCKOMY BPEMEHM ) BBIXOJUT IIOE3 ], KOTOPHIN UIET POBHO
6 cyrok. U3 Bragusocroka B MockBy exeIHEBHO B MOJIAEHD (TI0
MOCKOBCKOMY BPEMEHH) BBIXOIUT MO€3[I, KOTOPbIN UOET TAKXKe 6
cyrok. Korga moesqa Berpeyarorcs, MalIMHUCTBL Kpuvat «Ypals.
(a) Ckonpko pa3 MaumeuCT Kpuunt «Ypal» Ha mytd w3 MockBbI
Bo Bragmsocrok? (6) Ckosbko kpukos «Ypaly pasmaercs B Tede-
uue cyrok? Hakowen, (B) CKOJIBKO XKeJIE3HOOPOXKHBIX COCTABOB
HYKHO, YTOOBI OpPraHN30BaTh TAKOE ABIKEHUE?

5. V karyuwku, n306pakeHHON Ha puC. 5, BHYTpEeHHMIT aua-
MeTp paBeH |cM, a BHemmHmii — 2 cm. Karymika katurcs co cko-
pocteio 30 cm/c. C Kakoii CKOPOCTBIO I 3TOTO YEJIOBEK HOJIKEH
TAHYTb KOHELl HUTKU?

O)

Puc. 5

6. Bacs npuxoauT Ha CTaHIUIO METPO B CIIy4ailHoe BpeMs U
caJiUTCsl B TIEPBBIN MpUIIEAUINil Toe3 ] (JTubo B OJHY CTOPOHY —
B IIKOJTy, OO B JPYTYyIO — B KMHO). XOTS [TO€3a XOIAT TOYHO

[0 PACIKCAHUIO, M B 00€ CTOPOHBI MIOET MPUMEPHO OJUHAKOBOE
YHCJIO TIOE3M0B, MMOJIyYaeTCs TaK, 4T0 Bacs B miKosy momagaer B
CpeHEM B TPHM pa3a pexe, 4eM B KuHO. Kak Tak MoxeT ObITh?

3anarue 7 despana 1996

1. Ha xsieryaroit Gymare HaprcoBaH MPSMOYTOJIbHUK IIUDPH-
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HOM 8 KJIETOK M BBICOTOM 6 KJIETOK. MOXKHO JIU [TOCTABUTH B HEM
KPECTUKM Tak, 4tobbl (a) B Kax0W CTPOKE CTosio 4 KpecTu-
Ka, a B KaxaoM crojbue — 37 (6) B KaXmIOil CTPOKE CTOSLIO
3 KpecTrka, a B KaxjoM cronbue — 27

2. B crpouky nHammucanel 10 umcen, npuuém cymma JTIO6BIX
Tpéx cocemuux pasHa 15. Ilepsoe uucno pasHo 7. Yemy moxer
GBbITh PaBHO TOC/IEAHEE YKCTIOT

3. B memke sexur 57 u€pubix daconuu u 43 6embix. bopuc
[lerpoBuy BeIHMMAaET U3 MEIIKa Hayra[ ABe dacoiudbl. Eciau onn
OKa3bIBaIOTCA OJHOTO ILIBETa, TO OH 3aMeHseT MX Ha 6enyio (a-
COJIMHY, €CJI PA3HOTO — TO Ha YEPHYKW. 1ak OH Aelaer 10 Tex
IOp, [OKA B MEILKE HE OCTAHETCS TOJILKO oHa (hacosmua. Kakoro
upBeTta oHa Gyger?

4. Ksagparnas miomans pazmepa 50 X 50 METPOB BBUIOXKEHA
noutamu pasmepa 1 X 1 4eThIpéx LBeTOB — 6€sI0ro, KpacHoro,
CHHErO U 3eJIEHOro. IIpy BTOM IUIMTHI OJHOIO LIBETA HE JIEXKAT
psagoM u He mMmeloT obuero yria. CKOMBKO KPacHBIX IUIAT Ha
oA’

5. CrakaH HaNOJHWIM BOJOH, HAKPHUIM KAPTOHKOW W IEpe-
BepHy/i. [loyeMy Bona He BblIMBaeTcs?

6. BusHecMeH 3axmiouns ¢ YEPTOM ClleyIOLIee COIlalleHue:
KaXxplii JeHb OM3HECMEH Ja€T JYEPTY OAHY KYIIOPY, a B3aMeEH
rosry4yaet Jiroboe (ykazaHHOE GM3HECMEHOM) YHCIIO KYIIOP MEHb-
ero JocTonHcTBa. Moxker i GusHecMeH GECKOHEYHO [I0JITO Bhi-
TIOJTHSAITh CBOM OOS3aTeIbCTBA, €CIIM JPYrOro UCTOYHMKA EHEX-
HBIX KYITIOP Y HEro Her?

3ansatue 14 gespans 1996

1. Bosionst u Jléma wurpamor B KPECTHKM Ha OOCKE 3 X 3 TO
TaKUM TIPaBUJIAM: XOZST MO OYEPENH, CTaBsi KPECTHK B JIOOYIO
cBOGOHYIO KJIeTKy. [IpourphiBaeT TOT, KTO HE MOXET CHeaTh
xon (mexkyma). IlepseiM xomut Bonoga. Kro Bemrpaer?

2. luma u Com urparor B Takywo urpy. Bravane nages crout
B JIEBOM HIDKHEM YIJTy LIAXMATHOM JOCKU. Xomdrt mo ouepeau. Ha
KaXxJOM XOIy JIaJbl0 MOXHO CJBHMHYTH WJIM BIIPaBO, WU BBEPX
(Ha m60oe YncsIo KIeTOK ). [IponrpeiBaeT T0T, KTO HE MOXKET ClIe-
Jiath xo[1 (afpbs B MpaBoM BepxHeM yrity). [lepseiv xoqutr Juma.
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Krto BbIMrpHIBaeT npu npaBuibHON urpe?

3. Bopst u Urops wrpator B Takyro urpy. Ha crome nexar
[IBE KYyYKU CIIUYEK MO 7/ CIIUYEK B KaXOi. XOOAT MO OYepEnH.
3a 0MH XOA MOXHO B34Th JIO60€ YMC/IO COMYEK (XOTh BCE), HO
TOJIbKO M3 OJHOW KyUYKU. BBIMTPBIBAET TOT, KTO B3SJ MOCTEHION
cninyky. Bopst Haunnaer. Kto Bemrpaer npu mpaBusibHOI urpe?

4. Ha mocke mamucamo umcio 100. Tams u Ong xomsar mo
ovepeny. 3a OOWH XOf Pa3pelacTCs YMEHbLUIUTh HAMMCAHHOE Ha
Jocke unciio Ha 1, 2 wim 3. Y KOro moJTyduTcsl OTPULIATENIBHOE
umncsio, mpourpai. [lepsoit xogur Taus. Kro Bemrpaer?

5. Auppeii u Poma wrparor B azaprayio urpy. Kaxnpii nz
HUX MHULIET Ha GyMaXKe LEJIoe YKCII0, HE TMOKA3biBas PYyroMmy.
3aTeM OHU OTKPHIBAIOT 6yMa)KH, CKJIAIBIBAIOT YKC/IA U CMOTPST,
nmenurcs i cymma Ha 3. Ecom gesmurcs, To Poma mmatur Augpero
3 py6s, ecia Het, Auapeit iatur Pome 2 py6is. Komy Beironsa
ora urpa? Kak Hago msmenuts e€ mpasumia, 4yto6bl Mrpa Gbuia
YECTHOI?

6. BusnecMen OroBOpHMIICS O MAPTHM B LIAXMATHI MO TEPE-
nmcke ¢ aByms rpocemeiicrepamu. OH MOXBasIsAeTCS CBOEMY MPH-
aremo: «Hy yx y omHoro s Touno Bemrpaio. B kpaitnem ciyyae,
OyayT ABe HUYbM». [loueMy OH B 9TOM TaK yBepeH?

3anarue 21 despana 1996

1. Cxkonbkumu crioco6aMu MOXHO TOCTABUTh HA HMIAXMATHYIO
mocky (a) Genylo M YEPHYIO Jiafpd, He Obloiiue Apyr apyra?
(6) aBe Gesble anpu, He Obtoiiue apyr apyra? (B uém pazmuna
MEX/y 3THMM 3aa4aMu’ )

2. CkonpKuMH CocobaMy MOXHO HOCTABUTh HA MIAXMATHYIO
JIOCKY 8 OJMHAKOBBIX Jafeii, He OpIoumx Apyr apyra?

3. B kmacce 20 y4yeHuxoB. Bbuto mpoBeaeHsl BE KOHTPOJIb-
HBIE, 332 KaXJyl0 U3 KOTOPBIX CTABWJIUCh OTMETKM OT 2 10 5 (He
y4acTBOBaBILKE IIOJYYWIM [OBOMKHU). JoKaxwuTe, 4ro €CTh [Ba
YYEHHKA C OJUHAKOBBIMU pe3yJibTaTaMi (10 06EeMM KOHTPOJIb-
HBIM).

4. Kakux uncen 6ompie cpequ unces ot 000000 go 999999:
TeX, Y KOTOPBIX CyMMa LU(pp YETHA WM TeX, ¥ KOTOPBIX OHAa
HeuétHa? CKOJBKO TeX U Apyrux?
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5. IlocmoTpuTe Ha K109 OT cBoeii KkBapTuphl. O6bsacHNTE, KaK
pa6oraer 3amok. Kak Bel qymaere, Moryr nm Bce 3aMKU B HOBOM
500-kBapTrpHOM [10Me (BBIMTyLIEHHBIE OHON (PUPMOIt) BBITh pas-
HBIMU !

6. Oupma «Pycckuii cyBeHMp» OOGHapyXwuja B pe3yJibTaTe
«MapKéTHHIa», YTO MHOTUE IpaXJaHe XOTeau Obl UMETh Ha Ia-
MSATb JECATUTBICAYHYIO KYIIIOPY, HOMED HAa KOTOPOI COBIAJaeT
¢ ux TtenecoHHpM HOMepoM. Ho mMx HavaybHbI KammTall Hemo-
CTaToYeH, YTOOBI MPHOOPECTH KYIIOPHI CO BCEMU BO3MOXHBIMU
HoMepamu. TeM He MeHee (hUpMa HalUIa BHIXOM U3 TMOJIOXKEHUS.
Kakoii?

3anarue 28 despana 1996

1. Jlrobast 3 cTOpoH MEPBOro TPeyrojbHUKa Goblie Jo6oi
CTOPOHBI BTOPOTrO TPEYrOJIbHKMKA, a IUIoI@ b BTOPOro GoJblie
oL epBoro. Moxer Jin Tak 6bITh?

2. JlBy3HayHOE 4YMCIIO HaAmUcaju moapss Tpu pasa. (Hampu-
MEp, U3 YKcia 67 moydrsiock Yuciio 676767. [lonyyennoe uncio
Beerga aenurcs Ha 7, 13 u na 111. Tlouemy?

3. MoxHO 1 U3 KBagpaTa co CTOPOHOIi | BBIPE3aTh HECKOJIb-
KO KPYroB, CyMMa AqUaMeTPOB KOTOpbIX Gojbiie 19967

4. Mbiuka rpesér Ky6 ceipa ¢ pe6pom 3, pas3buTbiii Ha 27
€MHNYHBIX KyOMKOB, KyOUK 3a KybukoMm. Korga meliika cbemaer
Kakoi-JInbo KyOuK, OHa MEPEXOIUT K APYroMy KyOUKY, MMEIOLIe-
My OOLIYIO TPaHb C MPEeIBIAYIMM. MOXKET M MBILIKA ChECTh BECh
Ky0, KpOMe I[eHTpaIbHOrO Kybouka?

5. Umeerca xupnuy, Kapagjail, JucT OyMaru U JUHEHKA C
nenennamy. Kak Haiiti HaiiTh QiMHy GOJIBILON JUArOHAIN KUp-
muya (paccCTOSTHUE MEXKIY MPOTHUBOIOJIOXKHBIMU BEPIIMHAMM )7

6. Muuia ropeko miauet: «Hy nodeMy MHe Tak He MOBE3JIO C
nuéM poxenus! f yx U He IOMHIO, UTO MHE [apUJIU B TIPOLIIBIiA
pas...» B uém ero 6ega?

3anarue 6 mapra 1996

1. B TypHupe mo KpecTMKaM-HOJIMKAM TIO OJIAMIIUICKON CU-
creme yuactyer Musiivod (1 000 000) urpokos. Ckosibko maprtuit
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Gyaer ceirpano B atoM TypHupe? (B TypHuMpe mo onummmiickoit
CHCTEME MPOWTPABIINI BHIOBIBAET. )

2. Mucrep u muccuc CMUT 1Mo odepefy MEPEBOAAT CTPEJIKY
4yacoB HAa ABa UM Tpu yaca Buepen. CHavana cTpeska MOKasbl-
Barma 1 yac. Tor, mocne ybero xoma CTpesKa HokKasanga 5 4Jacos,
cuuTaeTCs MOOEANUTESIEM; IPYTOI CUUTAETCS TIPOUTPABLIAM U UAET
roToBuUTh 4ail. BepHo s, uro Mucrepy Cmury He mpupércs ro-
TOBUTH Yail, €CJIM OH YCTYMUT MPaBo MepBoro xoaa muccuc Cmur
u GyIeT UrpaTh IPABAILHO?!

3. Bosions u CeBa mo ovepeay MUINYT KJaAyT Ha MPSIMO-
YTOJIBHBIN CTOJI KPYTJIbIE MOHETHI (BCE MOHETHI OJJMHAKOBHI). YK€
JieXallyie MOHETHI CJ[BUTaTh HEJb3sl; KJIACTh MOHETY TOBEPX APY-
rMx — ToXe. KTo HE MOXeT IMOJI0XWUTh MOHETY Tak, 4TOOBI OHA
He ymajia co crona, npourpbiBaer. [lepseiv xomut Bomogsa. Kro
BBIUTPHIBAET PU MPABUIBHON Urpe?

4. HarypanbHble ynciia packpailessl B ABa 1BeTa. Jlokaxure,
YTO MOXHO TaK BbIOpath Tpu uucia A, B u C ogHoro nsera, 4to
A+ B =2C.

5. JlanbTOHMKY HE Pa3IudaroT LBETOB. MOryT Jii OHU MOJIB30-
Batbest cBeTodopom? Ecym ma, to moyemy AU HeoxoTHO BRIga€T
uM TipaBa’?

6. Tpu pazboitHuka gensaT Mex gy coboii 6omabuioit nupor. Ka-
KBl M3 HUX MOT GBI pa3pe3arsh MUPOr HA TPYU PABHBIE YACTH, HO
ocTaJibHbIE eMy He foBepsior. «Ecim 6b1 Hac GbUTO BOE, — TO-
BOPUT OJUH 13 Pa3bOMHMUKOB, — TO OJUH pa3pe3as Obl MUPOr HA
[IBE YACTH, a BTOPOI BhIOpad OAHY W3 YacTeil, M KaXIblii ObLT
6bl yBEPEH, YTO TOJYYWJI HE MEHbIIE IMOJIOBUHBLY [Ipemmoxure
pa3boiiHrKaM Crocob MOAESUTh MUPOT TakK, YTOOBI KaXIblil ObLT
YBEPEH, YTO €MY AOCTAJIOCh HE MEHBILE TPETH.

3aganme 13 mapra 1996

1. N3aMeHaTcs i 4acTHOE M OCTaTOK, €CAU JEJIUMOE U [eJTd-
TeJIb YBEJUYUTh B TpU paza’

2. MoxHO J1 Tak HamucaTh Ha LIECTH TpaHAX KyOWKa duciia
or 1 10 6, YTOOHI YKCIIa Ha COCEqHUX TPaHAX He ObUIH COCEeTHUMU
(To ectp oTaMyanuch 6b1 Ha 2 nam Gosibiie)?

3. Ha miockoctu napucosano 1000 touek. Beerga mmu moxuo
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MPOBECTU MPAMYIO TaK, YTOOBI IO KaXAYIO CTOPOHY OT HEE ObLIO
posro 500 Touex?

4. Ha okpyxHoct nocrasieHo (B HeKOTopoM mopsake) 10
KpacHbix Toyek U 10 cunux. Jlokaxure, 4TO YKCIIO AP COCEAHUX
KPaCHBIX TOYEK PABHO YKCIIy IIAP COCEAHUX CHHUX TOYEK.

5. MaxoB¥K MOJBELIEH HA [BYX HUTKAaX, HAMOTAHHBIX Ha OCh.
Ero ormyckaror, 1 OoH ABMXeTCS BHM3, packpyduBasich. Jloiias
JIOHNM3y, OH HauMHAaeT MOJHUMAaThcs BBepX. [louemy?

6. Y [lumsel 610 7 Kaprodenus, y ['pumm 66110 5, a y Aum
BoOOILEe He Obl10. OHM CBapuIM KapTOLIKY M Pa3e/Iijd TOJIy-
YEHHYIO TIOPIO TIOPOBHY Ha Tpoux. biaropapneii fma gan Jume
¢ I'pumeii 12 konder. Kax oBM [OKHBI NOAEINTD X MO COpa-
BEJINBOCTH !

3anstue 20 mapra 1996

1. CymMMa yMeHbIIIaeMOro, BEIUNTAEMOTO U PA3HOCTH paBHa 25.

Haiigure ymensiuiaemoe.

2. llepennue MOKpHILIKM y aBTOMOOWIISI CTHPAKOTCS YEPE3
25000 kM myTH, a 3aguue 9epe3 15000 km mytn. CKOIBKO MOXHO
[IPOEXaTh, €CJIM BOBPEMS IIOMEHSATh MOKPHILIKM MECTAMHU, YTOOBI
OHHM CTép/mCch onHOBpeMeHHO? B kakxoii MOMEHT MX HyXHO Me-
Hath? (Cunraercs, UTO B MEPEAHUX U 3aJHUX KOJIECAX CTUPAETCS
O[lHa M Ta XK€ YacTh MOKPHILIKYU, [IPUYEM CTUPAETCS OHA PaBHO-
MEpHO. )

3. MoXHO M HapuCcOBaTh MHOTOYTOJIbBHUK M TOYKY BHYTPH
HEro, M3 KOTOPOil HM OfHA CTOPOHA MHOIOYrOJIbHMKA HE BHUIHA
neamKom?

4. MOXHO Jl1 HapUCOBAaTh MHOTOYIOJIbHUK W TOYKY BHE HE-
ro, U3 KOTOPOil HM OfJHA CTOPOHA MHOIOYrOJIbHUKA HE BUJHA Iie-
JIKoM?

5. Ha crosne nexamna Bepéeka (6e3 y3na). JI€us mopomesn K
CTOJIy, B3sJ1 BEPEBKY 34 KOHLIbI AByMs DyKaMd, M, HE BBIIYC-
Kasi KOHL[OB BEPEBKU W3 PYK, 3aBs3all Ha Heil y3en. Kak o ato
caenan?

6. Cpeau ro6bIX TPEX IIKOJIBHUKOB 72 KJIacca XOTS Obl OfJuH
UTpaeT B KOMIBIOTEPHBIE UIPLI. [IpenofaBaTe i pelIMIN BEITHAT
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BCE€X, KTO UI'PA€T B KOMIIBIOTEPHBIE UI'DHI. CKOJ’IBKO IIKOJIbBHUKOB
OCTaHETCd, €CJIU 3TO PECILICHUE BBIMIOJTHUTD !

Cob6ecenosanne 27 mapra 1996 rona

Bapmuanr 1

1. Haiigure munmmanbHOE Lenoe ymcno, 6onpuee 40 100 n
SBJISIOIIEECS TOYHBIM KBagpartoM (KBagpaToM APYroro LEJIOro
quca).

2. Kakoii yrost 06pasyror MUHYTHasI ¥ 9acoBasi CTPeJiku B 11
yacoB 20 munyT?

3. Haiigure monoXureapHOE LEI0e YHUCIO N, €CIAM U3BECTHO,
4TO

M+2)n+3)(n+5)(n+7)=4158.

4. Yucna a, b, ¢, d, e nonoxurensnsl. M3pectHo, uto ab = 2,
bc =3, cd =4, de =5. Yemy pasno e/a?

5. Kaxayio cTopoHy TIpsIMOYTrOJIbHUKA YBEIWNYMIA Ha 3 CM; B
pesyJibTaTe ero IowWwags yseaudmiack Ha 39 cm?. Haiimure me-
PUMETP HUCXOMHOIO MPSMOYIOJIbHMKA.

6. Kak 3aMOCTHUTh IJIOCKOCTh OJMHAKOBBIMU ILUTUTKAMH, AMeE-
IOLMMM BUZ| KBapara ¢ orpe3adHbiM yriioM (puc. 6)7 (Hapucyii-
Te TIOAPOOHYIO CXEMY YKJIAOKH IIJTHT. )

~

Puc. 6 Puc. 7

7. Bep€BKy CIOXMIIU IOMOJIAM, IIOTOM €LIE pa3 MOMoJjaM, Io-
TOM CHOBA TIOMOJIaM, & TIOTOM pa3pe3ayii B KakoM-1o mecte. (Pe-
XYT He Ha crube u cpasy Bce HuTH.) (a) CKOJIBKO KYCOUKOB TIO-
nyunsiock? (6) Ba M3 3THX KYCOUKOB UMEJIN IJIUHY 7 CM U 3 CM.
Kakosa nnuna BepéBkn? YKaXuTe BCE BO3MOXHOCTH.

8. B tpeyronwanke ABC yron B pasen 20°, a yron C pa-
Ben 40°. Buccekrpuca AD yria A passa 2. Haiitu passocts
cropon BC— AB. (ITogckaska: Ha cropone BC mocrpoiite Touky
E, mns koropoit yrom AEB pasen 80°.)
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Bapuanr 2

1. Haiigure nanmensiuee neoe uucio, 6onbiuee 10 100, ko-
TOPOE SIBJIIETCS TOYHBIM KBagpaToM (KBaJpaToM APYroro LeJioro
Ymncsia).

2. Kakoii yron o6pa3syior MUHYTHAass M 4acoBasl CTPEJIKH B
12 yacos 20 munyT?

3. UssectHO, uto (N +3)(n+5)M+7)(n+11) =409 un
YTO M — LIEJIOE TOJIOXUTENBbHOE yrcno. Haiimure ero.

4. Yucna a, b, c, d, e nonoxurenpusl. U3Bectro, uro ab = 3,
bc = 2, cd = 4, de = 5. Haiitu otHOIIEHNE O/ €.

5. Kaxayo CTOpoHY MPSMOYrOIbHUKA YBETUYWIA HAa 2 M; B
pesyJibTaTe ero momas ysenmamiace Ha 28 2. Haiimure mepu-
METpP HCXOJHOTO MPSIMOYTOJIBHUKA.

6. Kak 3aMoCTTh TIJIOCKOCTh OAWHAKOBBIMU TUTUTKAMHU, MME-
IOLLMMY BUZ KBajpara ¢ otpe3anbiM yriiom (puc. 7)7 (Hapucyii-
Te MOAPOOHYIO CXEMY YKJIAIKU IIJIWT. )

7. Bepé€BKy CIIOXWIN TOMOJIaM, TIOTOM €LIE pa3 TorojaM, 1o-
TOM CHOBA TIOTOJIaM, & MOTOM Pa3pe3ajiv B KAKOM-TO MECTE.

(a) Ckoipko KycoukoB monyumiock? (6) [Isa uz atux Kycou-
KoB umesu JmHy 9 cm u 4 cm. Kakosa qymHa Bepéku? Ykaxure
Bce BoaMoxHOCTH. (PexyT He Ha crube u cpasy Bce HUTH.)

8. B rtpeyronbunke ABC yron B pasen 40°, a yron C pa-
Ben 20°, passocts cropod BC — AC pasua 4. Haiitu gy Guc-
cekrpucel yria A. (Ilomckaska: Bosbmure Ha cropone BC touky
E, ma koropoii yron AEB pasen 100°.)

Cobecenosanme 3 anpens 1996 rona

Bapuanr 1

1. Kakoe uncro (omHO 1 TO Xe) HA0 MPUOABUTH K YHCIIATE-
JIIO ¥ 3HAMEHATENTIO Apo6u %, uro6bl OHA MPEBPATUIACH B %?

2. (a) Haitgure MuHMMaIbHOE MATH3HAYHOE YHCIIO, JEJIAIIE-
eca Ha 123. (6) CkOIBKO CyleCTBYET MATM3HAYHBIX YHUCEN, [e-
nsuxest Ha 1237 (I[atusnavnbie yncaa — aro yuena or 10 000
o 99999.)

3. ABTOMAT OTPE3a€T OT MOMEIIEHHOIO B HETO MPSIMOYIOJIb-
HUKa KBaJpaT CO CTOPOHOI, paBHON MEHBIIEH W3 CTOPOH Mps-
MOYTOJIbHHMKA. [IpUMeHSIST HECKOJIBKO pa3 TMOJPSA STOT aBTOMAT
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K HMEBILEMYCS Y HETO IPSMOYIOJIbHMKY, Bacsd B KOHIE KOHIOB
paspesa1 ero Ha 2 6oJbLIMX KBaapara, 3 KBaapaTa IIOMEHbIIE 1
5 manenbkux KBaApatoB co cropoHoil 1cm. Kakoii npsmoyroms-
HUK Y HETO ObUT?

4. BeruncnuTe npousBeeHNe, MPUBEIS MOJOOHbBIE YIEHBI:

(THx+x2 4% +xF +x53) (T +x+x2 +x3 +xF+x° +x5).

5. B tpeyronbarke ABC Ha cropone AB B3sra rouka D, a Ha
cropone BC Basra touka E. [Tpu atom orpezok DE mapanenen
AB u pasen no jgnude orpe3ky AD. Haitgure yron EAB, ecin
yrist B u C TpeyrosibHuka paBHBbl cooTBeTcTBeHHO 45° u 60°.

6. Kak 3aMOCTHTB IJIOCKOCTH OIMHAKOBBIMU TLIMTKAMM, IO-
kasanubivd Ha puc. 8?7 [lnuTku Henb3s mepeBopaumBaTh APY-
roii croponoii. (Hapucyiite moapobHyro cxeMy yKJIaaKu ILUTATOK. )

- -

Puc. 8 Puc. 9

7. (a) Haitgure nonoxwurespHoe ynciio (He 06sA3aTENBHO Lie-
Jioe), npu aejeduu koroporo Ha 10/21 u 4/15 B yactHOM moO-
Jy4datorcs uesisle yncia. (6) Haiigure HanMeHbIree Takoe 9uco.

Bapwnanr 2
1. Kakoe umcro (omHO 1 TO Xe) HaI0 MPUOABUTD K YKCIIHATE-
JIIO ¥ 3HAMEHATENTIO APOo6u 3—?, 4To6bl OHA MPEBPATUIACH B %?

2. (a) Haitnure MuHMMAasIbHOE MATU3HAYHOE YHCIIO, JEJISIIE-
eca Ha 213. (6) CkoJbKO CYIECTBYET MATU3HAYHBIX YKCEN, [e-
ssuxes Ha 2137 ([Marusaaunsie yncna — sro ymena or 10 000
o 99999.)

3. ABTOMAT OTPE3AET OT MOMEILEHHOIO B HETO MPSIMOYIOJIb-
HUKa KBaJpaT CO CTOPOHOI, pPaBHOW MEHBLIEW W3 CTOPOH MOPS-
MOYTrOJbHUKA. [IpUMeHsIsT HECKOMBKO pa3 MOAPS 9TOT aBTOMAT
K UMEBILIEMYCSI Y HETO TPSMOYTOJIbHUKY, Bacs B KOHIE KOHIOB
paspesat ero Ha 3 GoJbLIMX KBajgpara, 2 KBaJpara MOMEHbBIIE 1
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6 MaJIeHBKMX KBaapaToB co cTopoHoii 1cm. Kaxkoii mpsmoyroms-
HUK y HEro 6mu1?
4. Beruncnute npousBeieHNe, TIPUBENS TTOJOOHbBIE YIEHBI:

(THx X243 x4+ x4+ x) (T +x+x2 +3 +x* +x°).

5. B tpeyronbanke ABC Ha cropone AB B3sara rouka D, a na
cropone AC Basra touka E. IIpu atom orpezok DE mapannenen
BC u paBen mo mgymue orpesky EC. Haitgure yron ABC, eciu
yoist BAC u BCD pasubl cootBetcTBeHHO 55° 1 25°.

6. Kak 3aMOCTUTh TUIOCKOCTb OJMHAKOBBIMU TUTUTKAMH, TIO-
kasaHHeiMi Ha puc. 97 TlnuTku Hesb3st mepeBopadmBaTth ApY-
roii croponoii. (Hapucyiite moapobHyio cxeMy yKjIaaKu IJIATOK. )

7. (a) Haitgure nonoxwuresipHoe yncio (He 06sA3aTENBHO Lie-
Jioe), npu Aejierun Kotoporo Ha 15/8 u 21/10 B yacTHOM TO-
Jrydalorcs uesbie uncia. (6) Haiigure HanMeHslee Takoe 4ucio.

Cobecenosanue 6 anpens 1996 rona

1. Kakum quém memem 6buto 6 anpens 1957 roma? B ro-
Iy 365 [Heil, ecly OH HE BUCOKOCHBINM (366 [HEN); BUCOKOCHBIE
TOAbl — BTO Te, KOTOpbie Hesrtcs Ha 4 (MCKJIIoueHusT OBIBAIOT
TOJIBKO B HayaJjle CTOJIETHIA).

2. B yernipéxyronpurike ABCD mnpomosikeHus: mpoTHBOIIO-
soxubix ctopoH AB u CD mepecekarorcs mog yriiom 20°; mpo-
JOJIKeHusl PoTUBOMOJIoXHbX ¢TopoH BC u AD Takxke mepe-
cekarorca nog yrmom B 20°, Jlokaxurte, 4TO OBa yrjia B 9TOM
YETBIPEXYTOJILHUKE PABHBI, 4 [Ba APYrux orTaudarorcs Ha 40°.

3. JIBoe TUIOBLIOB OAHOBPEMEHHO HAYAJIH TLTBITH IO 25-MeTpo-
BoOii mopoxke Gacceitna co ckopocramu 1,4M/c u 1,1m/c. [o-
IUIbIBas [0 KOHLA AOPOXKM, KaX/blii U3 IIJIOBLIOB IIOBOPAYUBAET
Hazajz. Korga 6osee GBICTPBIA IJIOBEL] BIEPBBIE OOroHUT Gojiee
Me ienHoro (TwisiBs B Ty ke cropony)? Ha kakom paccrosaun
OT MecTa CTapTa 9TO MPOM30UIET?

4. Ksanparhoe kojeco katurcsa mo gopore. Hapucyiite Tpa-
eKTOpHIO ero ocu (Haxofsllelics B LieHTpe Kojeca). M3 kakux
KPUBBIX OHA COCTOWT?
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5. Cymma Tpex pasaM4HBIX 4duces (He 0643aTeIbHO LENBIX)
pasua 10, a pa3HuLa MeX1y GOJIBIUMM ¥ MEHBIUMM W3 HAX PaB-
Ha 2. Kakum Moxer 6BITh CpEAHEE MO BEJIMYMHE YUCIIO?

X ko ok

6. Peka ¢ mapasuienbHbiMu nipsmMbiMu Geperamu umeet wmpuny 100
meTpoB. Ha ofiHoM u3 GeperoB peku ects npucranb. EcTb ocTpoB neprme-
tpa 800 MeTpOB; APYrux OCTPOBOB HET. JIOKaXKMTE, YTO MOKHO JIOTUIBITH
OT MpPUCTaHU [0 Apyroro Gepera peku, npomisiB He Gosee 300 mMeTpos
(MuHYsT OCTPOB).

7. Ksagpar pazpezan Ha 5 mpsIMOYTrOJIbHMKOB, YEThIPE U3 KOTOPBIX
HMEIOT 10 OJHOMY OOIIEM YIITy C KBaJAPATOM U PABHOBEJIUKH APYT APYTY,
a MATBHIA HAXOOUTCA BHYTPU KBajpara (He UMes ¢ HUM OOIMX KYCKOB
cropoH). [lokaxwure, 4To oH GymeT KBaJpaToM.

Cob6ecenosanne 10 anpens 1996

1. B kakux mpenenax MOTyT HaxXOOUThCS cymMMa a + b, pas-
HOCTb 0 — b, mpousBeenne a-b u yactHoe a/b,ecm 6 < a < 7
n2<b<3?

2. Ha crosie B psap croar Gauku o6bémom 1 nurp, 1/2 nurpa,
1/3 nutpa, 1/4 murpa,. .., 1/100 nurpa. [lepBas u3z uux mosjma
BOJbl, OCTallbHblE TycThlie. M3 mepBoii GaHKM MepeuBaioT BOLY
(CKOJIBKO TIOMECTHTCSI) BO BTOPYIO, 3aT€M M3 BTOPOIl B TPETHIO,
U3 TPEThEl B YETBEPTYIO U T. . (HA MOCJEAHEM LIATE TIOCIEqHSIS
Ganka Gyner HamojiHeHa A0Bepxy). CKONBKO BOIABI OKaXeTcs B
Kax o u3 6anok? Haiitu oblee KoamuecTBO BOABI B MePBbIX 50
GaHKax MOCJe BCEX MEPETUBAHMIA.

3. lpoueccus gBrxeTcs w3 myHkKTa A B myHKT b co ckopo-
crbio SkM/4. Kaxple mosryaca BBICBLIAIOTCS MOHIBI B ITyHKT B,
KOTOpHBIE ABMXKYTCs co ckopocTeio 20 km/4. C KakuMu mHTEpBa-
J1laMu pUbBIBAIOT TOHLEI B B7

4. Kpagparusiii npyn umeer cropony 500 merpos. Ha omnoit
13 Er0 CTOPOH BBIOpaHa TOYKA, OTCTOSAA OT oaHoro yria Ha 200
MeTpoB u ot apyroro yriia Ha 300 merpos. Hapucyiite Touku, go
KOTOPBIX MOXHO JOUTH, mpoiias He 6osiee 900 mMeTpoB Mo cyiue.
N3 kakux KpUBBIX COCTOWUT TrpaHUlia TOJIydUBLIEACS 06IacTu?

5. PaGora Gbiia mofesieHa MOPOBHY MEXAY pabOTHMKamu B
6purage. [loce mepBoro gHst mocywTav, CKOJBKO YEJIOBEK Bhi-
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nosawio He Menee 30% cBoeit monmm — Takux okaszasoch 70%
Bcex paborarmoimx. Korma craam cuurath TOJBKO T€X, KTO Bb-
nosaws He Menee 70% cBoeit monmn — Takux okazanoch 30%
paboraBumx. MoXHO Ji GbITh YBEPEHHBIM, YTO BBHIMTOJIHEHA XOTS
6bl TpETh PaboOTHI?

E I

6. UesoBek mprexa Ha CTAHIMIO HA Yac paHblie OObIYHOTO U HE CTall
XKJ1aTh MOCJIAHHYIO 32 HUM MAIUKHY, a TIOMEN €if HABCTPevy, BCTPETHII,
ces1 u ipuexaj Ha 20 MuHyT panbine 06br9HOr0. CKOJIBKO MUHYT OH IIEST
nemkoM? (CKOpPOCTH 4esoBeKa M MalMHbI OCTOSIHHBL. )

7. I'panu kyba 2 X 2 X 2 packpallleHbl B HECKOJIbKO LIBETOB (Ka-
KB U3 YEeTHIPEX KBAJPATHUKOB KAX/OW IPaHM — B OJVH U3 LIBETOB).
[1pu aTOM KBaIpaTHKY, MMEIOIIKE OOLIYIO CTOPOHY (B TOM YKCIIE HAXO/IS-
[MeCs HA Pa3HBIX TPaHIX) UMEIOT pasHble [BeTa. Kakoe MakcuMaibHOe
KOJIMYECTBO KBaJPATUKOB OJHOTO [BeTa MoXkeT ObITh? Kakoe MunnMab-
HOE YMCJIO L{BETOB MOXET ObITh UCMOJIB30BAHO?

Cob6ecenosanme 13 anpens 1996 roma

1. Ha gocke wamucanwl uucia 1,2,3,...,1996. Baca BwI-
YEPKHYJI KaX0€ JECATOE YUC/I0, cuuTas oT Hadaja (1.e. 10,20,
30,...). [locme aTOr0 OH BBIYEPKHYJI KaXI0€ AEBSATOE YKCIIO U3
OCTaBILKXCS, 3aTEM KaXJ0€ BOCBMOE, KaXJ0€ CEIbMOE,. . ., Ka-
xn0e Bropoe. Ckonbko uncen ocranercs? Kakoe uucno 6ymer
CTOSITh HA MOCNIEHEM MecTe?

2. Hokaxure paBeHCTBO:

1 1 1 1 1

1199 73197 " 5105 T 1973 T 1991
_L ‘|+1+1+ +L
=700 375t T 99)-

3. B Bupaxenmu (a+b—c)(d—e—Tf)(g—h+1)(k+1+m)
packpeum ckobku. Ckonpko uneHoB monyuntca’? Ilepen ckonb-
KUMH U3 HUX OyJEeT CTOATh 3HaK MHUHYC?

4. B tpeyroapauke ABC yron A pasen 60°. U3BectHO, uTO
6uccekTpuca yriia A, MeauaHa, IPOBEAEHHAS W3 BEPIUUHBI B, u
BBICOTA, OMYyIIeHHas u3 BepuHbel C, mepecekaroTcsi B OJJHOI TOY-
Ke. JlokaxmuTe, 4TO TPEYroAbHUK PAaBHOCTOPOHHMIA.
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5. Ha mnockocty 1eXXuT KapTOHHBIN KBaJpaT, KOTOPHIA pas-
pelaeTcsl MepeKaThiBaTh Yepe3 pebpa (Mpu mepeKaTbiBaHUU Pe-
6po ocTaéTcsa Ha MECTE, a KBAJPaT I€PEBOPAYUBAETCS HA JPYTYIO
cropoHny). [Tociie HECKOIBKUX TTepeKaThIBAHMIA KBApaT BEPHYJICS
B TO X€& MeCTO IJIockocTh. Jlokakure, UTO OH OKa3aJics B TIPEX-
HEM II0JI0KeHUN (T. €. BCE €ro BEPLIMHBI OKA3aJIUCh HA UCXOTHBIX
MecTax).

Cobecenosanune 17 anpens 1996 rona

1. (a) Hokaxwure, uro cymma apobeit 1/1000 + 1/1001 +
+1/1002 + ...+ 1/1999 +1/2000 e mennie 1/2. (6) Tor xe
Bonpoc aist cymmbr 1/1000+1/1001+1/10024...+1/1995+
+ 1/199%.

2. Haiigute camoe 60JbllIOe HATYPATIBHOE YHUCIIO, IIPU AEJIE-
HUU KOTOPOrO C OCTATKOM Ha 57 4YacCTHOE M OCTATOK IIOJIyYaloTCs
PaBHBIMU.

3. UspecrHo, uto a/b = c¢/d. Hokaxure, uto (a —b)/(a +
+b) =(c—d)/(c+d).

4. B rtpeyronsarke ABC B3symm touky D mHa cropone BC,
touky E Ha cropone AC u touky F Ha cropone AB. [lpu srom
AF = AE, BD = BF u CE = CD. Ussecrno, uro ZABC = 20°.
Haiigure yron FED.

5. Ha mockoctn HapucoBau TPeyroiabHUK M KBajpar. [lo-
TOM MOKPAaCWIA BCE TOYKH, MOMAJAOLIFe BHYTPb XOTs Obl Of-
HOIt U3 puryp. MoXeT 1T MpU 9TOM MOMYYUTHCS 7-YTOJIBHUIK !
8-yronbuuk? 13-yronpuuk?

6. Boccranosure npumep:

ok ok ok ok | ok
* % % %8k x
T s

* %

* % %
* %k

0

7. Moxet 1 nony4utbes 14-yroibHuk B 3agade 57
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Co6ecenosanne 20 anpens 1996

1. Cobaka mpecseayer 3aiilja, KOTOPbIi HAXOOUTCS HA pAac-
crosanu 40 cBoMX MPBLIXKOB Brepeau cobaku. Cobaka nenaer 7
MIPBIKKOB 32 TO K€ BPEMsI, YTO 3asl — 9, HO 3 TIPBIKKA CO-
6aky paBHOCHJIbHBI 5 TpbuKKaM 3aiina. CKOJbKO MPBIKKOB HAMIO0
caenath cobake, 4robbl JOrHATH 3aiina’?

2. VsBecTHO, YTO TMOJIOXWUTEJIBHBIE YUC/IA X U | TAKOBBI, YTO
x* =37, y3 = 15. Kakoe u3 uncen x u y Gosslre u nodemy?

3. Baca Tpenupyerca Ha katke. OH HONOXHI TPU 1MAKGH B
BEPLIMHBI TPEYTrOJbHMKA, a 3aTeéM ObET IO ONHOM U3 1Al Tak,
4TOGBI OHA ([IBUrasiCh MO MPSIMOIA) MPOILIA B BOPOTa, 06paszyembie
OByMst apyrumu waiiGamu. Moryt jm mocne 7 6pocKoB Bce TpU
waibbl oKasaThCs B MpexHux Mecrax! Moryr i onu mocne 7
GPOCKOB OKa3aThCsl B BEPIUMHAX TOTO XK€ TPEYroNbHUKa?

4. [lapsl gBe OYTHIIKM C PACTBOPAMM PA3HON KOHLEHTPALVH.
B opanoii 6yteuike 0,5 sutpa, B apyroii 0,3 yurpa. [Ba oguHako-
BBIX CTaKaHYMKa HAJWIM JOBEPXY (KaXKIblii U3 CBOEi GyTBUIKH),
MOCJIE YEr0 PacTBOPHI BJIMJIA OOPATHO B OyTBIJIKHU, TIOMEHSB WX
Mectamu. B pesynbrate B 06erx GyThUIKAX MOJIYYUIICS PACTBOPD
OVHAKOBOI KoHLeHTpauyn. Haiitu 06b€M CTaAKAHYMKOB.

5. Tlerst u Bopst cMOTpsAT Ha GOJIBLION KYCOK MYETMHBIX COT.
CoThl COCTOST M3 ECTUYTOILHUKOB, TIPUMBIKAIOIIUX IPYT K ApY-
Iy Tak, Y4TO B BEPUIMHE CXOLSTCS TPU IIECTUYrOJbHUKA. [leTs
CUMTAET YKCIIO LIECTUYTOJIbHUKOB, BOps — 4uC/io BepluvH Iie-
CTAYTOJIbHAKOB. ¥ KOro m3 Hux nosmyuurcst 6omeie? Bo ckombko
pa3 (npumepno)? Ilouemy?

L S

6. Mo rutockoctu karalor (6e3 MPOCKAJIb3bIBAHMS) KyOMK: BIpa-
BO — BBEPX — BJIEBO — BHU3 — BIIPABO — BBEPX —. . . BepHETCS /M OH B UCXOA-
HO€ MOJIOKEHNE, U €CIIM 112, TO Y€Pe3 CKOJIbKO pas?

7. Tlo kpyry crost 10 kopsun. [lpn KakMx M MOXHO pa3JIOKUTH
N A6J0K 1O 3TUM KOP3WHAM TakK, YTOOBI KOJMYecTBa SI6JIOK B COCEJHUX
KOP3MHAX OTJIMYAJIUCh POBHO Ha 17

Co6ecenosanue 26 anpens 1996 rona (¢pusmka)

1. Tpys mpuneruien Kk Ge3MeHy, KOTOPBIil BUCUT Ha JPYrOM
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6esmene. CkoabKO BECHT rpy3, ecnu 6e3mennl nokaseiBaot 300 u
500 rpammoB?

2. Uro6bl 3aBepHYTh BUHT, OTBEPTKY KPYTAT IO YaCOBOIA
crpesike. B Kakyo CTOPOHY HYXHO KPYTWUTh raiiky, 4robbl Ha-
BEPHYThH €€ HA BUHT, I'OJIOBKA KOTOPOTO BMypPOBaHa B CTEHY — 10
YaCOBOM CTPEJIKE UM HPOTHUB?

3. Pe3uHOBRBIN LIapYK HAafaeT BEPTUKAJIBLHO, KPYTICh BOKPYT
ropu3oHTaabHOI ocu. OTKJIOHMTCS U OH OT BEPTHKAIM, KOrja
orckount? Ecam ma, mo B kakyio cropony?

4. TTpu npourpbIBaHUN MATHUTO(OHHOIN KACCETHI MIEHKA JBU-
KETCST ¢ MOCTOSIHHOM ckopoctio (4,77 em/c). Kakas us Brysiok
KACCEThl KPYTUTCS ObICTpee — MPUEMHAS WM MONAOILAS !

5. Kak ppuxerca Connue ¢ Toukn 3perus xureneit FOxnoro
MOJIyLIApUsT — CJIEBA HATIPABO WJIM CIIpaBa HaJIEBO?

6. B maTtupoXKoBOIi JIFOCTPE MOXHO OTAEBHO BKJIIOUATH TPU
U [Ba poXKa (ABYyMs KJIaBMIIAMH BBIKIouatess). Hapucyiite
CXEMY COEIVHEHUS JIIOCTPhI M BBIKJIIOYATENENH C BJIEKTPOCETHIO,
YYUTBIBasA, YTO M3 IIOTOJIKA B JIOCTPY UAYT 3 IPOBOJA.

7. Ionosuna cummerpruuroii U-o6pa3noii TpyOKM 3amosiHeHa
BO/IO¥, TIOJIOBUHA — IMOICOJIHEYHBIM MacJIoM ([0 TOiA K€ BBICOTHI ).
Uro mpousoiigér, eciam OTKPHITh KpaH BHU3Y TPYOKu?

8. Bacs 3axphut IpaBblii 17183 ¥ CMOTPHUT B 3e€pKasio JeBbiM. On
BUINT MyXY, CUASLIYIO HA 3€PKaJjie, Ha (hOHE 3aKPHITOrO IIPaBOro
riasza. [loce aT0ro OH OTKPBUI MPaBblil IJ1a3 U 3aKPbUI JIEBBIIA.
Ha done gero ou teneps yBugur Myxy (KoTopast octaiach B TOi
xe Touke 3epkaina)? [louemy?

9. B kakux u3 8 ciy4yaeB mepenuiuBaHus TSXKEJOro GpeBHA
Ha nByx onopax (puc. 10) many Gyger 3axumath?

| ! l| ! !
A A AN VAN

Puc. 10

10. JIbrxu 06BIYHO A€SIA0T BOTHYTHIMU (CEPEAVHA JIBIKY TIPH-
MOAHUMAETCS HAJ 3€MJIEN, KOrJa KOHLBI CTOST Ha 3eMJIE), TpH
DTOM CPEIHIOK YaCTh JIBIKKM OOBIYHO HAMA3BIBAIOT Ma3blo, MPH-
JIAMAIOLEH K CHETrY, a KOHL[BI — Ma3bl0, XOPOLIO CKOJB3SLIENA MO
cHery. 3a4eM BCE 9TO jenaercs’?
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3BE3/J0YKaMK OT/IeJIEHBI [IOTMOJIHUTE IbHBIE 3aaun. JacTh u3
HUX ObUTAa B JINCTOYKAX, OCTAJIbHBIE BBIOABAJIVCH INKOJIbHUKAM B
MHAVBUIYaIbHOM TMOPSIAKE TIOC/IE MTPOBEPKU BCEX OOS3aTENIbHBIX
3a/1a9 U HUKaK HE PErUCTPUPOBAIVICH.

YucsoBas ock

1. Haiitu xoopauHaTy cepeUHBI OTPE3Ka, €CJIA €r0 KOHILIbI
uMeroT KoopauHatel 17 u 33.

2. Haiitu xoopauHaThl TOdek, AeasAmx oTpe3ok [—1,4] B
or”owenvu 2 :3 u 3: 4.

3. Touky ¢ KOOpPAMHATOI X CABUHYJIM HA 5 €JUHMI] BIIPABO.
Kaxkosa e€ xoopannara teneps?

4. TIpu KaKuX X TOUKa C KOOP/MHATOI X HAXOJUTCS MpaBee
TOYKM C KOOPAMHATOM X7

5. Haiitu koopauHaThl cepeauHbl OTPE3KA, €CIM €r0 KOHILIBI
HMEIOT KOOPAMHATHL X U .

6. HapucosaTh Ha 4MCIIOBON OCU TOYKH X, [JIS1 KOTOPBIX X —
— 1/3 — uenoe uucro.

7. ...x/2 — uenoe 4uco.

8. ...2x — uenoe yucro.

9....x—2< 2x.

10. Hapucosath Ha 4KCIOBOI OCH T€ TOYKHU X, JJI KOTOPBIX
Cpell HEPaBEHCTB

x>1,x>2...,x>9%x>10

POBHO TPU BEPHBIX.

11. ... 49€THOE YNCIIO BEPHBIX.

12. Yto6Bl He MOJyYUTH OBOKKY MO YCTHOMY CYETY, MEPBO-
KJacCHUK Bacsi mosib3yeTcst IS CJIOKEHUs OBYMS JIMHEWKaMHu,
NPWIOKEHHBIMU ApYT K apyry (puc. 11). Kak on aro genaer?

01 23420678

012345678
Puc. 11

O 10
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13. Touku A u B umeror koopauHaTtel a ¥ b. Haiitu koopaunaty
touku C, mensmieit orpesok AB B orHOmenvn 2 : 3.
14. HapucoBath Ha 4HCIIOBOM OCH T€ TOYKH X, JJII KOTODBIX

(x—1N(x—=2)...(x—=9)(x—10) > 0.

15. Jluneitky nosepay Ha 180° ¥ MPUIIOKWIM K APYrOil TaKOM
xe. [Ipu oTOM TOYKa 4 HMXHel JMHEUKH COBMAJIa C TOUKOM 7 BEpXHEIA,
a ToYKa 5 HUXKHEW COBMAJIa C TOUKOIt 6 BepxHeit. Kakoe uucsio Haxoaurest
HanpoTuB yrcia 10 Ha HkHel nHelike? HampoTu uncia X Ha HIKHEN
JHelike?

16. TIpu KaKKX X TOUKA C KOOPAMHATON X HAXOLMTCS NPABEE TOUKM
¢ KOOpAMHATON X7

17. Ha ckoJIBKO CIOBMHETCSI CEpEIMHA OTPE3Ka Ha YMCIIOBOM OCH,
€CJIM OJIUH €r0 KOHEI HEMOABUXKEH, 2 BTOPOI CIBUHYJICA HA 3 €IUHUIBI?

18. Ha uucioBoit ocu maxopstes toukun A, B, C, D. Ilers namen
cepenuubl orpe3koB AB u CD, coequHmI UX OTPE3KOM U B3I CEPENUHY
aroro orpeska. Baca cagenan to xe ¢ orpeskamu AC u BD. [lokasars,
qro [lers u Baca nosmyuniv ofHy u Ty ke TOUKYy.

19. HapucoBaTh Ha 4KCIIOBOI OCH IOJIOKHUTENHBIE YKCIIA, B JECS-
THUYHOM 3aIMCH KOTOPBIX NepBas mudpa Mmocsie 3amsaToil paBHa 3.

20. Ha uumcnoBoit ocu oTMeudeHH TOYKM ¢ KoopauHatamu O u 1.
Pazpemaercs otmeTuts cepenHy oTpe3ka, €CIM €ro KOHIIBI YK€ OTMe-
4geHbl. MOXHO i, COGJIIOast 9TO MPABUIIO, OTMETUTH TOUKY C KOODIM-
Harou 1/37

AOCOIIOTHASI BeJIMIMHA

AG6COJTFOTHOI BeTHYHHONM (MJTA MOAYJIEM ) YUCIIA X HA3BIBAETCS
camo X, ecm X > 0, u uncno —x, ecmm X < 0. O6oszHavenue: |x
(Hampuwmep, 2| =|—2| = 2.)

1. Iuma cumraer, yro |— a| npu a < O paBHo a, a Bomogs —
uyto —a. Kto u3 Hux npas?

2. HapucoBaTh Ha 4MCIIOBOI OCH BCE TOYKM X, AJISI KOTOPBIX
Ix| > 1.

3. Kak 3ammcars paccrosHue MexXy TOYKAMU YUCJIOBOIl OCH
C KOOPAMHATAMHU X U |, HCHOJIb3YS 3HAK a6COIIOTHON BETUYMHEI?

4. Uzecrno, uro |x| = 5, |y| = 3. Kakue 3uayeHns moxer
npuaumarts |x + y|? Tor xe Bonpoc mia [x —y| u |x - yl.
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5. HapucoBaTe Ha 4MCIOBOI OCH BCE TOYKM X, AJISI KOTOPBIX
Ix — 5| < 3.

6. HapucopaTh Ha 4uCI0BOI OCH BCE TOYKH X, AJISI KOTOPBIX
X+1+x+2=1.

7. Touku A u B umeror koopaunatel 1 u 7. Haiitu koop-
nunary touku C, ecrm paccrosiuue AC B mosiropa pasa 6osiblire
paccrosiaus BC. (Ykasats Bce BapuaHTHI. )

8. Pemuts ypaBuenue

2x — 1] =3x—7I|.

9. Ilouemy B 3amayax 7 u 8 OTBET OAMHAKOBBIIA!

E I S

10. Haittu Beipaxenue, conepxaiiee GyKBBI X U |, apu(PMETUIECKHUE
Onepanuu 1 3HaKu aGCOJIIOTHOM BEJIMUMHBI, 3HAYEHUE KOTOPOrO PABHO
HauOOJIBIIIEMY W3 YHCET X U Y.

11. Jlausl gBa uucia a u b. MoxeT Jid Tak CIIyYUTHCH, YTO CPEOU
yrBepxaeHuii a < b, —a < bu |a| < b gBa BepHbIX U 0HO HeBepHOE?

12. Kakue 3Hauenus mMoxer mpuHUMaTh X +y + z + t + u, ecm
x| =1, yl =2,z =4, [t| =8, lul =167

13. Jlokaszars, uto

x—z| < Ix—yl+ly—z

pH JIOOHIX X, Y U Z.
14. UssecrHo, uro |x + 2| < 3, [x — 4| < 5. dokasars, uro |x| < 1.
15. Haittu HauMeHbllee 3HaYEHHE BbIPaKEHUS

Ix =1 +[x—=24+x =3+ x—4/+|x =5+ x—6|

Ipu kakux x oHO gocruraercs?

16. Ha npsamom 1mocce yepe3 paBHbIE IPOMEXYTKH CTOAT 6 JOMOB.
Ime HyXHO BBIPHITH KOJIOJ€EL, YTOOB CYyMMapHOE DACCTOSHHE OT BCEX
JIOMOB JI0 KOJIOALA OBIJIO KAK MOXHO MEHbIIE? A €ClM MPOMEXYTKH
MeXIY JOMaMM Pa3JInYHbI?

17. Tlo xpyry pacmoyioxeHsl /7 KOPOOKOB, B KOTOPHIX jexaT 19,
9, 26, 8, 18, 11, 14 cnuyex (cuuras Mo 4YACOBOI CTPEJIKE). 32 OIUH
ar paspelaercs MepesioXUTh CIIMYKY U3 JII0O0ro KopoOKa B COCEIHHMIA.
Kakoe HanMeHblllee 4HCIIO MIAroB HEOOXOAUMO, YTOOH! YPABHATH YKCIIO
CIIMYEK BO BCEX KOPOOKAX?
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18. Ussecrno, uro [x + 2yl < 4, |x + y| < 3. Kakue 3HaueHus
MOXET MPUHUMATD X7

19. Ha nipsimoit qOpoXkKe CTOSAT HECKOJIBKO MIKOJIBHUKOB. Brosis Heé
XOJUT y4uTeb pu3KyIsTyphl. [To curnany «Xom!y KaxXplii M3 MIKOJIbHY-
KOB GEXUT K TOMY MECTY, [lle CTOUT YUUTENb, & 3aTEM BO3BpAIaeTCs Ha
CBOE MecTo. Tak MOBTOPSIETCS HECKOJBKO pa3. [lokazars, 4ro HamboJIb-
IIee paccTosHue Mpobexas OauH U3 JBYX KPaMHMX MIKOJBHUKOB.

20. Kakoe Haubosblliee YUCIO peLIeHUiA MOXKET UMETh YpaBHEHHE

lllx—al =bl—c[—dl =e

OTHOCHMTEJIbHO X MpU (PUKCUPOBaHHBIX @, b, ¢, d, e?

21. ITo xkpyry Hamicano 30 yucenn. Mexay KaxI5IMA JBYMS 3alca-
JIM MOAyJIb UX PA3HOCTH, & UCXOHBIE YMCIIa CTEPM. JJokasars, 4To mo-
stydennbie 30 Yrces1 MOXKHO Pa3/IesiuTh HA JBE TPYIIIBI C PABHOM CYMMOIA.

Ilenas gacte

Llesroii yacTero Yncia X Ha3bIBAE€TCS HAMOOJIBIIEE LIEJIOE YK-
cimo, He npesocxoagmee X. O6o3nauenne: [x]. (Hanpumep, [2] =
=2,[311=3,[-2]=-2,[-3,1] =—4)

Jpo6Hoit yacThio Ynciia X Ha3biBaeTcs pasHocTh X — [x]. O6o-
3HaueHue: {x}

Takum o6pazom, x = [x] + {x}, npuuém 0 < {x} < 1 mna
JI060ro Yreia X.

1. HapucoBath Ha 4KCII0BOI OCH TOYKH X, L€J1as YaCTh KOTO-
pBIX YETHA.

2. HapucoBath Ha 4YMCIIOBOI OCHM TOYKM X, APOOHAs 4YacThb
KOTOpBIX paBHa 1/3.

3. Kakue 3Hayennss MoXeT NpuHMMATh cymma [x] + [—x]?

4. Kakue 3Ha4eHHs] MOXET IIPUHMMATh cymma {x} + {—x}?

5. Bacsa 3maer, urto [x] = 3, [y] = 4. [HoctaTouso M y Hero
JAHHBIX, 9TO6HI Haiith [X + y]?

6. Baca 3maer, uro {x} = 0,3, {y} = 0,4. locrarouno mm y
HEro JaHHbIX, YTOOK! Haiity {x + y}?

7. HaprcoBaTs Ha 4KMCJIOBOI OCHM Te YHMCiIA X, JJIS KOTOPBIX
[x] =[x+ 2/3].

EE S

8. O603navas quM HEOEM OT BOCKPECEHbs [0 Cy0O0TH uncaamu 0,
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1,2,...,6, Baca npugyman dopmyiy
neHs Henenn = 7 - {uncno/7},

KOTOpas TOJUTCH, CJIM TIEPBOE YUCIIO Mecsna ObUIo noHeaeIbHUKoM. Kak
HAJI0 €€ U3MEHUTD, €CJIM MEPBOE YKCJIO Mecsla ObUIO MATHULEH?

9. Beerna mm Bepsl opmyatel [[x +yl +2z] = x + [y +zll n
x+yl+zt = {x+{y +2z}?

10. Tokasats, uro [[x/yl/z] = [x/(yz)] Ana mobbIX HOJOKUTEb-
HBIX LIEJIBIX X, Y, Z.

11. Hamucats BhIpakeHue, cofepxkaiiee OyKBY X, Yuclia, OIepaIio
B3ATHA 1EJIOM YacTh ¥ apu(METUYECKHE ONePallii, KOTOPOE PaBHAIOCH
6b1 GumKaieMy K X mesiomy 9ucity (Jobomy, eciiv ux 1Ba).

12. Hanmucats hopMyJibl 171 YACTHOTO M OCTATKA IIPU JeJIEHUH JBYX
LEJTbIX TOJIOKUTESIBHBIX YUCEST C OCTATKOM ((DOPMYJIBI AOTKHBI MCIIOJTb-
30BaTh apUMMETUUECKHE ONIEPALIMM U 3HAK 1IEJION YACTH).

13. [Jokasats, uro (mpu Bcex X)

X+ x4+ L]+ x4+ 2]+ 4 [x+ 21 = .

14. CymecrtByeTt nu Takoe x, urto [x]| + [2x] + [3x] + [4x] = 997
15. Haittu cymmy

V1] + V2] + V3] + ... + [/10000].
16. Jokazats, uro

331+12-331+83-331+...+22- 331 =
=[21+2-21+B-£1+...+34- £

w Wl

Toxnecrsa

1. Hpownmoctpuposats dopmyiy (a+b)2 = a2+2ab+b2,
CJIOXUB KBaIpaT CO CTOPOHOI1 a + b 13 KkBagpaTa cO CTOPOHOIA a,
KBaJipaTa co CTOPOHO# b ¥ IBYX MPSIMOYTOJIbHIKOB CO CTOPOHAMU
aub.

2. TIpowocrpuposats dopmyiay a”—b? = (a+b)(a—b),
paspesaB KBaJpaT d X A C BRIPE3aHHBIM yIJIoM b X b Ha fBe yacTy,
13 KOTOPBIX MOXHO CJIOXKHUTD IPSMOYIOJIbHHK CO CTOPOHAMHU 4 — b
u a+ b. (JocratoyHo OQHOrO MPSIMOro paspesa.)

3. Jokazars, uro (a+b)%> —(a—b)? = 4ab. Kax emisgur
COOTBETCTBYIOIast KAPTUHKA?
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4. Eciu K npOM3BEAEHMIO ABYX LIEJBIX YUCEN, OTIMYAMOIMX-
¢ Ha 2, npubaBUTh €IUHUILY, TO IOJYYUTCS TOYHBIA KBaJpar
(sanpumep, 4 - 6 + 1 = 52). TNouemy?

IIpocroe uymcio — 10 LENoe yncno, Gombiee 1, KoTopoe
HeJIb3sl TPEJCTABUTh KaK IPOMU3BEAEHME ABYX MEHBILIMX LIEJIBIX
MOJIOKUTENIBHBIX UMCE.

5. I[Ipocroe yKcio MOC/IE yBEIWUYEHUS Ha | CTAaHOBUTCS TOY-
HBIM KBajapaToM. Haiitu Bce Takue yucia.

6. Jloxasate, uto uncio 999 991 cocraBHOe (T. €. HE IPOCTOE).

7. Haittu (a +b+c)(a+b—c), (a+b+c)la—b+c),
(a+b—c)(a—Db+c) (e momp3ysce Gymaroil ajs NpoMexy-
TOYHBIX BBIYMCJIEHUIA ).

8. B Bripaxennn (a+b—c)(d—e—f)(g—h+1i)(k+1+m)
packpbli ckobku. Ckonbko usieHoB mnosyuntca? [lepen ckosb-
KUMH U3 HUX OyIeT CTOSATh 3HaK MUHyc?

X ko ok

9. B crpoky Hanucansl Tounble KBaapate: 1,4,9,16,... Tlox ka-
XKIBIMH [IByMsI YMCJIAMH HAIMUCAIM ux pasHocts: 4 —1 =3, 9 —4 =5,
16 — 9 = 7 u 1. 1. Jlokazats, 4T0 Kax/JI0€ CIAEAYIOLIAs PA3HOCTb GOJIbIIE
npeabIayleii Ha 2.

10. Harmcats hopmyaty muist (a + b)> u omucats cootsetcTByIomee
eil pazpes3anue Kyba co CTOpOHO a + b.

11. B crapuny, korga He 6bUT0 KaJIBKYJIATOPOB, JIst OBICTPOrO YMHO-
KeHMs Yhcell IPUMEHSUTCh TabJUIbl «JeTBEPTEM KBAIpPaToOB», KOTOPhIE

yKasbieam 3Havenns x> /4 qis 0,1,2,3, ... Kak BemoaHuts yMHOXKeE-
HHE C MOMOIIBIO TAKON TAGJMIEI (M HECKOJIBKUX CJIOKEHWN M BBIYHATA-
HMit)?

12. IlepeMHOXUTDH
(14+%)(T+x) 1 +x) 1 +x3)(1+x"9).

13. Jloka3atb, 4TO cyMMa KyOOB OBYX IOJIOXKHUTEIbHBIX LEBIX YK-
CeJI HE MOXET ObITh IIPOCTHIM YKCJIOM (32 UCKITIOUYEHUEM €IMHCTBEHHOTO
cyyas 13 413 = 2).

14. JTokasath, YTO NpH MOJOKMUTEIHHOM LIEJIOM TL YKo N2 + 1 He
MOXeT ObITh TOYHBIM KBaJ{PATOM.

15. Yersipe moapsq UAYIMX LEJBIX YUCITA IEPEMHOXUIN U K TIPO-
usBenennio npubaswm 1. Jlokazarte, YTO MOJIyYMIICS TOYHBINA KBaJPaT.
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16. Ha30BéM 1esi0€ YKC/IO XOPOIIMM, €CJIM OHO NPEJCTABUMO B BU-
Je CyMMBI ByX TouHbIX KBajparoB. (Hampumep, 5 xopoiee, Tak kak
5 =22 + 12, a 3 — ner.) Jlokasath, 4TO y/JBOMB XOPOLIEE UMCIIO, MBI
CHOBA TIOJIYYUM XOPOILEE YUCIIO.

17. (ITpoponxenue.) [Jokasars, 4T0 MpoU3BENEHHE ABYX XOPOIIMX
YKCEJT BCErIa XOPOILEE.

18. JlokaszaTpb, 4To cymMma

1 1

12713
1 1 1

R YR A s s e B b SRR B B S

+...+ + ...+

— =
N —

+

e

(B 3HAMECHATEJIIX CTOAT BCE KOM6I/IHaI.lI/II/I yuces or | J0 N, B KOTOPBIX
4Yyucjia HE l'IOBTOpH}O’I‘C}I) paBHaA M.

KoopmuaaTs Ha mIiockocTa

HapucoBats Ha miockoct Touku (X,Yy), AJIsl KOTOPBIX

.xy =0

.x+y =0

.x+y=1,

. x? =y

- Xl =1l;

x| = [yl;

Ax}t={ykh

Sx =11 < 1/3;

X2 +y? =0;

.y = 2x;

14. (x —y)(x +y)ly — 2x) = 0;
15. (x —y)(x +y)ly — 2x) > 0;
16. x* +y? = 2xy;

17. max(x,y) < 2 (3mech max(x,y) — HanboJbluee U3 YK-
cenX uy);

18. max(x,y) > 2;

19. Touka 1 jeXXWT Ha YMCIOBOI OCH MeXy TOUYKAMH X H ;

CNAU A WM~

— e \D
w N -0
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20. x(x = T (x = 2)yly — N)(y —2) = 0;
2L x(x — 1)(x —2)y(y — )(y —2) > 0.

EE S

22. Bepumnsl TpeyrosbHuka umetor koopauaatsl (0,0), (3,5) u
(5, 8). Kakosa ero miomapmp?

23. [Ise BepmmHbl KBajgpata umelor koopmuHatsl (5,0) u (0,2).
KakoBbl KOOpAMHATH JBYX OCTaJIbHBIX BEPLIMH?

24. Touky ¢ KoopauHatamu (X,Yy) moBepHyM Ha 90° BOKPYr TOY-
ku (0, 0) mpotus 4acoBoii crpesku. Haiitn KoOpamHATH MOTyYMBLIEHCS
TOYKH.

25. Touky ¢ koopauHatamu (X,y) OTPA3WIM CHMMETPUYHO OTHO-
curesibro oc OX, ocu OY u orHOCcHTENBHO TpsiMOi X = Y. Haittm
KOOPJIMHATHI TPEX MOJTyYMBIIMXCS TOYEK.

26. Hapucosartb Te Touku (X, Y), 471 KOTOPHIX (a) x+x? =y+y?;
6) x+x* =y +y’; (B) x+ x| =y + [yl.

YerHble ¥ HEYETHBIE YUCTIA

1. Kakux uncesn Gosbute cpemu uunces ot 1 go 1000 — yérubix
WA HEYETHBIX?

2. MOXHO /11 TaK pacCTaBUTh 3HAKU B BBIPAXKEHUN

+1+2+3+...£9£10,

YTOGBI TIOYYUIICS HYJTb !
3. Tlouemy mpou3BeieHNE IBYX HEYETHBIX YKCEST HEYETHO?
4. 3anonHuTh «TabIuIy CIIOXKEHUS»

Y| H
9 9
H

(mampumep, B JIeBOIl BepxHeil Kietke cromt GykBa Y, koropas
O3HAYAET, YTO CyMMa ABYX YETHBIX 4rces 4étHa). Kak Berisaur
aHaJIOTMYHAas TabInLa I YMHOXKEHWS !

5. Ilpu kakux N cymma

1+2+34+...4+n

yétHa?
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6. Ilpu kakux n cymma
12422432 4. +n?

yéTtHa?
7. Moxer i KBafpaT LIEJIOrO YHC/IA ObITh YETHHIM, HO HE
nenvutbes Ha 47

E O

8. [Ipuna yTpoMm B KJlacc, HEKOTOPBIE M3 HMIKOJIBHUKOB TOXaIH JPYyr
npyry pyku. JlokasaTh, YTO YMCJIO IIKOJBHHMKOB, CHEJABIINX HEYETHOE
YHCJIO PYKOTIOXKATHIA, YETHO.

9. B KOHTPOJIBHOM yyacTBOBAIIO 25 yesioBek. Kaxapiil y9acTHUK 110-
JIy4YHJT TPOWKY, YETBEPKY WJIM MATEPKY, IPUUYEM CPETHUI 6aJiT oKazaics
paBeH 4. JlokaszaTh, 4TO OJUH M3 YYEHMKOB IOJTYYIMUI YETBEPKY.

10. Tlo oxpyxHocT HanmcaHo Heckosbko urcesl. Cpeau mpousse-
JIEHHI COCETHUX YMCEJT POBHO 5 orpumaressbix. [lokasare, 94To OIHO
u3 yucest paBHO 0.

11. Ha kBazipaTHoit 1ocKe 7 X 7 pacCTaBJIeHO 25 MIAIIEK,, TPUIEM UX
PaCIIOJIOKEHNE CUMMETPHUYHO OTHOCUTEJILHO JUaroHaM KBaaparta. Jloka-
3aTh, YTO OJIHA W3 LIAINEK CTOUT Ha 3TOi AUArOHAJIH.

12. (IIpomomxkenue) [lokazate, YTO ecnu pacroIOKEHHE MIAIIEK
CHMMETPUYHO OTHOCHUTEJILHO O0EMX JuaroHajieil KBajgpaTa, TO B LIEH-
TPAJILHOM KJIETKE CTOMT INAIIKa.

13. OkpyxHOCTb pa3zfesieHa Touykamu Ha 99 [Iyr, U3 KOTOPBIX 3 uMe-
10T JUIMHY 3 CM, ellE 3 UMEIOT JUIMHY 2 CM, ¥ OcTaBIuMecs 3 UMEIOT [JId-
Hy 1cm. [lokazaTh, 4TO KaKue-TO [BE U3 TOYEK JIEJIEHUS IUAMETPAIIBHO
MPOTUBOTIOJIOKHBI.

14. Moxer sim mpsiMmasi mepecekarb BCe 11 CTOPOH HEBBIMTYKJIOTO
11-yronpauka (He MPOXOAS Yepe3 €ro BEPIIMHbI)?

15. Moryr / 9 mecrep€HOK, CIENIEHHBIX 110 KPYry, BpalaThes?

16. Bee kocTu IOMUHO PaCrio/IokUIM B 1enb. [l0oKa3aTh, 4TO HA KOH-
[ax MMM CTOAT PaBHbIE MUQPBI.

17. Ymurka kaxpasie 15 munyT nosopaumsaer Ha 90° (a B mpo-
MEXYTKax MOJIBET 1Mo npsmoii). Jlokasars, 4to OHA MOXKET BEPHYTHCS B
HCXOJIHYIO TOYKY JIMIIb YEPE3 [EJIOE YKCIIO YaCOB.

18. Ha npsimoit umeercst 11 Touek, mpuuéM CymMma pacCTOSIHUM OT
HHX JI0 HEKOTOPOM TOYKH A paBHa CyMMe PaCCTOSIHMIA OT HUX JIO APYIOi
Touku B. Jlokaszath, uro xoTg Gbl OfHa M3 3TUX 11 TOYeK JIEXKWUT Ha
orpezke AB.
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19. 3a xpyrieiM crosioM cuaar 25 ManbuukoB U 25 meBodek. oka-
3aTh, YTO XOTs OBl Y OJHOrO M3 CUAALMX 06a cocela — MaJIbYMKH.

20. MoxHo 1 pa3pe3aTh LIaXMaTHYIO JOcKy 6e3 kietok al u h8
HA TIPAMOYroJibHUKM 1 X 27

21. Tpu ky3Heurka Ha IPAMO¥ UTpaloT B Yexapy. Kaxmyio cexynay
OJIVH M3 HUX MEPETPHITUBAET Yepe3 apyroro (HO He yepe3 ABYX). [loka-
3aTh, YTO OHM MOTYT BEPHYThCS B MCXOJHOE TOJIOXKEHUE TOJBKO YEPE3
YETHOE YHCJIO CEKYH]I.

22. Ha pocke wamucanst yncia 1,2,3,...,57. Paspemaercs 3ame-
HUTD JIIOOBIE [(BA YKCIIa HA UX CYMMY WJIM Pa3HOCTb, [IOKA HE OCTAHETCS
OJTHO 4YKCJIO. MOXET JIu 3TO YUCIIO OBbITh HyJIEM?

23. llo kpyry nammcanst 4 nensix gnciaa. Mexay KaxapiMu [IBY-
Ml 3aMUCHIBAIOT AGCOJIIOTHYIO BEJIMYMHY MX PA3HOCTH, & MCXOIHBIE YK~
clla CTUpAIOT. Tak MOBTOPSIOT HECKOJIBKO pa3. JlokasaTh, 4To paHO WK
MO3[JHO OCTAHYTCS OJHU HYJIU.

24. (Jlemma Llnepuepa) Tpeyromsuuk KI'B (puc. 12) paspeszan nHa
MEHBLINE, BEPLUIMHBI KOTOPHIX OKPAIIEHBI B KPACHBIN, roTy6oit v Geblit
upeta. [Ipu atoM u3BecTHo, uto BepmmHa K — kpachag, I' — ronybas u
B — 6Gemaa. Kpome toro, ussectHo, uro Bepumnbl Ha ctopone ['b ymbo
rostyGeie, Jinbo Gesbie, Ha cropone Kb — nmbo kpacusie, mbo 6ebie,
Ha cropode 'K — nmubo rony6eie, 6o KpacHble. [lokazats, 4To XOTS ObI
OJIVH U3 MAJIEHbKMX TPEYTOJIbHUKOB MMEET BEPIIMHBI BCEX TPEX LIBETOB
U 9TO TAKUX TPEXI[BETHBIX TPEYTOJIBHUKOB HEYETHOE YUCTIO-

K

Puc. 12

I'padmku aBuXenwmit

1. Ha rpaduke (puc. 13) uzobpaxeno mpuxenre aBrobyca,
CJIENABILIETO IO MyTH OCTaHOBKY. Korma aBrobyc exan GricTpee —
JIO WJIM TIOCJIE OCTAHOBKM!

2. JIBuxeHune OXHON MAlWHBI H300pakeHO TOYKAMHU, BTO-
poit — criowHoi nmauei (puc. 14). Yro npoucxommwio Ha mo-
pore?
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KOOpAMHATA

BpeMs

Puc. 13

Y

>
»- | »-

Y

Puc. 14

3. Ha xakux rpadwmkax (puc. 15) maunmua yckopsiercs (yBe-
JIMYUBAET CKOPOCTh), & HAa KaKUX — 3aMeisaeTcs’

AN

Puc. 15

4. Ha rpagwmkax (puc. 16) mokazaHa 3aBUCUMOCTb BBICOTHI
BOJIBI B 60uKe OT BpeMenu. Boa BimBaercst B 60UKY ¢ MOCTOSIHHOM
ckopocteio. Hapucosate npumepHyo opMy 60YKM.

RVAVav;

Puc. 16
5. Mauvna mpoexajia HOJIOBUHY BPEMEHH CO CKOPOCTBIO V,
a BTOPYIO IOJIOBUHY — CO CKOpOCThi0O W. KakoBa e€ cpemusas

CKOpOCTh?
6. Maumna npoexajia TIoJIOBUHY ITYTH CO CKOPOCTBIO V, a BTO-
PYIO TIOJIOBUHY €O CKOpocThio W. KakoBa e€ cpeaHsis cKopocTh?
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7. Bacceiin paznes€H meperopogkamMy Ha JBE PaBHBIE YaCTH,
K KaxXxJ0il U3 KOTOPhIX BeAET cBos Tpyba. [lepsas monosuna 3a-
HosHseTcs 3a t 9acoB, BTopas — 3a 1L 94acoB. 3a CKOJIbKO BPEMEHHI
HanoJHAT Gacceiin 06e TpyOHBI, eC/in MEPErOPOAKY CHAThH?

8. Vna maBcTpedy TpamBasM, IELIEXOM BCTPEYAsI UX KaXKIbIe
5 MMHYT, Mg B OOHY C HUMHK CTOpOoHYy — Kaxzawle /. Kak gacro
oH ByeT ux BCTpeyars, cros Ha mecte? (TpamBan gBuXyTCs ¢ mo-
CTOSIHHOI CKOPOCTBIO U C OJIMHAKOBBIMU MHTepBanaMu. CKOpocTh
MEUIEXOA TAKXKE TMOCTOSHHA. )

9. YenoBek mpurexan Ha CTAHIMIO HA Yac PaHblile OOBIYHOrO
U He CTaJl X[aTh MOCIAHHYIO 32 HAM MalIMHy, a TOLIEN €if Ha-
BCTpedy, BCTPETUII, cejl U mpuexayt Ha 20 MUHYT paHblie 00bIY-
Horo. Ckosbko MunHyT oH wén neukom? (CkopocT yesioBeka u
MAllMHBI [IOCTOSIHHEL. )

EE S

10. [IBa meurexoja BBHIMIIM HABCTPEYY APYT APYry OJHOBPEMEHHO
w3 myaktoB A u B. Kaxnpiit u3 Hux ugér ¢ mOCTOSHHON CKOPOCTBIO,
U OO OO KOHIA J0pord, mosopaumBaer obparuo. [lepsbiit pas onu
BCTPETHJIACH Y€PE3 YaC MOCJIe Havaia apuxkenns. Korma onu Berperstes
BO BTOPOI#i pas?

11. Bopa BbuMBaEeTCS M3 IMIMHIPUIECKON GOYKHM Yepe3 IBIPKY B
mue. HapucoBare mpumepHsIiii rpadvk 3aBUCHMOCTH BBICOTHI BOJBI OT
BpEMEHH.

12. AspiuHuCT HAYasI MOABEM B 8 YACOB M MOHSJICS HA BEPIIVMHY
K 19 vacam. HazaBrpa oH Hayain crmyck B 8 4acoB M 3aKOHYWII €r0 B
19 vacos. [lokaszare, 9T0 KaK Gbl HEPABHOMEDHO OH HE JIBUraJjICs MpPU
MOBEME U CITyCKE, HANIETCS TOYKA, KOTOPYIO OH IPOXOJIHII IIPU TTOIHEME
U CITyCKE B OJIHO U TO Xe BpeMs (C Pa3HHILEA POBHO B CYTKH).

13. Mammna aBuranach B OJJHOM HAMPABJIEHUM, TIPUIEM 32 JIHOOOIA
npoMexXyToK B 1 yac oHa mepememanack Ha 60 kM. Mormia nu oHa 3a
2,5 gaca npoexatp Gonbme 150 km?

14. Yiurka nonsna B TeyeHHe 5 MUHYT, BCE BpeMs HAXOASCH IMOA
uabmonenuem. Kax bt Habmomare s HaGIIO1a1 32 Hell B TeueHune 1 mMu-
HYTHI, ¥ 32 9Ty MUHYTY OHA MPOIOJI3Jia poBHO 1 mMeTp. Moria jn yimrka
[POMOJI3TH 6 MeTPOB?

15. (ITpogosixenne) Moria s ona nponostu 11 merpos?

16. Tlo wocce B 0IHOM HaIpaBJieHUH, C TIOCTOSIHHOM CKOPOCTBIO U C
PaBHBIMU UHTEPBajamMu UAyT aBToOychl. OHAXKIBI YEJIOBEK MPOLIET 110
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mocce 4 kM u ero obornanu 6 asrobycos. B apyroit paz on npoweén (c
TOM € CKOPOCTbIO) 6 KM U ero oborHamu 8 aprobycos. B Tperuit pas on
npowén 17 km. Ckosibko aBToBycos ero oboruanm?

Hpobu
1. Yro 6onbie: 10001/10002 wam 100001/1000027

2. Haiitu 1essle MoJIOXUTENIBHBIE YKCIA X, Y, Z, T, IS KO-
TOPBIX
16 1

Z‘I’{

3. Kakas o6sikHOBeHHas ApOOH MPU TIEPEBOJIE B AECATUYHYIO
cucremy paér 0,17171717...7
4. Beruucnutb

(DD D)

5. CyMMa HeCKOJIbKUX pa3jInYHbIX MTPaBUJIbHBIX Apobeii ¢ un-
cuteneM 1 Moxer GbITh paBHA 1, HanpuMep %+ % +% = 1. Ecmp
I APYTHE TaKWE OPUMEDHI?

6. [lokasats, uro

1.1
+

1011 11 1 1 1,1
2734

t—+ =ttt

- 97700 51 52753 95 T 700"

+...+
(Hackosbko sieBas 1 IpaBast 4acTu MeHbIle |+ % + % 4.+ 11%?)
7. Jlona nBOEYHUKOB B KJjacce GoJiblie %, HO MEHBbILE %, a
BCero B kJacce He Gonpiue 15 yenosek. CKONBKO B KJacce ABOEY-
HUKOB?
8. UssectHo, uto T+ < %; YUCJTUTET U 3HAMEHATEN ITUX

m+p
n+q

Ipo6eit mosoxutenbHbl. Jlokasars, 4t0 gpob6b
MEXy HUMHU.

HaxXoOouTCA

9. llokaszatk, YTO YHCIIO

S TNRLUTE
=T+t z+..

o —
—_
al=

HE 1eJioe.
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10. (ITpomomxkenue) Yncino o 3anucanu B BUie HECOKPATHUMOIA APO-
6u. Yéren nu e€ uncmrens? A 3HaMeHaTenb?

11. Jlro6ag gpo6b ¢ menbiMM IMOJIOKUTETLHBIMY YHCIUTENIEM 1 3HAME-
HaTeJleM MOXET OBITh IPEICTaBJieHa B BUAE CYMMbl Pa3jIM4HBIX Apobeit
¢ uncnuTesieM | ¥ LEJIBbIM MOJIOKHUTEILHBIM 3HAMEHATEIIEM.

12. Haittu cymmy

1 1 1 1
12372347325 " Tog 99100

13. Boruuciuth npousBeeHne

1 ! 1 ! 1 ! 1 !
(-0 (5) (%) ()

14. Kakas o6sIKHOBEHHAst APOOb MPHU MEPEBOME B JAECCATUIHYIO CH-
cremy maér 0,217171717...7

15. Moxer s cymma 20 npobeit ¢ HEYETHBIMY YHUCITUTEIISIMH U 3HA-
MeHare MU Obith paBHa 17

16. Cuauayia GpeBHO XOTEJIM PACIIMJIATH HA 7/ PABHBIX YACTEH, U Ha-
METHJIN PACTIMIIBI K PACHOM K PACKOIT; MOTOM cOOpanuch mututs Ha 13 pas-
HBIX YacTeil 1 HAMETHIA PACIIHIIBI 3eJIEHOM KPACKOil; HAKOHELL, ero pac-

munu Ha 20 paBHbIx yacreii. [lokasate, 9r0 BCE YACTH, KPOME JBYX
KPaHHUX, IMEIOT POBHO OJIHY TIOMETKY — JIMOO KPACHYIO, JIMOO 3€JIEHYIO.

He/mmocTh

1. Jlokaszath, 4TO NMpOM3BEaEHUE JTIOOBIX TPEX MOCIEAOBATE b
HBIX HATYPAJIbHBIX YHMCENT JEJUTCS Ha 3.

2. Jlokasatk, 9T0 YHCIO A5 — a TpH JIIOGOM LIEIOM (. JEJTHTCS
Ha 3.

3. Ilokasatb, uro cymma 84 + 85 + 86 + 87 + 88 + 89 + 90
nmenutcd Ha 7 u Ha 87.

4. Nemurcs m aucio 12345678910 wa 87

5. Haiitu Tpéx3HauHblii U CEMU3HAYHBIA NEUTENIA YUCIIA
103103103.

6. Yka3aTb BEpHBIE Cpey CIAEAYIOLIMX yTBEPXAeHMiA: (a) ec-
JIA Q JeIUTCs Ha C, a b He meimuTcsd Ha C, TO A + b He genurcs
Ha C; (6) eciiu a menwTcs HA C, a b He meuTcsa Ha C, TO ab
nIenutesd Ha c; (B) ecnii a w1 b He mensATes Ha C, To A + b He ge-
yrcs Ha c; (T) ecii a U b He mesdrcs Ha C, To ab He gesurcs
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Ha c; (1) ecmm ab menwres Ha €, TO XOTS OBl OJHO M3 YMCENT A
u b pemutcs nHa c.

7. UsBectHo, uto a, b, ¢, d — moj0XUTEIbHBIE LEBIE YNCIIA,
uro ab = cd u yro a pmemutcsa Ha c. [lokaszate, yro d menurcs
Ha b.

8. UsBectHo, uto a + 2 u 13 — b pmensarcs wa 11. [lokaszars,
yto a + b genures Ha 11.

9. Cxoubko uncesn ot 1 go 1000 we gensarcs nva 27 He gensarcs
Ha 37 He nmenartcs HU Ha 2, HU Ha 37

10. Haiitu Bce maphl LEBIX YMCET X W Y, M KOTOPBIX
(a) x2 —y2 =9; (6) x> —y2 =12.

11. Haiitu Bce uempie uncna ot 1 go 50, y KOTOPBIX KOaM4e-
CTBO LIEJIBIX TIOJIOXKUTEIILHBIX JEJIUTENEN (CunTas eqUHULLY U CAMO
uyncso) HeyérHo. [Ipumep: uncio 4 umeer 3 pemurens (1,2,4) u
MOTOMY TIOZXOIUT.

EE

12. MoxHo J1 pazpe3ars maxMaTHYIO JOCKY 8 X 8 Ha MPSIMOYToJib-
Huku 3 X 17

13. UsBectHo, uto a’ nenwres na a—b. Jokaszats, uto u b? nesmrcs
Ha a — b.

14. Yucna a u b uessie, npuaém 2a + 3b nenmrcs Ha 7. lokasars,
4ro a + 5b Takxke menurcsd Ha 7.

15. Llenpie uncma x, y Takosel, uro 29x = 41y. okaszats, uro
umeso X + y genures Ha 10.

16. Haiit Bce mapbl HeJIbIX 9MCEN X M Y, AJIs KOTOPHIX XY — X +
+ 4y = 16.

17. Ilokasath, YTO NMpOM3BEAEHHE JIIOOBIX YETHIPEX MOCIIEN0BATED-
HBIX HATypaJIbHBIX YHCENT AeJUTcsa Ha 24,

18. Yucno a yétHo, Ho He genutcd Ha 4. JlokasaTh, YTO KOJMYECTBO
YETHBIX JEJIMTEJNIENH YMCA (. PABHO KOJIMYECTBY HEYETHBIX [IEJIUTEJIEH
agucna a. (Hanpumep, npu a = 10 ects apa y€rnpix pesmrens 2 u 10 u
[1Ba HEYETHBIX Jesuresist 1 u 5.)

19. [lokasars, uro Jr060€e mecTu3HaYHOe Ynciio Buga abcabe (tpu
repBbie U Pl COBMANAIOT C TPEMSI OC/IEqHUMH ) lesuTcsi Ha 7, 11 u 13.

20. Jlokazars, 4ro mpu mo6oM nesiom a > 1 unerno a'°°—1 nesures
Ha a—1.

21. JokasaTb, 4To IpU J06oM Lesom a > 1 uncno a’’ + 1 genures
Ha a—+ 1.
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22. Muma npuayMa TeopeMy: YHCIIO HEYETHBIX JeJIMTeN el Jucia
€CTb [IeJIUTEJTb YMC/IA YETHBIX JEJIMTENIEN BTOro YKcia, IPUYEM YacTHOE
PaBHO YUCJIO YETHBIX [EJWTEJIEN YUCIIA, HE MMEIOIMX HEYETHBIX JIEJIN-
Teneit, 6onpmux 1. [1paBunbHa 1 aTa Teopema?

23. Ypcno m He menwtes HU Ha 2, HE Ha 3. Jokasats, uto m> — 1
nmenurcs Ha 24.

24. Haitti 4 nebix HoJI0KUTESIbHbBIX YKCIIa ¢ TAKAM CBOMCTBOM: JIKO-
60€ YKCIIO JeJIUT MPOU3BENEHUE OCTaNbHBIX, YBeaudeHHoe Ha 1. MoxHo
JIM HAWTH 5 4YMCesI ¢ TAKUM CBOMCTBOM? a 67

Ocratku

1. OT™MeTUTHL Ha YUCIIOBO OCH LiEJIbe YHC/Ia, KOTOPbIE MDY [ie-
Jienny Ha 7 garor ocratok 2. (Ha pucyHke moskHbl moMecTuThes
ynciaa or —20 go 20.)

2. Yucmo 100%#x (3BE3m0YKaMy 0GO3HAYEHBI TPH HEU3BECT-
uble 1uidpsl) gesurcs Ha 547. Haittu onHo u3 takux ymces.

3. Kuavru Ha crosie MmeITasnch CBS3BIBATEH B MAYKH MO 2, 10 3,
mo 4 u mo 5 KHWMI, ¥ KaX/plii pa3 OCTaBaJach OfHA JIMILHSASL.
Cxonbko kaur 66110 Ha crone? (UsBectHo, uto nx 6110 HE 60TH-
we 100.)

4. KBagpart Le/ioro moJioXUTEIbHOIO YUC/Ia OKAHYMBAETCS HA
Ty Xe nudpy, 9to u camo uucio. Yo aro 3a muppa? (Ykaszars
BCE BO3MOXHOCTH. )

5. Hoxkasatb, uro Ay moboro uenoro a yuciao 10a gaér npu
JieNIeHnr Ha 9 TOT e OCTaTOK, YTO M Camo Q.

6. Yuciio a naér ocratok 5 npu fgeseHud Ha 9, umcio b
Ia€r ocratok 7 mpu gesiennn Ha 9. MOXHO Jii 1Mo 9TUM [JaHHBIM
OIpeIEJTUTh, KAKOI OCTATOK AaloT Yncyia a+b u ab npu gerennn
Ha 97

7. Haiiti ocrarok ot nenenus Ha /.

8. Yucno a maér ocrarok 6 mpu gesiennn Ha 12. Moxer yin
OHO HaBath octaTok 12 mpu genenun Ha 207

9. Jlokazars, 4TO YKCJIO U €T0 CyMMa LU(P JAK0T OAUHAKOBBIE
OCTaTKH MpHU JejIeHuu Ha 9.

10. Kakue ocratku MOXET qaBaTh TOYHBIA KBAJpaT MIpPU Je-
nenuu Ha 47

11. JTokasaTs, uTo ypaBHeHHe X = 2y’ He UMeeT pelLICHHMit
B LeJbIX unciax (kpome x =Y = 0).

6100
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E N

12. Tlgaraa cremeHp yMciaa OKAaHYMBAETCA HA Ty XKe IMMPY, YTO U
camo uucso. [ouemy? [{ns kakux emi creneHeit 3To0 BEpHO?

13. Haiitu uncio, KoTopoe npu AejeHun Ha 2 NaéT ocTaToK 1, Ipu
eNeHMd Ha 3 — OCTaToK 2, Mpu AeJieHud Ha 4 — ocraToK 3, mpu
JeJieHnn Ha 5 — ocrartok 4, mpu JieJieHnn Ha 6 — OCTaTtoK 5 u mpu
JIeJIEHUd Ha 7/ [aéT OCTaToK 6.

14. Keagpar 1esioro moJioXUTEBHOIO YKC/Ia OKAHYUBAETCS HA TE
xe JBe 1udpbl, 9T0 U camo yucio. Yrto aro 3a mudpe? (Ykazats Bce
BO3MOXHOCTH. )

15. Kakoe nHaubospliee 9rcyio pa3iMdHbIX MEJIBIX YHCET MOXKHO BbI-
6paTh, ecau TpebyeTrcs, 4Tobbl CyMMa M Pa3HOCTb JIIOOBIX IBYX M3 HHUX
He Jenumuch Ha 157

16. CywecTByIOT JIn LEJBIE X, Y, M KOTOPBIX X> 4+ y2 = 997

17. CoopmynupoBath Npu3Haku Aeaumoctd Ha 2, 3,4, 5, 9, 11.

18. Bepen nwm Takoil mpusHaK AEIMMOCTH Ha 27: YHCIO AEUATCS
Ha 27 Torma M TOJIbKO TOrfa, KOraa CyMMa ero mudp aeaurcs Ha 277

19. Lenoe monoxwuresipHOE YrcIio yBemunm Ha 1. Morya i cymma
ero nudp Bozpactu Ha 87 YmeHbumThea Ha 87 Ymenbmmthes Ha 107

20. Tocnequas mugpa TouyHoro KBajapara passa 6. JlokaszaTh, 4TO
€ro Mpeanoc/enHss nuppa IE€THA.

21. Ocratok OT AesieHus MpOcToro yucia Ha 30 — IPOCTOe YUCIIO.
Mouemy?

Iloncuer komraecTs

1. Ecnu kaxaplil gBaaLaThiii MATEMATUK — LWM30(PEHNK, a
KaX[blii TPUAUATEIA 1IW30(DPEHNK — MATEMATHUK, TO KOro 60J1b-
1ie: mu3oMPeHrKoB Wi MarematnkoB? Bo ckosbko pas?

2. Ha okpyxHoctu HapucoBano 10 yepHbIX TOUek u onHa Ge-
sast. Yero GoJiblie: TPEYroIbHUKOB C BEPLUIMHAMY B 3TUX TOYKAaX,
BCE BEPILUUHBI KOTOPBIX YEPHBIE, UJIM YETHIPEXYTOJILHUKOB C TPEMS
4€PHBIMHU U OJHOI1 6€s10ii BepLmMHO?

3. B kmacce 20 MIKONMBHUKOB, KOTOPBIE PELIANIN 3a7a4d [0-
MauHero 3agadusa. Okazanoch, YTO KaX[bli IIKOJBHUK PELIN
poBHO 15 3apa4, a KaXxAylo 3a7a4y pewiy poBHO 10 IKOIbHU-
koB. Ckonbko 3aa4 65110 3a4aHO07

4. CkoNibKO pasHBIX CJIOB (He 0693aTeIbHO OCMBICTIEHHBIX )
MOXHO COCTaBUTh, TEepecTaB)isis OykBbl B cjioBe TOK?
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5. Tor xe Bompoc s crosa BOB.

6. Cxonpkumu cnocobamu MoxHO pasmeHsTh 100 py6reit Mo-
ueramu 1o 10, 20 u 50 py6eii?

7. B BrIyK JTOM 6-yrOoNbHUKE MPOBEHM Bee auaroHam. CKoJb-
Ko ux? Bo CKOJIBKMX TOYKax OHHM MEPECEKAIOTCS, €C/IM HUKAKUE
TPM AMATOHAJIM HE IPOXOIAT YEPE3 OIHY TOYKY?!

8. Haiitu koapunment pu abc mocsie packprITUs cKOBOK
¥ TIpUBE/IEHNs TTOOGHBIX WIEHOB B BhIpaxeHuu (a + b + ¢)3.

9. Ha mutockoctr mpoBefieHo 5 MpsiMbIX, HUKaKWe [Be He Ma-
pajUleSibHbl U HUKAKME TPU HE IEPECEKAIOTCA B OJHON TOYKE.
CKONBKO TOUYEK MEepPECceUeHnsl y OTUX MPSIMBIX?! 3aBUCHUT JIU OTBET
OT PACTIOJIOKEHUS TIPAMBIX 7

10. (ITpogomxenne) Ha ckosibko yacTeil 9Tv mpsiMble JEJIAT
IUTOCKOCTh? 3aBHCUT JIM OTBET OT PACHOJIOXEHHUS IPSMBIX !

11. B mpomsBenennn abc MOXHO OByMs crocobamu pac-
CTaBUTh CKOOKU, yKa3blBalOIVie MOPSIOK AevicTsuit: (ab)c wm
a(bc). na npomssenenus abcd Takux crnocoGoOB yXKe IMSTh:
((ab)c)d, (a(bc))d, (ab)(cd), a((bc)d)) n a(b(cd)). Ckomnp-
KUMHU CriocobaMy MOXHO pacCTaBUTh CKOOKM B IIPOM3BENECHUU
abcde? (ITopsaok COMHOXMTENEN COXPAHSETCS. )

X ko ok

12. Ckosbko passbix CjI0B (He 00S3aTEIBHO OCMBICJIEHHBIX) MOX-
HO COCTaBWTb, MepecTaBiisisa Oyksbl B cioBe MAIMA? Tor ke Bompoc s
cyioBa MAMA.

13. Ckosbkumu criocob6amu MOXHO mpeacrasuth 10 B BUOE CyMMBbI
YETHIPEX MOJIOKUTENBHBIX ciiaraeMbix?! (Pasbuenus, orymmyarompecs mo-
DSKOM CJIATAEMBIX, CUUTAIOTCS 32 OJIHO. )

14. CxonbKo pelleHWid B IIeJIbIX HEOTPUIATENIbHBIX YUC/IAX MMEET
ypasHenue X +y = 107 Tor ke Bonpoc s ypasHenus X +y +z = 10.

IIpaBuno npoussenenus

1. ABTOGyCHBIE GWJIETHI UMEIOT UIECTU3HAYHBIE HOMEpa, OT
000000 go 999999. CkombKo BCEro pasNuyYHBIX HOMEPOB? HO-
MepOB, Bce LUMPBI KOTOPBIX HEYETHBI?

2. (pogomxenue) CkoIbKO HOMEPOB, B KOTOPBIX JTIOOBIE [BE
cocelHUe LUMPHI PA3TAYHBI!
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3. (Ilpomomxerne) CKOIBKO HOMEPOB, BCE LMMPE KOTOPHIX
PA3IUYHbI?

4. (TTpogomxenne) CKOJIBKO HOMEPOB, Y KOTOPBIX €CTh XOTh
onHa yérHas 1udpa’?

5. CKOJIBKO pa3/IM4YHBIX CJIOB MOXHO TOJTyYUTh, TIEPECTABIISS
6ykBHI B cjioBe KOPTEX?

6. 3a6op cocrout m3 20 JOCOK, KAXIYIO M3 HUX HAJO0 MOKpa-
CUTh B OAMH U3 TPEX LIBETOB, IPUYEM COCEIHME JOCKU JOJIKHBI
ObITh TIOKpAllEHbl B pasHble IBeTa. CkojbkuMu crnocobamu aTo
MOXHO CHEJIaTh?

7. Ha natupecatuteicauHoli 6aHKHOTE €CTh HOMEP: JBE PyC-
ckue 6yksol 1 7 Ludp. Kakoe MmakcumanbHas cyMMa JeHEr MOXET
ObITh BBIMTYIEHA B OOpallleHre TaKuMu GAaHKHOTaMU, €CJIM BCE HO-
Mepa JOJIKHBI OBITh PA3HBIMU?

8. Dk3aMeHAIMOHHEBIN 6MJIET COAEPXUT BOIPOC MO anrebpe,
O TeOMeTpuH, U 3a7ady. Bornpocos o anre6pe — 20, no reome-
tpunn — 30, 3agad — 100. CkoJIBKO pa3jIM9YHBIX GUIIETOB MOXKHO
COCTaBUTH?

9. Cxonmpkumy cnoco6aMy MOXHO PACCTABUTh HA LIAXMATHOM
Jocke 8 OIMHAKOBBIX JIa€eil Tak, YToObI OHU He Gum Apyr apyra?

L T

10. CkoJibKO €CTh LIECTU3HAYHBIX aBTOOYCHBIX HOMEDPOB, COAEPXKa-
uwx wugppy 77

11. Ckonbkumu ciocob6aMy MOXHO MOKpacuTh KBaapar 2 X 2, cocTa-
BJIEHHBIN U3 4 KBAJPATUKOB, €CJIM KAXK/Iblil KBAPATHUK HAJO TIOK PACUTH B
OJIMH M3 T [[BETOB, M COCEHUE (MMEIOIIHE OOILYIO CTOPOHY ) KBAPATHKH
JOJIKHBI OBITH TIOK PALIEHBI T0-PA3HOMY !

12. Haittu cyMMy BCeX MATH3HAYHBIX YMCEJI, COCTABJIEHHBIX M3 HeE-
YETHBIX IUDP.

13. Haittu cymMmmy BCex MATH3HAYHBIX YKCEJT, COCTABJIEHHBIX U3 pa3-
JIMYHBIX HEYETHBIX LUDDP.

14. CkoyibKO CYIIECTBYET LIECTU3HAYHBIX YMCEJI, HE COIEPKALIMX
uucpp O u 97

15. CkoJIbKO CYIECTBYET IIECTU3HAYHBIX YUCEJT, COAEPKALMX U~
py 9, Ho He cogepxaumx mupps 07

16. Cxonbkumu criocobamu MOXHO pazbuts 14 uesioBek Ha 7 map?
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17. Ha maxmaTHyI0 10cKy 8 X 8 CTaBAT CJIOHOB TaK, YTOOBI OHHU He
6w apyr apyra. JJokasaTb, 4To YKC/IO TAKMX PACCTAHOBOK €CTh TOUHBIM
KBaJpar.

Iloacuérnr ¢ kpaTHOCTHIO U O€3

1. Cxonbkumu croco6amu MOXHO BHIOPATh AEXKYPHOTO U AHE-
BaJIbHOro u3 ynciaa 10 3a3eBaBUIMXCS IUKOJIBHUKOB?

2. CkonbkuMH CrIoco6aMu MOXKHO BBIGPATh BYX HEXKYDPHBIX
u3 yrciaa 10 3a3eBaBUIMXCS IIKOJIGHUKOB?

3. Ckonpkumu cnoco6aMy MOXHO BEIGpaTh TPEX AEXKYPHBIX
u3 uncia 10 3a3eBaBUIMXCS IUKOJIbHUKOB?

4. Kaxgag u3 N KOMaH[[ CHIrpajia ¢ Kax/oil o OJHOMY pasy.
Ckosbko Beero 6110 urp?

5. CkosbKO uarosasieil B BBIIYKJIOM T-YTOJIbHUKE?

6. Tans, uma, JIéma u 4 mIKOIBHUKA CTAHOBATCA B OYEPE/Ib.
Ckonpkumu cnoco6aMu OHM MOTYT BCTaTh? B CKOJBKMX M3 HEX
Taus crout o JI€mmu?

7. (Ilpomonmxenue) Ho Jléum u umbr?

8. (Ilpomomxkenue) Ho JI€wm, vo mocne dumbi?

9. (ITpomonmxenne) B ckonmpkux u3 Hux Huma crout psimom ¢
JIEweii (mo wnu nocse Hero)?

10. CxoJ1bKO pa3iM4HbIX CJIOB MOXHO MOJIy4UTh, IIEPECTABIISS
6ykssl B ciioBe 0TOPOIIL? Tor ke Borpoc mist cyioBa MATEMATUKA.

11. ABTo6ycHble GUIIETHI MMEIOT LIECTU3HAYHBIE HOMEPA, OT
000000 mo 999999. CkombKO CYLIECTBYET HOMEPOB, B KOTODBIX
Bce LIM(MPHI Pa3IMYHBI U UAYT B BO3PACTAIOLIEM MOPSAKE?

X ko ok

12. CkoJ1bKO pa3/M4HbIX CJIOB MOXKHO TIOJIyYUTh, IEPECTABJIASA OyKBbI
B ciioBe CABBATEEB? B ciioBe METAMATEMATHKA?

13. CkoyIbKO JeCATM3HAYHBIX YMCETI, B KOTOPbIe mudper 1,2,3,...,
8 BxomAT Mo pasy, a mudpa 9 — aBaxabI?

14. Jluck pasnenéH Ha 10 ceKTOPOB, KOTOphlE HAOO MOKPACUTh B
10 usero. Ckosibkumu criocobamu 310 MoxHO caenath?! (Packpacku,
OTJIMYAIOLIHECS] TOBOPOTOM JIMCKA, CUUTAIOTCS 32 OfHY.)

15. Ectb mecath GyCMHOK pa3HBIX LIBETOB, U3 KOTOPBIX COCTABJISIOT
oxepeibe (HAHU3BIBAS HA KOJIbIEBYIO HUTKY). CKOJIBKO pasHbIX OXepe-
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JIMiA MOXHO coctaButh! ([{Ba OXepesibsi CUMTAIOTCS Pa3IMYHBIMU, €CIIH
UX HeJb3s MePeNyTaTh, KaK HU MepPeBOpavnBaii. )

16. UrpanbHelii Ky6uk uMeer 6 rpaseii ¢ mudpamu 1,2, 3,4, 5 6.
CKOJIbKO Da3JIMYHBIX UrPaJIbHBIX KyOHMKOB CYIIECTBYET, €CJIM CUUTATH
pa3IMYHBIMU [Ba KYOMKA, KOTODBIE HEJIb3s CIyTATh, KAK HU NEPEBODPA-
ynBai?

17. Iuck pasnenéd Ha 17 CeKTOPOB, KaXOblil M3 KOTOPBIX HYXHO
PacKpacuTh B OJVH U3 T\ BETOB, IIPUUYEM HE BCE CEKTOPA JOJIKHBI IMETh
oauH nBeT. CKOMbKMMH COCO0aMU 9TO MOKHO CJEJIaTh?

18. (TTponoskennue) Boisectn w3 npepiayieit 3agaun, yro n'’ —n
BCerga AeauTcs Ha 17, u BooOuie npu mpocrtoM p (v Jiro6oM M) YKCIIo
nP —n penurcsa na p (Manaa teopema Depma)

19. ABTOOyCHBIE GUIIETH UMEIOT IlECTU3HAYHBIE HOMepa, oT 000000
10 999999. CkonbKo CyIeCTBYeT HOMEPOB, B KOTODHIX BCe LMD UIYT
B HeyObIBAIOLIEM TIOPSJIKE (COCEJHUE LUMPHI MOTYT COBMAIATH)?

20. 10 yenoBek cobpayiuch Urpath B (yTOON, IS YEro UM HYXK-
HO pasjiesmThest Ha 2 KoMaHAasl (Mo 5 4yesioBek B Kaxjoii). CkonbKumMu
croco6aMu 3TO0 MOXHO cjiesiaTh?

O6mas mepa

IlBa oTpe3ka coM3MepUMBI, ECJIN OHU UMEKOT OOILYI0 MEPY —
TPETHIl OTPE3OK, KOTOPBI YKJIAABIBAETCS B KAXKIOM U3 HUX LIEJIOE
YUCIIO pas.

1. Jlokazath, 4TO MPAMOYrOJILHUK, CTOPOHBI KOTOPOIO COM3-
MEPHMBI, MOXKHO Pa3pe3ath Ha KBaAPATHI.

2. JIéwa nas takoe ompenesieHne: JBa OTPE3Ka COU3MEPUMBI,
€CJIM CYILECTBYET TPETHIA, B KOTOPOM KaXXIblii U3 IBYX YKJIabIBa-
€TCs LEJI0e YKCiIo pa3. PaBHocuibHO 1 9T0 ompepesieHre o6brd-
HOMY?

3. JlokasaThb, 4TO OTPE3KH A U D COM3MEPHUMBI B TOM M TOJIBKO
TOM CJIy4dae, Korga a u a + 2b cousmMepumsl.

4. Or mpsSMOYroJibHUKa OTPE3aloT KBAApAThl CO CTOPOHOM,
PaBHOI MEHBLIENW CTOPOHE NPSIMOYTOJIBHMKA, CTOJIBKO Pa3, CKOJIb-
KO MOXHO (MBI OymeM HasbiBaTh 9TO «omepaieit EBknmnmar). K
OCTaBILIEMYCsI IPSIMOYTOJIBHUKY CHOBA IIPUMEHSIOT orepanuio EB-
kiuaa u tak gayiee. CKOJbKO M KakuX KBaJpaTOB TIOJYYHTCS,
€CJIM HavaTh C TIPSIMOYTOJIbHUKA CO cTopoHamu 75 u 217
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5. (IIpomomxenne) Ilpumensis oneparpo EBknmpa, mpsmo-
YrOJIbHUK pa3pe3aiu Ha 6GoJbLIol KBaApaT, ABa KBajpara IIO-
MEHBIIIE U [[Ba COBCEM MaJIeHbKMX. HaliT oTHOLIeHWE CTOPOH uc-
XOJHOT'O MPSMOYTOJIBHUKA.

6. JlokasaTh, 4TO €C/IM CTOPOHBI MPSAMOYTOJIbHUKA COU3ME-
pPUMBI, TO MPHUMEHss onepauuio EBKiuaa, Mbl B KOHLIE KOHIOB
paspexXeM ero Ha KBaJparthl.

7. Jlokasath, uro ecau npumeHeHue onepauuu Eskimnma pas-
pe3aer MPSIMOYTOJIBHUK Ha HEKOTOPOE (KOHEYHOE) YMCIIO KBaIpa-
TOB, TO CTOPOHBI MPSIMOYTOJIbHIKA COM3MEPUMBI, I CTOPOHA CaMO-
r'O MaJIeHbKOrO KBaJpaTa sIBJISeTCS UX OOLIeil Mepoii.

8. (Ilpomomxenune) Jlokasarh, 4To CTOPOHA CAMOIO MaJj€Hb-
KOro KBajpaTa sSBIAETCI HaubosblIeii obuieil Mepoil u Jmobas
Ipyras obluas Mepa yKJaIblBaeTCs B HEWl LIEJI0€ YHCIIO Pas.

Pesynbrarel 3agau 6 u 7 MO3BOJISIOT [aTh OKBUBAJIEHTHOE
OIpeJieJIEHNe COM3MEPUMOCTH: CTOPOHBI MPSMOYTOJIbHUKA HECO-
U3MEPHMEI, €CJIA K HEMY MOXKHO IPUMEHATH onepauuio EBkimaa
GECKOHEYHOE YUCIIO Pa3.

9. ['oBOpAT, YTO CTOPOHBI IPAMOYIOJILHUKA HAXOAATCS B OTHO-
LIEHUN «30JIOTOTO CEYEHUs, ECJIU TIOCIIE OTPE3AHNUS OT HETO KBa-
JipaTa ToJiyJaeTcsl MPSMOYTOJIbHIUK,, TIOJOOHBI CXOqHOMY (HMMe-
IOIMIA TO Xe OTHOIeHne CcTopoH). Haittu otHOmIEHME 30510TOrO
CedyeHus.

10. loka3zaTh, 4TO OTHOLIEHHE 30JIOTOrO CEYEHMS HPPALO-
HAJIbHO, TO €CTh HE BHIPAXAETCS IPOOBIO C LIEBIMU YKCIIATEIEM
1 3HAMEHATEJIEM.

11. Tlpumensis omepaipo EBkinga K HEKOTOPOMY MpSIMO-
YrOJIBHUKY, TOJIyYdId OOUH GOJbLION KBajpaT, ABa KBaapara
[IOMEHBIIIE, [BA €IE MEHBIIUX, [BA COBCEM MAJEHbKMX U TaK Aa-
Jiee (Ha KaxOM CJIEOYIOLIEM Liare MOJydasioch ABa KBaiparta u
MPOLIECC HUKOTAa He KoHumJcs). Hailtu oTHoureHMe cTOpoH uc-
XOHOTO MPSMOYTOJIBHUKA.

12. Ckomnpko KBaapaToB pa3HbIX pa3sMepoB OyAeT MOTydaTh-
cs, eCM MPHUMEHATh onepaiyio EBKnma K MpsSMOYroOJIbHUKY C
OTHOLIEHMEM CTOPOH /3 : 17

13. Ucnonesysa npenpiayipe 3amayn, GOKa3aTh, YTO YKCIIA

V2, v/3 u /5 uppawmonasHeL.
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14. JToxaszats, 4To OTPE3KM A U b COM3MEPHUMBI B TOM M TOJIBKO TOM
cayyae, korga 2a + 3b u 5a + 7b cousmepumsi.

15. [pumenss onepanmio EBknmaa k HEKOTOPOMY MPSIMOYTOJIBHE-
Ky, nostyursid 10 KBaJpaToB Pa3HOro pa3Mepa U JBa COBCEM MaJIEHbKHX
KBajparta. Haifti oTHOIIIEHHE CTOPOH UCXOJHOTO MPSIMOYTOJIBHUKA U BbI-
SICHUTB, GOJIBILE WJIM MEHBLIE OHO 30JIOTOTO CEUEHHUS.

16. Kak omyI0XUTb HA IPSIMO¥ OTPE3OK B 3 CM, UMES METAJLINYECKUI
MPAMOYTOJIbHUK CO cTOpoHaMu 75 u 21 caHTUMeTpOB?

17. K npsaMoyroyibHUKY, CTOPOHBI KOTOporo He Gosbuie 1 merpa,
20 pas npumennm onepaiwio EBknuna. lokaszaTh, 4TO CTOPOHBI OCTaB-
HIEroCs MPSMOYTOJIbHUKA HE MPEBBILAIOT 1 MM.

18. Kysneunk ymeer nmpsirate no npsiMoit B J106yl0 CTOPOHY Ha pac-
crosuue 1M 1 Ha paccrosiaue v/2 M. JloKasaTb, 9TO OH MOXET IIONAcTb
B TOYKY, OTCTOSIIYIO MEHEE YeM HAa 1 MM OT MCXOJIHOIA, HO HE COBIaa-
OO C HEWN.

19. U3 yria npsamMoyrosbHOro Ouyumapiaa MmycKaloT Imap Toj yr-
JioM 45°, KOTOpBI OTpaXxaeTcd OT CTEHOK IO 3aKOHY «yroJl IajeHus
paBeH yIyly oTpaxkeHus». LlokaszaTh, 4TO map CHOBA MOMAJET B OJUH U3
YIJIOB B TOM U TOJIBKO CJIy4ae, €CJIM CTOPOHBI OMLIMapaa COU3MEPUMBI.
(Ilap cumraercs TOYKOI. )

20. IIpsaMoyroJibHUK cO CTOpOoHaMM 1 M 7T pa3pe3aloT Ha KBajpa-
ThI ONKCAHHBIM CIIOCOO6OM. VCmosnb3ys KabKyJIaTop, MOJCYUTATh YUCIIO
KBaJIPaToOB MEPBBIX TPEX ypoBHeit. [Ipu aTomM ocra€rcst mpsMOyroibHUK
C MOYTU pPaBHBIMH CTOpPOHaM. Kak Hao M3MEHWTh OTHOIIEHHE CTOPOH
HCXOJJHOTO MPAMOYTOJIbHUKA, YTOObl OCTATOYHBIA MPAMOYTOJbHHUK CTAJT
KBapaTom?

21. OrHoweHue ABYX OTPE3KOB paBHO 1,625, a MeHbLIMIT U3 HUX
pasen /2. (a) Haittu ux maubonpuyo obmywo Mepy. (6) Haittu naun-
MEHBIINIA OTPE30K, B KOTOPOM 00a OHM YKJIaJBIBAIOTCS LIEJIOE YHCIIO pas.

22. Orpesok a cousmepuM ¢ orpeskamu b u c. Crenyer nm otcrona,
YTO OTPE3KU b U C COM3MEPUMBI MEXTY cOob0i?

23. B tpanenuu cpeaHsist IMHVSI COM3MEPHUMA C OJIHUM U3 OCHOBAHHIA.
Crnenyer 1 0TCIOfIa, YTO OHA COM3MEPHMA C APYTUMM OCHOBaHHeM?

24. Bynyt nu creyomupe napbl OTPE3KOB COM3MepUMBI: (a) 2+ 3v2

u3+2v2; (6) 1/vV2uv2; (8) 1/(V2=1) u2+2; (r) V2 u /3?
Nunykius

1. Jlokaszath, uro mwobasi CTOpoHa (a) YETHIPEXYTOJIBHUKA;
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(6) marmyrospHuKa; (B) MPOM3BOJIBHOIO M-YrOJBHUKA MEHbILE
CYMMBI OCTAJIbHBIX €EM0 CTOPOH.

2. lokaszatb, uto (a) n! > 3" pman=7,8,9,...; (6) 2™ >
>n?> gan=456,...

3. ITockocTh moneeHa Ha 06IaCTH HECKOJIBKUMU TIPSIMBIMH.
Jlokasarh, 4TO 5TH 06JIACTH MOXHO TaK PACKPACUTh B [BA LBETA,
470 JIOOBIE BE cocemHre (rpaHMdYallie MO OTPE3KY WM JIydy)
obnacty GyayT MOKpALIEHbl B Pa3HbIE L[BETA.

4. [lokazars, uro aBy3Haunsie yncia ot 00 go 99 MoxHo 3anu-
caTh B TAKOM TIOPSIIKE, YTO B KaXIOM CJIEAYIOIEM OTJIMYAETCS OT
IIPEBIAYLIErO TOJBKO OfHa Ludpa u posHo Ha 1. [lokaszarts aHa-
JIOTMYHOE yTBEpXaeHue 11 Tpeéxanaunbix uncen (000, ...,999),
YETBIPEX3HAYHBIX U T. [I.

5. lokazatp, uro kBaapathl 4 X 4, 8 x 8, 16 X 16,. . . ¢ BbIpe-
3aHHOI YIJIOBOI KJIETKON MOXHO Pa3pe3arh Ha «yrOJKW» U3 TPEX
KJeTOK (KBaapaThl 2 X 2 ¢ BBIPE3AHHBIM YIJIOM).

6. Ha ckompko m3aMeHATCS CyMMBI

1+1+1++11
n+l n+2 n+3 77

2n—1 + 2n’
ecnu yBesmunth N Ha 17 Jloka3aTh, YTO 9TH CyMMBI PaBHBI APYT
JIPYry IIpY BCEX M.

7. Yucro x + 1/x — uenoe. dokasars, 9ro uncna x>+ 1/x2,
x3 4+ 1/%3, x* +1/x*,... takxke uesste.

8. Urobr1 paspesaTh BBIMYKJIBIA TI-YrOJILHUK Ha TPEYrOJIbHU-
KU, IIPOBOJS HENEPECEKAIOLIMECS AUATOHAIIM, HYKHO POBHO 1L— 3
Jauarosanu, He 6onpiue u He MeHblIe. [louemy?

9. Yucmo 111...111 (3™ eguuun) aemurca Hva 3™. [louemy?

X ko ok

10. Urpa «Xanoiickue GamHmy MMEET TPU BEPTUKAJIBHBIX CTEPKHS.
Ha opun w3 Hux Hajera nmupaMuaka w3 KoJiel| pa3Horo pasmepa (MeHb-
mvie Ha Gospiinx). (a) Kak mepesioxurs Kosblia Ha APYroii CTEPXKEHb,
€CJIM TIEPEKJIA/IBIBATD MOXHO TOJIBKO MO OJHOMY, GOJIBIIEE HA MEHBIIEE
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KJIaCTh HeJb3si, mUpaMuaka cocrout uz N koinen?! (6) Hokaszarts, uro
9TO MOXHO caenath 3a 2™ — 1 mepeknaasBanmii. (B) [Jokasate, uto 3a
MEHBLIEE YKCJIO MIEPEKIIABIBAHUI 3TO CEIATH HEBO3MOKHO.

11. TMocnenosarenbruocts 2,3,5,9, ... cocraBjeHa o TakOMy Tpa-
BUJIy: €CJId U3 YTPOEHHOIO YJeHa 3TOM IOCJIEN0BATEIBHOCTH BHIYECTD
YABOEHHBIIA MPEIBIAYINMIA, TO MOTydYnTes crepyommii (3 -3 —2-2 =15,
3-5—2-3=9wur. a.). Jokazars, 94T0 BCE YJIEHBI DTOI MOCJIEJOBATEb-
HOCTU — CTEIEHM [IBOMKH, YBEJIMYEHHbIE Ha 1.

12. Jlokaszare, uto kBajpar paszmepa 4 x 4, 8§ x 8, 16 x 16,...c
BBIPE3aHHOM KJIETKOU (J11060i1) MOXHO pa3pe3arh Ha «YrOJKW» M3 TPEX
KJIETOK (KBajparhl 2 X 2 ¢ BBIPE3AHHBIM YIJIOM).

13. B crpane n ropomos. Kaxapiit roj OTK ppiBaeTCst aBUACOOOIIIEHIE
MEX]ly KAKMMK-TO ABYyMs ropojgamu. Jloka3aTh, 9To JOJIKHO MPOMTH MO
KpaiiHeil Mepe N — 1 JleT, mpexje 4eM U3 Jiroboro ropoja MoxHo 6ymer
nonacTs B Jii060# (¢ mepecaakamu).

14. OnuH BRIYKJIBIA MHOTOYTOJIbHUK PACIIONIOXEH BHYTPH JPYrOro.
JlokaszaTh, 4TO MEPUMETP BHYTPEHHOTO MHOrOYTOJIbHUKA MEHBILE T1€PH-
MeTpa BHEIIHETO.

15. Ha pocke nanucanbt npa uucia 1, 1. 3aTem mMexy HUMU BIu-
CHIBAIOT UX CyMMy; mosydaetrcsa 1,2, 1. 3aTeM MeXy KaXbIMU JBYyMS
CHOBa BOMCHIBAIOT MX cymmy: 1,3,2 3, 1. Takoe neicTBUE BBITIOJIHSIOT
emé 10 pas. Ckonbko uncen 6yger Ha gocke? Kakopa Oymer ux cymma?

16. U3 umcen 1,2,3,4,...,2n—1,2n moxHO BHIOpaTh HEe 60s€E N
qrces1, e TpebyeTcs, YToObl HU OJHO M3 BHIODAHHBIX YKCEJ HE JeJIN-
Jiock Ha apyroe. Hokasate a10 (a) mis n = 3; (6) qis 1 = 4; (B) s
n = 5; (r) as TpOU3BOJIBHOTO M.

17. B Teopuu OTHOCHTEIBHOCTH CKOPOCTH CKJIA BIBAIOTCS [0 TAKOMY
MpaBUITy: V, W ]":J;’v. Jokaszath, 4TO pPe3yJIbTaT CJOKEHUS HECKOJIb-
KHMX CKODOCTEM HE 3aBUCUT OT TOTO, B KAKOM TOPSIIKE MBI MX CKJIAMbI-
BaeM.

18. Toxasate, uro 2™ > n'® npu n > 100.

19. B nocnenosarensHoctd u3 10 HyJielt M €QUHMI| Pa3peIaeTCs
(1) mMensTh NEPBBII YsieH; (2) MEHSTH YJIEH, CTOSIIIHIA TTOCIE TIEPBO €11-
aunpl. Jlokazats, 9To U3 06Ol MOCIEN0BATENPHOCTH MOXKHO MOJIYYUTh
J00YI0.

HepasencrBa u onenku

1. Bce cropons! Tpeyrosibanka Menblre 1. Moxer jm ero mio-
waab 66t Gosteure 1007
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2. Bce cropons Tpeyronbauka G6onpuie 100. Moxer mm ero
njowans 66t MeHblIe 17

3. Bce Boicotsl Tpeyronbauka Gosbure 100. Moxer ym ero
njowanb 66ith MeHblIe 17

4. CyMMa HeCKOJIBKUX TOJIOXUTENBHBIX unces1 6osbie 1. Mo-
XET JIM CyMMa UX KBaapatos Obith Menbie 0,0017

5. CyMMa HEeCKOJIBKUX TIOJIOXKHUTENBHBIX unces Menbire 1. Mo-
KET JIM CyMMa MX KBanpatoB Obith Gosibiue 1007

6. Cymma [ByX HONOXHUTENbHBIX umcen Gompure 10. Moxer
Jm ux npomsseaeHue 6pith Menbine 0,0017

7. llpousBeneHne OBYX MOJIOXWUTENBHBIX umces Gonbire 10.
Moxer mu ux cymma 6pitb Menbine 0,0017

8. CTopoHBI MPSAMOYToJIbHIKA YBEJIMUUIITA Ha caHTUMETp. Mo-
KET JIM €ro IUIOIIAb YBEIMUYUThCS OOJiee YeM HA KBaPATHBIA
metp?

9. JlBa MOJIOKWUTEBHBIX YKC/IA OTJIMYAKOTCS He Oojiee deM
Ha 0,1. Moryr nu ux kBagpats! ommyathest Gosiee yem Ha 107

10. JIpa moJIOXUTENBHBIX YKCIA OTJIMYAIOTCA He Oojee 4yem

ua 0,1. Moryr i1 ux KBaJpaTHble KOPHU OTJIMYATHCS GOJice YeM
Ha 107

L T

11. Bce meauanst Tpeyrosisauka Menbine 1. MoxeT i ero mwiomajis
Gbrrh Gostbie 1007

12. Bce BoicoThI TpeyrosibHuKa MeHbie 1. Moxer i ero momais
Gbrrh Gostbie 1007

CyMMa ¥ mpoM3BEIEHHE [IBYX UHMCEJI

1. Cymma [BYX MOJNOXUTENBHBIX uuces paBHa 2. J{okazaTs,
YTO UX MPOU3BEJEHNE HE MIPEBOCXOINT 1.

2. CymMMa ABYX TOJIOKUTESbHBIX Yncesl MeHblie 2. Jlokazats,
YTO WX TIPOU3BEJIEHUE MeHbLIE 1.

3. okaszatb, 9o X+1/Xx > 2 ns mo6oro noJoXKuTeIbHOrO X.

4. U3 Bcex MpSMOYTOJIbHUKOB JAHHOTO MEPUMETPa Hanbob-
LIyIo TUIoWa b umeet kaapar. [louemy?

5. U3 Bcex MpSIMOYTOJIbHUKOB JaHHON TLJIOLIAY HAMMEHBILINI
nepuMeTp uMmeet kBanpar. [louemy?
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6. okasars, uro /Xy < (x +Y)/2 ans mobeix HeoTpuLa-
TENIbHBIX X, Y.

7. Jokazats, uro xy < (x? +y?)/2 amns mobbix X 1 Y.

8. Jlokazath, 4TO mpH MOCTOSIHHOI CyMME JBYX YKMCEJI UX IIPO-
u3BeficHNE TeM 6oJIblle, YeM 6/IMXe 49mMcaa APYyT K APYry.

E O

9. Pbiuaxxubie BECbl UMEIOT HE COBCEM OJIMHAKOBBIE TJIEYH, U TIOTOMY
MpoJiaBel] OTBEIINBAJ OJUH KMUJIOrPaMM caxapa Ha JIEBOM YalllKe BECOB,
a BTOpOii (TOMy e TOKyIaTe o) — Ha NpaBoil. Bemrpan nokynarens
wim npourpa’?

10. Kopababr musiBér u3 A B b mo Teuyenumio peku, a 3arem BO3-
BpaIlaeTcs IPOTUB TeYeHUs! (CKOPOCTH TE€UEHHsI U KOPabJIs TIOCTOSIHHEI).
[Torpatur 1 oH Ha Bce MyTh GOJIBLIIE WM MEHbIE BPEMEHH, YEM Ha
PaBHBIiA MyTh 10 03€py?

11. Kakyo HanboJibliy0 MUIOAgs MOXHO OTTOPOAUTH HA Oepery
MpsAMOYToJIbHBIM 3a6opom uuHbl He Gonee 100 merpos? (Yersépras
CTOpOHA MPSAMOYTOJIbHUKA — Geper; Tam 3a60p HE HYXEH.)

12. Jlokasats HepaBeHCTBO /XU < (X + 2y)/(2V2).

CucreMsBl CUHCIEHUS

1. Vimeetca 6 GoJbIIMX MELUIKOB C MOHETaMH, BO BCEX MO-
HETHl HacTosiue U BecaT 10 rpaMMoB, a B OOHOM (hasIbIIVBhIE
¥ Ha OJWH rpaMM Jjierde. Kak ¢ MOMOIIbIO OJHOTO B3BELIMBAHUS
(Ha Becax, MOKa3bIBAIOLIMX CYMMAPHBIA BEC MOJIOXKEHHBIX HA HUX
MOHET) OIPENEIUTh, B KAKOM MeUIKE (hasIblIUBEIE MOHETHI?

2. Tor ke Bompoc, ecau (hasbILUBLIE MOHETEI MOTYT OBITH B
HECKOJIBKHMX MEIIKaXx.

3. JlokasaTh, 4TO Kaxk0€ LEJOE MOJIOKUTEILHOE YUCIIO MOXK-
HO TIPENCTaBUTh B BHJE CYMMbI Pa3jIMYHBIX CTEMEHEH qBOINKH,
MPUYEM €QVHCTBEHHBIM CITOCOOOM.

4. Tlpomoyxute TabNUIy U OOBSICHUTH MIPABUJIO €€ MOCTPOE-
HUA:

0 1 2 3 4 5
0 11 10| 11100 | 101

(3amucu B HUXHEN CTPOKE HA3BIBAIOT CIEJIAHHBIMA B JBOUYHOI
CHUCTEME CUVICIIEHUSI. )
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5. Ha pocke manmcano uncno 0. C HanMcaHHBIM YUCIOM Pas-
pelIaeTcss BBIOMHATh aBa AeiictBus: (1) yBeawduTh €ro BIBOE;
(2) yBermuuts ero Basoe u npubasuts 1. Ckonpkumu crocobamu
MOXHO ojtyunth Ha gocke urcio 1000 (ecnu Boobiue MOxHO)?

6. Haiiti 4eThipe TPOWKM LEJIBIX HEOTPHULIATEIBHBIX YKCEI,
YTOOBI BHIMOJIHSJIOCH TAKOE CBOKMCTBO: Kaxgoe uncyo ot 0 mo 80
MOXHO IIPEICTABATDL B BUIE CyMMBI YETHIPEX YUCET — II0 OLHOMY
W3 KaXJO0W TPOUKHU.

7. Ha mocke manmcano uncino 0. C HAmMCaHHBIM YKCIIOM pas-
pelliaeTcsl BHINOJHATh [Ba JeiicTus: (1) yBeJMunMTh €ro BTPOE;
(2) yBenuuuth ero Brpoe u mpubaButh 1. Uwmcio HazoBéM mo-
CTYITHBIM, €CJIA €r0 MOXHO TOJIyYUTh Ha JOCKE TAKUM CIIOCOBOM.
Ckonpko gocrynsbix yncen ot 0 go 10007

* ok ok

8. Pazjioxurs 1/3 B qBOMUHYIO MEPUOIUUECKYIO IPOOH.

9. Ilpespaturs gBOMUHYIO mEepuoandeckyto npobs 0,101101101. ..
B OOBIKHOBEHHYIO.

10. Tlepesectu BOCBMepuuHOE umciio 2736454 B 16-puunyo cuc-
TEMY.

11. B nocnenosarensruoctu uncen 1,2,3,5,8, ... (uncia @ubonay-
YH) KaX0€e YUCIIO PAaBHO CyMMe [BYX Mpeabiayiux. Jlokasars, 4ro Jmo-
60€ LEJI0e TIOJOKUTEILHOE YKCIIO MOXKHO MPEJCTABUTH B BUIE CyMMbI
HekoTopbix unces1 OuboHayuH, cpej KOTOPBIX HET CTOSILIMX PSIOM, U
YTO DTO MOXHO CHEJaTh POBHO OJHUM CIIOCOGOM.

12. Kymen xouer B3BemmBaTth 0O0€ KOJMUYECTBO (DYHTOB TOBApa
or 0 go 40 ¢ MOMOIIBIO YALIEYHBIX BECOB, MMESI BCETO YEThIPE TMPH
(KOTOpBIE MOXKHO KJIACTh Ha JOOYI0 M3 4amiek). YJacrcs Jih eMy o107
(Henarp HECKOJIBKO B3BEIUMBAHUIA HEJIB3SI. )

13. Beckoneunast BiipaBo v BHU3 TabJMIa 3aMOJHSIETCS MO TAKOMY
[paBUIy: B KaXIYIO KJIETOUKY CTABUTCS MUHHUMAJIBHOE ILIEJIOE HEOTPH-
[ATEIbHOE YKCII0, KOTOPOrO HET HU CJIeBa, HU CBEPXY OT Hero. (Takum
obpa3om, mepBas CTPOKa WM MepBblii cTosber cogepxar uucia 0,1, 2,
3,...) Kakoe uncno crour B 101-0it crpoke Ha 201-om mecre? Kakoso
obuiee mpaBmiIo?

Pexyppenrtabie popmy.ist

1. Mewka crour B yrty gocku 5 X 5 Ha none (1, 1). 3a oqun
XO[I il pa3pelraeTcss COABUHYThCS BIIPABO WM BBepx. Haiitu st
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KaXJIOro IoJjis JOCKH, CKOJIbKMMH CIOCO0aMM IEIIKa MOXET Ha
HEro nomnactb (Hanpumep, Ha mnosie (2,2) MOXHO MONacTb JByMsl
crioco6aMu: BIIPABO—BBEPX M BBEPX — BIIPABO).

2. (ITpomonxenne) Tor ke BOmpoc, €CJIM MOXHO MATH BITpa-
BO, BBEPX, U MO AWArOHAIN (BIPaBO-BBEPX).

3. (Ilpomomxenwue) Tor xe BOMPOC, €CJTM MOXHO UATH BIIPABO
U BBEPX U HEJIb3s [I€JIaTh JBA 1lAra BIIPABO IOAPSI.

4. O6o3naunm yepes a(m, ) KOJIMYECTBO PA3TUYHBIX HOCTIE-
JIOBATEJIbHOCTEM, COCTABJIEHHBIX M3 TN HyJei u N equaui. Joka-
3ath, yto a(m,n) = a(m —1,n) + a(m,n — 1) npu mobeix
m,n > 0. CocraBurs a6y a(m,n) gg 0 < m,n < 5.

5 Ina n = 1,2,3,...,9,10 Haittn kosmuectBo (a) Beex
MOCJIE0OBATE/IBHOCTEN HYJIEW U eqUHNL JMHBI N; (0) TEX U3 HUX,
B KOTODBIX HET [BYX MAYIUUX MOAPSAJ HyJiei; (B) TeX U3 HUX, B
KOTOPBIX HET TPEX MAYLIUMX MOAPSL HyJIEi.

6. CkonpkuMu crioco6aMu MOXKHO PaccTaBUTh CKOOKY B TIPO-
usBegeHur N comuHoxureneii? g n = 3,4,5 a10 yncno 6bu10
MOJICYMTAHO; CAeaTh 910 i N = 6,7, 8. (Ykazauue. I[locnen-
HEe YMHOXEHNE MOXKET ObITh B OJHOM 13 N — | mo3uiwmii, mosTomMy
HCKOMO€ YHCJIO PABHO CYMME . . . )

7. PaccmoTpyM Bce pasbreHus LIEJIOrO MOJIOXKMTEIBHOIO YK-
C/la L B CyMMY LEJIBIX TOJIOKUTENBHBIX ClaraeMbix (pasbueHus,
OTJIMYAIOIeCs TOPSAKOM, MBI cuMTaeM 3a ofHo). IlogcunTarts
KOJINYECTBO Pa3bMEHMII YKCiia TN, y KOTOPHIX BCE CjlaraeMble HE
IPEBOCXOAAT M, MpM M M M, He mpesocxoasumx 8. OTeeToM
nokHa Oeith Tabnuia 8 X 8. (Ykaszanme. Bce paszbuenus um-
c/la T, B KOTOPBIX CJIaraeMble HE MPEBOCXOIAT M, JEJIATCS Ha
JIBe TPYIIBL: TJE c/laraeMble He TIPEBOCXOIAT M — | U rae Hau-
GoJiblliee CTaraeMoe PaBHO TM.)

k*  x ok

8. Ha okpyxuoctu umeerca 2n todyek. Ckosibkumu criocobamu ux
MOXHO COEJUHUTH Tl Hemepecekaroummucs xopaamu? [logcuurats 310
yucno A n=1,2,3,4,...,7.

9. Umeercs BbIMyKIbiii N-yropHuK. CKOJMBKUMU CHOCOOaMH €ro
MOXHO pa3pe3aTh Ha TPEYTOJIbHUKH, IPOBOJS HeTlepeceKaoIMecs ua-
ronamu? [logcumraTs 310 yncyo ya n = 3,4,5,...,8.
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10. KonbLesoii 3a60p COCTOUT U3 1. JOCOK, KaXKAYIO U3 HUX HAJO I10-
KDPacHTh B OJJH U3 TPEX [BETOB, IPUYEM COCENHUE JOCKH IOJIKHBI OBITh
NOK paieHsl B pasHbie [BeTa. CKOJIBKMMHU CIOCOOAMU MOXHO 3TO CIEJIAThH
ma n = 3,4,5,67 Haittu o6y ¢hopMysty 1 IPOU3BOJIBHOTO 1.

11. Ha xoHTypHOI1 KapTe HapuUCOBaHO HECKOJIBKO CTpPaH, KaXayio
W3 KOTODPBIX HAO PACKPACHUTb B OJUH M3 Tl IIBETOB, MPUYEM COCEIHUE
CTpaHBI JOJIXHBI OBITh PACKPAIIEHBI B Pa3Hble IBETA. J|0Ka3aTh, 4TO KO-
JINYECTBO BAPUAHTOB PACKPACKH €CTh MHOTOWIEH OT M.

12. PacemoTpuM packpacku 3a6opa U3 1. JJOCOK B TpH I[BETA TakK,
9TOOBI COCEMHIE TOCKH ObLIN PACKpAIlleHbl B pasHble nBeTa. [lycrs dn —
YKCIIO CIOCOGOB PacKkpacHTh 3a60p Ui (PUKCMPOBAHHBIX M Pa3JIMYHBIX
[[BETOB KPAHMUX MOCOK, & €y, — TO XK€ YHCJIO JUI OJMHAKOBBIX I[BETOB
Kpaitnux gocok. Haittu en u dn, goa n = 3,4,5,6,7.

13. CkonbKO penreHnii UMeeT ypaBHEHUE X1 +X2 +X3 + ...+ Xm =
= N, ec/M Bce Xi JOJIKHBI 6b1Th paBHbl O wmu 17 Tlogcunrats oTBeT M1
1T<mncg<7.

14. (ITpomonxenue) Tor ke BOMPOC, €CiM BCE Xi JOJIKHBI OBITH
pasubl 0, 1 wm 2.

15. ABTOGyCHBII OUIET HA3bIBAETCS CUYACTIIMBLIM, €CJIA CyMMa Iep-
BBIX TPEX €ro IM@p paBHA CyMMe IMOCIENHMX TPEX. IlomcunTaTth ymcio
cyacmBbIX OuietoB. (Ykasanue. OquH M3 BOBMOXHBIX CIIOCOBOB: MOA-
CUMTATH I JBY3HAYHBIX M YETBIPEX3HAYHBIX OHIIETOB, CKOJIbKO UMEETCS
OGUIIETOB C JAHHOM PA3HOCTBIO MEXIY CyMMaMH IEPBOM M BTOPOI IOJIO-
BUH.)

16. Jna n = 1,2,3,...,9,10 HaiiTH KOJIMYIECTBO MOCJIENOBATEIb-
HOCTEH HyJIel ¥ eqUHMI] JUTHHBI T, B KOTOPBIX HET KoMOuHanuu 001; ToT
K€ BOMPOC it KomOuHanuu 0101.

BzaunmuO 0HO3HAYHBIE COOTBETCTBUS

1. Ckonpko (a) NATU3HAYHBIX YUCEN, COAEPXAIMX TOJIBKO
uudpst 1 u 2?7 (6) BapuaHTOB OCBELIEHNS KOMMYHAJIBHOM KYXHH,
re y KaXoil U3 MATH COCEJOK — CBOsS jammouka? (B) ciara-
eMbix B mpomsBenenun (a + b)(c + d)(e + f)(g + h)(i +j)?
(r) MOAMHOXKECTB y MATHIJIEMEHTHOIO MHOXECTBA (B MOJMHOXE-
CTBO KaXplii 3JIEMEHT MOXET BXOIUTh WJIA HE BXOIUTh, IIOPSI0K
aeMeHTOB He yuuthiBaercsd)? Kak ybenurbes, 94To BO BCEX OTHX
3a/layaX OTBET OAWHAKOB, HE pellas HA OLHON U3 HUX?

2. (a) CxosbkuMu cioco6aMy MOXHO HA3HAYNTH IBYX AEXYD-
HBIX CPEIV MATH 3a3eBaBlIMxcs wkojasHMKOB? (6) Topom mmeer
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(bopMy NpAMOYroyibHKKA 3 X 2, KOTODPbI pa3buT MPSMBbIMU YJIM-
mamu Ha kBafApatel | X 1. Ckompko KpaTyailumx myTeil BEAyT
u3 omHoro yria B nporusonosioxsbii? (B) Kakoil kosdduim-
eHT oKaxeTcss mpu a>b?, ecau pacKpHITh CKOGKM B BBIpaxe-
mm (a +b)> u npusectu nomoGusie cnaraemeie? (1) Ckobko
Pa3IMYHBIX CJIOB MOXHO IIOJIy4YWTh, IIEPECTABIsAsA OyKBEI B CJIOBE
0roro? (o) Ckosapko ABYX3JEMEHTHBIX IOAMHOXECTB Y IISTHAJIE-
mentHOro MHoxecTBa?! (&) CKOJbKO TPEX3JEMEHTHBIX MOAMHO-
KECTB y msaTmyieMeHTHOro MHOxectBa? Kak yGemutbes, 9to BO
BCEX OTUX 3aJja4aX OTBET OAWUHAKOB, HE pelllas HU OHOIN M3 HUX?

3. Ckonbko pelleHuii B LEJIbIX HEOTPULIATENIbHBIX YHC/Iax
umeeT ypaBaenne X+y+z = 37 [louemy B a10ii 3a1a9€ OTBET TOT
K€ caMbli, 4To 1 B npeasiayeii? (Ykazauue: 00T0 < T+14+1,
IT000 ¢ 04+0+3,...)

4. Tlouemy umcsio peuienuii ypaBaenus X +y + z = 30 B mo-
JIOXKUTEJIbHBIX 1IEJTBIX YMC/IaX PABHO YUCITY PEIeHUil ypaBHEHHUs
X +Y + z = 27 B HEOTPULATE/IBHBIX LEJIBIX YHC/IAX?

5. Kakux mogmuoxects 6osbuie y mHoxecrsa {1,2,3,...,
9,10} — copepxaumx 1 umu He cogepxamux 17

6. Bce nocnenoBarensHoct u3 20 HyJeil U €AUHUL] AeISTCS
Ha JBE TPYIIBl — T€, B KOTOPBIX YETHOE YNCJIO €IUHMUII, U T€, B
KOTOpBIX HeueéTHoe. Kakux 6osbiue?

7. CKOMBKO CYIECTBYET IIECTU3HAYHBIX aBTOOYCHBIX GUIIETOB,
cyMMa Ludp KOTOPbIX 4€THA?

E O

8. lokaszats, 4To cYaCTIIMBBIX aBTOOYCHBIX OIIIETOB (Y KOTOPHIX CyM-
Ma TEPBBIX TPEX HUMP paBHA CyMME TDPEX MOCJIEHUX) CTOJIBKO K€,
CKOJIBKO aBTOOYCHBIX OHMJIETOB ¢ CymMMOit mucdp 27.

9. llokaszath, 4TO YKCJIO pa3OMEHM BHITYKJIOrO -YTOJIbHAKA Ha TPe-
YTOJIbHUKY HEMEPECEKAIOIMMUCS [IMATOHAJIAMUA PABHO YHCJIY CrOCO60B
PaCCTAHOBKM CKOOOK B MPOM3BEAEHUM TL — | COMHOXMTEJIENA.

10. JloxaszaThb, 4TO KOJMUYECTBO Pa3bHEHMi LIEJIOT0 MOJIOKUTETBHOIO
4YKCJIAa TL HA LEJIbIE MOJIOKUTEJIBHBIE CJIaragMble, HE MpeBocxosmme K,
PaBHO KOJIMYECTBY pa3buenuit uncia 1 Ha He 6osiee yeM k mesibix mosio-
KUTEJIbHBIX CJIATa€MBIX.

11. Ckonbko cyuecTByeT aBToOyCHBIX OUIIETOB, CyMMa LU(MP KOTO-
peix jgesmrcs Ha 37
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Ipuaupm dupuxiie

1. B maremarnueckoii ommmuage yyacteoBajio 200 mkoss-
HUKOB. JI0Ka3aTh, YTO MOXHO HAiTH TPEX YYACTHUKOB, Y KOTOPBIX
ObLIMIi IEHb POXIECHHUS.

2. B xmacce 25 1KOIBHUKOB, KOTOPBIE MMUCAIA YETHIPE KOH-
TPOJIbHBIE; HU OAMH LIKOJIbHMK HE MPOrYJIS/ HU OOHY M3 KOH-
TPOJIbHBIX, M BCE OHU IMOJIYYMIM YETBEPKU U OATEPKU. Jlokaszats,
YTO HaANAyTCA [Ba LIKOJIbHWKA, Y KOTOPHIX PE3YJIbTATHl 3a BCE
KOHTPOJIbHBIE OIMHAKOBHI.

3. JlBeHaauaty IIKOJBHUKAM OOCTANIOCh 65 kKoHper. [oka-
3aTh, YTO KaKWe-TO ABOE IUKOJIBHUKOB ChEJIM OJUHAKOBOE YHCIIO
KOHQET.

4. B kBagpare co croponoii 10 BeiGpano 100 touek. Moxer
JIA TaK CJIYYMThCH, YTO PACCTOSHME MEXY JIOOBIMU TOYKAMM HE
Menbuie 27

5. bopsa yTBepxaaer, 4To MOXET OTraaaTth JHO060E LIEJIOE K-
cio ot 1 go 100, 3amaB He Gonee 6 BOMPOCOB, TPEOYIOIMX OTBETA
«aa» wm «HeT». Ilouemy oH He mpas? CKOJIBKHX BOIPOCOB GBLIO
661 gocrarouno?! [louemy?

6. Ha KOHTpOIbHOIN KaXxIyIo 3a/1ady PELIMsIO HE MEHBIIE O-
JIOBUHBI IIKOJIbHUKOB. Jl0Ka3aTh, YTO €CTh IIKOJIbHUK, PEIIBILIHIA
He MEHbLIE OJIOBUHBI 3a1a4.

7. Hokaszarh, 4TO paBHOCTOPOHHUII TPEYTOJILHUK HEJIb3sT Ha-
KPHBITh JBYMsI PABHOCTOPOHHUMH TPEYTOJIbHUKAMU MEHBIIETO pa3-
Mepa.

8. Hammcano 10 mojoXUTENBHBIX YHCENT, TIPUYEM CyMMa JIKO-
6GbIX TPEX w3 HUX OGosblue 6. JlokaszaTh, YTO CyMMa BCEX UHUCENI
Gosbiue 20.

9. Kakoe MakcumaibHOE KOJIMYECTBO LEJIBIX YKMCET MOXHO
HAIKCATh, €I TPEOyeTC s, YTOOB CyMMa U Pa3HOCTh JIIOOBIX ABYX
U3 HUX HE Oeamiach Ha 377

X ko ok

10. Oyr6osbHbIIA TYypHUP TPOBOAUTCS B OAUH KPYT (Kax/as KOMaH-
Jia UrpaeT ¢ Kaxjoi). Jlokaszats, 4To B 060N MOMEHT Ty pHUDA HAMyTCA
JIBE KOMAH/bl, ChIMPABLIME OJMHAKOBOE YMCJIO MATYEHA.
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11. B knerkax maxmatoii gocku 100 ma 100 HamucaHbl Lejble
4rcia, MPUYEM YKCia B COCEMHHUX KJIETKaX OTIMYAIOTCA He Gosiee yeM
Ha 20. JlokazaTp, 4T0 Ha JOCKE €CTh TPH OJMHAKOBBIX YUCJIA.

12. Vimeerca 11 6ecKOHEYHBIX AeCATUYHBIX Apobeit. [{okaszaTs, 4ro
HaiiayTesa aBe Apobu, coBmaaauye B 66CKOHEUHOM YHCIE Pa3psAIOB.

13. Nmeercs 4 paznmunbix 0 BeCy KamHs. Kak yrnopsiounts KaMHu
IO BeCy, caeiaB He GoJiee 5 B3BENIMBAHUIA HA YallleYHbIX Becax €3 ruph?
MoXHO Ji IPUAYMaTh CrIocob, rapaHTUPYIOLIUIA 3TO 3a 4 B3BEIIMBAHUS !

14. Ta xe 3agaya s 5 KamHei.

15. B tabnune u3 11 crpok u 10 cTo6LOB HanKMCcaHbl LieJIble YHCIa.
JlokaszaTh, 4TO MOXHO BBIYEPKHYTh HEKOTOPBIE CTPOKM (HE BCE — BO3-
MOXHO, HH OJJHOI), TOCJIE YEro CyMMa YKCe)T B KaXJ0M CToJibie Oymer
YETHOWM.

Tpeyronsauk Ilackans

Uucsao K-a/ieMEHTHBIX TOAMHOXKECTB T-3JIEMEHTHOTO MHOXKE-
CTBa HA3bIBAETCS YHMCJIOM COYETAHHMI W3 M 110 K, 1 0603HAYaeTCs

1. Yemy pasuer CO u C1? Jlokasats, uto CKX = C % npu
n>20udg<kgn
2. lokasarsb, 4to
k n!

C _.
" kln—=k)!
3. Hokazatb, 4TO
Ck=ck_;+ckl.

4. C ucrnompsosannem o6oznauenns CX sarmcats (a) umeno
MOCJIEJOBATENILHOCTEN M3 A HyJiel u b enuumiy; (6) ymcso perie-
HUN ypaBHEHUS X1 + X2 + ...+ X;m = d, TOE BCE X1,...,Xm
pasubl 1 win 2 (3meck M u d — LeJIble TIONIOXKUTEILHBIE YUCIA,
m < d).

5. C ucrionbaosanuem o6oznayenus CX sammcats umcrno pe-
LIEHWIA YPaBHEHUS X1 +X2 + ...+ Xm = d (&) B LenbIX HEOTPH-
LATENbHBIX Ynciax; (6) B LEIBIX TIOJIOKUTETbHBIX YUCIIAX.

6. TeperuiéTunk [OJIKEH NIepPeryiecT 12 OUHAKOBLIX KHUT B
KDACHBIM, CMHWIl WK 3eJI€HbIN NiepereTsl. CKOBKUME criocoba-
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MM OH MOXeT 310 caenars! (He o6s3arenpuo ucnonp3oBath Bee
1BeTa.)
7. B tpeyrossauke INackas

C3
0 C? 1 C} 2
C C C
@ T a2 A
3 3 3 3
C9 cl C? c3 Ci

BBIYVC/IATD TIEPBBIE / CTPOK.

8. Hokazarh, uro B TpeyronbHuke [lackansa kaxpmoe 4uciio
PaBHO CyMMe€ [BYX CTOSILIMX Haz HUM.

9. Beruncants CymMMy 4KCeN B TIEPBBIX / CTPOKAX TPEYIOJb-
mvka [lackama. O6bsacHUTE HAGTIOOAEMYIO 3AKOHOMEPHOCTb.

10. 3uakonepemMenHas cymMMa uucesl B JiOGOW CTPOKe Tpe-
yronbuuka [lackans pasua nymo. ([pyrumu ciioBamu: cymma 4u-
CeJl, CTOSIIMX HA YETHBIX MECTaxX B JIIOOOI CTPOKE, pAaBHA CyMME
YKCeJI, CTOSIMX HA HEYETHBIX MecTax.) [louemy?

L T

11. [lokasars, uro npoussenenve mobsix 11 mocieqoBaTebHbIX Je-
smrest Ha 11! (dakropuan 11).

12. Ckospko ecth mopgMHOXecTB MHOXecTBa {1,2,3,...,n}, mus
KOTODHBIX BHIMIOJIHEHO TaKOE YCJIOBHE: HMKAKHE [[BA MX DJIEMEHTA HE OT-
JIAYaKoTCd poBHO Ha 17

13. Ckonbkumu crocob6aMyd MOXKHO I€PECTaBUTb OYKBEI B CJIOBE
BPAKOIEJ, eciu Tpebyercst, YToOBI M IJIACHBIE, M COIVIACHBIE (MO OT-
JEJIbHOCTH) UM B aJIDaBUTHOM TOPsifIKe?

14. Boraucaars 112, 113, 11*. CpaBuuts pesysstar ¢ TpeyroibHu-
koM ITackang. O6bacauTh HaGMOAaEMYIO 3aKOHOMEPHOCTh. By et i1 oHa
npomoskarbes 1 aansue? Tor ke Bompoc s uncen 10012,10013 . ..

15. Kakue crpoku TpeyroybHuka [lackais cocTosaT LeIMKOM U3 He-
YETHBIX YKCENI? LEJMKOM (HE CUMTast KPA€B) U3 YETHBIX YMCEIT?

16. Kakue crpoku Tpeyrosbuuka [lackansa coctosTt uenvkom (He
cuMTas Kpa€B) u3 umce, Aejsmuxcs Ha 37
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17. Bo3bMéM moboe ynciio B TpeyrosbHuke Ilackaisg u cioXuM Bce
BJIEMEHTBI, HAUMHAs C HEro ¥ MAA M0 MpaMoii BBepx-HasieBo. CyMma oka-
KETCSl PABHOM 2JIEMEHTY, CTOSIIEMY CHU3y nog HuM. [louemy?

Kom6unaropuka u anre6pa

1. Joxazats, uro KootduipeHT mpu X '©, KoTOpHIii oIy InTCS

MOCJIe PacKPHITUS CKOBOK M TipuBefeHus nomobueix B (1 + x +
Fx2 43+ x x] 0)3, PaBEeH YHUCIy PELIEHU yYpPaBHEHUS
a+ b+ c =10 B HUeTbIX HEOTPULATEIHLHBIX YUCIIAX.
2. Haiitu xoothuument npu abede B (a+b +c+d +e)°.
3. Jlokaszate, 4To 4YHCIO CrIOCOBOB pazMeHaTh 20 HOJIApOB
Gymaxxkamu B 1, 2 1 5 fo1apoB paBHO Koadduimenty mpu x2°
B BBIDAXXEHUU

Orx+x>+x ...+ T+ 2 +x x5 +x2%)x

x (T4+x% +x"0+x" +x%°).

4. Iloxazars dopmyy 6uHOMa HproToHa:
(a+b) " =a™+Cla™ "b+...+CEa™ b ... +C Tab™  T+b™.

5. Ucnosmsays hopmyJty GuHOMA, [OKA3aTh, YTO CyMMAa YKCE]T
B m060i1 cTpoke TpeyrospHMKa Ilackasns ectb creneHb 2 U 4TO
3HAKONEPEMEHHAs CyMMa Jucell B J1i06oii ctpoke pasHa 0.

6. Haiitir xoadppurment mpu a'°b'5¢?0 B (a + b + ¢)*°.

7. Towa Berancmn npoussegenve (1+4x)-(1+x2)- (14+x*) x
x (14x8) - (14+x"®). Towa ngoxaza, uro, UMest 1O OHOI TUpe
B 1, 2, 4, 8 u 16 rpammoB, MoxHO Habparth J060I Bec OT |
g0 31 rpamma, npuuéMm emuHCTBEHHBIM crocobom. IOpa ckaszan
Towe u Towe: «Bol pewanu ogay u Ty xe 3amavy». Ilouemy on
TaK CKazaj?!

Cpasrenus

loBopsT, uro uncna a u b CpaBHHUMBI 110 MOZY/IO M, €C-
JI1 MX pasHocTh aesurca Ha M. (Ymcna npeamosiararrcs Lesb-
MU; MBI CYMTAEM, YTO MOJYJb M ToyioxurtesieH.) O6o3naueHve:
a = b(mod m).
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1. [lokasats, uto a = b(mod m) B TOM ¥ TOJIBKO TOM CITy4Yae,
KOr[a 0 ¥ b [JaloT OAMHAKOBBIE OCTATKH IIPM AEJIEHMU Ha .

2. Haiitu monoxuresnpHOe LENOE YKCIO0, KOTOPOE CPaBHUMO
¢ —1 mo mo6omy mu3 monyneit 1,2,3,4,5,6,7.

3. Jlokaszath, 4TO CpaBHEHMS 10 OJJHOMY MOy IO MOXHO CKJIa-
JIBIBATh U IEPEMHOXaTh: ec d = b(mod m) u ¢ = d(mod m),
T a+c=b+d(mod m)u ac = bd(mod m).

4. Jlokaszatb, yro ecsiu a=b(mod m), To a™=b"(mod m)
mpun=1234, ...

5. Hokazatk, uro a™ = b™(mod (a — b)) mpu n = 1,2, 3,
4,... (u npu moO6EX a # b).

6. Kakuie ocraTku MOXET [1aBaTh TOYHBII KBaJPaT MpU Jejie-
Hun Ha 3, 5u 77

7. Haiiru ocratku ot geermst 16'°1 u 18701 wa 17.

8. Ilokasarts, uro yersipéx3HauHoe 4ncyio abced cpaBruMO ¢
a+b+c+dmnomogymo 9uc —a+b—c+dmnomogymo 11.

9. Ussecrno, uro 7a = 3(mod 13). Haiitu ocraTok or gere-
must a Ha 13. (Ckonbko ecTb BO3MOXHOCTENH?)

10. UzsectHo, yto 8a = 4(mod 14). Haiitu ocrarok ot ne-
nenust a Ha 14. (CkomnbKo ecTh BO3ZMOXKHOCTEH?)

11. Jlokasats, uro 177 4277 4397 4499 1599 1677 penurcs
Ha 7.

12. UzsectHo, uto ac = be(mod me). dokazats, uto a =
= b(mod m).

13. Haiitu ocrarok ot mesenus (N2 —1)107(m+1)190 ga n.

EE S

14. Jlokasars, uro 7777%%222 + 22227777 nemures Ha 9.
15. Haitru ocrartok or genenus unciaa 1234567891011, ..99100 na

16. Jlokazats, uro 1004210043100 L 4100 4 5100 4 100 neyprey
Ha 7.

17. Mpu kakux N uucio 11°2™ + 12™ penures va 1337

18. UsBectHO, 4TO CyMMa [BYX TOUHBIX KBaApaToB geaurcd Ha 21.
Hokasarb, uro oHa jesutcsa Ha 441,
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ApucbmMeTrka 0CTaTKOB

1. CocraBute Tabnuily CAOXKEHHS AJI OCTATKOB MO MOAY-
mo 11. (Takas tabnauma cocrout uz 11 crpok u 11 cronbios,
npouyMepoBanHbix ot 0 go 10. B m-oii kjeTouke N-o0if cTpokn
CTOUT OCTATOK OT AEJIEHVSI CyMMBI ABYX YHCEJI, JAIOLIUX OCTaT-
Ku M u N.) BepHo nu Takoe yTBepXKAeHHE: B KaXKION CTPOKE
U KaX/IOM CTOJIOLE BCTPEYAIOTCS BCE OCTATKU POBHO IO OLHOMY
pasy?

2. Peumts Ty ke 3amady qys ymHOXeHus. (B atom ciydae B
Tabnuie GyaeT HyJieBas CTPOKa W HYJIEBOM CTOJIGELL. )

3. Peumth Te Xe 3amaum JUIs CIOKEHUS M YMHOXEHHS IIO
mogymo 7 u 10.

4. Kakue 4ncia ¥ 1o CKOJIbKY pa3 BCTPEYAIOTCS HA JUarOHajIu
(Mayiieit U3 JIEBOrO BEPXHETO yIia B TPABBIA HVKHUIA) TaGIIHIL
CJIOXKEHUS U YMHOXeHUsI Tio Mogysm 5, 7, 11, 17 u 197

5. B nocnenosarensroctn 1,2,5,8,11, ... kaxmoe cienyro-
mwee yncsio Ha 1 Gosiblie CyMMbI LUp KBaApaTa MpeablIyIero
uynciaa. Kakoe yuciio crour na 100-m mecre?

6. TocnemoBaTe/IbHOCTh OCTATKOB OT AejieHus d,2d,3aq,...
Ha 12 (kaxnpli 4ieH mojydaercs npubaBjieHHEM A IO MOJY-
o 12) nepuoguruna (nipu o6om a or O go 11). Ilouemy? Kakue
MEPUOLBI TYT BCTpEYarTcs (Mpu pas3mdHbix a)?

7. Tor xe Bonpoc npu aenenuu Ha 11. Kakwue nepuoapr Tyt
BO3MOXHBI?

8. TlocieqOBaTEIBHOCTD OCTATKOB OT feseHus a,aZ, a’, ...
Ha 11 (KkaxOplil YieH MOJTydaeTcsl YMHOXEHHEM Ha ( TI0 MOXY-
mo 11) neproguuna npu mobom a ot O go 10. TTouemy? Kakue
MEPUOLBI TYT BO3MOXKHBI!

9. B nocnenosarensroctr ®ubonavun (1,1,2,3,5,8,13,...)
KaX/IBIi 4JIEH paBEeH CyMME [IBYX MPEIbIAYIIIX. 3AMEHNUB KaX10€
YKCJIO OCTATKOM OT fejieHus ero Ha 11, Mbl OJIy4uM MOC/Ien0Ba-
TEJIbHOCTh, B KOTOPBII KaX/blil Y€H PaBeH CyMME [BYX IPEIbI-
oywwx o mogymo 11. Ilokaszars, 4Tto a1a MOC/IEqOBATEIBHOCTD
MEPUOANYHA, Y HAWTH TIEPUO.I.

10. Byger nu mnepuoanyHa aHaJOrWYHAs TOC/IEAOBATE Ib-
HoCTh, eciii 11 3amenuts Ha 137 Kakos Gymer e€ nmepuon?
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11. Hokazars, uro s ;060r0 M MOC/IEN0BATEIBHOCTD OCTATKOB OT
nenienust unces Oubonauyn Ha T EPUOANYHA (M HE UMEET MPEINePHo-
J1a — TOBTOPSIOLIUICS KYCOK CTOMT C CAMOr0 HAvasa)

12. Jlokazars, uro cymecryer uncyio Oubonauym, OKaHIMBAIOLIEE-
cs aByMs Hyssmu. Jlokaszats, uro cyuecrsyer uncio Oubonauuu, okan-
YMBAIOLIEECS BYMs JEBATKAMHU.

13. 3ammem apa mpoussosbHbIX uncaa ot 0 mo 10. Ipomoskum
MOCJIE/IOBATENILHOCTD, 6epsi KaXblil YleH PaBHBIM CyMMeE [BYX IMpeMbl-
aymwx mo moayso 11. Jlokasars, 4o 4djIeHBI 9TOM MMOC/IEI0BATEIBHOCTH
6yayT mosTopaThes yepes 10.

14. Tlpu kakux o (HE OGS3aTENHHO MEJIBIX) MOCIIEIOBATEILHOCTD
npobubix vacreit {o},{2a}, {3}, ... Oymer mepuopmuna?

Yro B 5106, 9ro mo 10y

1. B Tabmuue 57 x 91 paccrasnens uncna. MoxeT nmu GuITh
Tak, Y4TO CyMMa 4YKCeJl B KaXJOM CTOJIOLE MOJIOKWUTE/IbHA, a B
KaXJoil CTPOKE — OTpULATE/bHAT

2. B 1abauue m X M paccraBiieHbl YKMCIA TaK, YTO CyMMa
yycen B JOOOM CTpoKe uiM crojibue paeHa 57. JlokaszaTh, 4ro
m=n.

3. Moxer s B Tabimune 4 X 4 cymma ynces B J060i CTpoKe
GbITh YETHBIM YKCJIOM, 4 B JII060M cronbue — HeueTHhM? ToT xe
BOIPOC 1St Tabuipl 3 X 5.

4. Moxer yu pabota pUpMBI 3a JIIOOBIE MSTh MOAPSIT UAYLIKAX
MecsLeB ObiTh TPUOBUIBHOM, & MO UTOTaM roja — YOBITOUHOI !
MoxeT 11 Takoe MOJIOXKEHUE NPOAOIXKATECS B TEUEHHE 6 JIeT?

5. Kaccnp cunraer [eHbIM Tak: cHauyajia OH CUMTAET BCE Ky-
MIOPBI HE3aBUCUMO OT WX JOCTOMHCTBA, MOTOM CUMTAET €LIE pa3
KYIIOPHI JOCTOMHCTBOM Gombuie 1 py6ns, 3ateM mpubapiser 4m-
CJI0 KyHIOp AOCTOMHCTBOM 6osbiue 2 pybneii u tak ganee. [Touemy
Y HEro I0JIy4YaeTcs [IPaBUIbHBIA OTBET?

6. Bce rpaHu MHOrorpaHHMKa — TPEYrOJbHUKY, U UX T IITYK.
Ckoneko y Hero pébep?

7. ng Kaxpoli BepIUMHb MHOIOTPAHHMKA IIOJCYUTAIA KO-
JINYECTBO I'PAHE, CXOASILIMXCS B 9TOM BEPIUVHE, W IMOJIYYEHHbIE
yrcIa cJIoXWM. J{oka3ars, 9To MOJyYeHHAsT CyMMa YETHA.
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8. Ilpu Bxoxe B 6Gubmuoreky croar ape mocku. Ha oguoii u3
HUX IPUXOASALIME YUTATENM 3ANMCHIBAIOT, CKOJIbKO YEJIOBEK YXKeE
6b10 B 6ubHoTeke, Korga oHu mpuuud. Ha npyroit yxopsiue
YUTATEIM 3aMUCHIBAIOT, CKOJIBKO OCTAJIOCh YEJIOBEK, KOTAa OHU
yum. YTpoM W BedyepoM B 6ubmoreke HUKOro He 6wuto. [loka-
3aTh, YTO 3a [€Hb Ha 00eux JOCKax ObLIM HAIUMCAHBI OIHU U TE
Xe Jucia.

9. Knetkn maxmaTHOi HOCKM TIPOHYyMepoOBaHBl OT | mo 64
(B mepBoii ctpoke or 1 g0 8 cieBa HampaBo, BO BTOPOil — OT
9 no 16 u tak panee). Kak Hu mocrass Ha jocky 8 najeii, He
GbIOLIMX OPYr OpYra, CyMMa HOMEPOB KJIETOK, HA KOTODBIX OHHU
crosiT, 6ymet onHa u Ta Ke. [louemy?

NuBapuants

1. B TypHUpe Mo OJIMMITHIACKOl cucTeMe (TIPOUTPABIINIA BbI-
6eiBaet) npuHssio ydactue 100 genosek. CkoJbKO GBLIO CHITPaHO
MapTHii, TpeXe YeM ObUT OnpeesieH mobeauresis?

2. B A1UK MOJOXWIM 3 MEHBIINX AIIUKA. 32TEM B HEKOTODbIE
W3 HUX TaKXKe TOJIOKIUIH 0 3 1€ MEHBIUNX SIIUKA, U TaK Jajiee.
B xoHIe KOHLIOB OKaszaioch 17 3aMojHEHHBIX SIIUKOB (BHYTPH
KOTOPBIX €CTh Apyrue sumkn). CKOJIBKO B 3TOT MOMEHT MyCTBIX
SIUKOB?

3. Tlo okpyxHoctu pacrosioxeno 20 miocoB u 20 MUHYCOB.
Hokasate, 4TO map COCEJHMX IUTIOCOB CTOJIBKO K€, CKOJIBKO Map
COCEIHUX MUHYCOB.

4. Ha pocke Beimucanst yncia 1,2, ..., 20. Pazpemaercs cre-
peThb Jmobble [Ba YKciaa A U b u Hanucath yucso (a) a +b — 1;
(6) a+ b+ ab. Kakoe uncio moxer ocratbes mocie 19 takumx
onepaumii?

5. JIioby1o BepIIMHYy TPEYroJIbHUKA MOXHO CABHUIaTh IO MPO-
XOASLIEH Yepe3 Hee MPSIMO, MapaulesIbHOW MPOTUBOIMOJIOXKHON
cropore. MOXHO 1 TAaKUMU OMEPALUsMU CAENATh U3 PABHOCTO-
DOHHETO TPEYTOJIBHUKA CO CTOPOHOI | TPSIMOYTOJIBHBII TPEYTOJIb-
HUK C KareTamu, paBHbIME |7

6. Y uncaa 100! =1-2-...-100 Bbluncanam cymmy Ludp, y
MOJTYYEHHOTO YUC/Ia TaKKe BHIYNCIIAIN CYMMY LMD U TaK JaJiee,
MOKa He OCTAJIOCh OAHO3HAYHOE YKCJIO. UTO 91O 32 Yncsio?
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7. B pap croar 6 coceH ¥ Ha KaxX[oi CUAMT dmk. Kaxmayro
MHUHYTY JBa 4nmXa (Ha OZHOW WJIM Pa3HBIX COCHAX) MEPEIETAIOT
HA COCEIHIOI COCHY — OWH HAmpaBo, APYroi Hameso. Moryr
JI1 YUKU cOBpaThesl HA OLHON COCHE?

8. (Ilpomomxenne) A eciau COCHBI CTOSIT TIO KPYTY, M OAWH U3
YIKEN JIETUT 1O YAaCOBOM CTPEJIKE, & JPYroil — MpPOTUB?

9. (TIlpomomxenue) A eciu B psaf CTOST 4 COCHBI, HA KOTOPBIX
cumar 1, 2, 3, 4 ynka, Ha KaKoil COCHE OHU CMOTYT coBparhcs?!

10. B crpouky mamucanel 10 umcesn, npudéM cymMMa JTHOOBIX
Tpéx cocemuux pasHa 15. [lepsoe umcno pasHo 7. Uemy moxer
OBbITh PaBHO TOC/IEAHEE YKCTIO?

11. B memke nexur 57 u€pubix daconun u 33 6enbix. bopuc
MuxaiifioBUd BEIHMMAET M3 MeIKa Hayraj aBe cdacosuHbl. Ecim
OHH OKa3bIBAIOTCS OJHOIO L[BETA, TO OH 3aMEHSIET UX Ha Gesyio
(hacosmHy, eclM pasHOro — TO HA YEPHYIO. 1ak OH [eNlaeT OO
TEX TOpP, MOKA B MEIIKE HE OCTAHETCS TOJIBKO OOHA (DAaCOJIMHA.
Kakoro upera ona 6yger?

X ko ok

12. K mobeim aBym umcnam nocnemosarenbuoctv 1,1,2,3,5,8,13,
21,34,55 pazpemaercst OTHOBPEMEHHO MPUOABUTE UJIM OTHSTH IO €JIV-
Huie. MOXHO JIM HECKOJIBKUMU TaKMMHM OIePAlUAMU CIeJIaTh BCE YHCIIa
PaBHBIMU !

13. Croar 57 crakaHoB BBepX JHOM. 3a XO[ Pa3pellaeTcs Mepesep-
HyTb JiIoOble (a) 5; (6) 6 crakaHoB. MOXHO JiM 32 HECKOJIBKO XOJOB
MOCTABUTH CTAKaHBI BHU3 JTHOM?

14. B crpane Cepobypomanun xuset 13 cepbix, 15 6ypbix u 17 Ma-
JIMHOBBIX XaMesleoHoB. Korma Berpevarores aBa xaMesieoHa pa3HOro mBe-
Ta, OHM OJJHOBPEMEHHO MPUHUMAIOT OK PACKY TPETHErO IBETa (HAPUMED,
[IPH BCTPeYe Ceporo u Gyporo xamesieoHa 06a CTAHOBSTCS MAJIMHOBBIMU ).
MoxeT i uepe3 HEKOTOPOE BPEMS OKa3aThCs, YTO BCE XaMeJIEOHBI MMe-
10T OJUH 1BET?

15. Ha kax ot kyietke gocku 9 X 9 cumur kyk. B kakoit-to moment
KaXIblil XKyK MEPENo/3 HA OJHY M3 COCEIHMX KJIETOK. JoKa3arh, 4to
OCJIE 3TOrO XOTs OBl OJJHA KJIETKA CTaJia MyCTOiA.

16. Ha maxmarHoit mocke 9 X 9 crosum 9 naneii, He 6bIOmMUX ApyT
npyra. B kakoii-To MOMEHT Kaxkaas Jafibs clesiana xox KoHs. JJokasars,
YTO TEMEpPb KAKWE-TO [BE Jiajbu ObIOT APYr Apyra.
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I'padpmr

1. B yrmax gocku 3 X 3 CTOSAT mIaxMaTHBIE KOHH — [Ba 4Y€p-
HeIX U 1Ba Gembix (puc. 17). (a) MoXHO M TIOMEHSATh YEPHBIX
u Genbix KoHel Mecramu (mosiyduB KoHurypaumio puc. 18)7
(6) MoxHO 711 TTIOMEHSTH OJHOIO YEPHOrO KOHSI C OJHUM OesIbiM
(riontyuuB kougurypanuio prc. 19)? (8) Ecin MoxHo (B mpegpl-
OyIUX MYHKTaX), KAKOE MUHUMAJIBHOE YKCJIO XOHOB Ul 3TOrO
Heobxogumo?

q q b b q b
b b q q b q
Puc. 17 Puc. 18 Puc. 19

2. Beimcats B psig updps ot 1 go 9 (kaxayo mo pasy) tak,
uto6bl JII0OBIE JBE MOAPAN UAYLIME LUMPHl JaBajau Obl ABy3HAY-
HOE YHUCJIo, Jeisileecs Ha 7 wid Ha 13,

3. Kax[plit U3 y4eHUKOB KJ1acca MOACYUTAN, CKOJIBKO Y HErO
B KJ1acce Jpy3aeil (He cuntas cebs). [lomydeHHbIe Yncia CIOXUIN.
Tonyunsock neu€rroe yncio. Jlokaszarth, YTO KTO-TO U3 LIKOJIbHY-
KOB YHCJIUT CPEU CBOMX APY3€ii YeslOBEKA, KOTOPbIA HE CYMTAET
€ro CBOMM JPYrOM.

4. JlokaszaTh, 9TO B 11060I KOMIIAHUM U3 LIECTH YEJIOBEK Haii-
JIyTCs OO TPOE TOMAaPHO 3HAKOMBIX, JINOO TPOE TIONAPHO HE3HA-
koMbix. (Cunraercs, uro ecnu A 3nakoMm ¢ B, To B 3nakom ¢ A.)

5. HapucoBano Heckosibko Touek. HekoTopeie U3 HUX coenu-
Henbl JuHuSAME. (Takylo KapTUHKY HA3BIBAIOT rpaghoM, TOUKU Ha-
3BIBAIOT BEPLIMHAMH, TUHUA — pébpamu.) VzBectHo, 4yro rpad
CBSI3€H, TO €CTh 13 JIIOO0I BEPLIMHBI MOXHO ITPOITH B JIIOOYIO, UAS
o pébpam. [{okazars, uro (uncio pébep) > (umco BepumH)—1.

6. (Tpomonxenue) [lokazaTs, 4TO €C/IM YUCTIO PEGEP HE MEHD-
1€ YUCTIa BEPLUKH, TO rpad) UMEET LUKJI: MOXHO HANTH 3aMKHY-
ThIN MyTh, MPOXOAALIMIA IO pEGPaM, ¥ HE MIPOXOAAIIMIA ABa pas3a
o OfHOMY pebpy.

7. MoxHo sim HapucoBaTh OTKpPBITHIT KoHBepT (puc. 20) u
3aKphITHI KOHBePT (puc. 21), He oTpbiBas Kapauama ot Gymaru
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U HE MPOXOAd II0 OJHOMY YYACTKY JIMHMU JBAXKIbI!

Puc. 20 Puc. 21

8. Kaxppiii n3 20 mkonpHMkoB peuma 2 w3 20 3aaa4, Ipudem
KaXylo 3a7ady PellWId POBHO JBa LIKOJIbHMKA. [loKa3aTh, 4TO
MOXHO OpraHM30BaTh pa3bop 3a/ay TakK, YTOObI KaX/blil IKOJIb-
HHK PaccKasajl Of[HY U3 PEIUEHHBIX UM 3a7a4 U YTOObI BCe 3aJaun
OBLIM PAaCCKa3aHbI.

X ko ok

9. locka umeeT (opMy KpecTa, KOTOPHIi MOJTyYaeTcs, eCIM U3 KBa-
JIPATHOM MOCKM 4 X 4 BBHIKUHYTH YIVIOBBIE KJIETKH. MOXHO Jin €€ 060MTH
XOfIOM IIAXMATHOTO KOHsl, MOOBIBAB HA KAX/OM MO OJHOMY Pa3y U BEp-
HYTbCS Ha HCXOIHOE ToJie?

10. Nmeerca Kycok npoBosioku gmuHoi 120 cM. MoxHo nu, He Jo-
Mas ero, ciejathb U3 Hero kapkac Kyba co croponoit 10cm? U ecim
HEJIb3sl, TO B CKOJIBKMX MECTAX MPUAETCS 3Ty MPOBOJIOKY CJIOMATH?

11. Umeercs rpynma ocTpoBOB, COETUHEHHBIX MOCTAMH. yPHCT T10-
ObIBaJT Ha BCEX OCTPOBAX, IMPOMIA MO KaXkIOMy MOCTY POBHO OIMH pas3.
Ha ocrpose TpoekpataoM oH nobbiBaj Tpuxabl. CKOJBKO MOCTOB BEJET
¢ TpoekparHoro, eciu Typucrt (a) He C HETO HAYAJ U HE HA HEM 3aKOH-
quin? (6) ¢ HEro HAYasI, HO HE HA HEM 3aKOHYWII! (B) C HETrO HAYAJl M HA
HEM 3aKOHYMJI!

12. Yro MoXHO HapucoBaTh, He OTphIBad KapaHjaiia oT GyMaru u
HE MPOXOJIs M0 OJHOM JIMHUM [[BAX]IbI, 4 YTO HET?

13. B cBs3HOM rpacde YMCIIO BEPIIMH POBHO HA €UHHILY OOJIBIIE
grcna peédep. Jlokazars, YTO B HEM HET LUKJIOB.

14. Ha gocke ormerwu 17 ToYeK W COEOUHMIMA KaXable 2 U3 HUX
[BETHBIM OTPE3KOM: GeJIbIM, CMHMM WM KpacHbIM. [lokasaTh, YTO Haii-
OyTCS 3 TOYKMU B BEPUIMHAX OJIHOLIBETHOrO TPEYTOJIbHUKA.

15. Hekoropeie u3 9 mKOIBHUKOB MOApPAIUCH. [{oKazaTe, YTO Haii-
IyTcs b0 TPU TaKWe IIKOJBHUKA, YTO KaXkK bl IMOJpasicsa ¢ KaxXIbIM,
J60 YeThIpe MIKOJIbHHUKA, MEX]Y KOTOPHIMU He OBLIO IpaK.

16. Nimeerca cBasublii rpad. Joka3aTh, 4TO MOXHO YAAIUTh OJHY U3
€ro BepIIVH (M BCE BXOJAIME B HEE pebpa), HE HAPYIIVB €ro CBI3HOCTH.
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DK3aMeHAlMOHHAs KOHTPOJIbHAd paboTra

Bapuanr 1

1. HapucoBats Ha miockoctu TOUKM ¢ KoopauHatamu (X, Y),
a5 kotopsix (a) X2 +2x+y? > 3; (6) (x+y)(x—1)(y+2) < 0.

2. Haiitu MuHMManbHOe 3HaueHre BeipaxeHus |x + 1| + x|+
+ |x — 1| + |x + 2|. IIpu kakux X oHo gocTuraercs?

3. Haiitu Bce mapsi 1esibix (He 06s3aTeIbHO TIOJIOXKUTETbHBIX )
uncen (X,y), A1 KoTopeix X +Y +xy = 35. Ckombko Takux nap
cymectByer? (ITopsimok 4ieHOB B Tape CYILECTBEH. )

4. JToxasats, uto otpeskn mmiHoit 1 + /2 u 2 + 3v/2 ueco-
U3MEPUMBEIL.

5. Haiitu HauMenbiee BO3MOXHOE 3HadeHue X + 2y, eciu
xy = 1 ux,y > 0. [Ipu kakux X u Yy oHO gocturaercs?

6. 3anucaTh NepUOAMYECKYIO fecaTuunyio Apobs 0,3737... B
BUJIE HECOKPATHMOM OGBIKHOBEHHON Apobu (Y4acTHOrO IBYX Iie-
JIBIX YHCEJT).

7. CuHUM LIBETOM Ha YMCJIOBOM OCH OTMEYEHBI LIEJIbIE YHCIA,
KOTOphIe npu JeseHun Ha 40 JaroT octaTok 7, a KpacHBIM — Te,
4TO AaloT octatok 17 npu geneHmu Ha 24. KakoBo HamMeHbLIee
pacCTOsTHAE MEXy KPACHBIMUA U CUHUMU TOUKaMu?

8. Haiitu ocraTtok OT [ejieHNs 3alMCaHHOrO B ILECTHAALATH-
PUYHOIA cucTeMe cyMciieHus ducia 1234567 wa TpuHaauaTh.

9. Kakoe mMakcmmasibHOE YHCIIO TOMAPHO HE TMapasuieIbHBIX
MPAMBIX MOXHO IIPOBECTH HA ILJIOCKOCTH, €CIM Tpebyercs, YTo6h!
yroJI MeX1y JIIoObIMU ABYMs 6b1T Gostblie 3,5°7

10. CkoJibKO €CTh TMOC/IEOBATEIBHOCTEN IMHBL 6 U3 LUdp
0,1,2, B KOTOPBIX HET UAYLIMX TOAPSAI ABYX OAUHAKOBHIX LIUGP?

L S

11. Yro 6ombme: 10110 pym 2 - 102002

12. C nocrienoBaTeIbHOCTBIO U3 IECSTH HyJIEM U €IMHMUIL pa3pelaeT-
cst nenathb ase Beu: (1) MeHsTH B Heil NEPBHIt WieH; (2) MEHSTh YieH,
CTOSIIMIA TOCJIe TIEPBO¥ eAMHULBI. J[0Ka3aTh, YTO ¢ MOMOLIBIO ITUX JBYX
omnepauii U3 Jo6oil OCIIeJOBATEHHOCTA MOXKHO TIOJIYYUTH JIIOOYIO.

13. Jlokazare, yro mis moboro mesoro 1 > 10 KBajgpat MOXHO
paspesarh Ha N KBaJPaTOB.

14. Ckonbko ecTh Moc/ieoBaTeNIbHOCTEM JUIMHE 6 u3 mudp 0,1, 2,
B KOTODbIX HUKAKKE [BA HYJIS HE UIYT MOAPANT
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15. B psapg crosr 50 crakaHOB, U3 HHMX MOJIOBMHA (HA YETHBIX Me-
cTax) — BBEpX AHOM. 3a OJUH XOfl Pa3peliaeTcsl MepPEBEPHYTh TPYIINY
u3 TI000ro Yrceia MoApA UAYLIMX CTaKaHOB. [loKa3aTh, 4TO HEJb34 IM0-
CTaBUTb BCE CTAaKaHbl BHU3 JHOM, clejaB MeHee 25 XOJIOB.

16. Haitru cymmy [V 1]+ V2] +[V3] +. . .+ [v/400]. (KBagparusie

CKOOKHM 0603HAYAIOT [ENTYIO YacTh. )

Bapuanr 2

1. Hapucosarts Bce takue (X, y), ans koropeix (a) [x] = [2y];
(6) [x] =2[yl.

2. Haiitu ocraTok mpu geneHuu cymMmsr 12 +22 +32 .+
+100? Ha 7.

3. [loppsa varmcaam Bee uncna ot 1 go 1000. Ckomeko Bee-
ro nudp mosagobunock? CKOMBKO pa3 MpU 3TOM BCTPETIIIACH
uudppa 77

4. UspectHo, uto a +b+c = 7,a a? +b? +c? = 17.
(a) Haitru ab + bc + ac. (6) Moxuo nu Haiity B pasiny-
HBIE TPOMKHU a, b, c (omMYaoUpecs NOPAAKOM Pa3IMYHbIMU HE
CUUTAIOTCH) C TAKUMU CBONCTBAMU!

5. Bcskoe nu HaTypasibHOE YMCIO MOXKHO IMPEACTABUTH KAk
pasHOCTh KBaAPATOB ABYX LIEJBIX YKMCEJT?

6. Ha kakyio MakcHMaJIbHYIO BeJIMUMHY KBaJpaT 4uCia MO-
XeT ObITh MEHBILIE CAMOIO YKCia?

7. Haiitu rutomafib (ourypel, OrpaHUYeHHON Ha KOOPAWUHATHOM
[UTOCKOCTH MpsIMbIMA X +Y = —3, X —2y =6uy =7.

8. Cxompko cymectByer uncesa ot 0 go 99999, cymma 1udp
KoTOphIX (a) He mpeBocxoaut 7; (6) He mpeBocxomut 227

9. CkoJIbKO CJI0OB MOXHO MOJIyYHTh, TEPECTaBlisis OyKBHI B
cmose KATAJIOT', ecnu Tpebyercs, urober 6yksa K maxomumack
MeXay aByMs OykBamu A (pacCTOsSIHHE MEXy KOTOPBIMH MOXET
ObITh THO0BIM)?

10. JIpa oiHAKOBRIX CTaKaHA 3aIOJIHEHB PACTBOPAMHU CIIMPTa
B Bofle Ha 2/3 — B omHOM KoHIeHTpalus ciiupra 60%, B Apy-
rom 40%. Paspemiaerca nmepennBarh J1I000€ KOJIMYECTBO KUIKO-
CTY M3 OJJHOTO CTaKaHa B APYroii (II0CJie Yero OHa IepeMeLINBAET-
cs1). MOXHO /i TToCsIe KOHEYHOTO YKUC/Ia MEPETMBAaHMiA JOOUTHC,
9TOOBl BO BTOPOM CTaKaHEe KOHLIEHTPALMs CIMpTa craja 6oJiblie,
4YeM B TIEpBOM?
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11. Nmeetca 6 xunorpammoB caxapa obuiei uenoi 40000,
4 xunorpamma rpeuku obweii nenoit 27000 u 5 xumorpaMmoB pu-
ca o6uieit tienoit 33000. KakoBa Hanbosibias CTOMMOCT TIPOAYK-
TOB, KOTOPBIE MOXHO YHECTH B MEILKE, BBIAEpKUBaIOIEM 12 Ku-
JlorpaMMmoB?

12. Hanmucano 10 uucen, cymma mobbix Tpex U3 HUX GOk
cemr. MoXeT JIi CIIydnThCs Tak, 4to (a) cymMma JIIOOBIX ceMu
U3 HUX MeHblue 1wecTHaauaru? (6) cymma JOOBIX MATH U3 HUX
MeHbIIIE BEHA AT

13. B maruyeckom kBagpare 3 X 3 cyMMa Ludp B KaXmoit
CTpOKE, B KaXJIOM CTOJIOLIE W TO JI060i W3 [OBYX JUaroHasiei
paBHa 15. JIokaszate, 4TO 4KMC/IO B LIEHTPAJIbHON KJIETKE PABHO 5.

14. Ha pgocke mammcann uucia 0,1,2,3,4,5,6,7,9. Paspe-
HaeTcs B3sSTh JIOOble 6 W3 HHUX W yBeJW4WTh Ha 1. Tak MOXHO
JlenaTh MHOTOKpaTHO. MOXHO M HOOWThCs, YTOOBI BCe YHMCTIa
CTajM paBHBIMU?

15. Knetku gocku 8 X 8 packpaliieHsl B YETBIPE L[BETA, MIPU-
uéM B m060M KBajpaTta 2 X 2 BCE YETHIPE LBETA BCTPEYAIOTCS
o pasy. JlokasaTb, 4TO BCE YETHIPE YIJIOBbIE KJIeTKH (&) J1I060ro
npssmMoyrosibHuKa 2 X 8; (6) Bceil JOCKM NMEIOT pa3JIMJHbIE L[BETA.

3agaum 1997 - 1998 roma

B atoMm romy nucTkM mo-mpeXHEMY AENUIUCH HA «00sA3aTeNb-
HYIO YacTb» W «IOIMOJIHUTEJIbHBIE 3aauny (OTHEJIEHBI 3BE3M0Y-
koit). Jlucrok «Ca6o?» B OCHOBHOM COCTABJIEH 13 TPYAHBIX 3224
NPEABIAYLIMX JIUCTKOB. B KOHLE r1aBbl MPUBEJEHBI 3aa49K 9K3a-
MeHa, KOTOPBIiA, B OTJIMYKME OT MPEABIAYIIEro rofa, 6bUT YCTHBIM.

OceBaa cummeTpus

Touka A' Ha3bIBaeTCd CHMMETPHYHON TOYKE A OTHOCHTE/IBHO
npsmoii | (Ha3eIBaeMoii OChI0 CHMMETPHH ), eClid oTpe3ok AA’
[EPIEHIVKYJISIPEH 3TOM MPAMOii 1 aenuTed el monoiam. Kaxnas
TOYKA MPAMOIA | CUMTAETCS CMMMETPHUYHON caMoii cebe.

1. Touku A u A’ cUMMETPUYHBI OTHOCHTEIBHO HPAMOM L,
Touka X JIEXWT Ha oroil mpsmoii. {okasaTth, uro orpesku XA u
XA' paBHbI 1 06pa3yioT paBHbIE YIUIBI C IPsAMOii L.

2. Touka A JeXUT BHYTPM OCTPOrO yIjla (X C BEPIIUHON B
touke O, Touku A’ 1 A’ cUMMeTPUYHEI eif OTHOCUTEILHO CTOPOH
yrna. Haittm yron A’OA”.

3. Touka A cumMmeTpu9Ha TOYKE B OTHOCHMTENBHO TIPSAMOIA L,
Touka B cummerpruna Touke C OTHOCHTENIBHO TIPSAMOIA 1M, HAKO-
Hell, Toyka C cMMMeTpWYHa TOYKe A OTHOCHTEJILHO TPSIMOI M.
Hokazare, uro mpsivbie 1, T U N 1uGO MEPECEKAIOTCS B OHOMU
TOYKE, 6O MapasulesibHbl APYT APYTY.

4. JloxazaTh, 4TO CUMMETDUSI COXPAHSET PACCTOSHUSA: €CJIN
toukn A’ u B’ cummerpuuns A u B oTHOCHTENBEHO HEKOTOPOIA
npsaMoii, To paccrosaus AB u A'B’ pasHmL

5. Jlokasarb, 4TO CUMMETPHS COXPAHSET MPAMBIE: €CJIM TOYKU
A, B u C nexar Ha 0HOIi IPAMOIA, TO CUMMETPUYHBIE UM TOYKHU
A’, B’ u C' takxke nexar Ha OJHON MPSIMOIA.

6. ausr ape Touku A u B, me nexanme Ha npsamoii 1. Haittu
Ha nipsmoit | Touky X, mitsa koropoit cymma AX u BX munumarb-
Ha. (Toukn A u B Moryr jlexars Mo pasHble CTOPOHBI OT | win
MO OJHY CTOPOHY.)

7. (Ilpomomxenue) Haittu touky X, 1y KOTOPOil PasHOCTH
paccrosanii AX n BX MakcumasbHa 1o abCoSTIOTHON BEJIMYMHE.
Bcerma nm Takas touka cyiiectByer?
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8. Jlyu cBeta, oTpaXkaroluiica o 3aK0Hy «yroJjl HajeHus pa-
BEH YIJIy OTPaXKEHHs», BBITYCKAIOT BHYTPM yIjia B 1° ¢ 3epKajib-
HBIMH cTeHKamMu. CKOJIbKO pa3 OH OTpas3uTcs oT cTeHoK ! (YKaszath
BCE BO3MOXHOCTH. )

E N

9. [laus! 1Be mapasuiesbabie psmbie | v M. Beibpas Touky A mpous-
BOJIBHO, IIOCTPOUM TOYKY B, CHMMETPUYHYIO A OTHOCHTEJIHHO MPSIMON |,
a 3areM Touky C, cuMMeTpuuHy0 B oTHocuTesnbHO mpamoit m. Jloka-
3aTh, 4T0 paccrossHne AC He 3aBUCUT OT BbIOOpA TOYKU A.

10. Buyrpu ocrporo yria Beibpana Touka A. [locrpours Touku B
u C, nexame HA CTOPOHAX DTOr0 ymia (M0 OJHON HA CTOPOHE), ISt
KOTOpHIX repuMeTp TpeyrojibHnka ABC MunnManes.

11. KapToHHBIA TPEYTrOJIBHAUK, BCE CTOPOHBI KOTOPOT'O Pa3jInYHBI, TTe-
PEKATHIBAIOT MO TUIOCKOCTH (OTpaXas CHUMMETPUYHO OTHOCHTEJIBHO CTO-
pon). [lokazarp, 4r0 MOXHO HOOHTBCS, YTOOBI CTOPOHBI TPEYTOJIbHUKA
OKa3aJIUCh 1apaJulesIbHbl CBOEMY HaYa IbHOMY IOJIOKEHHUIO, HO TPEYTOJIb-
HUK OKa3aJicst OBl B IPYyTOM MECTE TIJIOCKOCTH.

12. B ocTpoyrosbHOM TPEYroIbHUKE HANTH TPU TOYKH HA CTOPOHAX,
SIBJISIONIMECS BEPUIMHAMY TPEYTOJIbHUKA ¢ MUHUMAJIBHBIM T1€PUMETPOM.

13. Jlansl gBe mpsMble, nepeceKalomyecs nox yrioM 25°, U Heko-
TOpas Touka A, KOTOpas OTpaXkaeTcss CAMMETPUYHO OTHOCUTEJIBHO STHUX
npsAMBIX (CKOJIBKO YrOIHO pa3 u B Jirodom nopsjke). OrmeTuM Bee TOuKH,
KOTOPbIE MOTYT MOJIyunThes TakuM 06pasoM. Ckosbko ux Oyaer? (Otser
3aBHCHT OT TMOJIOXKEHUS TOUKU A. YKa3arb BCe BO3MOXKHOCTH. )

14. Yro nostyunrcs B mpeabIayINei 3ajade 1uisd JPYTUX YITIOB MEXTY
MPAMBIMU !

15. Ilap orpaxkaercs OT CTEHOK MPSIMOYTOJIBHOTO OHIIBSIpIA TIO 3a-
KOHY «yroJ MajieHus paBeH yrily orpaxeHus». OUKCHPOBAHBI JBE TOUKU
A u B BHyTpu Guibapaa. CKobKUMM COCOGaMHU AP MOXKET TONAacTh
u3 A B B, ucnieiras 1 orpaxenue? 2 orpaxenus? n orpaxennii? (s
MPOCTOTH MOXKHO 3a6bITh PO CJIy4Yau, KOrja map ronajgaer B yrod.)

16. [lokaszaTh, 4TO MPOTUBOMOJIOKHBIE CTOPOHBI IIECTUYTOJIbHUKA,
06pa3oBaHHOIO CTOPOHAMHU TPEYTOJIbHUKA M KacaTeJIbHBIMU K €rO BIIM-
CaHHOI OKPYXKHOCTH, TPOBEJIECHHBIMU MAPAJUIEJIBHO CTOPOHAM, PABHBI.

17. Ha 6uccexrpuce Buemrero yria C tpeyronbsanka ABC B3sra
touka M. Hokaszats, uto MA + MB > CA + CB.

18. Ilo pasubie cropoHs! ot npsamMoi 1 gansi Touku A u B. TTocrpouts
Touky O Ha npamoii | tak, uro6sl tyun OA u OB 06pazoBbiBasiy paBHBIE
yIJIBL ¢ IpsiMO#A L.
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ILlenrpanpHas cuMMeTpus

Toukn A m A’ Ha3BIBAIOTCA CHMMETPHYHBIMH OTHOCHUTEIb-
Ho Toukr O (Ha3bIBAEMOI EHTPOM CHUMMETpHH ), ecyn Touka O
ABJISETCS cepeIMHOI oTpe3ka AA .

1. Jlokasatb, uro ecnu Toukn A’ u B’ cumMmeTpudsbl Toukam
A u B orHocurenpHo HekoTopoit Touku O, To orpesku AB u
A'B’ paBHBI 1 MapasUIeIbHEL.

2. Jlokaszark, 4TO €C/M TPU TOYKH JIEKAT HA OHOU MPSIMOIi,
TO U CHMMETPHYHBIE UM (OTHOCHUTEJIBHOTO HEKOTOPOrO LIEHTPA)
TOYKM TaKXKeE JIeXKaT HA OLHOU MPSMOM.

3. @ukcuposausl Ase Touku L u M. Bags npoussosbayio Tou-
Ky A, MBI CTPOMM TOUYKY B, cMMMETPUUHYIO €if OTHOCHTEBHO L,
a 3ateM Touky C, cummeTpuunyio B oraocurensao M. Jlokaszarts,
uyro paccrosiane AC He 3aBHUCHT OT BBIGOpa TOUKM A.

4. Jlan yron u Touka BHyTpu Hero. [IpoBectu uepes Tou-
Ky TPSIMYIO, OTPE30K KOTOPOIl MEXY CTOPOHAMHU YIJia IEJIATCS
9TOI TouKOl TonosiaM. (Ipyrumu ciioBamu: HallTh Ha CTOpOHAX
JIAHHOT'O yIjia TOYKHU, CHMMETPHUYHBIE IPYT APYTY OTHOCHUTEJIHHO
JIAaHHOTO I[EHTPA. )

5. Hausr tpu Touku A, B u C. [locrpouts TOUKy, KOTOpas
[OCJIE TPEX MOCIIEAOBATENbHBIX CUMMETPuii ¢ ueHrpamu B A, B, C
(B yKa3aHHOM TIODPSIIKE) BO3BPAILAETCS B UCXOMHOE TOJIOKEHUE.

6. JlokazaTh, YTO TOYKM, CUMMETPHYHBIE TOYKAM 3aJaHHOMN
OKPYXHOCTU OTHOCUTEJIBHO 3 JAHHOTO LIEHTPA, JIEKAT HA OKPYXK-
HOCTH.

7. Uepes TOYKy TiepecedyeHMs] OBYX OKPYXKHOCTEl MPOBECTU
MPSIMYIO, Ha KOTOPO# 9TH OKPYXKHOCTH OTCEKAIOT PABHBIE XODPIBI.

8. JIBoe 1o ouepe v KJ1a Iy T MOHETHI HA TIPSIMOYTOJIBHBIIA CTOJT,
MPUYEM OHM HE HOJIKHBI HAKPHIBATH APYr APYra W Mmajath Co
crona. CupuraTh yxe Jiexampe MOHETH Henb3sa. KTo e moxer
chenaTh XO1I, mpourpeiBaeT. Kak qokKeH urparhb mepBblii, IT0OBI
BBIATPAThH !

9. [lan mapamenorpamm ABCD (BepumHbl yKa3zaHbl IO 4a-
coBoli crpesike) u Touka X. Yepes Touku A, B, C u D npoBeznenst
npsimeie, mapasuiesibabie CX, DX, AX u BX (coorBeTcTBEHHO).
Hokazarh, 4TO 9TH YETHIPE MPSMBIE TIEPECEKAIOTCS B OJHOM TOUKE.
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E N

10. Ha mockoctu GBIBAIOT IIEHTpajbHAsS W OCEBAsk CUMMETDHH, B
MPOCTPAHCTBE aHAJIOTUYHBIX UM BUI0B cUMMeTpuii Tpu. Kak Bl iymaere,
YTO BTO 32 CUMMETPUUT

11. Ha mpsmoit Beibpanst ueteipe Touku A, B, C, D, unymme B yka-
3aHHOM nopanake, npuuéM AB = CD. Jlokasats, uto AP +PD > BP +
+ PC gns mo6oit Touku P Ha MJIOCKOCTH.

12. Yepes touky O BHYTpH TpeyroyibHUKA TPEOYETCS MPOBECTH TPSI-
MYI0, OTPE30K KOTOPO# BHYTPU TPEYTOJIbHUKA JeJuTcs Toukoi O moro-
sam. Ckonbko peurennii umeer 3apada? (Orser 3aBucur ot Touku O.
Tpebyercss HapucoBaTh, I KAKUX TOYEK 337243 MMEET TO WJIM UHOE
YKCJIO PELIEHUIA. )

13. TlpoBectu yepes 3aJaHHYIO TOYKY BHYTPHU yIJia MPSMYIO, OTCE-
KAIOLIYIO OT HETO TPEYTOJIbHUK HAMMEHBLIEH MIOIA[N.

14. YeTrlpéxyrojibHUK BIMCaH B OKPYXKHOCTh. VI3 cepeluHbl Kax-
JOif M3 €ro CTOPOH OMYyLIEHA BBICOTA HA TPOTHUBOIOJIOKHYIO CTOPOHY.
JlokasaThb, 4TO DTU MPAMBIE IEPECEKAIOTCS B OJHOM TOUKE.

IToBopoTst

CuMmeTprio MOXHO paccMaTpuBaTh Kak mnoBopoT Ha 180°.
MoxHO paccMaTpuBaTh MOBOPOTHI HA MEHBLINE YIJIBI: HOBOPOT
Bokpyr Toukn O (Ha3bIBAEMO LEHTPOM MOBOPOTA) HA YIOJ
nepepogut Touky X B Touky X', ams xoropoir OX = OX' n
/X'OX = «, npuuém BpallleHHe MPOUCXOJUT MPOTHUB YACOBOM
CTpeJIKY («B TOJIOKUTEIBHOM HATPABJIEHUI», Kak roBopst). [lo-
BOPOT HA TOT K€ YToJI [0 YaCOBOI CTPEJIKE HA3BIBAIOT «TIOBOPOTOM
Ha —OO».

B cootBeTcTBMM C 3TMM OnpegeneHneM NoBopoThl Ha +180°
n Ha —180° npeacraBasoT co60il LIEHTPATIBHYIO CHMMETPHIO.

1. IJokasats, 4TO TIOBOPOT COXPAHSIET PACCTOSIHUS: €CJIA TOY-
ku A' m B’ nonyuarorca nz Touek A u B mosopotom Ha HekoTo-
phIit yroa o BoKpyr HekoTopoii Toukn O, To AB = A’B’.

2. (Ilpomomxenue) [lokaszate, uto npsmeie AB u A'B’ ne-
peceKawTCs oA YoM X.

3. Hoka3zaTh, YTO TOYKH, JIEXKABIINE HA OXHOM mpsiMoii (OK-
PYXHOCTH ), TIOCJIE TIOBOPOTa (BOKPYT JAHHON TOYKU HA JAHHBIA
YroJjT) OCTaKoTCs JIEXaTh HA OHOU MPSAMOii (OKPYKHOCTH).
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4. Jlana Touka u ase npsameie. Ilocrpouts paBHOCTOPOHHMIA
TPEYTrOJIbHUK, OQHA M3 BEPIIMH KOTOPOrO HAXOIWTCS B JAHHOM
TOYKE, a [Be APYTHeE JEXAaT HAa JaHHBIX NpsaMbix. CKOIBKO pelle-
HUII MOXET MMETh BTa 3aa4da’

5. Orpezok AC pasbur Ha [Be YacTu TOUKOWl B, u Ha oOT-
pe3kax AB u BC kak Ha cTOpOHaX MOCTPOEHBI PABHOCTOPOHHUE
tpeyrosbanku APB u BQC (o omny cropony or AC). [loka-
3ath, uto cepeaunbl orpe3koB AQ u PC obpasyior ¢ Toukoit B
PABHOCTOPOHHUI TPEYTOJIbHUK.

6. Bayrpu kBagpata ABCD (BepuIMHBI HEpPEUYNCIEHE IO Ya-
COBOI1 cTpeJike) B3sta Touka M u npoBenenst orpesku AM, BM,
CM u DM. B tpeyronsaukax AMB, BMC, CMD u DMA
npoBeeHs! BoicoThl 3 Touek A, B, C u D coorBercrento. [o-
Ka3aTh, YTO OHM (MM MX MPOJOJIKEHNS) ITEPECEKAIOTCS B OIHOM
TOYKE.

7. Ha croponax AB u BC pom6a ABCD, B xotopom yron B
pasen 120°, Baatel Toukn M u N, mpuaém M B = NC. [lokasars,
4yto TpeyrosibHuk MIND paBHOCTOpOHHWMIA.

X ko ok

8. Uepes 3aqaHHy0 TOUKY BHYTPH OKPYKHOCTH [IPOBECTH XOPIY 3a-
IOAaHHOU IJIUHBI.

9. Brucate KkBajpaT B 3aJJaHHBII MapaJljieiorpaMM.

10. CumBONI «MHB-SIHB» BBINVIIAWT TAK: HA TOPU3OHTAJIBHOM OTPE3-
ke AC kak Ha JuaMerpe CTPOUTCS KPyr C HEHTPOM B B; K BepxHeMmy
MOJTyK YTy AobaBisieTcst (HUXKHUI) MONYKPYT ¢ quamerpoM AB u oTHu-
Maetcs BepxHuit moykpyr ¢ auamerpom BC. Kak pazmenurs mosmyden-
HyIO (pMrypy Ha 7 PaBHBIX 4acTei?

11. Tan ocrpoyronbssii Tpeyroabuuk ABC. Haittu Touky X, mus
KoTopoii cymma paccrosiuait AX + BX + CX munumansua. (Orser: us
OTOI TOYKHM BCE CTOPOHBI BEPHBI MO yryiom 120°.)

[MapannenbHsiit mepesoc

HanpapiieHHbBIM OTPE3KOM Ha3BIBAIOT OTPE30K, y KOTOPOrO
OIVH U3 KOHLIOB OOBsABIIEH «Hauaiom»; AB obo3nauvaer mampa-
BJIEHHBIN OTPE30K C HA4YajioM A ¥ KOHLIOM B.

IlBa HampaBieHHbIX oTpe3ka AB u C—D) CUNTAIOTCS PABHBI-
MU, €CJTH OHU PaBHBI 1O JIMHE, HAMPaBJIEHBl B OJHY CTOPOHY U
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napasulebHbl (MM JIEXaT HA OQHOM TIPSIMOIA ).

1. Mausr yetbipe Toukn A, B, C u D. HOKa3aE.$ 4To A_B) =
= CD B tom u Tospko TOM ciy4vae, korma AC = BD.

2. (ITpogonkeHne) ... M B TOM U TOJIBKO CJIy4yae, KOTaa ce-
peavnsl otpeskoB AD u BC coBnagaror.

3. okasatb, yto ecnu (st gaHHBIX miectu touek A, B, C,
A, B C'YAB—A'B' n BC=B'C’, 70 u AC = A'C.

[Tyctp  3aziaH HaIpaBJIeHHBIN OTPE30K /@) [NTapannenpHsiii me-
peHoC Ha ﬁ MepeBOJUT MPOU3BOJIbHYIO TOUKy X B Touky X', mms
kotopoit XX’ = AB.

4. Jlokazats, 4TO MapasijieSbHbIA TIepeHoC (BCIE 3a TOBOPO-
TaMH U CUMMETPHUSMH) COXPAHSET PACCTOSTHMS, TIEPEBOAUT IIPS-
MBIE B TIPSIMBIE I OKPYKHOCTH B OKPYXXHOCTH.

5. Jlausr aBe Touku A u B u gBe mpsmbie ¢ u d. Haiitu
Ha mipsmbix ¢ U d toukn C u D, gna xoropeix ABCD sBaser-
Cs TIapajuiesiorpaMMoM (BEPIIMHBI KOTOPOTO HIAYT B YKa3aHHOM
nopsake). CKOMBKO pellleHnii MOXET UMETh 3Ta 3aaa4a’

6. Jlepesuu A u b pasnenenst pekoit (6epera — mapaJuiesib-
Hble TIpsAMBle). [ e Hago mocTponTs MocT (MepreHauKyJIIpHO Ge-
peram), 4to6bI 06wt myTs oT A 10 b yepes Moct 6bLT HaMMEHB-
m?

7. Buyrpu npsmoyronsanka ABCD B3sita touka M. [loka-
3aTh, YTO MOXHO TIOCTPOUTh YETHIPEXYTOJIBHUK, CTOPOHBI KOTOPO-
ro paBasl AM, BM, CM u DM, a auaronasii paBHbI CTOPOHAM
HCXOHOTO TPSIMOYTOJIbHUKA.

LI T

8. lepesuu A u B pacriosioxeHs! IO pa3Hble CTOPOHBI MPSIMO KeJIe3-
Hoit oporu. [ie Hano mocTpouTh MIATHOPMY 3aJAHHON UIMHBI, YTOOBI
cyMMapHoe paccrosHue oT A u B o miaTgopmbl 6bUI0 HaMMEHBIIM !
(Paccrostuem 110 maatOpMbl CUMTAETCST PACCTOSIHUE 0 €€ OJIrKanmiei
To4ku.) CKOJIBKO pelieHuii umeer 3anaqa’?

9. NmeeTcs MHOrO OJMHAKOBBIX IUIUTOK, UMEIOIMX (hOPMY HeIpa-
BUJIBHOTO BBIMTYKJIOTO YETHIPEXYroJibHUKA. J[0Ka3aTh, YTO MMHU MOXHO
3amocTuTh TiockocTs. ([lmuTku paspemaercs nepeBopaynBarth. )

10. [lanp1 gBe mapasuiesibHblE NpPsSMBbIE M TOYKA MeXAy HuMHU. [lo-
CTPOUTH OKPYXHOCTb, TPOXOSALIYI0 YepPE3 BTy TOUKY M KAaCAIOLIyIOCs
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0benx MpsAMBIX.

11. ®Ourypa na kieryaroi 6ymare umeer mwionaas N. lokazars, aro
€€ MOXHO C/BHHYTH MapajulebHo cebe Tak, Yrobbl OHa MOKphLIA (a) He
menee N BepumH kieTok; (6) we 6onmee N Bepumn kierok. (Krerku
UMEIOT €IMHUYHBIE CTOPOHBI. )

Kommnozuiu npeo6pazoBanmii

IMyctse F u G — nBa npeobpaszoBanus (HampuMep, CUMMeE-
TpHH, TIOBOPOTHI U T. 1.). Ux KoMmosuLmesi HazbiBaeTcst mpeobpa-
30BaHUe, KOTOPOE MOJIyYaeTcs, €C/id CHavyaja MpUMeHuTs b, a
notrom G. Do mpeobpasosanue obosmauaerca G o F (o6parture
BHMMAHME, 4YTO IIPeoOpa3oBaHMs BBIIOJIHAIOTCA CIIPaBa HAJEBO).
Amnanornyso onpefesiseTcs KOMIO3ULMS TPEX U Bosee mpeobpa-
30BaHUIl.

1. Kakoe npeobpazoBanue saBiseTCs KOMIO3ULIMEN OBYX OCe-
BbIX CUMMETPMIA, OCH KOTODBIX [EPECEKAIOTCA?

2. Kakoe npeobpazoBaHue BJISETCS KOMITO3UIMENR ABYX OCe-
BbIX CUMMETPMIA, OCH KOTOPBIX [apasijie/bHbI!

3. Kakoe npeobpazoBaHue SBISETCS KOMITO3ULUEI TOBOPOTOB
Ha 40° u 60° ¢ oguuM u Tem ke eHTpoMm? Kakoe nmpeobpazosa-
HUE sBIIseTCs Kommo3uuueil nosoporos Ha 100° u 150° ¢ ogaum
U TEM XK€ LEHTPOM?

4. Kakoe npeobpa3oBaHue SBISIETCS KOMITO3ULUEN ABYX LIEH-
TPaJIbHBIX CUMMETPHIA?

5. Kakoe npeo6pazoBanue SBISETCS KOMIIO3UIUEN LIEHTPAIb-
HOI CMMMETDPUM ¥ TapaJIJIE/IbHOTO MepeHoca?

6. Kakoe npeobpazoBaHue ABaSeTCs KOMIIO3ULAEH TPEX LieH-
TPaJIbHbIX CUMMETPUIA? YETHIPEX LIEHTPAIbHBIX CUMMETPUIA!

7. Jlokaszatk, 4T0 KOMIIO3ULMS ABYX TIOBOPOTOB (BO3MOXKHO, C
pa3sHbIMU LEHTPAMM) €CTh [IOBOPOT, YroJl KOTOPOrO PaBeH CyMME
YIJIOB KaXOro W3 MOBOPOTOB (C TOYHOCTBIO OO KpaTHbX 360°)
WM TIEPEHOC, €CJIM 9Ta CyMMa paBHa Hymo. (YKazaHue: mpef-
CTaBbTE KaX/blil TIOBOPOT KaK KOMITO3ULIAIO ABYX OCEBBIX CHMMe-
Tpuit; cBo60/a B BHIGOPE OCEll TIO3BOJISIET B3SITh B KAYECTBE OHOM
OCH IPAMYIO, COEAUHAOILYIO LIEHTPbI IOBOPOTOB. )

8. Kommosnuus HEKOTOpBIX TPEX MOBOpPOTOB Ha yron 120°
(kax[pIil) ABJSETCS TOX/ECTBEHHBIM MpeolOpasoBaHueM (OCTaB-
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JIsleT BCe TOYKM Ha Mecre). JloKaszarh, YTO IEHTPH MIOBOPOTOB
JIeXAar B BEPLIMHAX PABHOCTOPOHHETO TPEYTOJIbHUKA.

9. Ha croponax TpeyroyibHUKa BHE €0 MOCTPOEHBI PABHOCTO-
poHHME TpeyroibHuku. Jloka3aTh, YTO KOMITO3MLHsI TOBOPOTOB
Ha 120° BOKpYr LEHTPOB 9TUX TPEYrOJIbHUKOB (B HAJIEXAILEM
MOPSIZKE) SIBJIIETCS TOXIECTBEHHBIM rpeobpasoBanvem. (U, kak
MOKAa3bIBAET TPEAbIAYyLIAs 3a/1a4ya, UX LEHTPHl 00pa3yroT paBHO-
CTOPOHHMIA TPEYTOJIbHUK!)

10. Kakoe npeoGpa3oBaHvie SIBJISIETCS KOMIIO3ULUEN Mapai-
JIeJIbHOTO MEPEHoca U moBopora’

LI T

11. dokasats, 4To AJIsi JAHHOTO MHOTOYTOJIBHUKA C YETHBIM YHCIIOM
CTOPOH MOXKHO TIOCTPOUTh GECKOHEYHO MHOI'O JIPYTHX, Y KOTOPHIX GyayT
T€ Xe CEPEUHBI CTOPOH, HO YTO MHOTOYTOJIBHMK C HEYETHBIM UKCJIOM
CTOPOH OIpeJeIieTCs UX CEPEAUHAMU OAHO3BHAYHO.

12. JTokasath, 4To KOMIO3UIMSA JBYX MOBOpPoTOB Ha 90° mpecra-
BJIIET COOOM LIEHTPAJIbHYIO CUMMETPHIO, M UTO €€ LEHTpP 06pasyer ¢ 1eH-
TpPaMu TIOBOPOTOB MPSIMOYTOJIbHBINM PABHOOEIPEHHBINA TPEYTOJIBHUK .

13. Ha aByx cropoHax TpeyroJjbHMKAa BOBHE €rO MOCTPOEHBI KBa-
aparel. Jlokasarb, YTO OTPE3OK, COENUHSIONMIA MX LEHTPhI, BUAEH U3
CEPENIUHBI TPETHENH CTOPOHBI TPEYTOJIBHUKA TIOJI TIPSIMBIM YTJIOM.

14. Jlokaszats, 9T0 KOMITO3HMIMSI TPEX OCEBBIX CHMMETDHIA, OCH KO-
TOphIX — OuccekTpuce Tpeyrossanka ABC, ects oceBast cummeTpus.
Haitru e€ ock.

CumMeTpuuHble DHUTypHI

[psiMas Ha3bIBa€TCS OCHIO CUMMETPHHI (DUTYPHI, ECIIU IS JIIO-
6oii TouKM DUy Pbl CHMMETPMYHAS i TOYKA TAKXKE IIPUHAIJIEKNUT
(urype. AHAJIOrMYHO ONPEAESIAETCS LUEHTP CUMMETDHUHM.

1. Kakne 4eThipéxyronpHuKy uMeroT och cummetpru?! Kakue
YETBIPEXYTOJIbHUKY MMEIOT LEHTP CUMMETPUU !

2. lokazatk, 4To ecm (DUrypa MMeET ABE MEPIEH AMKYISPHBIE
OCH CHMMETpPHH, TO OHA UMEET LIEHTP CUMMETPHH.

3. Jlokazate, 4TO e€ciu (PpUrypa UMEET OBE OCU CHUMMETPHUH,
riepecekamlyecs noxg yriaom 60°, To OHa MMeeT W TPEThIO OCh
CUMMETPUM.
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4. Moxer nu orpanudeHHast ¢urypa (LeJTMKOM HaxXOASIasi-
CS BHYTPU HEKOTOPOrO Kpyra) MMETh [BA Pa3HbIX LEHTPA CUM-
MeTpun?!

5. Ecoim ourypa umeer neHTp cummeTpru, TO Jiiobast mpsimas,
MPOXOASIIAsl Yepe3 HEro, AEJUT (QUIYpy Ha [BE PaBHOBEJIMKUE
yacTh. A €C/ii MpsiMasi He TPOXOJUT Yepe3 LIEHTP CUMMETDPUH,
TO Ta M3 Yacreil, KOTOpasi CONEPKUT LEHTP CUMMETPUH, UMEET
6opLIyIO TUTOLAAb (MIIH TAKyIO XKe).

6. @urypa nepexomur B cebsa mpu nosopore Ha 57°, Crnegyer
JI1 OTCIOZa, YTO OHA MEPEXOAUT B cebs mpu moBopore Ha 60°7
Ha 40°7?

7. Moxer yin 1997-yrofbHUK MMETH LIEHTP CUMMETPUM !

EE S

8. TIpOTUBOMOIOKHBIE CTOPOHBI BHITYKJIOrO LIECTUYTOJIbHUKA MTOMAP-
HO PaBHBI M MapajuiesibHbl. J{0Ka3aTh, YTO STOT LIECTUYTOJbHUK MMEET
LEHTP CUMMETPHUH.

9. Cyuecrsyer ji (He 06a3aTe/IbHO OrpaHUYEHHAs ) (PUrypa, UMEIO-
1[ast POBHO [Ba LEHTPA CUMMETDUM?

10. Kakoe MakcMMasbHOE YMCIIO OCEi CUMMETPUH MOXET UMETH Ce-
MUYTOJIbHUK 7

11. Iokazats, 4to ecii (Urypa UMEET KOHEYHOE UKMCIIO OCeM CHM-
METPUM, TO BCE OHHM TIEPECEKAIOTCS B OJHOM TOYKE, U YIJIbI MEXY CO-
CEJIHUMU DPABHBI.

12. [Tokaszate, 4ro (urypa, Meiomas TP OCH CUMMETPHUH, HE TIPO-
XOJIALIME YEPE3 OJHY TOUKY, HE MOXKET OBITh OrPAHUYEHHOM.

Knaccudpunkaums neuxenmit

Mp&1 paccMaTprBay pazIdyHbe BUABI IPEOOPa3OBaHmii ILIOC-
KOCTH — CHMMETPHH, TIOBOPOTHI, MEPEHOC U T. 1. Boobiue mpe-
06pa3oBaHMEM IUIOCKOCTH HA3BIBAETCS JIIOOOE MPaBIJIO, KOTOPOE
IUTA KaX O TOYKM TIJIOCKOCTH OIMpPENESIAET, B KAKyI0 TOUKY OHA
[IEPEXOMUT.

[Ipeob6paszoBanrie HasbIBaeTCa ABUKEHHEM, €CIIA OHO COXpa-
HSET PACCTOSHUSA, TO €CTh JIIOObIE OBE TOYKM IEPEXOIAT B JBE
TOUYKM, HAXOAAIIMECS HAa TOM Xe paccrossanu. (B vactHocTH, pas-
HBIE TOYKW TIEPEXOMSAT B Pa3HBIE. )
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1. JlokasaTh, 4TO €C/IM [BIKEHUE OCTABJISAET HA MECTE TPU
TOYKH, HE JIEXKAll[e Ha OLHOM MPSIMOI, TO OHO SIBJISIETCSI TOX/IE-
CTBEHHBIM TNpeobpa3oBaHreM (OCTaBJISET HA MECTE BCE TOYKH).

2. Jlokaszate, 4TO €C/M [JBUKEHWME OCTABJISIET HA MECTE JIBE
pasuble Toukn A u B, TO OHO OCTaBJIIET HA MECTE BCE TOYKU
npsmoit AB.

3. [lanbl gBa OBMKEHMS, KOTOPbIE OJMHAKOBO OEHCTBYIOT HA
Tpéx Toukax A, B u C, He nexamux Ha omHoi npsimoit. okaszats,
YTO DTU JBIKEHUS COBMNANAIOT (T.€. OJUHAKOBO BeAYT cebs st
BCEX TOYEK).

4. Jlokaszats, 4TO OABUXKEHNE, OCTABJISIOIIEE HA MECTE KaKWe-
TO JIBE TOYKH, SIBJISETCS JTUOO TOXIECTBEHHBIM, JINOO OCEBOM CHM-
METpPHUE.

5. Jlokaszatk, 4TO ABUKEHNE, OCTABJISIOLIEE HA MECTE XOTs Obl
OJIHY TOUKY, SIBJISIETCS JINOO OCEBOIl CMMMETpUEN, JTMGO MOBOPO-
TOM BOKPYT 9TOil TOUKM (BO3MOXHO, Ha HYJIEBOM Yroj, TO €CTh
TOX/IECTBEHHBIM PEOOPA3OBAHKEM ).

6. IlpugymaTth ABMXKEHNE, KOTOPOE HE SBJSETCS HM HOBOPO-
TOM, HU TIEPEHOCOM, HU CUMMETPHEN (OCEBOI WM LIEHTPAIBHOM ).
Kak mpezcraButh €ro B Bufe KOMITO3ULIMK YK€ WU3BECTHBIX HAM
BuzoB auxkenuii? (OTBeT ecTh B OJHON U3 CIIEAYIOIMX 3a7ad.)

7. ToBopsT, 4TO [Ba JBUXEHUS MEPECTAHOBOYHBI (KOMMYTH-
DPYIOT), €ClM WX KOMITO3WIMK B ABYX DPa3HbIX IMOPSAOKAX OAroT
OJHO ¥ TO Xe IBrXKeHue. IlepecTaHOBOYHBI M ABa MapaJLiesib-
HBIX TIepeHoca? Ba MOBOPOTa C OJHUM U TEM XKe LIEHTpoM? [Ba
MOBOPOTA C Pa3sHbIMU LIEHTPaMU! IBE OCEBBIE WM LIEHTPAJIbHBIE
cummeTpun?! B KakoMm ciiydyae mapaliiesbHBIA IEPEHOC W OceBast
CUMMETPUS [IE€PECTAHOBOYHBI?

8. ToBopsT, uTo ABUXEHNE OOPAILAET OPUEHTALIMIO, ECJIA OHO
niepeBoauT 6ykBYy R B 6ykBy fA. Ecnin ke 6ykBa R ocraercsa natmn-
CKO¥1, TO TOBOPST, YTO ABUXKEHUE COXPaHseT opueHTalmo. Kakue
U3 U3BECTHBIX BaM [ABIKEHUIl COXPAHSIOT OPUEHTALMIO, & KaKue
MEeHSIOT €7

9. Ilpo aBa aBUXEHUS U3BECTHO, COXPAHSIOT OHU OPUEHTALIO
nm obpamaiTr. YTo MOXHO CKa3aTh MPO UX KOMIO3ULMIO?

10. okazats, 4ro Jioboe OBUKEHWE MOXHO MPEICTABUTh B
BU€ KOMITO3ULMM MapajijIe/IbHONO MEPEHOca U ToBOpoTa (U To-
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I[la OHO COXPAHSET OPHEHTALMIO) MO0 B BUAE KOMIIO3MULIMM I1a-
PaJlIESIbHOTO TIEPEHOCA U OCEBOM CMMMETPUM (M TOrZa OHO MEHs-
et opueHrauuo). (Ykasanue. [locMorpum, Kyna mepexogur Ka-
kag-to Toyka A. MoXHO HaiiTy mapajule/ibHblil IEPEHOC, Mepe-
BOJIAILNIA €€ Tya XK€, U OCTAHETCS CHEJIATh TIOBOPOT UM OCEBYIO
CUMMETPHIO. )

11. (Teopema Illansa) Ckosbasiieli cuMMeTpreil Ha3BIBAETCS
KOMITO3HLIMSI OCEBOI CIMMETPHUY U MEPEHOCA HA OTPE30K, Mapasi-
JIENTbHBIA OCH CUMMETpUH (9T [Ba Mpeobpa3oBaHus MEPECTAHO-
BouHbl). [lokazarts, 4ro 11060€ ABMKEHNE SBIIIETCS JIMOO TOBOPO-
TOM, OO0 MEPEHOCOM, JMOO CKOB3SIIEN CUMMETPUEN (YaCTHBIM
CJIydaeM KOTOPOM MBI CUUTAEM OCEBYIO CUMMETPUIO).

12. I[lo aByM npsiMBIM JOpOraM €4yT JBE MALIMHBI C [IOCTOSH-
HBIMU U PaBHBIMU CKOPOCTSIMU. JloKasaTh, 4TO €CTh Takasi TOUKa,
OT KOTOPO#l B JIE00OI MOMEHT BPEMEHM MAaUIMHBI HAXOAWTCS Ha
oauHakoBoM paccrosiHuu. ([loporu He mapasuiesibHBbL. )

13. Moxer s kommosuist 1997 oceBbix cuMMmeTpuii GbITh
MOBOPOTOM?

E I S

14. Jlokaszats, 4TO BCKOe Mpeobpa3oBaHKe MIIOCKOCTH, COXPaHSIO-
I[ee PAacCTOsIHUE, SIBJISIETCS HasloXeHueM (Juis oboit Touku A cylie-
CTBYET TOUKA B, mepexojsiias B HEE MPH 3TOM MPeoOpa3OBaHuUM ).

JBrXeHrs ¥ KOOPAMHATHI

BriGepeM Ha MIOCKOCTH MPSIMOYIOJIbHYIO CHCTEMY KOOPIU-
HaT. YKa3aTh, B KaKylO TOUKY MEPEXOIUT TOYKA ¢ KOOPAUHATAMMU
(x,y) mpu creayoumx npeobpa3oBaHusX:

1. Ocepas cummerpus otHOCHTEBHO ocu OX.

2. OceBas cummerpus otHocutesibHO ocu OY.

3. OceBast cCMMMETPHUSI OTHOCUTEJTHHO TIPAMON X = 2.

4. OceBast CMMMETPHSI OTHOCHUTEJIBHO OCH Y = X.

5. Uenrpanbhas cummerpust otHocutesbHo T09ku (0, 0).

6. Lenrpasbuas cummerpusi oTHOCHTENBHO ToukHM (1, 2).
7. Hosopor na 20° orHocuresbHo Touku (0, 0).
8. ToBopor na —90° oraocurensuo Touku (0, 0).
9. Tosopor Ha 90° otHOcHUTeNBHO ToukH (1, 2).
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10. ToBopor na 45° ornocurensuo Touku (0, 0).

11. Tlapannensusiit nepenoc Ha OA, roe Touka A MMeeT Ko-
opaunats (1,2).

12. OceBast cUMMETPHsI OTHOCHTENIBHO HPSAMON Y = 2X.

13. ToBopor na 60° ornocurensho Touku (0, 0).

14. C noMoIpo nosayYeHHbIX (OPMyJT MPOBEPHUTh, YTO KOM-
MO3ULIMSL OCEBBIX cUMMeTpuii oTHocuTebHO oceit OX u QY sasis-
€TCSl LIEHTPAJIbHOW CUMMETPUEN, YTO [BAXKIb BHITIOJHEHHEIN TI0-
BOpOT Ha 90° ABJISETCS TAKKe LIEHTPAJILHON CUMMETpPUEN.

E O

15. [leiictBys aHajiormyHo 3amade 14, mpoBepbTe €llle HECKOJIBLKO
YTBEPXKIAECHUIA O KOMIO3MIMSIX MPeoOpa3oBaHmii ¢ TOMOIIBIO (HOPMYIT
npeobpa3oBaHs KOOPAMHAT.

Cummerpun

JIBixeHne Ha3BIBAETCS CHMMETPHEL (DUTYDHI, ECJTU OHA TIEpe-
XOAuT B ceb6st Ipy 9TOM aBMAeHNH. (31ECH CJIOBO «CUMMETDHS) HE
O3HAYAET, YTO MPEOOPA3OBAHUE SIBJISIETCS OCEBOM WM LIEHTPATIb-
HOI cuMmeTpueit!)

MHOX€eCTBO BceX CUMMETDHIA (DUTY DBl HA3BIBAETCS €€ I'PYITOMH
CUMMETPHIA.

1. CkomnbKo CUMMETPHUIT MOXET UMEThH TPEYTOJIbHIK !

2. Hapucosats ¢urypy, a1 KOTOPOIi rpyIina CUMMETPUI CO-
CTOWT POBHO M3 TPEX JBUXKEHUIA.

3. Topobpatk Ha puc. 22 [ys Kaxk Aol KAPTUHKY CJIEBa Kap-
THUHKY CIIpaBa, UMEIOLIYI0 Takyw xe rpymmy cumMmerpuit. (Kap-
TUHKY TIPEJTIOJIAraloTCsl HEOrPAHUYEHHO TTPOAOJIKEHHBIMHU BJIEBO
¥ BIIPAaBO.)

4. Moxer s ¢urypa nepeiTi npu JBIKEHUN B CBOIO YacCTh
(He coBmaamwlLly co Beeli dhurypoii)?

* ok ok
5. Bo3MOXHO Ji1 Takoe /Jisi OrPAHUYEHHOM DUy phI?

TomoreTus

ITpeo6paszoBanve romorerun ¢ ueHrpom B Touke O u Koad-
unmentom k # O mepeBoAUT Kaxkayl TOYKYy A B TOuKy B, Ha-
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Puc. 22

xomsuytocs Ha npsmoit OA B k pas mambuie ot O, yem A. Ilpu
MOJIOXKWUTENBHOM K Touka B Haxomurcs c toit ke cropons! ot O,
YTO M TOYKA A; MPHU OTPULATESIBHOM K — ¢ TIPOTHBOIOJIOXKHOIA.

1. Yro takoe romorermm ¢ koapduumentom 1 u —1?7 Ka-
KO€e npeobpazoBaHne 06pATHO K TOMOTETHH ¢ KoadduumerTom k?
(Ecm Hexotopoe mpeoGpa3zoBaHye MEPEBOAUT TOYKY X B TOY-
Ky Y, To o6paTHoe K HeMy mpeobpasoBanue repeBogur Y B X.)

2. JlokaszaTth, 4TO mpH TOMOTETHM BCE PACCTOSHHUS YBEIMYH-
BaIOTCA B OZIHO U TO XK€ 4uciio pa3 (kakoe?), IpsMble IEPEXOIAT
B NPSAMEBIE, @ OKPYXHOCTH B OKPYKHOCTH.

3. Jlanbl [Ba MapajuleNIbHBIX OTpE3Ka Pa3Hol JIMHBL. YKa-
3aTh [Ba NPeobpa3oBaHKs FTOMOTETHUH, IIEPEBOISLIME IIEPBHIA OT-
pe3ok Bo Bropoii. (Iloyemy cyuecrBeHHO, YTOOB JIMHBI GbLTH
pasHbIMu? )

4. lokaszaTh, 4To B JI000I1 Tpamnelyy CepeauHbl OCHOBAHMIA,
TOYKA MEPECEYEHUs UAroHaNell U TOYKA MEPECEUEHUs MIPOIOII-
KeHuil 6OKOBBIX CTOPOH JIEXAT Ha OHOI MPIMOIA.

5. Jlana okpyxHOCTb 1 TOUKa BHyTpH He€. [loctpouts xopay,
KOTOpas [enuTcs 9Toi Toukoil B otHoweHun 1 : 2. [Ipu xaxom
COOTHOLIEHNA MEXY PaJUyCOM OKDPYXKHOCTU T U PACCTOSHUEM (
OT TOYKHU 0 LEHTPA OKPYKHOCTH OTO BO3MOXHO?
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6. Boucate kBaApaT B JAaHHBIA TPEYrONbHUK ([IBE BEPIIMHBI
JIOJIXHBI JIEXATh HA OJJHON CTOPOHE, JIBE OCTAJIbHBIE — IO OJHOM
Ha KaXJOi M3 JBYX OCTaBIIUXCS CTOPOH).

7. Jlokazath, 4TO KOMIO3ULMs JBYX TOMOTETHI1 ¢ KO3 DULH-
enramu k1 u Kk, cHoBa sBnsgercs romoretueit (ecmu Ky - ko # 1),
MPUYEM LIEHTPBI BCEX TPEX MOMOTETHUI JIEXKAT HA OLHOI MPAMOIA.

8. laubl Tpu OKPYKXHOCTH Pa3IMYHBIX paguycoB. [lia kax-
JIOl Tapbl OKPYXKHOCTEN HAILIA TOYKY TEpPECeUeHrst MX OOImx
BHEIIHMX KacaTeJbHbIX. Jl0Ka3aTh, YTO 9TH TPU TOYKH JEXKAT Ha
OJHOU MPSIMOM.

9. Jlokazath, 4TO TOYKHU TEPECEUEHUS] BBICOT, CEPEIUHHBIX
MEPIIEHANKYJIIPOB M MEANAH TPEYTOJIbHUKA JIEXAT Ha OJHOM MPsI-
Moii. B kakoM OTHOIIEHHMH OfHA W3 STHX TOYEK HEJIUT OTPE3OK
MEXIY OBYMS IPYTHMMU !

10. B okpyxnocTu npoBeaeds gsa paauyca. [loctpouts xop-
Iy, KOTOpasi JEJUTCS OTUMM paJuycaMd Ha TPH DPaBHBIE YACTH.

11. Yepes maHHyl0 TOYKY BHYTPH yIJIa TIPOBECTU OKPYXK-
HOCTB, Kacallylocs CTOPOH yIJia.

12. JIa xBaipaTa UMEIOT MapaJuiesibHble CTOPOHBI. [{okaz3ars,
YTO YETHIPE TPSIMBIE, COEAUHSIOLINE COOTBETCTBEHHBIE BEPILUVHEI,
TMEPECEKAIOTCS B OJHOM TOYKE.

L T

13. CohopmynupoBaTh aHasIor 3344 8, UCHOJB3YIOLIMIA 06LIKe BHY-
TPEHHHUE KACATEJIbHBIE HAPSIY C BHELIHUMHU.

14. TIpeo6pazoBanueM momobus HasbiBaeTCs MpeoOpa3zoBaHUe, KO-
TOPOE MEHSIET BCE PACCTOSHUS B OJHO M TO Xe 4ucJio pa3. (310 uumcsio
Ha3bIBAETCS KOA((UIHEHTOM TTOHOOHS. )

15. Jlokasars, 4to BCsKOe npeobpazoBaHue Mog00us SBIISIETCS KOM-
MO3UIUEN BYKEHUS U TOMOTETHH.

16. [lokazats, uro BCskoe nmpeobpazoBanue noaobus ¢ Koadhuim-
€HTOM, HE DaBHBIM 1, UMeeT HEMOJBMKHYIO TOUKY.

17. [Ise xaprer MockBsl pasHoro macmraba (0To6paxkaronme OJuH
Y TOT XK€ YYaCTOK MECTHOCTH) MOJIOKWIM Apyr Ha apyra. JlokaszaTs, 4ro
HX MOXHO IIPOKOJIOTh UTOJIKOM TaK, YTOOBI 0Ka3asioch MPOKOJIOTOM OHA
M Ta Xe TOYKa (Ha MECTHOCTH).

18. Ilo aBYM mpsaMBIM JOporaM ¢ MOCTOSHHBIMH, HO Pa3HBIMH CKO-
pOCTSAMM €IyT JBe MammHbl. [l0Ka3aTh, YTO MOXHO BCTATh TAK, YTOOBI
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BUJMMBIIl YTOJI MEX/Y MalIMHaMu ObLT Obl HEM3MEHHBIM.

19. Ha crene Bucsr asoe vacos. [lokazaTs, 910 MPSMBIE, COEUHSIO-
I[¥ie KOHIBI MUHYTHBIX CTPEJIOK B Pa3Hble MOMEHTHI BPEMEHH, TIPOXOMST
4Yepe3 OJHY TOUKY.

20. Ecim Bce CTOPOHBI BHITYKJIONO MHOTOYTOJIBHUKA OTOBHHYTH HA
€IHMUILY, TO MOJyYUTCS MHOTOYTOJIbHUK, HOJOOHBIN ucxogHoMy. [loka-
3aTh, YTO B MHOTOYTOJIbHMK MOXHO BIHMCATH OKPYKHOCTb.

21. JlokaszaTb, 4TO B J1H060I BBITYKJIbIii MHOIOYTOJBHUK MOXKHO II0-
MECTHTD [[BA HEMEPECEKAIOIMXCS MHOTOYTOJIBHUKA, TIOOOHBIX UCXOHO-
My ¢ Koapdunumentom 1/2.

22. BepumHbl BYX NPaBUJIBHBIX N-yrOJbHUKOB Aj1A2...An U
B1B; ... B, mpoHyMepOBaHBI [0 YACOBOIA CTPEJIKE, HAYMHAS C UX OOMIEH
epumuel A1 = Bi. Ilokasatp, yro mpamele A2B2, A3B3,...,AnBn
MPOXOAT YEPE3 OJIHY TOUKY.

Kourpospaas pabora

1. Touky X, mexaiyro BHyTpu ocrporo yria AOB, cumme-
TPUYHO OTPA3UJI OTHOCUTEJIBHO CTOPOH yIvyia, MOJyduB ToukH X'
u X'". TIpu arom okazanock, uto paccrosaus X' X' u OX paBHbI.
Haittu yrom AOB.

2. HNana rtpaneuus ABCD. T'me Moxer HaxomuTbes LEHTD
CHMMETPUH, €CJTU U3BECTHO, YTO 06pa3 6GoKoBOI cTopoHs! AB mpu
BTOI CUMMETPUH Tepecekaercst co croponoit CD?

3. Croponn kBagpata li, 12,13, 4 IpoHyMEpOBaHEI MPOTUB
4acoBoii crpesiku. Kakoe npeobpa3oBaHue SIBIISIETCS KOMITO3ULV-
€il OCEeBBIX CUMMETPHIA OTHOCUTENIBHO L1, 12, 13 u 14 (BBImOSHSIE-
MBIX B 9TOM MOpPSAKe)?

4. Kakoe npeobpazoBanne SIBISETCS KOMIIO3UIUEN LIEHTPAIb-
HOI1 U OCEBOI CUMMETPWHIA, ECJTU LIEHTP JIEKUT HA OCU CUMMETDUM !
€CJI LIEHTP HE JIEXKWUT HA OCH CUMMETPUU !

5. Kakoe npeobpazoBaHue SBISE€TCS KOMITO3ULUEN ILECTH
LIEHTPAJIBHBIX CUMMETPHIA, LEHTPBI KOTOPBIX 00pa3yioT mpaBuiib-
HBII IECTUYTOJIBHYK (TIPe0Opa30BaHus BHITOIHSIOTCS TPOTHB Ya-
COBOI1 crpesiku)?

6. Komnosuims mosopora Bokpyr Touku O Ha 90° u capu-
ra Ha orpe3ok OX (cHayana MOBOPOT, ITOTOM CIBUT) SIBJISIETCS
moBopotoM ¢ uenrpom B O7. Haittu yron sroro mosopora, pac-
crostarie OO7 u yron O10X.
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7. @urypa F nmeer ¢opMmy yrosika, COCTABJIEHHOTO U3 TPEX
kBajpaToB. HaprcoBats MHOXECTBO Tex TO4YeK X, i1 KOTOPBIX
o6pa3 F npu LeHTpabHOM CUMMETPUM OTHOCUTENILHO X Iepece-
Kaercs ¢ F.

8. Ha croponax matuyrosbpHHKa MOCTPOWJIN KBaAPATHl M OT-
METIJIM MX LEHTPHI, TOCJIE YEro BCE, KPOME DTUX LEHTPOB, CTED-
. Kak BOCCTaHOBUTH MATHYTOJIBHUK !

9. Haiitn Bce aBUXEHMS, KOTOPHIE MEPECTAHOBOYHEI C MOBO-
porom Ha 90° BOKDYT AaHHOI TOYKHU.

10. Equuuyneiil kBaapaTt pacKpallieH B YePHBIi 1 6eblii 1(Be-
Ta, MPUYEM HHUKAKWE IBE YEPHBIE TOYKM HE HAXOATCS Ha pac-
crostann 0,1. IlokazaTh, 4To Mo b YEPHOI YacTh KBaJpaTa He
npesocxomur (a) 0,6; (6) 0,4.

Cmabo?

1. JIBoe WrpoKOB CTaBAT KOHEW Ha LIAXMATHYIO JOCKY Tak,
4yToOBl OHM He Gwim Apyr apyra. Kto He mMoxer chenmars xona,
npourpbiBaeT. KTo BHIMTpHIBa€T NpU MPaBUIBHON UTpe?

2. OkeaHsl OKPHIBAIOT GOJIbIIIE MOJIOBUHBI TIOBEPXHOCTH 3eM-
sm. J[lokazath, 4TO €CTh ABE CAMMETPUYHBIE OTHOCUTESIBHO LIEHTPA
3eMM TOYKHM, IPUXOASAIMECS HA OKEaH.

3. ®urypa Ha knetyatoii Gymare umeer miomans N. Jloka-
3aTh, YTO €€ MOXHO CIBUHYTH MapaJUIeJIbHO cebe Tak, 4ToObl OHA
nokpbuta (a) He Menee N BepiuH Kjetok; (6) ne 6omee N Bep-
e Kjetok. (Kierku nmeror equHuYHbBIE CTOPOHBI. )

4. Beinykias ¢urypa Ha Kjerdaroit 6ymare (CTOpOHa KJIETKH
paBHa 1) umeer miowaap 6onpie 4. OguH U3 y370B CETKH ABJIS-
eTcs LieHTpoM cumMMeTpuu. Jlokasats, 4To (PUrypa MoK phiBaeT elg
x0Ts1 OBl ouH y3en (JieMMa MUHKOBCKOTO).

5. JlaHbl [Be KOHLIEHTPMYECKHE OKpYyXHOCTU. llocTpoutsh
MPSIMYI0, HA KOTOPOi TOUKY TIEPECEYEHNSI C BTUMU OKPYKHOCTSI-
MU BBICEKAKOT TPU PABHBIX OTPE3KA.

6. Tloctpouts KBagpaT, BE TIPOTUBOTIOJIOXHbIE BEPUIUHBI KO-
TOPOTro JIEXAaT HA JAHHOU TIPSIMOIA, a IBE APYIMe — Ha CTOPOHAX
JIAHHOTO yIJIa.

7. IIBa TpeyrojpHUKa CUMMETPHYHBI APYT APYTY OTHOCUTEIb-
HO [IBYX Da3jIM4HbIX TpsaMbIX. JloKazaTh, YTO OHM — pPaBHOCTO-
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POHHUE.

8. Touka O HaxOgUTCS BHYTPH BBIMYKJIOIO M-YrOJbHUKA, HE
HMMEIOLIEro Mapasijie/IbHbIX CTOpoH. JlokasaTh, 4To ecTh He 6o-
Jiee T TIPSIMBIX, TpoxoAsumx Yepe3 O U AessIux wiol@agb MHO-
rOYTOJIbHUKA TIOTIOJIaM.

9. Uepes TOuUKy mepecedeHus] ABYX OKPYXKHOCTE MPOBECTH
[PAMYIO, €CJIM 3a1aHa PA3HOCTh JIMH XODP.I, BEICEKAEMBIX HA OTOI
OPSIMOl OKPYKHOCTSIMHA.

10. Jauwr gBe Touku A u B mo omHy cropony mpsiMoii 1.
Haittu takyio touky X, uyro B Tpaektopunn AXB yron magenus
BIIBO€ GOJIbLIE YIUIa OTPaXKEHVS.

11. Jlokazath, 4TO IIIOLA/b YETHIPEXYTOJIBHIKA CO CTOPOHA-
mu a, b, ¢, d e mpeBocxoaur (a) (ab+cd)/2; (6) (ac+bd)/2.

12. Moxer yin orpaHnyeHHasi (pUrypa UMETh LIEHTP CHMMeE-
TPUU U POBHO OLHY OCb CUMMETPHHU?

13. @urypa umeer u€tHOE YncIio oceit cummerpun. {okazars,
YTO HEKOTOPBIE [BE U3 HUX IEPIEHUKYJIS PHBIL.

14. Moxer 1 orpanuyeHHas ¢Gurypa UMeTb OCb CUMMETPUN
M HE NPUHAJIEXKAILMNA el LEHTP CUMMETPUN !

15. Ha orpeske AB umeetcss 2n Todek, 06pasyoOIpx N CUM-
METPUYHBIX (OTHOCUTEJIBHO CepearHbI OTpe3ka) map. U3 srtux 2n
TOYEK HEKOTOPHIE T IOKPALIEHbl B CHHUI L(BET, OCTajIbHBIE B
KpacHbiii. [lokazath, 4T0 CyMMa pacCTOSHMIA OT KPACHBIX TOYEK
10 A paBHa CyMM€ PACCTOSIHMIA OT CHHMX TOYeK 10 B.

16. Yron, W3roToBJIEHHBIA 13 MPO3PAYHOrO MaTepuasa, [BU-
rajoT TakK, YTO [BE HEMEPECEKAIOIIMECS OKPYXHOCTA KacaloTCs
€ro CTOPOH BHYTPEHHUM 00pa3oM. JlokazaTh, 4TO HA HEM MOXHO
OTMETUTh TOYKY, KOTOPAasl ONKCHIBAET IYry OKPYKHOCTH.

17. Haiitu Bce aBMX€HUsI, KOTOPBIE IIEPECTAHOBOYHEI C [TOBO-
porom Ha 90° BOKPYT AaHHOI TOYKHU.

18. JIBe cocemHue BeplUMHBI KBajpara JIEXKaT Ha OKPYXKHO-
cru paguyca 1. KakoBo MakcuMasibHO BO3MOXHOE PACCTOSIHUE OT
JIPYrux OBYX BEDIUMH KBaJpara [0 LEHTPa OKPYKHOCTH?

19. (a) OkpyxHOCTb mEpPECEKAET BCE TPH CTOPOHBI TPEYTOJIb-
Huka. Jlokasate, uto €€ paauyc 60blle paauyca BIMCAHHON OK-
pyxHoctu. (6) JlokazaTs, 4to s JIO6OrO TPEYTOIBHUKA PaiyC
OITMCAHHOI OKPYXHOCTH TI0 KpaiiHeil Mepe BIBOe GoJIblie paguy-
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ca BOMcaHHO. [{1s KaKuxX TPeyrojbHUKOB OHU OTJIMYAIOTCS POB-
HO BaBoe?

20. Enquunysblil KBagpaT packpallieH B YEPHBIA 1 Geblii 1Be-
Ta, MPUYEM HUKAKHUE ABE YEPHBIE TOUKM HE HAXOIATCS HA pac-
crostamu 0,1. JloxazaTe, 4To nowagb YEPHOI 4acTh KBaapaTa HE
npesocxogur (a) 0,6; (6) 0,4.

21. Briucats B faHHBIN TPEYTONABHUK APYIrOii, CTOPOHBI KOTO-
poro napasuiebael cropodaM Tpetbero. (Ilepselii u TpeTnii faHsl,
BTOPOIi HaJ0 TIOCTPOUT. )

22. lan ny4 ¢ mavasiom B O 1 Touka A, He Jiexamas Ha HEM.
Toctpouts Ha yve Touky M, mis koropoit OM : MA = 1: 3.

23. Ykazath ¢urypy, KOTopas CUMMETPUYHA OBYM (DUrypam
Ha puc. 23 (crosiueil U jeXalleil eqQUHNLIAM) OTHOCUTEJIBHO He-
KOTODBIX MPSMBIX.

Puc. 23

24. IIpoTUBOIOIIOXKHBIE CTOPOHBI BBHIITYKJIOTO LIECTUYTOJIbHM-
Ka TOMapHO PaBHBI U Mapasule/ibHbl. JloKa3aTh, YTO BTOT LIECTH-
YTOJIBHUK UMEET LEHTP CUMMETPHUHN.

25. CymiectByert v (He 06g3aTeIbHO OrpaHUUeHHas ) (urypa,
HMEIOLIAsi POBHO [Ba LIEHTPA CUMMETPUN !

26. Kakoe MakcuMmasbHOE YMCIO OCEl CUMMETPUU MOXKET
UMETh CEMUYTOJIBHIIK 7

27. Jlokaszate, 4to eciiv (hurypa uMeeT KOHEUHOE YKCIIO OCeil
CUMMETDPUM, TO BCE OHM TEPECEKAIOTCS B OJHOM TOUYKE, W YIJIBI
MEXy COCEIHUMU DaBHBIL.

28. JlokasaTtb, 4To (purypa, UMeIoLas TP OCH CUMMETPHUH, HE
MPOXOASILIYE YEPE3 OAHY TOYKY, HE MOXET ObITh OrpaHUYEHHON.

29. Jlokaszath, 4TO BCSKOE MPEOOpPA3OBaHME ILJIOCKOCTH, CO-
XPAHSIOLIEE PACCTOSIHUE, SIBJISETCS HAJIOKEHUEM (17151 JTr060i TOY-
Ku A CylecTByeT ToukKa B, mepexopsiias B HEE MPU TOM MIpe-
o6pazoBaHum).

30. Hepesuu A u B pacrnionoxeHs! 10 pa3HblE CTOPOHBI MPSi-
MOii xene3Hoi goporu. e Hamo moctpouth mIatropMy 3agaH-
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HOI J7IMHBI, 4TOOBI cyMMapHoe paccrogare ot A u b mo miardpop-
MbI 66110 HauMenbiunM? (Paccrosanem 1o miargopmel cunraercs
paccrosiHue 10 ee 6mmxaiineii Toukn.) CKOMBKO pEIleHmii nMeeT
3agava?

31. VimMeeTca MHOrO OAMHAKOBBIX TJIUTOK, UMEKOLIUX (HOPMY
HEINPaBU/IbHOIO BBINYKJIONO YETHIPEXYroJIbHUKA. JloKaszaTh, 4TO
MMM MOXKHO 3aMOCTUTh I1ockocTh. (Ilmmrkm paspemaercs mepe-
BODPAYMBATH. )

32. Jlaus! aBe MapaliiesibHbIE TIPSIMbIE M TOUKA MEXIY HUMM.
[TocTpouts OKpyKHOCTH, MPOXOIALIYIO YEPE3 BTy TOUKY M Kaca-
JOINYIOCS OOENX TIPSMBIX.

33. JlokaszaTh, YTO [Jis JAHHOIO MHOIOYIOJIbHUKA C YETHBIM
YKCJIOM CTOPOH MOXHO IOCTPOUTh GECKOHEYHO MHOIO JPYIHX, Y
KOTOPBIX OyIyT T€ Xe CEPEAUHBI CTOPOH, HO YTO MHOTOYTOJIb-
HUK C HEYETHBIM YHCJIOM CTOPOH ONpEeJIIeTcs UX CepeIuHaMu
OJIHO3HAYHO.

34. J[lokasare, 4TO KOMIIO3ULYs ABYX MOBOPOTOB Ha 90° mpen-
cTaBsgeT cobOli LIEHTPATIbHYIO CHUMMETPUIO, U UTO €€ LIeHTp obpa-
3yeT C LEHTPaMM [OBOPOTOB IPSMOYIOJbHBIM paBHOGEIPEHHbII
TPEYTOJIbHUK.

35. Ha aByx cTopoHax TpeyrojibHMKa BOBHE €ro TOCTPOEHBI
kBaapathl. [loKa3aTh, YTO OTPE30K, COEAVHSIOLIMI WX LIEHTDHI,
BUJIEH U3 CEPEAMHEBI TPEThEN CTOPOHBI TPEYTONbHMKA O] IPAMBIM
YIJIOM.

36. IokasaTh, 4TO KOMIIO3MILAS TPEX OCEBBIX CUMMETPHIA, OCH
KOTOPBIX — GuccekTpuchl TpeyroibHrka ABC, ects oceBas cium-
Metpusi. Haitti e€ och.

37. YeTblp€xyronpHUK BIMCAH B OKPYXKHOCTh. M3 cepenuHbl
KaXJIOli U3 €ro CTOPOH OIIyLIE€Ha BBICOTA HA IPOTUBOIOJIOXHYIO
cropoHy. Jloka3aTs, 4To 3TH TIPAMBIE MTEPECEKAIOTCS B OHOM TOY-
Ke.

38. Ha mpsamoii BeiGpanbl yethipe Touku A, B, C,D, uny-
e B ykasanHoM mopsiake, mpuuem AB = CD. [lokasars, urto
AP + PD > BP + PC mna mo6oit Touku P Ha mutockocTu.

39. Ha mutockoctu GbIBAIOT LIEHTpasIbHAs W OCEBasi CHMMe-
TPUM, B TIPOCTPAHCTBE aHAJIOTMYHBIX UM BUIOB CUMMETDPHUIl TPH.
Kak BBI mymaeTe, 4TO 3TO 32 CUMMETPUH?!
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40. Yepes touky O BHyTpPH TpeyroyibHHKa TpebyeTcs mpo-
BECTH IPSMYIO, OTPE30K KOTOPOI BHYTPU TPEYIOJIbHUKA JEJIATCS
toukoit O momonam. Ckospko pewennii umeer 3agada? (Orser
saBucut ot Touku O. Tpebyercs HapucoBath, [Jisl KaKUX TOYEK
3a/laya UMEET TO WJIM WHOE YUC/IO PELIECHMUIA. )

41. TpoBectu yepes 3aJaHHYIO TOYKY BHYTDH YIJIa TPSMYIO,
OTCEKAIYIO OT HETO TPEYTOJIbHUK HAVMEHBIUEN TJIOLIAIN.

42. ITan ocrpoyronbusiii Tpeyroyisauk ABC. Haittu touky X,
s kotopoit cymma paccrosanii AX + BX + CX mMunnMmanbHa.
(OtBer: u3 oTOIl TOYKM BCE CTOPOHBI BEPHHI mop yriom 120°.)

43. Briicats KBaJpar B 3aJaHHBII MapasUIe/iorpaMM.

44. Yepes 3a[aHHYI0 TOYKY BHYTPH OKPYXXHOCTU TTPOBECTH
XOpJy 3a/IaHHON JJTUHEL.

45. CuMBOJI «(MHb-SHb» BBHIMJIJUT TaK: HAa TOPU30HTAJbHOM
orpe3ke AC Kak Ha JuaMeTpe CTPOUTCS KPYr ¢ LEHTpOM B B; k
BEPXHEMY TOJIYKPYry mobaBisieTcst (HVKHUI) TIONYKPYr C Aua-
merpoM AB u otHuMaeTcs BepxHuMil moaykpyr ¢ guamerpom BC.
Kak paspenuts nosnyuesHyo urypy Ha 7 paBHBIX 4dacTeii?

Mpmuorounens

MHoroyieHpl mOy4YarTCa W3 4YHUCE] M IEPEMEHHBIX, €CJIU
UX CKJIbIBaTh, BEIYUTATh U YMHOXATh. PacKpbiBas cKoOKH, Ka-
XIIbIi MHOTOUJIEH MOXHO TIpeo6pa3oBaTh B CyMMY OJHOYJIEHOB
(Tipou3BeieHMIA YKCEST U TIEPEMEHHBIX ), TIOCJIE YEro TIPUBECTH T10-
J06HbIe WieHbl (OTJIMYAKOIIUEC JIMILb YUCJIOBBIMU KO3 UIIHEH-
TaMu).

1. Kakue xoadpdpuupents: 6yayr npu ab?® u a®b? B muorodse-

e (a+b)'° nocse packpeitust ckoBGOK 1 TIPUBEAEHNS TTOLOGHBIX?

2. Haiitu koadpuument npu ab?c3 B muorowrene (a + b +
+c)e.

3. Haiitu Hanbossiwmii koadduupmest maorodena (a+b)1°

4. (Tlpomoxenune) Haiitu cymmy Beex ero Koad(QULIMEHTOB.

5. Paznoxuts Ha MHOXHUTeTH a’ — b2, a3 — b3, a* — b4,

—b>, a® —b°.

6. Paznoxuts Ha MHOXHUTeH a’ + b3, a* 4+ b*, a® + b5,
a® + be.

7. Paznoxwuts Ha MHOXHMTesw (X + y)'° — 212,
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8. Mepemuoxuts (1 —x)(1+x+x2+x3+...+x17).

9. Haittir (1 +x+x?>+x3+...+x"") mpu x = 3.

10. JTokasars, uro x> + x + 1 > 0 mpu mobom X.

11. Tokasats, uro x2 + xy + y> = 0, Tonsko ecmit x = 0 u
y=0.

E I S

12. Haitru nanGossumii Koaduipent B muorodsere (a + 2b)'°

13. (ITpogosxenne) Haittu cymmy Bcex ero koathHUIMEHTOB.

14. Haiitu cymmy Bcex KoaUIHEHTOB MHOrOWIeHa (a+b —c¢

15. (ITpomomxenne) Haitru cymmy KoadUIHMEHTOB MPU OAHOYIIE-
Hax, HE COJepXKaIUX q.

16. (ITpomomxenune) Haiitu cyMMy Koa(h@UUMEHTOB MPH OHOUJIE-
Hax, COAepXalux b.

17. Hepemuoxuts (1 —x)2(1 + 2x 4+ 3x% +4x> + ... +20x'7).

18. Haiirn (1 +2x + 3% +4x% + ...+ 20x'7) npn x = 2.

19. Moxer 1 x> + 5xy + 7y? 6bITh OTpUL@TETBHBIM?

20. Moxer mu 2x? + 5xy + 3y? 6biTb OTpULATETbHBIM?

21. Jlokasats, uro MHOrowteH x>y2 + x> — 2xy + 1 monoxurenen
npu JoObIX X U Y. Moxert i ol 6biTh MeHbine 0,0017

22. Iokasats, uto ecmu X +y +z = 0, 1o x> +y> + 2> —3xyz = 0.

23. (ITpomosmxenue) PasioxuTh HAa MHOXHMTEIM MHOTOWIEH X +
+y® + 2% = 3xyz.

24. Jokazats, uro ecm x> + y° + z® = 3xyz, To mMmbo Bee un-
cra X, Y M Z paBHbI, JIM0O MX CyMMa paBHA HYJIO.

25. PasjoXnTh HA MHOXUTENIX MHOTOWIEH X° + X + 1.

26. MOXHO 1 Pa3jioK1Th HA MHOXWUTEIN MHOrouwIeH x> + y2 — 1
(HM OAMH M3 MHOXUTEJIEH He JOJDKEH ObITh KOHCTaHTO)?

27. MoxeT 1 B MPOM3BEIEHAN JIByX MHOTOYJIEHOB OBITH MEHBIIE
OJJHOWIEHOB, YeM B KaxJoM u3 Hux! (IlomoGHble uieHbl cumrarorcs 3a
OJMH.)

)]0‘

Boruuciienus ¢ KkopHIMH

1. Bormemurs (1 + v/2)3. (OmBer momxen 6bitb B hopme
a+bv2cuensmu aub.)

2. Tor xe Bonpoc o (1—v/2)3.

3. Yncmo (1433 + (1 —V3)3 — uenoe Haiitu ero.

4. Tor xe Bompoc s (1 +v/3)3 - (1 —v/3)3.

5. Beruncymurs (2 — V3 3)7 (24 \/g
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6. [lanm gBa uncia o u 3. MapectHo, uto cymma -+ 3 1 mpo-
usBegeHue 3 — uensle yncna. Jlokasare, yro ymucimo ™ + BT
Gyer LesbM mpu Beex N =1,2,3,...

7. Hokasatp, uro uncio (2 + v3)” + (2 —v/3)7 — uenoe, un
HaAWTU €ero.

8. Haittn pauponabhble uncia a u b, npu kotopsix 1/(v/2—
—1)=a+bv2

9. Haiitu paiyonasbHble yncsia a u b, npu kotopeix 1/(5 4+
+2v3) = a+bV3.

10. Haiitn pauvonanshele a u b, mpu xotopsix 1/(v/5 —

—v2) = av2 + bV5.

k*  x ok

11. Jokasatp, uto J060E YMCIIO MPEICTABUMO B BULE A + by/2 (c
paloHabHBIMU A U b) He GoJiee YeM OJHUM CIIOCO6OM.

12. Haittn panponambhsle a,b, ¢, d, ans koropex 1/(1 4+ V2 +
+v3) =a+bv2+cV3 + dve.

13. Haittu paumonanshsie a, b, ¢, mpu koropeix 1/(1+ v2) = a+
+b¥/2+c VA4

14. Haittu o2, o, o npu o« = v/2 — 1. (Oreer gomxeH Gwith B
¢dopme a + bv2 ¢ [eJIbiMéA 4 1 b.)

15. Jlokaszats, 9TO TIpM HEKOTOPOM LesioM 1L % 0 uncsio nv/2 or-
CTOMT OT OJIMXKaIIEro 1eJsioro yuciia He 6osee yem Ha 0,01.

16. Ussectro, uro (1 4+ v/2)* = m 4+ nv/2 ga wemsix m u n.
Tokazatp, yro m? — 2n? = +1.

17. Hokasats, uto ypasHenne m> — 2n’ = 1 uMeer GeCKOHEUHO

MHOT'O pelIeHUI B LIeJIbIX YKCIIax.

2 2

18. JlokaszaTh, uro ypaBHeHMe M~ — 3n“° = 1 umeer GeCKOHEYHO

MHOT'O pemel-mﬁ B LICJIBIX YHUCJIaX.

19. Yucno \/3 +2v/2— \/3 —2V/2 — uenoe. Haiitu ero.

Kommniékcarele uncia

Kommnekcurle uncia — ¢opmanbHbie 3amucy Buaa a + bi,
Ile A 1 b — BelleCTBEHHBIE, a 1 HA3BIBAIOT MHUMON €IWHUILIEH,
nonarast i = —1. DM uMcIa MOXHO CKJIAAbIBATH M YMHOXATb

(packpbiB CKOOKM ¥ TIPUBELS MOJOGHBIE C/IATAEMBIE).
1. Beruucoars (2+31)+(7—1), (2+31)(7—1), (1+1)(1—1),
(2-3)3+21)mu2(4+31) —3(2—1).
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2. Boruncmars (—1)Z, 119,

3. Borameymrs (14+1)'0 u (1 —1)'°.

4. Boraueymrs (14 1)107,

5. HaiiTu gBa KOMIUIEKCHBIX YHMC/IA, CYMMA M [IPOM3BEJCHNE
KOTODBIX PaBHBI 2.

6. Haittm x, gna koroporo x(1 +1) = 1. (3mecs u panee
GykBa X 0003HAYAET KOMIUIEKCHOE YHUCJIO. )

7. Haiitu x, mpu kotopom X (2 + 3i) = 3 — 2i.

8. Haiitu x, mpu kotopom x(1 + 1) = 3 + 4.

X ko ok

9. Haitru x, npu kotopom x(2 + 3i) = 5 + 4i. (Ykasanue: MOXHO
UCcKaTh X B BUJE A -+ bi U cocTaBuTh cucTeMy M3 BYX YDaBHEHMId C
HEM3BECTHBIMM A U b.)

10. Haitre cymmy 1+ 1+ 12 +i3 +...+1

11. Beraucrmts (V3 + 1)3°.

12. Haitt x, s kotoporo X2 = 2; HaliTH X, /Ul KOTOPOro x> =
= —2; Haiftn X, 15 KOTOporo x> = 2i.

13. Haiiru x, st koroporo X2 = 1+ i.

14. Haitru x, aist koroporo x> + 2x + 2 = 0.

15. Haittu Bce x = a + bi, mna koropeix x> = 1.

100

Conpsaxénnnie uncna. [lenenue.

O6bIuHble YKMCIa HA3BIBAIOT BEIIECTBEHHBIMH, WIN JELHCTBH-
TeJIbHBIMH, YTOOBI OTJIMYUTh OT KOMIUIEKCHBIX. [leiicTBUTE TbHBIE
yKcaa A U b Ha3bIBAIOT JEFCTBUTEIBHON I MHIMOL YaCTSIMU KOM-
riekcHoro uucia z = a + bi. O6osnauenne: a = Rez, b = Imz.
ConpsixénnpiM K unciy z = a+ bi HasbiBaercs uncio Z = a—bi
(3mech a 1 b — BeleCTBEHHBIE YUCIIA).

1. BrrunciuTs [eCTBUTENBHYIO M MHUMYIO YACTH CyMMBI U
npousBeneHus ynces a + bi u ¢ + di.

2. Jlokaszatb, 4ro AJis JIEOGOrO Z CyMMa Z + Z U IIPOU3BEICHIE
ZZ [eACTBUTENbHBI (MMEIOT HYJIEBYIO MHUMYIO YACTh).

3. Jlokazath, 94T0 z + W = Z + W U 4TO ZW = Z * W.

4. Berunciurs (1 +1)/(1 —1) n (8 +1)/(1 + 2i). (Moxkno
JbO peurath CUCTEMY YpPaBHEHHUIA, MO0 JOMHOXWTh YHCIIUTEITH
1 3HAMEHATEJIb HA COMPSIKEHHOE YHUCIIO. )

5. Haiitu obutyro dopmyity mis wactaoro (a + bi)/(c+ di).



3apaun 1997 - 1998 rona 103

6. IIna kakux z HailAérca Takoe W, 4to zw = 17

7. Hokazate, uro ecmt zw = 0, 10 z = 0 wm w = 0.

8. JlokasaTh, uto ecymt z> = W2, T0 z = W WM z = —W.
9. Haiiti Bce KOMIIIEKCHBIE YHCIIA, [T KOTOPBIX z2 = 2i.

10. [lokasate, uro z/W = z/W.
* k%

11. Jokasate toxmectso (a® 4+ b?)(c? + d?) = (ac — bd)? +
+ (ad + be)?.

12. Hexotopsie nensie uncna (sanpumep, 2 = 12 +12 n 13 =22 +
+3?) IpencCTaBUMEI B BHE CYMMbI ABYX TOUHBIX KBaPaTOB, HEKOTODHIE
(mampumep, 7) — Her. JlokazaTe, YTO €CJIM [jBA YKC/IA TIPEICTABIMBI B
TaKOM BHJIE, TO U UX MPOM3BEIEHUE 00IaIAET STUM CBOMCTBOM.

13. (ITpomonxenue) [lokasars, 4ro 4nciio 2a MPEICTABUMO B TAKOM
BUJIE TOTJA U TOJIbKO TOTIA, KOrJa MPEACTABUMO YKUCIIO .

14. JlokazaTth, 4TO €C/Id CyMMa M IPOM3BEJEHHE IBYX KOMILIEKC-
HBIX YMCEJI BEIECTBEHHBI, TO 3T 4YKC/Ia b0 06a BELIECTBEHHBI, JIMOO
COMPSIKEHBI.

15. Haittu BCE KOMILIEKCHBIE 9MCIIA Z, 1T KOTOphIX 22 +2z 41 = 0.

16. Haiitu Bce KOMILIEKCHBIE YMCIIA Z, AU KOTOPBIX z° = 1.

KoMmniexkcnas minockocts

KommekcHoe unciio z = a+bi paccmarpuBaior Kak TOYKy Ha
TUIOCKOCTH ¢ KoopauHaTtamu (a, b). Ock abclce Ha3wIBAIOT geii-
CTBHUTEJIBHON OCBIO; HA HEl Nexar aelictBuTenbHble uncna. Ock
OPAMHAT HA3BIBAIOT MHUMOJ OCbIO; HA HEUl JIEXAT YUCTO MHUMbIE
KOMILJIEKCHBIE YUCTIA.

1. Kakoe npeo6pa3oBanvie MIOCKOCTH TIEPEBOAUT Z B 227

2. ...mepesogut z B z+ 17
. ...TIEPEBOANT Z B Z7
. ...TepeBoauT Z B —27
. ...TIEPEBOANT Z B —Z7
. ...mepeBoauT z B 1z7
. T'ne maxogstest Touku z, ay1s KoTopbix z +z = 17
. I'ne maxogsarca Touknm z, A1 KOTOphIX 2Z = 17

MojyneM KOMILIEKCHOTO YKCNa Z HA3BIBAETCS JJIMHA OTPE3-
ka 0z (paccrosHue OT Hayajia KOOPAWHAT [0 Z); apryMEHTOM

NNV AW

BTOTO YHMCJIa Ha3BIBAETCs yroJj, obpasyemblii otpeskoM 0z ¢ OChbIO
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abcupce, OTCYMTHIBAEMEBI MPOTUB YacoBoii crpenku. (O6oznade-
HMS: |z| A7 MOAYJIs, arg z As apryMeHTa. )

9. Jlokasats, uro |z|*> = zZ.

10. Hanucate (hopMyny aJis pacCTOSHUSI MEXJY YKUC/IaMH Z
uw.

11. [ne maxopsTcsa yucna z, ajis Kkotopeix (a) |z| = 17 (6) |z—
=1[=17 () |zl =z + 17

12. Jokasate, uto |zw| = |z| - |[W| ansg mobbIX KOMIJIEKCHBIX
YKCET Z U W.

13. Haiitu meiicTBUTEIBHYIO ¥ MHUMYK YaCTH YHCIA Z, €C-
m |z| = 2 u argz = 60°. Haiitu melicTBUTEIBHYIO U MHUMYIO
gacty uncen z° u z°.

14. Hanucars hopMyJibl Ajist AEACTBUTEILHON M MHMMOM Ya-
CTH YHMCJIa C MOAYJIEM T U apryMEHTOM (.

X ko ok

15. [lna pauHOro z Haittu w, mpu kKoropom touku O, z, iz u w
JIeXar B BepUIMHAX KBaJpara.

16. Jokaszats, uro Touku 0, 1/z u Z siexar Ha OJHON MPAMOIA.

17. Jlokaszare, 9T0 TOYKHM Z, I KOTOPHIX Z + Z = zZ, JIeXar Ha
OKDYHOCTH, U HAWUTH €€ LIEHTD U PaJuyc.

18. [Jokazars, 4To TOUKH, I KOTOPHIX YuCiO z/(z — 1) saBisercs
YKMCTO MHUMBIM, JIEXAT HA OKPYXKHOCTH, U HANUTU €€ LIEHTD U PauycC.

19. UspectHo, uro |z — 3| < 2, |z + 4i] < 3. Haiitu Bce Takue z.

20. Haiiti KOMILJIEKCHOE YUCIIO X, NPU KOTOPOM MpeobpazoBaHue
z — z ectb moBopot Ha 45°. Yemy paBeH KBajgpar oTOro umcia?

21. okasats, uto npeobpaszosanue z — (1 + 1)z yBenuuusaer Bce
PACCTOSIHMS B OJIHO M TO X€ 4ucjIo pa3. B kakoe?

22. Kak waift 4eTBEPTYIO BEPIIMHY MApajule/iorpaMMa HA KOM-
IUIEKCHOM TUIOCKOCTH, €CJIM TPH €r0 BEPLIMHBI PaBHBL U, vV 1 W7 (Ykasats
BCE BO3MOXHOCTH. )

23. I'me HAXOOUTCH TOYKA MEPECEYEHNS MEUAH TPEYTOJIbHUKA, BEP-
IIMHAMM KOTOPOT'O SIBJISIIOTCS TOYKH L, V U W KOMIUIEKCHO! TIOCKOCTH?

24. 3anucatb (opMyJTy Ui IPe06pa3OBaHKs KOMILIEKCHOM MIOCKO-
CTH, SIBJISIIOLIETOCS] CUMMETPHEN OTHOCUTEJIBHO MpsiMoii Re z = Im z.

VYMHOX€EHME ¥ TOBOPOTHI

1. Hokasatb, 4To 1151 11060r0 KOMIUIEKCHOTO A TIpeobpa3oBa-
HUE Z — (Z YBEJIMYNBAET BCE PACCTOSHUS B OHO U TO XK€ YUCIIO
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pa3s. B kakoe?

2. Uto MOXHO cKa3zaTh IPO BTO IPeobpazoBaHUE, €CIIU YH-
oo a aeiicrButesbHO? .. .ecnm |al =17

3. I1pu xakoM umclie a 3To peobpa3zoBanrie GyaeT TOBOPOTOM
Ha 30° BOKpYr Hayajia KOODAUHAT?!

4. Jlokaszath, 4ro npeobpa3oBaHKe Z — AZ €CTh KOMIIO3ULIMS
FOMOTETHN ¢ KO3G((UILIMEHTOM |a| ¥ TIOBOpOTA Ha yroj arg a.

5. JlokazaTb, uTo npeobpa3zoBaHue NOBOPOTA Ha yIvla X 3aja-
€rcs (popmyitoit z — z(cos & + isin o)

6. Kyma nepexomur Touka z = | mpu HOBOpOTE Ha yroia «,
a 3atem Ha yroa (3?7 [loayuuts dopmynel ans cos(x + B) u
sin(ac + B).

7. JlokazaTb, YTO NpPU YMHOXEHUM KOMILJIEKCHBIX YHCEJ MO-
JIyJI TIEPEMHOXKAIOTCS, & APTYMEHTHI CKJIAAbIBAIOTCS.

8. Kak HaiiTu MOMyJIb M apryMeHT 4YacTHOro z/W, 3Has MO-
JIyJIA ¥ apryMeHThl KOMIUIEKCHBIX Yuciie X U W7

9. Hanucats dopmynsl miis cos(ax — ) u sin(oc — 3).

10. Ionyunre dopmyisl 1uig cos 2, sin 2, cos 3 u sin 3
C TMTOMOILBIO KOMITJIEKCHBIX YiCes1, BO3BeAs (cos oc+1sin o) B Ky6.

11. JokasaTs, 4TO KOMIUIEKCHBIE YHCIA Z, [UISl KOTOPBIX 25 =
= 1, ABIAIOTCA BEPUIMHAMM TPABUJILHOTO TPEYTOJIbHUKA.

12. IHokasate, 9To [J1g JI060ro Lesaoro n > 2 u s oboro
KOMIUIEKCHOTO (I KOPHU yPaBHEHHsS z"" = A SBJIAIOTCS BEPLIMHA-
MM IPaBUJIbHOTO M-yroJIbHUKA.

E I S

13. llpu xakux a u b npeobpaszosanume z — az + b seisercs
noBopoToM Ha 45° Bokpyr Touku 1 = 1 + 0i?

14. Yucna 0 u z SBJIAIOTCS BEPIIMHAMY [PABHJIBHOTO TPEYTOJIBHAKA.
[me MoxeT HaXOAUTHCA TPEThS €r0 BepIIMHA !

15. Yucna 0 u z sBisi0OTCS BEpIIMHAME KBajpata. [ e Moryt Haxo-
JIUTHCS JIBE JAPYTHE €O BEPLIUHBI?

16. Haiiti Bce KopHu ypaBHeHust z° = | (B OTBeTe MOTYT OCTAThCS
KBaJ[PATHBIE KOPHU, HO HE JIOJIKHO ObITh CMHYCOB U KOCHHYCOB).

17. oka3zate, 9yTo cymMMa Bcex N KOpHeil ypaBHeHus z* = | paBHa
HYJIIO.

18. Haiitn nponssenenune Beex T KOpHe# ypaBHenus z™ = 1.
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19. Jlokazats, 4To Bce KOpHM ypaBHeHHs z'* = | dBJdIOTCA CTe-
nedssMu Hekotoporo u3 Hux. (KopeHb ¢ TakuM cBOMCTBOM Ha3biBaeTCs
11€PBOOOPA3HBIM KOPHEM. )

20. CkoJbKO CylIECTBYET MEPBOOOPA3HBIX KOPHEW creneHu 12 w3
eIMHULIBI !

21. Tor ke Bompoc s KopHeii crernenu 10017.

22. Ilpn xakux a u b mpeobpazosanue z — az + b gBngercsa
MOBOPOTOM? MEPEHOCOM? OCEBOM CUMMETPHENT

23. [Ipu kakux a u b npeobpazosanue z — az+b sBsIETCS OCEBOIA
cuMMeTpueit?

Kommiekcapie yncia u Tr€OMETPHUA

1. Touku X,yY,z KOMILIEKCHOI TUIOCKOCTH JIEXKAT Ha OIHOM
MPSIMOIi TOTA U TOJIBKO TOTZA, KOTAA OTHOLIEHHE . . . BELECTBEHHO.
BcraButh nmpomnyleHHOe OTHOIEHVE U JOKA3aTh.

2. JlokasaTh, 4TO MHOXKECTBO BCEX YHUCENI Z, JJII KOTOPBIX
(z—1)/(z—2) — 4ncTO MHUMOE, €CTh OKPYXKHOCTb, JUAMETPOM
KOTOPOU SIBJISIETCS OTPE30K ¢ KoHLamu | u 2

3. Hokasatp, uto TpeyronapHuk ¢ Bepumsamu O, 1,z nogoben
TpeyroJibuuKy ¢ Bepiumaamu 0,1,1/z.

4. Jloxaszats, 4T0 TPEYroJibHUK ¢ BepiunHamu 0, z, W nomgoben
TpeyroJibuuKy ¢ Bepumnamu 0,1/z,1/w.

5. [lokasars, uro Touku z,w, 1/Z, 1/W nexar Ha oIHOI OK-
PYKHOCTH.

6. IokazaTh, uyro Touka 1/z mpoberaeT OKpYyX)HOCTb, KOT-
Ila z ABUXeTcs Tmo mpsmoii Rez = 1.

7. Hokazats, uTo mpu oTobpaxkeHnu z — 1/z OKpyXHOCTH,
MPOXOZSLIYE YEPE3 HAYANIO KOOPJVMHAT, MEPEXOIAT B MPSMBIE.

X ko ok

8. Touku X, Yy, z, W KOMILIEKCHOM TUIOCKOCTH JIEXKAT Ha OJHOM Ips-

MO WJIY OK pY2KHOCTHY TOT'Aa ¥ TOJIbKO TOr[ia, KOr[ia OTHOLUEHHME . . . BeLLleCTBEHHO.

BceraButh mpomyiieHHOE OTHOIIEHHE U I0KA3aTh.

9. Yerwsipéxyronpuuk umeer Bepumnsl A, B, C, D, paccmarpusae-
Mble KaK TOYKH KOMIUIEKCHO# TutockocTd. Yepes AB 0603HaunM Komii-
JIeKCHOe 4Kcso, paBHOe pasHoctd B — A. Jlokaszats, yuro AB - CD —
—BC-DA =AC-BD.
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10. (ITpomonxkenue) BriBectn oTcioaa, YT0 MPOU3BEJEHNE AUATOHA-
Jieil YeThIPEXYTOJIbHMKA He 60JIblile CyMMBI TIPOM3BEEHMI ero IPOTHUBO-
MOJIOXKHBIX CTOPOH.

11. (ITpomomxenne) Korma 10 HEpaBeHCTBO 06pamiaeTcsi B paBeH-
crBo?

12. OnpenenuM [Be omnepanuy Ha KOMIUIEKCHBIX Ydciax: (z, W) =
= Rezw u [z,w] = Imzw. Kak usmensarca (z,w) u [z, W], eciu
MEPECTABUTD Z U W MECTaMu?

13. (MMpogosxenue) Hokasars, uro (z, W) paBHSETCS MPOU3BELE-
HMIO JJIMH 0Tpe3KoB 0z 1 OW Ha KOCHHYC yIvia MEXy HUMH.

14. (Ilpomonxenue) [lokazate, yro miomanp TpeyroybHuka 0zw
pasna (1/2)|[z, w]|.

15. (TTpomonxenue) CchopmympoBaTh MPOCTOE MPABKUIIO, TIO3BOJIS-
OLIEE OMPENEINTD, KOTAA [Z, W] TIOJIOXKHUTEIIBHO, OTPULIATENILHO U PABHO
Hymo. (YkasaHue: OTBET COAEPXKUT CIIOBA <TI0 YACOBOM CTPEJIKEN. )

OxpyxHOCTH ¥ Tpeobpa3oBaHus

Husepcueii otHocuTebHO OKpy)HOCTH ¢ LieHTpoM O u pa-
IAYyCOM T Ha3bIBaeTCs MpeobpasoBaHue, IPU KOTOPOM Toduka X
nepexoguT B Touky X', nmexamyro Ha ayde OX, ans KOTOpoi
OX-OX' =12

1. Kakue Toukm ocrarorca Ha Mecre npu uHBepcuu?! Kakume
TOYKM HUKY[a He Tmepexoasar! B kakue Touku HUMKakas TOYKA HE
nepexoaut?! Yro Gyaer, eciiu npuMeHUTD TIpeobpa3oBaHne HHBED-
CUH [BaXIbI?

2. Kyna nepexomur Touka z npu uHBepcuu ¢ uearpom O u pa-
muycom 17 (OTBeT BKIIIOUAET OMEpALUIO COTIPSKEHUS KOMITJIEKC-
HBIX YKCE.)

3. Jlokasate, 4ro mpu MHBEpCHU C LEHTPOM B Touke O mps-
Mble, He npoxoasipe yepe3 O, Nepexonsar B OKPYKHOCTH, IIPO-
xopsume depes O, u Hao6opor. (Dra 3a4a4a MO CyIECTBY yXe
GbLa.)

4. Jlokazath, 4TO mpu MHBEpCHM ¢ LeHTpoM B O OKpPYXKHO-
cru, He npoxogsiue yepes O, NpeBpaIalOTCsa B OKPYXKHOCTH, HE
nipoxoasume depes O.

5. Ilokazars, 4TO MpU MHBEPCHUH JTI00AsT OKPYKHOCTD WJIH TPsi-
Masi TIEPEXOAUT B OKPYKHOCTh WIH MPSIMYIO.
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6. Jlokaszatb, yro npu npeobpazosanuu z — 1/z mobasg ok-
PYKHOCTh WA IPAMas IEPEXOOUT B OKPYKHOCTb WM IPAMYIO.

7. JokazaTb, 4yTo npu npeobpazosanuu z — (z—a)/(z—b)
o6pa3 6ot MPSAMOI WK OKPYKHOCTHA (MHOXECTBO, COCTABJIEH-
HOe U3 06pa3oB BCEX €€ TOUEK) €CTh TpAMas WM OKPYKHOCTb.

8. (Ilpomonxenvie) [lokazars, 4To mpu 9TOM Mpeobpa3oBaHUM
npoo6pa3 Jiro6oi MPSMOiA UM OKPYXKHOCTH (MHOXECTBO TOYEK,
KOTODBIE TIONAJAK0T Ha 3Ty MPAMYIO WA OKPYXKHOCTb IIOCJIE IIPe-
00pa3oBaHMsI) €CTh MPSIMast WIA OKPYXKHOCTb.

9. Ucrone3ys 3amavy 8, mokasarth, 4To MPH JTIOOBIX KOMILIEKC-
HBIX 0 U b MHOXECTBO Tex z, aJs Kotopelx (z—a)/(z—b) —
YKCTO MHUMOE, €CTh OKDYKHOCTb.

10. Ha miockoctu gaust ase Touku A u B. [lokazats, uro Tou-
KW, JleXall[ie BTpoe Jajbile oT A, yeM ot B, 06pasyior okpyx-
Hocth. Kak [okazaTh oTo ¢ WMcnosb3oBaHueM 3aqaun 87

X ko ok

11. Haiitu gpo6Ho-mHHeriHOE 1Tpeobpa3oBaHue, TO eCTh Mpeobpaso-
Bauue Buga z — (az + b)/(cz+ d), roe a,b, ¢, d — KomiiekcHbIe
4KCJIa, IPYU KOTOPOM TOJIYILIOCKOCT Im z > 0 mepexoaur B Kpyr |z| < 1.

12. Pemars 3anauy 6, ucnonbsys copMysIMpOBaHHBIE BBILIE YCIIO-
BH, TIDH KOTOPHIX YEThIpe KOMIUIEKCHBIX YKCJIa JIEXAT Ha OHOM OKpYX-
HOCTH.

13. Jlokazatp, 4ro BCAKOE APOOHO-JIMHENHOE MPeobpa3oBaHue €CTh
KOMIIO3MIHS [IOBOPOTOB, CABUIOB U Mpeobpa3oBanuii BUAa z — 1/z.

14. Ykazatb npo6HO-HMHEHOE Mpeo6pa3oBaHue, P KOTOPOM eu-
HUYHBIA KPYT |z| < 1 ocTaéres Ha MecTe, HO LIEHTD €ro CMELIAETCs.

15. [lokasarte, 9TO MpyM WHBEPCHM KACAKOIMECS OKPYXKHOCTH TEPE-
XOZIAT B Kacaiolyecs, U BoobIle yroJl, Hoj KOTOPbIM [epeceKaroTcs JABe
OKDYXXHOCTH WJIU IIpAMbIE, HE MEHSIETCH.

Kommrekcabie unciia: pazaoe

1. dokazats, uto |z + W| < |z| + |w|. IIpu xakux ycaosusax
BTO HEPABEHCTBO OOPALIAETCS B PABEHCTBO?!

2. IlpoBepuTh aCCOLMATUBHOCTh YMHOXKEHMS KOMILIEKCHBIX
4lCceJl, TO €CTh PAaBEHCTBO (UV)W = u(vw).

3. PassioXuTh Ha MHOXKUTEN MHOTOWIeHB! 22+ 1 i 22 +22+2.
(MHOXWTEM MOTYT UMETh KOMIUIEKCHBIE KOR(MMULEHTEI. )
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4. Kakasa xpupas sBnsgercs obpaszom npsamoii Rez = 1 npnm
otobpaxennu z — iz2?

5. 3amucats cos 2x, cos 3x, cos 4X Kak MHOTOUJIEHBI OT COS X.
Hapucosats npumepHbie rpadiKu 9TUX MHOTOUYJIEHOB HA OTPE3KE
or —1 mo 1.

6. JlokaszaTb, 4TO IpHU JIFO60M LIEJIOM MOJIOKUTEBHOM TL MOXK-
HO 3aIicaTh COS TLX KaK MHOTOYIEH OT COS X.

7. Haiitu copmysty mis cyMM COS X + €COS 2X + ... 4 cosx
u sinx 4 sin2x + ... + sinnx.

8. Jlokasath, yTo mpu 1060M X cyMMa cos X+cos(x+120°)+
+ cos(x + 240°) pasna 0.

9. (Tlpogomxenne) Ta xe 3aaua a1 CyMMBI COS X + COs(X +
+72°) 4+ cos(x + 144°) + cos(x — 72°) + cos(x — 144°).

10. okazate, 4TO €CM TOUKM Q, b, C SIBJISIOTCS BEPLIMHAMUI
PaBHOCTOPOHHETO TPeyrojbHIKa, To a’+b?+c? = ab+ac+bc.

11. (Ilpomonxenue) Bepuo sm o6parsoe?

12. Kakue 3HayeHrss MOXET MPUHUMATH APTyMEHT 4KCia Z,
ecmm |z — 21| < 17

13. [lokasats, uro ypaBHenue zz + az + az + ¢ = 0, rue
Q — KOMILJIEKCHOE YHCIIO, & C — JAEHCTBUTENBHOE, 3a1a€T IyCTOE
MHOXECTBO (T.€. HE UMEET PELIEHUIi), TOYKY WU OKPYKHOCTb.
Kaxk ompegesuts mo a u ¢, 4to MMeHHO?

14. [Tan npaBWIbHBINM MHOTOYTOJIBHVK U TOYKA. JloKasars, 4To
CyMMa KBaJpaTOB PACCTOSIHHAM OT 3aJaHHOW TOYKM OO0 BEPILUMH
MHOTOYTOJIbHUKA OMPEENSETCS PACCTOSHUEM OT 3aJJaHHON TOY-
KM [0 LIEHTPAa MHOTOYroJibHUKa (LEHTPa OMMCAHHONM OKOJIO HEro
OKPYXKHOCTH).

57 _ 011 1.

15. Haiit BCe umcna z, 4Jis KOTOPBIX Z

16. Jokasate, uto ecnu 1/z7 +1/z + ...+ 1/zy = 0 gna
KOMILJIEKCHBIX YUCEN 21, . . . , Zn , TO HAWIYTCS TaKHE TOJIOKHUTETb-
HBIE YMCNIA K1, ...,Kn, 9TO X127 + ...+ &Xnzn = 0.

17. Ha croponax TpeyroJpHuKa ¢ BEPIUMHAMK B TOYKAX U, V,
W MOCTPOEHBI PABHOCTOPOHHHUE TPEYroJibHUKM. Halitn chopmy bl
U1 X LEHTPOB (B BUJIE BBIPAXKEHUIA, CONEPKAIIUX KOMILJIEKCHBIE
yncia W, v, w). IHokazath, 4TO 3TH LIEHTPHI 06Pa3yOT paBHOCTO-
POHHHUII TPEYTrOJIbHIK.
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18. Iokasatp, 4to BCsikOe mpeobpasoBanue momobust (mpe-
o6pa3zoBaHue, MEHAIOILEE BCE PACCTOSHUA B OHO M TO XK€ YUCIIO
pa3, Ha3bIBaeMOE KO3((DULIHEHTOM ITOOOHS ), COX PAHSIIOLIEE OPH-
EHTAlNIO, UMEET BUL Z — Az + b.

19. okaszath, 4ro BCsIKOe MpeobpasoBaHue MOmOOUs, MEHS-
IOLLEE OPUEHTALIMIO, UMEET BUI Z — AZ + b.

20. Jlokazats, 4ro BcsKoe nmpeobpasoBanue nogobus ¢ Koad-
(PULVIEHTOM, OTJIMYHBIM OT |, MIMEET POBHO OAHY HEMOABUXKHYIO
TOYKY.

21. Mokasats, uro unciio (3/5)+ (4/5)1 He aBngeTcs KopHeM
T-0if cTermeny 3 | HU TIPU KAKOM LIEJIOM TOJIOKUTEIBHOM TL.

22. Jlokaszarsk, 4TO OCTPHIl YTOJI MPSIMOYTOJIBHOTO TPEYTOJIb-
HUKa CO cTopoHamu 3,4, 5 u3MepsieTcss UPPALIOHASIBHBIM YKCIIOM
rpajycoB.

23. [ayccoBbIM YHCIOM HA3BIBAETCS KOMILIEKCHOE YUC/IO BUOA
a+ bi, rme a u b — uesnsie yncna. [oBopsT, YT0 OQHO rayccoBO
YKMCJIO JEJIATCA HA APYro€, €CIM UX YaCTHOE — TaKXKE raycCoBO
uncso. Hapucosarts Bce kpatueie uncern 1, 1, 1+ 1, 3 +41.

24. (Ilpomomxenvie) [ayccoBo YMCIIO HA3BIBAETCS IPOCTHIM,
€CJIM OHO HE pa3jaraercs B IPOU3BEAECHNE JBYX MHOXUTEJENH, OT-
JmunbX o +1 u 1 (s1a OoroBopka HeOOXOaMMA, MHAYE TIPOCTHIX
qricest 6ol He Gb110). Haiitt Bce mpocThie rayccoBsl uncia a + bi,
s Kotopeix |al, |b] < 10.

25. KoMrijieKcHOe YnCio Z JIEXWUT Ha €OUHUYHOM OKPYXKHO-
cri: |z| = 1. JlokazaTh, YTO MOXKHO HANTH TAKOE LEJIOE MOJIOKMU-
TeapHOE T, uto |z™ — 1| < 0,0001.

Kourpospaas pabora

Bapwnanr 1

1. HapucoBath TO4KHM (KOMIUIEKCHBIE YHCIIA) Z, IJIsl KOTOPBIX
Re(z—1) =Im(z — 2).

2. Tunorenysa paBHOGEAPEHHOTO MPSMOYTOJIBHOIO TPEYTOJTb-
HUKa MMeET KOHIBI B Toukax | +1u 4+ 2i. Ykazars (aBe) TOukH,
B KOTOPBIX MOXET HAXOAUTBCS BEPLINHA MPSMOrO yIiia dTOr0 Tpe-
YTONBHUKA.

3. HapucoBats TOYKH, [1J11 KOTOPHIX arg f_1 = 60°.

z
4. Hapucosats Touku z, ms koropeix |(1+1)z — 3| < 1.
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5. Peumrs ypasmenme (x +iy)° = (x —1iy) (x,y — meir-
CTBUTEJIbHBIE YMCIIA).

6. UsBectHo, uto z + 1/z = 2 cos 1°. Haittu z°° + (1/2°0).

7. Haiitn mMakcumyMm Bemuumsbl |z|, ecnm |(z + 1)/z] = a
(3mech @ — (PUKCHUPOBAHHOE MOJIOKUTENLHOE AEHCTBUTENBHOE
YHUCIIO).

Bapuanr 2

1. HapucoBath KOMILIEKCHBIE YHCIA Z, 71 KOTOPBIX Reiz =
=1Im(1 +1)z.

2. JlBe BeplIMHBI [IPABUJIBHOIO TPEYTOJIbHUKA HAXOIATCS B
Toykax 2 u 1. YKaszarh ([BE€) TOUKM, IJI€ MOXKET HAXOJUThCS €ro
TPEThs BEPLIMHA.

3. Hapucosats Touk# z, Anas Kotopeix arg(z(z+ 1)) = 120°.

4. T'me HaxoATCA TOYKU Z, U1 KOTOPBIX PACCTOSHME MEXKY
toukamu 3z u 1 + iz He Gonpiue 27

5. I'me maxoasTCa TOUKHM z, A1 KOTOPBIX |z — 1| = |3 — z|?

6. Touka z 06XOOUT OKPYXKHOCTb pajuyca 1 ¢ LIEHTPOM B Hy-
Jie, fAenas o60poT MPOTUB YacoBoi crpenku. Haittu TpaekTopuro
touek 2z, iz, Z, 2z, 1/22,1/(z+2), z+ 1/z.

7. Touka z JBUXKETCS TIO OKPYXKHOCTH C LIEHTPOM B 51 paany-
ca 3. Haiiti uenTp 1 paguyc OKpy>KHOCTH, IO KOTOPOI ABUXKETCS
Touka 1/z.

8. BcraButh npomylleHHOE BEIPaKEHUE B yTBEPXKACHNE: «Pa3-
JIMYHBIE TOUKM W, V U W ABJISIOTCA BEPLIMHAMU IPSIMOYTOJIbHOIO
TPEYroJIbHAKA C OCTPHIM YIJIOM 1L TOTAa W TOJBKO TOrMA, KOrAa
YHUCJIO . . . BEIIECTBEHHOY.

9. Jlanbl TPU HeHYJIEBBIX KOMILUIEKCHBIX Ynciia. MoXeT M Tak
CIIYYNUTBCS, YTO OTHOUIEHWE JIOOBIX OBYX W3 HUX OyoeT MMeThb
OTPUIIATEJIBHYIO JIEHCTBUTENIBHYIO YaCTh?!

10. Tor xe BOMpPOC AJIS YETHIPEX UUCE.

Bapuanr 3
1. HapucosaTh KOMITJIEKCHBIE YMCIA Z, AJIs KOTOPBIX Rez >
> Re(iz).

2. Hapucosats Touku z, mis kotopeix 0 < arg 211 < 90°.
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3. Touka z ABMXETCS MO €QUHWYHON OKPYXKHOCTU C LEHTPOM
B HyJIe IIPOTHB 4acoBoil crpenku. Omucarh JBUKeHHe Todek z°,
22 +1/22,2/(1 +2), 3/(2 +2), Vz

4. Ykazatp BCe 3HAUEHNS Z, 1P KOTOPbIX TOuKH 1, Z, 22 aBms-
10TCs TpeMst (pa3MyYHbBIMK) BeplirHamu kBaapara. (Byapre BHM-
MaTeJIbHBl — MMEETCSl MHOTO BO3MOXHOCTeN!)

5. UsBectHO, uTO UKcna z1, . . . , 210000 Y/AOBJIETBOPSIOT HEPA-
BeHCTBY |z — 2| < 1. Jloka3aTh, 4TO 4aCTHOE KAKUX-IMOO JBYX HX
uux (a) umeer moayib mexay 0,99 u 1,01; (6) umeer apryment
Mexay —1° u 1°; (B) umeer omHOBpeMeHHO Moaysb mexay 0,9
u 1,1 u apryment mexay —10° u 10°.

MuoxecTBa 1 onepauyu

Mpuoxecrpa cocrost u3 anemenToB. O6o3Havenus: X € A yu-
TaeTcsa «X ecTb dJEMEHT MHOXecTBa Ax; uepes {a,b,...,c} obo-
3HAYAETCS MHOXECTBO, COCTOSIIEE U3 DJIEMEHTOB A, b, .. ., c. (Ilo-
PAMIOK He YUUTHIBAETCS, KaX bl 9JIEMEHT CUMTAETCS IO OJHOMY
pasy, tak uro {5,7,11} = {7,11,5} = {11,11,5,7,5}.) Ilycroe
MHOXECTBO HE COLEPXKUT DJIEMEHTOB U 0603HaYaercsa J.

JlBa MHOXeCTBa paBHBI, €CJI COAEPXKAT OJHU U TE XK€ dJie-
MeHTHI (BCE DJIEMEHTHI TEPBOTO SIBJISIOTCS BJIEMEHTAMH BTOPOTO
1 Hao60poT). MHOXeCTBO A HA3bIBAIOT IMOAMHOXECTBOM MHOXKE-
crBa B, ecou Bce areMenTsI A SIBIISIOTCS dJieMeHTaMu B (3amuch:
A C B).

1. CkompKO pasIuyHbIX MOJMHOXECTB UMEET MHOXECTBO U3
IATH 3JIEMEHTOB?

2. 3aKOHUYNTH (hpa3y: «(MHOXKECTBO A He SBJISETCS TOAMHOXE-
CTBOM MHOXECTBa B, eciiu CyLIecTBYeT . ..».

3. VYkazaTh Bce mapbl «IOAMHOXECTBO — MHOXKECTBO» CPEIU
CIIENYIOLIMX CEMM MHOXKECTB: LEJIbIE 4YUC/a, OeIdliuecs Ha 2,
Ha 3, Ha 6, Ha 4, Ha 9, Ha 12, Ha 18. Ckoneko Takux map?

[Mycrs mauer gBa muoxecrBa A u B. Ux mepeceyenne A N B
COCTOUT W3 BJIEMEHTOB, IPHUHAJIEXAIIUX OOOMM MHOXKECTBaM;
o6renquneHne A U B — u3 oieMeHTOB, NpuHAiIEXaIUX XOTs Obl
omHoMy u3 MHOXecTB. PasHocts A \ B cocrour us aiementos A,
He NpuHAJIeXalyx B; cummerpudeckas pazHocte A A B — u3
BJIEMEHTOB, MTPUHAJIEXAIINX POBHO OJHOMY M3 MHOXeCTB A u B.
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4. 3anonauTh Tabnuily

x€EA|xeB|lxe AnB|x € AUB|x € A\B|x € AAB
HET HET
HET na
za HeT
na na

5. Jlomonuuth cnepyouyro ¢pasy: «MHOXECTBO DPeLICHMIA
ypasrerns f2(x) + g2(x) = O sBISETCS ... MHOXECTB PelICHHi
ypasuenus f(x) = 0 u g(x) = O» (3nauvenus f(x) u g(x) —
JIEACTBUTEILHBIE UKCIIA).

6. Kakue nBa MHOXecTBa 3ajaun 3 B TIEPECEUEHUH [AKOT
TPEThe MHOXKECTBO U3 TOM Xe 3agaun?! CKOJIBKO PEIEHNIT UMeeT
ara 3agaya’ (Bce Tpu MHOXeCTBA [OJIKHBI GBIT PA3HBEIMAU. )

7. 3amucats BhIpaxenue A A A B, ncnonesyomee onepa-
i U, Nm \.

8. Kakme u3 pasencts (a) AU(B\C) = (AUB)\ C;
(6) AN(B\C) = (ANB)\C; (8) AU(B\A) =B; (r) AU(BN
NC)=(AUB)N(AUC); (m) A\(BNC) = (A\B)U(A\C)
BepHbl 1ist Beex A, B u C?

9. Ynpocruts Buipaxenue A A (B A A).

10. Jokazats, uro (A AB)A C=A A (BA C) ansa nobeix
Tpéx muoxkectB A, B u C

11. Tokazats, uto AAC C (AAB)U(BA C) gis nobeix

Tpéx muoxkectB A, B u C.

E I S

12. Jlonosiauts (hpasy: «MHOXECTBO DEIIEHWIl YPABHEHHWS . . .€ECTh
obberHeHre MHOXECTB pellleHuii ypaBHennid f(x) = 0 u g(x) = O».

13. Hamucats BIpaxkeHHe AJIi MHOXECTBA, COCTOSIUETO U3 TEX W
TOJIKO T€X BJIEMEHTOB, KOTODBIE MPUHAJJIEXAT POBHO OJHOMY W3 TPEX
muoxectB A, B u C.

14. Tokasats, yto A1 AA; C (A1 AA)U(A2 AA3)U...U
U(Ae A A7)

15. JIokazaTs, uto 3HaYeHue BoipakeHusd A1 AA2 AA3A ... AA,
HE 3aBHCHUT OT PACCTAHOBKH B HEM CKOOOK.
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16. Kakue u3 yetsipéx onepaimii U, N, \, /A MOXHO BBIPa3UTh Yepes
TpH ocTaBuIMecs?

17. (Ilpogomxkenne) Ykazars BCe Cily4yau, B KOTOPHIX OJJHY U3 YE€THI-
PEX YKA3aHHBIX OMEPALMIA MOXHO BHIDA3UTH YEPE3 [BE JAPYTUX OIEPALUU
u3 Toro Xe crnucka. CKoJIbKO TaKux ciiydaen?

18. CkosbKO pa3jIMuHbIX BhIPaKEHMi MOKHO COCTaBUTb U3 OYyKB A
u B ¢ momoupo onepamuit N, U, \? Tor ke Bompoc mis ciiydas TPEX
6yks A, B, C. Tor xe Bonpoc ams n 6yks. ([IBa BepaxkeHus cUUTAIOTCS
OJIMHAKOBBIMH, €CJIM OHU OOO3HAYAIOT OJHO M TO XE€ MHOXECTBO NP
BCEX 3HAueHUAX nepemenHbix. Hampumep, soipaxenus A N (B \ C) u
(AN B) \ C oguHakoBbl.)

19. MuoxectBo U3 3 27eMEHTOB UMeeT 8 moaMHOXecCTB. M306pa-
3UTh UX B BUE 8 TOUEK IJIOCKOCTH C COOJIIONEHMEM TAKOTO MpPABUJIA:
U1 MobBIX ABYX moaMHoXecTB A U B mouku A, B, ANBu AUB
SIBJIIIOTCS. BEPIIMHAMM MapajulesiorpamMMa (BO3MOXKHO, BbIPOXIAIOIIErO-
Csl B OTPE3OK WM TOYKY). HapucoBars aHasormynyio KapTuaky mis 4
3JIEMEHTOB BMECTO 3.

20. Kakoe MakcuMaJIbHOE YHCIIO TOAMHOXKECTB 4-3JIEMEHTHOIO MHO-
JKECTBA MOXHO BBIOPAThH, €CJIM TPEOYETCst, 9TOOBI HU OJIHO U3 BHIOPAHHBIX
MHOXECTB HE ObIJIO OB MOJAMHOKECTBOM APYroro?

21. (Tlpomomxenue) Tor xke Bompoc s 100-a5eMEHTHOrO MHO-
XKecTBa.

22. Kakue u3 paBeHCTB 33724 8 BEpHBI XOTS Obl B OIHY CTOPOHY
(meBast yacTh BCerga eCTh MOJMHOXECTBO MPABOM WM HA060pOT)?

Yucsio s1eMEHTOB

UYucro aieMeHTOB B MHOXeCTBe A (€C/I OHO KOHEUHO) 060-
3HayawT |Al.

1. Cxonpko uncen or 1 go 1000 memurca ma 2?7 Ckombko
uncen ot 1 go 1000 genutca ma 37 Ckomapko umcen ot 1 go 1000
genurcs v Ha 2, wi Ha 37

2. Jlokasats, uro (a) |AUB| = |A|+|B|—|ANB| s mobeix
KOHeuHbIX MHOXeCTB A, B; (6) max(m,n) = m+n—min(m,n)
I1s o6bix AByx uncesn mu n; (B) S(AUB) = S(A) +S(B) —
—S(A N B) ana mobeix aByx ¢duryp A, B Ha miockoctu (31ech
S(F) — mnowaap duryps F); (r) HOK(m, n)=mn/HOH(m,n)
U1 JMOOBIX ABYX LIEJIBIX HOJIOXHUTENBHBIX YKMCe M U N (374ech
HOK — naumensbiuee obuiee kpataoe, HOI — waunGosbiunii 06-
LT JEJTUTENB ).
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3. Buibpanu ueTbipe MHOXECTBA, KaXIO€ U3 KOTOPBIX CO-
nepxut 40 aeMeHTOB, a X OOBEAMHEHHE CONEPKUT HE Gosiee
100 anemenrtoB. [lokasaTh, 4TO mepecedeHMe KaKMX-TO [BYX W3
Hux uMeer He MeHee 10 anemenrtoB. Kak copmynmnposats ana-
JIOTUYHYIO 3a7a4y IS TUIOIA e !

4. O6weauuenve 10 ¢uryp umeer miowaas S. [lokasats, uro
MOXHO BBIOpATh W3 HUX / TaK, YTOOBI UX OOBEIUHEHHE KMETIO
mowa s He MeHee (7/10)S. Kak copMynupoBaTs aHaIOTHYHYIO
3aa4y IS YUCSIa 9JIEMEHTOB?

5. Jlokazats «hopMyIty BKIIIOUEHUI M UCKJTIOYEHUI ISl TPEX
mHoxectB A, B, C:

IAUBUC| = |A|+|B]+|C|—|ANB|—|ANC|—|BNC|+|ANBNC|.

* k%

6. ChopmyiMpoBaTh U AOKA3aTh AHAJIOTUYHBIE (POPMYJIBI I 6OJIB-
IIETO YKCIIA MHOXKECTB.

7. CchopMymmupoBaTh U [JOKA3aTh AHAJIOTUUHBIE (DOPMYJIBI JJIS MaK-
CcUMyMa TPEX YMCeJI, [l IUIOmAa OObenuHeHus: TPEX (Guryp u st
HanOOJIBIIIEr0 KPAaTHOTO TPEX YMCEI.

8. @opmyJty BKJIIOYEHMI U UCKJIIOUEHUIA MOXHO JJOKA3aTh C TIOMO-
mpio Toxkaectsa (1—a)(1—b)(1—c) = 1—a—b—c+ab+ac+bc—abe.
Kak? (To xe camoe paccyxaeHue rogurcs U 1Jist GOJIBILIEro YKCIa MHO-
XKeCTB.)

Bapuamym na temy beprym

1. Yxasare HaTypampHOe N, ans koroporo 1,01™ > 10.
(Cxkompko neT Hao XAaTh, YTOOH BKa B GaHKE yAeCATepUICs,
ecyu marar 1% rogoseix?)

2. Kax et rog 1% paamoakTiBHOro BeliecTBa (OCTaBIIErO-
¢ K Havajly roja) pacrnajaercs. Jlokaszate, uro uepes 30 jer
ocranerca 6osee 70% BeliecTsa.

3. Ykaszatp HaTypanbHOe N, npu kotopom 0,99™ < 1/10.

4. YxaszaTb HaTypaabHoe N, mpu kotopom v/ 10 < 1,01.

5. YkaszaTp HaTypagbHOe N, npu Kotopom V0,1 > 0,99.

6. JlokazaTh, 4TO TIpM HEOTPULIATEJIHHOM II€JIOM TL W TpU
h > 0 semosaeno Hepabenctso (1 + h)™ > 1 + nh. Kakue
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U3 OPEABIAYLIMX 3a1a4 MOXKHO DEILNTh, COCJIABIUKMCh HA BTO He-
paBeHCTBO?

7. JlokasaTh, 4TO MpU LEJIOM HEOTPULIATELHOM T U IPU
0 < h < 1 BeimosseHo Hepasercrso (1 —h)™ > 1 —nh.

8. Jlokasats, uro 1,01%™ > n?/10%.

9. llokasath, 9TO mpU HEKOTOPOM LejioM N > 0 ymcso 1,01™
Gymet 6ompure yncaa 1000mn.

10. [Ipu kKakmMx HATypajbHBIX T BBIIOJHEHO HEPABEHCTBO
2" >n?

11. Tor xe Bompoc A/ HepaBeHcTBa 2™ > n2.

* k%

12. Kaxppiit rog 1% pagmoakTMBHOrO BemiecTsa (OT OCTABLIErOCsS
K Hauvajy rojaa) pacmagaercs. [lokasare, uyro yepes 30 JjieT ocraHeTcs
Menee 80% BelecrTsa.

13. Jlokasars, yro npu nesiom HeorpumarebioM nunpu 0 < h < 1
BBIIOJHEeHO HepabeHetBo (1 — )™ < 1 —nh +n?h?.

14. UssectHo, yt0 Q1,...,0n > 0K YO Q1 + Q2 + ...+ an =
= 1/10. Hokasars, uro

(1—a)(1—az)...(1 —an) > 9/10.
15. (Ilpoposkenne) Hokaszars, uro
(T+a))(T+a2)...(1+an) = 11/10.

16. (TIpogomxenue) Jokaszats, uro

T+a))(T+a2)-...- (1 +an) <10/9.
17. UssectHO, 4TO Q1,02,..., Q100 > O ¥ 4TO
(T+a))(T+az) ... (1+ aioo) < 100.

Hokasate, uro Haiigércs Takoe i, uro a; < 1/1i.
18. Jlokasatb, uro
1-3-5-...-99 1
24.6-...-100 - 10°
19. Bce uncna GeckoHEUHOM MOCIEMOBATENBHOCTH Qg, A1, A2, ...
nosioxuteJibHb! ¥ He mipeBocxoat 100. okazars, uro Hainércs Takoe Kk,
YTO Ak 41 /(1k <1 ,OO] .

20. JTokaszath, 4TO IIpX HEKOTOPOM I€JIOM N > O BBINOJIHEHO HEpa-
sencreo n'°° /2™ < 1/1000.
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HepaBencrBa, orneHKH, CyMMBI

1. CKOJIBKO 3HAKOB B JA€CATHYHON 3ammcy uncaa 2407

2. [1pu xaxom HaTypaapHOM N 3HauYeHme apobu 10™ /n! Gyger
Han6obIM?

3. YkazaTp LIeJI0€ MOJIOKUTEIBHOE T, IIpu KoTopoM 2™ /n! <
< 1/1000.

4. He monb3ysich KaJbKyJISTOPOM, HalTH 3 3HaKa IOCTE 3a-
nsaroii B uncnax Vv 1,001 u v 0,999.

5. Onucannbiit 0koJio Kpyra KBajpat paspesanu Ha 1000 X
X 1000 paBHBIX KBaJpPaTHKOB M OTOOpaIM T€ W3 KBaJPATHKOB,
KOTODBIE HE BBIXOAT 3a IpeAesbl Kpyra. [lokaszaTh, 4To IJIOLAab
TMOJTyYEHHOM (DUTYPBI COCTaBIISIET He MeHee 99% ot rutowau Bee-
ro Kpyra.

6. Haiiru 3nauenne (3100 44100) /(2100 1 5100) ¢ rounoctsio
JI0 MATH JECATUYHBIX 3HAKOB TIOCJIE 3allsTOM.

7. W3 50-3a4n0ro uncia u3BJIEKJIM KBaJPAaTHBIA KOPEHb, MO-
TOM €l pa3, TIOTOM OMATh — U Tak caeianu 50 pas. JJokazats,
YTO TOJTyYEHHOE UKCIIO 3aTMChIBAETCS KaK eUHUIIA, TIOCIE KOTO-
pOii CTOUT 3arsTas U Kak MuUHUMyM 10 HyJleii.

8. B nocnenoBaresroctn 2, 3,5,8,13, ... Kaxaslil cieqyro-
LM 4jieH paBeH CyMMe ABYX MHpeAblayliux. J{okasaTe, 4uro T-it
uwieH He MeHbie (3/2)™.

9. BeiscHUTD, CYLIECTBYET JIM HATYPAJIbHOE Tl, TIPU KOTOPOM
BBIIIOJIHAETCS HEPABEHCTBO

1 1 1

T+>+=+...+
n

> .
5+3 > 100

(Vkazanue: moxer jm 1/100 4+ 1/101 + ... + 1/n 6bith GoJib-
we 1/27)
10. (Ilpomomxenne) Tor ke BOIPOC [Ji HEPABEHCTBA

140,99 + 0,992 + 0,993 + ... 4+ 0,99™ > 100.

11. (Ilpomomxenue) Tor ke BOIpOC [Ji HEPABEHCTBA

1 1 1
— P— R .
T IR P S Py
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12. (TIlpomomxenne) Tor ke BOIpOC /11 HEPABEHCTBA

1
]+2—2+3—2+...+¥>100.
13. (TIpomonxenne) Tor ke BoOMpoC /19 HepaBeHCTBa
14 ] + 1 + + 1 > 100
V2 V3T ym T
* % %k
14. Tlycts an — 4mcnO 3HAKOB B AECATUYHOM 3amuch uucia 3™.
Jokasats, uro 1pobu a1000/1000 u a2000/2000 ormyarorcs ue Gosiee
yem Ha 1/100.
15. He nonb3ysck KaabKyJIATOpOM, HAUTH 4 3HaKa MOCJie 3aaTOi B
yuciax v 1,001 u v0,999.

16. Haitru 1000 31akoB mocJie 3ansoit B yucie (v/37 + 6)'°°°,

17. MoXHO 71 TIOMECTUTH B KBAPAT HECKOJIBKO HETIEPECEKAIOLIMXCS
KPYroB TaK, 4To0bl MX CyMMapHas IUIOI@ap cocrasisuia 6er Gomee 99%
IUTOI@ X BCETO KBajpaTa?

18. TlocemnoBaTeIbHOCTD CTPOUTCS TAK: [BA MEPBBIX €€ WieHa —
NPOU3BOJIbHBIE TOJIOKUTEJIBHBIE YKMCJIA, & KAX/bIA CJIEAYIOUMIA PaBeH
CyMMe fBYX mpenpiayuux. Haiftu otHomenue 10-ro uneHa K 9-my c
TOYHOCTBIO JI0 JBYX JECATUYHBIX 3HAKOB MOCJIE 3ASTON.

19. TNocnegoBareIbHOCTH CTPOMTCS TAK: MEPBOE YKCIJIO PaBHO 1, a
KaxJ0€e CJIEAYIOLIEe YUCIIO Y TOTyYaeTcs W3 MPEIbIIYIIEro X Mo hopMy-
ey = (x + (2/x))/2. Hokazars, uro eé 5-if uneH ommuaercs ot /2
MEHEE YEM HA OJJHY MUJUIMOHHYIO.

20. Iokasatb, 4To

<1+]—)n<1+]—+l+ T
n) = 1m20 Tl

21. (ITpomomxenue) [TokazaTs, 4To JIEeBast 4aCTh HTOrO HEPABEHCTBA
YBEJIMUMBAETCS C POCTOM Tl.

22. TlocnenoBaTeIbHOCTb YHCEN CTPOMTCA TaK: IEPBOE YKCIIO PaB-
Ho 1, KaxJ0e cliefyollee YHUCIIO Y MOIyYaeTcs U3 MPEAbIAYLIEro X Mo
dopmyse y = x+ 1/x?. Haiinéres v B 9TO HOC/IEXOBATEIBHOCTH WIEH,
Gospumii 1007

23. TlocnemoBaTebHOCTD YHCET X1,X2,... CTPOMUTCS IO IPABUITY
X1 =1, Xnt+1 = Xn + 1/xn. Jokazars, uto X2 > n.
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24. (Tlpoponxenue) lokazats, 9ro X100 > 14.
25. (ITpoponxenue) Haittu nesyio yacts X100-
26. BoissicHuTb, CyIIECTBYET JIM HATYPAJIBHOE Tl, TIPM KOTOPOM BbI-
MOJIHAETCS HEPAaBEHCTBO
1 1 1
1+—+—%+...+4—= 2>100.

V2 3V3 nyn
27. JlokaszaTh 4TO npy JOOOM N cyMMa

sin1+Sin2+Sin3+ sinn
—5 t—=5t.

He npesocxoaut 10. (Yl usMepsiorcs B pajuaHax. )

Maste usmenenus

1. /IBa MoJIoKUTENBHBIX YKC/Ia U3MEHIIN — KaXa0€e He 6osee
yeM Ha 1% OT ero mpexHero 3HaueHus. Moria Jin ux cymma us-
MeHuThCs 6osiee yeM Ha 10%7 6osee yeM Ha 2%7 Te xe Bormpocs!
JUIS UX PAa3HOCTU U Ui MX IPOM3BENECHMS.

2. Uncno x msmenunu He Gonee yem Ha 0,01. Jlokasats, 4ro
ero cuHyc (TO €CTh CHHYC yIJIa B X pajJiaH) U3MEHIICS He Goee
yem nHa 0,01.

3. (Ilpomosrxenne) Bepubl nu aHajorndHble yTBEPXKACHUS
JUIS KOCHHYCA U ISl TaHresca?

4. Tpu cTOPOHBI IPABUILHOIO TPEYTOJIbLHUKA U3MEHIIU He 60-
nee yeM Ha 1% xaxayo. JlokazaTs, 4To ero miowmaab N3AMEHNIIACh
He Gosiee yem Ha 3%.

5. Yucno x usmenwu e Gosiee yem Ha 0,1. Moo sm 3Ha-
yeHne X2 maMeHUThCs Gosee yem mHa 10?7 Tor ke Bompoc mis
3HaueHus /X.

6. Jloxasats, uro npu |x| < 0,001 norpemHoCTs IpUOIIKEH-
Hoit opmyitsr (1 + x)? &~ 1 + 2x me npesocxogur 1% or |x|.
(TTorpeurHoCTBIO TTPUG/TIKEHHO!N (HOPMYJIBI HA3BIBAETCS Pa3HULIA
MEX/Ty JIEBOIi M TIPABOI YaCTSIMHU. )

7. (Ilpogonxenne) Ta xe 3amava s mpubIMKEHHONU DOP-
myasl 1/(1 —x) ~ 1+ x.

8. (Ilpogomxenne) [lokaszate, uro npu |x| < 0,001 morpem-
HOCTh TpubmxeénHoit dopmyas 1/(1 —x) ~ 1+ x + x? He

npesocxoqut 1% ot x2.
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9. Tpu CTOPOHBI MPaBUJIBHOIO TPEYrOJIbHUKA W3MEHWIM He Gosiee
gem Ha 1% kaxmayio. [lokaszaTe, 4r0 pajguyC BIMCAHHOW OKPYXKHOCTH
usMeHusIcsa He 6osee yem Ha 10%.

10. Tpu cTOpPOHBI MPaBHIIBHOIO TPEYTOJIbHUKA M3MEHIIN HE GoJiee
gem Ha 1% kaxmayro. Jlokaszate, 4r0 paguyC OMMCAHHOW OKPYXKHOCTH
usMeHusIca He 6osee yem Ha 10%.

11. Tpu cropous! TpeyronpHuka usmeHuam He Gosiee yem Ha 1%
Kaxayo. Mormia M ero miomais u3MeHuThed Gosiee yeM Ha 3%7

12. Yucno x usmennnu He 6osiee yeM Ha 0,01. Morsio yin 3HaYeHHe
sin x? usmenuThCs Gostee uem Ha 17

13. Hokasatsb, uro npu |x| < 0,001 morpemHocTb NpUOIMKEHHON
dopmysel 1+ x ~ 1+ x/2 ne npesocxomur 1% ot X.

14. Tlpuaymats npubmukénnyio gopmyny mis 1 +x (mwis ma-
JIBIX X) U OIEHWUTDb €€ morpeumHocts mpu x| < 0,007,

15. Tloka3ats, 4To mpu GONBIIMX X €CTh MPUOIMXKEHHAd (OpMyIa
VX4 T—y/x = 1/(24/X): ipi x > 1000 MOrpPeuIHOCTb HE TPEBOCXOMUT
1% ot mpaBoii yacTu (OPMYJIb.

16. Jloxasats, uto npu X or O [0 71/2 BBHIIOJHEHHI HEPABEHCTBA
sinx < x < tgx. BoiBectu u3 aroro, uro npu |x| < 0,01 morpemHocTs
npubIKEHHOM hopMyIIel Sin X & X He mpesocxomut 1% ot x. (Yrust
U3MEPSIIOTCS B paJaHax.)

17. (Tlpomomxenue) okazats, uro npu |x| < 0,001 morpemHocTs
IpUGIIIKEHHON (hOpMYIEI oS X = 1 —x? /2 He mpeBocxoaut 1% ot x2.
(Yl mamepsitorest B pafipaHax.)

MaremMaTrdecKkuii aHAIA3: Pa3HBIE 33 a9l

1. Touku npsaMoit packpallleHbl B [[Ba [[BETA: YEPHBIN U GeIblil
(ectp u Te, u gpyrue). Hokazars, 9TO €CTh JBE TOYKU DPA3HOTrO
uperta Ha paccrossaum Mesbine 0,01,

2. Bce wunednl mocnemoBaTENBHOCTH X1,X2,... JIEXAT Ha
orpeske [0, 1]. Jlokaszath, 4TO MOXHO HaWTH OTPE30K JIMHON
1/1000, cogepxaliuii GeCKOHEUHO MHOTO YJIEHOB TOCJIE[OBATE Th-
HOCTH.

3. [locrenoBaTeIbHOCTD X1, X2, . . . HA3LIBAETCS HEBO3PACTAIO-
e, ecnu X1 > X2 > ..., 4 HeyObiBarowlei, ecam X1 < X2 < ...
ITokaszate, uro u3 M0G0 6€CKOHEUHOI MOCIEAOBATEIBHOCTA MOX-
HO BBIOPOCHTH YaCTh YJIEHOB TakK, YTOOBI OCTasiach GECKOHEUHAst
HeyObIBaIOIas WM HEBO3PACTAIOLIAS MTOCTIEA0BATENIBHOCTD.
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4. CyuiecTByeT 1M MOCIEJOBATETBHOCTh C TAKUM CBOMCTBOM:
mo6oii naTepBan (a,b) (roe a < b) cogepXuT 6eCKOHEUHO MHO-
IO 4JIEHOB 3TOM IOCJIEA0OBATEILHOCTH !

5. MoxeT Ji1 MOC/Ie0BaTEIbHOCT HE UMETh HU HanuboJIblie-
ro, H1 HAMMEHBILEro YjieHa?!

6. Ilokaszats, uto u3 11 GeCKOHEUHBIX NECATUYHBIX Apobeit
MOXHO BCET/[a BHIOPATh [IBe, KOTOPhIE COBMAMAIOT B HECKOHEYHOM
YKCJIE Pa3pAI0B.

7. Bce 4iieHBI TTOCIIEIOBATENIBHOCTH X1,X2, ... JIEXAT Ha OT-
pe3ke [0, 1]. [lokazaTh, 4TO MOXHO BHIGPOCUTE YACTh YJIEHOB TaK,
4TOGBI OCTaNach GECKOHEYHas TOC/IE0BATENBHOCTD Y1,Y2, ...,
ans koroporo |[y> —y1| < 1/2, lys —y2| < 1/4 u Boobue
Vi1 —uil < 1/2%

8. Ha mockoctu BeiGpano 100 paszmuunbix Tovek. [lokazars,
YTO MOXKHO TIPOBECTU TIPSIMYIO TaKUM 06pa3oM, 4ToOkl Ha Hel He
JieXasio HA OAHOW TOYKH, IO OAHY CTOPOHY Obiio 43 TOYKH, a 1Mo
Opyryio — 57 Touex.

9. Haiitu koahduiiients! a U b, eC/id U3BECTHO, UTO MpsMas
Yy = ax + b npoxogut 4yepes Touky (1,1) u uMeeT eqUHCTBEH-
HyI0 06LIyI0 TouKy ¢ napabonoii Yy = x2. Hapucosats npsmyio u
napaboJjly Ha OJJHOM YEpPTEXE.

10. Haiitu xoadurvents: a u b, eciv U3BECTHO, YTO TpsiMast
Yy = ax+ b npoxogut yepes Touky (2, 1/2) u uMeeT e UHCTBEH-
HyI0 06u1yio TouKy ¢ runep6osoii Yy = 1/x. Hapucosats npamyio
U runep6osIy Ha OIHOM YEPTEXKE.

E O

11. Bynem (B o100t 3a7a49€e) 0603HAYATH CyMMY IMGD HATYPATIBHOTO
unciia a depes s(a). IlycTs mgaHsl ABa HaTypasbHBIX YKMCIa A U b, mpu-
uém a < b u s(a) < s(b). [TokazaTte, 9T0 Ha OTpE3KE OT A 4O b MOXHO
HAWTH HATYPAJIbHOE YKCJIO C 000 HAMEPEN 3aJaHHOM CyMMOit nudp B
unrepsa’e ot s(a) mo s(b).

12. JlaHsl mOC/IEMOBATEIBHOCTH HATYPAJIbHBIX YMCEN A1, d2,...;
bi1,ba,...; ¢1,c2,... HokaszaTh, 4TO MOXHO HaiiTH ABa HOMepa i u j,
JUIsL KOTOPBIX 1 < j, M IpH 9TOM a4 < a4, bi < bj u ¢i < ¢j.

13. Oynkuusa f cTaBUT B COOTBETCTBHE KAXIOMY JEACTBUTEIHHOMY
YKCITy X HEKOTOPOE fekicTBuTebHOE uncio f(x ), mpuuém |f(y)—T(x)| <
< (y —x)? s Beex x n y. Yro MoxHO ckasaTh 0 (yHKIM 7
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14. Yacts nnockocTd, Haxoagmascs Mexay rpacMKoM TUrepOosIbl
y = 1/x u oceio abcmuce, pasfiesieHa Ha KYCKH BePTHKAJIbHBIMU IIpS-
mbiMi ¢ aberpccamu 1, a, a?, a®,... (nge a > 1 — HeKoTOpOe YmcIo).
JokaszaTh, 4TO IUIONIAU BCEX KYCKOB PaBHBI.

15. (ITpogonxenune) Byner nu yacts mI0cKOCTH, OrpaHUYEHHAS IPa-
dukom runepGosst Yy = 1/x, ocblo abeuuce u npsamoit x = 1, umers
KOHEYHYIO Ui GECKOHEUHYIO TUIOAb !

16. (ITpomonmxenne) Wcnonbsys npemsayinyio 3amady, JOKa3aTh,
gro cymma 1 +1/2+1/3 + ...+ 1/n moxer 6brts 60sbure 1000.

17. (TIpogonxenne) ChHopMyMpoBaTh U PEIIUTh AHAJIOTUYHbIE 32-
naum i KpuBoit y = 1/(x/X).

18. Ilycre S1 — muromaap hurypsi, OrpaHUIEHHON TPAdUKOM Y =
= x2, ocpio abenuce 1 npsimoit X = 1. [Tycts S, — miowanp Guryps,
OrpaHMYEHHON rpadukoM Y = /X, OCbIO abcuuce W mpsamoit x = 1.
Haitru S1 + S>.

19. [lokasars, 94T0 HE BCAKOE IEJIOE MOJIOKUTEIBHOE YHCIIO, HOJIb-
mee 1000, MoXxHO mpeacraButh B Buge 2° + 3Y + 47 +5% + 6V +w,
rae X, Y, z, W,V — LeJIble MOJIOXMUTEJIbHBIE YNCIa, @ W — LEJIOe M0JI0-
XUTEJIbHOE uncio, menburee 1000.

3a/jaum yCTHOrO 9K3aMeHa

DK3aMeH IPOBOIUJICS IO CIIEAYIolel cxeMe. Kax aplit nIkosTb-
HUK B HavaJie 9K3aMeHa MojTyda 4 3aaui u3 HEKOToporo Habopa.
Jlro6yro 3amady MOXHO GbUTO pacckasarh (OQUH pa3), MOJyYrB 3a
€€ pellleHne ILTIOC WM MUHYC, JIMOO OTKA3aThCs OT 34124, IOJTy-
YUB 33 HEE HOJIb. B 1I060M Cllydae 3aa4ya 3aMeHsIaCh Ha HOBYIO;
TakuM 00pa3oM, B TEUEHHE BCEro 9K3aMeHa y IIKOJIbHWKA OBIIO
4 Hepel€HHBIX 3a1a4M.

Yacte 3amau Gblyla B3siTa U3 JINCTOYKOB IMEPBBIX OBYX JIET.
Kpowme Toro, mpemaranncek ciaeqyoupe 3amaqm:

1. KoMmrmosuipst 1 cuMMeTpuii paBHAa KOMITO3ULKA T CUMMe-
tpuit. YT0 MOXHO ckazath mpo m u n?

2. Toukn A u B HaxomsaTcst B MPOTUBOMOJIOXHBIX YETBEPTSIX
nmepekpectka aByx mopor. Haiitm kparvaitmmii Mapmpyt uz A
B B, eciu [oporu MOXHO MEPEXOUTh TOJIBKO MEPIEHAUKYIISIPHO.

3. B yrom o« mMexnay aByMs 3epKajaMyd BJIETEN COJIHEYHBIN
JIyd 1 He Tiomnaj B Bepumny. [{okazaTh, 4To OH BBIJIETUT OGpaTHO.
ITpn KakMX X OH BBIJIETUT B TIPOTHBOIOJIOKHOM HAMPABJIEHUN
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4. JloxaszaTth, 4TO CyIECTBYET GECKOHEYHO MHOIO HATypaJjib-
HBIX YKCEJI, HE MPEICTABUMBIX B BHUIE CyMMbl TPEX KBaJpPaTOB
HATyPaJIbHBIX YUCEJL.

5. JlokazaTh, 4TO CyLIECTBYET GECKOHEYHO MHOTO HATYpaib-
HBIX YHCEJ, HE TIPEJCTAaBUMBbIX B BHJE CYMMBI BYyX KBaJpaToB
HATyPaJIbHBIX YUCEJL.

6. JlokazaTh, 4TO CyLIECTBYeT GECKOHEYHO MHOTO HaTypalib-
HBIX YMCEJI, HE MPEICTABUMBIX B BUIE CyMMBbI TPEX KyOOB HaTy-
PAJIBHBIX YHCEJT.

7. HdokasaTbh, 4TO CyLIECTBYET GECKOHEYHO MHOIO HATypab-
HBIX YHKCeJI, HE TIPEJCTABUMBIX B BUIE CYMMBI [ABYX KyOOB HATy-
pasbHBIX YUCEIL.

8. Haiitn menble M U N, He paBHBIE HyJIO, TAKKME, YTO |M +
+nv/5] < 0,001.

9. Haiitnt niesiele M ¥ M, He paBHBIE HYJIIO, TAKUE, YTO [T +
+mv7] < 0,001.

10. Haiitu cymmy k-x cremeneii Bcex KOpHeE N-ii CTENEHU U3
€IMHMULIBL.

11. Haittu cymmy

142243224 ...+ (n+1)2".

12. Tpu kakux z, w € C paccrosiHre MeXIy TOYKAMU Z U W
GOJIBIle PACCTOSHUS MeXIy z° 1 W ?
13. Haiitu cymmy 1-2+2-34+3-4+...4+99-100.
14. Haittu cymmy
1 1

1
13724735 T eg 100"

15. Haiitu cymmy

1 1 1
1237234 " Ty mo)n
16. Haiitu Bce takue z € C, uro z, z%, z3 u z* oBpasyior
KBajpar.

17. Kakoe naubosnbliee 3HaYEHNE MOXET IPUHUMATH CyMMa
la—b|+b—c|+|c—d|+|d—e|+|e—al, ecom uncna a, b, ¢, d, e
niexar Ha orpeske [0,1]7
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18. Haiiti MunumyM Boipakenus a4 (a—b)2+ (b—c)2 +
+(1=c)2

19. CyecTtByIor Jin Takue 4mciia X U |, 4To Siny — sinx =
= (y —x)/577

20. lokaszats, 4TO €CJI TPEYTOJILHUK HE SIBJIIETCS PABHOCTO-
POHHIM, TO CYIIECTBYET APYTOi TPEYrOJbHUK TON Xe IJIOLann
1 MEHBILErO MEPUMETPA.

21. lokaszaTh, 4TO €CJIM TPEYTOJILHUK HE SIBJIIETCS PaBHOCTO-
POHHIM, TO CYIECTBYET APYTOii TPEYTOJBHUK TOTO XK€ TEPUMETPa
1 GOMbIIEH IIJIOIA M.

22. CkoJsbKO CyIECTBYeT TPOEK LieJIbIX umcena {a, b, c}, aus
koropeix 0 < a<b<<ecg10?

23. JlokazaTh, 4TO KOJIMYECTBO TPOEK LIEJbIX YKces {a, b, c},
s xoropeix 0 < a < b < ¢ < 10, paBHO KONUYECTBY TPOEK
LeJIbIX yKcell {a, b, ¢}, a1 koropeix 0 < a < b < ¢ < 14.

24. Ha kaX[oM liare Ky3HEUYMK TMPLIraeT BIPABO WA BJIEBO
Ha 1cm mo mpsamoii. Ou cienan 17 waroB M COBUHYJICS BIPABO
Ha 9 cM. CkoybKUME crioco6aMu OH MOT 3TO CHeNaTh?

25. Haittn MakcuManbHOe 3Ha4YeHne TTpousBeaenns ab, ecnn
a u b — HeoTpHLATE/IBHBIE [EWCTBUTE/ILHBIE YNCTA W, KPOME
toro, a+2b < 1.

26. Bce 1iecTh KOOPAWHAT BePIUVH TPEYTOJILHUKA — LIENbIE
yncaa, U ero wiowaas pasdHa S. Jlokasate, yro umciio 2S5 —
LIEJIOE.

27. Tlo kpyry HammcaHO HECKOJBKO YHCEN, U KaXO€ €CTh
cpefHee apudMeTHIecKoe AByX coceneil. [lokaszarth, 4rto Bce 4n-
CJla paBHBI.

28. Ects 10 pesnbix yncest. Beerga jm u3 Hux MOXHO BBIOpaTh
HECKOJIBKO YHCEJI, CyMMa KOTOPBIX JeJIUTCS Ha 77

29. Ects 10 uenwix uncen. Beerma ym v3 HUX MOXHO BbI-
6path 5 umces1, cyMMa KOTOPBIX A€JNUTCS Ha 77

30. Moryt nu B nocneaoBareapbHocT Orbonayun fABa yKcia,
CTOsIIE Yepe3 OJHO, 06a genuthes Ha 177

31. Jlokasars, yto ecau uucio a2 + b2 penwrcs Ha 7, 1O
a? + b? penurcst Ha 49 (a u b — nesnbie ynca).

32. MoxeT 11 B MPSIMOYTOJIbHOM TPEYTOJIbHUKE C LEJTBIMA
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CTOPOHAMH TUIIOTEHY3a OBITh YETHOM, a OJUH U3 KATETOB — He-
YE€THBEIM?

33. MoxXHO 11 OCTPOUTh Yyrou B 7°, umes yroua B 37°7

34. Ha kakoe MakcuMajbHOE YHCJIO YACTEW MOTYT MEJWThH
MIOCKOCTh 17 OKpyKHOCTEN?

35. Kaxoit ocratok gaér umcno 12 +2% 432+ ...+ 572 npu
nenesvy Ha 77

36. BoiBalor M Takue TpU OTpe3Ka, YTo JIoOble [Ba U3 HUX
HECOU3MEPUMBI !

37. Haiitu umcio 3HaKOB B JecATHUHOIM 3ammcu uncia 3'00 ¢
oumbkoit He G6osiee yem B 10%.

38. Ckomnpko umcen or 1 mo 1000 B3amMHO mpOCTO C Y-
ciom 10017

39. Haiitu cymmy 1 +3+5+7 4 ...+ 999.

40. Bcerpa ym cpeau 100 mesbIx Ymces MOXHO HaiTH JIBE
pasJInuHble TPYIIIE ¢ OJUHAKOBOM CyMMOIA?

41. Beerga ma cpequ 100 mecTM3HAYHBIX YHCE]T MOXHO HANTH
JIBE HENEPECEKAIOIMECS TPYNIbI C OAMHAKOBOI CyMMOI?

42. Jlokaszath, 4uto B 11060i1 cTpoke TpeyroibHuka [lackans
CyMMa UJIEHOB C YETHBIMU HOMepaMu (CUMTas OT Hayaja CTPOKH)
paBHa CyMMeE YJIEHOB C HEYETHBIMU HOMEDPAMHU.

43. Jlokasats, 4T0 B TpeyroybHuke [lackang ectb 6€CKOHEYHO
MHOTO CTPOK, B KOTODBIX BCE YMCJIa HEYETHHI.

44, Jlokazate, uro joboe Lesoe uucio pybreit, 6omee 400,
MOXHO 3aIUIaTuTh Kymopamu 1o 17 py6neit u 19 pyGreit (6e3
chaum).

45. Tlo xpyry crost 7 4mces, cymMma JIOOBIX TPEX MOAPSL
naymmx 6onpue 5. Jlokaszars, 4To cymma Beex umcen Gonpie 11.

46. UsBectro, uto a2 +b%2+¢c2 =9, a+ b +c = 5. Haiitu
ab + bc + ac.

47. Ha okpyxHoctu nioMeueHo 10 Touek. CKOIBKUMU CTIOCO-
6aMy MOXHO TIPOBECTH 5 HEMEPECEKAMIMXCS XOP/ C BEPLIMHAMUI
B 9THX TOYKax?

48. OkpyxHOCTh paguyca 27T HAPUCOBaHA Ha KJETYATOi Gy-
Mmare co cropoHoii 1. Kakoe MakcumasibHOe 4YMCIIO KJIETOK OHA
Moxet repecekatb? (CunTaroTca NUIb MepecevYeHns ¢ BHYTPEH-
HOCTBIO KJIETKH. )
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49. MoxHO 11 TIPOBECTH MPSMYIO Ha KJIETYaTol OGymare, KO-
TOpas MPOXOAUT POBHO YEPE3 OIUH Y3€i?!

50. MoXHO 11 MPOBECTH MPSAMYIO Ha KJIETYATOM Gymare, KO-
TOpas MPOXOJUT POBHO uepes 1Ba y3ia’?

51. MoxHo /i1 MPOBECTH MPSMYIO Ha KJIeT4aroil Gymare, Ko-
TOpas He MOJAXOJUT HHU K OJHOMY y3i1y 61mxe yem Ha 1/10 cro-
POHBI KJIETKI?

52. MoxXeT 1 OKPyKHOCTb IPOXOAUTh Yepe3 12 Toyek miioc-
KOCTH C LIeJILIMA KOODJAHATAMU?
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Haunnas ¢ storo rona, JOMOIHATEBHBIE 3aJaYi HE BBIHOCH-
JIACh B KOHEI JIMCTKA, a IPOCTO OTMeYanuch 3é3goukamu. Cpe-
[l 3THX 33134 €CTb ¥ BECbMA TPYIHBIE, KOTOPHIE PELIMIN JIMILb
HEMHOTHE CHJIbHBIE LIKOJBHUKH. DK3aMEH B BTOM rofy ObLT Teo-
petndeckuM (B GuiieTe GBIJIO gBa BOMpPOCA W 3a]ayn); B TEOpe-
TUYECKYIO YaCTh BXOAWJIM HEKOTOpBIE TEMBI JIEKIMiA (CM. TJIaBy
«[TorryapHble MEeK1MK MO MaTeMaTUKE» ). MBI IPUBOAYM B KOHIIE
I[JIaBBl IPUMEPHYIO IIPOrPaMMYy 3K3aMeHa.

Bizaumno-oma0o3HauHbIE cooTBeTCTBHsA. CUéTHBIE
MHOXECTBa

Ecnu mexay aiementamu (KOHEYHBIX) MHOXECTB A U B MoX-
HO YCTAHOBWUTh B3aUMHO OJHO3HAYHOE COOTBETCTBHE (KaXIOMY
BJIEMEHTY OJHOTO COOTBETCTBYET POBHO OJWH JJIEMEHT APYIOro),
TO MHOXECTBA COIEPKAT PABHOE YUCJIO BJIEMEHTOB.

1. Ha okpyxnoctu Bei6pano 100 touek. [lokaszate, 4To 4m-
C10 57-yroJbHUKOB C BEPIUMHAMM B BBIOPDAHHBIX TOYKAX PaBHO
KOJINUeCTBY 43-YroJIbHUKOB C BEPUIMHAMU B BHIGDAHHBIX TOUKAX.

2. Jlokasats, 4TO KOJIMYECTBO MOCIIEA0BATEIBHOCTEN U3 HYJIEi
n equany gymebl 100, B KOTOPBIX YMCIIO €AWHUL] HEYETHO, PaB-
HO KOJIMYECTBY IIOCJIEOBATEIbHOCTEN U3 HyJIE U €IUHUL| K-
Hol 100, B KOTOPBIX 4MCIO €OUHHML 4éTHO. Kakomy ToxpaecTBy
711 GMHOMMAJIBHBIX KO(D(MUIIEHTOB COOTBETCTBYET BTO YTBED-
X eHue?

3. IInst Kax40ro LEJIOro MOJIOKUTETBHOTO YUC/Ia L OACYNTa-
€M YHCJIO €r0 LEJIBIX MOJIOKUTENbHBIX aenuTeneii. Jlokasats, 4To
BTO YKCJIO HEYETHO TOrJA U TOJIbKO TOr[A, KOrga N — TOYHBIA
KBajpar.

4* KoopauHaTtHas IJIOCKOCTh pa3buta Ha KJIETKH pasMmepa 1 X
X T (yruIBl KJIETOK UMEIOT LieJIble KoopauHaThl). (a) lokasats, yto
4yKC/Io MyTel (MO CTOPOHAM KJeToK) MmuHbl 18 u3 Toukm (1,0)
B Touky (10,9), umerouux xota 661 OgHY O6ILYI0 TOUKY C AMa-
FOHAJIBI0 |y = X, PABHO YHUCIy BCeX mImyTeil muHbl 18 u3 Tou-
ku (1,0) B Touky (9,10). (6) Haittu uucno nyreii quusl 18
w3 touku (1,0) B Touky (10, 9), mpoxoasimx LEeJUKOM B 06ia-
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cru Yy < X. (B) Hailtu konuyecTBo paszimyHbIX MOCIIEOBATEI b~
socreii u3 10 Hyneii u 10 equanL, B KOTOPBIX JTI060M HAYaIbHBINA
OTPE30K COJEPXKUT HE MEHbLIE HyJIEH, yeM enunul. Kakyio gomo
COCTaBJISIIOT OHM CPEOM BCEX MOCJeqoBaTebHocTeit u3 10 Hyeit
u 10 equuni?

5. Jlokazate, 4TO YHMCIIO COCOBOB pa3pe3aTh N-YrojbHUK HA
TPEYroJbHUKM, MPOBEs HENEPECEKAIOIMECS AUArOHAJIM, PABHO
YUCITy CIOCOBOB PAaCCTAaHOBOK CKOBGOK B Mpom3BeAeHMH 1N — |
comHoxwuTeNiell (6e3 m3meHeHus ux nopsiaka). Hampumep, nsaru-
YIOJIBHUK MOXHO pa3pe3aTh Ha TPEYrOJIbHUKH MSThIO Criocoba-
MU, U B mpousBeaeHur abcd ecTh MSTh PacCTaHOBOK CKOOOK:
(ab)(cd), (a(bc))d, ((ab)c)d, a((bc)d), a(b(cd)). (Ykaza-
HME: COMHOXMTEJM MOXHO IHCATh HAa CTOPOHAX, a IIPOU3BEJE-
HUS — Ha JUaroHajsix.)

6* Haittu copmysy muig uucna crioco6oB B 3aaue 5.

BsanmuO OHO3HAYHOE COOTBETCTBHE MOXHO YCTAHABJIMBATH
U MeXy GECKOHEYHbIMM MHOXecTBaMu. Ecim [ qaHHBIX OBYX
MHOXECTB 9TO BO3MOXHO, MHOXKECTBA HA3BIBAIOT PABHOMOILHBIMU
(MMeroLUMI PaBHYIO MOILHOCTB).

7. YcTaHOBUTH B3aMMHO OJJHO3HAYHOE COOTBETCTBHE (a) MEX-
Iy MHOXECTBOM LIEJIBIX YHCEJT I MHOXKECTBOM YETHBIX LIEJIBIX Y-
cer; (6) MeXIy MHOXKECTBOM LIEIBIX YMCET M MHOXECTBOM HEO-
TPULATE/bHBIX LEIBIX YKcell; (B) MEXy MHOXECTBOM IIPOCTBIX
YKCEJI U MHOXECTBOM COCTABHBIX HATYPAJIbHBIX YKCENT; (I') MEXIY
MHOXECTBOM LIEJIBIX YMCET M MHOXECTBOM TOYEK Ha ILIOCKOCTH,
06€ KOOPAWHATHI KOTOPBIX LIEJTBIE.

8. YcraHOBUTE B3aMMHO OJJHO3HAYHOE COOTBETCTBHE (a) MEX-
Oy oTpeskamy pasHoil aymuebl (Hampumep, [0,1] u [2,4] Ha um-
cropoii ocu); (6) mexay matepsanom (0,1) m mydom (1, +00)
Ha 4JucsoBoit ocu; (B) mexay unrepsasioMm (0,1) u Bceit uuco-
Boil ocbio RR; (r) MeXay OKDYXHOCTBIO M TPaHUIIENl KBaapara;
(m) Mexnay kpyrom u KBaapaToM (BHYTPEHHOCTH BKJIIOUAIOTCS ).

9. YcraHOBUTH B3aMMHO OHO3HAYHOE COOTBETCTBHE MEXIY
MHOXECTBOM BCEX GECKOHEYHBIX IIOCJIENOBATEILHOCTEN HyJIElH U
€IMHMUL] 1 MHOXECTBOM BCEX IOAMHOXECTB HATYPAJIbHOrO PAfa.

10. YcraHoBUTh B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY
MHOXECTBOM BCEX OECKOHEYHBIX TOCJIENOBATEIBHOCTEN HYJIEH U
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€MHMNL ¥ MHOXECTBOM BCEX GECKOHEYHBIX MOCIIEI0BATEIBHOCTEN,
cocrasjeHHbix u3 uudp 0,1,2, 3.

11 Tor xe Bonpoc, eciu Bmecro uudp 0, 1,2, 3 paccmarpu-
Bath 1ugps 0, 1, 2.

12* Yxasars muorousied P(x, ), ycTaHABIMBAOILWIA B3aMHO
OJIHO3HAYHOE COOTBETCTBUE MEXKIY MHOXKECTBOM IIap HEOTPULA-
TEJIbHBIX LIEJIBIX YKCEJ M MHOXECTBOM HEOTPULIATENILHBIX LIEJIBIX
YKCET.

MHOXECTBO Ha3BIBAETCS CYETHBIM, €CJM OHO DPAaBHOMOLIHO
MHOXECTBY HATYpaJIbHBIX 4Ynces (OPYTvMU, CJIOBAMH, €CJI €ro
DJIEMEHTHI MOXKHO TIEPEHYMEDPOBATH).

13. JlokasaTh, 4To JIIOOBIE [Ba CYETHBIX MHOXKECTBA PaBHO-
MOILHBI.

14. Jlokazatb, uTo M1060€ GECKOHEUHOE MHOKECTBO COJEPKUT
CYETHOE TTOAMHOXECTBO.

15. Jlokazath, 4T0 BCSIKOE GECKOHEYHOE MOMHOXKECTBO CYET-
HOT'O MHOXK€ECTBA CYETHO.

16. oxasath, uTo O6beAMHEHHE ABYX HeIepeceKaloluXcs
CYETHBIX MHOXKECTB CUETHO.

17. okasate, uro oObequHeHNEe JIFOOBIX JBYX CUETHBIX MHO-
JKECTB CUETHO.

18. Jokazarh, 4T0 OOBEOAUHEHNE KOHEUHOrO WM CYETHOrO
YKCJIa KOHEYHBIX MJIM CUYETHBIX MHOXKECTB KOHEUHO MJIM CYETHO.

19. JlokasaTb, uto (a) MHOXECTBO Bcex map (m,m) Harty-
panbHBIX Yrces1 (TOYeK Ha MJIOCKOCTH, 06€ KOOPAUHATH KOTOPBIX
HaTypaJIbHBIE) CYETHO; (6) MHOXECTBO PalMOHAJIBHBIX YHCesT (OT-
HOILEHUIA LEJTBIX YKCEJT) CUETHO; (B) MHOXKECTBO BCEX MEPUOLMAYE-
CKHX JECATUYHBIX Apobeil CY4ETHO; (I') MHOXKECTBO BCEX KOHEYHBIX
MOCTIEZIOBATENIHOCTEN HyJIEl W eOUHMI] CYETHO; (1) MHOXECT-
BO BCEX KOHEUHBIX MOCJIEJOBATEIBHOCTEN, SJIEMEHTAMY KOTOPBIX
SBJISIIOTCS LIEJTbIE YKCJIA, CYETHO.

20. Yucno KkopHei MHOTOYIEHA CTEMEHH T HE TIPEBOCXOMNT TL.
Ucnosneays aTor (hakT, AOKA3aTh, YTO MHOXKECTBO ajarebpaudec-
KHX 4YHCEJI, TO €CTh YHCEJI, SABJISAIOLIMXCS KOPHSIMU HEHYJIEBBIX
MHOTOYJIEHOB C LEIBIMA KOB(MMUIUEHTAMU, CUETHO.

21. [lokaszate, uto eci A GECKOHEYHO, a B KOHEUYHO WM
c4éTHO, To A U B paBHOMOIIHO A.
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22. YCTaHOBUTH B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXIY
unrepsasnoM (0, 1) u nmonyunrepsanom [0, 1).

23. Jlokaszath, 9TO MHTEpBa) (HA YMCJIOBOW OCH), OTPE3OK,
BCS YKCJIOBasi OCb M OKPYXHOCTb PABHOMOILIHBI.

24. Jloka3aTh, YTO MHOXKECTBO BCEX TOUYEK TJIOCKOCTH PaBHO-
MOILHO MHOXECTBY BCEX IPAMBIX Ha ILJIOCKOCTH.

25. JlokazaTh, 9YTO OTKPHITEI KPyr (Kpyr 6€3 rpaHuiibl) paB-
HOMOLIEH KPYTy C IPaHULICH.

26. JlokazaTh, YTO MHOXECTBO BCEX TOYEK TUIOCKOCTH PaBHO-
MOIL[HO MHOXECTBY BCEX TOUYEK KBajpaTa.

27. JlokaszaTh, 4TO MHOXECTBO UPPALIMOHANIBHBIX YUCENT PaB-
HOMOLIHO MHOXECTBY BCEX IEMCTBUTE/IbHBIX YUCEIL.

28. Jloxasats, uro [0, 1] U [2, 3] paBrOMOUIEHO [0, 1].

29. (Omnpenenenue Geckoneunoctu 1o [lenekunay) Hokaszats,
YTO MHOXECTBO GECKOHEYHO TOr[a M TOJBKO TOrA, KOrAa OHO
PaBHOMOILHO CBOeil yacTu (He COBMAJAMOIUE CO BCEM MHOXeE-
CTBOM).

30 BeibpaHO HEKOTOPOE MHOXECTBO MHTEPBAJIOB HA MPSIMOIA,
[IPUYEM U3BECTHO, YTO JIIOOBIE 1Ba MHTEPBAJIa U3 9TOrO MHOXECTBA
He UMEKT oblmx Todek. J(oKasark, YTO 9T0 MHOXKECTBO KOHEUHO
WJTA CUETHO.

31* Ha niockoctd HaprCOBAaHO HEKOTOPOE MHOXKECTBO He-
MEPECEKAIOIINXCS BOCBMEPOK (OHM HE MMEIOT OOIIMX TOYEK, HO
O[lHa MOXET LIEJIMKOM JIEXAaTh BHYTPU Apyroii). Jlokaszartb, 4To
BTO MHOXECTBO KOHEYHO WJI CYETHO.

32* JlokazaTh, 4TO MHOXECTBO TOYEK IMJIOCKOCTH, ¥ KOTOPBIX
KOOpAWHATA X LIejIasi, PABHOMOLHO MPSMOIA.

33 * Jlokazath, 4TO MHOXKECTBO BCEX HECKOHEUHBIX TIOCIIEA0BA-
TEJILHOCTEN HyJIEN M eJUHNL] HECUETHO, HAlA crocob s J1o6o-
IO CUETHOrO MHOXECTBA MOCJIEJOBATEIBHOCTEN X1, X2,... YKa-
3aTh MOCJIE0BATEIBHOCTD, OTJIMYAKILYIOCS OT BCEX (.

34 (a) [locrpouts B3aMMHO OJHO3HAYHOE COOTBETCTBUE
mexay unrepsasiom (0, 1) u mydom (1, +00), coxpaHsiowee mo-
psamok (66sblne Yrcaa cOOTBETCTBYIOT 60mbimM). (6) MoxHO
ma caenats oto gia mHoxects (0,1) m [0,1)? (B) mns mmo-
xectB 7 (uessie uyncna) u Q (pauuonansusie yncnia)? (r) gis
muoxects Q u (0, 1)NQ? (1) mig MHOXeCTBa palMOHAJIBHEIX YK~



3apaun 19981999 rona 131

CeJl ¥ MHOXKECTBA KOHEYHBIX JIECATUYHBIX APoGeit (TO ecTh yncen
Buga m/10™ npu uensix m u n)?

35* MoXHO n¥M MOCTPOWTh B3aMMHO OJHO3HAYHOE COOTBET-
CTBME MEXJY TOYKAMM TPSAMOI M IUIOCKOCTH, €Cii Tpebyercs,
4TO6BI PACCTOSHUS MEXKY COOTBETCTBYIOLIMMU MAPAMH TOYEK OT-
Jnmyanvck He 6ojiee yeM B 10 pas?

36* CymecTByeT M B3aUMHO OJHO3HAYHOE COOTBETCTBHE
f: N = N, npu koropom f(5n + 1) = 3f(n) + 1 mna scex n?

37* Hokasats, yro Beskas dyakuus f: Q — Q moxer Gbith
npeacrabieHa B BuAe cymmnl f(x) = f1(x) + f2(x) + f3(x), roe
Kaxas u3 Tpex yukumii f1, f2, f3 aBigerca B3auMHO 0HO3HAY-
ubeM cootBercTBreM Q — Q.

38* YcraHOBUTH B3aUMHO OJHO3HAYHOE COOTBETCTBUE MEXKIY
Q u Q\ {0}, coxpausrouiee nopsaok. Kak Bel gymaere, MOXHO
5 crenath To ke camoe mis R u R\ {0}7

39* okaszarh, 4TO Hejb3sI M300pa3uTh HA KapTe Y4acTOK
MeCTHOCTH (CUUTaeM 3eMJII0 LIAPOM) TaK, UYTOGHI PACCTOSHUS
MeXy TOYKaMU Ha KapTe GbUTH B OHO U TO X€ YUCIIO Pa3 MeHb-
1lle PACCTOSIHUIA MEXY COOTBETCTBYIOLIMMU TOYKAMHU HA MECTHO-
cru. ([IBa BapuaHTa: pacCTOsiHUS HA MECTHOCTH MOTYT U3MEDSTh-
€4 TIO TIPSIMO#A MJIM TIO TIOBEPXHOCTH C(PePhI; B 060UX CITydasax aTo
HEBO3MOXHO. )

Konrposmbraas pabora (21 cenrs6ps 1998 rona)

1. CkonpKo CyliecTByeT pa3iMYHBIX B3aUMHO OJHO3HAYHBIX
COOTBETCTBHIA MEXY JBYMsI MHOXECTBAMU U3 T 3jieMeHToB. (Ba
COOTBETCTBUSI Pa3JIMYHbI, €CJIA OJHOMY M TOMY K€ DJIEMEHTY CTa-
BAT B COOTBETCTBUE PAa3HBIE. )

2. JlokazaTb, 9TO BCAKOE CYETHOE MHOXKECTBO MOXHO pa3buTh
Ha TPU HETEPECEKAIOIUXCS CYETHBIX MHOXECTBA.

3. Pa36ute oTpe3ok Ha CUETHOE UYMCIIO PABHOMOLIHBIX IPYT
APYTy 4Yacrei.

4. CyéTHO MM MHOXECTBO GECKOHEUHBIX TMOCJIENOBATEIBHO-
CTeil HyJIeil U €QVHMILI, B KOTOPBIX YKCJIO HYJIEH KOHEYHO?

5. JlokaszaTh, 4TO MHOXECTBO BCEX OECKOHEYHBIX IOCJIENOBA-
TEJILHOCTEN HYJIEN M €IUHUL] PABHOMOLIHO MHOXECTBY BCEX Oec-
KOHEUHBIX TIOCJIENOBATEIbHOCTEN HATYPAJIbHBIX YKCE.
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6. YCTaHOBWUTH B3aMIMHO OJHO3HAYHOE COOTBETCTBHE MEXIY
MHOXECTBOM BCEX JIydell M MHOXECTBOM BCEX OKPYXKHOCTEN ITo-
JIOXKUTEJIBHOrO pazuyca (Ha IJIOCKOCTH).

7. [lokaszaTh, 4TO BCAKOE MHOXECTBO HETMEPECEKAIOIINXCS KPY-
rOB Ha IUIOCKOCTH CYETHO.

8. JIroboe 1 MHOXeCTBO HemepeceKaouxcs 6ykB T cu€THO?

IMocnenoBaremsHOCTH
[MocneqoBatensHoOCTh A, A1, A2, ... HA3BIBAETCS OrPaHUYEH-
HOI CBEpXY, €CJM CyLUECTBYET €€ BEPXHHAS I'PaHb — TaKOE Yu-

CJI0 C, YTO BCE YWIEHBI MOCJIEAOBATENBHOCTU HE MPEBOCXOAAT C.
CuMBonmyeckas 3amich 3Toro ycyiosrs (JC 03HAYAET «CYILIECTBY-
eT C», Vi o3Havaer «1is Beex iv):

Je Vi (a3 < ¢).

1. CohopmysipoBaTh OnpejesieHne OrPAaHUYEHHONW CHU3Y TIO-
crenoBatenbHoct. ChopMyMpoBaTh OMpPELEseHHe MOCIIEN0Ba-
TEJIGHOCTH, HE OTPAHMYEHHOI CBEPXY (HE WICTIOJIB3Ys CIOBA (HEY ).

loBops 06 orpaHnYeHHOI TOCIEOBATEILHOCTH, UMEIOT B BU-
Iy TIOC/IEOBATE/IBHOCT, OTPAHUYEHHYIO U CBEPXY, U CHU3Y.

2. Moxer 51 orpaHUYeHHasi MOCIEAOBATEIBHOCTh HE MMETh
HM Haubonpluero, Hu HauMmedbliero wiena? (HaunGonpumii (man-
MEHBIINI) YWIEH — TOT, KOTODPBI SBJISIETCS BepXHel (HYDKHED)
IPaHbIo. )

3. fABnsgerca nmm mocaeAoBaTENBHOCTh 0, = 10™/Nn! orpanm-
YEHHOW !

4. Tor xe BompoC JIs1 MOCIEA0BaTebHOCTH A, = 1,01™.

5....an =nZ/2m,

6....a, = Vnl.

7....an =+3+an_1,me ap = 0.

2

8 ...an=(1+1)"

9.*...an:(1+$)n.
105 ...an = (1T+ )"

11. Orpanudena  Mocjef0BaTe/IbHOCTh, 3aJaHHas (POPMY-
mamu ag = 1, anp1 = an + 1/a,7?
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12. Jlokaszath, 4T0 CyMMa U IIPOMU3BEAEHHE OTPAHUYEHHBIX 10~
CJIEI0BATE/IbHOCTEN OrPAHMYEHBI: €CJIU IOC/IEA0BATEILHOCTA Oy
u b, OrpaHuyeHsl, TO U MOCJIEAOBATEIBHOCTH C,, = Oy + bp
u d,, = a,b,, orpannyeHsl. BepHrl 11 aHasOrMYHbIE yTBEPXKIE-
HUS [IJ1 pa3HOCTH U YaCcTHOTo?

Bynem nasbiBath MHOXeCTBO M WIOBYILKOMY [IJIsl TIOC/IEJOBA-
TEJBHOCTA (g, A1,..., €CJM BCE YJIEHBI 3TOM TOCIENOBATEIHLHO-
CTU, HA4YMHAasg C HEKOTOPOIro HOMEpa, Jiexar B M. Bynem naseiBats
MHOXECTBO M «KOPMYILKOM» [IJIsl 9TOM IOCJIEA0BATEILHOCTH, €C-
JI1 OHO COJEPKUT GECKOHEYHO MHOIO YJIEHOB IIOCJIEAOBATEIILHO-
CTH.

13. Moxer 7m JoByHIKa He 6bITh KOPMYLIKOi? MOXET JIX KOP-
MYILKa He GbITh JIOBYIIKONH? MOXHO JI yTBEPX/aTh, YTO OJUH U3
orpeskos [0, 1] u [1,2] aBnsgerca JOBYIIKO, €CJIM U3BECTHO, UTO
orpesok [0, 2] asisgerca yoByuikoit? MoXHO /i1 yTBEepXaTh, YTO
omuH u3 otpeskos [0, 1] u [1, 2] apnsercs KOPMYyLIKOM, eCIu H3-
BECTHO, 4TO oTpe3ok [0, 2] aBngeTca KOpMyLIKOi?

14. Bosoaa cuuraer, 4TO MOC/IEAOBATEIBHOCTh OrPAHMYEHA
TOrJa M TOJIBKO TOr/(a, KOTrAa CyLIECTBYET OTPE3OK, ABJIAIOLIMIAC
e€ noBywkoii. [Ipas mu on?

CuMBoIMYECKas 3aMMCh: MHOXECTBO M SBIsSeTCA JIOBYLIKOM
IS TIOCJIEN0BATEIbHOCTH Ag, A1, . . . , ECJIA

IN (Vn > N) (an € M).

15. (a) 3anucars aHanOrMYHBIM 06pa30M ONpEE/IEHUE KOp-
mywkn. (6) 3akoHUnTb (hpasy: «MHOXeCTBO M He sABjsgeTcs Jo-
BYLIKOM [JIsi MOCJIE[OBATEIGHOCTH B TOM M TOJIBKO TOM CIIydae,
KOraa...» (HE UCHONb3ys CJIOB «HE CyLIECTBYET» WIH «HE IS
BCEXY).

16. CymecrByer 11 MOCIEA0BATEIBHOCTD, IS KOTOPOM JIIO-
6ol MHTEepBaJ SBJISETCS KOPMYLIKO?! [Jis KOTOPOil Jiro6oiil MH-
TEPBaJI SIBJISETCS JIOBYLIKOM?

17. okasats, 9to 11 J1I060# OrpaHMYEHHOl TIOC/IEA0BATE Tb-
HOCTH CYILECTBYET OTPE30OK UIMHBI |, KOTODBIil SIBJIIETCS €€ KOp-
MYLIKOH.

18. [lokaszare, 4ro mJis BCSAKON OTPaHUYEHHONH MOHOTOHHOI
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IOCJIEJOBATE/IBHOCTU CYILECTBYET OTPE3OK JIMHBI |, SBJISAIOLLAL-
cs €€ JIOBYLIKOIA.

Ecnu w3 mocnegoBaTeibHOCTH BEIGPOCUTD HEKOTOPBIE YJIEHBI,
COXPaHUB IOPSAJOK OCTaBLIUXCS, MOJYYUTCS €€ IIOAIOCIENOBA-
TEJIHOCTb.

19. [lokasatp, 4ro y 060i 6€CKOHEYHOM MMOCIIE0BATEILHO-
CTH €CTh MOHOTOHHAS (HEBO3pAaCTAOIIAs UM HEYObIBaoias ) 6ec-
KOHEYHAs IO/(TI0C/IEA0BATEIbHOCTb.

20X JloxkaszaTh, 4TO y BCSKOM IIOC/IEJOBATEIBHOCTH JIJIMHBI
n? + 1 cyuwecTByer MOHOTOHHAsI MOATOC/IEAOBATEIHOCTD [UIA-
HBI L+ 1, HO Y TIOCJIeJOBATETBHOCTH [UTMHE L MOXET He GhITh
MOHOTOHHOIA TIOAIOCIIEOBATEIBHOCTU AIMHEL 1L+ 1.

21. CymectByeT 1 TaKas MOC/IEJOBATETBHOCTD LEJIBIX YHCET,
4yTo Jobast pyras MOC/IEOBATEIbHOCTD LEJIBIX YUCEN SBIISIETCS
€€ MOAIOCIIEOBATENIEHOCTHIO !

22* CyuecTByer Jiu Takas TOCJIEI0BATEIHHOCTD LESBIX YH-
cesl, 4to JIIO0OE LIENOE MOJIOKUTEIBHOE YKC/IO TPEACTABUMO B
BUIE Pa3HOCTU JBYX YIEHOB 9TOI MOCIIEAOBATEILHOCTH, TPUYEM
€MHCTBEHHBIM criocobom?

23. TlocnemoBaTeabHOCTh X, X1,... TAKOBa, YTO |Xy i1
—Xn| < 1/2™ npu Beex 1. MoXeT Ji1 3Ta NOCJIEJOBATEIBHOCTb HE
61Tk orpanmdenHoii? Tor xe Bompoc, ecnu [Xn 1 — Xn| < 1/n.

24. 3aKOHYNTD OMpEeSIeHNE: MOCIIEJOBATEIBHOCTh TOUEK Ha
IUIOCKOCTH HAa3bIBAETCS OrPAHUYEHHOM, ECIIH. . .

25* Ksagparnas tabmuua 100 x 100 3amosHena ywcnamu.
3a OfWH LIar MOXHO U3MEHNUTh 3HAK Y BCEX UMCEJ OJHOM CTPOKU
WM y BCEX YMCET OHOro crojidbua. JlokazaTh, UTO € MOMOILBIO
HECKOJIbKMX TaKMX OIEPaLMii MOXHO HOOUThCH, YTOOBI CyMMBI
YKCEJT BO BCEX CTPOKAX M CyMMBI YKCEJI BO BCEX CTOJOLAxX GbLTH
HEOTPULIATEIHBIMI.

IIpenennt

ToBopsAT, Y4TO MOCNEAOBATEBHOCTD X0, X1,X2, ... HUMEET IIPE-
geq O (cTpeMHTCS K HYJTIO, CXOQUTCS K HYJIIO, SIBJISIETCS GECKO-
HEYHO MAaJIoil), eCJI IS JIFOOOro TMOMOXKUTETBHOTO YUCIa € WH-
TepBan (—¢, ¢) apisercs jopyuikoit. O6o3Hauenve: a,, — 0 (wm
lim,, 00 an, = 0).
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1. 3amucats 310 OmMpeeseHNE CUMBOINYECKH:

(Ve >0)3aN...
2. [Ipopomxute dpasy: «[locremosarensuocts ag, aq, ... He
CTPEMUTCS K HYJIIO, €CJIM. . .», HE WCTIOJIb3YS CJIOBA (HEY.

3. Jlokasath, 4To MOC/IENOBATEIBHOCT Ay, = 1/TL cTpeMuTcs
K HYJIIO, yKa3aB, Kak HaxoauTth N 1o ¢ (cM. 3amauy 1).

4. JTokazaTp, 9TO MOCIEAOBATENBHOCTS Oy = 1/N% cTpemurcs
K O.

5. Tot xe BOIpPOC /I8 MOCIENOBATENBHOCTH A, = 1/2™.

6....a, =0,99™.

7. ...an =1/2™

8. ...a, =n'0/2",

9....an, =2"/nl.

10....a, =v/n+1—/n.

11....a, = (sinm)/n.

12. Moxer nu cxogsuasicsa k O MOC/IeAOBATENLHOCT TIEPE-
cTaTth CXOAUTHC K O, €C/IU TEPECTABUTD €€ YJIEHBI?

13. locnemoBarensHoct® ag, aq,... u bg, b1, ... cTpemMsTCs
K 0. JlokasaTth, YTO MX CyMMa M Pa3HOCTh, 3a[aHHBIE (DOPMYJia-
MU C{ = Qi £ bj, Takke CTpeMATCcA K HyJIO.

14. IlocnenosatenbHoCTs A0, A7,... cTpeMurcd K 0, a mo-
CJIEI0BATEIBHOCTD b, by, ... orpannmyena. Jlokasats, 4ro mpo-
U3BEJEHUE Ci = Aib; CTPEMUTCS K HYJIIO.

15. WzBectHO, 4YTO MOCHEAOBATEIHLHOCTh HEOTPULIATEIBHBIX
4Krcesl CTPEMUTCS K Hyo. JokasaTh, 4TO IOCIIENOBATEIBHOCTD
KBaJPAaTHLIX KOPHE U3 HUX TAKXKE CTPEMUTCS K HYJIKO.

16. 3akoHunTh OMNpejesieHNe TIpe/esia TIOC/IEA0BATEIBHOCTH:
«TIOCJIEJOBATENBHOCTD X0, X1,X2, ... MMEET MPERET (i, €CIU IJis
moboro ¢ > 0 ...». O6oznauenue: lim,_,o0 Xn=0 WK X, — d.

[NocnenoBatebHOCTD, UMEKLIASA TIPEAES], HA3BLIBAETCS CXOs-
metica (K aTOMy TIpemeny).

17. Jokazath, 4TO y MOCIEAOBATEILHOCTA MOXKET OBITh TOJIBKO
OJIH TIpEefe.

18. Haittu npenen nocnemoBatensHoc™d a, = (N — 1)/n.
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19. [okazars, uro mocnemosareiabHocts 1,—1,1,—1,... He
UMEET TIPELEa.

20. Haittn npegen nociemosatensuoct /2.

21* HaiiTi npefies1 MOC/IeA0BATEHHOCTH /M.

22. Haiitu mpenesn MOC/IeqOBATEIBHOCTH, 3aJaHHONW COOTHO-
WIEHHEM X1\ 1 = v/3Xn, el X > 0.

23. Cxopsiuasics TOC/IEIOBATENLHOCTh UMEET GECKOHEUHO
MHOTO TMOJIOKUTENBHBIX U OECKOHEYHO MHOTO OTPHULATEIBHBIX
uyieHoB. Jokaszark, 4yto €€ mnpenen paseH 0.

24. Jlokazath, 4TO €CJIU TIOCJIEJOBATEIBHOCTD X, UMEET He-
HYJIEBOI MIPEAEST U BCE €€ YIEHBI OTJINYHBI OT HYJIsl, TO MOCTEN0-
BaTEJIbHOCTh Y, = 1/X,, OrpaHnyeHa.

25. 3akonunts (pasy: «[locregoBarebHOCTD X, X1, . . . UME-
€T IpeaesT 0 TOra U TOJIbKO TOr/(a, KOrja €€ MOXHO IIPEICTABUTh
B BUZE Xi = A + Yi, LOE...».

26. Moxer nu cxofsuasca NocjaefoBaTelbHOCTh IePecTaTh
GbITh CXOAILENCS, €CJIA U3MEHNTh KOHEUHOE YKCJIO €€ YJIEHOB?

27. Moxet nu cxofsiiasics mocJieJOBATEIbHOCTh HAYaTh CXO-
IATbCA K APYroMy IpPeAesly, eC/M U3MEHWTh BCE €€ YIEHBI C He-
4ETHBIMM HOMEpaMu?

28. Moxer 1 cXOOsIascs IOC/eI0BaTeIbHOCTh UIMETh Pac-
xod1yocs (T. €. HE CXOLALIYIOCs) IOAIIOCIIEJ0OBATEIbHOCTD !

29. [lokazath, YTO CXOMSLIASICS MOCJIEIOBATEIBHOCTh BCErIa
OrpaHMyeHa.

30. [okaszath TeOpeMy O ABYX MUIMLHOHEPAX: €CIUA (U <
< b, < cn TpH BCeX M U MOCJENOBATENBHOCTA (g, d71,... U
€0,C1,-... (MAJTHIHIOHEPHI) UMEIOT OAWH U TOT Xe Tpemen (or-
JIEJIEHUE) TO TIOCJIEOBATEBHOCTD Do, b1, ... TakXKe CXOOUTCA K
BTOMY TIPEAEY.

31 Cxopgures v mocregosartesisHocts 10™/ 20 ¢ HyJH0?

32. Cxoautes v TOCTEAOBATENIBHOCT X, = Sinm?

33. Cxoautcs U MOCTeqOBATENIBHOCT X, = sin(1/n)?

34. CxoauTcs M MOCIEAOBATENBHOCTD X,y = cos(1/m)?

35. CxoauTes M MOCIEAOBATENBHOCTD X,y = (1/M) sinn?

36* Cxoautes v TOCTEIOBATENIBHOCT X,, = TLsin(1/n)?
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37* MoxeT nu cxoaaumascs MOC/IENOBATEbHOCTh HE MMETh
HUY HauGOJIbILErO, HA HAMMEHBILETO YJIEHOB?

38. TMocnemoBaTeTbBHOCTD COCTOUT W3 TOJIOKUTEIIBHBIX UJie-
HOB, IPY 3TOM CyMMa JTI060ro 4ncsa €€ 4JIEHOB He IPEBOCXOAMT 1.
Jlokasats, uro oHa crpemutcs K 0.

39. Haiitu mpegen noceoBatensHocTH dy = (14 1/n2)™.

40* Haiiti mpenen moclieJ0BATEIBHOCTH, 3aJaHHON COOTHO-
WEHUEM Xq 11 = V/3 + Xq, €ciu X > 0.

41 * Haiitu mpefest MOCeN0BaTeIbHOCTH X,y = VN2 + n—m.

42* JloxaszaTb, 9TO MOCIEAOBATEILHOCTD, AJISI KOTOPOM X =
=1uxny1 = (xn +3/%xn)/2, cxogures.

437 Tlepsrle fBa ujleHa Xo U X1 TIOCJIEOBATEILHOCTH TIOJIO-
KUTEJIbHBI, & KaX bl CIIEAYIOLMI PABEH CYMME JBYX IPEIbLIY-
WUX: X112 = Xn + Xni1. JOKa3aTh, YTO IOCIIELOBATEIBHOCTD
OTHOIIEHUHN Yy, = Xy 41/X, UMEET TPeer.

AXcHOMa MOJTHOTHI M €€ CJIEACTBUS

Yucrio ¢ Ha3bIBaIOT BEpXHEL IPAHBIO YMCIIOBOrO MHOXeCTBA X,
€CJIM BCE BJIEMEHTHI BTOrO MHOXECTBa He npesocxoaar ¢. Cumpo-
mdeckas 3amack: (Vx € A)(x < ¢). AHAJIOrMYHO OMpeAeIseTcs
HIKHSS TPaHb.

1. Kakue uyncna SBRSIOTCS BEPXHUMH M HVKHAMM T'DaHSIMHU
muoxecrsa {1,1/2,1/3,1/4,...}7

Crenyrouiee CBOICTBO AEHCTBUTEIBHEIX YKCE MBI IPUHAMAEM
6e3 JOKa3aTesIbCTBA:

Akcroma noaHotsl. [lyers L u R — [gBa umcIioBBIX MHOXe-
CTBa, MPUYEM JIIO6OM BJIEMEHT MEPBOrO HE MPEBOCXOMUT JIOOOro
anementa Broporo (I < v musg Bcex 1 € L u v € R). Torma cy-
LIECTBYET YMCIIO C, pasgerswoilee L u R, To ectp sBismoueecs
BepxHeil rpaHbio L u HIXHei rpanbio R.

2. Ilycte L 1 R — MHOXecCTBa AEWCTBUTEIBHBIX YKMCE, IJIS
Kotopeix | < 1 mpu Beex 1 € L u v € R. MoxHo /it yTBepXaaTh,
4YTO HANAETCS C, Tipu KoTopoM L < ¢ < r mmsiBeex L € Lu r € R?

3* YTBepX[EHNME, AHAJIOTUYHOE AKCHOME IOJIHOTHI, MOXHO
chOPMyIMPOBATh IS JIIOOOTO YIOPSJOYEHHOTO MHOXECTBa. Bep-
HO Jin OHO s (a) uesbix umces; (6) palMOHAJIBHBIX YHCET;
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(B) 6eCKOHEYHBIX MOCIEAOBATELHOCTEN Hy el 1 eauHuLy (yIops-
JIOYEHHBIX JIEKCHKOIPA(HIECKH: OIHA MTOCIEAOBATEILHOCTD MEHD-
1€ OPYyroi, eClad OO HEKOTOPOro TMO3HWIMK OHM COBMAANOT, 4 B
DTOI TIO3ULIMK Y TIEPBOI CTOUT HYJIb, & Y BTOPOWl — €IUHULA).

4. (CymecrBoBanue TouHOl BepxHeii rparm) Ilycts L — orpa-
HUYEHHOE CBEPXY MHOXeCTBO. [oKaszarh, YTO Cpeau BCEX €ro
BEPXHUX TpaHeil cyllecTByeT HanuMeHblnasd. OHa HasblBaeTca TOY-
HOI BepxHeli rpaHpio u o6o3Hadaercs sup L (supremum).

[Mo ananorvyHbpIM MpUYUHAM JIEOGOE OrPAHWYEHHOE CHU3Y
MHOXECTBO R mMmeer ToyHyro HuxkHW0 rpass inf R (infimum).

5* Yacto akcroMa MOJHOTH (DOPMYJIMPYETCS Tak: JIIoHoe or-
PAaHNYEHHOE CBEPXY MHOXECTBO MMEET TOYHYIO BEPXHIOK I'DaHb.
JHokasarb, uto a1a (HOPMYIMPOBKA PABHOCUIIbHA IIPUBEIEHHOM
BHILIIE.

6. JloxazaTh, 4TO BCsAKas MOHOTOHHAs OIPaHMYEHHAs MOCTIE-
JIOBaTeIbHOCTh MMeeT mpenes. (YkasaHue: BepXHsisl rpaHb MHO-
K€eCTBa 3HA4YEHUI OrpaHUYEHHON BO3pacTalollieil MocieqOBaTe Ib-
HOCTH SIBJISIETCS €€ TIPELESIOM. )

Msuorue u3 (MOJIYaIMBO) MPUHSATHIX HaMu 6e3 0GOCHOBaHUS
YTBEPXKIEHUIT MOXHO BBIBECTH M3 AKCHOMBI [TOJTHOTHI.

7F (Axcuoma Apxumena) Ilokaszath, YTO MHOXECTBO HATy-
pasbHBIX YKCEJT HE OTPaHUYEHO CBEPXY: AJIS BCAKOrO YHCIIA Cy-
1ecTByeT Gosbllee ero HarypajbHoe. (YKaszaHue: MHOXeCTBO N
HATYPAaJIbHBIX YKMCET BMECTE C KaXIbIM YKMCIIOM COLEPKUT Ha eu-
HULLY GOJiblliee; TAKOE MHOXKECTBO HE MOXET UMETh TOYHOMN BEPX-
HEM TpaHu.)

8* Jlokaszath, 4TO CyLIECTBYeT V2, TO €CTh AEiiCTBUTENbHOE
ameno « > 0, s kotoporo &> = 2. (YkasaHue: paccMOTPUM
MHOXECTBO IMOJIOKUTENBHBIX PALMOHAIBHBIX YKCEST, KBAaJpaT Ko-
TOPBIX MEHbILE 2, ¥ BO3bMEM €r0 TOUHYIO BEPXHIOK I'DaHb.)

9. (Jlemma o Bnoxennbix orpeskax) Ilokazarte, uro Jobas
MOCJIEJOBATE/IBHOCTD BJIOKEHHBIX OTPE3KOB

[ao,bo] D) [al,bﬂ D [az,bz} D...

(Kax[Iplil CJIEAYIOLIMI OTPE30K €CTh YacTh MPEAbIIYIIEro) UMEET
001yro Touky (MpUHAJIEXALIYIO BCEM OTPE3KaM).
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10. dokazath, YTO MHOXECTBO JEMCTBUTEJILHBIX YKCENT HE-
CYETHO: [1s1 JII000M TOCIIEJOBATEIBHOCTY JEHCTBUTEIBHBIX YHCES

X0,X1,X2,... MOXHO yKa3aTh YMCJIO, HE COBIIAAOILEE HU C Of-
HUM U3 Xi.
11* TlocenoBaTebHOCTD X, X1,X2, . .. TAKOBA, UTO [X{ 1] —

—xi| < 1/i2. lokazatp, 9TO OHA CXOMUTCH.
[TocneoBaTeIbHOCT HA3BIBAETCS (DYHOAMEHTABHOM, €Cn
OHa MMEET OTPE3KU-JIOBYLUKH CKOJIb YITOJHO MaJioi JJIMHBI: It
BesikOro € > ( CyLIECTBYET OTPE30K JIMHBI He Gojee €, SBIISIO-
LIMHCS €€ JIOBYLLUKOIA.
12. Bosiee TpaauIMOHHO TaKO€E OMpeAEscHrE (DyHIaMEHTAIb-
HOI MOCIeJ0BATEIbHOCTH:

(Ve > 0) AN (Vk,1 > N) (|xx —x1| < ¢).

Tokaszate, 4to 2TO OMpeAeseHrE PABHOCWIBHO TOJIBKO YTO TIPH-
BeZIEHHOMY .

13. (a) [lokasath, 4TO BCsKasi CXOOSIIASCS TOCIIENOBATEb
HoCTh (byHmamentasibHa. (6) Ilokasath, 4TO BCsikas (pyHOaMeH-
TaJIbHas MOCJIEJ0BATENBHOCTD orpannyena. (B) lokasath, 4ro ec-
Jin (hyHIaMeHTaJIbHas TIOC/IEA0BATEIBHOCTD UMEET CXOZSILYIOCS
MOATIOCTIEA0BATE/IBHOCTh, TO OHA M caMa CXOAWTCA (K TOMY Ke
npeneny). (Kak Mbl yBUAMM, U3 aKCHOMBI TIOJTHOTHI CJIEYET, YTO
BCsiKast (PyHJaMEHTAJIbHAS ITOCIIEJOBATEILHOCTD CXOAUTCS. )

14. TocnenoBaTeabHOCTD X0, X1, X2, ... TAKOBA, YTO [Xi ] —
—xi| < 1/i%. Joxazats, 4T0 OHa (hyHIAMEHTAJIbHA.

15. Ucnosne3ys akcuomy TIOJIHOTHI, TIOKA3aTh, YTO BCsKast (OyH-
JIAMEHTAJIbHAS TTOCJIEA0BATEIBHOCTD CXOIUTCS.

16. [okasaTh, 4TO BCAKas OrpaHMYEHHAs MOCJEeAO0BATEb-
HOCTh UMeeT (hyHIaMeHTAIbHYIO (M, CJIeJOBATENIbHO, CXOSLIY-
10Cs1) TIOATIOCTIEA0OBATEIBHOCTD.

17* Jlate onpenesienvist CXOASILIENCS ¥ (DYHIAMEHTAJIBHOM MO~
CJIeIOBATEIBHOCTY TOYEK IIOCKOCTH. Besikas ym pyHmameHTasb-
Has IMOCJIEN0BATEIbHOCTD HA IUIOCKOCTU CXOIMTCS !

18* Chopmynupopath u JOKa3aTh aHAJIOT JEMMEI O BIOXKEH-
HBIX OTPE3KaX Ha IUIOCKOCTH.

19* ToBopsaTt, 4ro MOCIEAOBATENIHOCTh MHTEPBaJOB 17, I5,
I3,... obpasyer mokpbiTHe MHOXecTBa M, ecim BCsSKas TOYKa
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9TOr0 MHOXECTBA BXOOUT B (XOTS ObI) OOWMH W3 WHTEPBAJIOB Ii.
(a) MoxHo M yKa3aTh TIOKPHITHE WHTEPBaia OGECKOHEYHOM MO-
CJIEIOBATE/IbHOCTBIO PYTUX MHTEPBAJIOB, B KOTOPOM HM OJIUH U3
MHTEPBAJIOB HEJIb3s1 BHIOPOCUTH (OCTaBHB MOKPHITHE MOKPHITHEM ) 7
(6) Tor xe BompoC ISt MOKPHITUST OTPE3Ka GECKOHEUHOI MOCIIe-
JIOBATE/IbHOCTHIO UHTEPBAJIOB.

20. Touka a Ha3bIBaeTCS MPEAEIBHOI TOYKOI MOCIIEN0BATE b
HOCTH X(,X1,X2,..., €CJIA JIIOOO WHTEpBas, COAepXKalvii a,
COIEPXUT GECKOHEYHO MHOIO YJIEHOB 3TOM IIOCJIE0BATEIbHOCTH.
(a) 3anmcaTh 3TO ompefeNeHNe ¢ MOMOINBIO KBaHTOPOB. (6) [o-
Ka3aTh, YTO YMCJIO ( SBJISETCS IPEAEIbHOI TOYKOM MOC/enoBa-
TEJIBHOCTH TOTIA U TOJIBKO TOTJIA, KOTa HEKOTOPas €€ MOAIOCIIE-
JIOBATEIbHOCTD cxoauTes K a. (B) Jlokasars, 4rto Beskas orpaHu-
YeHHasl TIOCJIEJOBATEIBHOCTD UMEET MPEIESIBHYIO TOUKY.

217 Cy1ecTByer Jiu TIOCTIEI0BATENILHOCTD, TIPEIE/IBHBIMU TOU-
KaMU KOTOpo#t sBisiores uncna 1,1/2,1/3, ... (4 Tonbko oHun)?

22F (a) VMimeeTca MHOXeCTBO OTPE3KOB, JIIOObIE [BA U3 KO-
TOPBIX MMET OOIyI0 TOYKy. MOXHO M yTBEPXKOATh, YTO Cy-
LIECTBYET TOUYKa, MpUHaiiexainas BceM orpeskam? (6) Tor xe
BOIPOC Ui WHTEpBaJioB Ha mpsimoii. (B) Tor xke Bompoc st
Kpyros Ha 1iockoctd. (r) Tor e BOIPOC ATl IPSIMOYTOJIbHIUKOB
Ha IIJIOCKOCTH (CTOPOHBI Mapasule/ibHbl OCAM KOODIUHAT; [IPSAMO-
YTOJIBHUK PacCMATPUBAETCS BMECTE CO BHYTPEHHOCTBIO).

23* Ha myockoctu mMeeTcss KOHEYHOE MHOXKECTBO KPYIOB,
MpUYEM JIIOOBIE TPY KPyra U3 9TOr0 MHOXECTBA HUMEIOT OOLIYIO
touky. ClieflyeT Ju U3 9TOro, 4ro CyLIECTBYET TOYKA, MPUHAIE-
Xalas BCeM Kpyram?

24 (IIpoposxenue) Tor ke Bonpoc 11 6ECKOHEYHOrO MHO-
KECTBA KPYIOB.

Paznsre 3amaum o mpemesnax

1. INocnemoBaTeIbHOCTL Xy, CXOOUTCS K Q; MOCJEJOBATEIIb-
HOCTb Yp, cxomurcst K b. JlokasaTh, 4ro MOC/IEHOBATEBHOCTH
Xn +Yn ¥ X — Yn CXOOATCA K A+ b ¥ a — b COOTBETCTBEHHO.

2. IlocnegoBaTebHOCTD Xy, CXOOUTCS K , MOCIEJOBATEIIb-
HOCTb Yn, cxomurcs K b. Jlokaszare, 4To MOC/IE€HOBATENBHOCTD
XnYn cxomurcs Kk ab. (Ykaszauue: ymobHO 3ammcath X, U Yn



3apaun 19981999 rona 141

KaK 0+ 0n 1 b+ PBy.)

3. IocrenoBarenbHOCTD X,y cxomutes K a 7 0. [JJokazats, uro
TIOYTH BCE €€ 4YsieHbl (BCe, KPOME KOHEYHOTO YKCa) OTJIUYHbI OT O
M YTO TOCJIEOBATENIBHOCTL Y, = 1/Xy, cxomures K 1/a.

4. TlocnegoBaTeBHOCTD X, CXOOUTCS K (; MOCTIEHAOBATEIb-
HOCTb Yy, cxoauTes K b, mpuuém b #£ 0. [lokasars, 4to moceno-
BaTEJIbHOCTh X /Yy cxomuresa K a/b.

5. Haiitu npegen mocnenosaresHocts (2n% +n+3)/(3n? —
—n —2). (Ykazanue: 210 JIETKO C/I€JIaTh MOYTH 6€3 BEIYUCIIEHMUIA,
MOJIb3YSCh TPEIBIAYIIVMY 3aa4aMi. )

6. Uto MOXHO CKa3aTh O CXOUMOCTH TOCJIEN0BATEILHOCTEN
Xn + Yn ¥ XnYn, €cm (a) OOHA U3 MOCJIEOBATENBHOCTEN Xqy
U Yn CXoamrcs, a apyras pacxomutcsa? (6) obe pacxomsarcsa?

7. (a) Hate onpepesenne cTpeMsiieiics K 6ECKOHEYHOCTH TIO-
CJIeIOBATE/IBHOCTY U [0Ka3aTh, 4TO X0, X1, ... CTPEMHUTCS K Oec-
KOHEYHOCTH (3amunch: Xi — 00) TOTAa M TOJIBKO TOT/a, KOTAa Io-
CIIeI0BaTEIBHOCTD Yi = 1/X; cxomurca K Hymo. (6) [lates onpe-
AEJICHHUE CTPEMSIUEHCS K +00 NOCIeqOBATEIbHOCTH.

8. UMsBecTHO, YTO IOCIENOBATENIBHOCTD Xy, HMEET IIPEMEI.
(a) Hokasatp, 4TO MOCJEAOBATEBHOCTD Yy = X1 — Xy CXO-
gurtcs x Hymo. (6) Bepro s o6parroe? (B) Uto MoxHO ckazarh
PO IOCJIENA0BATEBHOCTD Xny 4+ 1/Xn

9. Uro MOXHO cKazaTh O MOCJIEOOBATENBHOCTSIX X + Un,
Xn — Yn, XnYn ¥ Xn/Yn, €CIAM M3BECTHO, YTO IOCIIEIOBATE -
HOCTH Xy, U Yy, CTPEMSITCSI K +007

10* okazate, uro 0,99™ cxomurcs K O, MOXKHO TakK: cHavaja
(C IOMOLIBIO AKCHOMBI TIOJTHOTBI) YCTAHOBUTH, YTO TIPEAES CYILE-
cTByeT, a 3ateM — uto oH paBed 0. [IpoBectu aTo paccyxaeHue
noaApoGHo.

11. TlocnemoBaTe IbBHOCTD O, COCTOUT M3 TTOJIOKUTENBHBIX YH-
cest. [Ipeamosioxum, 4To MOC/IEOBATEIBHOCTD OTHOLIEHUI COCE-
HUX YIEHOB O, 1 1/0y, UMeET Mpeaes . UTo MOXKHO cKa3aTh O To-
CJIEI0BATE/IBHOCTHU (y,, €CJIM U3BECTHO, 4T (a) ox < 1; (6) ox = 1;
(B) x> 17

12. JlokasaTh, 4ro npu JO60M LIEJIOM IOJIOXKUTEIBHOM C U
npu go6oM a > 1 mocnenosaresnbHocTh NE/a™ cxomurcs Kk O
(reomerpuyeckas porpeccusi pactér GeiCTpee JH00O0I CTEMEHN ).
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13. Jlokasare, uro npu mwobom a > O MOC/IENOBATETBHOCTD
a™/n! cxomurca x 0 (chakTopuasn pacTér GbICTpee reOMeTpUdYe-
CKOIf TIPOTPECCHN).

14. Kaxoe 3 aucea 2™V™ u n! 6onbue npu 6o1bmix n?

15. Haiitu mipenen mocrmegosaTenbsHOCTH /NS (37€ch ¢ —
(PUKCHPOBAHHOE IOJIOKUTEIBHOE LIEJIOE YUCJIO).

16. Haittu npegen nociemoBaTensHocTd /2™ + 3™,

17. Haiitu npenes nociemosareabHocTd vV N2 4+n —v/n2—n.

18* Haiitu mpeest mocefoBatebHocTH v/ N3 +nZ — .

19 Haiitu mpejiest moceoBaTeIbHOCTH VN3 + 1 — M.

20. IocemoBateIbBHOCTD X, X1,X2, . . . V3 HEOTPULATEIBHBIX
YKCEJI CXOOUTCA K Jnciay d. JokaszaTh, YTO (. HEOTPHULIATEJIBHO U
Vo v/a.

21. (Ilpogomxenue) Tor e Bompoc st /Xy, .

22. TlocnenoBareIbHOCTh YKCEST X, X1, ... CXOAUTCS K YH-
ciy a. Jlokaszars, 4To MOC/IEMOBATEIBHOCTD Sin X, SiN X1, ... CXO-
JIATCA K 9MCITy Sin a. BepHsl sin aHaiornudeie yTBEpXKIEHUS IS
KOCHMHYCa ¥ TaHreHnca?

23. TlocnenoBarensHOCTh X,, ONpefeneHa Tak: Xo = 0, a
Xnt1 = V6 + Xy Haiitu €€ nipegesn (ecnu oH ectb).

24 (Tlpomomxenue) ToT e BOMPOC, €I X141 = v/3+Xn.

25. INocnenoBaTenbHOCT X,, ONpPENENEHA TaK: Xo = 1, a
Xn41 = sin X,,. Haiiti e€ nipenen (ecou oH ecTh).

26 Tor xe Bompoc, ecm Xg = 1, @ X;, 41 = COS Xp,.

27. Kaxplii ceayolpii 4jIeH MOCIeOBATEIbHOCTH Ha €IU-
Hully GoJibllie TPETH TpeasiAyliero. [lokasaTs, UTo MOC/EN0Ba-
TEJIBHOCTh CXOMUTCS W HANTH €€ Tpejell.

28. Oynkums f ¢ gelicTBUTETbHBIMMA APTYMEHTAMY U 3HAYEHN-
My Takosa, uro |f(y) — f(x)] < 0,99|y — x| ana scex x u y. [o-
KaszaTh, YTO MpH JIO6OM a mociefoBarebHocTh a, f(a), f(f(a)),
f(f(f(a))),. .. cxoqurcs u UTO €€ MPEHeN (X ABJISETCS HETOBIX-
HOIi TouKoit (yrkiuu f, To ectb f(a) = .

29 IlocnemoBaTeIbHOCTD X, To4YeK oTpeska [0, 1] onpenene-
HA COOTHOLIEHHEM X, 1 = T(Xn), rae f — dyHKUmA, rpaduk
KoTopoil m3obpaxeén Ha puc. 24. Ilpu xakux X sra mocreno-
BaTEJILHOCTh MMEET TIpelesl U ueMy paBeH aroT npenen? (Hats
OTBET JIs KAXOrO U3 [BYX BADUAHTOB PUCYHKA.)
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Puc. 24

30. TlepBbie aBa yeHa TIOCIENOBATEILHOCTH PaBHBI A U b, a
KaXblid CJIEAYIOIIMI eCTh cpeHee apudMeTU4ecKoe OABYX Ipe-
Obiaynmx. Jlokasars, 9To MoCseJ0BaTeIbHOCTD CXOAUTCS, U HAUTH
€€ mpenel.

31* TlocnegoBaTenbHOCTH X, X1,X2,... COCTOMT W3 IOJIO-
KUTEJIbHBIX YUCEST, U KaXIblil YJieH MOCIeAOBATEIbHOCT PaBeH
cyMMe IBYX mpemblayiuux. Jlokasars, 9ro mpemen X, 1/Xn Cy-
LIECTBYET, U HAWUTHU €ro.

32* [NocnenoBaTenbHOCTD Xq, X1,X2, . .. ONPENEIEHA PEKYD-
DEHTHBIM COOTHOLIEHHUEM X1 = 1 + 1/Xy; pu aTOoM Xo = 2.
JlokaszaTh, 4TO BTa MOC/IEAOBATENBHOCTh CXOAWTCS, M HAUTH €€
npezert.

33* MMycrs ng, M1, N2, ... — NPOU3BOJIbHAS MOCIIEAOBATEb-
HOCTb LIEJIBIX TIOJIOKUTEIIBHBIX uncesl. Jlokazars, uto mocniefosa-
TEJIBHOCTh

1 1 1
Mo, No + —, N + ———
n
ny +— ny+————
no 1
n2 + —
ns

uMeeT npejes1 (KOTOPbIi Ha3bIBAIOT 3HAYEHUEM GECKOHEYHOI LEl-
HOM 1pobn).

34. UsBecTHO, YTO MOCIEAOBATEIBHOCTD X0, X1, ... CXOJUTCS
K 1 u Bce e€ unennl ormunsl ot 1. Haiitn npemen nocneposa-
temrOCTH (X2 — 1)/(X00 — 1).

35. (ITpomorxkenue) Tot ke BOMPOC AJis MOCTIEA0BATEIBHOCTH

(Vxn = 1)/(xn = 1).
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36 (Ilpomomxenne) Tor Xe BOMPOC I MOCHEIOBATEIHLHO-
cru (sinxy, —sin1)/(xn —1).

37* TlocnemoBaTenbHOCTh HEOTPHULIATEIBHBIX YHMCEN (g, A1,
a2,... TAKOBA, YTO Qmin < Am + Ay I8 JTO0BIX M, > 0.
Jlokasath, 4TO MOCJIEAOBATEILHOCTD (1 /TL UMEET Ipejel.

38 TlocrnemoBatebHOCTD X1, X2, . . . UMeeT mpenen d. [loka-
3aTh, YTO IOCJIEOBATENBHOCTh CPEAHNUX apUPMETHUECKUX Yi =

= (x7+...+xi)/1 Takke uMeer npegen a. Bepuo nu o6paTHOE?

n 2n
39* [lokasats, 4TO MOCJIENOBATEILHOCTH (H~%) , (]+%) ,

(1 + %)n " (] + %)n cxopsarcs. Kak cBsizanbl ux npeesisr?

40 (3agaua o 6ecripuzopHuKax u Kaiie) [1o Kkpyry Hanmcanbt
T ynces. 32 OJVH LIAT KaXJ0e U3 YKCeJT 3aMEHSIOT Ha CpeJHEe
apu(MeTUYECKOe ABYX €ro COCeleil, M Tak AENAlT GECKOHEUHO
Muoro pas. [locMoTpum Ha umcrna, crosiye B (DMKCHMPOBAHHOM
TOYKE KPyra B MOCJIEOBATEIbHbIE MOMEHThI BpeMeHu. MOXHO nu
YTBEPXKATh, YTO BTA MOC/IEAOBATEIBHOCTD CXOAUTCS !

41* (Ilpomonxkenne) Ha rpansx xy6a HanucaHbl uucia. 3a
OJMH I1Aar KaxX0e€ W3 YHCEJT 3aMEHSIOT Ha CpeaHee apudMeTH-
YECKOE €ro YeThIPEX cocedeil. MOXHO JIi yTBEPXKAATh, YTO ISt
060 TPaHU MOC/IEJOBATEIBHOCTh HATIMCAHHBIX HA HEW YKces
uMeeT npenen’

42* Haiitu npenen nocnegosarensroctu (110 +210 4 4
£ 10y /T,

Pame

CyMma GeckoHeuHOro psfa X1 + X2 + ...+ Xn + ... onpe-
OeNnseTcsd KakKk Opefea YaCcTUYHbIX CYyMM Sy = X1 + ...+ Xq.
Ecam aror mpenen cyliecTByeT, psAj HA3bIBAKOT CXOAAIUMCS; €C-
JI1 HET — PACXOAALIUMCH.

1. Ipu xakux x cxomgurest pag 1 +x+x2 +x3 +...? Kakosa
ero cymma?

2* Tlpu xakux x cxomurest psig 1+ 2x + 3x% +4x3 +...2
Kaxkosa ero cymma?

3* Mpu kakux x cxomurest psg 14+x+21x2+31x3 +4Ix4+. . .2
Kaxkosa ero cymma?
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4. Haittn cymmy psiga ) oo, 1/(n(n+1)) =1/(1-2) +
+1/(2-3)+...

5. Haiitu cymmy paga Y o ; 1/(n? +8n +15).

6. Haittn cymmy paga ) oo, 1/(n(n+1)(n+2)).

7. Yxazate N, npu KOTOpoM cymMma TepBbix N UJieHOB psja
Zf:1 1/n? ommyaercst ot ero cymmsl He Gosee yem Ha 1/1000.

8. Pan cocTont M3 MOJIOXKUTESBHBIX YJIEHOB, HO HE CXOMUTCH.
JlokaszaTh, 4TO HAWAETCA YACTUYHASA CyMMa 9TOr0 psaaa, 60Jb-
mas 10.

9. (a) lokasare, uro pag 1—1/24+1/3—1/4+1/5—1/6+...
cxomurcd. (6) CopMynupoBaTs 1 foKa3ath obliee YTBEPXKIEHNE
IIPO CXOAMMOCTb 3HAKOIIEPEMEHHBIX PSAJIOB C YOBIBAIOIMMU I10 MO-
JIyJII0 4JIEHAMHU.

10. Haiitu cymmy psiga 1/1°—1/254+1/3% — ... ¢ TouHOCTBIO
o 1%.

11. MoxeT v CXOAAIMIACSA DS CTATh PACXOASIIUMCS, €CIU
€r0 YIEHB! CrPYIIIUPOBaTh (CJIOXWUTh) 10 aBa? MoXeT u pacxo-
JSIIAACS P CTAaTh [P 3TOM CXOOALIAMCH?

12. Cxopsupiicss psf COCTOMT U3 HEOTPHULATEBHEIX YJICHOB.
Hokasats, 4ro mpu Jiro6oi MEPECTAHOBKE YJIEHOB OH OCTAHETCS
CXOMSIUMCS U CyMMa He M3MEHUTCS.

13. Jlokazath, 4TO WiIEHBI CXOMSAILErOCsS psifa CTPEMSTCS K
Hymo. Bepro i obpatroe?

14. Pag a1+ as + ... COCTOUT U3 HEOTPULIATEIILHBIX YJIEHOB,
mpuyéM a7 > a2 > a3 > .... JJokasars, 4TO OH CXOOUTCS WJIH
pPacxXoUTCs OJHOBPEMEHHO ¢ psiaoM a1 + 2a +4aq +8ag+ ...

15. Tpu xakux s > O pag 1/15+1/25+1/354 ... cxomur-
ca? (Ero cymma o6o3Hauaerca o6praHo ((S) M HAa3BIBAaeTCS A3€-
Ta-¢yHKueri Pumana.)

16. Cxoaures mm pag Y_(1/nlogn)?

17. Cxogurest i pag > (1/n log”n)?

18* Cxopurca ym pag ) (1/nlognloglogn)?

19. Pag x1 + x2 + ... Ha3pIBaOT a6COJIFOTHO CXOAALIMMCH,
ecnu psag U3 Moayneit [xq1| + [xa| + [x3| +. .. cxomurcs. Jlokazars,
YTO BCAKMIA aBGCONMIOTHO CXOMSILUIACS P CXOMUTCH.

20. (TTpoposxenne) [puBectn npuMep CXOAIIETOCS, HO HE
aBCOJTIOTHO CXOMSILIETOCS Psifa.
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21* Jloka3ark, 4TO IpK NEPECTAHOBKE U IPYIIUPOBKE YJIEHOB
aBCOJIIOTHOIO CXOMAILErOCs PSa OH OCTAETCA aBGCOJIIOTHO CXOMs-
LMMCS U CyMMa €r0 HE MEHSETCH.

22* B npousBeqeHNY ABYX aGCOJIIOTHO CXOLSIIMXCS PSOOB

(a1 +az+...)(by+bz+...)

packpbli CKOGKM (pACIIOJIOKUB [ONAPHBIE [IPOU3BEAECHUS B Ka-
KOM-TO mopsiake). Jlokasarh, 4To MOSydnTCs abGCONIOTHO CXOIs-
LUiica PA ¥ ero cymMma OyIeT paBHA MPOM3BEJEHUIO CYMM HC-
XOJHBIX PSAJIOB.

23 Jlokaszath, 4TO €C/Id psf CXOQUTCSA, HO HE aGCOIOTHO,
TO INEPECTAHOBKOM €ro YJI€HOB MOXHO IOJIYYWTh DAL C JIOOOI
3aJaHHOM HAMEPE]] CyMMOIA.

24. Hokazars, gro psg 1+x+x2/214+x3/31+. . . abcomorHo
CXOJIUTCS TIPU JTIOOOM X.

25* (IIpogomxenne) O603HAUMM CyMMy BTOrO psija udepe3
exp(x). Hokazate, uro exp(x +1Yy) = exp(x) exp(y) npu Bcex x
uy.

26 Jlokasatp, uro exp(1) = limp_,oo (1 +1/1)™. (D10 um-
CJI0 Ha3bIBAETCS OCHOBAHHUEM HATYDAJIBHBIX JIOTAPH(MOB U 060-
3HAYaeTCS €.)

27 Jlokasate, uto exp(x) = e* (a) AN MOJOXHUTEIbHBIX
uenbix X; (6) mia mobbix Uenbix X; (B) A1 JIOOBIX PALMOHAITb-
HBIX X.

28 JlokasaTh, 4TO (PyHKLIMS €XP MOHOTOHHA, T. €. exp(x) <
< exp(y) mpu x < y (uncia X U Yy MOTYT GbITh U OTPULIATEITH-
HBIMH).

29* (a) Onpenenuth CymMMy pPsia M3 KOMILIEKCHBIX YMCE.
Kakue psgpl ecTecTBeHHO Ha3BaTh a6COMIOTHO cxoaaummucs ! Jlo-
Ka3ath, uTo oHM cxofarca. (6) Onpemenuts exp(z) mnsg Kom-
TUIEKCHOTO Z U JI0Ka3aTh, YTO €XP(Z) MpU YNCTO MHUMOM Z JIEKUT
Ha eJUHUYHON OKDPYXHOCTH.

30* Us paga ) 1/n BoGpocuu Bce WieHbl, B KOTOPBHIX B
JIEeCATUYHOM 3amMcH 3HaMeHaTesns ecth mubpa 7. Cxogures mu
MOJTyYEHHBIA Psf?

31* Ussectno, uto paasr y_ a2 u Y b2 cxomsrca. Crenyer
JIM OTCIOZR, YUTO P »_ Ay by cxopures?
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32* (a) UssectHo, uto pag Y a, cxogurcs. Crepyer i ot-
ciofa, uto psaa Y al cxomurca? (6) Ussectwo, uto psag Y al
cxomurest. CrietyeT iu 0TCIOAa, UTO paf y_ Ay cxogutes? (B) Us-
BECTHO, uTo paf Y a2 cxomurcs. Crieyet i oTciofa, 4To psifl
S a? cxomurca? (r) Ussectro, uto pax Y an, cxomurcs. Cre-
AyeT JM OTCIoAa, uTo psj Y al, cxomutcs?

33> Pag ) ay, COCTOUT U3 MOJIOKUTENIbHBIX YIEHOB M PACXO-
qures. Jlokasate, uto psag ) by, roe by = an/(a1+...+an),
TaKXe PaCXOIUTCS.

34* (a) Hokaszats, yro psag > _(sinmx)/mn cxomures npw Jio-
6om x. (6) [Ipu Kakux KOMIUIEKCHBIX z cxomutes pag y_z™/n?
(Kak cBsasansl o111 Bonpocsi?)

HenpepsiBable pyHKIMHA

OyHK LS HEPEPHIBHA B TOUKE (0, €CJIM B GJIMBKUX K ( TOYKAX
oHa nipuHuMaer 6yuskve K f(a) 3Hauenus. @opmanbHO TOBOPS,
dysxkuma f: M — R, onpenenéHHas Ha HEKOTOPOM MHOXECTBE
M C R, nenpepsiBHa B Touke a € M, ecnu gns Beskoro € > 0
Haiigércs 0 > 0 ¢ TAKMM CBOWMCTBOM: BO BCSIKOU TOYKE X € M, oT-
CTosILIEH OT 0 MeHee YyeM Ha O, 3Hauenue f(x) ormuaercs ot f(a)
MEHEe YeM Ha €:

(Ve > 0)(35 > 0)(Vx € M)[(Ix —al < & = If(x) — f(a)| < el.

1. Jloxasath HENPEPHLIBHOCTh U yKAa3aTh CIIOCO6 OTHICKUBATH O
mo ¢, eca: (a) f(x) = 1Tuwa=2; 6) flx) =xua=2
(®) f(x) =x>mwa=2;(r) f(x) =1/xua=2; (m) f(x) =X
na=2; (e) f(x) =vxma=0; (x) f(x) =sinxma=1.

2. 3akoHunTh (Ppasy, He ynoTpebaas caoBa «He»: «byHKIms f
pa3pbiBHa (He SBJISETCS HEMPEPHIBHOM) B TOYKE A, €CIIH . ..»

3* Mycrs dyukuus f onpenesieHa Ha MHOXECTBE LIEJIBIX YH-
cem: M = 7. B kakux ciydasix oHa Gy[eT HEMPEPHIBHON COTJIACHO
MIPUBEAEHHOMY OTPeeSIeHUI0?

4. Jlokazath, 4TO CIEAYIOILEE OMPEAE/IEHNE HEMPEPHIBHOCTH
BKBMBAJIEHTHO ucxoqHoMy: (yHkima f: M — R menpepbiBHa B
TOYKE (, €CJIM Il BCAKOM IOCIIEOBATEIBHOCTU X(,X1,... TO-
yek M, cxopduieiica X a, mocjiegoBaTeabHocTsb T(Xxo), f(x1),. ..
cxomurea k f(a).
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5. (a) B kakux To4kax HempepbiBHA (DyHKLHA [upuxe, paB-
Has | B uppauyoHanbHbix Toykax u 0 B pauposansabix? (6) Tor
Xe Bompoc g ¢yHkuuu Pumana, xoropas passa O B upparyo-
HaJILHBIX TOYKaX U paBHa 1/( B palfioHasIbHOM TouKe P/ (ecau
Ipobb P/ HecOKpaTuMa).

6. IlpuBectu npumep (GyHKLUM, ONPEAEIEHHON Ha BCeil Mpsi-
Moit 1 (a) pa3phIBHOM B LIEJIBIX TOYKAX M HEMPEPHIBHON B OCTAIb-
HBIX; (6) HEMPEPHIBHOM B IEJIBIX TOYKAX W PA3PHIBHON B OCTasIb-
HBIX.

7 Iloxaszatk, 4TO AJIs1 JTIOGOrO CYETHOrO MHOXKECTBA JIENCTB-
TEJIBHBIX YKCE]T MOXKHO TIOCTPOUTH BO3PACTAIOILYIO (DYHKLIUIO, Pa3-
PBIBHYIO BO BCEX TOYKAX ITOrO MHOXECTBA M HENPEPHIBHYIO BO
BCEX OCTaJIbHBIX.

8 Moxer nu omnpezes€HHAs Ha BCEX MPSMOIi BO3PACTAIOLIAS
(byHKLIUsS GBITh Pa3PLIBHON BO BCEX TOYKAX?!

9> Moxert yin QyHKLUsS OBITH HEMPEPHIBHON BO BCEX DPALHO-
HaJbHBIX TOYKAX U PA3PbIBHOM BO BCEX MPPALMOHAJIBHBIX?

10. [Ise dyukuuu f u ¢ onpenenenbl Ha MHOXecTBe M u
HempephIBHBI B Touke a € M. Jlokasars, 4To UX CyMMa, pa3HOCTb,
MPOU3BEAEHNE U YaCTHOE (€CJTM 3HAMEHATE/Th OTJINYEH OT HYJI B
TOYKE (1) TAKXKE HEMPEPHIBHBI B 9TON TOUKE.

11. ®yskuus f onpegenena Ha maoxecrse X C R, npuanma-
et 3HavyeHus: B MHOXecTBe Y C R u HempepsiBHa B Touke a € X.
DyuKLUA ¢ ONPENEIEHa HA MHOXECTBE Y U HENPEPHIBHA B TOYKE
b = f(a). dokasars, uro kommozunus g o f, T0 ects yHKIUSA
x — go f(x) = g(f(x)), HenpepriBHa B TOuKe dA.

12. Byger m1 dymxums +/sinx — (2 +tgx)/((2— tgx)?)
HENMPEPBIBHOI BO BCEX TOYKAX CBOEH 06/1aCTH OnpeaecHus !

13. Oynkuus f onpegenena u HeNpepsIBHA HA OTpe3kKe. {oka-
3ath, uto f orpannyeHa Ha aToM orpeske. [loyemy aHaioruysoe
paccykIeHVe HeJlb3sl TIPOBECTH [IJIs1 MHTEpBasia’?

14. (lpogomxenne) Oyukiuus f onpenesieHa U HeMpepbIB-
Ha Ha oTpeske [a, b]. JlokazaTh, 4TO OHa JOCTUraeT MaKCUMyMa:
Halinércsa Takas Touka m € [a,b], uro f(x) < f(m) mms Beex
x € [a,b].

15* VYrBepxkpaenve 3agaun 14 MOXHO TOJIyYUTh KakK CJIE[-
crere 3agaun 13, paccmorpes dyukumio 1/(f —sup f). [posecru
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BTO pacCyXaeHue MoApPoGHO.

16* HazopéM ¢yHKLuiO f OrpaHMYeHHOIl B OKpECTHOCTH
TOYKM (O, €CIIM HANAETCA MHTEPBAJ, COAEpXKALIWIA A, HA KOTO-
powm f orpanndyena. (a) [lpuBectu npumep GyHKLNY, ONPENEIEH-
HOI1 Ha BCel IMTPSIMOI M HE OrPAaHUYEHHON HUA HA KaKOM MHTEpBaJIe.
(6) Hokaszath, YTO BCsAKas ONMpPENESIEHHAs HAa OTPE3KE JIOKAJIBHO
orpaHnYeHHasi (OrpaHMYeHHAss B OKPECTHOCTH JIIOOOM TOYKH OT-
peska) YHKLUS OrpaHNYEHa HA BCEM OTPE3KeE.

17. Oyukuus f HenpephBHA HA OTPE3KE U MPUHUMAET B €r0
KOHLIAX 3HAYEHUS] Pa3HBIX 3HAKOB. JloKa3aTh, YTO OHA MMEET KO-
DEHb HAa BTOM OTPE3KE.

18. Jlokasath, 4TO CyLIECTBYET KOPEHb JIIOOOM LIEJION MOJIO-
KUATEJILHOM CTENEHN U3 JII0O0r0 MOIOKUTEIHFHOTO YUCIA.

19. [lokaszate, 4TO BCSAKWII MHOTOYJIEH HEYETHOWM CTETEHH C
JIEMCTBUTENIHBIMU KO2(D(MULIEHTAMI UMEET AEHCTBUTEIBHBIN KO-
pEHb.

20* Jlokasatb, 4TO KBaApaTHbIi TpexwieH axZ +bx +c, ais
Kotoporo a+b+c > 0u a—b+c < 0, umeer (geiCTBUTETHHBIN)
KOPEHb.

21. Jlokaszatk, 4To JI060€ HEMPEPHIBHOE OTOOPAKEHNE OTPE3-
Ka B ce0s1 NMEET HEMO/IBIKHYIO TOUKY.

22. JlokaszaTh, 4TO BCSKask CTPOrO BO3PACTAIOLAs HEMPEPHIB-
Hast (OYHKIHS, OTIPENESIEHHAsT HA OTPE3KE, SIBJISIETCS B3AMMHO Of-
HO3HAYHBIM COOTBETCTBMEM MEXAY ABYMS OTpe3KaMu U obpaTHas
(DYyHKIMS TaKXe HENpepPHIBHA.

23* Iokazath, 4TO J1I060€ MOHOTOHHOE B3aUMHO OJHO3HAY-
HOE COOTBETCTBUE MEXY JBYMSI OTPE3KAMM HEMpPePHIBHO (B 06e
CTOPOHBI).

24* (a) Jlath onpezesieHye HENPEPHIBHOCTU Ui (DYHKLIMIA,
orpeesieHHbIX Ha Tiockoctd. (6) Jlokasate, uro so6oit MHO-
rOYIEH Ha KOMIUIEKCHOM TJIOCKOCTH HempepbiBeH. (B) [lokasars,
YTO ISt JIIO6Oro MHOTOYIEHA HAlJETCs TOYKA HA KOMIUIEKCHOM
IIJIOCKOCTH, TA€e ero abcomoTHas BeandnHa MuauMasbHa. (1) Jo-
Ka3aTh, YTO B OTOM TOYKE MHOTOWIEH HEM3OEXKHO PABEH HYJIIO
(ocHoBHas Teopema ayre6phi).

25. Kak Hajo moomnpepenuts ¢yHKIMIO sinx/x npu x = 0,
4TOGOBI OHA CTaJia HEMPEPHIBHON BCIOY?
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26* ®yukuusa f Ha3pIBaeTCs paBHOMEPHO HENPEPBIBHOI Ha
MHOXecTBe M, ecmn myis moboro ¢ > O Haiigércs takoe & > O,
uTo 06pa3sbl MOOLIX ABYX TOUeK M, OTCTOSALMX MEHEe YeM Ha 0,
OTCTOAT MeHee 4YeM Ha €. (a) 3amucaTh 2TO ONpeeSieHre CUMBO-
sndecku. (6) OueBHIHO, PABHOMEPHO HETPEPHIBHAS HA MHOXe-
ctBe M (pyHKLMS HempepbiBHA BO BCEX TOUYKAx MHOXecTBa M.
[Tokazate, uro obparHoe yTBepX)aeHwe HeBepHo. (B) Bymer
(yHKLWs X — X paBHOMepHO HenpepbiBHOiA? (r) Tor ke Bompoc
IU1s OYHKIMH X — /X (OTpeeNiEHHO Ha MHOXECTBE HEOTPHULIA-
tepHBIX urcen). (1) Tor xe Bompoc [st pyHKImM X — sin(x?).
(e) TMokaszare, 4ro Besikasi HEMpEpPHIBHAS HA OTPE3KE (DYHKLMS
PaBHOMEDPHO HETPEPBIBHA.

27. Jlokazare, 4TO €Ciii ABE HENpPEPLIBHBIE (DYHKLMU OIpe-
JIEJIEHBl HA BCEl TIPSMOIl W COBMAZAIOT BO BCEX PallOHAJIBHBIX
TOYKAX, TO OHM COBIAAIOT BCIOAY.

28 Oyukuus f onpenesieHa U HEMPEPHIBHA HA BCEi TPSMOi,
npu arom f(x +y) = f(x) + f(y). JokasaTs, uro a1a dyHKIUL
€CTh YMHOXEHHE HA KOHCTAHTY.

29. IlokazarenpHas ¢yHKIOUg X — a* (mpu mobom a > 0)
obagaer taknmu coiictamu: a’ =1, a' = a, a*tY = a*-av.
Kpowme toro, mpu a > 1 oHa MOHOTOHHO Bo3pacraer, rpu a = |
nocrosiHHa, a npu a < 1 y6pBaer. Cumras atn cBoOiicTBa U3-
BECTHBIMH, J0KAa3aTh, YTO MOKAa3aTesbHas (PYHKLUS HEMPePHIBHA
(a) B Touke O; (6) BO Bcex TOYKAX MPSIMOIA.

30> (IMpogomxenue) (a) [lokasaTh, 4To yKa3aHHBIE B MTPEIbI-
IylIeii 3a7a4ye CBOICTBA OMPENEISIIOT MOKA3ATEIbHYIO (DYHKLIMIO
oxHo3HayHo. (6) [onp3yscek b aTMKM CBOMCTBAME, OKA3aTh,
yro 6% = 2*3* mpwu Bcex X.

31* Jlat onpeneneHne HEMPEPHIBHON HA OKPYXKHOCTU (DyHK-
uun. Jlokasath, 4ro mis Jr000il HEMPEPHIBHON HA OKPYKHOCTH
(QyHKUMK HaiigyTCcsl OBE OUAMETPAJIbHO MPOTHUBOMOJIOKHBIE TOY-
KM, B KOTOPBIX OHA MPUHUMAET DABHBIE 3HAYEHVS.

32. Jlokazate, 4To JIIO60I1 MHOIOYTOJBHAK MOXHO Pa3fieliTh
BEPTUKAJIBHOIN MPSAMOI Ha JBE PABHOBENVKUE (paBHBIE MO ILIO-
aan) YacTH.

33* Ha miockocT HAPHCOBAHO [Ba MHOTOYrOJbHUKA (BO3-
MOXHO, nepecekatonmxcs ). JlokaszaTtb, 94to HANAETCS mpsiMast, KO-
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TOpas OEeJIUT KaX/blii U3 HUX HA [BE PABHOBEJIMKME YACTH.

34* [late ornpeesieHrie HEMTPEPHIBHOCTH ISl (DYHKIIVH, OTIpe-
JIEJIEHHOM HAa TMOJMHOXECTBE IJIOCKOCTH. J[0Ka3aTh, 4To BCAKas
HENpepbIBHAs HA KBaApaTe (PYHKLMS OrPaHUYEHA W JIOCTUIaeT
MakCUMyMa.

35* Oynkuusa f: R — R menpeprisra. [lokaszaTs, 4TO ypas-
Henue T(f(x)) = X uMeer pelleHue Toraa U TOJNLKO TOIAA, KOra
ypasHenue f(x) = X MMeeT pelieHUe.

36* OmpenenéHHas Ha OTpe3Ke (DYHKIMs HA3BIBAETCS BBI-
IyKJIOH BHHU3, €CJIM XOPJia, COeQUHSIONIas JIIO0bE ABE TOYKHU Ipa-
(uka, mexuT Bhille Tpaduka. [lokasarh, 4To BCSKas BBITYKJIas
BHU3 (DYHKIIMS HENIPEPHIBHA.

37* Hokasath, 4TO €CJIA HEMPEPHIBHASI HA OTPe3Ke (DYHKIMS
ynosnetBopsieT HepaseHeTBy f((x +1y)/2) < (f(x) +f(y))/2, To
OHa BRIMYKJIA BHU3.

IIpenenn pyukmmit

[Tycts pynkims f onpenesena va mHoxectBe M C R u mipu-
HUMAaeT AeiCTBUTE/IbHbIE 3HAUYeHNd. [lycTh 0 — [eliCTBUTENIbHOE
uncro (mpusaanexamee M wm Her). ToBopsT, uto f(x) mmeer
npeges A 1pu X, CTpeMAINEMCS K (L, €CIA [JIa Beakoro € > O Haii-
JETCA OKPECTHOCTh TOYKM (, BO BCEX TOYKAxX KOTOpOi (Kpome,
6bITh MOXET, CAMOI TOYKM Q) 3Ha4YeHUs (PYHKLUM OTIMYAIOTCS
OoT A MeHbllle YeM Ha €:

(Ve > 0)(3d > 0)(Vx € M)[(x#£a u [x—al<d) = [f(x)—Al<e].

3amuck: A = limy_,q f(X).

1. 3akonunts npegoxenne: dyakuus f: M — R Henpepsis-
Ha B TOYKe A € M Torma u TOJIBKO TOTa, KOrAa Mpemen . . .

2* HanpoTtu, MOXHO (hOPMAJIbHO ONPEAETUTD MPENET YEPE3
HenpepsiBHOCTh: yHKIMa f: M — R umeer mpenen A B TOY-
Ke a, eIV OHA CTAHOBUTCS HETIPEPHIBHOI B TOUKE . . . (3aKOHYHTH
OTIpefiesIEHNE).

3. IoBopsT, 4TO TOUKA O ABIAETCS MPESEIBHON TOYKOH MHO-
ecTBa M, eCiTi CKOJTb YTOHO GJIN3KO K 0 MIMEIOTCS TOYKYM MHO-
)ectBa M, oTimunble OT a. JlokazaTh, 4TO B 3TOM CJlydae Tipe-
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nen lim,_,, f(x) onpeaenés ogHo3HaYHO (€CNIU CYyLIECTBYET): ABa
Pa3HBIX YKC/IA HE MOTYT OBITh MpeeaMid OJHOBPEMEHHO.

4. 3akoHunTh NpeAIoXenne (M g0Ka3aTh): dyskims f: M —
— R umeer npesies1 A B TOUKE A, €CJIU U TOJIBKO €C/IM IJIsI JTH06O
nocJIeJoBaTENIbHOCTH Touek M, cxomsueiica K q, . . .

5. ChopmynupoBaTh M AOKa3aTh YTBEPXKACHUS O MpPEAEsE
CYMMBI, Pa3HOCTH, IPOM3BEAEHNS M YACTHOTO.

6 WUseectro, uro limy_,q f(x) = b u limyy g(y) = c.
IMTouemy hopMambHO Hesb3si yTBEPXAATh, YTO B BTOM Ciydae
limy_, o g(f(x)) = ¢? (Cunraem, uro f u g — yHKIWMH, onpe-
JIeJICHHBIE HA BCEX JEMCTBUTE/IbHBIX apryMEHTaXx. )

7. Haiitu npenen (sinx)/x npu x — O.

8. ...(sinx)/x npu x — 2.

9* ...(1 —cosx)/x? mpu x — 0.

105 ... (sinx —tgx)/x3 mpu x — 0.
11*. (arcsinx)/x mpu x — 0.
12....x 10)/(x —a) mpu x — a.

13. ... (2+3x)‘° 2‘0)/x mpu X — 0.

(
(

14. ... (v/x—Va)/( x—a nopu X — a.
(

15. ... (¥/x— ¢/a)/(x — a) npu x — a.
16* ... (sinx —sina)/(x — a) npu x — a.

17* ...sin3x/sin5x npu x — 0.

18. late onpenenenue npeaena dyHkumu f «ipu X, crpe-
Mmsiemes K a cropasay. (Muorga sto oboznavaror X — a + 0;
aHaJlornyHo X — a — O 0603HAYaeT, YTO X CTPEMHUTCH K O CJle-
Ba.) Jlokazath, 4TO MOHOTOHHAsI (HEBO3PACTAIOLIAS I HEyObIBa-
1ol1as ) (PYHKLUS BCETja UMeET MPEEIIbI CripaBa U cjieBa. B kakom
CJlydae 9T Ipe/elibl COBIAaoT?!

19* Jlokaszatb, 4T0 MOHOTOHHAs (DYHKLMs, OIIPENE/IEHHAs Ha
BCell MPSIMOii, HEMPEPHIBHA Be3[[e, 32 UCKJIIOUYEHHEM He 6osee YeM
CU€THOTO UKCJIA TOYEK.

20. darb onpepenenue npenena f(x) npu x — +o00. Haittu
mpenmen limy_, o0 x100/2%.

21X okasats, uto limy_, ;o (1+1/%)* cymecrsyer u pasesn
uncity e (mpegeny nociepopatenssoctr (14 1/n)™).

22. Haittu mpegen v x2 + x — X mpu X — +00.

23. Haiitu npegesn sinx/x mpu x — +00.
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24* Haittu npepen (log, x)/x npu x — +00.
25* Haitru npegen (1 + x/3)"/* mpu x — 0.
26* Haittu npegpen x log, x mpu x — 0.
27* Haittn npegen v/2 mpu x — +00.
28 Haitti npemen /X mpu X — +o0.
/%% 1o x — 0.

30> Oyukuus f onpenesieHa v HEMPEPHIBHA HA BCEil TIPSIMOIA.
MoxHo s yTBepXKaaTh, uto lim,_, | o T(Xx) = 0, eciin uzBecTHO,
uTo nocneaopatebHocTh f(x), f(x+1), f(x+2), ... cxogures x 0
s oboro x 7

29 Haiitu npenen (cosx)

31* Tor xe Bonpoc, ecam i ro6oro X > 0 mocsieaoBaTelIb-
noctb f(x), f(2x),f(3x),... cxomures k O.

AcmMnroTnyeckue 0003HaAUCHUS

ITycts f m g — nBe (byHKILWMM, OMpPEAE/IEHHBIE B OKPECTHO-
cti Touku a. [osopsar, uro f(x) = O(g(x)) mpu x — a, ecnmu
HalieTcs Takoe unelo ¢, uro |f(x)| < c|g(x)| mpum Beex x, gocra-
To4YHO Om3kux K a. (Yuraercs: «ad ot ukc ecTh 0 GOMBIIOE OT Ke
ot ukc».) Toopsr, uro f(x) = o(g(x)), ecrm s Beskoro € > 0
HaliIETCa OKPECTHOCTh TOUKHM a, B kotopoii [f(x)| < ¢lg(x)|. (Yu-
TaeTcs: «@d OT MKC €CTh O MaJioe OT K€ OT WKC».)

1. 3arnucats atu onpepenenns opmainsho: f(x)=0(g(x)) &
&S Jc(Fd>0)...;5f(x)=0(gx)) & ...

Cwmpbicn arux onpegesennii: f(x)=0(g(x)) 3uauur, uro G-
3u a 3HauveHue f(x) He cunpHO Gosbie ¢(x) (mpesocxomut ¢(x)
He Gonee yeM B orpaHMdeHHOe umcio pas); T(x) = o(g(x)) osma-
yaeT, 4to B6M3M A 3HadyeHue f(x) 6ECKOHEYHO MaJio IO CpaBHe-
Huo ¢ g(x).

HWcnonb3ays ati 0603Ha4Y€HNS, MOKHO CKa3aTh, uTo yHKLHS T
HemnpepbiBHA B Touke a, ecim f(x) = f(a) + o(1) npu x — a.

2. Kakue u3 crenymolux yTBepXKIeHMII BepHb: (a) sinx =
= O(x) mpm x — 0; (6) sinx = o(x) mpm x — 0; (B) cosx =
= O(x) mpu x — 0; (r) cosx = O(1) mpu x — 0; (;) cosx =
=1+o(x)mpux — 0; (¢) sinx = O(x) mpu x — 1; (x) sinx =
= o(x) mpu x — 1; (3) sinx = o(x) mpu x — +o0; (1) x? =
= 0(2*) mpu x — +o0. (x) 1/x = O(sinx) mpu x — +00.
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3* I'paxpanvH noweén B c6epKaccy IIATUTh 34 KBAPTUPY, HO
BMECTO BTOrO IOJIOXWII J€HbrM Ha c4eT ¢ 5% romoBbix. MoxHO
JI1 YTBEPX[ATh, 4TO €ro Aoir (BKJo4Yas neHro B 1% ucxomHol
CYMMBI 3a KaX[blii JleHb MTPOCPOYKH) GYIET O-MajIbIM OT CyMMBI
Ha CYETe TIPU CTPEMJIEHHN BPEMEHH K GECKOHEUHOCTH?

4* MoxHo nu yTBepXkAath, 4yro f(x) = o(h(x)) npu x —
ecn (a) f(x) = o(g(x)) u g(x) = o(h(x)) mpu x —
(6) f(x) = O(g(x)) m g(x) = O(h(x)) mpu x — a; (8) f(x) =
= o(g(x)) u g(x) = O(h(x)) mpu x — a; (r) f(x) = O(g(x))
u g(x) = o(h(x)) mpu x — a?

a,
a;

5. Useecrno, uro f(x) = O(x*) u g(x) = o(x3) mpu x — 0.
Yro moxHo ckaszath npo f(x) + g(x), f(x)g(x) m f(g(x))?

6* UspecrHo, uro f(x) = (x4) ng(x)=0(1) mpux — 0
UYro MoxHO ckaszats tipo f(g(x)) u g(f(x))?

7. Iokaszats, uro 1/(1+x) =1—x + O(x?) npu x — 0.
/(04X =1 =x+x2=x3+0(x*

9. ...v/T+x=14+x/2+0(x?).

10. Haiitu ananoruunyo dopmysy st v/ 9 + x.

11. Haittn pasnoxenve dyskupn f(x) = 1/(1 —2x +x?) mo
creneHsM X mpud X — O BIJIOTH [0 WIEHOB YETBEPTOrO MOPSI-
Ka, TO €CTh HaliTu 3HaveHus Koadduipedto a,b,c,d, e, s
KOTODBIX

1

m:a+bx+cxz+dx3+ex4+o(x4)

mpu X — 0.
12 HOKaBaTB, YTO PA3JIOXKECHUE MO CTENECHAM X OJHO3HAYHO:
ecJin

f(x) = ao+arx+...+ apx* + o(x*) =
=bo+bix+... +bpx* +0o(xN)

npu X = 0, 70 a; = by mpu Bcex i =0,...,k

13. [lokazats, uto v/x + 1 — /X = 1/ 2\/_ o(1/x) npu
X — +00.

14. ...sinx = x + o(x) nmpu x — 0.
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15. ...sinx —tgx = O(x3) mpu x — 0.

16. ...sinx = x + O(x3) mpu x — 0.

17....cosx =1—x%2/2+ O(x*) mpu x — 0.

18. ...ctgx =1/x+o0(1) mpu x — 0

19. [lokazath, YTO MAKCUMAJIbHOE OTKJIOHEHNE AYTH IJTAHOM X
€IMHIYHOI OKPY>KHOCTH OT CTsrmBaroweii eé xopasl ects O(x?)
mpu X — 0.

20 Tlpexgmonaras, uro dopmyna /1 +x = 14+x/2+ ax>+
+0(x3) (mpu x — 0) BepHa 15l HEKOTOPOI KOHCTAHTHI O, HANTH
3HauYeHHe a.

21* (Ilpogomxenue) Iokazats, 4To mpu 9ToM A (opmyJia
JEUCTBUTEIBHO BEPHA.

22* Vkaszate a u b, npu Kotopsix ¢opmyna /1 +x =1+
+x/2 4+ ax? + bx3 + O(x*) Bepua (mpu x — 0).

23* Pazsioxuts sin X B OKPECTHOCTU TOYKH 7T/ 3 IO CTENEHIM
(x —7t/3) BIJIOTH A0 4YETBEPTOI (APYTMMH CJIOBAMM, PA3JIOXKHTh
sin(71/3 + x) mo cTemensM X ¢ TouHocThio 70 0(Xx%)).

24* Ykasare a, npu kotopom V1 +x =1+ ax + O(x?).

Bo MHorux 3amavax monesHs! pasznoxenus (ipu x — 0)
inx =x—x3/314+x°/5!— =1—x2/214x%/41—
sinx =x—x>/314+x/5!—... u cosx = 1—x“/21+x" /4! —. ..

(xoTOpBIe MOXHO O6OpBaTh B JIFOOOM MECTE); KaK MBI YBUIUM
Janblle, MX JIETKO MOIY4uTh 1o opMyJe Teiizopa unu u3 paga
et = cosx + isinx.

25* Haiitn pasnoxenue BIUIOTh 10 X 17151 tg X=sin X/ cos X.

26* (TIpogonxenue) mis sin(sinx) BroTs 1o x*.

27* (Ilpogomxenue) st arcsinx Bwiote 10 X*. (MoxHo
IPEANONAaraTh, YTO TAKOE PA3JIOKEHHUE CYLIECTBYET — OTO byaer
CenoBaTh U3 OOIMX TEOPEM. )

28 * Passoxurth Mo creneHsM X (¢ TouHoctsio 0(x?)) (a) pac-
crosiame ot Touknu (0, 2) go Toukm (0, x); (6) paccrosHme OT TOY-
ku (—1,1) mo roukn (0, x); (B) gy nomanoit (—1,1)—(0,x)—
—(2,2); (r) pmuay aomanoit (—1,1)—(0,x)—(1,2). Kak o6bsc-
HWTb, IOYEMY B OJHHX CIy4asx Koa(h(ULIMEHT IIpK X paBeH HYJIIO,
a B IpyTUX — HET?!
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29 TpeyronpHuk mmeer cToposs a,b,c. OgHy M3 cropon
YUIMHWIMA Ha X; OycTh S(X) — mUIomans HOJyYMBLIErOCsS Tpe-
YroJIbHUKA CO CTOPOHaMu a, b, ¢ + x. Paznoxuts S(x) no crene-
HSAM X C TOUHOCTBIO O(X). B kakoMm cryuae koapurieHT mpu x
pasen 07

30 Ilycrp X — HekoTopas ¢urypa Ha miockoctu. Paccmo-
TPUM €-OKPeCTHOCTh X (COCTOSIYIO M3 TEX TOYEK, KOTOPHIE OT-
CTOSIT He 60JIee YeM Ha € OT HEKOTOPOit Touky MHOXecTBa X). Pas-
JIOKUTH TIJIOLIA (b OTON OKPECTHOCTH MO CTEMEHAM € IS pa3jind-
HBIX (DUT'YD, B TOM YKCJIE KPyTra, OTPE3Ka, OKPYXHOCTH, KBajpara,
Kpyra ¢ KpYIJIOi [IBIPKOM, Kpyra ¢ ABYMSI KPYIJIBIMU IbIPKAMHU,
y4acTKa IJIaIKOM KPUBOIi 1 ap. B kakux ciayvaax mosyvarommecs
(bOPMYJIBI TOYHBI IIPY MaJIBIX €7

31> Tlokasatk, 4TO AJI1 HEKOTOPHIX 0 M D BepHa (HOpMY-
ml+1/224+1/32+...+1/n?2 =a+b/n+0(1/n?) u
waiitu b. (Haiitu a ropasmo cijioxHee — Kak Mbl YBUIUM, OHO
paBHO 712 /6.)

32* TlocnemoBaTeIbHOCTD X(,X1,X2,... ONPEAESIEHA COOT-
HOIUEHUEM Xq, 1 = SinXy; mnpu @aroM Xo = 1. Ilokasarte, 4yro
xn = O(1/y/n).

33* VYpaBHeHue tgXx = X MMeeT GECKOHEYHO MHOTO pelile-
HUIi; IEPEHYMEPYEM HEOTPULATESIbHBIE €0 PELICHNS B IIOPSIKE
Bospacranus: Xo = 0,X1,X2,... Torma MoxHO Hamucats op-
MYy Xn = N7T+ a + b/n +c¢/n? + d/n3 + o(1/n3). Haiitu
a,b,c,d.

34 (a) mpu aHajM3e aJrOPUTMAa BBISICHUIOCh, YTO BpeEMs
ero paborsl T (n) Ha Bxomax AJMHBI N (OMpEAENIEHHOE IS ie-
JIBIX TIOJIOXUTETBHBIX TL) YIOBJETBOPSET COOTHOIIEHMIO | (1) =
=T(n/2])+ T([n/3]) + O(n) (xBagpaTHBEIE cCKO6KH 0603HAYA-
IOT LIeJTyI0 YacTh). [lokazate, uro T (n) = O(n). (6) Yro moxuo
ckazath 0 I (1), ecm T(n)=2T([n/2])+ O(n)?

35* B okpecrroctu Toukn (1, 1) kpusast x> +x +y° +y =4
COBMaaeT ¢ rpauKOM HEKOTOPO pyHKImm Y = f(x); mpu oTom
f(14+h) =1+ ah+bh?+o(h) ms vekoropsix a u b. Cunras
BTO U3BECTHBIM, HAWTH A U b.

36 Tpu kakom M mpenen (sintg(x) — tgsin(x))/x™ npu
x — 0 cymecrByet u orimdeH ot 07
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37* Haiitu npegen

sintgx —tgsinx

arcsin arctg x — arctg arcsin x
mpu X — 0.

IIpenensl ¢ aKCIIOHEHTOM

IMpu mo6om a > 0 dyskuus X — a* omnpeesieHa U Hempe-
pbiBHA mpy Beex X; mpu atoM a*tV = a*a¥ u a°® = 1. Ipu
a > 1 sra yskums Bo3pacraer, npu a < 1 — y6wiBaer (npu
a = 1 oHa mocrosHHa).

Yucrio e onpefesisietcs KaK npejes nocieaoparenbaoctu (14
+ 1/m)™; 3Hauenue e* o6osHavaeTcs Takxke exp x. ObparHas K
X — a* dyHkius obozHavaercs log, x (soraprgm mo ocHoBa-
HHIO Q); oHa onpejenieHa (1 HempepbBHa) mpu a > 0 u a #£ 1.
Jlorapudm mo 0CHOBaHMIO € Ha3BIBAETCSI HATYPAJIBHBIM 1 00603Ha-
vaercs In.

1* TlokazatenpHyl0 QYHKIFIO X — Q% MOXHO TIOCTPOWTbH
Tak: cHAayaja ONpeJe/UTh €€ Ui LENbIX X, 3aTe€M [Is Palyo-
HameHbIx (™™ = {/a™), a satem (IO HeNPEpHIBHOCTH WM
MO MOHOTOHHOCTH) ISl BCEX AeiicTBUTENbHBIX X. [IpoBectu aT0
MOCTPOEHKE MOAPOGHO M AOKAa3aTh Ui MOCTPOEHHOW (DYHKLMU
yKa3aHHBIE B HAYaJjIe JINCTKA CBOICTBA.

2. Jlokasars, uto npegen (1+ 1/x)* npu x — 400 paBeH e.

3. Haiitu mpegen (14 x)"/* mpu x — 0.

4. Haitru ipegen (14 2x)'/* mpu x — 0.

5. Haiitu npegen (1 —x)"* npu x — 0.

6. Haiitu npegen (1 +x2)V/* mpu x — 0.

7. Haiitu mipenen (1 + x)”xz mpu X — 0.

8 Haiirir ipement (1 + sinx)"/* mpu x — 0.

9* Haittn npenen (cos x)”"2 mpu x — 0.

10. [okasats, 4rto

. In(1 +x)
lim ——
x—0 X

=1

(npyrumu croBamu, In(1 4+ x) = x + o(x) mpu x — 0).
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11. Iokasats, urto

Yy _
im &1 4
y—0 Y

(npyrumu croBamu, e¥ = 1+y + o(y) mpu y — 0).

12* Tpennonaras, uro e* = 14+x+ax2+o(x?%) npu x — 0,
Haiiti a. (Ykasanue: e?* = eXeX.)

13* [okasarb, yro mpu x — 0

expx =14+x+x2/2+ ... +x"/nl + 0™

(exp x ompenensercs Kak cymma pspa 1 + x + x? /24 ...+
+x"/nl+..0).

14 (pomomkernue) Cunras, uro In(1 + x) = ax + bx? +
+ 0(x2), naiitu a u b.

15. Haitru npegen (2 —1)/x npu x — 0.

16. Haiitu mpegen log, (1 + x)/x mpu x — 0.

17. Haiitu npenen (exp(a +h) —exp(a))/hopu h — 0 (un
MOCTOSTHHOM Q).

18. Haittu npegen (In(a + h) — In(a))/h ompu h — 0 (u
MOCTOSTHHOM Q).

19. [lokasars, yro ecmm a4, — a, by — b u a > 0, o
abr — aP. (Vkasanue: norapudm u 9KCTIOHEHTa HEMpPEpPHIBHEL )

20. Haiitu npegen a*/x™ npu x — +oo (rme a > 1, n > 0).

21. Haittu npenmesn x Inx mpu x — 0.

22 Jlokasath, 4TO AJIsL HEKOTOPOI'O Y UMEET MECTO PABEHCTBO

1

1
T+-+...+—=Inn+vy+o(l).
2 n

23* (Ilpomosxenue) dokaszars, 4ro

1 1
T4 =4 . 4——Inn+y+2+0(1/n?)
2 n n

IS IOAXOMSIIErO (L ¥ HAMTH BTO .
24 Haiitu mpemes mpu N — 0O CyMMBI
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25* Haiitu cymmy psga

LR
273 4

26* Jlokasathb, uyto In(n!) =nlnn + o(nlnn).

27 JlokazaTp Gosnee TouHyI0 oueHKy: In(n!)=nlInn+0(n).

28* Jlokazath ewi€ 6onee TouHyo oLeHKy: In(n!) = nlnn —
—n+ O(lnn).

29* Jlokazath ewi€ 6onee TouHyo oLeHKy: In(n!) = nlnn—
—n+(1/2)Inn+c+ o(1). Opyrumu ciosamu,

nl = (n/e)™VCn(1 4+ o(1)).

Moxno gokaszats, uyto C = 27 (¢popmyna Crupnumra), a uas
nasblie, pasnoxutb o(1) mo crenenam 1/n.

30* Yucma aq,az,... nonoxwuresibHbl U Menbue 1. Jloka-
3aTh, UTO CJIEAYIOLINE TPU CBOMCTBa paBHOCWIbHEL (1) pam a; +
+as+... pacxogures; (2) npoussepenue (1+aq)-(1+az)-...x
x (1 + ay,) crpemures xk 6eckoHEUHOCTH IIpH N — 00; (3) mpo-
mpegenue (1 — a1)(1 — az)...(1 — an) cTpeMurcs K Hymo
Mpu L — 00.

31> (Ilpogomxenue) BeiBectn oTciofa, 94TO rapMOHUYECKUIA
pan Y _(1/i) pacxogurcs.

32* (Ilpomonxenue) Hokaszate, yro pag 1/2+1/3+1/5+
4+ 1/7 + ... (o6paTHble K IPOCTHIM YUCJIAM) PACXOIUTC.

IIpoussoanas

TpowuszBogHoii Gyukumu f B TOUKe  Ha3BIBAETCS TPEAES OT-
nHowenus (f(x)—f(a))/(x—a) mpu x — a. Ecrm on cyue-
CTByeT, (DYHKLMs Ha3blBaeTCsl AupPepeHLupyeMor B TOYKe Q.
IMpownsBognas dyrkumm f B Touke a obosHavaercs f'(a).

1. Haiitu mpousBoaHbie (B IPOU3BOJIBHON TOUKE Q) (DYHKLIMIA:
(a) x = 2x; (6) x — x2; (B) x = 1/x5 (1) X = /%5 (@) x = x™
JUTS LEJTBIX TIOJIOXKUTENBHBIX 1 (€) X — X™ 17151 TOOBIX LIENBIX N
(x) x — sinx; (3) x — cosx; (m) x — e*; (k) x — Inx.

2. Jlokasate, yro dyukimsa f uMeeT Npou3BOAHYIO A B TOY-
Ke A Torja M ToJIbKo Torja, korna f(a+h) = f(a) + Ah+o(h)
mpu h — 0.
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3. Jlokaszath, yTO BCgkas guddepeHuupyeMas B TOYKE O
(DyHKLIUS HEOpephiBHA B (1, HO OBPaTHOE HEBEPHO.

3ameuanne. Onpenenenmo f'(a) MoXHO MPUIATL CMBICT, €C-
JIM TOYKa O TIPUHAUIEXWUT obnactu onpedenenus GyHKIunA f u
ABJSETCA 1S He€ TpefesibHOM Toukoii. O HaKo 06bYHO Mpeo-
naraipr, 4to f OmpefeneHa B HEKOTOPOHl OKPECTHOCTH TOYKH A
(ma uHTEpBase, COmEpPXKAILEM Q).

4. Jlokasars npaBuiia qudhepeHupoBaHis CyMMBbI (DYHK I
n npowmsBegenns dyakumii: (a) (f + g)'(a) = f'(a) + g'(a);
(6) (fg)'(a) = f'(a)g(a) + f(a)g'(a). (YmrobHo ncronbzosath
3agagy 2.)

5. (IlpousBoguas cioxHoil dyukiwmu) Ilycrs dynkimsa f on-
peneneHa B OKPECTHOCTM TOYKM A U AauddepeHipyemMa B Q;
nycTh (DYyHKLUS ( OTpeJeeHa B OKPECTHOCTH Toukr b = f(a) n
mddepenippyema B b. Torma dyskiuus h(x) = g(f(x)) onpe-
JieJleHa B OKPECTHOCTH TOYKY A, AnddepeHIupyeMa B TOUKE A 1
h'(a) = g'(f(a))f'(a). (Ykasarue: ucnons3osats 3agady 2.)

6. (a) Oyskiuusa f ompegeneHa B OKPECTHOCTH TOYKM O U
maddepeHppyema B Touke a, npuyém f(a) # 0. Haiitn npous-
BogHyto dyHkipu X — 1/f(x). (MoxHo BocmoB30BaTHCS TMpE-
oeiayiein 3apaveit.) (6) Haittu mpowmsBommyo wactHoro x —
— g(x)/f(x) B Touke a, ecnu dyHKIWMK f ¥ ¢ ONPEAEsCHHI B
oKpecTHOCTH A U AuddbepeHumpyemsl B A, npudéem f(a) # 0.

7. Haiiti npomssoassie dynkimit: (a) x — (x + 1)* =x* +
+4x3 + 6x% +4x + 1; (6) x — sin2x = 2sinxcosx (aBymMs
criocobamn); (B) x - tgx; (1) x — sin(sinx)); (x) x — a* (mns
moboro a > 0); (e) x — log, x (ans moboro a > 0, kpome 1);
(x) x = exp(2lnx); (3) x — x* (X — HDPOU3BOIBHOE YUCJIO;
dbyukums pacecmarpusaercs npu X > 0); (1) x — x* (x > 0).

8. Oynxuusa  onpefenena, HeMpepbiBHA W CTPOTO MOHOTOHHA
Ha HekoTopoM mHTepBaje. [lokazaTh, 4To ecnu oHa auddepen-
UpyeMa B TO4YKe ( aToro mHTepBana u f'(a) # 0, To o6paTHas
dyEkIus ¢ muddeperimpyema B Touke f(a), u maittm g’ (f(a)).

9* (Ilpomonmxenue) Yro moxmo ckazate o ¢'(f(a)), ecrm
f'(a) =07

10. Haiitu npousBogubie dyukimii (a) X — arcsinx; (6) x —
— arccosx; (B) x — arctgx.
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11* Haiitu npousBogHyo yHKLUM X — arcsin(cos x).

12. Bropoii nponsBogHoii ysHKkimy f Ha3bIBaeTCS IPOU3BO/I-
Hasg eé MPOU3BOJHOM, TO ecTh MpousBogHas dyHkIum '@ X —
— f’(x). Harmucats chopmysty msisi BTOpoil MpOW3BOJHOI TPOM3-
Begennst h(x) = f(x)g(x), To ects Beipazuts h''(a) yepes 3Ha-
yeHus: GyHKUuii f U ¢ U MX IPOU3BOJHBIX B TOYKE .

13* (Ilpogomxenne) Hanvcars aHasiorndnyo hopMyay s
h(®)(a) (naroit mpomssomHoit).

14* Haittu BTOopyro npousBoguyo ¢yukuuu h(x) = f(g(x))
(cumrast u3BeCTHBIMU 3HauYeHUs QYyHKUWIA f U ¢ ¥ UX TIPOU3BOS-
HBIX).

15 Haiitn BTOPYIO NPOM3BOAHYIO OOpPATHONM (DYHKLIMM, CUU-
Task U3BECTHBRIMU 3HAYEHUS CaMOil (DYHKLMM, a TaKXKe €€ IEPBOi
¥ BTOPOW NMPOU3BOHOI.

16* Ykasarts kakyw-mi6o ¢yskimio f, He paBHY0 HYJIIO TO-
KIecTBeHHO, fu1s Kotopoit (a) T/(x) = (x + 3)?; (6) f'(x)
= (5% +3)%; (8) f'(x) = f(x); (r) f'(x) = —f(x); (m) f"(x) =
= —f(x).

17. Yrto mosyuwrcs, ecnu N pa3 npoauddepeHIpoOBaTh
(«ardhepeHIPOBaTE O3HAYAET «6paTh MPOM3BOAHYIO») MHOIO-
4jieH crereHu M7

18. Jlokaszats, uto my1g MHOrouseHa P cTenedu N crpaseiu-
Ba ¢popmy.a Teiiaopa:

P P(n]
P(a+h) =P(a)+P'(a)h + 2(‘a)h2 Fot ﬁh".
. n.
(Ykazanue: P(a + h) npu (pUKCHPOBAHHOM ( €CTh MHOTOUJIEH

or h.)

19. O6baCcHUTDL CMBICH ONKUCAHUS TPOU3BOJHON KaK «MTHOBEH-
HOI1 CKOPOCTH U3MEHEHNs (DYHKIUN», KaK «OTHOLICHNS 6eCKOHeU-
HO MAaJIoro NpupalleHns (yHKLIUN K MPUPALIEHUIO APTYMEHTay U
KakK «TaHr'eHCa yIJia HAKJIOHA KacaTeJIbHOMy (KOTopasi B CBOKO OYe-
pellb ONUCHIBAETCH KAK «IIPEJEIbHOE TIOJIOKEHNE CEKYILE ).

20. Haiiti ypaBHeHue KacaTesbHOl K osummcy x> + 2y? = 3
B Touke (1,1).

21* (Ilpomonxenve) [lBe meprneHAVKYISPHBIE KacaTe/IbHbIE
K 9TOMY JJUIMICY TepecekawTcss B Touke X. Jlokasate, 4ro pac-
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crosare ot X [0 Hayaja KOOPAMHAT HE 3aBHCUT OT BhIOOpa Ka-
catesbHbIX (1 paBHO 3/V/2).

227 (a) Orpesku KacaTeabHBIX K OKPYXHOCTH, IPOBEICHHbIE
U3 OJHOI TOUKHM, paBHbL. CHOPMYIMPOBATH U TOKA3aTh aHAJIOTUY-
HOE YTBEpPXKIEHHE I KacaTeJbHBIX K Mapabosie, MPOBEAEHHBIX
u3 ogHoi Touku. (6) KBampar kacarepbHOM K OKPYXKHOCTH PaBeH
IPOU3BEAEHUIO OTPe3KoB cekyumx. ChopMyanpoBaTh aHAIOTUY-
HOE yTBEPXKIECHUE I NapaboJibl.

23* JlBe mapabosel Yy = aix?2 +bix+cim y = arx? +
+ bax + ¢, mepecekawtcs B Toukax A u B u umeror oburyo
KacareJbHyI0, Kacawllywocs mapaboi B rtoukax C u D. Jlokaszars,
gyro npsmasi AB menur orpezok CD momomam.

24* Jlna naowanu Kpyra paguyca T ecth dopmyna S(r) =
= 7r?; mpomssomHast S’(r) = 2mr madr dopMydy AIS M-
HBl OKpyXkHOCTH. [Insg o6béMa 1apa pagnyca T ecThb (GOpMyJia
V(r) = (4/3)nr3; mpomseoguas V' (1) = 4mr? maér dopmyiy
g wiomamy chepbl. O6bacHUTL HABMIOTAEMOE SBIICHHE.

Teopembl 0 mpoU3BOHOM

1. Tewexom wén 8§ MUHYT ¢ MEPEMEHHOI CKOPOCTHIO U TIPOLIEST
6osee 800 M. MoXHO 11 yTBEPXK JATh, YTO HAMIETCS IIPOMEKYTOK
JUTMHOM B MHMHYTY, 3a KOTOpHIA memexon npowen 6omee 100 m?

2 (IIpomosmxenue) MoXHO JIu yTBEPXKIATh, YTO HANAETCA
MPOMEXYTOK B TPH MHHYTHI, 32 KOTOPBI TEIIEXO MPOIIEN 6o-
siee 300 m?

3. (Teopema o koneunom npupaiennu) Oyukius f qudde-
peHLupyeMa BO BCEX TOYKAX MHTEPBaja I, u e€ Mpou3BOAHASA HE
npeBocxoauT (M0 MOYJII0) HeKoToporo ymcia . [lokasatsh, 4to
IS JTIOOBIX TOYEK X M | 9TONO MHTEPBaJia BBHIMOJHEHO HEPABEH-
CTBO

fly) — f(x) < cly —x]
(«ecsT MTHOBEHHAsI CKOPOCTh HE MPEBOCXOOUT C, TO W CPEOHSS
CKOPOCTb HE MPEBOCXOIUT C»).

4. Jloxazate, 4ro eciv ABe (DYHKLMU ONpPEAESIEHB HA UHTED-
BaJle ¥ UMeIOT OfHy U Ty xe mpoussoguyio (f'(x) = g’(x) ans
J060I TOYKH X 9TOr0 MHTEPBAJIA), TO OHU OTJINYAIOTCS Ha KOH-
craury: f(x) = g(x)+ C mna mvekoroporo uncna C u [j1g BCex X.
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5. Oynkuus f ompeneseHa Ha Beeii nmpsamoit, mpuyém |f(y) —
—fx) < (y— x)z TpU Beex X, Y. UTo MOXKHO cKazaTh MpO 3Ty
dyskmIO?

6* Oynkuusa f ompefeneHa u AuddepeHLpyeMa Ha Beei
npsamoit, mpu atoM T'(x) = f(x) npu Bcex x. Jokaszatb, uTO
f(x) = ce* npu HEKOTOPOM C U NpH BCEX X.

Touka a Ha3BIBAETCS TOYKON JIOKATBHOTO MaKCUMyMa (DYHK-
uuu f, ecyu HalgETca HEKOTOpask OKPECTHOCTh TOYKU X, B KO-
TOpoii (byHKIMs f ompeneneHa U BCe €€ 3HAYEHHUS HE MPEBOCXO-
nat f(a). Ecm Bce oHm (kpoMme 3Ha4YeHMs B TOYKE Q) CTPOrO
MeHblIe T(a), TO FOBOPAT O CTPOroM JIOKaAbHOM MaKCHMYME.

7. Jlokazate, yro y moboit (yHKLMN He GoJiee YeM CUETHOE
YKCJIO TOUEK CTPOTOrO JIOKAJIBHOTO MaKCUMyMa.

8 (ITpomosxenue) s ToYeK JIOKAJBHOrO Makcumyma (He
00s3aTEIBHO  CTPOrOro) DTOTO CKAa3aTh HEJB3s: Yy IOCTOSIHHOM
(PYyHKLIMM BCsIKas TOYKA GyIeT TOYKOW JIOKAJBHOTO MaKCUMyMa.
JlokazaTh, 4TO MHOXKECTBO 3HAYEHMIT JTIOOOM (DYHKIMM BO BCEX €€
TOYKaX JIOKAJIbHOTO MaKCUMyMa He GoJiee YeM CUETHO.

9. (ITpuauun ®epma) dokazate, 9o ecnu GyHKImsS qudde-
PEHIMpyeMa B TOUKE JIOKAJIBHOTO MAKCUMYMa, TO €€ IIPOM3BOTHAS
B 9TOM TOYKE PaBHA HYJIIO.

10. (Teopema Posns) @yukius f onpenesieHa u HenpepsIB-
Ha Ha oTpe3ke [a,b] u auddepeHLEpyeMa BO BCeX TOYKaX MH-
teppana (a,b), npuuém f(a) = f(b). Jokazats, uyTo Haiigércs
Touka ¢ € (a,b), ana koropoii f'(¢c) = 0.

11. (Teopema Jlarpanxa) @Oyukius f onpenesieHa u Hempe-
pbIBHAa Ha OTpe3ke [a,b] u muddepeHIpyeMa BO BCEX TOUKAX
unHTepBana (a,b), npuuém f(a) = f(b). Hokaszars, 4yro Haligércs
Touka ¢ € (a,b), g xoropoit f'(c) = (f(b) — f(a))/(b — a).
(Cywecrsyer Touka, B KOTOPOHl MTHOBEHHasi CKODOCTh DaBHA
CpeliHeil, a KacaTeJIbHas Mapasijie/lbHa CEKYLIEH. )

12* Bepen nu anajior TeopeMsl Jlarpanxka [jis JBUXKEHUS 110
wiockoctn? ToT ke BOIpOC /1 TEOPEMBI O KOHEYHOM MPUPAILE-
HUH.

13. BoiBectr TeOpeMy 0 KOHEUHOM TPUPAILEHUN U3 TEOPEMBI
Jlarpanxa.
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14. Oynxuusa f onpenenena n auddepeHLpPyEMa HA UHTED-
Basne . Jlokasate, uto f sBngercs Hey6GwmBarowei (t.e. f(x) <
< f(y) mpu x < y) Toraa u Tonbko Toraa, korma f'(x) > 0 gna
Beex X € L.

15. (Ilpomonmxenue) BepHo jm anHanormuHOEe yTBEPXKOEHUE
mpo (cTporo) Bospacraroipe GyHKIUA U QYHKIUA C BCIOOY I0-
JIOXKUTEIIBHOM MPOU3BOAHOM?

16. Uspecrro, uTto hyHKIMHU T M ¢ ONPEAEIEHEl ¥ HEMTPEPHIB-
ubl Ha otpe3ke [0, 1] u qudepeHIpyeMbl BHYTPH HETO, TPUYEM
f'(x) < g'(x) gna seex x € [0,1] m £(0) = g(0). loxazars, uro

(1) < g(1).
17* ®yukuus f onpenenena u guddepeHpyeMa Ha BCeil
npamoit, npu atoMm |f'(x)| < |x| u f(0) = 1. Kakue 3HaueHus

Moxet rpudumath (10)7?

18* ®yukuus f onpepenena u auddepeHnpyeMa Ha Beeit
npsivoit, ipu atom |f’(x)| < [f(x)| m f(0) = 1. Kakue 3nauenns
MoxeT npuaumats 1(10)?

19. (a) ®yukuusa f onpeneneHa B OKPECTHOCTH HyJIs U auc-
depennupyema B Hyste, npudeM (0) = 0 u f/(0) = 0. JlokazaTs,
uro f(x) = o(x) mpu x — 0. (6) @yukuusa f onpeneneHa u aud-
(epeHIpyeMa B OKPECTHOCTH HYJIs, IBAX 6 qUudepeHIppye-
Ma B Hyne, mpudem f(0) =0, f'(0) = 0 u f”(x) = 0. Jlokasars,
gro f(x) = o(x?) mpu x — 0. (B) ChopMymposaTh 1 HOKA3aTh
AHAJIOTMYHOE YTBEPXKIEHNE ISl CTAPIUKMX TPOU3BOJHBIX.

20. Ucnose3ys mpeaplayllyo 3aady, JOKa3arh, YTo Sinx =
=x—x3/6+ o(x*) mpu x — 0.

21. (®opmyna Teitnopa ¢ ocrarounbiM dieHoM B dopme [le-
ano) Ecnu dyskuma f onpenenena u nudbdepenuupyema n — 1
pa3 B OKPECTHOCTU TOYKH O U UMEET T-I0 MPOU3BOLHYIO B A, TO

fla+h) =f(a) +f'(a)h+ (f"(a)/2)h* + ...+
+ (f™(a)/mHR™ + o(h™)
npu h — 0.
22. (Hocrarounoe yciobue Makcumyma) Oyukumsa f qudde-

peHLMpyeMa Ha uHTepBasie |, e€ mpousBogHast paBHa 0 B TOY-
Ke a € [, momoxuresbHa cjeBa OT A M OTpULIATeNibHa ClipaBa
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or a. JlokasaTph, 4TO B 3TOM ClIyyae MakCUMyM (DYHKIMU HA WH-
TepBaje | mocTuraerTcs B TOYKE d.

23. Haiit MunnMasibHOE 3HaueHne pyHKIM X — X Inx Ha
unrepsaje (0, 1).

24* UzsectHo, uto a,b > 0, a® = b® u a # b. [lokasars,
YTO OJHO M3 YKCEJ A U b MeHblle €, a fpyroe — 6Gosbiue. Jloka-
3aTh, YTO Jj1s Jroboro uncia a € (1, e) HalaeTcs eJMHCTBEHHOE
b > e, npu xotopom a® = be.

25. Oynxumsa f guddepeHupyeMa B OKPECTHOCTU TOUKH A,
aBax el Auddepernupyema B a, mpuuem f/(a) = 0u f(a) > 0.
JokaszaTh, 4TO TOUKA Q SBJISETCS TOYKOM CTPOrOro JIOKAJBHOTO
MHUHUMYMa.

26* (Teopema Koum) Ilycts ¢yskumm f u ¢ HenpephIBHEI
Ha ortpeske [a,b], muddepeHuupyeMsl Ha uHTepBase (a,b) u
f(a) # f(b). Torma maiinércs tTakas Touka ¢ € (a,b), uro

g(b) —gla) g'(c)

f(b) —fla)  f'(c)

(oTHOLIEHUE CPEHUX CKOPOCTEN PABHO OTHOLIEHUIO MTHOBEHHBIX )
wm f'(c) = g’(c) =0.

27* (IlpaBuso Jlomurans packpbITHSI HEOTIPEAEIEHHOCTH BU-
ma 0/0) @yukuuu f u ¢ onpenesieHsl U qud@epeHIUPYEMBI B
OKPECTHOCTH HEKOTOpOi Touku a, mpuuém f(a) = g(a) = O.
IMyers g’ (x) # 0 mpu x # a u cymecrByer npexen f'(x)/g’(x)
MpY X — A, PaBHBIA HEKOTOpPOMY uuciy c. Jlokasats, 4ro npegen
f(x)/g(x) mpu x — a TakXe CyIECTBYET U PaBEH C.

28. Oyukius f onpenenena u gBaxabl auddepeHLEpyeMa
Ha uHTepBaje I, comepxawem O, npuyém f(0) = f'(0) =0, a
If(x)] < M mpu Beex x € L. Jlokasats, gro |f(x)| < (M/2)x2.

29. (Tlpomonxenue) ChopMyMpoBaTh aHATIOTUYHOE YTBED-
XIEHME IS CTAPIIUX TTPOU3BOHBIX.

30. (®opmyaa Teitnopa) Oyukiusa f onpenenena u N+ 1 pas
nuddepeHIpyeMa B OKPECTHOCTY TOUKM A, IpudéeM eé (n+1)-s
npousBofHas (BO BCEX TOUKAX BTON OKPECTHOCTH) He MPEBOCXO-
ot o Moy o unciia M. Jlokaszath, 4To MOrpeNHOCTh TPUGIIH-
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KEHHOU (POPMYJIBI
fla+h) = f(a)+f'(a)h+(f"(a)/20R>+. . .+ (f™) (a) /)R

#e mpesocxomut (M/(n + 1))h"™*1 (ecom touka a + h mexur
B YIOMSIHYTOIl OKPECTHOCTH ).

31. (TIpogomxenne) [okasats, uro sinx = x — x3/3! +
+x°/5] —...mcosx = 1 —x?/2] +x*/4] — ... npm Bcex X.

32. (IIpomomxenne) Wcmonmessyss dopmyny Teittopa, moka-
3ath, 910 ¥ = 1 + x +x2/2! +x3/3! + ... mpu Bcex X.

33* okasars, uro In(14x) = x—x2/2+x3/3—x*/4 + ..,
ecim x| < 1. (TTpu x = 1 310 TOXE BEpHO, KaK MBI BULENHU; MIPU
OCTaJIbHBIX X DS PACXOUTCS.)

34 (Bbunom HelotoHa ¢ nmponsBosibHBEIM ToKaszatesieM) Joka-
3aTh, YTO
(T4+x)*=T1+ox+ “(“27 ”xz + G ]3),(“72%(3 +
I1s moboro (He o6s3aTesbHO Liesoro) o, ecm |x| < 1.

35 Oyukums f guddepeHuypyeMa N pa3 Ha BCEil MPSAMOi
" €€ M- MPOU3BOHAS BCIOJY PaBHA HYJO. UTO MOXHO CKa3aTh
o ¢yskumu f?

36 Oyukuus f quddepeHLypyeMa Ha Beeil MpsAMOI; ypas-
Henne f(x) = O umeer k pewenmii. JlokazaTh, 4TO ypaBHEHUE
f’(x) = 0 umeer no kpaiireit mepe k — 1 peurenne.

37* («Manousnens ) MHOrodsIeH OT OOHOI MEPEMEHHON UME-
et He Gosiee 100 HeHyseBRIX KOBMMUIMEHTOB (HO MOXET BKJIIO-
YaTh CKOJIb YTOQHO GoJblive crernenn). Jlokasars, 4ro OH UMEeT
He 6omee 1000 KopHeii.

38* Jlokazath, 9T0o M-Sl MPOM3BOAHAS (DYHKIMU X — €
(paccMaTprBaeMoit [1J1s1 TIOJIOKUTENTBHBIX X) UMeeT nipefest O mpu
x — 0.

—1/x

Kourpospaas pabora

1. Jaubl gBa psfa ¢ HEOTPULATE/IBHBIMU WIEHAMU ) (O K
> byn. Bepro nm, uto (a) ecnm 06a OHM PACXOAATCH, TO U PSL
> min(an, byn) pacxogures; (6) ecm 06a OHM CXOATCA, TO U
pan > max(an, by ) cxogures?
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2. Tor ke Bompoc 18 PSAOB C MOHOTOHHO YOBIBAIOIIMME YJIE-
HaMHU.

3. Ilokasath, 4ToO [Jig JIIOGOr0 MHOrOYIOJIbHMKA HA IJIOCKOCTHU
CYILECTBYET IPAMas, OEJISLIas €r0 Ha MHOIOYIOJIbHUKM DPaBHBIX
IUIOLIAIA ¥ [IEPUMETPA.

4. B xakux cinyvasx Gymer HempepbiBHA (DYHKIMsI, OMPEJE-
sieHHast Ha MHOXectee M = {1/n|n € N}?

5. BepHo n1, 4TO BCSIKas paBHOMEPHO HENPEPHIBHAS HA WH-
TepBane (yHKLMS OrpaHnyeHa Ha HEM? A Ha mpsmoii?

Haiitu npenensl dpyskimii:

6. cos5x/ cos7x mpu X — 1/2;

7. (x +7)3/2 — (x4 5)3? npu x = +00.

8. x(ctgx) mpu x — 0.

9. Wcnonb3ys M3BeCTHBIE CBOWCTBA IOKA3ATEIbHON (DYHKLIUM

(a*tY = a*aY, a® = 1, a' = a, HenmpepHIBHOCTH, MOHOTOH-
HOCTB), J0Ka3aTth, yro (a*)¥ = a*¥ npu Bcex a > 0 u npu
Bcex X,y € R.

MHoro4sieHs ¢ OQHOM IT€PEMEHHOM

Ecnu MHOrousieH coiepXWT TOJIBKO OfHY TEPEMEHHYIO, €r0
OOBIYHO 3aMVCHIBAIOT B TOPSOKE YObIBaHWS CTEMEHe: X" +
Fan_1x" T +.. .+ ax?+arx+ao. Yucna an, . .., o Ha3bI-
BAaIOT KOA()(PUIHEHTAMH MHOTOYIeHa; npu otoM (eciu a, 7 0)
YKCJIO T\ HA3BIBAIOT CTEMEHBIO MHOTOWIEHA, (,, — CTAPIIUM KO-
a(hpULIHEHTOM, A9 — CBOGOJHBIM YJIEHOM.

1. (a) Muorousen P(x) umeer crenens 5, a muorousien Q(x)
uMeer crerenb 7. YTo MOXKHO CKa3aTh MPO CTENEHM MHOTOUJIEHOB
P(x) + Q(x) m P(x)Q(x)? (6) Tor ke BOmpOC, €c/u CTeneHu
0601X MHOTOYJIEHOB PABHHI /.

2. (a) Muorounenn P(x) u Q(x) umeror crapume Koadhdu-
upedTh 5 1 7. YTo MOXHO cKa3zaTh mpo crapiure KO3(hOULIMEHTH
muorouteHoB P(x) + Q(x) u P(x)Q(x)? (6) Muorounensl P(x)
u Q(x) umeror cBo6oHbIE WieHb 5 1 7. YUTO MOXHO cKa3aTh Mpo
cBoboHbIe WiieHbl MHorowieHoB P(x) + Q(x) u P(x)Q(x)?

3. Kaxnpriit u3 maorouneros P(x) u Q(x) comepxur mo asa
(uenynesbix) wieHa. CKOJIbKO HEHYJIEBBIX UJIEHOB MOXET ObITh B
uX Tpon3BefeHnn? YKazaTh Bce BApUAHTHI.
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MHorouseH ¢ ofHOI nmepeMeHHoi X o6o3mavaror P(x), Q(x)
u 1.1m. Eciu mopcraButh BMECTO MEPEMEHHONM YMCIO A, TO TO-
JIy9HTCS 4MCIIO, KoTopoe oboszHayaor P(a), Q(a) u r.m. Ecim
P(a) =0, To a Ha3wBaOT KOpHEM MHOro4ieHa P.

4* (a) Yucno P(0) — cBoGoaubiit uen MHorodieHa P. 3amu-
caTh aHAJIOTMYHBIM O6pa3oM CyMMmy KOB(h(MHUIMEHTOB MHOTOYJIe-
Ha P. (6) Cymma koscunmenToB MEorowtesa P(x) pasna 5, a
cymma koodduienTos MmEorodieHa Q(x) pasna 7. Yto mMoxHO
cKaszaTh Mpo cyMMy KoadduiuentoB MuorouwteHos P(x) + Q(x)
u P(x)Q(x)?

5. TpousBosbHEIi MHOTOUNEH P (X) ymMmHOoXuM Ha X — 1. Mo-
IyT JIM y MOYYMBLIETOCS MHOrOYJIEHA BCE KOIMDMULMEHTHI OBITH
TOJIOKUTENbHbI !

6* Y muorousiena P(x) cyMMa KOa(h(DMLIMEHTOB MPU YETHBIX
CTETMeHsX PaBHA CyMMe KO3(D(MULIMEHTOB MPU HEUYETHBIX CTETIEHSIX.
Meuorounen Q(x) Takxke obnagaer Takum CBOiCTBOM. MOXHO
T YTBEPXKATh, YTO OTO CBOMCTBO BBIMOJHEHO [JIi MHOTOUYJIEHOB
P(x)+ Q(x) m P(x)Q(x)? A ecm mpo Ko3(h(PULIUEHTHI MHOTO-
yinena (Q HUYEro He U3BECTHO?

7 (a) Haiit MHOrOYJIEH BTOPOIi CTEMEHN, UMEIOLVI KOPHU
1 u 2. (6) Haiitu MHOrOWIEH TpPeThENl CTENMEHN, UMEIOLLI KOPHU
1,2u3.

8. Yucna a u b rakossl, uro muorounen P(x) = x3 4+ ax2 +
+ bx + 1 umeer kopenp 2. Haiitm ogun n3 KopHeil MHOro4neHa
x3 +bx? + ax + 1.

9. Tokasats, 4To KOPHH KBaJ[paTHOTO ypaBHeHus ax’ + bx +
+c=0mnpu a # 0 u ¢ # 0 MOXHO HailT! 1O POpMyJie

2c
X =
12 —b £ vb?2 —4ac

IMpumennma 5 a2 GopMyJsia, €C/TM OQHO U3 YHCET A U C PABHO
HyH0?

10* (a) Haittu maorounen P(x), ans xkotoporo P(n+ 1) —
—P(n) = n npu Beex n. Kak ¢ ero noMolLpio BEIYUCIUTE CYMMY
1+2+3+...+n? (6) Haitru maorounen P(x), ans kotoporo
P(x +1) — P(x) = x?. (8) Boumciurs cymmy 12 + 2% 4 32 +
+...+n
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11. O6o3naunm gepes P(Q(x)) MHOrouseH, KOTOPEIA HOTy-
unres, ecmu B P(x) BMecro x moacrasute Q(x). (Hampumep, ecru
P(x)=x%,aQ(x) =x+1,10 P(Q(x)) = (x+1)% = x2+2x+1,
a Q(P(x)) = x? + 1. KakossI crenenn MuorouwieHoB P(Q(x)) u
Q(P(x)), ecru crenenn muorouwiteHos P(x) u Q(x) paBHel m u n
COOTBETCTBEHHO?

12. Muorounenst P(x) u Q (x) uMeroT 1esibie KOahPULIMEHTS,
MpUYEM KaXx bl U3 HUX UMeET XOTS Obl OJVH HEUETHBIA KOa-
unpent. [lokazate, uto y npomsseaenus P(x)Q(x) Takxe ectb
XOTs. Obl OMH HEYETHBINA KO3(PULIEHT.

13 * Haiitir xoadpumentsl iput x>, X 1 (cBOGOHBIIA deH)
MHOTOYJIEHA

(o (x=22=2)2—...—2)?

(10 ckobok).

14. Tokasats, uyro B npomssemenmn (1 —x +x2 —x3 4+ ...+
+x19(1T+x+x2+x3+ ... +%x'°) nocne packpbitus cko6ok
Y TIpMBEJEHNs TIOJOOHBIX YJIEHOB HE OCTAHETCS HEYETHBIX CTETle-
HEN X.

15. Bce koadduipieHTo MHOrOUIEHA — LIEJIBIE YKC/IA B JUa-
nazone or —9 mo 9. Jlokazarth, 4TO OH He MOXET UMETh KOpPHS,
Gosnbiero 10.

16X Muorounen P(x) npuHUMaeT TOJIBKO HEOTPULATEIIbHBIE
3HavyeHns. J[oKa3aTh, UTO €ro CTeNeHb YETHA.

17* Ina npousBosibHOro MHorouseHa P(x) paccMoTpuMm mo-
cneposatenbHocts P(0),P(1),P(2),... ero 3HaueHuii B LEJBIX
Toukax. P(x). CocraBuM moc/e10BaTeIbHOCTh PA3HOCTEN, HAIY-
CaB MO/ KaX/bIMHA ABYMS YKMC/IAMU UX PA3HOCTh (MOJIydYHUTCs TIO-
cneposatensHoctk P(1)—P(0),P(2)—P(1),...). Aranorudssim
06pa3oM COCTaBIM MOCJIEA0BATEIBHOCT BTOPHIX PA3HOCTEH H T. 1.
Jloka3aTh, 4TO PaHO WU MO3/JHO HOYYHUTCS HOCIEA0BATENBHOCTD
W3 OJHUX HYJIEN.

18* (a) lokasarte Toxgaectso P(x)—2P(x+1)+P(x+2) = 0.
[u1a mo6oro mEorodseHa P(x) nepsoii crenenu. (6) Jokasats To-
xgectBo P(x)—3P(x+1)+3P(x+2)—P(x+3) = 0 gnsa mobo-
ro muorousiena P(x) crenenu e Bbie 2. (8) ChopMmynmupoBats

170 3agaun 1998 - 1999 roza

M JIOKA3aTh aHAJIOTMYHOE TOXJECTBO AJI MHOTOWIEHOB GOIBLIMX
CTENEHEN.
Panmonansasie pysKimm

1. Yopocrurs BeipaxeHue
(x—b)(x—c) (x—a)lx—c) (x—a
(@ Do oo o _a

)(x

)(c

b)
b)’

2. Haitti uncna a u b, mpu KoTopbix (st Bcex X)

1 _a . b
x2—-1 x—1 x+1°

3. Haiitut uncia a, b u ¢, npu KOTOPBIX

1 a b c

x(x +1)(x +2) ;+X+]+x+2'

4* Haiitm yncna a, b, c, d, npu KoTopeix

1 _a . c
x2—3x+2 x+b x+d’

5% CyuecrByior nu uncna a, b, c, d, npu KOTophIx

1 . a n c
x2+1 x+b x+d

T BcexX X7
6* CymecrByior nu uncna a,b,c,d, e, f, mpu KoTOpeIX

1 _a . c n e
x3+1 x4+b x+d x+f

T BcexX X7
7. Haittu cymmy
1 1

1
127337 T 00
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8. Haiitu cymmy

1
"'+98-99-100'

_|_

i
t333

1
1-2-3

9. U3 uyncna x mosydaroT HoBoe umciio f(x) mo ¢opmyse
f(x) =x/(x—1). HokazaTs, 4r0 JBYKpaTHOE IPUMEHEHNE BTOTO
MpaBuJia BO3BpAlliaeT K ucxogHomy uuciy: f(f(x)) = x.

10. IIpoBeputs, yTo npu JO60M 3HaYeHNH t TOUKA C KOOPIu-
natamn (2t/(t2 4+ 1), (t> —1)/(t> + 1)) Jexur Ha OKpyKHOCTH
€IMHUYHOTO pajinyca ¢ LEHTPOM B HYJIE.

11* Kak ¢ momouipio atux ¢opmMys UCKaTh NudaropoBhl TPe-
YroJIbHUKHY ([IPSAMOYTOJIbHBIE TPEYTOJbHUKHU C LIEJIBIMU CTOPOHA-
MM) U PaliOHAJIbHbIE TOUKU Ha OKDPYXKHOCTU!

12* Kakwne Tpuroomerpuyeckue (HOPMyJIbI COOTBETCTBYIOT
yrBepxaeruio 3anaun 107 Kakos reomerpuueckmii cMbicn napa-
Merpa t?

13. Hapucosats rpacmk ¢pyskumn Yy = 1/x. (On HazpBaeTcs
runepb0oJIoii. )

14. Hapucosats rpadmk dyskimm y = 1/x2.

15. Hapucosats rpadwmk dyskmmn Yy = 1/(x(x — 1)).

16. Hapucosats rpadwk dysxkuuu y = x/(x — 1).

17. Hapucosarts rpacduk ¢y y = 1/(x* +1).

18. Hapucosats rpaduk dyskimm y = 1/(x> —1).

19. Hapucosats rpacduk dyrkmmm y = (x2 + 1)/x.

20. Tpagmku y = 1/x u y> — x> = 1 monydarorcst Apyr u3
Jpyra KOMIIO3MLUEN MOBOpOTa U roMoTeTnd. Haiitu yros moso-
poTta 1 Koo(PULIMEHT TOMOTETUM.

Oyakupm Buga f(x) = (ax + b)/(ex + d) (3mecw a, b, c,
n d — HEKOTOpbIE UKCIIA) HA3BIBAIOT JPOGHO-THHEHHBIMH.

21. Jlokasatb, 4TO rpauKu JIIOOBIX ABYX APOOHO-TIMHENHBIX
¢dyskuumit mogo6usl. B kakoM ciyyae xoadduumesT nogobus pa-
Bed 17

22. Haiitu xacartensHyio K runepbosie y = 1/x, mpoxons-
wyo yepes Touky (2,1/2) (kacarenpHas — npsmasi, UMeOLas C
TUIEpOOoIIOl TOJIBKO OHY OOILYIO TOUKY).

23* Nmeer ym rpagmk y = x + 1/x ocu cummerpun?
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24 Onucath Bce APOOHO-THMHENHBIE (DYHKLIUM, I7Is KOTOPBIX
f(f(x)) = x.
257 Cyuecrsyror nu apo6Ho-JHelHbe (yHKIpn f, [171s Ko-
topeix f(f(f(x))) = x, 3a uckmodenunem dyukyu f(x) = x?
26. [IBoitHOE OTHOILIEHNE YETHIPEX TOUEK P, (,T,S HA UYKCIIO-
BOI1 OCH OIPENEIISETCS KakK
T—p S—Dp

r—q s—q

(a) Kak nameHnTCs ABOIHOE OTHOIIEHHE, ECIIA MEPECTABUTH Ka-
kue-1o aBe touku?! (6) Ilokazarte, uyro ApobHO-MHENHAs (hyHK-
L1l COXpaHseT qBoliHoe oTHouenue: ecim f(x) = (ax+b)/(cx+
+d), To ABOIHOE OTHOILIIEHUE TOYEK P, , T, S PABHO JJBOHOMY OT-
sowrenuio Touek f(p), f(q), f(r),f(s) (B) Ha mockoctn BrIGepeM
JIBE MPSMBIE, HA KAX/IO0M MPOU3BOJIBHO (PUKCUPOBAHO HAYAJIO OT-
cuéra U efiuHUIIA U3MepeHns. BuiGepeM Touky O, He JiexXallyio Ha
OTUX TIPSMBIX, U [JT KaX 0 TOUKU X Ha MepBOii MPSAMOIt paccMo-
TpuM e€ mpoekiio Y Ha Bropyio mpsamyio (touku O, X, Y nexar
Ha OfHOM mpsiMoii). Jlokaszats, 4To KOoOpaWHATA TOYKU Y SIBJIS-
eTcs POOHO-TMHENHOM (yHKIMeH KoopauHatsl Touku X. (r) U3
JBYX MPEIBIAYIMX YTBEPXKIEHUI BBITEKAET, YTO JBOMHOE OTHO-
IIEHVE YETHIPEX TOYEK HAa MPSIMOM COXPAHSAETCS MPU LEHTPAJTLHOM
npoekuun. Kak mokaszaTh aTo reoMeTpuyecKu?

Ienenne ¢ ocraTkom

PaccmorpuM parronasbHbIe ApO6Y ¢ OFHOI MepeMeHHOH, TO
ectb otHOIIeHNs MHOrouneHoB P(x)/Q(x). Kak u o6erunbie apo-
61, OHM JENATCS HA (IPABUJIBHBIEY U «HEMPABUJIbHBIEY. [IpaBriin-
HBIMU CYUTAIOTCA T€, Y KOTOPBIX CTENEHb YUC/IUTEIIS MEHBILE CTE-
MEHU 3HaMeHaTe I, HelPaBUJIbHBIMA — OCTaJIbHBIE.

Henpasunpayo gpobs MOXHO mpeobpa3oBaTh B CyMMYy MHO-
rouysieHa U IpaBuibHOI apobu. Hampumep,

.l R ES S B
x—1 x—1 x—1 x—1

1. BeimostHuTs Takoe npeoGpasoBaHue st gpobu X2/ (x —2).
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.. ot gpobu X3 /(x — 1).
. s apobu x4 /(x —1).
.. ot gpobu x4 /(x 4+ 1).
. st mpobu x4 /(x + 2).
(
(
(

. a1 apobu x3 /(x2
. o gpobu x
... st gpobu x10/(x + 2).
10. ... gns gpobu x'°/(x* + 2).

11. 3amucaty peuwenns 3agad 1 —10 B Buze «aejieHUs yroJi-
KOM», CJIEAYSI TAKOMY OOpasiy:

PNAVR WS

)
)
)
)

. ans gpobu x3/(x% —1).
X
3

+ +

\O

x2 x—2
x2 — 2x x+2
2x
2x —4
T4

Ecnu npo6s P(x)/D(x) npeacrabieHa B BUAe CyMMbl MHOTO-
4JIeHa ¥ IIPaBUJIbHOI apobu,

to Q(x) HaswmBarOT yacTHEM OT genenms P(x) Ha D(x), a R(x) —
ocTaTkoM. [Ipy 3TOM BRITIOJIHSIOTCS TAKWE CBOICTBA: BO-TIEPBBIX,
P(x) = D(x)Q(x) + R(x); Bo-BTOpPBIX, CcTeneHh R(X) MeHblie
creniern D (x) mwm R(x) = 0.

12. Crenenp genmmoro pasHa 100, crenesb AenanTesns pas-
Ha 43. Kakumu MoryT GBITb CTE€NEHH YACTHOIO M OCTATKa?

13. Kak naMeHATCS YacTHOE M OCTATOK, €CJIU OEJIMMOE M Jie-
JIUTEJTh YMHOXUTD Ha (x — 1)7?

14* Jlokazath, 4TO [eJieHHE€ MHOTOYJIEHOB C OCTATKOM BCET/a
BBITIOJTHUMO, U TIPUTOM €UHCTBEHHBIM O06Pa3oM.

15. Kaxkoit ocTaTok MOIy4YuTCs, €CiU AEJIUTh X
x'7 =17

1000 __ 1 Ha

16. Muorousnen P(x) maé€r ocraTok X + 7 TpU [eJleHUU Ha
x? — 1. Kakoit octaTok [JacT OH TpM fesieHun Ha X + 17
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17. Ilpu xakux n u k maOrounen x™ — 1 meawrcsa Ha MHOrO-
unen x* — 1 6e3 ocratka?

18. Haitru ocratok or geserust (x> +x 4+ 1)1°0 ma x2 + 1.

19. Haiiru ocrarok or geerns x°7 Ha x* +x3 +x2 +x+1.

20. TIpugymath MHOrOUIEH, KOTOPKIi MIpH fesieHnn Ha X2 + 1
naér ocratok X+ 1, a mpu neseriu Ha x2 + 2 maér octaTok X — 1.

21. (a) Bce xoodduupeHTs OEMMMOr0 M AEJUTENST — Iie-
neie. MOXHO 7 yTBEPXKZATh, YTO BCe KOIMPMULMEHTHI YACTHO-
ro u ocratka — wuenabie? (6) Bee xoadduupments menumoro u
JeJIUTeNIT — palioHasbHble. MOXHO S yTBEpXOaTh, UTO BCE
KO3(h(ULIMEHTHI YACTHOTO U OCTATKA — DAL[OHAJIbHBIE?

22. TIpu menennu muorowiena P(x) a x2 — 1 6bu1 nonyuen
ocraTok X+ 1, a mpu fenenun MaorodieHa Q(x) — ocrarok x—1.
Kakoit ocratok 6yner npu gesienun MHorowieHos P(x) + Q(x) u
P(x)Q(x) mpu menenvn Ha x> — 17

23* Tlpu penennu muorowiena P(x) ma xZ + 1 momyunics
octatok a+bx (3meck a4 U b — HeKOTOpBIE YKCIa); TIPU JEIEHUN
Q(x) momyuumnca ocratok ¢ + dx. Kakoii ocratok 6yger mpu
neneny Ha X2 + 1 MuorouwrenoB P(x) + Q(x) u P(x)Q(x)? Uro
HAMOMUHAIOT BaM 3T (HOPMYJIbI!

24> Jlemrest mu muorowieH X' °° + 3x”® — 5 Ha MHOrOWIEH
x® +x3 — 2 6e3 ocratka?

Kopun u MHOXMTE M

1. Jokasath, 4TO OCTATOK IpH AejieHUU MHorodneHa P(x) Ha
aBywieH X — a (rge a4 — HEeKOTopoe 4mceso), paseH P(a).

2* Kak BBIUMCIIUTD 3HAUEHE MHOTOYJIEHA CTEMIEHN T C 3a]jaH-
HBIMU KO2(D(PULMEHTAMHI B 3aJaHHOI TOYKE X, ¢JieJlaB He Gosiee T
onepanyii yMHOXeHUs 7

3. JlokazaTb, 4yTo MHOrouseH P(X) meanTcsa Halelo Ha ABY-

yjaeH X — a (3ecb 4 — HEKOTOPOE YKCJIO) B TOM M TOJBKO
TOM CJIydae, KOIja 4 — KOpPEHb MHOrouwileHa P, To ecTh Korja
P(a) =0.

4. UsBecTHO, uTO uKciaa A U b ABIAIOTCA KOPHSMU MHOIO-
unena P(x), mpuuém a # b. [lokasats, uro P(x) memurca Ha
(x —a)(x—Db).
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5. Jlokasath, 4TO MHOIOYJIEH CTEMEHU T HE MOXET UMETh 6O-
Jiee M pa3IM4HbIX KOPHEN.

6. UsBectHo, yto MHorouseH P(x) maér mpu JefeHuMd Ha
(x — 1) ocrartok 3, a npu genenmu Ha (x + 1) — ocratok 5.
Haiiti ocratok ot gesnenust P(x) ma (x* —1).

7. Haiity uncna a u b, eciu u3BecTHO, uto MHOro4seH X ' 00+
+x?? + ax + b genurcs ma x2 — 1.

8. (a) I'padmk MHOrouIEHa P(X) CHMMETPMYEH OTHOCUTENILHO
ocu opauHar. [lokazats, uto MHorouieH P(x) He comepXuT He-
4y€THBIX cTerneHeit (koadduiments py Hux pasubl 0). (6) Chop-
MyJIUPOBaTh U [JOKA3aTh AHAJIOTUYHOE YTBEPXKIECHUE VISl MHOTO-
YJIEHOB, HE COMEPXKAIUUX YETHBIX CTEIEHEN.

9. Kakoe MakcuMajbHOE YHCIO TOYEK IMEPECEYEHHST MOTYT
umets rpadmkn Yy = P(x) uy = Q(x), ecu crernenn MHOro4sie-
HOB P 1 Q paBHBI COOTBETCTBEHHO P U (7

10> Kakoe MakcMMaJIbHOE YHCJIO TOYEK TMEPECEYEHUST MOTYT
umeTth rpacmkn Yy = P(x) u x = Q(y), ecnm creneHn MHOrodne-
HOB P 1 Q paBHBI COOTBETCTBEHHO P U (7

11. Haiitu MHOTOYMEH CTeneHn 3, €CIM U3BECTHO, YTO OH MMe-
er Kopuu 1 u 2, a crapumii koe(PULMEHT U CBOOOHBIN YJieH
paBHbI 1.

12* Iokasath, 4TO HE CyLIECTBYET (HE PABHOIO TOXIECTBEH-
HO HYJII0) MHOTOYJIEHA OT ABYX NepeMeHHBIX P(x,y), mans Korto-
poro P(t,sint) = O mpu Beex t.

13. Jokazare, 4rTo 4epe3 JHOObIE TPU TOYKU C PA3IMYHBIMU
abCrLpccaMyl TIPOXOAUT €AUHCTBEHHBIN MpadViK KBaIPATHOTO TPEX-
unena (ysKIyM Biga Yy = ax’ + bx + ¢; BosmoxHo, a = 0).

14 MuorouseH ¢ JeiCTBUTENBHBIMA KOB(M(MULIMEHTAMYI ME-
€T KOMIUIEKCHBIA KopeHb | + 1. JlokaszaTe, 4TO OH AeIUTCA HA
MHOTOWIeH X2 — 2X + 2.

15. JlokazaTh, 4To MHOroWNeHs X° + 5% + 2 u x> 4+ 3x — 3
He UMEIOT OBLIMX KOPHEN.

16 Muorowrenst x* +4x3 —x? —2x —5 u x* +5x3 4+ 3x% —
— 4x — 10 umeror obwmii kopenb. Haiitu ero.

ToBopsT, 4TO YKCIO A gBIgeTcs A MHorouneHa P(x) kop-
HeM KpaTHocTH He MeHee k, ecim P(x) menures ma (x — a)k.
MakcumanbsHoe Takoe k Ha3BIBAIOT KPATHOCTHIO KOPHS.
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17. dokasats, uto ecnu A MHOrouaeHa P(x) uucio o sBis-
€TCSl KOPHEM KPATHOCTH HE MEHee 2, & YKCIIO [3 SBJISETCS KOPHEM
(x # B), 1o P(x) nemurcs 6e3 ocrarka Ha (X — &) (x — ). (Pe-
LIEHUE DTOM M CIEAYIOLLEN 3a]a4 YIIPOILIAETCS, €CJIU TOJTB30BATHCS
O/THO3HAYHOCTBIO PA3JIOKEHUS HA MHOXKHUTENHU ISl MHOTOUJIEHOB,
HO MOXHO 6€3 3Toro 06ONTHUCH. )

18* Jlokaszate, 4To ecnu A8 MHOrowieHa P(x) umcmo o
SBIIETCS KOPHEM KPATHOCTH He MeHee K, a uucno {3 sBisieTcs
KOpHeM KpatHoctd He MeHee | (x # f3), To P(x) menurca Ha
(x —a)*(x — B)".

19* JlokazaTk, 4TO YHCIIO KOPHEI MHOTOUJIEHA, ECITH KaX IIbIii
CUNTATh CTOJNBKO pa3, KAKOBA €ro KPaTHOCTh, HE MPEBOCXOIUT
CTEMEHN MHOTOYJIEHA.

20. Muorousnten P(x) = x> + px + q uMeeT fBa pasIMUHBIX
KopHst & ¥ [3. (a) Beipasurs p u q uyepes ot Kopuu (hopMy bl
Buera nns keagpatHoro Tpéxusiena). (6) CocraButs KBapaTHOE
ypaBHEHHMe, KOPHSIME KOTOPOro 6bumd Obl uncia & u 2.

21. Muorourer P(x) = x3 + px? + qx + r uMeer Tpu pas-
JIMYHBIX KOPHS &, 3 u Y. (a) Beipasurs p, q u 1 uepes otu KOpHU
(¢popmy.tsl Buera). (6) Boipasuts &® + B2 + y2 yepe3 p, q u 1.
(8) CocraButh KyGUUECKOE ypaBHEHUE, KOPHIMU KOTOPOTO GbLIN
661 uncna o2, B2 u y2.

22. Ilpsmas nmepecekaer rpaduk Y = X° B TPEX TOYKax. [Be
13 HUX uMeroT abeuucchl a u b. Haittu abeuucey TpeThbeii TOUKH.
(Kak cgenatp sto ¢ momoupio dopmyst Buera?)

23* Ky6uueckoe ypapHenue x> +px2 +qx+1 = 0 ¢ HeasMu
KO3(h(ULIMEHTAMU UMeET TPU KOpHS &, 3 u Y. [okazats, uro
uncmo ™ + B™ + y™ — nenoe npu mobom 1 =1,2,3,...

24* Kak BeIrsagar hopMysibl Bueta [1s MHOrO4YJIEHOB BBIC-
IIAX CTETEHe?

25 Kak Bemmsgar gopmyssl Buera mjis MHOrOWIEHOB ¢
KDATHBIMA KOPHSMU?

26* Haiiti cyMMy U NMpoOU3BEJEHUE BCEX KOMILIEKCHBIX KOpP-
Hell ypaBHeHns z™ = 1 ¢ nomowpo dhopmyn Brera.

27. Jloka3aTh, 4TO MPOM3BEAECHUE PACCTOSHWIA OT TOYKU [0
BEPILUVH MPABUJILHOIO TI-yTOJIbHUKA HE W3MEHWUTCS, €CJId TIOBEp-
HYTb T\-YTOJIbHUK BOKDYT LEHTpA.

3
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28 * BeruncnuTth nMponsBeAeHue
cos 0-cos(mt/n)-cos(2t/n)-...-cos((n—1)m/n)-cos((nm)/n).

29. Ocratku ot genenns mHOorodneHa P(x) ma (x—a), (x—Db)
u (x — ¢) pasabl coorerctBerHo a2, b2 u ¢2. Haiitu ocratok ot
JieNleHUs] BTOro MHoroujieHa Ha (x — a)(x — b)(x — ¢).

30. Hokaszath, 4ro 00O MHOTOWIEH CTENEHM HE BHILE 3
OJJHO3HAYHO TIpefcTaBisieTcs B Buge a4+ b(x — 1) +c(x —1)2 +
+d(x—1)3.

31. [lokaszath, 4o J106ON MHOrOYJIEH CTEMEHH HE BHILIE 3
OJTHO3HAYHO MpefcTaBsercs B Buge a+b(x—1)+c(x—1)(x—2)+
+dx—1)(x —2)(x —3).

32. (a) VYxazate muorouien P(x), mns xoroporo P(1) =
=P(2) =P(3) = 0u P(4) = 1. Kakopa HauMeHbIIAd BO3MOXHAS
crenedb Takoro MHoroudena? (6) JlokasaThb, 4to s JIKOOBIX 4YK-
cen a, b, ¢, d MOXHO HailT MHOTOYJIEH CTETIEHN HE BBIIE 3, IS

koroporo P(0) =a, P(1)=b, P(2) =cu P(3) =d.

33. Mycrs x1,...,Xn — pasnuusbie yucna. J{okaszats, 4to
JUTS JTIOOBIX YUCET Y1, ..., Yn CYIIECTBYET €JUHCTBEHHBIA MHO-
rouneH P(x) cremenm mesbine M, mia kotoporo P(x1) = yi,

P(x2) =Y2,..., P(xn) = Yn.

MHoro4iesH u meJIbIC 9Yucjia

1. Muorounien P(x) ¢ uensiMu koadUIIEHTAMI UMEET Lie-
JIBI KOpeHb a. Jlokasats, 4To ero cBOOOHBII YJIEH JEJTUTCS Ha (.

2* Muorounen P(x) ¢ uenbMu KoapUIMEHTAMYA UMEET [1Ba
LIEJIBIX KOpHS 4 U b. Jokaszatk, 4To €ro cBOGOIHBIN YiIEH JEJUTCS
Ha ab.

3. Cymecryer nmu MHOrowies P(x) ¢ uensiMu xoadbuipes-
Tamu, A koroporo P(7) =5,a P(11) =77

4. JlokazaTh, YTO MHOIOYJIEH C LEIBIMU KO3(DULIIEHTAMH,
cTapumii KOaGULMERT KOTOPOTrO PaBeH |, HE MMEET PALMOHAIIb-
HBIX, HO HE LIEJIBIX KOPHEN.

5. (a) Hokazath, 9TO KBaJpaTHBI KOPEHb W3 LIEJIOTO YMCIIA
Jmbo uessiil, 6o uppaimonanbubii. (6) Tor ke Bompoc ms
KOPHSI TIPOU3BOJIBHOM LIEJION TOJIOKUTEBHON CTEMEHMN.
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6. Pewnts ypasrenne x> + 6x% + 11x + 6 = 0. (Ykasanue:
OHO MMEET LIEJIBIi KOPEHb. )

7. Hecokpatumas npobp &« = p/( ABISE€TCS KOPHEM MHOIO-
uneHa P(x) ¢ uenpiMu koaddunpentamu. JJokazaTs, 9to p SBis-
€TCA [EJIUTEJIEM €ro CBOGOJHOrO YieHa, a ( — JEJIUTEEM CTap-
wero KoaduIeHTa.

8* (Ilpomomxenue) [lokaszath, uro mMHOrouaeH P(x) B atom
clTydae MOXHO mpezcrasuth B Buge P(x) = (qx — p)R(x), rme
R(X) — MHOrOYJIeH C LEJIBIMU KO3 (DULIEHTAMIU.

9. (a) YkasaTh MHOTOWIEH C LIEJBIMA KO3(DUIIEHTAMHI, KO-
TopHIii MeeT KopeHb v/ 2+1/3. (6) Jlokazats, uro uncio v/2+v/3
UPPALMOHATIBHO.

10* Jlokasars, uto uncio V2 + v/2 uppalyoHasbHo.

11. Jlokasats, 910 ecm 9ucio 2+ /3 ABISETCS KOPHEM MHO-
rouaena P(x) ¢ uesbiMu KoadduupmenTamu, 1o uncio 2— /3 tak-
Xe SBJISIETCS €ro KOpPHeM, u MHorousieH P (x) menurcs 6e3 ocratka
Ha MHOrowreeH x> — 4x + 1.

12* [TokasaTb, 4TO €C/M YHCIO V2 SBIAETCS KODHEM MHOTO-
YJieHa C LEJIBIMU KO3(MMUIIMEHTAMH, TO BTOT MHOTOUJIEH JEJIUTCS
6e3 ocTaTKa Ha MHOTOWIEH X — 2.

13. (a) UsBecrHo, uro MHorowieH P(x) mpuHuMaer 1iesbie
3HAUEHUS TMPU BCEX LEJBIX X. MOXHO JI yTBEpXKIAaTh, UYTO OH
numeet uesble Koadduuumentsi? (6) [pu kakux a, b u ¢ kBagpat-
HBI TpéxwieH ax2 + bX + C npUHMMAeT Lesble 3HAYEHHs MPU
BCEX LIEIBIX X7

14* (a) lano uenoe k > 0. Ykaszars muorousnen P(x) Hau-
MeHbLIel crenenu, ans koroporo P(1)=P(2)=...=P(k—1)=0,
a P(k) = 1. (6) Kak cBa3an aror mHOrounen (6ygem o603Ha4aTh
ero Py (x)) ¢ 6GunomuasbabiMu Koadunmentamu? (B) JokazaTs,
4TO MHOTOWJIEH Py (X) MpUHUMAET 1ieJIble 3HAYEHNS BO BCEX LEJIBIX
toukax. (1) [Tycts Q(X) — MPOU3BONIBLHBIN MHOTOUJIEH, KOTOPBIIA
[PUHMMAET LIEJIbIE 3HAYEHMs BO BCEX LIEJBIX TOYKax. Jlokasars,
YTO €ro MOXKHO NPEACTAaBUTh B BUAE Co+C1P1(x)+. .. +ckPr(x)
[IPX HEKOTOPOM K ¥ HEKOTOPBIX LEJBIX C1,. .., Ck.

MHoro4wieHsl ¥ KOMILJIEKCHBIE YHCJIA

1. Ykazath MHOTOUWIEH ¢ [JEWCTBUTE/ILHBIMU KO(D(UIeHTa-
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MU, UMEIOIIMI KOMILIEKCHBINA KOpeHb 3 + 4.

2. Jlokasatb, 4TO €CIM KOMILIEKCHOE YHCIIO Z SBJISIETCS KOp-
HEM MHOTOYJIEHA C JEHCTBUTENIbHBIMU KO3 MULIMEHTAMH, TO U CO-
MIPSIKEHHOE YHCJIO Z TAKKE SIBJISIETCS €T0 KOPHEM, TIPUYEM TOIl Ke
KPaTHOCTH.

3. (a) Haiitu mHOTOUNIEH BTOPOIl cTemeHu ¢ KopHsMu 2 + 1
u 3 — i (kos(pduienTs MOTyT GbITh KOMIUIEKCHBIMU). (6) Haii-
TH MHOT'OYJIEH C JEMCTBUTEILHBIMU KOS(MMULIMEHTAMY, UMEOLLMIA
[IBa YKa3aHHBIX KOPHs (M, BO3MOXHO, APYTHUE KOPHH).

4. Bepna 1 opmysia 1 KOpHE KBagPATHOTO YPaBHEHUS,
ecny KO3(PULIMEHTHI SBJIIOTCS KOMITJIEKCHBIMU YNCTIaMU?

OcHoBHas TeopeMa are6pbl yTBEPX/IAET, YTO BCAKUI MHOTO-
YJIEH ¢ KOMIUIEKCHBIMU KOB((MULIMEHTAMU, HE SBJISIOIIAIACS KOH-
CTaHTOl, pa3jiaraeTcsl Ha JINHEHHbIE MHOXUTEIIH.

5. lokaszaTh, 4TO BCAKUIA MHOTOWIEH C JIEACTBUTEIBHBIMUA KO-
acdduLmeHTaMu pa3jaraeTcs B MPOU3BEAEHUE MHOXUTEJEeH Iep-
BOWl WM BTOPOM CTENEHM C AeHCTBUTENIbHBIMU KO3(duUleH-
TaMH.

6. Ykasath 910 pasjioxeHue f1s MHorowreHos x* +1 u x® —x.

7. Hokazark, 4TO MHOTOYJIEH HEYETHOM CTEMEHH C BELECTBEH-
HBIMHA KO3((PUIIEHTAMI UMEET BEIECTBEHHBIN KOPEHb.

8. Haiiti MHOTOYJIEH HaVIMEHBIIIEI CTEMEHN C BEIECTBEHHBIMU
koaddumenTamMu, nmeommii kopan 1 — 1, 3 +1u 2.

9* JlokazaTb, YTO €C/Id MHOTOYIEH C LIEJBIMU KO3(duIeH-
TaMH UMEET KOPeHb A + bi (a 1 b — wuesbie), TO €ro cBOGOJHBIIMA
ysed pesmures Ha a2 + b2.

10. Hoka3zath, 4To 3HAYEHHE KBAAPATHOIO TPEXUWIEHA (C KOM-
TJIEKCHBIMYA KO3((PUIIMEHTaMI) B LIEHTPE MPaBUJIBHOTO TPEYTOJIb-
HUKA Ha KOMILJIEKCHOM TIJIOCKOCTH PaBHO CPEAHEMY apupMeTHYe-
CKOMY €ro 3HA4Y€HHUil B BEPLUMHAX TPEYrOJbHUKA.

11* Chopmynupopath U J0Ka3aTh aHAJOTHMYHOE yTBEPX/IE-
HHE U1 MHOT'OYJIEHOB IIPOM3BOJIbHOMN CTEIIEHM.

12* MuorouseH P(x) ¢ geiicTBUTENIbHBIME KOBMMULIMEHTAMI
HEOTPULIATENIEH TIPU BCEX AEHCTBUTE/IbHBIX 3HAa4YeHUsaX X. Jloka-
3aTh, YTO €r0 MOXHO MPEACTABUTh B BUJE CYMMBI KBaJIpaToOB He-
CKOJIBKMX MHOTOYIEHOB C JEMCTBUTENLHBIMA KO3((PUIIMEHTAMH.
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Kourpospaas pabora

1. (Jlemma laycca) B npousBenennn AByX MHOTOUJIEHOB C Lie-
JIBIMU KOd(hpuLieHTaMu Bce KO (ULIMEHTBI IeJISTCS Ha IIPOCTOe
qucsio p. [lokaszate, 9ro Bee KOd(MUIUEHTHI OJHOTO U3 UCXOHBIX
MHOTOYWICHOB TOXE JEJISATCS Ha P.

2. Muorouner x> + 2x% + 3x + 5 uMeer KOpHH X1,X2,X3.
Haittu koaduiimenTsr MHOrOYIEHA TPETHE CTENEHH CO CTAPIINM
koadpurienToM 1 1 KopHIME X1 + X2,X2 + X3, X1 + X3.

3. (a) [dokazath, YTO CYIECTBYET €IUHCTBEHHBIN MHOTOYJIEH
P..(x), aia koroporo cos nx = P, (cosx) mpu Becex x. (6) Haittu
€ro crapumii Koah@ULMEHT U CBOOOIHBIN YJIEH.

4. Pa3foXuTh HA MHOXUTEN MHOTOWIEHSI (a) X3 +x%+x+1;
6) x* +x3 +x2 +x+ 1.

5. Muorounen ¢ uenbiMu KO3(hhULIMEHTaMy PaBeH €JUHULIE
B TPEX Pa3jIMYHBIX LEBIX TOYKax. JlokasaTh, 4TO OH HE UMEET
LIEJIBIX KOPHEW.

6. Haiitt Bce paliioHaTbHBIE KOPHI MHOrouIeHa 6x° — x* —

—6x3 +5x% — 13x — 12.

7. Kakue muorourens! npegcrasumsl B Buge P(x)(x2 — 1) +
+Q)(x* +x)?

8. (a) Jlo6oit geiicTBuTe IBHBIN KOPEHb MHOTOWIEHA P siBiisieT-
ca kopHem MHorowteHa Q. Crieqyer s u3 aroro, uro P gesmur Q7
(6) Jlroboit KOMIUIEKCHBIIT KOPEHb MHOTOWIEHa P saBJIsieTcss Kop-
neMm MmHorouneHa Q. Crnenyer mm m3 aroro, uro P gemur Q7

IlepecranoBku
IepecranoBkoii uncen 1,2,..., N Ha3bIBaeTCS B3aUMHO Of-
HO3HayHOe oTo6paxkeHue MHoxectBa {1,2,...,1n} Ha ceba. Ile-

PECTAHOBKM 3alUCHIBAIOT B BHJE TA6/MI[; HAIpPUMEP, IEPECTa-
woeka 1 — 3,2 — 4, 3 — 1, 4 — 2 szanuchiBaeTcs Kak

12 3 4 N
o= ; B BepxHeii cTpoke ynciia o6BIYHO pacriosia-

34 1 2
raloT B MOPSI/IKE BO3PACTAHNUS; IO HUMHU MUILYTCSA UX 06pasbl, TaK
YTO MPOW3BOJIbHAS MIEPECTAHOBKA O umMcena 1,2, ..., N 3amuiuercs

(1 2 ... n
Ka”—<o(1) o(2) ... G(n)>'
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IIpowusBeeHne NepeCTaHOBOK ONPENE/AETCS KAK KOMITO3ULIMS
otobpaxenuit: (01)(i) = o(t(i)). IlepecranoBKM O U T KOMMYy-
TUPYIOT, eci 0T = TO. Equanynas mepecranoBka (0603Haya-
etca id) — 9T0 TOXIAEeCTBEHHOE OTOOpakeHVe, P KOTOPOM BCe
BIIEMEHTHI OcTaloTcs Ha mecte. O6paTHasd K TEPECTAHOBKE O Te-
PECTaHOBKA OIPEZesISeTCs COOTHOLIEHNeM 00 | = 0~ ¢ = id.

1. Haittu npoussegenve

12 3 45 12 3 45
(45213)"(35412)

2. YkasaTh [iBe HEKOMMYTHUDPYIOLLME TIEPECTAHOBKMU.

3. (a) CkonBKO CyLIECTBYET IEePEeCTaHoBOK uncen 1,2, ...,57
Ckonbko m3 Hux ocrapsior uyucio 1 Ha mecre? (6) Ckonbko u3
uux nepesogatr 1 B 57 (B) s ckombkux m3 mux o(1) < o(2)7
(r) Jna ckomekux u3 Hux o(1) < 0(2) < 0(3)?

4* (IMpogomxenne) [Iyis CKOMBKUX WX HUX BBHIMOJHEHO pa-
BeHctBo (a) 0% =id? (6) o =017 (8) 62 =0 17

5* Ilycts MMeeTcss HEKOTOPas MOCIEAOBATEILHOCTD MOBOPO-
TOB rpaHeil Kkybuka Py6uka. JlokaszaTs, 4To, OBTOpPSis €€ JOCTa-
TOYHO MHOTO Pa3, Mbl PAHO WJIM TIO3[JHO BEPHEMCS K UCXOLHOMY
TIOJIOXEHUIO.

6* IlporpaMma KOAMPYET TEKCT HA PYCCKOM S3bIKE, 3aMEHSS
(B3aMMHO-OIHO3HAYHO) KaXxayl OyKBYy Ha HEKOTOPYIO APYIYIO.
Bacsa roeopur, 4ro He Hy:XJaeTcsa B IPOrpaMMe AE€KOAUPOBAHMS,
MOCKOJIBKY BMECTO 3TOTO MOXHO MPUMEHUTH TIPOrPaMMy KOIUPO-
BaHUs HECKOJIbKO pa3. [IpaB yin on?

7% IokazaTk, uro J06as MepecTaHOBKA UMEET KOHEYHBII To-
PAJIOK: IPUMEHSS €€ MHOIO pa3, Mbl KOIAa-HUOy b IOJYyYMM TO-
XKJIECTBEHHYIO II€PECTAHOBKY.

8. Haiitu Bce BO3MOXHBIE TIOPSAKY MEPECTAHOBOK MHOXKECTBA
w3 2,3,4,5,6,7,8 asieMeHTOB (MO JOK — 3TO MUHUMAJIBHOE YN~
CJI0 TIPUMEHEHUI TIEPECTAHOBKHM, KOTOPOE HAET TOXKAECTBEHHYIO
MIEPECTAHOBKY ).

[lepecranosky, mpu KOoTOpOii A7 +— 0 — A3 H ... —
— ag_1—ax—aq (a ocranbHBIE DIEMEHTHI OCTAIOTCS HA MECTE),
Ha3bIBAIOT LHKJIOM J/IMHBI K 1 06o3Havaror (a1, dy, ..., k). Lu-
KJIbl IJIVHBI 2 HA3BIBAIOT TPAHCIIO3ULUIMHU.
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9. lycers 0 = (123), T = (34). Yemy paBuo ot '?

10. [dpa mukaa (aj,as,...,ax) u (b1,b2,...,bm) xom-
MyTUPYIOT, €ClId OHU HE Mepecekarrcs (cpeau ai,...,0x U
biy,...,b;n Her oOwHMX B2eMeHTOB). YKasarh APYroil mpuMmep

KOMMYTHPYIOLIUX LIAKJIOB.

11* Omacats Bce cydau, B KOTOPBIX LMKJIBI KOMMYTHPYIOT.

12. (a) [lokasate, 94T0O Kaxas MepEeCTAHOBKA MPEACTABIMA B
BUJI€ [IPOM3BEAEHNS IONIAPHO HEMEPECEKAIOIUXCs LUKJIOB, IIPH-
YeM EeIMHCTBEHHBIM (C TOYHOCTBIO MO TMOPSKa LMKJIOB) o6pa-
3oM. (6) Haiitu a10 passioxeHue [Jis MepecTaHOBOK u3 3afaun 1.
(8) Kak, ucrose3ys st10, pewmrs 3agady 77

13. Ckonbko pa3snMYHBIX MEPECTAHOBOK BCTPEYAETCS CPEAU
creneHeii nepecranosku (12345)(678)?

14. Jlokazath, 4TO TIOPSIAOK JIFOOOI MEPECTAHOBKHU 1L DJIEMEH-
ToB gesut 1!. Moxer i oH 6biTh paBeH (n!)?

15* CkosbKo CyllleCTByeT MepPeCcTaHoOBOK umcel 1, ..., 8, Ko-
TOPBIE MIPECTABIAIOTCA B BUIE IPOU3BEAEHMS HENEPECEKAIOLINX-
Csl LMKJIOB JUIMHBL 5 1 AyuHbl 37

16* Ha xH1xHOI1 osnike B 6ecropsgke CTOUT cobpaHue couu-
HEHMIl U3 TL TOMOB. 3a OZIUH Il pa3peuaeTcs OOGMeHsTh JIobbie
IBa ToMa Mectamu. J{okaszare, 4to 3a N — | waroB Bcerga MOXHO
BOCCTaHOBMTh NOPAAOK. MOXHO 1 310 caeiaTh (M CKOJIBKO Lia-
TOB MOXET MOTPEGOBATHCS ), €CIIN PA3PEIIAETC MEHSTH MECTAMU
TOJIBKO cocefiHue (CTOSALIME PAAOM Ha IMOJIKE) ToMa? TOJIBKO TOMa
¢ cocequumu (ommyaKonmMucs Ha 1) Homepamu?

17* (Ilpomonxenue) [lokazath, 4TO HayaB C KaKO-TO pac-
CTAHOBKU KHWT, MOXHO BEPHYTHCS K HCXOOHOMY TOJIOKEHUIO
JIMIIB TIOCSIE YETHOrO YrCia OOMEHOB.

18. Jlokazate, uto KaxXas epecTaHoOBKA MPEACTABUMA B BU-
[l TIPOM3BEIECHUS] TPAHCIIO3ULIHIA.

19. (Ilpogonxenue) okazare, uro B mpedplaylueil 3ama-
4Ye MOXHO OBOWTHCH TONBKO TpaHcrmozuimsamu (1,2), (2,3),...,
(n—1,n).

20. (a) [Hokasarb, 4TO IPOU3BEAEHIE HEYETHOTO YMCIIA TPAHC-
MO3UILAI He MOXeT ObITh eauHNYHON TepectanoBkoit. (6) Iloka-
3aTh, YTO BCE MEPECTAHOBKU [EJIATCS HA [Ba TUMA: OLHU TIPEL-
CTaBUMBI B BUIE MPOU3BEAEHIS YETHOTO YUCIIA TPAHCIIO3ULVIA, HO
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HE B BUJE NPOU3BENECHN HEYETHOIO 4YMC/IA TPAHCIOZULMI (OHHU
HA3bIBAIOTCS YETHBIMH ), IPYyrie — HAoO0pOT (OHH HA3BIBAIOTCS
HEYETHBIMH ).

21. Haszosém 6ecriopsakoM B miepecTaHoBKe 0 napy (i,]), mais
KoTopoii 1 < j, Ho o(i) > o(j). [okazaTh, 4T0 YETHOCTH IEpe-
CTaHOBKU OIPENESISIETCS YETHOCTHIO YKCIIa 6ECIOPSIKOB.

22* Yro npom3oig€T ¢ MHOrOYJIEHOM

(x2 —=x1)(x3 —%x2) .. (xn —%1) o+ (X — Xn—1)

(mpomsBeneHue (X;—Xi) Mo BceM j > 1), e/t B HEM MIOMEHSITh Me-
cramu X1 ¥ X7 CHENaTh UUKJIMYECKYIO 3aMEHY X1 —X2— ... —
— Xn — X717 chenath MPOU3BOJIBHYIO MEPECTAHOBKY TEPEMEH-
HBIX?

23. Jlokasats, uTo Jobast YETHASI IEPECTAHOBKA MIPEACTABAMA
B BHJE MTPOM3BEAEHNS LUKJIOB JUINHBI 3.

24* Jlokazath, YTO MOXKHO €JUHCTBEHHBIM CIIOCOOOM pa3buTh
[IEPECTAHOBKY HA YETHBHIE U HEUETHHIE TAK, YTOOBI IPOU3BENEHUE
JIBYX YETHBIX WIA ABYX HEYETHBIX OBbLIO YETHO, a MPOU3BENECHUE
4ETHOU M HEYETHOM (B JTIOOOM MOpPsSAKE) OBLIO HEYETHO.

25. Jlokaszark, 4TO YETHBIX MEPECTAHOBOK CTOJIBKO XK€, CKOJIb-
KO HEYETHBIX.

26* Kak onpenenuTb, 6yaeT au 3aJaHHas MEpPEeCcTaHOBKA T
BIIEMEHTOB YETHOM WK HeueTHOl, caenas O (n) geiicreuii? ([loa-
cuéT uncia 6ecriopsiakos Tpebyer mopsiaka N’ aeiicTBuil. )

27* (a) Hokazatb, uto B urpe «l5» Hesb3s BEepHYTH Ha MECTO
nepecraBjieHubie 14 u 15 (He BhIHUMAs (uieK U3 KOPOGOUKH, a
ToJibKO aBuras ux). (6) CKoJIbKO KJIaCCOB HESKBUMBAJIEHTHBIX (HE
CBOISAIMXCS APYT K APYTY ABUXKEHUEM (DUILIEK) MO3ULMIA €CTh B
aToii urpe?

28* Ha n katymkax HaMOTaHO T\ MATHUTHBIX JIEHT KPaCHBIM
KOHLIOM (pakopaoM) Hapyxky, a GenbiM — BHYTpb. ECTh moOmos-
HUTEJIbHAST KaTyllKa U MarHUTO(MOH, MO3BOJISIOLINI TIEPEMOTATh
JIEHTY C OJHOM KATYLIKW Ha APYryio (MpU 5TOM BHYTPU OKa3bl-
BaeTcsl Apyroi koden). MoxXHO s GOOUTHCS, YTOGBI BCE JIEHTHI
OKa3aich GesbIM KOHLIOM HAPYXKY ¥ IyCTOI OCTanach Ta ke J0-
nojiHuTe IbHas Katymka? MoxHo i 1o6uthes, 9To6bl TIPU 9TOM
KaXx[as JIeHTa OCTaJIach Ha CBOEH Karyuike?
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29* Ilycte 01 1 02 — [ABE IEPECTAHOBKH, (DUT'YPUPYIOLINE
B 3amaue 1 B KkauecTBe comHOXuTeneil. Haiinérca nm takas mepe-
CTaHOBKA T, 4T0 TO1T | = 027

30. [Iycte 0 — mpousBosbHas nepecradoBka. Jlokasars, 4ro
[IEPECTAHOBKA O M TOT | PacKJIAbIBAIOTCS B IIPOM3BEJEHNUE LU-
KJIOB OIHUX U TE€X XK€ JJIVH.

31 Jlana nepecranoska 0=(123)(67)(89) muoxecrra {1, 2,
3,...,8,9}. CkombKO NEepPeCTaHOBOK T C Heil KOMMYTHPYIOT!

32* Mycre 0 u T — mepecranoBku u3 3agaun 1. Haiipéres
JI4 Takas IE€PECTAHOBKA P, YTO 0P = PT?

33* Jlana mpou3BoJibHAS MIEPECTAHOBKA TN JIEMEHTOB, 3a-
MUCaHHBIX B Tabyuiy m X N. Jlokaszars, 4To €€ MOXKHO TpEACTa-
BUTb B BUJE KOMIIO3MLIMM TPEX MEPECTAHOBOK, B KOTOPON IepBas
1 TPEThSI MPOUCXOAT MO CTOJIOLAM (HOBOE IOJIOXKEHHE JTIO6Oro
DJIEMEHTA HAXOOWUTCS B TOM XK€ CTOJIOLE, YTO M CTAPOE), a BTO-
past — T0 CTpOKaMm.

34* B cnosax, cocraBneHHbIX u3 6ykB R u S, paspemaercs
BBIYEPKHUBATH U JOMKCHIBaTH (B J1060M Mecte) rpymmsl RRR u SS,
a takxe 3aMeHsTh RRS Ha SR u HaoGopor. CKoJIBKO HEdKBUBA-
JIEHTHBIX (HE TIEPEBOAMUMBIX APYT B APYra TAaKMMU 3aMEHAMU) CJIOB
CylIeCTByeT?

35 (ITpomosxenne) Tot ke BOMPOC, €CIIU CJIOBA COCTABJIEHBI
u3 OykB a 1 b, paspelaercs BHIYEPKUBATH U A0OaBIATh A 1 bb,
a Takxe 3ameHsaTh aba Ha bab.

I'pyrmst

IMycre G — muOXecTBO ¢ omepaiyeil * (kaxmgoii mape f, g
aeMeHTOB G IIOCTaBJIEH B COOTBETCTBUE JIEMEHT f * g; MOPAIOK
BaxeH!). MHoxecTBo G HasblBaeTCs I'DYIIIOH, eCin

1) (fxg)xh="fx(g=*h) g mobeix f,g,h € G;

2) cylecTByeT eqUHHYHBI d7eMeHT € € G, s KOTOpOro
exg=g*e =g npu mobom g € G;

3) s moboro siementa ¢ € G CyLIeCTBYeT OOPATHEIIT dJTe-
menr g~ ' € G, st koToporo g~ xg=gxg ' =e.



3apaun 19981999 rona 185

Onepanyio * MHOIAA HA3BIBAIOT «YMHOXEHMEM», U BMECTO g * h
Uiyt npocro gh.

I'pymmer, B kKoTophix g * h = h*x g q1a mobeix g, h € G, Ha-
3BIBAIOTCS KOMMYTaTUBHBIMH Wi abesieBbivu. (Uuorna npu srom
IPYIIIOBYIO OMEPALMIO HA3BIBAIOT (CJIOKEHUEM). )

1. BoisicauTh, SBJIAIOTCS JIM IPYIIIAMY CJIEYIOLIME MHOXECTBA
(c yKazaHHBIMM ONEPALUAMU) U KAKME U3 BTHUX I'PYI KOMMYTa-
TUBHBL: (a) HATypaJIbHBIE YUCJIA C oreparyeil ciaoxenus; (6) we-
JIbIE YHMCIIa C OTEPALUei CIIOXEHNUS; (B) . . . C OEpaLell YMHOXKe-
Hus; (T) palMoHaJIbHBIE YUCTIa C Oepanyel yMHoXeHust; (1) oc-
TATK¥ TI0 MOAYJIIO 5 ¢ omepalyeii cioxkenus; (€) . . . ¢ onepauueit
YMHOX€HMS; (XK) HEHyJIEBbIE OCTATKM IO MOZYJIIO D ¢ omepaiueii
yMHOXenus; (3) 1o xe g monysas 10; (M) BEKTOPHI Ha ILIOC-
KOCTH C OTepalueil CloXeHust; (K) ... TONbKO BEKTOPHI C TMOJIO-
KUTEJIbHBIMU KOOpAWHaTtamu; (J1) ...C LEJbIMA KOOPAUHATAMU;
(M) KOMITJIEKCHBIE YHCIa C OTEPALUEN YMHOXEHNS; (H) . . . TOJIBKO
HEHYJIEBbIE KOMILIEKCHBIE YnCIa; (0) 10 MOAYJIi0 paBHbie 1; (1) o
MOZYJIIO paBHble 2; (p) ABUXKEHHUS ILUIOCKOCTH (C omepanyeil KoM-
ro3uiun); (C) .. . COXpaHSIOLe OPUEHTALHIO; (T) . . . HE COXPaHSI-
ouwe opuenranmy; (y) moBopotsr; () mepeHocsr; (x) mepecra-
HOBKM uwcen 1,...,M ¢ onepanyeil yMHOXeHus; (IT) . . . TOJBKO
YETHBIE TEPECTAHOBKY; (9) LMKJBI JIMHBL 3; (1) CKOPOCTH B
TEOPHMU OTHOCUTEJIBHOCTHU (4uciia B uHTEpBase or —1 mo 1, ckia-
JpiBaeMble Mo dopmyse U * v = (U +v)/(1 + uv); 3a eqununy
CKOPOCTH BBIOpaHa CKOPOCTh cBeTa); (1) hurypsl (MHOXeCTBa
TOYEK) Ha TUIOCKOCTH C OMepalyeil CMMMETPUYECKOIN Pa3HOCTH
(A*xB = A A B cocrour u3 Touek, MPUHAJIEXAIUX POBHO
onHoi u3 puryp A u B).

2. JlokaszaTh, 4YTO IPOMU3BEAEHNE T COMHOXUTEIIEN HE 3aBUCUT
OT pPacCcTaHOBKU CKOOOK. (AKKypaTHOe paccyXaeHue Tpebyer nH-
OYKLWH TI0 M.)

3. Jlokaszath (a) mpaBWJIO COKPALLEHNS: €CIA X * Y = X * Z, TO
Y = z; (6) 9TO B rpyIIIie HE MOXET OBITh ABYX €AMHUYHBIX DJIEMEH-
TOB; (B) YTO y KaXJOr0 9JIEMEHTA €CTh €JUHCTBEHHBIN OOPATHBIIA.

Ecnu rpynmnoBas onepaiys 3an1ceBaeTCsa KaK yMHOXEHNE, TO
oBpaTHBIil 9eMeHT 06o3HavyaeTcs a .

4. Kak naitru (ab)™',3mas a ' u b~ 1?
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5. Onpegenute a™ (rge a — BAEMEHT TPYMObL, L — LIEJOE
4HCIIo) W MPOBEPUTH paBeHcTBO a™ ™ = a™a™,

6. Tokazatb, 4To 7151 0O6Oro BIEMEHTa (I KOHEYHOM TPYIIbI
HAMOETCS LIEJIOe MOJIOKUTEBHOE T, IS KOTOPOro a' paBHO €
(eIMHUYHOMY BIIEMEHTY ).

Haumenbinee ymcio 1 ¢ TakUM CBOMCTBOM HA3BIBAETCS ITO-
DSAKOM BJIEMEHTA (1} OHO SIBJIIETCS IEPUOLOM IOCIIEAOBATEITBHO-
ct ...,a2,a1,a% = e,a' = a,a?,a?,... u o6osnauaer-
cs op(a).

7* Jlokasats, uro nop(fg) = mop(gf).

8* B rpynme BoiGpaHel Tpu djeMeHTa a, b, c. Ckomb-
KO pa3/IM4HBIX MOXeT ObITh cpeau umces mnop(abc), nmop(ach),
nop(bac), mop(bca), nop(cab), mop(cba)?

9. Tycrs mop(g) = 57. Uemy pasuo rop(g®)? Coopmympo-
BaTh U JJOKa3aTh OOLIee yTBEPXKIAEHVE.

10* [lokasats, 4TO €M TOPSAOK JIFOGOrO BJIEMEHTA IPYIIIBI
(KxpoMe enuHHUIEBI) paBeH 2, TO IPyIa KOMMYTATHBHA.

11. Haittu Bce asieMeHTH KOHEYHOTO MoOpsifika (a) B rpyrmie
HEHYJIEBBIX KOMILJIEKCHBIX YrcesT (10 yMHOXeHM0); (6) B rpyme
JIBIKEHUIA MJIOCKOCTH.

12. Tlyctp @ — (PUKCHPOBAHHBIN BJIEMEHT KOHEYHOI TDyII-
el G. Jlokasath, 4TO onepaLus «1€BOro yMHOXeHUs» Ha a (Te-
PEBOAALIAs X B AX) ABJISETCS IEPECTAHOBKOM BJIEMEHTOB I'PYIIIBI
U COCTOMT U3 LIMKJIOB OJMHAKOBOM [MHBL. Byner ym omepaims
(IIPABOTrO YMHOXEHMS» HAa (. COCTOATh U3 LUKJIOB TOM XK€ [IJIMHBI?

13. (TIlpomoxenue) [lokaszars, 4T0 MOPSIIOK JIOOOTO dJIEMEH-
Ta KOHEYHOU TPYIIITBI JEJIAT MOPSIAOK (YUCSIO BJIEMEHTOB) TPYIIIHL.

14. [lokazate mamyro Teopemy @Depma: ecnu LEoe dYu-
CJI0 (L B3aWMHO TIPOCTO C LIEJIBIM TIOJIOKUTEIBHBIM YKHCIIOM T, TO
a®™) = T(mod n). (3gecp ¢(n) — Kommuecrso umcesn ot 1
JI0 M., B3aWMHO IIPOCTHIX C M.)

15* Cymecrsyer nmu 6eckoHedHas rpymma, 060l 3IeMeHT
KOTOPOI MMeET KOHEYHBI MOPsaIoK ?

Ecnu mo6oit aieMeHT rpymist sBIseTCs (TI0JIOKUTETBHOM WIn
OTPHULATESIBHOM) CTEMEHBIO JJIEMEHTA (1, DJIEMEHT (I HA3BIBAETCS
obpa3zyrolLeli TPYIINbI, a TPYIIa HA3BIBAETCS [UKINYECKOI.
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16. Briaror 1 Henmkmueckue rpymmbl u3 1, 2, 3,4, 5u 6
BJIEMEHTOB?

17. Byger nu rpymma HEHYJIEBBIX OCTATKOB OT feJieHus Ha 11
(c onepanyeil yMHOXEHUS) LMKJINIECKOM !

IMogmuoxectBo H rpynmer G HasbBawT MOATpYIod, eciau
OHO CaMO SIBJISIETCSl TPYIIONH OTHOCUTEJIBHO TOM K€ OMepalviu,
TO €CTh COAEPXWT €AUHMILY, IIPOM3BEIEHUE JIIOOBIX JBYX CBOUX
BJIEMEHTOB U O6GPaTHBINA K JTI060MY CBOEMY BJIEMEHTY.

18. Kakue umerorcs moArpynmsl B IpyIme OCTATKOB IO MO-
aymo 10 (¢ onepauueii cioxenus)?

19. ... B rpymme MepecTaHOBOK TPEX DJIEMEHTOB?

20. BepHo sn, 4TO mEpeceveHrE TOATPYI — MOArpyIa’
A obbemuHenune?

21. JlokasaTb, 4ro 1106as HOATPYINA TPYIIILl Z LEIBIX YUCET
(10 crIokeHM0) UMeeT BU NZ , TO €CTh COCTOUT U3 BCEX KPATHBIX
HEKOTOPOTO Yucsa 1.

22X Tlyers X C R — moarpynna agauTHBHOlN IPYIIIBL BELIE-
cTBeHHBIX unce. [lokaszath, 4to 6o X COCTOUT U3 BCEX KPATHBIX
HEKOTOPOTO YKcsia X, inbo X Bewoay wiotHa B R (mepecekaercst ¢
Jo6bM vHTepBasioM). Kakoii u3 gByX ClydaeB UMEET MECTO ISt
MHOXeCTBa umces1 Bruaa m + nv/2 (rge m,n € Z)?

23. MuoxectBo aemenToB gh, roe g — (QUKCHPOBAHHBII
anement G, a h mpo6eraer Bce aemMenTsl H, HasbiBaeTCs JIEBBIM
cMmexxHbpiM ky1accom G mo H u o6osznavaercs gH. Hokaszatsh, 4ro
(a) Bce cMeXHBIE KJIacChl COMEPXKAT OJHO U TO K€ KOJUYECTBO
aJ1eMeHTOB; (6) JoOble Ba CMEXHBIX KJiacca JIMOO He Mepeceka-
10TCS1, JINOO COBIMAAIOT.

24. (Teopema Jlarpamxka) Ilycte G — koHe4Has rpymra,
H — ee moarpymma. [{okaszars, uro nopsimok H gesur mopsimok
G. (Ykazanue: G pazbuBaercs Ha CMeXHBIE Kyiacchl.) Kak BeiBe-
CTH OTCKO[I2, YTO TIOPSIOK I'PYIIIBI JEJIATCS Ha MOPSAOK JIIO60ro
€€ aneMenra?

25* Onucate Bce KOHEYHbIE MOATPYIMIILI IPYIIbI ABAXEHUIA
TJIOCKOCTH.

26 CKOJIBKO BJIEMEHTOB LIMKJIMYECKON TPYIITBI MOPSIKa T
UMeEIoT mopsaaok k?
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27* Tlycte N — wues0e MONOXuTENbHOE umucio. [lokasarts,
yto cymma umcen @(d) ma Bcex gesmTeneit d ymenaa N paHa M.
(Hampumep, npu n = 6 umeem @ (1) + @(2) + @(3) + @(6) =
=1+142+2=6.)

28* Jlokazath, uro mobas rpyrma IPOCTOro MOPsSAKa sSBJIs-
eTcs LMK JIMYECKON.

29* TogmuoxecrBo H konewnoii rpynmsl G 3aMKHYTO OT-
HOCHTEJIBHO YMHOXEHUs (IIPOM3BENEHNUE JIFOOBIX IBYX 3JIEMEHTOB
u3 H snexur B H). {okaszars, uro H — noarpyrmma.

30* B xoneuHOii rpynme kBajpar JIO60ro ajIeMEHTa pPaBeH
equaunile. KakoB MOXET ObITh MOPSIOK 3TOM TPYIIIBI?

BekTopu

1. Jlausr gBa BekTOpa A = O—A) ub = Cﬁ Beipasurts uepes
uux Bektop OC, ecmu touka C genur orpesok AB B orHoIe-
HuM 5 @ 7.

2. Ha mockoctu ukcrposans Tpu Touku O, A, B. I'me Haxo-
nsarcs KoHusl BektopoB OX = AOA + uCﬁ, (a) ecmu A+p =17
©) ...uA,u>0?

3. Ha miockoctu 3aqann yetsipe Touku O, A, B, C. Bapuien-
TPUYECKUMH KOODAHHATAMH TOYKHM X OTHOCHUTEJIHO TPEYIOJIb-
mvka ABC maspBarorcs umcna (A, W,V), A8 KOTOPBIX O—)>( =

—
=A0A+uOB +V& u A+ p+v = 1. (a) Ilokazars, uro ecim
toukr A, B u C He nexxar Ha OfHOI MPsAMOi, TO GapHLeHTPH-
YecKMe KOOPAMHATHI JI060H Touky X OINpeesieHbl OLHO3HAYHO
u He 3aBucaT or Beibopa Touku O. (6) Ykasate reomerpude-
CKYIO VHTEDIIPETALMIO GAPULIEHTPUYECKUX KOODAUHAT B TEPMHU-
Hax miomazeii. (B) Touka D umeer GapuieHTprYecKie KOOPIV-
Hathl (1,2, —2) ormocurensHo Tpeyromsanka ABC. Kakosel 6a-
PULIEHTPUYECKME KOOPAMHATEI TOYKH C OTHOCUTEIBHO TPEYIOJib-
uuka ABD?

4* Yxa3aTh (PU3NYECKYIO MHTEPNPETALMIO OapULIEHTPUYEC-
KUX KoopAuHAT (GapuIeHTP — LEHTP TSXKECTH).

5. B mpocrpanctBe cukcuposansl yetbipe Touku O, A, B, C.
e maxopsrest koHupr BektopoB OX = )\O—A> + uOB + VCY,
ecm A +pu+v=17
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6. Tne Moxer Haxoguthes Touka X, ecm OX = OA + @,
TOYKa A HAXOOWTCS BHYTPU KBajpaTa, a TOYKa B — BHyTpu
TpeyrojbHuka (cM. puc. 25)7

Puc. 25

7* Jlauwt Tpu BekTOpa a,b,c Ha miuockoctu. {okaszate, 4ro
HaliIyTcsl Takue Liejble uncia kK, l, M, He paBHBIE OJHOBPEMEH-
Ho O, uro BekTop ka + b 4+ mc umeer gmmuy mensiue 0,001.

8* Ha mnockoctn manst 100 BeKTOpPOB, MO JIMHE HE TIPEBOC-
xomsawme 1. Jlokaszarh, 4TO CJIOKUTH HEKOTOPHIE M3 BEKTOPOB CO
3HAKOM «+», a [PYTUE CO 3HAKOM «—», YTOOBI CyMMa IO JINHE
He npesocxoguna 1/1000. (Cymma pgomkHa cogepXaTh XOTs Obl
OJIMH BEKTOP; BEKTOP HE MOXET BXOIUTb W CO 3HAKOM «+», U CO
3HAKOM «—», HO MOXET BOBCE HE BXOIUTh B CyMMY.)

9* Ha mytockoctu faust uetsipe Touku A, B, C, D. [Ina kakux
touek O HalIyTCs TaKWe HEOTPULIATENIbHBIE YUCHA A, L, V, 3¢, 9TO
)\O_A)—l-uO —l—vOT—l—%O_D) =07

10. [Ins1 kax goii 13 CTOPOH MHOTOYTOJIbHUKA TIOCTPOUJIN TIED-
MEHJVKYJISIPHBIN €ii BEKTOD, HATIPABJIEHHBIN BOBHE MHOTOYTOJIb-
HUKA W IO JUIMHE PaBHBINA 3TOM cTopoHe. JlokaszaTh, 4TO cymMma
3THX BeKTOpOB pasHa O.

11> Jlna xaxmoit 3 rpaHeil MHOrOrpaHHKKA TTOCTPOUIIN TIEp-
NEHAUKYJISIPHBIA €1 BEKTOP, HANIPABJICHHBI BOBHE MHOI'OI'DAHHU-
Ka ¥ MO JJIMHE PaBHBIA IUIOWAAM 3TOi rpanu. Jlokasate, 4ro
cymma 91X BekTopoB paBHa 0. (YkaszaHue: 3aqavya umMeer u3n-
YECKUIl CMBICIT. )

Ho cux mop MBI TOBOPWJIM O BEKTOpAax Ha IJIOCKOCTH U B
npocrpadcTee. [lagum tenepp obiuee ompeaenenue. BekTopHoe
TPOCTPAHCTBO — 3TO MHOXECTBO V, DJIEMEHTHI KOTOPOrO Ha3bi-
BalOT BeKTOpamu. B HEM BhIfEeH HyseBoii BekTop O W ompe-
JIEJIEHBI OTIEPALN CJIOXKEHVS (+) M YMHOXEHUS Ha [EWCTBUTEITb-
HOE YHCJI0. DTH ONEPALHN JOIKHBI 06/1aaTh TAKMMH CBOICTBAMU
(x,Y,z € V, A\, L — uncia):

() x+y)+z=x+(y+z);
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i) x+y=y+x

(iii) x + 0 =x;

(iv) mms mo6oro BEKTOpa X CyLIECTBYET TAKOM BEKTOP |, UTO
X +y = 0 (mpoTHBOIOJIOKHBII BEKTOD);

V) 1-x=1;

(vi) (A4 p)x = Ax + ux;

(vii) A(x +y) = Ax + Ay;

(viii) A(pux) = (Ap)x.

12. (Cnencrsus us akcuom) [lokaszats, uto (a) A -0 = 0
(3meck O o6o3Havaer HyJsieBoit BekTOp); (6) ecmm A # 0 u x #£ 0,
To Ax # 0; (B) ecnm cymma Jiro6bix 5 U3 JaHHBIX 7/ BEKTOPOB
paBHa 0, To Bce BeKTOpHI paBHHI 0.

13. MuorousieHs! 06pa3yioT BEKTOPHOE IIPOCTPAHCTBO (C ecTe-
CTBEHHBIMU OTEPALMSIMU CJIOXKEHUS 1 YMHOXKEHNS Ha YUCIO0). YTo
GyJ€eT, eC/Ii OrPaHUYUTh PACCMOTPEHNME (a) MHOTOUYJIEHAMU CTETIE-
uu He 6os1ee 107 (6) MHorouneHamu crenenu posHo 107 (B) MHO-
ro4JeHaMu, UMeErIUMU Kopedb 1?7 (r) MHOro4YeHaMu, NMEOLIY-
MU JIEICTBUTEIBHBIA KOPEHD !

14. IlocrenoBarenpHOCTH 06PA3yIOT BEKTOPHOE MPOCTPAHCT-
Bo. Uro Gymer, ec/ii OrpaHWYNTh PACCMOTpPeHME (a) CXOASIY-
MHcs TmocliegoBarebHocTamu? (6) cxomsummuca K 1 mocremo-
BatesbHOCTAMU? (B) cxopsummucs K O MOC/IEA0BATEIbHOCTSMU !
(r) orpaHMYEHHBIMU IIOC/IEAOBATEILHOCTAMU ! () BO3PACTAIOLIU-
MM MOCjIefoBaTe/bHOCTAMU? (&) IMOC/IEA0BATEIbHOCTAMM, Y KOTO-
PBIX A U3 KBaJpaToB CXOJUTCS?

Jluneiinoi koM6HUHALFEl BEKTOPOB V1, . .., V, € Koahdum-
eHTamMu A1,...,A, € R HaswBaeTcs BEKTOp V = A1vy + ...+
+ AnVn. ToBOpAT, UTO BEKTOP V JIMHEHHO BBIPAXKAETCS YEPE3
Vi,...,Vn, €CIIM OH MIPEICTABUM B BUJE UX JIMHENHON KOMOU-
Hair. MHOXECTBO BCEX TaKMX BEKTOPOB HA3bIBAETCS JIMHEHHONM
060JI0YKOF BEKTOPOB V1, ..., Vn.

15. 3akoHunTh (Ppasy: cucTeMa JMHEHHBIX ypaBHeHMi (OTHO-
CHUTEJIBHO X, Y, Z)

aix+biy+ciz=dy,

axx + bay + c2z =dy,
azx +bzy +c3z=d3
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HMEET PELIEHNE TOT(a U TOJIBKO TOr(a, KOrAa BEKTOD . . . JIMHEHHO
BbIPAXKAETCS YEPE3 BEKTODHI . . .

16. Kak BeIrIsSauT JMHelHas 060JIOYKA [BYX BEKTOPOB B
TPEXMEPHOM IPOCTPAHCTBE?

17. lokasats, uro jmHeliHas 060J1049Ka BEKTOPOB V, W COBIIa-
JIAeT C JIMHENHOM 0B0JIOYKO BEKTOPOB V — W,V + W.

18. TIpoBepuTs creayolye moje3HbIe (XOTs ¥ IPOCTHIE) CBOW-
CTBa JIMHENHOI 060s10UKu: (a) €ClM B CUCTEME X1, ..., Xy 3aMe-
HUTb KaKOil-u60 BEKTOP Xi Ha BEKTOP Xi + AX; (A1 KaKUX-TO j
u A), TO JuHEWHAss 060JI0YKa CUCTEMBI He m3MeHutcs; (6) ecnu
JIMHEHAsA 060JI09Ka BEKTOPOB X1, . . . , X1, COJEPKUT BEKTOP Y, TO
OHA COBMAAET C JIMHEWHON 060JI0UKO BEKTOPOB X1, . . ., Xn, Y.

19. Haiitu nuseiinyio o6onouky Bektopos 1, (x—1), (x—1)2,
(x — 1)3 B mpocTpaHCTBE MHOTOUJIEHOB.

20. (ITpomomxerue) Tor xe ponpoc ma 1, (x—1), (x—1)(x—
—2), (x—1)(x —2)(x —3).

21. Oyukupu Ha TPSMOi 0OpPa3yloT BEKTOPHOE MPOCTPAH-
ctBo. (a) Jlexur i yHKIMS Sin X B JIMHEWHON 06010UKe (PyHK-
umii 1, cosx, cos2x, cos 3x,...7 (6) Tor xe Bompoc npo ¢yHK-
LIMIO Sin” X.

22* ([Ipomomxenue) Tor ke Bompoc mpo (GyHKLUIO sin®x
[IpY TIPOU3BOJBHOM K.

HaGop BekTOpOB Ha3bIBaeTCS JIMHEHHO 3aBHCHMBIM, €CJIA €C-
JI1 HEKOTOpas HETPUBHUAJIbHAS MX JIMHEHAsA KoMOuHauus (He Bce
KoadduimenTs HyeBble) paBHa 0. B mporuBHOM citydae Habop
Ha3bIBAETCS JIMHEHHO HE3aBUCHUMBIM.

23. (a) B xakom ciydae Tpu BEeKTOpa Ha MJIOCKOCTH JIMHEMHO
3apucuMbl?! (0) B kakom ciy4yae Tpu BeKTOpa B MPOCTPAHCTBE
JINHEWHO 3aBUCUMBI?

24. (a) Hokazath, 9yT0 HabOp BEKTOPOB JIMHEHHO 3aBHCHM B
TOM M TOJIbKO TOM Cjly4ae, KOT[a OAUH M3 BEKTOPOB JIMHEMHO
BbIpaxkaeTcs 4depes ocrajbHble. (6) MoxHO M B mpeapiayILeM
YTBEPX/EHUM 3aMEHUTDh CJIOBA (OJUH M3 BEKTOPOB» HA (IIEPBbIi
BEKTOP»?

25. JloxasaTh, 4TO BEKTOPHI X, JIMHENHO 3aBUCUMBI TOTJA U
TOJIBKO TOT/Ia, KOTAa BEKTOPBI X+2Y U 2X+Y JINHENHHO 3aBUCUMBI.
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26. 3akoHuUnTh (hpasy: CUCTEMA NHMHEMHBIX YpaBHEHMI (OTHO-
CHUTEJBHO X, Y, Z)

aix+byy+ciz=0
azx +bay +c2z=0
azx +b3y+c3z=0

MMeET HEHYJIEBOE PELIEHUE TOTAA M TOJBKO TOTJ(a, KOTAA BEKTO-
pHI ...
27. (a) Hokasars, yTo BeKTOpHI 3amauyn 19 nuHeiiHO He3aBU-
cumbl. (6) [lokaszare, yro BekToph! 3amaun 20 JMHEIHO He3aBU-
CHMBI.

KoopaurarHoe BekTopHOe npocrpancrBo R™ cocrout uz n-ok
YKCETT C TIOKOOPJVHATHBIM CJIOKEHHEM M YMHOXEHHEM HA YKCIIO.

28. [Ipu xakux a CTPOKM MaTPHULIBI

1 2 3
4 5 6
7 2 a

JINHEIHO 3aBUCUMBI?

29. (llpomonxkenne) [Ipu kakux a CTOJIOLBI DTON MATPHLIBI
JIMHEIHO 3aBUCUMBI?

30* HWmeercsa Tpm nuTPOBBIX GAHKM, 3alOJHEHHBIX HA TPH
YeTBEPTH TPEMS Pa3HBIMU Kpackamu (Kaxmgas — cBoeii). Paspe-
LIAETCH MEPEIMBATh KPACKY U3 OJHOM GaHKM B IPYyrylo, HE Iepe-
JIUBasi Yepe3 Kpail U TIATEJIbHO MEPEMEIINMBAsT CMECh. 1aK MOXHO
MOBTOPSTh MHOTOKpaTHO. Hallra 1eJjib — moJIyJuTs cMech, B KOTO-
PYIO BCe TPU KpacK¥ BXOIAT MOPoBHY. (a) MoXHO /it moJTyYnTth
TaKyl CMECh BO BCeX GaHKaX IOC/IE KOHEYHOIO YKCIIa ONeparuii?
(6) MoxHO 71 MOJTyYUTh TAKYIO CMECh B OLHOM M3 GAHOK IMOCIe
KOHEYHOI'O YKC/Ia OIepaLuii?

31X JlaHO M pa3sIMYHBIX YKMCEN C1,...,Cn. JOKa3aTh, 4TO
dyukuum exp(cix),...,exp(CnX) JUHENHO HE3aBUCHMEI.

32* Nlokazath, 4ro (hyHKLUM COS X, COS 2X, ..., COSTX Jiu-
HEWHO HE3aBUCHMBI.
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33. [lokasath, YTO CTPOKM MATPHL[BI

1 1 1
a b ¢
a? b2 ¢?

JIMHEWHO HE3aBHMCUMBI, €CJTH BCE TPU UKCNA A, b, C pasHble.

34* (Ilpomonxkenue) ToT ke BoONpoc AJisi CTOJIOLIOB BTON Ma-
TPHLIBL.

35> (Ilpomomxenne) Kak 0606LIUTL BTO YTBEPXKIEHUE HA
MaTpullbl 60Jbllero pasmepa?

36 Jlokaszath, 4TO CTPOKU MATPULIBI

a*® b* c*
a¥y bY ¥
a* b* c*

JIMHEWHO HE3aBUCUMBI, €CJIV CPEN TIOJIOKUTENILHBIX YKCed d, b, ¢
¥ CPEJV MPOU3BOJIbHBIX JEMCTBUTENILHBIX YHCENT X, Y, Z HET OOU-
HAKOBBIX.

37* okaszaTh, YTO MAKCHMAaJbHOE YHCJIO JIMHEHHO HE3aBU-
CHMBIX CTPOK B MATPHIIE PABHO MaKCHMAaJIbHOMY YHCITy JIMHEHHO
HE3aBUCUMBIX CTOJI6LI0B. (CrieioBaTeNIbHO, €CIM B MATPULIE TL X T
CTPOKHW HE3aBHUCUMBI, TO W CTOJIOLIBI HE3aBUCUMBI, 1 HA06OPOT. )

baszuch 1 pazmepHOCTH

BekTtopsi X1, ..., X;, 06pa3ywoT 6aswc B IpocTpaHcTBe V, ecim
OHU JIMHEWHO HE3aBUCHUMBI M TIOPOXIAIOT V (Yepes HUX JIMHEHHO
BbIpaXaeTcs JII000i BEKTOP MPOCTPAHCTBA).

1. Jlokazate, 4To B 3TOM Clly4ae Jir060ii BEKTOP €AMHCTBEHHBIM
06pa3oM MpEeACTaBUM KaK JIMHENHAs KOMOuHAIus 6a3iCHBIX.

2. okazath, 4to 6a3Mc MOXHO 9KBUBAJIEHTHO ONPENE/INTDH
Kak (a) MakCUMAaJIbHYIO JIMHEWHO HE3aBUCHUMYK) CHCTEMY BEKTO-
poB (CTaHOBSILIYIOCS JIMHEIHO 3aBHCHMON MpU HOGABJIEHUU JIKO-
6oro BekTopa); (6) MUHHMAJIBHYIO CHCTEMY, TTOPOXIAIOILYIO BCE
MIPOCTPAHCTBO (€C/M yOaJuTh JI0OOM BEKTOD, JMHENHAsS 060J109-
Ka TepPEeCTaHeT COBIMANATh CO BceM V).

3. Vkazarp Gasuc B mpocrpanctee (a) R™, snemeHtramu Ko-
TOPOro SIBJISKOTCS HAGOPHI YKCES UIMHBI N (C MOKOOPAUHATHBIM
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CJIOXEHMEM W YMHOXEHHEM Ha 4ucio); (6) MHOrOYIEHOB CTere-
HHU He BbilE N; (B) HAOOPOB YKCES JUIMHBL 1, Y KOTOPBIX CyMMa
paBHa HyO; (I') MHOTOYIEHOB CTEMEHH HE BBILIE TL, MMEIOLHX
KOpeHb 1.

JIrobbie Ba 6asrica OJHOrO MPOCTPAHCTBA UMEIOT
TIOPOBHY 9JIEMEHTOB

DTO yTBEPXAEHUE yOOGHO JOKA3bIBATH B TAKON (DOPME: €C/H
BEKTOpa Y1, . .., Yk BBIpAXKaIOTCI Yepe3 X1,...,Xn U K > 1N, To
o™ K BEKTOPOB JINHEIHO 3aBUCHMBI.

4. Jlokazath 9T0 yTBEPXKIEHWE, WCIIO/b3Ys TaKON (PakT: Of-
HOPOJHAsl CHCTEMA JIMHENHBbIX YPABHEHUI MMEET HEHYJIEBOE pe-
LIEHVE, ECJT HEM3BECTHBIX GOJIbILIE, YEM YPABHEHUIA.

Jpyroii BapuaHT JOKa3aTeJIbCTBA: €CJIN B BBIPAKEHUSAX BEKTO-
POB Y1, ...,k Y€PE3 X1, .. ., Xy HE BCTPEUAETCS X1, MOKHO BOC-
MOJIb30BaThcs MHAYKLMeN o M. Ecim xe X BcTpeuaercs, cka-
K€M, B BBIPAXEHUU 7151 Y 1, TO BEKTOPA Y2 —C2YT, - - - , Yk —CkY1
[pU TOAXOAALIUX C2, ..., Ck BBIPAXAKIOTCA YEPE3 X2, ..., Xn, U
CHOBa MOXHO BOCIIOJIb30BAThCS MPEATIONOKEHNEM UHAYK LM,

5* TlpoBecT 2T0 pacCykAEeHUE MOTHOCTHIO.

Eig€ ogun Bapuanr cocrour B npumeHenvu «iemmbl Ll teiinu-

11a O 3aMEHe»: €CJIM BEeKTOpHl Y1, ..., Y JMHEHHO HE3aBUCUMBI U
BBIPAXAIOTCS Yepe3 X1, ..., Xk, TO MOXHO 3aMEHWUTh KaKue-TO 1
BEKTOPOB cpeu X1, ..., Xk HA Y1,...,Yi, HE A3MEHUB JINHEHHON
060JIOUKH.

6* JlokazaTh 310 yTBepXaeHUe (MHIYKIMS MO 1) U BBIBECTH
U3 HETO YTBEPXKIEHUE 00 OJMHAKOBOM YKCJIE DJIEMEHTOB B JIIOOBIX
IByX bOasucax.

7. IlpocrpancrBo V umeer 6asuc u3 N snemeHtoB. [lokasats,
410 JII0ObIE N + 1 BEKTOPOB B HEM JIMHENHO 3aBUCHUMBI.

8. Jlokaszatb, 4TO 1181 IPOU3BOJIBHOIO BEKTOPHOTO MPOCTPaH-
crBa V BBINOJHEHO OAHO U3 OBYX ycnosmii: (1) V umeer xoneu-
Hblii 6a3uc, ¥ Bce ero 6a3uchl MMEIOT PABHOE YHUCIIO DJIEMEHTOB;
(2) B V MoxHO yka3aTh 6ECKOHEUHYIO CUCTEMY JIMHEMHO HE3ABU-
CHMBIX BEKTOPOB.

B mepBom cityuae uricnio BEKTOpOB B Gasrice Ha3bIBAETCS pas-
MepHOCThIO TipocTpancTBa V (0o6o3Havaercs dim V). Bo Bropom
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CJlydae IPOCTPAHCTBO HA3bIBAIOT 6ECKOHEYHOMEDHBIM.

9. llokasatb, 94TO Pa3sMEPHOCTb MOXHO 9KBHUBAJIEHTHO OMPEE-
JIUTh KaK MaKCUMAaJIbHOE YKCJIO JIMHEIHO HE3aBHCUMBIX BEKTOPOB
WM KaK MUHUMAJIBHOE YKCJIO BEKTOPOB, JIMHENHAast 060J109Ka KO-
TOPBIX €CTh BCE MPOCTPAHCTBO.

10. Pacemorpum mpocTpaHcTBo «prbGOHAYYMEBBIX MTOCIIENO0BA-
TEJIbHOCTENY, B KOTOPOM KaXKIblii WIEH PAaBEH CyMME JBYX IIpe-
neigyumx. Kakopa ero pazmeprocts? YkaszaTh Kakoii-nm6o 6azuc
B 9TOM MIPOCTPAHCTB (TIPUBELS SIBHBIE (DOPMYJTBI 711 0OPa3yroLUX
9TOT Ga3uC MOCIIEA0BATENIBHOCTEN )

11> (Tlpomomxenune) Tor ke BOMpOC MAJisi MPOCTPAHCTBA
[OCJIEIOBATE/IBHOCTEN, B KOTOPBIX (a) Xni2 = 2Xni1 — Xnj
(6) Xn+2 = 2Xn 1 — 2%Xn; (B) Xnt3 = 2Xn42 — Xnt1 + 2Xn.

12. «MarndyeckuM KBaJpaTOM» Ha3bIBAIOT KBaJpPATHYIO Ta-
GJTHLLYy, 3aIOJTHEHHYIO YUCIaMU, B KOTOPOil CYMMBI TI0 BCEM CTOJIG-
Ll[aM, BCEM CTPOKaM W [BYyM OUArOHaJIsM paBHbL.. Marudeckue
KBaJpaThl JaHHOIO pazMepa o6pa3yoT BEKTOPHOE IIPOCTPAHCTBO.
Haiitu pasmepHOoCTh 3TOro0 mpOCTpaHCTBA M yKa3aTh 0asuC I
KBajpaToB 2 X 2 m 3 X 3.

13* Haiitu pasmepHOCTb MTPOCTPAHCTBA MAarHYeCKUX KBapa-
TOB pa3Mepa 1. X M.

14 [loxazaTh, 4TO MPOCTPAHCTBO HENPEPHIBHBIX (DYHKLIMIA HA
[PAMOM, UMEIOLINX HepHo 1, 66CKOHEYHOMEPHO.

[Iycts V — BekTOpHOE mpocrpancrBo. [logmuoxecrso W C
C 'V HazbiBaeTCs MOAMPOCTPAHCTBOM TIPOCTPAHCTBA V , €C/I BMe-
cre ¢ MOOBIMEA JBYMSI BEKTOPaMM X,l OHO COJEDPXKWUT UX CyM-
MY X + Y, U BMECTE C JIIOOBIM BEKTOPOM X CONEPKUT BEKTOPBI AX
s Beex umcenr A. (B atom cimydae W MoxHO paccmarpuBath
KaK BEKTOPHOE IPOCTPAHCTBO C TEMU XK€ ONEPALUAMU CIIOKEHU
U YMHOXEHUS Ha YKCJIO. )

15. Kakue nognpocrpancTBa GbiBaloT B (OGBIYHOM) TPEXMEp-
HOM TIpOCTpaHcTBe?

16. CymecrByer ym mommpocrpasctso B R3, comepxkainee
Bektopsl (1,2,3) u (4,5, 6), Ho He conepxauee BexTop (7,8,9)?

17. loxazate, 4ro mjis JIOOBIX 4KCEN A1, . . ., 0 MHOXECTBO
PELIEHNIT JIMHEMHOTO OQHOPOLHOIO YpaBHEHMUS (1X1 + A2X2 +
4. ..+ anxn = 0 06pasyer moAMpPOCTPaHCTBO MpocTpancTBa R™.
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KakoBa pazmepHOCTb 3TOro MoAnpocTpascTsa’

18. PaccmorpuM B mpocTpaHCTBE MHOIOYJIEHOB CTENEHUA HE
BbIllIE T IOANPOCTPAHCTBO, 06Pa30BaHHOE MHOrowIeHamu P, s
koropeix P(1) = 0 m P/(1) = 0. Kakosa paszmeprOCTh 3TOrO
MOAMPOCTPAHCTBA !

19. PaccmoTpuM B mpOCTpaHCTBE MHOrOYJIEHOB CTETNEHH HE
Boiie 10 IOANPOCTPAHCTBO, COCTOSAILEE U3 MHOIOYIEHOB P, ness-
upxcs 6e3 ocratka Ha MHorowrteH x° +x+ 1. Kakosa pasmeprocts
BTOTO MOAMPOCTPaHCTBa?

20. (a) O6pasyor nu nepriognueckre (PYHKLUM MOMPOCT-
PaHCTBO B MPOCTPAHCTBE BCEX (DYHKIMIA C JEHCTBUTEIBHBIMU ap-
rymeHTamu 1 35adenuamu’ (6) O6pasyior am nepuoaudecKue mo-
CJIe10BATE/IbHOCTH MIOAIPOCTPAHCTBO B IPOCTPAHCTBE BCEX IIOCIIE-
JIoBaTeJIbHOCTEM?

21. Ilyere W1 u W5 — HOANPOCTPaHCTBA HEKOTOPOTO MPO-
crpanctBa W. MoxHo im yTBepXath, 4ro (a) WX mepecede-
e W1 N Wy; (6) ux obpequuenne W1 U Wp; (B) ux cymma
W14+W3, cocrosias 3 Bcex cymm Buma Wi +w; (rme wi € Wy
uwy € W»), 6yayT NOANpOCTpaHCTBAMK !

22. Tlycte W — moAmpoCTpaHCTBO KOHEYHOMEPHOTO MPO-
crpanctBa V. [lokaszate, uro jo6oii 6asuc B mpocrpanctee W
MOXHO [OMNOJHWUTH 00 Gasuca B mpocrpadcrBe V. BeiBectn or-
ciofga, uro dimW < dimV u paBeHCTBO BO3MOXHO, JIMIIb €C-
mV=W.

23. KakoBa MakCHMaJIbHO BO3MOXHAs IJIMHA BO3PACTAIOLLEM
Lenoyky noamnpocrpadets Vi C Vo C ... C Vi (Bce mpoctpan-
CTBa pa3/InYHbI) B Tl-MEPHOM MPOCTPAHCTBe? YKa3aTh KaKyK-JIu-
60 LENOUKy MakcuMasibHOM [mHbl B R .

24. Toopsar, 4ro mpocTpaHcTBO V ABASETCS MNPAMOI CyM-
Mot cBoux moarnpoctpaHcTB W1 u W, ecim Ux mepecedeHue
W1NW; cogepXut ToJIbKO HYJIeBOM BeKTOp, a cyMma W1+ W
paBua Bcemy V. (a) [lokasaTh, 4T0 B 9TOM Cjiy4yae BCSKMIil BEK-
TOp U3 V €AMHCTBEHHBIM 0OGPA30M IIPEICTABIIAETCA B BUE CyMMbI
w1 +w> (rme wi € Wy, wy € W)3). (6) Hokaszath, 94TO B 9TOM
cayyae dimV = dim W7 + dim Ws.

25* (Tpomonxkenne) OnpenesuTs TMOHATHE TPSIMON CYMMBI
TPEX MOANMPOCTPAHCTBA U JOKA3aTh aHAJIOTUYHOE YTBEPXKIECHVIE.
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26. JlokazaTb, 4TO MPOCTPAHCTBO BceX (DYHKLMI C IeiCTBU-
TEJIbHBIMU APIyMEHTAMM Y 3HAYEHMSIMU €CTh TPAMAs CyMMa TIO[-
NPOCTPAHCTBA YETHBIX (DYHKLMI M MOANPOCTPAHCTBA HEYETHBIX
dyukumii. (Oyukuus f HaswiBaetcs yérHoid, e f(—x) = f(x)
TpU BCEX X, U HeuéTHoM, ecn f(—x) = —f(x) npu Beex x.)

27. JloxazaTh, 9To AJIsi TPOM3BOJIBHBIX TOANpPOCTpaHcTB W
n W3 nipoctpanctBa W BBHITIOJTHEHO PaBEHCTBO

dim(Wj + W,) = dim Wy + dim W, — dim(W; 0 W>).

28* Kak HammcaTh aHaJOTMYHOE PAaBEHCTBO JJIsi TPEX TOA-
MpoCTpaHCcTB?

29> Ilycrs A,B,C — Tpu mognpocTpasHcTBa OOHOIO IIPO-
crpancrBa. /lokazate, 4To

dim A + dim(A + B+ C) < dim(A + B) +dim(A + C).

IIporpamma sk3amena

1. Manas teopema @epma. Teopema Bunbcona.

2. Teopema Bpuaniiiona (HokasaTesbCTBO ¢ IIOMOLIBIO THIEP-
6osona).

3. @opmysnia mis uncen OuboHauym ¢ MOMOILBIO TIPOU3BOLS-
WX QYHKLMHA.

4. Teopema Kantopa — Beprurreiina.

5. Onucanvie Bcex MUGaropoBbIX TPOEK.

6. Cucrembl JIMHENAHBIX yPABHEHMIA: €CTM HEU3BECTHBIX GOJTb-
1€, YEM YPaBHEHUIA, TO y CUCTEMBI €CTh HEHYJIEBOE DELLIEHME.

7. OcHoBras Teopema anre6pnl («/lama ¢ co6aukoiiy).

8. Kococummerpuaeckue dopmer B R? u R3 : opuentuposan-
Has TJIOLIAb ¥ OPHEHTUPOBAHHBIN OOBEM.

9. BekTopHOE MPOM3BEEHNE U €TO CBOICTBA.

10. Uaaykuusa u yHaMpOBaHHBIE MHOXECTBA.

11. OcroBHas TeopeMa O CUMMETPHYECKHX MHOIOYJIEHAX.

12. Koneunsie moss. My abTUIIMKaTHBHAS TPYIINA KOHEYHO-
rO TIOJISI.

13. TocnenoBatenbuoctu. OrpaHudyeHHbBIE TIOC/IENOBATETb-
Hocru. [Ipenen mocsieqoBaTeIbHOCTH U €r0 CBOWCTBA.
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14. Akcroma moiHOTHEL. TeopeMa O BIIOXKEHHBIX OTPE3Kax,
(byHAaMeHTaTbHbIE MOCIIEA0BATEILHOCTH.

15. Paapr u ux cxoauMoctb. AGCOIOTHO CXOASIIMEC PsbL.

16. HenpepriBHBIE (DYHKIMK U UX CBOWCTBA.

17. Tpenen dyukumu u ero csoiicta. [lepBerit 3ameuaresib-
HBII Openen.

18. Acummrorndeckue o6o3HAYEHNS.

19. Yncno e. DxcroHeHTa M norapudM, BTOPOi 3aMedaTeNb-
HBII TIpeaest.

20. TpowsBoaHast u €€ CBOIICTBA.

21. Teopemsr ®epma, Posns, Jlarpanxka. @opmy:na Teittopa.

22. Muorounensl ¢ ogHoi nepemerHoi. OcHOBHas Teopema
anre6phl U €€ CIIENCTBUS.

23. KopHu MHOTOYJIEHOB ¢ LIEIBIMU KO3(MDMULIEHTAMH.

24. TlepectaHOBKH, pa3JIOKEHUE HA LUKJ/IBI. YETHBIE U HEYET-
HBIE TIEPECTAHOBKH.

25. T'pymmel, moarpymmsl. Teopema Jlarpamxa.

26. Bexropnbie npocrpadcrsa. JluHeiiHas 3aBUCHMOCTb U HE-
3aBucuMoctb. [loanpocTpancrsa.

27. Basuchl 1 pa3MEPHOCTH BEKTOPHBIX MTPOCTPAHCTB.
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3a/iaun MOCIeJHETO TOfla OXBATHIBAIOT, BMECTE C TEOPUEN UH-
TErpUPOBaHUsl, JOBOJIBHO TPYAHBIE TEMBI (HAYajla TEOPUM TPYIIII,
KOJIel] U IOJiel, MeTpUYeCKHe MPOCTPAHCTBA M KOMIIAKTHOCTD,
Havajia TEOPHU BEPOSITHOCTEN, OCHOBBI TEOPHU MEPHI), KOTOPBIE
TIPUHSITO OTHOCUTB K «BBICLIEN MaTemartuke». [locieqnuii TucTok
(«PasHoe») comepXuT TpyAHBIE 3a1aUN HA PA3HBIE TEMBI.

IIpousBoaHas: pasHble 3amga4mu

1. Haiitu npousBoguyo dyuakumu X Inx — x.

2. Haiitn npoussognyio ¢yakuun In((1 +x)/(1 —x)).
3. Haiitu npoussognyio ¢yukimu In(x + /1 + x2).

4. Haiiti npon3BoHYIO QYHKLIAM

14+x 1 xV/3

+ —= arctg ———

In —
Vi—x+x2 V3 2—x

(otBeTOM OymeT parioHasbHas (GyHKIMS OT X).

5. JlokaszaTh, 4TO MPOM3BOHAS YETHON (PYHKLMU HEYETHA U
HaoGOPOT.

6. Jlokaszath, YTO TPOW3BOgHAS TEPUOAUYECKON (DYHKIMU
TakXe TepuofuyHa. BepHo s o6parHoe?

7. Oyukuus f nuddepeHumpyemMa Ha Beeil IPSIMOil U TIEPHO-
aruHa (MMeeT TMEPUOZ, TO €CTh Takoe uucio 1, uro f(x +T) =
= f(x) mna Beex x). [okasate, uro f’ obpamaercs B HyIb B
6ECKOHEYHOM YHCIIe TOYEK.

8* ®ymkuus f onpenenena m auddepeHLMpyeMa Ha Beei
npsamoii, mpuuéM f(x) — 0 mpu x — oo. [lokazats, uro npous-
BOJHas (DYHKIVM UMeET He MeHee T+ | HyJel, ecim yukuums f
VIMEET HE MEHEE M HYJIEW.

9. CchopmMymmpoBaTh 1 10Ka3aTh YTBEPKIEHUE, CBA3BIBAIOLIEE
KPATHOCTh KOPHSI MHOTOYIEHA ¢ OOpalleHHeM B HYJIb €0 MPOK3-
BOJJHBIX.

10. (a) Haiitu Haumenbliee 3HayeHye BbipaxeHus X + 1/Xx
mpu x > 0. (6) Tor xe Bonpoc s Beipakenus X+ 10/x. (8) Tor
e BOTpoc st Beipaxenns x 'O + 1/x.

Wl =
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11. Kak peumts npeasiayinyo 3aa4y ¢ UCIOJIb30BAHUEM He-
pPaBeHCTBa O CpeaHeM apuMETUYECKOM U F€OMETPUIECKOM !

12. Haiitu uncio peurenuii ypaBaerust X> — X = a (B 3aBu-
CHMOCTH OT 3HAUEHWS MapameTpa a).

13. Kakue 3nauenus npuamMaer x> — 4x mpu —1 < x < 27?

14. Haiitn manGosbliee 3Hauenne BeIpakeHus —¢ npu x > 0.

15* KakoBo MakcMMaJIbHO BO3MOXHOE YHCJIO TOYEK Tepece-
YeHMS TIPSIMOUA ¢ TpathiikoM Y = X° 7

16. okasate, uto e* > 1 + x mpu Beex X.

17* Pewmrs HepaBeHcrso eX > 1+ x +x2/2.

18. Jlokasate, uro In(1 + h) < h nopu Bcex h > —1.

19. Jokasats, uro In(1 4+ h) > h —h?/2 npu Bcex h > 0.

20. Hokasath 1Mo odyepeau Takue HepaBeHcTBa (mpu X > 0):
cosx < 1; sinx < x; cosx > 1 —x2%/2; sinx > x — x3/6;
cosx < 1 —x?/2 4 x*/24. Kak mpofoXuth Ty ToC/]eI0Ba-
TEJIBHOCTD !

21. Hokazars, yto xInx > x — 1 mpu x > 1.

22* Ilokasatb, uro Beamauna (1 + 1/x)*t1 y6uBaer ¢ po-
crom X (mpu x > 0).

23* Jlokasath, yro BequumnHa (1 + 1/x)* Bospacraer ¢ po-
crom X (mpu x > 0).

24* Jlokasatb, uro sinx > (2/7)x npu 0 < x < 71/2.

25* PaccmorpuM cemeiictBo KpuBhIX (rumepboir) Xy = C
(kaXx oMy 3HAUYEHUIO MApaMeTpa C COOTBETCTBYET CBOSI KPUBas).
(a) IMokazars, yto npu MoBopoTe Ha 45° 2TH KPUBBIE TIEPEXOIAT B
KpuBbIe cemeiictBa X2 —y? = c. (6) [Tokasars, 4o KpuBBIE ABYX
BTHUX CEMENCTB, MPOXOAAIME YEPE3 OLHY TOUKY, IEPECEKAIOTCH
TMOJ1 TIPAMBIM YIJIOM (KacaTeSIbHBIE TEPIEH IUKYISIPHBI).

26. Hepasencrso Bepuymm (1 + x)™ > 1 4 nx npu Heotpu-
LIATEJIGHOM X U LI€JIOM HEOTPULATENIBHOM T OUeBUIHO (pPacKphi-
BaeM CKOOkmM). BeisicHuTh, An1s Kakmx ewg map (X, M) OHO BEPHO
(npeamonaraeM, 4ro X > —1, 4TOGbI BO3BEAEHUE B CTEINIEHD UMEJIO
CMBICIT).

27 TlonoxurebHbIE Yucia P U { TaKoBbl, 4o 1/p + 1/ =
= 1 (wanpumep, tak Gymer npu p = q = 2). [lokazars, 4ro
xy < xP/p +y9/q pna mobeix x,y > 0.
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28* Bripaxkenue f’(x)/f(x) nnorga HazwpiBalOT Wiorapudmu-
4JecKoil mpon3BogHOIy (yHKIMKM T B Touke X. Yem obbscHsercs
TaKoe HazaHue?

29. Muorousien P u Bce ero nmpon3BOAHBIE MOJIOKHUTEIBHEI B
HekoTopoii Touke a € R. JlokaszaTth, 4T0 BCe AENCTBUTESIBHBIE
KOPHHM MHOrodjieHa P MeHblle d.

30* BepHo v aHAJIOTUYHOE YTBEPXK IEHNE [JIsl TPOU3BOJIBHOI
6eckoHeuHO auddepeHIpyeMoil GyHKIMH ((DYHKIIHA, UMEIOLIEi
MIPOM3BOIHBIE BCEX IMOPSIIKOB), OMPEIETIEHHON Ha BCEW IECTBU-
TEJIbHOM IPAMOIA?

31* TapaGoner y = X2 +c¢ u x = y2 + d npy HEKOTOPBIX
3HAUEHNAIX C U d MMEIT €AMHCTBEHHYIO OBLIyld TOYKy (X,VY).
IMokazatk, uto 3Ta TOUKa NEXuUT Ha runepbose xy = 1/4.

32* Tlo mOCKOCTH OBUKETCS TOYKA; €€ KOOPAWHATHI B MO-
MeHT BpeMenu t pasusl (x(t),y(t)). [Ipu aToM BekTOP CKOpOCTH
(x'(t),y'(t)) B Kaxnplii MOMEHT BpeMeHH t MepHeHAUKY/ISPEH
paauyc-Bektopy (x(t),y(t)). JokaszaTh, 94To TOUKa ABUXKETCS MO
OKPYXHOCTH.

33* Teno macchl 1M ABMXKETCA IO MPAMOM B CUJIOBOM IIOJIE
¢ noreryuaiom U (apyrumm ciosamu, U — auddepenumpye-
mas dynkims u —U’(x) ecTs cuna, AeiicTByromas B TOYKe X).
Torga mo BropoMmy 3akoHy Herootoma i1 Koopamsatsl X(t) Te-
a B MOMEHT BPEMEHM t MOXHO HammcaTh ypaBHeHme: X' (t) =
= —U'(t)/m. [loka3aTh 3aKOH COXPAHEHHUS SHEPIMH: BEINUYMHA
U(x(t)) + m(x’(t))?/2 nocrosHua.

34* Ha ropusoHTanbHOl MJIOCKOCTH JIEXHT TeNO Beca P, xo-
aduipent Tpenns paseH k. [Tog KakuM yIjioM K TOpPU30HTY HaJI0
€ro TSHYTh, YTOOBI CABUHYTH e€ro 6bisIo Jlerde Becero? Kakas cuia
rpu 8ToM TNoTpebyeTcs?

35* Touka (x(t),y(t)) mBuxkerca mo miockoctv. YTo MOXKHO
CKa3aTh O €€ OBIKEHNH, eC/r BeKTop ckopocth (x’(t),y’(t)) npu
BCex t mepmeHauKynsapeH BekTopy yckopenms (x(t),y"(t))?

36* ®yukuusa f senpepwiBHa Ha otpeske [0,1] u mBaxabI
nuddepeHLpyemMa BHyTpu Hero, npu atom (0) = f(1) = 0
u f(x) =1 gna wekoropoit Touku x € (0,1). [lokaszars, uro
[f"(y)| > 4 ansa mexoropoii Toukn y € (0, 1).
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37* ®Oyskuus f onpepeneHa um guddepeHLUpPyeMa HA MH-
tepsae (1, +00), mpuuém |f'(x)| < 1/x%. (a) Moxuo nu yrBep-
X7aTh, 4TO cyulecTByeT mpeaen f(x) mpu x — oo? (6) Tor xe
Bonpoc, ecau |f'(x)] < 1/x.

Muororpanauku

1. Hapucosath MHOrOrpansuk (a) ¢ 5 BepumHamu u 6 rpa-
usamu; (0) ¢ 5 BeplumHamu u 5 rpaHsaMu.

2. BriBaer 1 MHOrOrpanHuk, y koroporo 1998 tpeyrosbHbix
rpaseii?

3. (Ilpomoxenne) ... 1997 TpeyroabHbix rpaHeii?

4. Hapucosats mpaBuibHblE MHOTOTPAHHUKH, TO €CTh MHOTO-
IDaHHUKH, BCE TPAHKM KOTOPHIX — MPABUJIbHBIE MHOTOYTOJIBHUKHI
C OJVHAKOBBIM YHCJIOM CTOPOH, U B KaXJOW BEPIIUHE CXOIUTCS
oauHakoBoe unciio rpadeil. (Ux mare: terpasap, kyb, okTasmp,
MKOCAdAP U JOAEKAdAP; YTO O3HAYAET (DAP» B MX HA3BAHUAX?)

5. HapucoBath BUA KaXJOro M3 MPaBUJIBHBIX MHOTOTDAHHU-
KOB M3 TOYKH, GJIM3KOIA K LIEHTPY OJHOI U3 TPaHel U HAXOOSIUE-
ca BHe MHororpanduka. (OfHy rpaHb BCKDBUIH M CMOTPUM Yepe3
HEE BHYTPb; YTO MBI YBUOUM? )

6. Or BepIUMHBEI MHOTOIPAHHMKA OTPE3ajIM MAJIEHBKYIO IUpa-
muAky. Kak msmenurcs umncno ero sepumd, pébep u rpaneii? Yro
Mpou3oHaeT ¢ BemunHoii B + ' — P?

7. B MHoOrorpaHHvike Bce TpaHd — TpeyrojbHuKU. Kak cBs-
3aHBI YUCJIO IPaHel U Yuciio pedep?

8. B MHOrorpasHuke B Kax 10l BEpILIUHE CXOOATCS TP pebpa.
Kak cBs3aHbBI 4MCII0 BEPIUMH U 4ucio pebep?

9. Kak mensiercss Besmumba B + ' — P, ecom paspesarts MHO-
FOYTOJIbHBIE TPAHN MHOTOTPAHHUKA HA TPEYTOJIbHUKHU

10. ®yr60bHBIT MIY CKJIEEH U3 WECTUYTOJBHUKOB U TISITH-
YTOJNLHUKOB, B KaX 0 BEPUIMHE CXOAATCS MO Tph Kycka. CKojib-
KO MSTHYTONBHUKOB UCTOb30BaHo?! [loueMy aT0 umcnio He 3aBu-
cut ot crocoba ckeliku?

k% ok ok
11. Bee I'PaHU MHOI'OrpaHHHUKa — IIPpaBUJIbHBIE MHOI'OYI'OJIBHUKH C

OJJMIHAKOBBIM YHCJIOM CTOPOH, HO MHOTOI'PaHHMK He MpaBUJIbHBIA. MoxXeT
JIV TaK ObITh?
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12. Jloka3zatb, 4To B JI0OOM BBINYKJIOM MHOTOTDaHHUKE €CTb IBE
IPaHy C OJMHAKOBBIM YKCJIOM CTOPOH.

13. MHuororpansuk (mycToii BHyTpH) pa3pe3aiv Ha OTAEeJIbHbIE rpa-
HU ¥ TIOCJIAJIH TI0 TI0YTE, a MOTOM CKJlerni. Mor i moJTyYnThest MHOTO-
rPaHHUK APYroil popMel?

14. Haittu Bce «TOMOJIOrUYECcKM MpPAaBUJIBHBIEY BBIMYKJIbIE MHOTO-
rpaHHUKY (y KOTOPHIX BCEe IPAHM MMEIOT OJMHAKOBOE YKCIIO CTOPOH U
B KaX[I0il BEPIIMHE CXOJUTCS OJJHO M TO XK€ YUCIIO PEGED).

15. Cymecrsyer 001as Teopema 0 TOM, UTO [JIsi BCIKOTO BBIMYKJIO-
IO MHOIOIpaHHMKA €CTb JBONMCTBEHHBIH K HEMY, Y KOTOPOrO CTOJIBKO
e TpaHeii, CKOJIBKO Y MCXOAHOTO BEPUINH, CTOJIBKO e BEpIIMH, CKOJIb-
KO y HCXOJHOTO I'DaHeil, U CTOJIbKO Xe€ PEGEP, CKOJIBKO Y HMCXOHOTO.
HapucoBats aBoiicTBEHHBIE U1 U3BECTHBIX BaM BBIMYKJIBIX MHOIOTDaH-
HukoB. Kak BiMsieT mepexof K JBOWCTBEHHOMY MHOTOTDAHHHKY Ha Be-
smunny B + T — P?

16. BuyTpu MHOTOYroJIbHUKA C TL CTOPOHAMHM B3ATO K TOUYEK U MPO-
BEJIEHbl OTPE3KU, PA30MBAOIIME €r0 HA t MEHBLIMX MHOTOYTOJIbHUKOB C
BEPUIMHAMA B BBIODAHHBIX TOYKAX; YKMCJIO UX CTOPOH 0603HAYMM uepes
ni,Mn2,...,Nt. [logcanrars CyMMy BCEX YIJIOB STMX MHOTOYTOJIbHHKOB
IByMsi criocobamu (Tpynmupyst MX MO MHOTOYTOJIbHMKAM U TI0 BEpILK-
HaM). [Togcuurars uncno pébep Bcex MHOrOyroJIbHMKOB. BriBectu orcio-
ma dopmyny B+ T —P = 1 mna rakoit kaprusku.

17. dokaszars ¢opmyny B+T —P = 1 mis cetn MHOrOyrobHUKOB,
Pa3pe3aB UX HA TPEYTOJIbHUKU U yaJisisl TPEYTOJIbHUKHU OJJVH 32 APYTHUM.

18. Yemy pasHo uucsio B + T — P qyis muororpansoro 6y6vka?

19. Mb1 x0TéM packpacuTh rPaHM MHOTOTPAHHUKA B JIBA I[BETA TaK,
4T06BI coceiHue rpanu OpuTH pasHoro upeta. [l KakKux U3 W3BECTHBIX
BAM MHOTOTPAHHUMKOB BTO BO3MOXHO, a /i kakux Her?! Korma BooGuie
aro Bo3moxHo? (Kpurepuit mpuaymars npocro, CTpOro a0KazaTh TPyH-
Hee.)

20. MBI XOTUM pacKpacuTh BEPIIMHBI MHOTOIPAHHUKA C TPEYTOJIbHBI-
MM FPaHSMM B TPU [[BETA TAK, YTOOBI COCEJHUE BEPILMHBI (KOHI[bI JTIO60T0
pebpa) Gbutk paszHOro mBera. [l Kakux W3 W3BECTHBIX BAM MHOTOIDaH-
HHKOB 9TO BO3MOXHO, a JUId Kakux Her? Korga Boo6lie 310 BO3MOXKHO?
(Kpurepuit npugymars mpocTo, CTPOro J0KA3aTh TPYIHEE. )

21. Topucrelit OCTPOB B MOpe MMeEET HECKOJIBKO BepiuvH (BO BCe
CTOPOHBI CIYCK), KOTJIOBUH (BO BCE CTOPOHBI MOIABEM) W TMEPEBAIOB (B
OJJHOM HATIPABJIEHWM CITyCK, B ApyroM moabéM). Kak Bemmisasar Bepum-
HbI, KOTJIOBMHBI U TIEPEBAJIBI HA KapTe, e MPOBEAEHBI (TOPU3OHTAIIN)
(nmuuaum paBHO¥ BHICOTHI)? [l YMC/Ia BEPIIMH, KOTJIOBUH U TIEPEBAJIOB
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ecTb (popMyJia, aHajiornyHaa dopmyse Ditepa. Uro 1o 3a dopmyna?
Kak BeiBecTu U3 He€ opmyty Ditepa?

Beinykisie GyHKIpm

Oyukuus f, onpenes€anas Ha npoMexyTKe (OTPe3Ke, MHTEP-
BaJle, Jyue, BCEil PSMOIf) U PUHUMAIOLIAs AEHCTBUTE IbHBIE 3HA-
YeHVs, HAa3bIBAETCS BBIMTYKJIOH BHH3, €CITH €€ rpauk Ha JIIOGOM
orpe3ke [a, b], BxoasdiueM B 06J1aCTh ONpee/IeHNs, JIEKNUT He BbI-
we xopabl (a,f(a))—(b,f(b)). Aranoruudo ompeaensercs mo-
HSTUE BBIIYKJIOCTH BBEDX.

1. Kakue w3 m3o6paxénHbix Ha rpadwmkax (QyHKLHA (CM.
puc. 26) ABJISIOTCA BBITYKJIBIMA BHU3 (BBEPX)?

A\
v
A\

Puc. 26

2. Pazbures obnactu omnpenesenns QyHKIWIA U3 MPEaBIAYILE
3a/la4d Ha YyYacCTKM TakK, YTOObl Ha KaXKOOM ydyacTke (hyHKLUS
Gblila BIIYKJIA BBEPX WM BHU3.

3. Oyukuus f Beimyksia Bau3. {okaszars, 4ro qys JIFOOBIX Yu-
cen au b uz e€ obacTu OnpeeeHus BHIIOIHEHO HEPABEHCTBO
f((a+b)/2) < (f(a)+1(b))/2. (YkasaHue: KaKOB reoMeTpUYE-
CKHi1 CMBICJI 3TOr0 HepaBeHCTBa?)

4. (IIpomomxenne) Tor xe BOmpOC /i1 HEPABEHCTBA

f(3a+ %b) < 1f(a) + 3f(b).

5. (TTpomonxkenne) CchopMyTMpoBaTh U [OKa3aTh aHAJIOTUY-
Hoe ytBepxaeHue s f(ox + By) mpu o, B > 0w x+ = 1.
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6. (Ilpogoxenne) Jloka3aTh, 9YTO HEPABEHCTBO MPEABLIYILEN
331249 MOXKHO CUUTaTh (3KBUBAJIEHTHBIM) OINPENEIEHUEM BBITYK-
JIOCTH.

7* IokaszaTb, 4TO BCsAKas BBIMTyKJiast (BHU3 WM BBEPX ) (PYHK-
LS, OTIPEE/IEHHAas Ha WHTEpBaJie, HEMPEPHIBHA BO BCEX TOUKAX
BTOro UHTEepBaja. BepHO Jin aHATIOrMYHOE YTBEPXKAECHNUE Ui OT-
peska?

8. Bynem HasbiBath (CpeqHeri) CKOPOCThIO H3MEHEHHS (DYHK-
uuu f Ha otpeske [a, b] otHowenue (f(b)—f(a))/(b—a). (Teome-
TPUYECKUI CMBICIT: YIJIOBOM Koa(huLumenT xopast.) [lycts dyHkK-
uus T BBIyKJIa BHU3 M ONPEZAEsIeHa B TOUKax d, b, ¢, mpuuém a <
< b < c. INokasate, uTo ckopocTh u3MeHeHusd f Ha oTpeske [a, b]
He 6onbine ckopoctr m3MeHeHus f Ha orpeske [b, c]. (Ykaszannue:
CKOPOCTb U3MEHEHUS Ha OTPE3KeE (A, C| HAXOOUTCS MEXy HUMHU. )

9. Mokasathk, 4TO yTBEPXIEHVE MPEABIIYIIENH 32249l MOXKHO
cunTaTh (SKBMBAJIEHTHBIM) ONPENEIEHNEM BHITYKJIOCTH.

10. [Jokasats, 4o dyHKLWMS X — X2 BbIIyKJa BHE3. (Ykasa-
Hue: yaoOHO BOCITOSIB30BATHCS MIPENbIIyLIEi 3aqadeii. )

11* (a) Oyukuus f BeIMyKJIa BHU3 U BCIOAY MOJIOXKUTENIbHA.
MoxHo M yTBepXaaTh, uto ¢yHKIms X — (f(x))? Bemyka
BuU3? (6) MoxHOo M yTBepXaaTh, 4TO 2Ta (DYHKIWS BBIYKJIa
BBepX, ecay f BhIMyKJ1a BBEPX?

12* JTokasats, 4TO KOMIIO3ULIMS ABYX BbIITYKJIbIX BHU3 [BBEDX]
BO3pACTAOIUX (PYHKIMIA BHITYKJIa BHU3 [BBEPX].

13. B mnocnemoBatenbHOCTM g, 01, 02, A3 KaXIbIA YIeH
(kpome kpaiiHux) He GOJIbllle CPEAHErO apU(METHUECKOTO IBYX
coceneii. lokaszate, uto ar < %a3 + %ao.

14. B nocnegoBarensHoct ag, A1, A2, ..., Ay, KaX/IBIA 4EH
(kpome kpaiiHux) He GOJIbllle CPEAHETO apU(METHUECKOTO IBYX
cocezieii. [lokazath, 4TO €C/iv KpaiiHue 4jeHbl PaBHBI HYJIO, TO
BCE MPOMEXYTOUYHBIE OTPULIATENILHBI UM PABHBI HYJTIO.

15F Oyuxums f onpenenesa Ha HEKOTOPOM MPOMEXYTKE, U
npu atoM T((x +y)/2) < %(f(x) + f(y)) g mobeix x uy. [o-
Ka3aTh, uTo (a) f(%x—i—%y) < %f(x)—l—%f(y); 6) flax+Py) <
< af(x) + Bf(y) mpu mobbix parmoHanbHBIX &, > 0, mis
koropeix & + 3 = 1. (B) Tlokazats, uro ecm f Kk TOMy ke He-
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MpEpPBIBHA, TO OHA BhIMyKJa BHU3. (L1119 pa3pbiBHBIX (YHKIHIA 9TO
MOXET OBITh HEBEPHO; AOBOJIBHO DK30TUUECKUIT TIPUMEP CTPOUTCSE
C MOMOLIBIO TaK Ha3biBaeMoro «Gasmca [amersy.)

16. IJoxa3aTh, 4TO ec/i BHIMYKJIasd BHU3 (PyHKLMS JuddepeH-
uUpyeMa, To €€ IPOM3BOJHAS SIBJISIETCS HEYOBIBAIOLLEN (PYHKLIMEN.
(Ykazanmme: ecm a < b, 1o f'(a) u f'(b) pasmeneHwl cpeqneit
CKODOCTBIO M3MeHeHUs (DYHKLMU Ha [a, b].)

17. Jokasate, uto ecru dyrkuus { muddepenuupyema u '
SaBJIseTCs HeyObIBaolLel GyHkpeil, o f Beimykia Bau3. (Ykasa-
HUe: 1Mo TeopeMe JlarpaHxka cpegHsSIsi CKOPOCTh W3MEHEHUS €CTh
MPOU3BOAHAS B IIPOMEXKYTOYHON TOUKE. )

18. Iokasars, yro s qBaxabl Aud@epeHLIPYEMBIX DYHK-
LWl BBITYKJIOCTh BHU3 [BBEPX| PABHOCHU/IbHA HEOTPULATEJIBHO-
CTH [HEMOJIOXHUTEILHOCTH]| BTOPOI mpomsBoanoi. (Muemonnve-
CKOE TIPaBUJIO: €CNU B rpavK MOXHO 3aJIUTh BOJY, BTOpas mpo-
U3BOIHAS UMEET 3HAK IUTIOC, €CJTM HEJIb3sT — MUHYC. )

19. Ha xakux oTpe3kax BBINYKJIbI BHA3 W BBEPX (DYHKLIAH
(a) e%; (6) x™; (B) Inx; (r) sinx; (m) tgx? Hapucosars ux
rpaguku.

20. Ilokazath, uro rpaduk auddepeHLrpyeMOii BHIMYK IO
BHU3 (DYHKIVH JIEXUT BBIlIE JI000I KacaTebHON K Hemy. (Yka-
3aHMe: KacatejibHas B Touke (a,f(a)) kK rpadwky dyHkumu f
nMeeT yryoBoil KoathduimeHt /(a).)

21. Tloka3ars, uro TpebGoBaHUe MpeabIAylIEl 3amaun (rpa-
(DUIK JIEXKWT BBILLIE KACATESIBHOIN) MOXHO CYUTATH ( PABHOCHJTBHBIM )
OIpefieJIeHUEM BBIMTYKJIOCTUA A1 AuddepeHupyeMbiX QYHKLIMHA.

22. Jlokazath ¢ MOMOIUBK MPEOBIIYIMX 3aa4 HEPABEHCTBA
e>T+xulnx <x—1.

23. UsBectHO, 4TO B J1I000I OKPECTHOCTA TOYKM ( Tpaduk
IBaxabl quddepenimpyemoit hyHkimn f jiexur mo o6e cCTopoHbI
or kacaresbHoi. (Takuwe TOYKM HA3BIBAIOT TOYKAMH IIE€PETHOA.)
Hoka3sats, yto " (a) = 0.

24, Oynxumsa f semykna Bams. [lokasaTb, 4To f(%x + %y +
+ %z) < %f(x) + %f(y) + %f(z) LS JIIOOBIX TOYEK X, Y, Z.

257 O606LUMTL yTBEPXK IEHVE MPEALIAYLIEH 321241 Ha CTydait
T TOYEK U He 0BA3ATEHHO PABHBIX KOI(D(ULIMEHTOB.
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Jluneitabie omepaTops

Oro6paxeHne @ BEKTOPHOrO TIPOCTPAHCTBA V B BEKTOPHOE
npocTpaHcTBO W HasbIBaeTcsl JIMHEHHBIM, €CIIA

1) e(x+y) = @(x)+ @(y) ana mobbix BeKTOpPoB X,y € V;
2) @(Ax) = A@(x) ans moboro BekTopa X € V 1 A 1060ro
yucia A.

Jluneiitnbie 0TOOPaKeHNsT HA3BIBAIOT TAKXKE JIMHEHHBIMU OIEPATO-
pamu.

1. (a) lokazarte, 4yTo MHETHOE OTOOPaKEHNE TIEPEBOIUT HY-
JIEBOI BEKTOP B HyJieBoi. (6) Moxer nm jmHEHOEe OTOOpaXKe-
HUE TIEPEBECTH JIMHENHO HE3aBUCHUMBIE BEKTOPHI B 3aBUCUMBIE !
(B) Moxer yin jmHeliHOEe OTOOpaX)eHVE MEPEBECTU JIMHENHO 3a-
BUCHMBIE BEKTODHI B HE3ABUCUMBIE !

2. (a) Aapom NUHEWHOro OmepaTopa HA3bIBAIOT MHOXKECTBO
BCEX BEKTOPOB, KOTOPBIE OH OTOGpaxkaer B HyJb. JloKa3aTh, 4ro
saapo oneparopa @: V — W gBisercs MoanpoCTPaHCTBOM IIPO-
crpanctBa V. OHo o6oznavaercs Ker @. (6) [lokasats, uro ore-
paTop @ MMeET HYJIEBOE PO TOTAa W TOJBKO TOTAA, KOTr[ga OH
SBJISIETCS BJIOKEHVEM (TIEPEBOJUT Pa3HblE BEKTOPHI B Pa3HbIE).
(8) O6pazom numeiinoro omeparopa @: V. — W na3biBaetcs
MHOXECTBO BCeX ero 3Hauenuii. /lokaszate, 4ro obpas sBiseTcs
MOAMPOCTPAHCTBOM TpocTpancTea W.

3. (a) MHokazartp, 4T0 cymMMa ABYX JIMHEIHBIX OMEPATOPOB
©,P:V — W sasaserca smueitnsiv onepatopom. (6) Ilycrs
©:U—> Vuiy: Vo W — nuneitasie oneparopsl. [okaszars,
yro mx kommosuims P: U — W, onpenensemas cdopmyioit
Vo (x) =VP(@(x)), apaserca MMHEHHBIM onepaTopoM. YTo MOX-
HO cKa3aTh Ipo AApo u o6pas aroro oneparopa’? (Ero HaseiBaror
Takke MPOH3BENEHHUEM ONIEPATOPOB P 1 @.)

4. (a) Jluneiinsiii onepatop @: V — W, aBasroluuiics: B3anm-
HO OJIHO3HAYHBIM COOTBETCTBHEM Mexay V u W, HasbBalOT H30-
MopguzMoM. Jlokazathk, 4To 06paTHOE OTOGPaKEHNE TAKXKE SBJIS-
ercs msomopdusmoM. (6) lokaszars, 4to npu n3omMopduzmMe 6asuc
nepexogut B 6azuc. (CneacTsume: MpOCTPaHCTBA MMEKOT OAWHA-
KOBYIO pasMepHOCThb.) (B) IIBa mpocrpaHCcTBa, MEXIY KOTOPHIMU
MOXHO YCTAHOBUTH M30MOP(U3M, HA3BIBAIOT H30MOP(HBIMU. [lo-
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Ka3aTh, YTO NPOCTPAHCTBA OJUHAKOBOM PAa3MEPHOCTH H30MOP(-
uel. (Ykaszanue: BoiOMpaeM 6GasucChl M COXPaHSEM KOOPIVHATHI. )

5. (a) Tlyere @: V—W — HeKOTOpBIN JIMHENHBI Onepa-
TOp, W1, ..., W) — 0asuc npocrpancrsa Im @, a vi,...,vi —
6asuc mpocrpancrBa Ker @. [lokasats, 4ro BeKTOpHI V1,...,V|
BMECTE C JIIOOBIMU ITPOoo6pazaMu BEKTOPOB W1, . . . , Wi 00pasyioT
6asuc npocrpanctsa V. (6) BeiBectu orcroma, uro dim Ker ¢ +
+dimIm @ =dimV.

6. Paccmorpum omepatop D muddepeHLmMpoBanns B Tpo-
CTPAHCTBE MHOTOYJIEHOB CTeneHn He Gosbiue 1. Kakobl ero s1po
u 06pas? Tor xe Bompoc mwis ero crermern DX (k-xpatHoro mud-

(bepeHIPOBaHHUST ).
DseMeHTaMM MpocTpaHcTBa R™ ABJsAIOTCS HAGOPHI U3 T YM-
ceJl, KOTOpbIE 3allChIBAIOT KaK CTPOKM (X1,...,Xn) WIAM KakK
X1
cronbupt | : |. IIpu n = 1 snementsr R™ — ar10 umcna, npu
Xn

N = 2 — TOYKM KOOPJUHATHOMU TJIOCKOCTH, TIPK Tl = 3 — TOYKU
MIPOCTPAHCTBA U T. .

7. (a) Haiitir obumit Bu JMHelHOTO omepaTopa u3 R B R?
uu3 R? 8 R. (Ykasauue: Takue ormepaTopsl 3aal0TCs MAPOiA UN-
cen.) (6) Jluneitnsrit onepatop @: R> — R? oro6paxkaer BekTo-

1 0 a c
pol (o) 7 () BBeKTOpEI () M a . B arom ciyuae Tabnmia

<S 3) Ha3bIBaeTCs MaTpuLeii oneparopa . Haiitu o6pas mpo-

X . o~
U3BOJIBHOI'O BEKTOpa (y) AJId onepaTtopa ¢ TaKOU MaTpULICU.

8. (a) lokasatb, YTO MOBOPOT KOOPJUHATHOI IIIOCKOCTH BO-
KPYT HyJI Ha [IPOU3BOJIbHBIIA YIOJI ( ABJSAETCH JIMHEAHBIM OIEpa-
TOpPOM, U Haiiti ero mMarpuny. (0) Jlokasats, uro cummeTpust Ko-
OPAVHATHON TUIOCKOCTHA OTHOCHUTEJIBHO MPSIMONA, MPOXOASILIEN Ye-
pe3 HyJIb, SIBJISETCS JIMHEWHBIM orepatopoM. Haiitu ero matpuily
[OJ151 CAMMETPUII OTHOCUTEJIBHO OCEl KOOPAMHAT U NPSIMOM Y = X.

9. Oroxpaectsisiss R? ¢ KOMIIEKCHO# IUIOCKOCTBIO, HAWTH Ma-
TpHully oneparopa z — (a + bi)z, roe a + bi — duxkcuposannoe
KOMIUIEKCHOE YHCJIO.
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10. Oneparopsr @, P: R? — R? umeror MaTpuLpt ((cl Z) n

(E 2) coorBerctBeHHO. Haliti Marpuiyy ux kommosurmn Q.

11 Kak nony4nts (opMybl 71 KOCUHYCA U CUHYCA CyMMBI,
UCIIOJIb3Ys MIPEIBIAYIIME 3a0a9n?

12. Tlpn xakux a,b,c,d oneparop ¢ maTpuLeii (::1 Z)

saBnsiercs obparumeiv? Haiitu opmyny s o6patHoil MaTpu-
bl (MaTpUIEl OGPATHOIO OMEPATOpa).

13. (a) Omeparop ¢@: R? — R? umeer marpuiyy ((]) D

Haittu matpuiy omeparopa @™ (KOMMO3MLINM, WIN TPOU3BEE-
HUS, T 9K3eMIUIsipoB omeparopa @). (6) Tor ke Bompoc st

oreparopa ¢ MaTpHLeit ? (]) . (8) Tor xe Bompoc s ore-

paropa ¢ MaTpuLEei (? D (YkazaHue: B OTBET BXOASAT YKCTIA

Dubonayym. )

14* Cymecrsyer mu omeparop @: R? — R?, s koToporo
@2 =0,H0 @ #0?

15* Cymecrsyer i omeparop @: R? — R?, s koToporo
@3 =0, Ho @% #0?

16* Omucats Bce omeparopsl @: RZ2 — R2, s KoTopsix
0’ = o.

17. [okazatb, 4TO mpy JIUHEHHOM OTOGPaKEHNM KOOPAMHAT-
HOI TUIOCKOCTH B Ce0s1 TIPSIMBIE TIEPEXOIAT B MPSIMBIE.

18* Nmeetcs mHelika-peiiciba, MO3BOJISIONIAs IPOBOIUTh
MPSIMYIO YePE3 JAHHBIE [JBE TOYKH, & TAKXKE MPOBOAUTD MPIMYIO,
MPOXOASILIYI0 Yepe3 HaHHYK TOYKY MapajuleSibHO JaHHON TMps-
Moit. (a) MoxHO /i ¢ €€ TOMOIUBIO Pa3feuTh OTPE3OK HA TPHU
pasubie yactu?! (6) MoXHO M ¢ €€ IOMOILBIO Pa3esIUTh yroJj
norosiam?

19* BzauMHO oHO3Ha4YHOE OTOGpAXKEHUE IJIOCKOCTH HA Ce-
6s1 TIEPEBOUT TIPSIMBIE B MPSIMBIE M OCTABJISIET HA MECTE HAYAJIO
KoopauHar. J{okas3ars, YTo OHO SBJISIETCS JIMHEWHBIM OIMIEPATOPOM.

20* Ilokazath, 4ro 06pa3 OKPYXKHOCTU TPH JIMHEWHOM TIpe-
06pa3oBaHUN KOOPAWHATHOW IJIOCKOCTH UMEET OCh CHMMETDPUH.
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MeTtpuueckue mpoCTpaHCTBA

[Iycte M — HeKOTOpOE MHOXECTBO, QJIEMEHTHI KOTOPOro Oy-
JIEM Ha3bIBaTh TOYKaMH. [0BODPAT, uTo M gBJISIETCS METPHYECKHM
MPOCTPAHCTBOM, €CJU [IJIsl KaX oM Mmaphl Touek X,y € M ormpe-
IieJIeHo paccrosHue P(X,y), Mpudem:

1) p(x,x) =0 u p(x,y) > 0 npu x # y;

2) p(x,y) = p(y, x) mpu Beex x,y;

3) p(x,z) < p(x,y) + p(y,z) mpu Beex x,y, z (HepaBeHCTBO
TPEYTOJIbHUKA).

1. [okazath, uro R™ cTaHOBHUTCS METPUYECKUM MPOCTpAH-
CTBOM, €CJIU HOJIOXUTh
@) p((x1,-- s xn), (Y1,+ -y Yn)) = maxi=1, . n(/xi —Yil);

(6) p((x1,--,xn), (Y1, .-, Un)) =1 —yal + ... + [xn —ynl.
2* Ta xe 3ajaua OJ1s1 €BKJIMIOBA PACCTOSIHUS

p(<X1 P )XTL>) <y1 P )UTL>):\/|X1 —U1 |2+ .. +|Xn*9n‘2-
3* Tlpu kakux p > 0 ¢opmysia

(X1, xn ), W1y un))=(1 =01 P+ A xn—ynl?) 7
3ama€r paccrosinue B R™?

4* (a) Ob6pasyloT nM METPUYECKOE MPOCTPAHCTBO IPSMBIE
(B TPEXMEPHOM MPOCTPAHCTBE ), MTPOXOIAIINE YEPE3 NAHHYIO TOY-
KY, €CJI PACCTOSHMEM CUYUTATh YIOJI MEXY IPAMBIMU (MEHbLINIA
u3 [1ByX, He npeBocxonsiwmii 7t/2)? (6) Tor ke Bonpoc 1is Tioc-
KOCTEH, TIPOXOAALINX Yepe3 JaHHYIO TOUKY.

OrkpeiThiM mapom paguyca T > (0 ¢ LIEHTPOM B TOUKE X Me-
TPUYECKOro IpocTpaHcTBa M Ha3bIBA€TCS MHOXECTBO BCEX TO-
yek Y, aasg kotopeix P(x,y) < v. (Hepaeemcrso p(x,y) < 7
3a71aéT 3aMKHYTHIA 1Iap.)

5. (a) [Ia oTkprITEIX Iapa paguyca 1/2 B HEKOTOPOM METpPH-
YEeCKOM TPOCTPAHCTBE TEpeceKalTcs. MOXHO Jii yTBEpXIATh,
YTO PaCcCTOSHUE MEXIy UX LeHTpamu MeHbiie 17 (6) Bepno s
obpatroe?

6. JIa mapa, paamychl KOTOPHIX OTJIMYAIOTCS B [Ba pasa,
nepecekarTcs. JokazaTh, YTO €CJTU YBEJIMUUTh UX PAIUYCH BTPOE
(He MeHss LIEHTPOB), TO OAWH U3 WAPOB GYET JIEKATh B IPYTOM.
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7* Moxer nu mwap 60JblIEr0 pagryca JIeXaTh BHYTPY 1Iapa
MEHBIIErO pajuyca U He COBNANATh C HUM?

8. JlokazaTe, uro pyHKumMs P(X,Yy), paBHAsg HyJIO IPH X = |
W eUHULE TPU X # |, TpeBpalaer oboe MHOXeCTBO M B
MeTpudeckoe TpocTpaHcTBo. (Takas MeTpWKa Ha3bIBaeTCsl JHC-
KPETHOIA. )

9. [lycte M — mpou3BOIBHOE METPUYECKOE TIPOCTPAHCTBO C
Mmerpukoii p. [lokasare, uro dyHKIUA

p'(x,y) = min(p(x,y), 1)

TaKXe SBJISIETCS METPUKON (PACCTOSHUEM).

10. [Tycte M — MHOXECTBO BCEX MHOTOYTOJIBHUKOB Ha TIJIOC-
koctu. Byner mu yukums p(Tq,T2), paBHas miowaam cumme-
TpuYeckoii pasHoctu T1 u T, MeTpUKOIT Ha 9TOM MHOXeCTBe?

11. Onpengenum paccTosHuE MEXTY ABYMS MOCJIEIOBATEIBHO-
CTSIMH M3 L HyJIel U eJUHUL| KaK YKCJIO MECT, B KOTOPBIX OHU OT-
smuarorcs. Hanpumep, p(00111,10101) = 2. (a) [dokasats, uro
aTa (QYyHKLUS 3aJa€T METPUKY Ha MHOXecTBe B™ mocnenoBatesb-
HOCTell HyJeit u equuul AyvHbl .. OHa Ha3BIBAETCS METPHKOIT
Xommunra. (6) CkobKO 97IEMEHTOB COAEPKUT (3aMKHYTBIN) 1ap
paguyca 1 B merpuke Xommunra? (B) Tor ke Bompoc s mwapa
paguyca 2.

12* Moxuo ym ykazate 100 mocriegoBaTeIbHOCTEN HYJIEH U
enuunl mmuHel 10, Mo0Be Be M3 KOTOPBIX OTIMYAJIUCH ObI TIO
KpaiiHeil Mepe B TpEx nosuumsx?

13* PaccMoTpuM MHOXeCTBO GECKOHEUHBIX IOC/IENOBATEIb-
HOCTE}l HATYPaJIbHBIX YKCEJ M OMNPENEMM HAa HEM PACCTOSHUE
p({x0,%1,...),{(Yo,y1,...)) kKak 2~ ™, re N — HOMep NEPBOI
MO3ULIMK, B KOTOPOU TOC/IEA0BATEIbHOCTH paszyimyarorcs. {oka-
3aTh, YTO TMOJIyYAETCS] METPUYECKOE MPOCTPAHCTBO (HA3BIBAEMOE
npocrparcrBom Bopa). (Ecnn paccmMaTprBaTth TOJIBKO TIOCTIENOBA-
TEJIBHOCTH HYJIEH U €QWHMLI, TI0JTyYaeMOoe MPOCTPAHCTBO HA3bIBa-
10T nmpoctpaHcTtBom KaHropa.)

14. Tlycts X — nipousBoJibHOE MHOXECTBO. Paccmorpum MHO-
KECTBO BCEX OIPAHMYEHHBIX (DYHKIWIA C AEHACTBUTEIBHBIMUA 3HA-

212 3amaun 19992000 roga

YEHNSAMH, ONpPEAESIEHHbIX Ha MHOXecTBe X. Byner mu dynkuus

p(f,g) zsgp\f(X)fg(X)\

METPUKOIA?
15. Kak ompeneants MeTpUKy Ha TPOW3BEOEHUH T METPH-
yeckux mpocrpaHcTs My, ..., M, no aHanoruu ¢ pazIdYHbIMU

meTpukamu Ha R™?

Omneparopsl, MATPHUILEI, PAHT

1. ITycts U, V — BekTOpHBIE MPOCTPAHCTBA U U1, . .., Uy —
6asnc B U. (a) [lokazars, yro smueinsiii oneparop @: U — V
OJJHO3HAYHO ONPENEJIAETCS CBOMMU 3HAYEHUSIMU HA U1, ..., LUy
(ecnu [Ba oreparopa COBMAJAIOT HA U1, . . ., U, TO OHM PABHBEI).
(6) Tokasats, uro 3Hauenus @(uq),..., ©(U, ) MOryT GHITH BHI-
GpaHBl TIPOU3BOJIBHO: IS JIIOOLIX BEKTOPOB V1, ...,V € V Haii-
n€tcsa (eOMHCTBEHHBIN) JMHEWHBINA OIMEpaTop, MEPEBOISIIMN 1L;
BvimpuBcex i=1,...,Mn.

ITycrs @: U — V — nuneiinsiit oreparop. @ukcupyem 6a-
3UCH U7,...,Uny H V1,...,Vy B mpocrpanctBax U u V. Pas-
JIOXUM BeKTOpPH @ (U1),..., @(Uy) Mo 6asucy vi, ...,V U Co-
cTaBuUM TabMIly W3 T CTPOK U T cTosibuoB (i-blif cToNGEL] Co-
JEePXKUT Koo (UIMEHTH B Pa3IoXeHNA BekTopa @ (1) mo 6as3u-
CYy V1,...,Vm). OTa Tabamia pasmMepa MM X N HA3bIBAETCA Ma-
TpHLel onepatopa @ B 6a3ucax Wi, ...,Un HV],..., V.

2. 3anmieM ckazaHHOE B BUjie (DOPMYJIBL: €CJH ||a k|| — Ma-
Tpula orneparopa A B 6azucax Uq,...,Uy U V1,...,Vny, TO

¢(uk) = Z aixvi.
1

B kakux mnpefesax MeHseTcs MHJEKC CyMMHUpOBaHMsA | M rie B
0603HaUEeHN MATPUYHOTO BJIEMEHTA (11} CTOMT HOMED CTPOKH, a
rje — Homep cronbua?

3. Hanucars dopmysty mist KOOpAMHAT Y1, ..., Ym BEKTOPA
@(u) B 6asuce vq,...,Vm, €CIM BEKTOP UL HUMEET KOODIUHATHI
X1,...,Xn B bazuce Uj,...,lU,, a ONEPATOP (Q VUMEET MATPULLY

llai;ll B oTix Gasucax.
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4. Ilokaszath, 4TO JMHENHBIE OTOOpAXKEHUS IAHHOIO IIPO-
crpadcrBa U B JaHHOE mPOCTPaHCTBO V caMu 06pasyroT BEKTOP-
HOe mpocrpadcTBo. Kakosa ero pasmepnocts, ecn dimU = n
ndimV =m?

5. llycte mansl Tpu BekTOpHBIX mpoctpanctea U, V, W, B ka-
KJIOM U3 KOTOPBIX (PUKCHPOBaH 6a3unc, v [Ba JIMHENHBIX OTNEpaTo-
pa@: U—Vup:V - W. Hanucars dopmysty 1 MaTpULBI
oreparopa 1), BEIPAXKAIOIYIO €€ YePe3 MATPHUIILI OTIEPATOPOB 1))
M © B COOTBETCTBYKOIMX Gasucax.

Ornepanus ¢ MaTpuLiaMy, 3ajaBaeMasl 9Toil (POPMYJIOii, Ha3bl-
BAETCSl MPOM3BENEHHEM MATPHII.

6. (a) Kak mOIKHBI COOTHOCUTHCSI pa3Mephl MaTpHll, UTO-
6bl UX MOXHO Oblio mepemHoxuth? (Hamomuuaem, yro Mbl nu-
LIEM CJIEBA MATPUILY OIIEPATOPa, KOTOPBIA IPUMEHSETCS BTOPBIM. )
(6) Bymer nu npoussenenne marpul accouuatuHo? (B) Bymer
JI TIPOU3BEAEHVE MATPUL] KOMMYTATHABHO !

7F (a) Tlokazatp, 4TO MPOW3BEOEHUE OBYX MATPHULI, UMEIO-

a —b N
LMX BH[ (b a ), CHOBa SIBJISIETCSI MATPHLENl TaKOro BHAA.
(6) Tokasare, 4T0 TMpOM3BEAEHVE OBYX MATPHULl, UMEIOLIUX BUJ

a 5b .
(b a ), CHOBA SIBJISIETCS MATPHIIEN TAKOro BUIA.

8. Ykasarp equanyHyro matpuiy E pasmepa n X M, g Ko-
topoit EA = A u BE = B ma mobeix marpury A u B coorset-
CTBYIOLMX Pa3MEDPOB.

M3 matpust A pasmepa 1T X TL MOXKHO HOJTyYnTh MaTpuiy A '
pasMepa M. X M ¢ oMOwIbIo TpaHcrorupoBarus: (AT)y; = Ajq
(cUMMETpHS OTHOCHUTEJIbHO IVIABHOI JUaroHaji, IpU KOTODPOIi
CTPOKM CTAHOBSITCS CTOJIOLIAMY ¥ HA06OpOT).

9. 3akoHunTs (M J0Ka3aTh) yrepxkaeHue: (AB)T = ...

10* (a) O6biunblii crioco6 ymMmHOXeHUs MaTpul 2 X 2 Tpeby-
er 8 yMHOXeHUil (M HEKOTOPOro KOJIMYeCTBa cjioxenuii). [1pu-
JyMaTh Cr1ocob 060MTHCh 7 YMHOXEHUSIMU (M TIPOM3BOJIBHBIM KO-
JINYECTBOM CJIOXEHMIA U BbiunTanuii). (Ykazanue. AHajIOrndHasd,
Ho 6onee mpocras 3aja4a — BbYUCIATH (a + bi)(c+ di) 3a Tpu
ymHoxenns. OHa peliaeTcs Tak: BeiuncauM ac, bd u (a+b)(c+
+ d).) (6) Kak, ucronesys atoT crnocob, YMHOXWUTb MaTPULBI
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4 x4, cnenas 49 ymHoXeHuii (BMecTo 64 1o o6pryHOl hopmysie)?

11. Ilycts @: U — V — juHEHBIA OnepaTop, SBISIOLIANACS
M30MOP(MU3MOM JIMHENHHBIX TIPOCTPAHCTB (B yactHocTH, dim U =
= dim V). Tlokazars, uro ero marpuua F (mipu o6om BeIGOpE
6azucos B U u V') Byner ob6parumoii: Haiinércs takas marpuia G,
uro FG = GF = E, rne E — equuuynag marpuna.

12. (a) KpagparHas marpuiia A nUMeer JEBYIO OOpaTHYIO:
BA = E. Ilokasare, yro mMarpuua B sBrsercs u mpaBoit obpar-
uoit: AB = E. (6) Tlokazars, uro srobas npasast o6paTtHas Gyner
U JIEBOI 0OpaTHOIA.

13* Bepubl Jin aHAIOTUYHbIE YTBEPXKIEHUS [JIs1 HEKBapAT-
HbIX MaTpui?

O6patnyio k A matpuiy oboszHadalor A~ ',

14. JJoxaszats, 4TO MPOU3BEAEHNE ABYX OOPATHMBIX MATDUI]
A u B sBusercs obpatumoii matpuieii. Kak waittu (AB)~',
smas A~ u B~1?

15. [Ipoussenenue aByx MaTpul] pazMepa 1 X 1 o6paTuMmo.
MoxHo 1 yTBEpXAaTh, 9YTO 062 COMHOXUTES OOPATUMBI?!

16. Kakne maTpuipl pasmMepa M X T MOXHO HNPEACTAaBUTh B
BUJIE TPOU3BEAEHNS MATPULIBI pa3Mepa M X | u mMarpuusl 1 X n?

17. (a) Yro mpomsoiinér ¢ marpuleii oneparopa @: U — V,
€CJIM IepEeCTaBUTh B 6asuce U1, ..., U, npocrpadcrBa Ll BekTopa
c momepamu 1 u j? (6) Tor ke BompoC [/ IMEPECTAHOBKU ABYX
BEKTOPOB B 6asmce mpocrpancrsa V. (B) Tor xke Bompoc, eciu
BEKTOp i 3aMeHWTh Ha Ui + AlUj, TAe A — HEKOTOpoe HUHCIIO.
(r) Tor e BOMpOC AJIS 3aMeHBI Vi — Vi + AVj.

18. (a) lan npousBosbusiit oneparop @: U — V. Tlokazars,
4TO MOXHO BBIOpaTh 6asucel B mpocrpancreax U u V, mpu koto-
PBIX MATPHLIA OMEPATOPA UMEET TAKOM BUI: P11 = ... = Qgs = |
npu HekotopoM § < min(dim U, dim V), a Bce ocranbuble aie-
MeHTHl MaTpulisl paBHbl Hy0. (6) [Tokaszars, uto umcio s on-
HO3HAYHO OINPENEISIETCS OMeEpPatopoM @ (He 3aBKCHUT OT BeIGOpa
6a31coB, B KOTOPBIX MaTPHUL@a UMEET YKA3aHHBIA BUT).

19. DnemenrapubiMu npeobpa3oBaHHSIMHE MATPULIGI HA3BIBA-
IOT TIEPECTAHOBKY CTPOK, YMHOXEHHE CTPOKM Ha HEHYJIEBOE YM-
c/lo, mpubaBlieHHe K CTPOKE APYrOil CTPOKM, YMHOXEHHOI Ha
HEKOTOPOE YKCJIO, & TaKXkKe AHAJIOTWYHBIE IEHCTBUSI CO CTOJIO-
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uamu. (a) MoxHO M yKa3aTh MOCIENOBATELHOCTD DIEMEHTAP-

HBIX MPe0Opa3oBaHMil, TEPEBOASILIUX MATPULLY (; i) B MaTpu-

ny (:) ?)7 (6) MoxHo nu yKazaTh IMOCTIENOBATENILHOCTD dJle-

MEHTApHBIX MMPe0Opa3oBaHMii, IEPEBOISILINX MATPHUILLY (; i) B

1 0),
matpuuy | 5 )

20. Ilokazate, 4TO BIEMEHTAPHOE MIPEOOPA3OBAHKE MATPULIBI
MPECTABIISIET COOOM €€ YMHOXEHNE HA HEKOTOPYIO MATPULLy CJie-
Ba wm crpasa. Onmcate o1 MaTpuiE! (HA3BIBAEMBIE OIEMEHTAD-
HBIMU).

21. Ilokasarph, uro BCsKas obpaTuMasl MATPHULIA MOXET ObITh
MIPECTABIIEHA B BUE MPOM3BENECHNUS DJIEMEHTAPHBIX MATPMII.

22. O6ocuoBaTh CregyomMii cnocob HaxoXaeHUs 06paTHOI
MATPUIBI K JAHHON MaTpUIEe A: BBIIOJHSIOT 9JIEMEHTAPHBIE TIPe-
00pa3oBaHrs HAJ CTPOKAMM MATPHULBI A, IIPUBOIS €€ K €AUHNY-
HOI (MoYeMy 9TO BO3MOXHO?) M OJHOBPEMEHHO MENIAIOT TE XKe
orepaliy Haf| CTPOKaMU €JUHUYHON MATPHULBI; TO, YTO TIOJIyYUT-
cs1, u Gyger A~

23* (Tlpomosxenne) MoxHO v TIpy BBIYKC/IEHNH 0OPaTHOI
MaTpHLbl CIOCO6OM TIPEABIAYLIEH 3a1a4M WCTIO/Ib30BATh TIONEPE-
MEHHO QJIEMEHTAPHBIE PE06Pa30BaHus CTPOK U CTOIOLOB?

24. Tloka3zaTb, 4T0 JIIOOYO MATPUILYY MOXKHO TIPUBECTHU DJIEMEH-
TapHBIMU TIPEOOPA30BaHUSIMU K yKasaHHOMY B 3ajade 18 Bumy.

25* CKoJIBKO CYILECTBYET HESKBUBAJIEHTHBIX MAaTpPUL] pazMepa
M X N, €C/M CYNTATh DKBUBAJICHTHHIMU MATPUILLBI, TIOJIyYaEMbIE
JpYT U3 Jpyra ajeMeHTapHbIMU TipeobpasoBanusamu? (3amerum,
4TO O6PATHOE K DJIEMEHTAPHOMY ITPE0OPA3OBAHUIO TAKKE DIIEMEH-
TapHo.)

26 Ha miockocTd pacrioioXeHbl TPU TOUKH, HE JIEXAIlVe Ha
OJIHOM TIPSIMOIA: HemoaBukHas Touka O U JBe MOABMXKHBIE TOYKU
A u B. 3a ofun 1war paspemaercs ¢ABUHYTh TOUKY A Mapasiiesb-
Ho npamoit OB um touky B mapasnensro npsamoit OA. Ommcats
BCE KOH(UTrypalyi, KOTOPblE MOXHO TOJTy4YUTh U3 JAHHOW TaKu-
MM JE€NCTBUSIMU.
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27. Ilycts @: U — V — rumneiinsii omeparop, a F — ero
Matpuia (B HEKOTOphIX Gasmcax). [lokasats, 4ro pasmepHOCTH
npocrpaHcTsa Im @ paBHa MakCHMAaJIbHOMY YKMC/IY JIMHEHHO He-
3aBUCHMBIX CTOJIGLIOB MATPULBI A. DTO UNCIIO HA3BIBAIOT PAHIOM
ormeparopa @ (v Marpuisr A).

28. Jlokaszath, YTO paHr KOMIIO3ULMK OMEPATOPOB (U MPOM3-
BEJIEHUSI MATPUL]) He GOJIblie HAMMEHBILErO U3 PAHIOB COMHOXKM-
TeJE, a paHr CyMMBI OreparopoB (MaTpuiy) He GOJibllie CyMMBI
PaHrOB C/laraeMbix.

29. TlokazaTh, YTO paHT MATPUILBI HE MEHSIETCS TIPU DJIEMEH-
TapHBIX TPEOOPa30BaHUsX, BBHIMOJHIEMBIX HAJ €€ CTPOKAMHU U
CTOJIOLIAMU.

30. Ucnonp3ys npeapiayliyo 3aaady u 3afady 24, mokasarsb,
4TO y JIEOOOM MATPHUIBI MAKCUMAJIbHOE YKCJIO JIMHEWHO HE3aBU-
CHMBIX CTOJIOLOB («CTOJIOLIOBBIN paHr») PABHO MAKCHMAJIBHOMY
YUCJIO JIMHEWHO HE3aBUCUMBIX CTPOK («CTPOYHBINA paHT»).

31. Ilokasath, 4TO paHr MATPULLL HE MEHSIETCS IIPU TPAHCIIO-
HUPOBaHUM.

32} Kakue Matpuipl pazMepa M X N IOPEACTABUMBI B BUJE
npousBeAeHns Matpul pasmepoB M X k u k x n? (Uucna m, n
u k dukcupoBaHsl.)

33* Wcnonb3ys NpeapAyILyIo 3a4ady, pelmTh 3aga4dy 31.

34* Tloka3aTb, YTO PaHT MATPULE PABEH MAHUMAJIGHOMY YK-
Clly CJIaraeMbIX B €€ Pa3JIOKEHUU B CyMMY MaTpul| padra 1.

35. Jlokazath, 9TO CHUCTEMa YpaBHEHUIT

ax + by =,
dx +ey =

UMECT PCUICHUE TOrJa "W TOJIbKO TOoraa, KorJga paHr MaTpUIbI

a b N . .
< d e) OTOI CHCTEMBI PABEH PAHTy €€ PACUIMPEHHOI MaTpu-

d e f
HA CHCTEMBI C JIFOOBIM YHCJIOM YPaBHEHWl M HEW3BECTHBIX M Ha-
3pIBaeTcst Teopemoii Kponekepa — Karmesm.)
36 TlokazaTh, 4TO paHr MPOM3BOJILHONW MATPUIBI A paBeH
pasMepy HauboJblIeii 06paTMMOil KBapaTHOW MATPHUIBI, KOTO-

bl <a b C). (Oro mpocroe HabOEeHKE JIETKO 06061aeTcs
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PYIO MOXHO TIOJIyYHUTh U3 A BBIYEPKMBAHNEM HEKOTOPHIX CTPOK U
CTOJIOLIOB.

Cx0MMOCTB, OTKPHITHIE ¥ 3aAMKHYTHIE MHOXECTBA

1. ate ompepesieHvie mpeaesia U MPEAETbHON TOUKM MOCTIE-
JIOBATEJIBHOCTH BJIEMEHTOB MTPOU3BOJILHOIO METPUYECKOTO MPOCT-
paHcTBa. JlokazaTh, YTO TOUKA QA SIBIAAETCS MPEIENbHON TOYKOM
MOCJIEAOBATENBHOCTH X, X1, . . . TOLJA U TOJIBKO TOTAA, KOTAA 3Ta
MOCJIEJOBATE/IBHOCTb UMEET TMOTIOCIIEAOBATEIEHOCTD, CXOSILYIO-
CIK Q.

2. Kakue mocnenoBatesbHocTd OyayT cxomsiuMucs (a) B
npocrpancte R™ ? (6) B mponsBeaeHyu npocTpascTs? (B) B mMpo-
CTPaHCTBE C AUCKPETHOM METPUKOIi?

3. Jlokazath, YTO eC/M TMOCJeaoBaTeIbHOCTh pyHKLW fo, f1,

fs,... cxomurcs K yHKIMU f B MpOCTpaHCTBE OrpaHUYEHHBIX
dyskuumit ga X, TO g 1000 TOYKHM X IOCJIEJ0BATEILHOCTh
uncen fo(x),f1(x),... cxogurca x ymcny f(x). Ilokaszate, uTo

06paTHOe HEBEPHO.

Ecnu touka x muoxectsa U comepxurcsa B UL BMecTe ¢ He-
KOTOPBIM OTKPBITBIM LIAPOM C LIEHTPOM B X (ADYIMMH CJIOBAMH,
ecit U comepXuT Bce JOCTATOYHO OJIM3KUE K X TOYKHU), TOUKY X
Ha3BIBAOT BHYTPEHHEH TOYKON MHOxectBa U, a muHoxectBo U
HA3BIBAIOT OKPECTHOCTHIO TOYKHM X.

4. [lokazath, 4TO OTKPHITHII 1IAD SBJISIETCS OKPECTHOCTHIO JIIO-
6011 cBOelt ToukM (BCE €ro TOYKM — BHYTPEHHHUE).

MHOX€eCTBO, BCE TOYKU KOTOPOrO SBJISIOTCA BHYTPEHHHMH,
HA3BIBAIOT OTKPbITHIM.

5. (a) HokasaTpb, YTO MeEpeceyYeHrne KOHEYHOTO YHC/Ia OTKPbI-
TBIX MHOX€eCTB OTKPHBITO. (6) {okazaTh, YT0 0GbeAMHEHNE JTIOOOTO
YHCJIa OTKPBITBIX MHOXECTB OTKPHITO. (B) [lokazars, uro tpe6o-
BaHVE KOHEYHOCTH B MYHKTE (&) CYLIECTBEHHO.

6. JloxazaTh, 9YTO MHOXECTBO OTKPBITO TOTAA M TOJBKO TOT/A,
KOTZa OHO €CTh OOBEIUHEHNE HEKOTOPOTO CEMEWCTBA OTKPBITHIX
IapOB.

7. Ilokazath, YTO OTKPBITOE MHOXECTBO Ha TUIOCKOCTH €CTh
00beqVHEHNE CYETHOTO YUCTIA OTKPHITHIX MAPOB (KPYroB).
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8. Jlokasarh, 4TO OTKPBITOE MHOXKECTBO HA IIPSMOIi €CTh 00b-
€IMHEHNE CUYETHOIO YKC/IA HEEPECEKAOIIUXCS UHTEPBAJIOB (T. €.
OTKPBITHIX LIAPOB).

9. Ilokaszarh, 4TO MHOXECTBO BCEX BHYTPEHHUX TOUYEK JIHOGO-
ro MHOXecTBa A OyJeT oTKpbITeIM MHOXecTBOM. (Jlerko BuaeTs,
4TO OHO OyeT HAUOOJIBLINM OTKPHITHIM MOAMHOXECTBOM MHOXE-
crBa A.) OHO Ha3BIBAa€TCS BHYTPEHHOCTHIO MHOXECTBA A U HHO-
raa obosHauvaerca Int(A).

10. (a) Moxno m yTBepXkaath, uro Int(A N B) = Int(A) N
N Int(B) (m1s mpon3BONBHBIX MHOXKECTB A M B B mpou3BobHOM
MerpudeckoM npocrpancte)? (6) Tor ke Bompoc mis paBeHCTBa
Int(A UB) = Int(A) U Int(B).

Touka X HasbIBaeTCS TOYKOH KacaHHS MHOXeCTBA A, eciin
mobasi e€ okpecTtHOCTh mepecekaercs ¢ A. (B wacrmocrm, Tak
GymeT, ecia X € A.)

11. [IpogoxuTh 3KBUBATEHTHBIE ONPENE/IEHNS: X SBIISETCS
TOYKOM KacaHust MHOXecTBa A, ecii (a) st Besakoro € > 0 ...
(6) X He sABIETCS BHYTPEHHEN .. .; (B) CYIIECTBYET MOCJIEIOBA-
TEJIBHOCTh TOUEK A, ...

MHOX€ECTBO Ha3BIBAIOT 3aMKHYTBIM, €CJI OHO CONEPXKUT BCE
CBOM TOUKM KacCaHWs.

12. Jlokasarb, 4TO 3aMKHYTBIA IIAP 3AMKHYT.

13. /lokaszaTh, 4TO MHOXECTBO 3aMKHYTO TOI[a M TOJIbKO TO-
rja, KOrja ero AOMNOJHEHNE OTKDBITO.

14. Jlokasatp, 4ro 06BEAVHEHNE KOHEYHOIO YUCIA U MIEPECe-
YeHHe JTI000ro Ynciia 3aMKHYTHIX MHOXECTB 3aMKHYTO.

15. [lokazats, 4to [is JII060ro MHOXKeCTBAa A MHOXECTBO BCEX
€ro TOYEK KACAHUS 3aMKHYTO. DTO MHOXECTBO SBJISETCS HAMEHD-
IIAM 3aMKHYTBIM MHOX€ECTBOM, COAEPXKALINM BCE DJIEMEHTHI A, U
HA3bIBAETCS 3aMBIKAHUEM MHOXeECTBa A.

16* Kak nonyunth 3aMBIKaHHE MHOXECTBA A, KOMOMHHUPYS
olepaLyy B3STUS BHYTPEHHOCTU U MEPEXO/A K JIONOIHEHUIO?

17. Kakue MHOXeCTBa OTKPBHITHI U KaKK€ 3aMKHYThI B IPO-
CTPaHCTBE C AUCKPETHOW METPUKOIA?

18. Panee mbr onpegesmmm B R™ Heckosbko metpuk. Bymayr
JIA OMHAKOBBI KJIACCHI OTKPBHITBIX MHOXECTB B OTUX METPUKAX !
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19. 3aMKHYTOE MHOXECTBO Ha MPSIMOI COAEPKUT BCE PALIUO-
HasbHBIE TOUYKHU. UTO 3TO 32 MHOXECTBO?!

20X Merpuky B NpOCTPaHCTBE W3MEHWIN, HO TaK, YTO KJIACC
OTKPBITHIX MHOXECTB HE M3MeHWICs. Morjia Jin CXOOsIuascs Imo-
CJIeI0BATEJIBHOCTD TIEPECTATh CXOAUThCs (K Toit ke Touke)? Bep-
HO 1 o6paTHOe yTBepXKAeHMeE (€C/IU CXOQUMOCTh HE U3MEHIIIACK,
TO M KJIACC OTKPHITBIX MHOXKECTB OCTaJICA TeM Xe)?

21* Jloka3aTh, 4TO MHOXECTBO HENMPEPHIBHBIX (DYHKLMI 3a-
MKHYTO B TIPOCTPAHCTBE OrPAHMYEHHBIX (DYHKIHIA HA OTPE3KE.

22. llokazath, 4TO Ha MPSMOIA HE CYIECTBYET MHOXECTB, KO-
TOpble ObUTH Gbl OTKPHITHIMU U 3aMKHYTHIMH OJHOBPEMEHHO (HE
cYMTas MyCTOr0 MHOXKECTBA M BCEW TPSIMOIA).

IIpocrpancTBa ¢ TaKMM CBOICTBOM HA3BIBAIOT CBA3HBIMH.

23. Jlokaszath, 4TO MJIOCKOCTh (C OOBIYHBIM PACCTOSTHHUEM )
CBSI3HA.

ITycte A — mnpousBONBHOE TOAMHOXECTBO METPUYECKOTO
npocrpancrBa M. Nuayuuposannas u3 M Mertprka (orpanunde-
HUe QYHKIMU PACCTOSHMA) IPEBPALIaeT A B METPUYECKOE IIPO-
CTPaHCTBO, HA3bIBAEMOE IIOAIIPOCTPAHCTBOM IPOCTpaHcTBa M.

24. (a) YwucrioByro NpsMyl0 MOXHO CYHTATh MOAIPOCTPAH-
CTBOM KOODJMHATHON MjiockocTd. bynyr ymu unrtepsan (0,1) u
orpe3ok [0, 1] OTKpBITHI KaK MOAMHOXECTBA NPAMOi? Kak MOJ-
MHOXECTBA IUIOCKOCTU? GyyT JId OHM 3aMKHYTHI (B TOM U B ApY-
rom npocrpadcree)? (6) dokasarte, yro B npocrpanctee A C M
¢ MHIYLUMPOBaHHOM U3 M METPHKOIi OTKDHITHIMU OyayT Tepece-
4yeHUs1 ¢ A OTKpHITHIX B M MHOXeCTB U TOJIbKO OHM. (B) YTO
MOXHO CKa3aTh O 3aMKHYTHIX B A MHOXeCTBax?

[TonMHOXecTBO A METPHUYECKOro mpocTpaHcTBa M HasbiBa-
eTcs IOTHBIM (WJTH BCIOAY IUTOTHBIM) B M, ecnu ero 3aMbikaHve
coBmagaet ¢ M.

25. MoxHo jm nepedopMyJIMPOBATh 3TO OMPEAEIEHNE TaK:
«ecsu JIIo60e OTKPBITOE MHOXKECTBO COAEPXKUT TOYKY U3 Ax»?

26 Jloxa3aTh, 4TO MHOXKECTBO JIOMAHBIX (KYCOYHO-TMHEMHBIX
yHkumii) mnotHo B mpocrparctee Cla, b] HenpephIBHBIX Ha OT-
peske [a, b] dyHKLMIL.

Paccrostare oT TOYKM X METPHUYECKOrO MPOCTPAHCTBA IO MHO-
xectBa A C M ompegesimM Kak TOYHYIO HUXKHIOK TDaHb BCEX
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paccrosamii p(x, a) npu a € A. O6oznagenue: p(x,A).

27. Kakue TOYKM HMEIOT HYJIEBOE PACCTOSHHUE IO NAHHOIO
MHOXecTBa A7

28. BepHsl 1 Takue 0600LIEHNSI HEPABEHCTBA TPEYTOJIbHUKA:
(a) p(x,A)<p(x,y) +ply,A)? (6) p(x,y)<p(x,A) +p(y,A)?
(3mech X U Yy — TOUKM METPUYECKOIO MHOXECTBA, A — HEKOTO-
pPO€ €ro MoJMHOXECTBO. )

29* B MeTpuuecKOM MPOCTPAHCTBE BBHIOPAHBI [BA HEMEPECe-
Karolmxcs 3aMKHyThIX MHOXecTBa K, L. [TokazaTs, uro HaiigyTcs
HernepeceKawIyecs: OTKphiThie MHOXecTBa U,V 1 KOTOpBIX
KC UwuL C V. (3710 CBOICTBO TOMOJIOTY HA3BIBAIOT HOPMATb-
HOCTBIO METPUYECKMX IIPOCTPAHCTB. )

Huarerpan

Wurerpan or dpyukuuu f, 3amanHoii Ha orpeske [a, b] — ar0
oAb nox rpadukoM yskumu (puc. 27).

Puc. 27 Puc. 28

1. (a) O6bsacuuts, ouemy (mpu a < b < ¢) _fz f(x)dx =
= J"E f(x) dx—&—ftc, f(x) dx. (6) Kak Hago onpeaemmrs J"E f(x) dx
npu b = a u npu b < @, 4To6BI COXPaHUTL BTO CBOKCTBO?

2. (a) O6wsacuuts (ma f,g > 0) reoMeTpUYecKuii CMBICT
pasencrsa [ (f(x)+g(x)) dx = [* f(x) dx + [ g(x) dx. (Vka-
3anvie: npuHLun Kapaabepu yTBEpXAaeT, 4to ABe (DUryphl UMEIOT
paBHBIE IJIOIAN, €CM Jiro0ast BepTUKAaJIbHAs TIpAMasi Mepeceka-
€T UX 1o oTpe3kaM pasuoil jumHbl.) (06) Kak Hamo onpenenurs
MHTETpaJT [JI MEHSIOWUX 3HaK QyHkumii (puc. 28), 4robsl co-
XPaHUTb 3TO CBOICTBO?

3* WapectHO, 4TO LZ f(x) dx=3. Yemy pasen ng f(3%) dx?

Hagum ¢opmanbHoe onpeaesenre uarerpana. Ilycts ¢yHk-
s f orpannuena Ha orpeske [a,b]. HaGop Touek a = xy <
< X1 < ... < Xp = b Gynem Ha3zbBaTh pa3OGHEHHEM OTpPE3-
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ka [a,b]. Inga kaxnporo pa3bueHus pacCMOTPUM BEPXHIOIO HH-
TerpanbHyio cymmy ) (Xip1 — Xi)sup{f(x)|x € [xi,xiy1]} u
AHAJIOTYHYIO HUKHIOK HHTETPAJIBHYI0 CYMMY.

4. Jlokazath, 4ro (a) mpu J06GaBIEHNH HOBBIX TOYEK BEPXHSS
WHTErpasibHas CyMMa He YBEIUYUBAETCS, 4 HIXKHSS HE YMEHbILA-
etcst; (6) mobast HIKHSISE CyMMa He TIPEBOCXOAUT JIF000I BEpXHEN;
(B) HUXHUE MHTErpaJibHBlE CyMMbl OTDAHUYEHBI CBEPXY, & BEPX-
HUE — CHU3Y, IPUYEM TOYHAsS BEPXHSISI [PaHb MEPBLIX He 6OJIbIIE
TOYHOU HUXKHE! I'paHd BTOPBIX.

Ecnu atit rpanu coBnagator, To dyukuus f HasbBaeTcs HH-
TerpupyeMoi Ha oTpeske [a,b], a ux obllee 3HaYeHNEe — HHTe-
rpajioM.

5. [puBectu mprMep HEMHTErpUPYEMOil (HO OrpaHMYEHHOIA)
(GYyHKLUU.

6. [lokaszats, uro yr06as MOHOTOHHAS Ha OTpPE3Ke (DYHKLUS
WHTErprpyeMma.

7. Hokazate, uto Jnobasi HEMPEPHIBHASI HA OTPE3KE (DYHKLIUS
WHTErprpyeMma.

. 1
8. Ucnonp3ys onpeneseHre VHTErpaia, HATU Io x dx.
1
9* Ta xe 3zamaua ms fo a* dx.
1
10 Ta xe 3agava s [ xZ dx.

11* Ta xe 3amava ans f; x™ dX nmpy NpOU3BOJILHOM HATY-
pansHOM N. (YkaszaHue: yooOHO B3sTh B KaYeCTBE TOYEK pasbue-
HUSI TeOMeTPUUecKyIo mporpeccrio 1,4, q2,... mpu q < 1.)

12* Ta xe 3apmava mis fg/z cos x dx.

13. JlokazaTth, 4T0 CyMMa WHTETPUPYEMBIX (DYHKIMII WUHTE-
rpupyema (M WHTErpaj paBeH CyMMe WHTErPaJioB).

14* [Joxaszarb, 4TO NPOU3BEAEHUE ABYX UHTErPUPYEMBIX (OI-
PAHNYEHHBIX ) (DYHKIUIA WHTErPUPYEMO.

15. Nurerpan HeoTpHLaATEIbHOM HENPEPHIBHON (DYHKIUK pa-
BeH Hy/0. JloKka3aTh, YTO OHA TOXIECTBEHHO PAaBHA HYJIIO.

Hoxkaszath (yTouHMB (hOPMYIMPOBKHU), YTO

16. [° f(x)dx + [§ f(x)dx = [€ f(x)dx;

17. ecn f < g, TO fz f(x) dx < fz g(x) dx;

18.| J2 f(x) dx| < 2 I(x) dx.
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19. Oyukuus f uaTErpUpyeMa U NEPUOANYHA C IEPUOAOM | .
Jlokasatb, 4TO €€ MHTErpas Mo OTPE3KY MJIMHON | HE 3aBUCHUT OT
BHIOOpA Hayaja OTPE3Ka.

20X (a) ITyctp Ha KaXAOM U3 OTPE3KOB [Xi,X{|1] HEKOTO-
poro pa3bueHust pazbueHus BeIOpaHO 1o Touke Yi. Cymma R =
= ) . fyi)(xit1 — xi) HaseiBaeTcs pmmaHOBOJ# cymMoii (oHa
3aBUCUT OT PYHKLMY, pa3buenus u Habopa touek). [lycrs f unTe-
rpupyema u uMeet unterpan . Jlokaszars, 4T0 pUMaHOBBEI CyMMBI
crpeMsarcsa K I, Korga MakcuMmalibHas [UIMHA OTPE3Ka pasbueHus
crpemutcs K Hymo. (6) Chopmyanposats u goKasaTh o6paTHOE
YTBEPXKIEHUE.

21* JlokazaTth, 4TO OrpaHu4eHHas (DyHKLUS C KOHEYHBIM K-
CJIOM TOYEK pa3phiBa MHTErPUPYEMA.

22* MoxeT Ju BCIOAY pa3pbiBHas (DYHKLUS OBITH UHTETPU-
pyemoii?

23* Jlokasark, 4T0 (DYyHKLUSI MHTEIPUPYEMA TOTLA U TOJIBKO
TOr/a, KOraa €€ MOXHO 3aKJII0YUTh MEXY [ABYyMs HENPEDPbIBHBIMU
(DYHKIMAMU CO CKOJIb YTOLHO MaJIOii Pa3HOCTHIO MHTErPAJIOB.

24 CylecTByeT JI1 HEOTPULIATEIbHAS UHTErpUpyeMas (hyHK-
uus ¢ uarerpasioM O, OTVIMYHAsA OT HyJs HAa HECYETHOM MHO-
xecre?

HenpepsiBHOCTP B METPHYECKUX MPOCTPAHCTBAX

1. Hate onpenenenue HenpepriBHOCTH hyHkuun f: A — B B
TOYKE 4 € A B TEPMUHAX CXOMSILIMXCS MMOCTIEAOBATE/ILHOCTEN U
Ha ¢-0-A3bIKe U OKa3aTh WX BKBUBajeHTHOCTh. (3mech A u B —
MIPOU3BOJIBHBIE METPUYECKIE IPOCTPAHCTBA; (L — HEKOTOPAsk TOY-
Ka u3 A.)

2. (a) Tlokazate, yro ¢yukius f: A — B HempepbiBHa BO
BCEX TOYKax IPOCTPAaHCTBA A TOr[a M TOJIBKO TOrJa KOrja Ipo-
o6pas f~'(U) mo6Goro orkpbitoro mHoxecrea Ul C B orkpbir
B A. (6) BepHo ynn aHanmornyHoe yTBEpXKIEHWE I 3aMKHYTHIX
MHOXECTB?

3* [lyctb M — MeTpudYecKOe MPOCTPAHCTBO C JUCKPETHOM
Mmerpukoii. (a) Kakue dynkimu ma M GyayT HenpepbiBHBIMU?
(6) Kakue dyuxuyu ua [0, 1] U [2, 3] co 3nauennsmu 8 M Gyayr
HETPEPBIBHBIMU T



3amaun 19992000 roga 223

4. (a) Ilokasate, yTo (yHKIMA paccrosHMs P(X,Y), ompe-
[eJIEHHAs Ha Mapax TOYEK METPUUYECKOro MmpocrpaHcrBa M, He-
npepbiBHA Kak GyHkmus M x M — R. (6) Ilokaszatp, uro s
MPOM3BOJIBHOTO MHOXECTBA A B METPUYECKOM MpOCTpaHcTBe M
dyHkIMsS X +— p(x,A) gBJsSeTCS HEMPEPHIBHBIM OTOGPaXEHU-
em M B R.

5. CchopMympoBaTh n JOKA3aTh YTBEPKAEHUS O HEMPEPHIB-
HOCTH CYyMMBI, Pa3HOCTH, TPOU3BEAEHUS U YACTHOTO HETPEPHIB-
HBIX (DYHKLIUI, 2 TAKXe KOMIO3ULIUYN HEMPEPHIBHBIX (DYHKIIMIA.

6. Tokazats, yro yHkuus xY, onpenenénnas Ha [0, +00) X
X R, HenpepsiBHA Ha 9TOM MPOCTPAHCTBE.

7 * Nano metpuyeckoe npocrpanctso M. Kakwue ero mogmuo-
KECTBa SBJISIOTCS MHOXECTBAMU HYJIEN HEMPEPBIBHBIX (DYHK LU
(Ha M ¢ JeiCTBUTE/IHBIMU 3HAYECHUSIMHU ) 7

8. Tlokasare, 4TO /IS HENMpPEPHIBHBIX (DYHKLUMA C JEUCTBH-
TEJIbHBIMU 3HAYEHUSIMU, OTPE/IESIEHHBIX HA CBA3HOM METPUYECKOM
MPOCTPAHCTBE, CIPABEAJIMBA TEOPEMA O MPOMEXYTOYHOM 3HAYE-
HUM: eCu Takas (PyHKIMs MTPUHUMAET 3HAYEHUs A U b, 10 mpu-
HUMAET U BCE MPOMEXYTOUHbBIE 3HAYEHUS.

9* Ilokazath, 4T0 06pa3 CBA3HONO MPOCTPAHCTBA MPU HETIPE-
DBIBHOM OTOODPaKEHUU CBSI3EH.

IMycre A u B — merpuyeckue npocrpadcrea, f: A - B —
npousBosibHas GyHKLys. [oBopsaT, uro dyukuus f umeer e-ko-
JiebaHre B TOYKE A € A, ecin B 060N OKPECTHOCTH TOYKH A
HaWyTCS TOUKM X W Y, IJIsi KOTOPBIX paccTosiHue Mexay f(x)
u f(y) 6onblue €.

10* (a) Tlokasate, uto mist JaHHOro € (M JAHHOW (DYHK-
uuy ) MHOXECTBO BCex TO4ek ¢-Kosiebanms 3aMkHyTo. (6) Ilo-
Ka3aTh, YTO TOUKA A SBJIAETCS TOYKOI pa3pbiBa (hyHkumu f Torga
U TOJIBKO TOTAa, Korga f umeer ¢-koneGanve B . 111 HEKOTOPOTO
nosioxkuTeNbHOTO €. (B) [lokasars, 4To MHOXKECTBO TOUEK pa3phbiBa
J060# (DYHKIIMN MOXHO TIPEACTABUTh KaK CYETHOE OObeAUHEHVE
3aMKHYTBIX MHOXKECTB.

Wurerpasnsl B npupoje

b
Cwmbicn vaTerpasa fa f(x) dx MOXHO OGBICHUTE TaK: MBI pa3-
6uBaem oTpe3oK [a, b] Ha yacTH, B i-0ii YacTh BEIGHpPaeM TOUKY X;
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u Boluncisiem cymmy y_ f(xi) Axi, rae Axq ecrb gnuna i-oii va-
cru. Korga yactu craHoBaTcs GECKOHEUHO MabIMU, CyMMa »_
npeBpawaetcs B uHTerpan [, a Ax; — B dx.

1. [Inowanps mox rpadmkom Yy = f(x) orx = a gox = b
3aMuChIBAETCS KakK IZ f(x) dx. [ToscHUTL Ha pUCYHKe, YeMy CO-
OTBETCTBYET «OECKOHEUHO MaJibliiy 4iieH cyMMbl T(x) dx.

2. Touka ABUXKETCS MO KOOPAMHATHOM MPSIMOil, UMES B MO-
MeHT t ckopocTk V(t). 3amucats B BUe MHTErpasa mepeMeLicHne
(V3MeHeHME KOODUHATHI) C MOMEHTa tq 10 MOMeHTa 1.

3. Tor ke BOIPOC I MPOMIEHHOrO MyTH.

4. Touka OBILKETCA MO OTPE3KY |a,b] ciesa Hampaso (oT a
K b), Ipy 3TOM M3BECTHA 3aBHCHMOCTb €€ CKOpOCTH V(X) OT Ko-
opaunatel X. Haiit (3amvicaTth B Biae MHTErpajia) BPeMs €€ qBU-
KeHUs OT a Jo b.

5* Touka OBMXKETCS MO KOOPAWHATHON IJIOCKOCTH, MMES B
MoMeHT t BekTOp ckopoct: (vq(t),vz(t)). 3anmcats €€ mepe-
MelleHve (M3MEHEHNe KOODAWHAT) W TPOMIEHHbI MyTh (IIUHY
TPaEKTOPHH ).

6. Yuacrok rpagmka y = f(x) or x = a go x = b Bpamaior
Bokpyr ocu OX. 3anucats B Biie UHTErpasia 0GBEM MOy YEHHOTO
Tejla BpALIeHUS.

7. Haittu mutomiane urypsl, cofepxalleil Hauajao KOOPAH-
HAT, €C/IM BBIXOMSIUMIA M3 Hauaja KOODAMHAT TOJ| YIJIOM @ JIyd
HepeceKaeTcsa C Heil IO OTPE3Ky AIMHOMN T(@).

8. Haiitu gyiny yuactka rpaguka pyakipu y = f(x) or x =
=agox=>b.

9. Haiitu o6iiyio cuily qaBjieHHs Ha TMPSIMOYTOJIBHYIO CTEHKY
Gacceitna (Bbicota L, wmpunHa W, GacceiiH HATOJHEH HOBEPXY),
ecyii Ha mybune | maBienue pasuo pgl.

10* Haiitu maBrenune Ha rmyGune L, ecyii IIOTHOCTD XUIKO-
CTH 3aBUCHT OT TyIy6uHbl u paBHa p(l) Ha rny6une 1 € [0, L].

11* (ITpomomxenne) Haiitu obuiyro cuty qaBjieHUst Ha Mpsi-
MOyTOJIbHYIO cTeHKY L X w. (Yka3zaHue: MOBTOPHBIM UHTErpa B
oTBeTe He 0bs3aTeNeH. )

12* Touka OGXOOWUT TPOTHB YACOBOM CTPEJKH 3aMKHYTYIO
KDUBYIO Ha TUIOCKOCTHM, UMes B MOMEHT BpEMeHH t KOOpAWHa-
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T (Xx(t),y(t)). [lokazaT, 4TO MIOWAAL, OrPAHNYMBAEMAS BTOM
kpusoit, passa [© x(t)y’(t)dt = — [°x/(t)y(t) dt, rae a —
MOMEHT Havajia 0bxoja, b — MOMEHT KOHLia o6xona.

Kosbna u mons

Mtuoxectso R ¢ onepanusamu caoxenust (+) u yMHOXKeHUS (-)
Ha3BIBAETCSI KOMMYTATHBHBIM KOJIBLIOM C €JUHULEM, €CIT

1) R saBnsieTCS KOMMYTATUBHOM TPYIIION IO CIIOKEHUIO (HEMUT-
PaJIbHBIIA 3JIEMEHT Ha3bIBAETCS «HYJIEM» U 0603Haudaetcs 0);

2) yMHOXEHWE ACCOLMATUBHO, KOMMYTATUBHO W WMEET HEi-
TpaJibHbli 3jieMeHT 1 € R (910 3Hauwt, yro 1-x = x mus
Bcex X € R);

3) BRINOJHEHO CBOWCTBO AmcTpubyTMBHOCTH: A - (b + ¢) =
=a-b+a-c g Beex a,b,c € R.

s kpatkocT Mbl OyZeM IOBOPUTH «KOJIBLIO» BMECTO IIOJIHOIO
HA3BaHUsSI (KOMMYTATHUBHOE KOJIbLO C €AUHMLENN.

1. Asnsrorcs nu KojbLIaMu CIIEOYIOIIME MHOXeCTBa (C ecTe-
CTBEHHBIMHU OTIEPALVISIMU, €CJIN OHU HE YKa3aHbl SBHO): (a) MHO-
JKECTBO HATYypaJbHBIX uYrces; (6) MHOXECTBO ILENBIX YHCET;
(B) MHOX€eCTBO YETHBIX LEJIBIX YUCET; (I') MHOXKECTBO PaI[OHAIIb-
HBIX 4uces1; () MHOXECTBO HMPPALMOHAJIBHBIX Yncest; (€) MHO-
KECTBO HEHCTBUTEIBHBIX 4YnCEN; (K) MHOXECTBO KOMILIEKCHBIX
uncest; (3) BEKTOPHI Ha TJIOCKOCTH (CyMMa, CKaJISIpHOE MPOU3Be-
Ienue); (M) BEKTOPHI B MPOCTPAHCTBE (CyMMa, BEKTOPHOE IPO-
n3Befienne); (K) mapbl AEHCTBUTEBHBIX YKCENT C MOKOOPIAMHAT-
HBIM CJIOXEHHMEM M YMHOXeHHUeM; (JI) Iapbl ACACTBUTE IbHBIX Y-
ces1 (CIIOKEHNE TIOKOOPINHATHOE, YMHOXEHNE 3a0a€Tcst hopmy-
goit (a,b) - (c,d) = (ac — bd, ad + bc)); (M) napsl gelicTsu-
TEJIbHBIX YUCEN (CJIOXKEHVE TMOKOOPAWHATHOE, YMHOXEHHE 3ala-
érca dopmynoii (a,b)- (¢, d) = (ac+2bd, ad+ bc)); (m) mapwe
LIEJIBIX YKCes (CII0KEHNE TOKOOPAUHATHOE, YMHOXEHNE 3a1aETCs
dopmymoit (a,b)(c,d) = (ac+2bd, ad+bc)); (o) napb geit-
CTBUTEJIbHBIX YKCET (CJIOKEHVE MOKOOPAVHATHOE, YMHOXEHNE 3a-
nmaéres popmyJoii (a, b)-(c,d) = (ac—2bd, ad+bc)); (1) mHo-
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FOYIEHBI OT X C JeMCTBUTEIbHBIMU KO3(hduuuenTamu (06o3Haye-
mve: R[x]); (p) MHOroueHH OT X M Y C ACHCTBUTEIBHBIMA KO-
acduumentamu (o6oznavenue: R[x,y]); (C) MHOro4wreHmE OT X
C LeJBMU Koatduimentamu (o6osHauenue: 7Z[x]); (T) dyHKImI
Ha orpeske [0, 1] ¢ HeiicTBUTEIBHBIMU 3HAUEHUSAME (CIIOXKEHUE U
YMHOX€EHIE — IMOTOYeYHbIE); (y) HEMPEPHIBHBIE (DYHKIAN HA OT-
peske [0, 1] ¢ melicTBUTENBHBIMY 3HAYEHUSAMU (CJIOXKEHNE M yMHO-
XeHne — mnoroueunnie; oboznauenne C[0,1]); (d) ocratkm mo
MoayJio N (o6o3Hauenve Z /n7Z)7 (X) NOAMHOXECTBA HEKOTOPOTO
muoxecTBa U (C/loXeHMe — CUMMeTpuYecKasl pasHOCThb, YMHO-
KEHMe — TEpPeCEYeHne ).

2. (Cnencreusa us axcuom) Kakue m3 cregyrommx yTeepxae-
HHUM BepHBbI 111 o6oro kosibua R: (a) 0-x = 0 mus moboro
X €R; (6) 0#1; (B) (a+b)3 =a®+3a’b + 3ab? + b3 gns
JobbIX a4 U b (0OBSACHUTH, KAKOI CMBICT MMEIOT uncia 2 u 3 B
pasHbIX MecTax atoro paBeHcrBa); (r) 2:-2 =4; (n) (1+x+...+
+x™) = (1 —=x""1)/(1 —x) mns moBoro x; (e) ecmu ab = 0,
roa=0wmwmb=0;(x)1+1+1#£0; (38) ecua+a=0,
to a =07

3. DneMeHT X Konblia R HaszbiBaeTcs 06paTHMBIM, €CITU Cy-
LIECTBYET 3JieMeHT Y € R, musa xoroporo x -y = 1. Jlokasars,
YTO 0BPAaTUMBIE 3JIEMEHTHI KOJIbLIA 06Pa3yiOT IPYIIlY OTHOCHUTEIb-
HO OIlEpaLuy YMHOXeHus. Kakue sineMeHTsl 06paTvMEl B IIPUBE-
néHHbIX Beiwe npumepax? (B 6onbuimHCTBE CilyyaeB 8TO COBCEM
MPOCTO, HECKOJIBKO (OJiee TPYAHBIX MOXHO IOKa MPOMYCTUTD. )

4. Kakue aeMeHTBl 06paTUMBI B KOJIbLE (POPMATIBHBIX CTE-
meHHbIX psAAoB (OECKOHEYHBIX BBIPDAXKEHWIl BUAA Oy + A1X +
+ azx2 + ... C ECTECTBEHHBIMM OMEPALMSIMHU CJIOXKEHUS U YMHO-
xenus)?

KompLio, B KOTOpOM Bce HeHyJIEBBIE 3JIEMEHTHI OOpaTuMbl (1
B kotopom O # 1), HasbiBaeTCa MOJIEM.

5. Kakue u3 paccmorpennsix B 3amade | Konel sBISIFOTCS
noasamu’?

6. IlocTponts Moss U3 ABYX, TPEX M YETHIPEX BIEMEHTOB (BBI-
MUCaB TabJMIbI CITOKEHNST M YMHOXKEHNS ).

7. llpusectu mpumMep moJist, B KotopoM cymma 1+ 14 ...+ 1
(M eguuuL) mpu HEKOoTOpOM T > O paBHA HYIIO.
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MuHuMaIbHOE YKMCIIO T C TAKMM CBOWCTBOM HA3BIBAETCH Xa-
pakrepucrukoii nong. (Ecim Bce cymMMBl Takoro Buaa OTJIMYHBI
OT HyJIs, TO TOBOPSAT, YTO IOJe UMeET xapakTepuctuky 0.)

8. Ilokazarp, 4TO XapakKTEpPUCTUKA IOJII — IIPOCTOE YKCJIIO.

9. Iokaszark, YTO YKCIIO BJIIEMEHTOB KOHEYHOI'O IIOJIs AEUTCS
HA €ro XapaKTEPUCTHKY.

10* Cymecryer mm none u3 10 anemenTOB?

11* Cymecryer mm none u3 8 anemesTos?

12* Tlokasats, uto (a + b)? = aP + bP B nose xapakrepu-
CTHKHM P ¥ BBIBECTH OTCIOAa, uto aP = a(mod p) ana moboro
LIEJIOrO A U MPOCTOro P.

ToBopsT, 4TO B KOJbLE R €CTh J€/MTE/IH HyJId, €CIIA IPOU3-
BEJIEHNE [BYX HEHYJIEBEIX BJIEMEHTOB MOXKET OBITh PABHO HYJIIO.

13. B kakux xombuax 3agaum 1 ects gemmrerm myns? oka-
3aTh, YTO B IIOJIE HET AEJIUTESIEN HYJIA.

Kosbiio 6e3 genmureneit HyJist HA3BIBAIOT LEJTOCTHBIM (W 06-
JIACTBIO LIEJIOCTHOCTH ).

14. Jloxaszate, 4TO B LIEJIOCTHOM KOJIbLIE JOIYCTUMO COK pallie-
HUE Ha HEHYJIEBOU DJieMeHT: eciii ac = bcu c # 0, To a = b.

15* Jloka3aTh, 4TO KOHEUYHOE LIEJIOCTHOE KOJbBLIO SBJISETCS
TOJIEM.

16. (a) Tlokazats, uro ecmu x> = 1 B KOJsIbLIE Ge3 gesMTeNeit
Hyss, 1o X = +1. (6) KakoB MOXeT GbITh 3J7IEMEHT X LIEJIOCTHOIO
KoJIblia, ey X2 = X7

17 * TlokazaTth, YTO MHOTOYJIEH CTENEHN Tl C KOA(PPULIMEHTAMUI
B LIEJIOCTHOM KOJIbLIE UMEET B 3TOM KOJIbLIE HE GOJiee 1L KOPHEIA.

IloHBIE MeTpHUYECKHE TTPOCTPAHCTBA

IMocrenoBateTbBHOCTD TOYEK METPUYECKOTO MPOCTPAHCTBA Ha-
3bIBAETCS (DYHIAMEHTAIBHOM, eCii [yist moboro € > 0 cyliecTBy-
eT 1miap paguyca €, CoAepKalliii BCe WIEHBI MTOCIIE0BATEILHOCTH,
KPOME KOHEYHOI'O YHUCIIa.

1. (a) Ilokasath, YTO BCsAKas CXOASINASICS IOCIIENOBATEIb
HOCTh (byHaMeHTaJIbHA, HO 0OpaTHOE HeBEPHO (/11 HEKOTOPBIX
nipoctpancTB). (6) [IpomokxuTh (SKBUBAJIEHTHOE) OIpPENETICHNE:
MOCJIEJOBATE/IBHOCTD (DyHIaMEHTAIbHA, €CJTU IS BCIKOro € > 0
Haiaercs Takoit HoMep N, 4To ...
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Merpuyeckoe MPOCTPAHCTBO, B KOTOPOM Jiobas (hyHOAaMeH-
TajbHas MOCJIEI0BATEIbHOCTb CXOAUTCS, HA3bIBAETCS ITOJIHBIM.

2. Tlokasate, yro mpocrpanctso R™ (c moboit 3 paccmo-
TPEHHBIX METPUK HA HEM) IOJTHO.

3* TlomHo M MPOCTPAHCTBO OTPaHUYEHHBIX (QYHKIMI (Ha
JIAHHOM MHOXECTBE X; PACCTOSHIE — TOYHAs BEPXHsA IPaHb MO-
IyJisl pa3HocTu)?

4* Tlonuo m 63pOBCKOE MPOCTPAHCTBO (IIOC/IEAOBATEILHO-
CTeil HATypaJIbHBIX YUCEN)?

5. (a) Tlokazarh, 4TO €CJIM TMOAMHOXECTBO A METPUYECKOTO
MPOCTPAHCTBA MOJHO B WHAYLMPOBAHHOW METPUKE, TO OHO 3a-
MkHyTO. (6) IlokazaTh, YTO 3aMKHYTOE IOJMHOXECTBO MOJIHO-
ro MPOCTPAHCTBA MOJHO (B MHAyUupoBaHHON MeTpuke). (Takum
06pazoMm, i TIOAMHOXECTB TOJIHBIX MTPOCTPAHCTB MOJTHOTA PaB-
HOCHJTbHA 3aMKHYTOCTH. )

6. Jloxaszath, 4TO TPOU3BEIEHUE [BYX MOJHBIX MPOCTPAHCTB
(c mo6oit M3 YIIOMSIHYTHIX BBIIIE METPHK ) TIOJIHO.

7* Tomso nu mpoctpanctso Cla, b] HenpepbIBHBIX DyHK LM
Ha oTpeske [a, b] (paccrosame — TouHag BepxXHsS rPaHb MOTYJIS
pasHoctn)?

8. Tlycte Dy D Dy D Dz D ... — mociefoBaresbHOCTD
BJIOKEHHBIX 3aMKHYTHIX ILAPOB, PAJUyChl KOTOPBHIX CTPEMATCH K
uysmo. J{okazarh, YTO €C/iM IPOCTPAHCTBO IIOJIHO, TO OTU LIAPHI
HMMEIOT OOLIYIO TOUKY.

9. (Ilpomonxenne) Ilokazars, 4To WIAPEI MOXHO 3aMEHUTH
MIPOU3BOJIBHBIMY 3aMKHYTHIMH MHOXECTBAMH, HAIO JIMIIb TPe6o-
BaTh, YTOOBI UX AUAMETPHI CTPEMIUTUCH K Hymo. ([Juamerp mHo-
KECTBA B METPUYECKOM IIPOCTPAHCTBE — TOYHAs BEPXHSSA [PaHb
PacCTOSHUI MEXY €ro TOYKAMU. )

10> (Ilpomonxenne) Tlokazats, 4TO CTpEMJIEHNE PagUyCcCOB
K HYJIO CYIIECTBEHHO: B IMOJHOM IPOCTPAHCTBE MOXET CYIIE-
CTBOBATh IMOCJIEOBATEIBHOCTD BJIOXKEHHBIX 3aMKHYTHIX IIAPOB, HE
MMEOLUX OOILE TOUKH.

11* Ha ogHOM MHOXECTBE €CTh [JBE METPUKM, IIPUYEM OHH
SKBMBAJIEHTHBI (3a7al0T OIHU M TE€ K€ OTKPHITHIE MHOXECTBA
U CXOZISIUECS TOC/IEN0BATEBHOCTH). MOXET I TIPOCTPAHCTBO
GbITh TOJIHO C OZHON METPUKOI M HE TOJIHO C APYroii?
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[MopgMHOXeCTBO A METPUUECKOrO MPOCTPAHCTBA HA3BIBAETCS
HUT€ HE IUIOTHBIM, eciy Jiio0oi wap B M cOAepXUT MEHbILMI
uiap, He mepecekaroluiics ¢ A.

12. Byzer jiu paBHOCHJIBHBIM 3TOMY TaKO€ OIMpPEAEJIEHNE HU-
rJle He TUIOTHOTO MHOXKECTBA: (3AMBbIKAHWE HE UMEET BHYTPEHHUX
TOYEK»?

13* (Teopema bopa) Ilokazate, 4TO B IOJIHOM IIPOCTPaH-
CTBE CYETHOE YHCJIO HUTJE HE IUIOTHBIX MHOXECTB HE MOXET TIO-
KDBIBATh BCETO MPOCTpaHCTBa. (YKa3aHUe: OCTPOUTH 110 OUEPEN
BJIOXKEHHBIE 1IAPHI, YKJIOHSIOLIMECS OT BTUX MHOXKECTB.)

CuérHble OOBEOMHEHNS HUT/E HE TUIOTHBIX MHOXECTB HAa3bi-
BaIOTC MHOXECTBaMH IEPBoii Kareropun. Teopema bapa ytBep-
XJIA€T, YTO B TIOJTHOM MPOCTPAHCTBE TAKOE MHOXECTBO HE MOXKET
MOKPBIBATh BCErO MPOCTPAHCTBA.

14* Tloka3arh, YTO B TMOJHOM TMPOCTPAHCTBE OTIOJIHEHUE K
MHOXECTBY TIEDBOM KATErOPUU BCIOAY TJIOTHO.

15* BeiBectn m3 Teopemnl Bapa, uro MHOXECTBO MppaLuo-
HAJIBHBIX YKCEJT HE MOXET ObITh MPEZCTABIIEHO B BUfe OObequHe-
HUSI CYETHOTO YKCJIA 3AMKHYTBIX MOLMHOXKECTB MPSIMOIA.

16* Oro6paxenue f mosHoro npocrpanctsa M B cebs aBIIS-
erca cxkxumarommm: p(f(x), f(y)) < cp(x,y) amns HeKOTOPOIi KOH-
crautel ¢ < 1 u gns Beex X,y € M. lokasars, 4To CylieCTByeT
€IMHCTBEHHAs TOYKa 4, A Kotopoil f(a) = a (menogsmxmas
ToYyka orobpaxenus f).

17* [okazath, 94T0 ypaBHEHHE COSX = 2X + C UMEET €IVH-
CTBEHHOE DEILIEHHUE TIPH JTIOOOM C.

18* Jlokasats, uTo BCAKOE MPeo6pa3oBaHMe MIOCKOCTH, SBJIS-
oleecs nonobuem ¢ koaduupenTom k # 1, nmMeer equHCTBEH-
HYIO HETIOJBIXKHYIO TOUKY.

19* Ha miockoctv gaHo n mpsiMex li, ..., l,,, He Bce U3 Ko-
TOpBIX MapasuiesibHbl. Ha npsmoii 11 6epyT TOYKY, OPTOrOHAJIBHO
TIPOEKTUPYIOT €€ Ha |, 3aTeM Ha l3,...,l, W HaKOHel] CHOBa

Ha l;. Ilokasate, 4o mpu noaAXOAs1IEM BEIOOPE TOUKH HA 11 LUKII
3aMKHETCS U YTO TAKOM BHIOOP €IUHCTBEH.

20 IIpocrpanctBo X He sBIsSETCS NOMHBIM. IlokaszaTb, 4TO
€ro MOXHO IOMOJIHHTh, JO00OaBUB HEKOTOPOE KOJMYECTBO HOBBIX
TOYEK ¥ COXPAHWB PACCTOSHUS MEX Iy CTAPBIMHU, MOJTyYHB TOJIHOE
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mpocTpaHcTBo X', B KOTOPOM HCXOgHOe mpocTpaHcTBo X Oyder
BCIOJ1Y ILJIOTHBIM.

Onepatopsl u ypaBHEHHS

1. YkasaTh Bce MHEiiHBIe onepaTopkl @: R? — R?, coxpans-
1o1pe och aberuce (T. €. mepeBosle €€ B cebs) 1 OCh Op/IUHAT.

2. Vkaszarh GECKOHEYHOE CEMEWCTBO JIMHEWHBIX OMEPATOPOB
R? — R?, coxpansiouyx runepbory xy = 1. (Tpebyercs yka-
3aTh MATPHIIBI OTUX OMEPATOPOB B CTAHAAPTHOM Gasrmce.)

3. Tor e Bompoc st oKpyxkHocTH X2 + Y2 = 1.

4. Tor xe Bompoc st runepbonsl x> — y2 = 1.

5. Tor xe Bompoc st emmmca x> + 2y? = 1.

HenysieBoit BeKTOp X Ha3bIBaeTCsi COOCTBEHHBIM BEKTOPOM
oreparopa @: E — E, eciu mopoxxa€HHas UM TpsiMasi TIEPexo-
T B cebs, TO ecTh ecnm @ (X) = AX I HEKOTOPOrO 4YHMCiIa A,
HA3BIBAEMOIO COOCTBEHHBIM 3HAYEHUEM.

6. Yka3aTb COGCTBEHHBIE BEKTOPHl U COOGCTBEHHBIE 3HAYEHUS

0 1
s orepatopa OuboHayun, uMemrLLEro Marpuly F = 1 1)

7¥ (Ilpomonxenne) Haiitn Marpunyy oneparopa F™ B Gasuce
13 COOCTBEHHBIX BEKTOPOB M B craHmapTtHoM Gasuce. Kak mosmy-
quth oTciofa opmyiy mis unces Oubonayun?

8. Vkaszare (HeeQUHUYHBIN) JIMHENHBIN OMEPATODP C LIEJIOYH-
CJIGHHOII MaTpHMLEeii, CoXpaHsoImii rurepbony x> — 2y? = 1.
Haiitu marpuily o6paTtHoro Kk HeEMy OIeparopa.

9. Iokasate, uro ypasHeHne X2 —2y? = 1 uMeer GeCKOHEUHO
MHOT'O PEIUEHMI B LIEJIBIX YUCTIAX.

10 Haiiti 06uryro ¢hopMyTy sl PELIEHNIA 3TOrO yPABHEHNS.
(Yka3zaHue: Bce OHU TOJTyYaKOTCS U3 OHOIO TIOBTOPHBIM MPHME-
HEHHUEM JIMHEWHOrO OIMepaTopa. )

11* Cxkonbko pellleHHII UMEET B LIEJIBIX YMCTIAX ypaBHEHUE
xZ —2y2 =-17?

12* Ckonbko penreHuii MMEIOT B LIEJBIX YUC/IAX YPABHEHUS
x2 =3y =1ux?>-3y>=-1?

13. MHycrs (x,y) — pewenne ypasrerust x> + x = 2y°.
IMokazatk, uyro mapa (3x +4y + 1,2x + 3y + 1) Takxke aBnsgercs
PELIEHVEM ITOTO yPABHEHUS.
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14 Tlokasats, 4ro ypaBHeHue X°+X = 2y? uMeeT GeCKOHeu-
HO MHOTO DELIEHUl B UEJbIX YKUCNIaX, U HAWTU o6y dhopmyty
IJIS €r0 PELICHUN.

15 Tor xe Bompoc ass ypaBHeHus X2 + x + 1 = 3y?2.

16* Haiiti Bce HaTypasbHbIE YKMCNIA. ABJSIOLIMECS OJHOBpE-
MEHHO TOYHBIMM KBAJPATAMU W PA3HOCTSIMU Ky6OB ABYX MOCIe-
JIOBATENIbHBIX LeNbIX yuces. (YKasaHue: UCIOb30BaTh MPegbIay-
1IyIo 3afa4y, B kotopoii x = 1(mod 3).)

17* Ilyers (x,Yy,z) — TpoOiKa LENBIX HOJOXHUTENbHBIX YK-
ceJ1, SIBISIOLIAsics pellieHneM ypasHenns x2 +y2 + 1 = xyz. Kax
W3MEHUTh X, HE MEHSS | U Z, YTOGHI MOJIyYnTh APYroe PelleHre
TOro K€ yPaBHEHUS !

18* (Ilpomonxenue) Ilokazare, 4ro ®T0 ypaBHEHHE HUMEET
PELIEHUs B LIEJIBIX TOJIOKUTESIBHBIX YHMCIaX TOJIBKO MpU Z = 3.

19* (Ilpomosxenne) Haittu 10 peluenuii atoro ypaBHeHUs: 1
yKazath o6LIy0 (HOpMYJTy IS €r0 pPelIeHUIA.

EBkmmooBsl IpoCTpaHCTBa

CkaJiapHBIM IPOU3BENEHUEM [IBYX BEKTOPOB 0 ¥ b Ha TIOCKO-
cti (MM B TIPOCTPAHCTBE) HA3bIBAETCS TPOM3BENEHNE WX IJIVH,
YMHOXEHHOE Ha KOCMHYC yrna Mexnay Humu. OHO o603HavaeT-
ca (a,b).

1. IIpoBeputh, YTO CKaNspHOE MPOU3BEAEHNE OHIHHENHO, TO
ectb (a + b,¢) = (a,c)+(b,c), (Aa,b) = A(a,b), (¢c,a+b) =
= (c,a) + (¢,b), (b,Aa) = A(b, a).

2. INonyunrcs nu GunrHeliHas GyHKLMS, €CIU IPOU3BENEHUE
JUIMH BEKTOPOB YMHOXATh HE HA KOCUHYC, & Ha CHHYC YIJIa MEXIY
HUMU?

3. Hammcate opmysty, BeIpaXamL(yl CKAJISPHOE IPOU3BE-
JIEHVEe Yepe3 KOOPAWHATH BEKTOPOB.

4. (a) Haumsl Tpu BekTOpa Q,b,C emuHnyHON mmHbL. [loka-
3ath, uro (a,b) + (a,c) + (b,c) > —3/2. (6) [dokasars, uro
CyMMa KOCHHYCOB TPEX YIJIOB TPEYTrOJIbHMKA HE MTPEBOCXOUT 3 /2.

5* Jlokazath, 4TO CyMMa KOCHHYCOB JABYTPaHHBIX YIJIOB MPO-
M3BOJIHOTO TETpasipa He TPEBOCXOANT 2.

Cka/lIpHBIM TPOU3BEJEHHEM B TIPOM3BOJILHOM BEKTOPHOM
MpocTpaHCcTBe V HasbiBaeTcs OwinHeiHas dyHKima (a,b) aByx
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BEKTOPOB G M b ¢ YKCIIOBBIMU 3HAYEHUSAMU, KOTOPAsK CHMMETPUY-
Ha (10 ecth (a,b) = (b, a) npu Bcex a u b) u mosOXHUTEABHO
ompegeneHa (T0 ecTh (A, A) BCerjga HEOTPHLATENBHO U obpamia-
eTcst B HYJIb TOJIBKO Tipu a = 0).

[MpocTpaHcTBO, B KOTOPOM BBEIEHO CKAJISIPHOE MTPOU3BEIEHNE,
HAa3bIBAIOT €BKJIMJOBBIM.

6. Kakne BeKTOpPBI €BKJIMIOBA MPOCTPAHCTBA HA3BIBAIOT MEP-
neHauKysapabiMi? Kak onpenenuts JyMHY BEKTOPa B €BKJIUO-
BoM mipoctpanctBe? Kak ¢opmysmpyercs u HokasbiBaeTcsl TEO-
pema [Tucparopa [is MPOM3BONBLHOrO €BKJIMOBA MTPOCTPAHCTBA?

[lniHa BekTOpa X 0603HaYaeTCs Yepes |[x||; oproroHansHOCT
BEKTOPOB X M Y 3alKCHIBAIOT Tak: X | Y.

7. YkaszaTh HECKOJIBKO Pa3/IMYHBIX CKAJIAPHBIX POU3BEAEHUI
Ha TUIOCKOCTH.

8. Ykaszatp kakoe-1m60 ckajsipHoe mpousBegeHne B R™.

9. 3apaér qm cdopmyna (f,g) = _f; f(x)g(x) dx ckanspHoe
MPOM3BEiEHAE HA MPOCTPAHCTBE HelpepbiBHBIX Ha otpeske [0, 1]
bysxumii?

10> (Ilpogonxenue) Tor ke BOMPOC AJisi IPOCTPAHCTBA WH-
TerpupyeMeix Ha otpeske [0, 1] dyHKLmii.

11 (a) TMokasats, uto B mpocTpancTee R’ mobast GuMHEI-
Has popMa uMeeT BUI

B({x1,%x2), (Y1,Y2)) = ax1yr + bx1y2 + cx2y1 + dxay>.

(6) Ipu kakux a,b,c,d sra dopma Gyger CHMMETPUYHON?
(8) Ilpu kakux a,b,c, d sra dopma GyHeT MOJOKUTEIBHO OIPeE-
JEJIEHHOI !

12. B mapannenorpamMmme cyMmMa KBaJpaTOB CTOPOH paBHA
CyMMe KBaJpaToB quarodaeii. Kak copmympoBats 1 JoKa3aTh
9TO YTBEPXKIEHUE [IJIs1 IPOU3BOJIBHOIO EBKJIMIOBA MTPOCTPaHCTBA?

13. Bekropsl a u b eBkjmgoBa npocrpanctsa E TakoBel, 94TO
(a,c) = (b, c¢) gna moboro BekTopa ¢ € E. MoxHo 1 yTBepX-
J1aTh, 4TO0 a4 = b?

14. Jlan HeKOTOpHIA BEKTOP A €BKJIMJOBAa MMPOCTPaHCTBa E.
(a) Hokasatb, 4ro 060 BEKTOP X DTOrO MPOCTPAHCTBA OHO-
3HAYHO IMPECTAaBISIETCS B BUAE X = Y + Z, [Jie BEKTOP Y IPO-
MOPLIMOHAJIEH (A, a Z nepreHaukysped d. (Bektop y HaswBaroT
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MPOEKIMEN BEKTOPa X Ha MPSAMYIO, TIOPOXKIEHHYIO BEKTOPOM (.)
(6) Ilokasats, uro ||y|| < [/x|| (mpoexuus BekTOpa He mIMHHEE
€ro camoro).

Paccrosiune mMexnay OByMs BEKTOpaMHu (,b €BKJIMIOBa MpPO-
crpancrBa E onpenensercs Kak [IMHa UX Pa3HOCTH, TO €CTb KaK
lla—b||=+/(a—b,a—Db).

15. Jlaust 1Ba BekTOpa A, b eBKMgoBa npocrpadcTea E. [lpu
KakKoM 3HadYeHnH A BeKTop Ad Oyner GJimKe BCEro K BeKTOpy b?

16. [JokasaTe HepaseHcTBO Komm (KOTOpOE HA3BIBAIOT TAKXKE
nepaBenctBoM Ko — Bynskosckoro—Bapiia):

(@, b)[ < llall - [[b].

17. Ilokazate, 4o (17151 JAHHBIX JBYX BEKTOPOB A U b) yHK-
s A = ||b—Aal|? sBaseTcs KBagPATHBIM TPEXUIEHOM, JUCKPU-
MHHAHT KOTOPOTO HETIOJIOKUTEIEH, W BHIBECTH OTCIO[IA HEPABEH-
cro Komm.

18. Kak, ncnosne3ys Hepasencrso Ko, ompenemuts yromn
MEXy BEKTOPAMU €BKJIUIOBA MPOCTPAHCTBA?

19* WUsmepsis HEU3BECTHOE COMPOTUBIIEHVE, (DU3NK CIesial
T U3MEPEHUIi ¥ NOJTydr1 3HaYeHUs TOKOB Iy v Hanpskenmii Uy
npu k = 1,...,n. Ecimm ornowenus Uy /Iy pasnuunsl (B cuty
OlIMGOK U3MEDEHNs ), TI0 METOLAY HAMMEHBIUMX KBaJpaToB WLIYT
Takoe 3HaueHue R, MpW KOTOPOM CyMMa KBAaJIPATOB OTKJIOHEHWIA
(U; — RI;)? 4+ ...+ (U, — RI,)? Munnmansha. Yemy paBHO
ato R? Kak arto cBs3ano ¢ 3amaveii 157

20. (a) Hokasats, uto |la + b|| < |lall + ||b]| mns mobeix
IByx BekTopoB a u b. Korma sto HepaseHcTBO o6palljaetcss B
pasenctBo? (0) TlokazaTh, 4TO OMpPEIEIEHHOE BHIIE PACCTOSTHUE
p(a,b) = |la — b|| yaoBreTBOpsSET HEPABEHCTBY TPEYrOJILHUKA
(Tak 9rO MOGOE E€BKJIMOOBO MPOCTPAHCTBO CTAHOBUTCS METPH-
YECKVIM).

21. okazars, 4To

a1b1+...+anbn<\/a%+...+a$1-\/b%+...+b$1

It MOObIX Yucesa aq,...,dn, b1,..., bn.
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22. Cymma kBagparos 100 uncen He npeBocxomut 1. Kakoso
MAaKCHMAJIbHO BO3MOXHOE 3HAUYEHUE CYMMEI OTHX YMCE!

23 OueHnTh CBEPXy 3HAYEHWE MHTErpajia IZ f(x) dx, ecam

W3BECTHO 3HAYEHME IZ 2(x) dx.

24* BexTop X eBKJIMAOBa MpocTpaHcTBa E He nmexwur B moa-
mpocrpauctee F C E. B F Beibpaym touku o, fy,..., mia ko-
Topbix p(x,fi) crpemurcs ¥ p(x,F), To ecTh K TOYHON HUKHEN
IPaHy PACCTOSIHUI OT X JI0 BCEBO3MOXHBIX TOUEK MOAMPOCTDPAH-
crea F. (a) Ilokasare, uro mocienosarenpsocts fo, f1,... dyH-
mamenrasbHa. (6) [lycrs BekTop f gBngercsa npenesioM aToii mo-
cllefioBaTesibHOCTH. [loKa3aTh, YTO OH ABJSETCS Gixkailiei K X
toukoit B mogmnpocrpanctee F. (B) Tlokazarte, uro Bektop X — f
OpTOroHAJIEH JTIIOOOMY BEKTOPY MoAmpocTpaHcTsa F.

25* Pacemorpum GeCKOHEYHBIE MOC/IENOBATENBHOCTH X0, X1,
X2, ..., A7 KOTOPBIX PO x% —I—x% —&-x% +. .. cxomurcs. [{okasats,
4YTO OHM 06pPa3yloT BEKTOPHOE IIPOCTPAHCTBO U YTO (PopMyJia

((x0,%1,...),(Yo,Y1,...)) =XoYyo +x1y1 + ...

3a1a€T B HEM CKaJIIpHOE mpousBeaenne. byner nmu aTo mpocrpas-
CTBO TIOJIHBIM (B COOTBETCTBYIOLIEH MeTpuKe)?

®opmyna Herorona — Jleibana

1. ®yukuusa f HenpepbiBHa Ha uHTepBaje (a,b), comepxa-
mem touky d. Jlokaszate, uro dyskimsa F, 3amannHas dopmyJioi
F(x) = fz f(t) dt, auddepenuupyema va (a,b) u F/ = f. Kak
saBucnr F or Bei6opa Touku d € (a,b)?

Ecnm F/ = {, To pyrkumo F HasbiBatoT nepBoobpa3sHoii hyHK-
uuu f wim e€ HeonpegeIEHHBIM HHTETDAJIOM.

2. UsBectHa opHa w3 mepBoobpasubix dyukumu f. Ykazats
Bce €€ nepBoobpasHble, ecau (a) dyHkims f onpeneneHa Ha WH-
tepBaje; (06) dyskuus f onpenesneHa Ha oObeJUHEHUM OBYX He-
MEPECEKAOINXCS HHTEPBAJIOB.

3. (®opmyna Hetorona —Jleitbunua) Oyukuus F venpepsis-
HO uddepeHIMpyeMa Ha WHTEPBaJie, COAEPXKAIIEM TOYKHU a, b.
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JlokasaTtb, 4to
b
J F'(x) dx = F(b) — F(a).

4* Jlokaszats ¢popmy.ty Helorona — JleiiGHuria B HeCKOJIBKO 60-
Jee obuieM caydae: ¢yHkums F auddepeHiupyemMa Ha UHTEp-
Bajie, CoAepXKalleM TOYKM a U b, mpuuém F’ unTerpupyema Ha
orpeske [a, b].

5. Haittu nepsoobpasnyio ¢yukimm f(x) = /1 — x2 Ha us-
tepsane (—1,1).

6. Haiitu IZX“ dxmpun=1,23,...

7. Haittu fz(] /x?) dx (cunras a ¥ b UmCIaAME OHOTO ¥ TOTO
K€ 3HaKa).

8. Haiitu fz(] /x) dx (cumTas a u b ymMcIaAMEU OJHOrO 3HAKA).

9. Haiit nepBoo6pasnbie pyHKImii (a) X — e*; (6) x — a*.

10. Haittu nepBoo6paznbie dyrkimii (a) x — /X; (6) x —
= vx—T1; (8) x = 1/4/x.

11 Haiitn nepoobpasnyo dyHKImA X — Xv/x — 1.

12. Haittu nepBoo6pasusie dyukimii (a) X — sinx; (6) x —
— cosx; (B) x — sin 2x;

13* Haiitn nepBooGpasnyio gyHKLmnA X — 1/ sin’ x.

14. Haiitu mepBoobpasnbie ¢yukumii (a) x — 1/(1+x);
6) x = 1/(1 —x).

15. Haiiru nepsooGpasuyo dyakmuu X — 1/(1 —x2).

16* Haiitu nepsoo6pasuyio dyakumu x — 1/(1 4+ x2).

17 * Haittu nepoo6pasznyio dyHKImn x — 1/v/1 — x2.

18. Ilokasats, uto

1 1 1
Inn<l4+=z4+=-4+...+—=<lnn+1.
2 3 n

19. Jlokasats, uto

(JRLIL VRN Y P
4 9 T n2 n’

20. Haiitu npenen npu N — 00 CyMMBI
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21* Haiitu cymmy psapga 1—1/2+1/3—1/44+1/5—1/6+. ..

22. Haittu mpegen (17427 +37+...4+n7)/n® mpun — oo.

23. Cuuras usBecTHOU (hOpMyITy /IS TUIOLIAIN Kpyra, TOJTy-
quth (GOPMYJIBL 711 0OBEMA KOHYCa U LIapa.

24. Tlonyunts (GopMyJTy LIS IJIOWIALN TOBEPXHOCTH IIapa.

257 (a) Yemy paBeH 0OBEM YETHIPEXMEPHOIO ILUAPA DAIAy-
ca R? (6) Yemy paBHa «Tp€xMepHas IUIOIEAAR» MOBEPXHOCTH Ye-
TBIPEXMEPHOTO 1Iapa paguyca R?

MoOMeHT WHepLUM TIPU BPALEHUW TOYKU BOKPYr OCH PaBeH
mr?, rae M — Macca TOUKH, T — paccTosHUe 10 oci. MoMeHT
WHEPLMH TeJIa PABEH CyMME MOMEHTOB WHEPLMH €r0 YacTeil.

26. Tlonyunts hopMyly O MOMEHTOB MHEPLUM (A) OJHO-
POIHOTO CTEPXHS (OCh BPAILEHUS TEPIEHIUKYJIIPHA CTEPKHIO 1
MIPOXOIUT 4Yepe3 ero kowell); (6) ogHopomHoro mucka (OCh Bpa-
LNVl MIEPIEHJUKYISIPHA JUCKY W MIPOXOLUT Yepe3 €ro LEHTP).

27F (Ilpomonxenue) Ta ke 3ana4ya 1714 (a) OQHOPOIHONM cihe-
pel (ock mpoxomur Yepe3 1eHTtp); (6) omHOpomHOro mapa (och
MIPOXOAUT YEPe3 LEHTD).

28* HenpepsiBaoe ortobpaxerue v: [a,b] — R? naspiBaior
rmapaMeTpuYecKH 3aqaHHOM KpHBOH (3HavyeHHI0 mapamertpa t €
€ [a, b] coorsercrByeT Touka Y (t) Ha miaockoctu). (a) Onpene-
JIUTh [JIMHY KPUBOM KaK TOYHYIO BEPXHIOK TPaHb JJIMH BIUCAH-
HBIX B He€ sloMaHbIX. (6) Moxer jin ayimHa KpUBOil GBITH GECKO-
neunoii? (8) [lokaszare, yro [IMHa HenpephIBHO autdEpPEeHLUpY-
€MOif KpHBOIi paBHa _fz ly'(t)| dt (maTh TouHyIO (hOPMYAUPOBKY
U [I0Ka3aTeJIbCTBO).

29* U3 pepeBun A B gepeBHio b, maxonsutyiocs Ha paccro-
suun 10 KM, BBILIEN JIBIKHUK CO CKOpOCThio 5 kM/4. [lpu srom
€ro CKOPOCTb YOBIBAET MPOMOPLMOHANIBHO paccTosHuio 10 b (uem
6ymKe K KOHILY TyTH, TEM MEIJIEHHEE OH HUIET). Yepes CKOIbKO
yacos oH npoiaér 90% nyru? 99% nyta?

30* PesnHOBBI MIHYp JIMHON 1, 3aKpENEHHBIA C OJHOrO
KOHILIA, HAYMHAIOT TAHYTb 33 IPYroil KOHel co ckopoctbio v. On-
HOBPEMEHHO BJOJIb LIHYPA HAYMHAET TOJI3TU MYpPaBeiil cO CKOPO-
CTBIO W (OTHPABJISSCh OT HEMOABUMXKHOTO KOHLA). Jomomseér s
OH 10 APYroro KOHIA IHypa, eciam W < VI ecima w = v?
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baszuchl B €BKIMOOBBIX MIPOCTPAHCTBAX

1. HokasaTp, 4TO MOMaPHO OPTOTOHAJIbHBIE HEHYJIEBBIE BEKTO-
DBl JIMHEWHO HE3aBHCHMBI.

2. Bekrophl eq,...,ex €BKIMOOBa mpocrpaHctBa E oproro-
HaJIbHBI, HO He o0pasyior 6asuca. [lokazath, uyTo HaligEéTCs HEHY-
JIEBOI BEKTOP, OPTOTOHAJIBHBIN UM BCEM.

3. Jlokazath, 4To B JIFO6OM KOHEYHOMEPHOM €BKJIMIOBOM IPO-
CTPAaHCTBE MOXKHO HAWTH 6a3KC, COCTOSINMI M3 MOMAPHO OPTOro-
HAJIbHBIX BEKTOPOB €OVHWYHOM [JIMHBI (€r0 HA3BIBAIOT OPTOHOD-
MHPOBaHHBIM Ga3nucoM).

4. JTokazars, 410 KO3(D(MULMEHTH! B Pa3JIOXEHNN BEKTOPA X TI0
OPTOHOPMHMPOBAaHHOMY 6a3ucy €1, ..., €y PABHBI COOTBETCTBEHHO
(x,e1),...,(x,en).

5* Jlamo n + 1 BexTOpOB, O6pasyOIMX APYr C APYrOM Ty-
nele yoisl (BCe CKassipHble MpOW3BefeHusi (eq, ej) oTpuuaTesb-
ubl). [lokasate, 4ro J1H06bIE M U3 HUX JIMHENHO HE3aBHCHMBI.

6. B eBknumoBoM mpocrpancTBe E BHIGpAaHO KOHEYHOMEPHOE
noanpoctpanctso F. Ilokaszath, uto Beskuit Bektop X € E omHo-
3HAYHO MPEJCTABJISETCS B BUAE CYMMBI X = Y + Z, T€ BEKTOD Y
MIPUHAJIEXUAT TOANPOCTPAHCTBY F, a BEKTOp z €My OpTOroHa-
JieH (TO €CTh OPTOroHajieH Jwbomy BekTopy m3 F). (Ykazanue:
BHIOpaTh Gasuc B F 1 vickath KOOpAMHATHL BEKTOPa Y B 9TOM 6a-
3uce.)

BekTop y HasmiBaeTcs mpoeknperi BEKTOpa X Ha TOAMPO-
crpanctso F.

7. Ilokaszathk, 4TO MPOEKLIM BEKTOPA X HA MOAIPOCTPAHCTBO F
saBseTcs Ommkaiinreit Kk X Toukoi u3 F.

8 Ha mockoctu ganbi 1 1o4ek (X1,Y1), - - -, (Xn, Yn ). Haii-
TH TIpAMYI0 Y = aX + b, [Is KOTOpO# CyMMa KBaJpATOB OTKJIO-
wemmit (Yi — (axi +b))? Gbina 661 MUHEMAIBHOIA.

9. Iycrs F — moanpocTpalcTBO €BKJIMAOBA IPOCTPaHCTBa E.
PaccmorpuM MHOXecTBO FL, cocrosiee m3 BEKTOPOB, OpTOrO-
HAJIBHBIX TIOANPOCTPaHCTBY F (TO €CTh OPTOroHAIBHBIX BCEM BEK-
topam m3 F). Tlokazats, uro F' sBnsieTcss moAmpocTpaHCTBOM 1
HATH €ro pa3MepHOCTh, ecyit u3BectHbl dim E u dim F.

Hoamnpocrpanctso F- HasbiBaeTcss OPTOroHaIBHBIM [JOITOTHE-
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HHeM K TOAnpocTpadcTBy F.

10. Jokasarp, yro (F-)* = F, eciu F — mognpocrpasctso
KOHEYHOMEPHOr'O TPOCTpaHcTBa E.

11> (Ilpomonxenue) Ilokazath, 4To B NMpeabIAyIUE 3amade
JIOCTATOYHO MPEANOaraTb F KOHEYHOMEPHBIM.

12. Bekropsl eq,...,€x MOMAPHO OPTOTOHAJIGHBI M WMEKOT
eIMHUUHYIO IHy. Jlokas3ath, 4To

(X)e1 )2 +...+ (X)ek)z < (X)X)

IS JTEOGOro BEKTOPA X.

13. Jlokasare, uro ¢yskumm 1, cosx, cos2x,..., COSTX,
sinx, sin2X,..., Sin X OPTOrOHaJIbHbI B IPOCTPAHCTBE HEIPE-
pbiBHBIX (yHKLmi Ha [0,27T] cO CKalSpHBIM TPOU3BEACHUEM
(f,9) = [ f(x)g(x) dx.

14. UzBectHO, uTO0 A1C0SX + ...+ ajgcos10x = O mpm
Bcex X. Jlokaszarh, uro Bce KOB(GUIMEHTHI A7,...,010 PAaBHBI
HYJIIO.

15* WsBectHo, uto ajcosx+ ...+ ajpcos10x > O mpm
Bcex X. MOXHO 1 yTBEPXKAaTh, YTO KO3(DOULIMEHTHI A1, ..., A10
BCE PaBHBI HYJIO?

16. B xBagpaTHoit Matpuie 2 X 2 crosbipl 06pasyroT opro-
HOPMUpPOBaHHHIA Gasnc B R? (OTHOCHTENIBHO CTaHJAaPTHONO CKa-
JIApHOro mpoun3BeleHus ). Jlokasarh, uto €€ CTPOKU Takke obpa-
3yI0T OPTOHOPMUPOBaHHbII 6asuc B R2.

17* (Ilpomosxkenue) [lokazaTh aHAJOTUYHOE YTBEPXKICHUE
IUTS MATDHIL] 1L X T.

18* Jlokazath, 4To CyMMa KBaAPATOB JJIMH MPOEKLHA BEKTO-
POB OPTOHOPMUPOBAHHOIO 6asuca Ha K-MepHOE MOAIPOCTPAHCTBO
paBHa k.

19. PaccmoTpuM Ha MPOCTPAHCTBE MHOTOUJIEHOB CTETEHU
MeHbILIE TL cKajsapHoe mpomsseaenne (P, Q) = f; P(x)Q(x) dx.
Ilokaszate, 4YTO CyLIECTBYeT €IUHCTBEHHBI (C TOYHOCTBIO MO
YMHOXEHWSI HA KOHCTaHThI) OPTOrOHAJIbHBIN Gasuc Py, ..., Py 1,
cocrosimii u3 MHorowieHoB creneneit 0,...,n — 1 (no ogHoMy
KaXJOoil CTENeHn). YKa3arh 90T 6a3uc mpu n = 3.
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20* (Ilpomonxenue) Ilokaszars, yro mMHorouwieH Py umeer
k pazmuuHbIX KOpHEi Ha orpeske [0, 1].

21* (ITpoposxenue) [lokaszare, uro muorousiex Py ects k-as
npomsBoHas MHorouwteHa x (1 — x )k,

22* (Tlpomosxenue) Ilokazath, 4TO KOpPHU X1, ..., X} MHO-
rousieHa Py 061afaloT TaKUM CBOMCTBOM: JIFOGO MHOTOUJIEH CTe-
neHu MeHsblie 2K, ofpallaolumiics B HyJIb B TOYKaX X1, ..., Kk,
HMeeT HyJeBoi maTerpai (mo orpesky [0, 1]).

23. Ilokazate, uTo BCskas mHeiHas pyskuma f: E — R,
OIpe/Ie/IEHHas Ha KOHEYHOMEPHOM €BKJIMIOBOM IpOCTpaHcTse E,
uMeer BUf X — (X, e) 718 HeKoToporo BekTopa e € E.

24. PaccMorpum Ha R? ckasisipHOE TIpOM3Be/IeHNe ¢ MAaTPULIEit

21 N
1 1) TO €CThb 3aJlaHHOe POPMYJIOi

((x1,%2), (Y1,Y2)) = 2x1y1 + X192 + X2Y1 + X2V2.

VYkasaTh Kakoii-1ub0o OpTOHOPMUPOBAHHEIM 6a3KC 71 BTOrO Mpo-
CTPaHCTBA.

25X (Ilpomosxenne) Moxuo au HaiiTu 6a3KC, KOTOPHI GbUT
6bl OPTOrOHAJIbHBIM OJHOBPEMEHHO /Il CKAJISIPHOIO IPOU3BEE-
HUS TIPEIBIAYILENA 3a1aun W /I CTAaHAAPTHOTO CKaJISIPHOTO MPO-
m3BesieHus B R??

26. Haiitu paccrosiHue B mpocTpaHcTBe R™ (Co cTaHJapTHBEIM

CKaJISIPHBIM TIPOU3BEJEHUEM) OT TOYKHU {C1,...,Cn) AO HOANPO-
CTPAHCTBA, 3aJaHHOTO YpaBHEHHEM A1X1 + ...+ AnXy = 0 (o1-
HOCHTEJIbHO HEM3BECTHBIX X1,...,Xn).

T'omomMopduambr rpymma

MMycrs G u H — rpynmel. Oro6paxenne @: G — H HasbiBa-
eTcs roMmomopgusmoM, ec @(g19g2) = ©(g1)@(g2) s Beex
g1,92 € G.

1. Kakue u3 crenyroumx orobpaxennit @: G — H apnsiorcs
romomopdmamamu: (a) @(g) = e mmaseex g € G (Gu H —
npomsBossHbie Tpymms); (6) G = H, ¢(g) = g~ ' (G — mpo-
usBoJibHas rpymma); (8) G = H = Z, ¢(x) = 2x (Z — rpymma
LeJBIX yncen mo cyoxennw); (r) G = H =7, o(x) = x+ 1;
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(m) G = H, ¢(g) = g-g (G — npousponpHasg rpymnmna; TOUKa
obo3nauaer onepauuio B rpymiae G)?

2. Omucats Bce romoMopdusmMel Z — Z.

3. (CrnencrBus u3s akcrom) [lokasats, uto (a) mpu roMoMop-
dusme @: G — H emunnua rpynnel G MepexofuT B eQUHHULYY
rpymsl H; (6) mpu romMmomopduaMe OGpaTHBINM DJIEMEHT MIEPEXO-
aurt B obparsit: @(g~ ') = (@(g)) .

4. PaccMOTpUM IpyIy OCTATKOB OT AEJIEHMS HA T C Omepa-
1ueit croxenus (o6o3nauenvie: 7 /n7Z). (a) CkonbKo CyllecTByeT
romomopusmoB Z /7 — 77 (6) CkoJbKO CyLIECTBYET TOMO-
Mopousmos Z — Z /nZ?

5* Ykasats Bce roMoMOp(u3Mbl Z /N7 B IPyIIly HEHYJEBBIX
KOMILIEKCHBIX YHCEJI [0 YMHOXKEHHUIO.

6* Dnemenr g rpynmel G uMeer nopsagok k. Kakum moxer
GBITH TIOPATIOK ero o6pasa (g) nmpu romomopdusme @: G — H?

7* Haiitu Bce romomMopuamel S3 (TpyIina nmepecTaHoBOK TPEX
aseMeHTOB) B Z /27.

8* Vxasars romomopdusm Sy, B Z /27 (HOMUMO TPUBUAIILHO-
ro, MEPEBOJAILErO BCE BJIEMEHTHI B €VHULLY ).

9* VkazaTh HETpUBHAJIbHBII roMoMopdusM S, B S3.

10* VYkazatp HeTpUBHAJIbHBI TOMOMOPMU3M aIJUTHBHOI
rpymrsl R (IeiicTBUTEIBHBIE YHCIA TIO CIIOKEHUIO) B €IUHUYHYIO
OKPYXXHOCTb HA& KOMILJIEKCHOM IUIOCKOCTH (KOMILIEKCHBIE YUCIIa,
MOZYJIb KOTOPBIX paBed 1, omepainys — YMHOXEHHE).

Bsaumuo oguo3zHaunbiit romomopdusm @ : G — H HasbiBaror
uzoMopgusMoM, a rpyrnel G u H — uzoMopdHbIMU.

11. Tokaszate, yro B aTOM Ciy4ae ob6paTHOe OTOOpakeHUE
TaKXe ABJISETCS TOMOMOPMU3MOM.

12. Jlokazate, uro jr06ble BE ABYXAJEMEHTHBIE MPYIIIbl U30-
MOpP(HBIL.

13* Ckosnbko cylllecTBYeT HEM3OMOP(MHBIX TPYII U3 T BJle-
MeHTOB, ecyii (a) N = 37 (6) n =47

14* lokasath, 4TO €C/Id P — IPOCTOE YKCIIO, TO JIOOHIE 1BE
IPYIIIBL U3 P BJIEMEHTOB M30MOPMHEIL.

15. Ykaszarte mzomopdusM Mexay CPYIIION AEHCTBUTEIbHBIX
YKCEJT MO CJIOKEHHUIO W TPYIIION TMOJIOKUTEBHBIX EWCTBUTEITb-
HBIX YKCEJI TI0 YMHOXEHUIO.
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16. I'pynna cuMMeTpuii TpeyrojbHUKA COCTOUT U3 BCEX ABU-
KEHUI1 [IJIOCKOCTH, NIEPEBOAALIMX TPEYTONIbHUK B cebs. Jlokaszars,
YTO 9Ta rpymmna u3oMopdHa rpymme S3 (epecTaHOBKH TPEXDJie-
MEHTHOTO MHOXECTBA ).

17* Jlokasate, 4TO rpyImna BpauleHuii Ky6a (COXpaHsmomUx
OPHEHTALI0O — OTPaXEHMs HE JOIYCKAIOTCA) U30MOP(HA IpyIl-
ne S4. (Ykazanue: mocMOTpuUTE, Kak BpAILEHUS AEHCTBYIOT Ha
Gosibllvie QUaroHanu Kyba).

18. Nzomopdusl mu rpynmsl Z /67 n S37

19. Usomopdusl s (agaurusabie) rpynns Z u Q7

20* (a) [lokazaTh, 4TO TPyIMIBI BpaLlEHNI HKOCA3APa U HOIe-
kaspa usomopdHsl. (6) Hokaszars, 4To 9TV IPYIBI H30MOPMHBI
rpymre As (YETHBIE TIEPECTAHOBKU D QJIEMEHTOB ).

21. Jlokazath, 4TO LMKJIUMYECKUE TPYIIBI OLHOTO TOPSIKA
U30MOP(HEL.

227 CKOJIBKO CYLIECTBYET Pa3JINUHBIX U30MOPMUIMOB MEX Y
JBYMSI LIMKJINYECKUMU TPYTINaMu mopsigka n?

23. [lokazate, 4To J1106as MOArPyIIa rPybl Z uzoMopdHa Z
WA COCTOWT TOJIBKO W3 HYJISI.

Orobpaxenne rpynnsl G B cebs, gpasmoleecs H30MOPHHU3-
MOM, Ha3bIBA€TCs aBTOMOP(U3MOM rpymmsl G.

24. Haiitu Bce aBTOMOP(U3MBI IPYMIH Z .

25. Onwucatb Bce aBTOMOp(U3MEI Tpyrmbl () palMOHATIBHEIX
YKCEJT TIO CJIOKEHHUIO.

26 Jlokasate, uto ans mwo6oro snementa ¢ rpynmsl G oro-
6paxenre h — ghg™' sBnsercs aBroMopdusMoM rpymmsl G.
(Takue aBTOMOP(U3MBI HA3BIBAIOT BHYTPEHHHIMH. )

27F (Ilpomonxenue) Ilpusectn mpumep aBTOMOpGM3Ma, HE
SIBJISIIOILETOCS BHYTPEHHUM.

28. Ilycte G — xoneunas rpymma nopsaka n. (a) lokasars,
4ro ays ymoboro anementa g € G orobpaxenue fq: h — gh
SIBJISIETCS TIEPECTAHOBKOM 9JIEMEHTOB G M TEM CAMBIM MOXET Pac-
CMaTpUBaThCS KaK 3JIEMEHT TPYIMIBI MepecTaHoBoK S,. (6) [o-
Ka3aTb, 4ro orobpaxerue @: G — S;,, mpu KotopoM g — fg,
SABJISIETCSI TOMOMOP(HU3MOM.

29 (Mpopomxenue) Tor xe Borpoc, ecm fq: h+— ghg™'.
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30. (Teopema Konu) [lokaszatb, 94TO BCsIKask KOHEYHAS MPYIINA
M30MOpP(HA HEKOTOPOIl MOATPYIIIE TPYIINIbI [IEPECTAHOBOK.

Ipsameim npousBegernem rpymn G u H HaszbiBaeTCa MHOXECT-
somap{(g,h) | g € G,h € H} c omepawmeii (g1,h1)-(g2,h2) =
= (g192,h1hy) (obo3mauenne: G x H).

31. (a) Hoka3zath, 4TO MPSIMOE ITPOU3BEAEHIE TPYII ABISETCS
rpymmoii. (6) Kakos nopsmok sroit rpymmei? (B) Yemy pasen
MOPSIOK 3jieMenTa (g, h), eciii MopsaKu 27eMeHTOB ¢ U h paBHBI
m u N coorBercTBeHHO? (r) Ykazars B rpymme G X H mogrpymmst,
mzomopdusie G u H coorBercrBeHHO.

32. Byayr i uzomopdus rpyrnst (a) Z /27 % 7./37w 7. /67
(6) Z/27 x 7./27 w Z./]A7?

33. Mpu kakux m u n rpymna Z/mZ X 7 /nZ wzomopo-
Ha 7, /mnZ?

34* Jlokazatp, uro ynobasi moArpymnmna rpymmnsl Z X 7 nu6o
n3oMop(Ha Beeii rpyrre, 6o msoMopdHa 7, 160 COCTOUT U3
OJIHOTO DJIEMEHTA.

35. Bygxer s rpymmna Z X 7, wsomopdHa 77

36. Tor xe Bormpoc a1s agauTuBHeX rpyrmm Q X Q u Q.

VY auBurenbHbM 06pasoMm apautuBHble rpymmbl R u R x R
M30MOP(MHBI, HO yKa3aTh 3TOT W30MOPGU3M SBHO He ymaércst (OH
CTPOMUTCS C MOMOILBIO «TPAHC(HUHUTHON UHIYKIWN» ).

37* Hokazare, yro rpymmsl Z™ = Z X Z X ... X Z (n co-
MHOXUTEJIEN) TIPU PA3/IMYHBIX 1L HE M30MOPMHBIL.

38 3akoHunTh U fOKazaTh yTBepXkaeHue: rpymmna C* Heny-
JIEBBIX KOMIUIEKCHBIX YKCEJT TI0 YMHOXEHHIO M30MOP(HA MTPSIMOMY
[IPOM3BEAEHUIO TPYIIIBI IOJIOXKUTEIBHBIX JEUCTBUTEIbHBIX YHCETT
[0 YMHOXEHHUIO U . ..

KoMmakTabie METpHYECKHE TPOCTPAHCTBA

Merpuyeckoe MpOCTPAHCTBO HA3bIBAIOT BIIOJIHE OIPAHUYEH-
HBIM, ecu [y1a jnoboro € > 0 CyllecTByeT KOHEYHOE IOKPBITHE
BTOro MPOCTPAHCTBA IAPaMH Paauyca €.

1. Byger ;1 Takoe CBOMCTBO PaBHOCHJIBHO MOJIHOI OrpaHu-
YEHHOCTH: HM U1 Kakoro € > O He cyuiecTByeT GeCKOHEYHO-
rO MHOXECTBA TOYEK, TOMAPHBIE PACCTOSHUS MEXIY KOTOPBIMU
Gonbure €7
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2. [Iycte M — BrnosiHe OrpaHUYeHHOE MPOCTPaHCTBO. Jloka-
3aTh, YTO HAMOETCS TAKOE C, UTO PACCTOSHHE MEXY JIHOOBIMU
JIByMsl TOYKaMM HE IPEBOCXOIUT C.

3. Hokasarh, 4TO BO BIIOJIHE OrPAHUYEHHOM MPOCTPAHCTBE
BCSIKasl TIOCJIE[JOBATEIBHOCTD UMEET (DYHOAMEHTAJIBHYIO TMOTIOC-
JIeI0BATEJTBHOCTb.

4* (ITpomosxenne) Bepuo mu o6patHoe?

ITpocTpancTBO HA3BIBAIOT KOMITAKTHBIM, €CJTA U3 BCSIKOTO €TO
MOKPBITHSI OTKPBITHIMU MHOXECTBAMU MOXKHO BHIODATh KOHEUHOE
OO PHITHUE.

5. (a) [okazats, yto oTpe3ok kommakTeH. (6) Ilokasats, uro
KBaJIpaT KOMIaKTEH.

6* KommakTHBI JI1 KaHTOPOBCKOE U GIPOBCKOE TPOCTPAH-
crBa?

7. Tlycte x — Touka KommakTHOro npocrpancrsa M. [oka-
3aTh, YTO IIAP AOCTATOYHO GOJIBLIOTO paguyca ¢ LUeHTpoM B M
coemazaer ¢ M.

8. IlogmMuoxecTBO A MeTpudueckoro mpocrpancrsa M, pac-
CMaTpUBAEMOE KaK METPMYECKOE IIPOCTPAHCTBO C MHIYLIMPOBAH-
HOI METPUKOI1, KOMNAKTHO. [loKa3aTh, YTO OHO 3aMKHYTO (B MpO-
crpanctBe M).

9. Jlokaszath, 4TO 3aMKHYTOE MOAMHOXECTBO KOMIAKTHOTO
[IPOCTPAHCTBA KOMIIAKTHO (KaK METPUYECKOE IIPOCTPAHCTBO C UH-
JyLIMPOBAHHON METPHUKOM ).

10. CeMelicTBO MHOXECTB HA3bIBAIOT LIEHTPUPOBAHHEIM, €CIA
NepeceyeHne KOHEYHOrO YKC/A JIIOOBIX MHOXECTB 3TOrO CeMeli-
crBa HemycTo. [lokasaTh, 4TO B KOMIIAKTHOM MPOCTPAHCTBE JIH060E
LIEHTPUPOBAHHOE CEMEWCTBO MHOXKECTB MMEET OOLIYIO TOUKY.

11. okazars, 4T0 B KOMIIAKTHOM TIPOCTPAHCTBE Jrobast mo-
CJIEIOBATE/IbHOCTD HMMEET IPEJEbHYI0 TOYKY (U CXOOALIYIOCH
TIOITIOCTIEAOBATETBHOCTH ).

Kaxk MbI Bckope yBUI1M, 3TO CBOWCTBO PABHOCUJIBHO KOMITAKT-
HOCTY METPUYECKOrO IPOCTPAHCTBA.

12. [loxazate, 4TO €ciau B IPOCTPAHCTBE J1I06as IMOCJenoBa-
TEJIBHOCTh UMEET CXOLSILIYIOCS TMOJNOCIIEN0BATEILHOCTh, TO OHO
TIOJTHO.
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13. Jloxazate, 4ro €ciau B IPOCTPAHCTBE JIOOas IMOCJIEa0Ba-
TEJIbHOCTh UMEET CXOLSALIYIOCS IMOMOCIIEN0BATEILHOCTh, TO OHO
BIIOJIHE OIPAHUYEHO.

14. (Jlemma Jle6era) ITycrs B mpocrpanctBe M srobast mocie-
JIOBATEJIbHOCTh MMEET CXOISILYIOCS TIOATOCIIEA0BATEBHOCTD. [{o-
Ka3aTh, YTO I JIFOO0ro HOKPHITUSA M OTKPHITBIMM MHOXECTBAMU
Haigércs takoe € > 0, 4ro Jio6oit map paguyca € LEIUKOM CO-
JIEPKUTCA B OJHOM U3 MHOXECTB IIOK DbITHS.

15. BeiBectr 13 mipeAbIayIIMX 3a1a4, YTO TPU CBOMCTBA PABHO-
cwbHBL: (1) mpocTpaHcTBO KOMNAKTHO; (2) MPOCTPAHCTBO MOJTHO
1 BIIOJIHE OrpaHnyeHo; (3) BesKast MOC/Ie0BATENBHOCTD M0 TOYEK
UMEET CXOASLIYIOCH MOIOCIIEA0BATENILHOCTD.

16. JokaszaTh, 4TO NpOM3BeNeHUE ABYX KOMIAKTHBHIX IpPO-
CTPAHCTB KOMITaKTHO.

17. Kakue nogmuoxectBa R™ koMmakTHBI (¢ MHIYLMPOBaH-
HOI1 MeTpuKOii)?

18. JlokaszaTth, 4To HempepniBHAsA (DYHKIMS HA KOMIIAKTHOM
[IPOCTPAHCTBE (C AEHCTBUTEIbHBIMU 3HAYEHUSAMU) OIPAHMYEHA U
JIOCTUTaeT MakKCMMyMa M MHHAMYyMa.

19* Jlokaszats, uro 06pa3 KOMIAKTA DU HEMPEPHIBHOM OTO-
6paxennu — komnakT. (Kak BeiBeCTH OTCION2 YTBEpXK AEHNUE TpE-
IbLayLIeit 3anaun?)

20* Jlasbl JBAa KOMOAKTHBIX HEMEPECEKAIOUMXCS TOAMHOXKE-
crBa A u B (B mpousBosibHOM TipoctpancTse). [lokasate, 4ro Haii-
nércs takoe € > 0, 4TO paccTosiHve MEXAY JIro0Ol TOYKOM MHO-
xectBa A u J000i TOYKOI MHOXeCTBa B He MeHbIUe €.

21X BepHo s 8TO yTBEpXIeHUE, €Cid MHOXecTBa A u B
JIMLIb 3aMKHYTHI? €CJIA OLHO W3 HUX 3aMKHYTO, & BTOPOE KOM-
[IAKTHO!

IMyctre A u B — wmerpudeckue mpocrpancra. Dyukuus
f: A — B HaswBaercsi paBHOMEDHO HEMPEPBIBHOM, €C/V st
Besikoro € > O maiimércs takoe & > 0, 4To /MOOBIE ABE TOYKHU
MPOCTPAHCTBa A, OTCTOSIIIEé MeHee YeM Ha O, orobpaxkarorcs B
TOYKH, OTCTOSILIYE MEHEE YEM HA E.

22. Tlokazatsb, 4To HeMpepbIBHAS QYHKLMS, ONPEAEICHHAS HA
KOMITAKTHOM MPOCTPAHCTBE, PABHOMEPHO HETIPEPHIBHA.
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I/IHTerpaJIbI: BBIYMCJICHHC

1. [lokasate ¢popMysIy HHTErpUPOBAHHUS 110 YACTIM:

Ecim u’(x) dx o6o3sauuts uepes du, a v/(x) dx — 4depes dv,
TO MOXHO HAITHCATh fu dv=uv — _fv du.

2. O6BACHUTD ¢ TIOMOILBIO MHTETPUPOBAHMS IO YACTIM CJie-
Aytollee BhrducIeHre (yKasaB GyHKIMM U u V): [ xsinx dx =
= — [xd(cosx) = —xcosx+ [ cosx dx = —x cosx+sinx+ C.

3. Haiitu mepBoo6pasubie dynkuumii (a) xe*; (6) xInx.

4* ... (a) xarctgx; (6) x? cos(3x).

5* Haitru In(1000!) ¢ Tounoctero 10%.

6* BoiuncauTh niepBoobpasHyro ¢yHkumu e** sin(bx).

7* TamMa-(yHKLMS ONPEESISETCS CIIEAYIOLIM PABEHCTBOM:
Ia) = (J)roo x%e ™ dx (Heco6CTBEHHBI MATErpaj HO MOIyNps-
MOii ompefenaeTcs Kak npenen unterpasios no [0, N] npu N —
— +00). Boipasurs I'(a+ 1) uepes I' (a). [Touemy ramma-cyHk-
LU0 cYnTarT 0600leHneM (akTopuaa?

8 Jloxasats, 4TO Ui ABaX/Ibl HENPEPHIBHO ANddEPEHLMPY-
emoii pynkumu f umeer mecro opmyna Teitnopa ¢ OCTaTOYHBIM
YJIEHOM B MHTErPajibHOM (hopMe:

h
fla+h) =f(a) + f’(a)h+J (h—t)f"(a +t) dt.
0

9* CopMyupoBaTh 1 JOKa3aTh aHAJOTMYHOE YTBEPK/ICHUE
IS CTApIUMX IPOU3BOIHBIX.

10* [Ioxasatb, 4To CyLIECTBYET MpPENEa IPA A — +0O0 MHTE-
rpaia I? (sinx/x) dx. (Amanornunas 3agada [js PSOOB pella-
eTcsa ¢ TIOMOIIBIO TpeobpasoBanust AGesis, KOTOPOE aHaJOTHYHO
WHTErPUPOBAHUIO 110 YACTAM. )

11* Iokaszate, uto ecnu f — HenpepbiBHO auddepeHLmpy-
eMas (PyHKLMS Ha MPSIMO, TO f; f(t) sin(nt) dt crpemutcs x 0
npu N — oo.

12* (Tlpomosxenue) okaszars, 4TO 5TO BEPHO U AJIsl TIPOU3-
BOJIbHOI HerpepbiBHOI Ha [0, 1] dyHKLUM.
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13* (ITpomosxenue) I[lokazars, yro s GeckKoHedHO auc-
(bepeHLPyeMOli (PYHKLM C TEPUOAOM | mHTerpas us 3agaum 11
ectb 0(1/1n*) npu mobom k.

14. Ilycte F — nepBoo6pasnas ¢yskuum f. Haiitu mepso-
obpasHyio dyHkuma x — f(ax + b), rae a u b — HekoTOpBIE
yuca.

15. Haiitu iepBoo6pasuse dyukimii (a) (4x—7)8; (6) 2517;
(B) sin?(3x); (r) sin(5x) cos(18x).

16* Tlycts ¢ynkuus umeer Bug P(sinx,cosx), roe P —
MHOIOYJIEH OT ABYX HepeMeHHbIX. JlokasaTe, 4ro €€ mepBoobpas-
Hag umeet Bug Q(sinx, cosx) + ax, rae Q — Takxe MHOro4neH
OT JByX MepeMeHHbiX. Korma a paBHo Hymo?

17. [lokazath TeopeMy o 3aMeHe MEPEMEHHON B HEOIpPELe-
JIEHHOM uHTerpaie: ecim F — mepBoobpasnas yukuum f, a
© — muddepenuupyemas pyukus, To t — F(@(t)) ects mep-
Boo6paznas pyrkuum t — f(@(t))e'(t).

18. O6bscHNTD ¢ NOMOIIBIO TEOPEMBI O 3aMEHE MEPEMEHHOM
(ykasaB, uro urpaer poib F, f, ©) cnenyrouee BeUucIeHue:

J azfxzdx:J‘\/azfazsinztacostdt:aZJcosztdt:
vaz—x2+C.

fa_zt+M+C—a—zarcsin(x/a)+§
T2 4 2 2

19. BerancinTs ¢ MOMOIIBIO 3aMeHbI TIEPEMEHHOI TTEpBOOOpa3-
Hy1o ¢yakimn 1/v/a2 — x2 (0TBeT MBI 3HANM U PaHbIIE).

20* Beramciuts nepsoobpasHble dyHKLImA (a) v a? 4+ xZ;
(6) 1/ a2+x2. (Ykazanue: ucrons3oBaTs yHKImE cht = (et+
+e Y /2usht = (et —et)/2).

21. O6BACHUTD C MOMOLIBIO TEOPEMBI O 3aMEHE HEPEMEHHOI
CIIEYIOLIEE BHIUUCIIEHME:

sz sin(x?) dx = %Jsin(x‘%) d(x’) =

1 1 1
= gjsintdt:fgcos’H-C zfgcos(x:%) + C.
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22. Haiitu nepBoo6Gpasubie GyHKIWMIi (a) Xefxz; ©) x/(1+
+x%); (8) sin? 2x cos 2x; (r) VT +t/t; (m) 1/(tV1 +2);

23. late TouHyIO (hOPMYJIUPOBKY U HOKA3ATEJIBCTBO TEOPE-
MBI O 3aMeHe MEPEMEHHOI B OMPEEIEHHOM UHTErpalie: MHTErPas
2 fl@(t))@’(t) dt pasen ..., ecn ...

24* Hairtu waterpan [1/(1 4 x?)% dx.

25* O6o3Haunm uepes J,, nepBoobpasuywo dyukumu 1/(1 +
+x?)™. JTokasath CleqyIOIyI0 PEKYPPEHTHYIO (hOpMYJTy:

1 X

In+1 = 2_ " + (ZTL— ])]n
n

(1+x2)

WNuterpupys parpioHansHyo 1pobb (OTHOIIEHHE MHOTOYJIE-
HOB), TIOJIE3HO Pa3JIOKWUTh €€ B JIMHEHHYI KOMOWHALIMIO MHOTO-
ujeHa ¥ TpocTeiimmx gpobeit Buma 1/(x — a)* (ecim momyckaTs
KoMIUtekcHele a) wm Buma 1/(x — a)¥, 1/(x2 + px + q)* u
x/(x%2 +px + q)k.

26* JlokasaTh, 4TO TaKoe MpPeJCTaB/IEHUE BCEra BO3MOXKHO.

27. Haiitu nepoobpasssie dyskimii (a) 1/((x +1)(x+2));
(6) (x> +1)/0 —1); () 1/(x* +1).

28* JlokaszaTh TeopeMy O 3aMeHe TIEpEMEHHOI I Ompese-
JI€HHOTO UHTerpana: ecm @ (t) quddepeHIpyeMa 1 CTPOro BO3-
pactaer Ha oTpe3ke [, B, ¢ () = a, @(p) = b, obparnas x
Heit pyHKIME guddepeHuupyeMa Ha [a, bl, u dyskiums f uaTe-
rpupyeMa Ha [a, b], To

b 8
| = oot
a &
(orMeTnm, uTO TIEpBOOGpPa3HOil y yHKIMK f MOXET He ObITh).
29. Beruncimts uHTErpa fex sin x dx, BCIOMHUB hopMyJTy
et = cosx + isinx.
30. Boraucnuts unrerpan [ 1/ (x2 + 1) no ananoruu ¢ uHTe-
rpasiom [ 1/(x? — 1), Beromnms, uro X% + 1 = (x +1)(x — 1).

Onpenemurem

IMTycts V — BekTOpHOE MipocTpancTBo pasmepHocTd N. OyHk-
st d: V™ — R, craBsmas B COOTBETCTBHE T BeKTOopam u3 V
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HEKOTOPOE YWCJIO, HA3bIBA€TCS BHELIHUM ITPOWU3BEHEHHUEM, €CIIA
BBITIOJTHEHBI CJIEAYIOLE YCIIOBUSI:

1) d nuneitHa Mo KaXaoMy W3 CBOMX apryMeHTOB (ITOJIHJIH-
HEIHOCTB);

2) d MeHsIleT 3HAK TPU MEPECTAHOBKE JIIOOBIX ABYX CBOUX ap-
IyMeHTOB (KOCOCHMMETPUYHOCTH).

1. VkasaTh Bce Takue (yHKIMHN (ABYX apryMeHTos) B RZ.

2. lokazath, 4TO €C/IN CPEAM BEKTOPOB €CTh OAWHAKOBBIE, TO
UX BHEIUHEE MPOM3BEAEHNE PABHO HYJIIO.

3* (IIpogonxenne) Ilokazarth, 4yro TpeGoBaHMe IPEABIIYLIELH
3a7a49i PaBHOCWJIBHO KOCOCMMETPUYHOCTH (IS TIOMTAHENHBIX
yHKLMIT).

4. Tlycre dyukumst d SBISETCS BHEUIHAM MPOU3BEACHUEM
u d(x1,%2,X3,X4,...) = a. Yemy paBuo (a) d(x1 + x2,%2 —
—X3,X3,X4,...)7 (6) d(x1 +x2,%2 —X1,X3,X4,...)?

5. Qukcupyem 6asuc B mpocrpadcree V pasmepuocrd N. [lo-
Ka3ath, 4TO MOJMIMHEHAs MyHKIWs HA V X oHO3HAYHO BOCCTa-
HABJIMBAETCS MO0 CBOUM 3HAYEHUSIM Ha HaGopax GasvCHBIX BEKTO-
poB, mpuuéM o™ NK 3HaYEHIIT MOXHO BHIGPATH TPOM3BOJIBHO.

6* TlonunuHeilHBIE KOCOCMMMMETPUYECKHE (DYHKLMM BHIA
VK — R (3mech k He ob6s3aTessHO paBHO M) 0BPA3yIOT Bek-
TOPHOE IPOCTPaHCTBO. KakoBa ero pasmMepHocTh?

7. Iokazath, 4TO [Ba pPa3InYHBIX BHEIIHWX MPOU3BENEHUS T
BEKTOPOB B T-MEPHOM MPOCTPAHCTBE OTJIMYAIOTCS TIOCTOSTHHBIM
MHOXUTEJIEM.

8. Jlokaszath, 4TO B T.-MEPHOM IIPOCTPAHCTBE CYILECTBYET HE-
HYJIEBOE BHEIIHee MpousBeneHue. (YKa3aHde: TyT BaXXHO, YTO
MPOU3BEAEHNE HEYETHOrO YHMC/IA TPAHCIO3ULIMI HE MOXET ObITh
TOXIECTBEHHOI MEPECTAHOBKOIA. )

9. B xakom ciryyae (He SBJISIOLIEECS TOXIECTBEHHO HYJIEBBIM )
BHELIHEE IPOM3BeIeHUe ObpallaeTca B HyJlb HA T BEKTOpax?

I'oBops 0 BHelIHEM TPOM3BEIEHHUH 1. BEKTOPOB B MPOCTPAH-
crBe R™, MBI GyfeM Iosaratbh, 4ro MPOMU3BEJEHHE CTAHJAPTHBIX
6a3UCHBIX BEKTOPOB €1, ..., e, paBHO 1. (3gech e; — BekTOp, ¥
KOTOPOTO HA i-M MECTe CTOMT €AWHMUIA, & OCTAJIbHBIE — HYJIH. )
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Bekrtoper a1,...,a, € R™ MoXHO cuutath cronbiamu ma-
TPULBI N X TM; MX BHEIIHEE NPOU3BeJeHHe (HOPMHUPOBAHHOE,
CM. BBIlIE) HA3bIBAIOT ONPEAEIUTESIEM MATPULILI U 0603HAYAIOT
det(aq,...,an) wm a; A ... A\ dn.

10. Beimvicats hopMyJTy 7151 OMpPEIESTUTENISE MATPULBI Pa3Me-
pa2x2.

11. Tor ke Bompoc ays marpur 3 X 3.

12. Yucna xq,...,X;, OOpa3yrOT peLIEHUE CHCTEMbI JIMHEN-
HBIX YpaBHeHWi X147 + ...+ Xnan = b (rme aj,...,a,,b €
€ R"™). Hokasare mpasuio Kpamepa: xidet(ai,...,an) =
=det(ay,...,b,...,an), TOe B IPaBoii YaCTU BEKTOP b CTOMUT
Ha i-M mecte (BMecTo ). Ocraércs nm ®TO MpaBMIO BEPHEBIM,
€CJIM CHCTEMA UMEET HE OHO PeELICHME !

13. Haiitu mwiowaap TpeyrosibHrka (WM mapajuesiorpamma),
€CJIM U3BECTHBI KOOPAUHATHI €T0 BEPILUUH.

14* Haiitu 06b€M TeTpasapa (Win mapasule/ienumnesna), eCiiu
U3BECTHBI KOODJAMHATHI €ro BepiuH. (YKa3zaHue: KaK pa3pes3aTh
Ky0 Ha 6 PaBHBIX TETPAdPOB?)

15 KakoB reoMeTpudecKmii CMBICIT BHEIIHETO ITPOU3BEICHNS
B R? wm B R3? (OrBer: «opueHTHPOBaHHDIH 0GBEM».)

16* KakoBa HauMeHblliasd TUIOLIAL TPEYTOJIBHUKA, BCE BEP-
LIMHBI KOTOPOI'O UMEIOT 1ieJIble KOOPAUHATH ! KakoB HauMeHbLInit
00BEM TeTpasapa, BCE BEPLUMHBI KOTOPOrO MMEIOT LIEJIBIE KOOP-
JIMHATHI!

17* lokasatb, 4TO ecnu Bce BEPIUMHBI Ky0a MMEIOT LEJIbIE
KOOPAWHATHE, TO €r0 CTOPOHA — Liejioe 4ncio. (AHAJOrudHOE
YTBEPXKIEHUE IUIsl TUIOCKOCTU HEBEPHO. )

18* VYxaszath aHanor BEKTOPHOIO INMPOM3BENCHUS IS TPEX
BeKTOpoB B R*.

19. Ilycts A: R™ — R™ — suHeiiHbii oneparop. Paccmo-
TPUM JBa BHEIUIHWX mpousBegeHus B R™ — cranpaprtaoe (060-
sHavaemoe vi A\ ... AV, ), a Takke Avy A ... /A Aw,. Kak mMb
3HaeM (3amada 7), oHM OT/IMYaroTCs MHOXHTENNEM. [lokasaTs, 4ro
BTOT MHOXWTEJIb PABEH OMNPEAEINTEIIIO MATPULLI orepatopa A B
craugapTHOM Gasuce.

20. (IMpomomxenue) BeiBectn oTCIOOQ, YTO ONMpEaESUTED
MPOU3BEAEHVSI MATPUL] PABEH MPOU3BENCHUIO OMPELEIIUTEIEN.
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21. Hokasath (hopMyIy IS ONpeaeauTens (N X N )-MaTpuLbL:

det |layll = Z SN O - Aig(1) " - Ano(n)
0ESH

(3mecb cymma GepéTcs MO BCEM IEPECTAHOBKAM O MHOXECTBA
{1,2,...,n}, a sgn o paBao | a1 4€THREIX NepecTaHOBOK 1 (—1)
ISl HEYETHBIX ).

22. JlokaszaTh, 4TO OINpee/IUTEIb BEPXHETPEYTOJIbHON MaT-

PUILBI

Ly an Ain
- 0 L azn
0 0 ln

paBex 11y ... 1,.

23. Jlokazate, 4TO ONPENENNTEIh MATPULBI HE MEHSETCS IIPU
TPaHCIIOHUPOBAHUM.

24. Yrto nponsoiaéT ¢ orpeaesnTesieM, eCId U3 CToJI0La Ma-
TPULIBI BBIYECTH APYroil CTOJIOEL] 9TOM MATPHLBI? TIEPECTABUTH
CTOJIOLIBI MATPUIIBI? CHEIATh T€ XKe NEHCTBUS CO CTPOKAMMU !

25. Ucnoneays npeapiayLIyio 3afa4dy, HANTH ONpPEeTUTE b

10 10
0o 1 0 1
det |1 o 1 0
0 -1 0 1

26 Haiitu onpenesnresis Bangepmonga

1 1 1

X1 X2 e Xn
2 2 2
det X7 X5 X5
n—1 n—1 n—1
X] X5 Xy

(YkaszaHue: xorja 3TOT MHOrOWIeH o6palaeTcs B Hyjb? )

27. Ucnone3ysa mpeasiayilyo 3amady, oKa3aTh, 4YTO MHOIO-
YJIEH CTETIEHM MEHbIIE T OQHO3HAYHO OMPE/ESIETCS CBOUMHU 3HA-
YEHUSIMU B JTIOOBIX Tl TOYKAX.
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28. Jlokasath, 4To ecam MaTpuLa pasmepa (m—+mn) X (m+mn)
pa3buta Ha KBaAPAaTHl 1M X 1M, TL X N ¥ NPSAMOYIOJIbHUKM Tl X T
“ N X M, IPUYEM OAWH U3 TPSIMOYTOJIbHUKOB — HYJIEBOM, TO €€
OTpEIEJTUTENIb PABEH TPOU3BENCHUIO OMPEAEIINTENIEN KBAPAaTOB
mMXmunx n.

29. Tlyets A:V — V — nuHeliHblil orlepaTop B N-MEPHOM
MPOCTPAHCTBE, B KOTOPOM 3a/1aHO BHelllHee TipousBeeHue. [loka-
3aTh, 4TO BhIpaxkenue Avi A.../A Av, (kKax dyHKLUs BEKTOPOB
V1,...,Vn) TaKXKe sABIgeTCsS BHeHMM npousseneHuem. Cormac-
HO 3a7a4e 7, 9TO BHELIHEE MPOU3BEAEHVE MPOMOPLMOHAIBHO UC-
XOJJHOMY; KO3(D(UIIMEHT MPOMOPLMOHAIBHOCTY HA3BIBAIOT ONpeE-
JesnTesieM oreparopa A.

30. Tlokasate, 9TO OMpeaeUTENb ONEPATOPA OMPENEIEH KOp-
PEeKTHO (HE 3aBUCUT OT BBHIOOpA BHEIUHETO MPOW3BeleHus1). Yemy
paBeH OIPeIe/IUTE b KOMIIO3ULUK onepatopoB? Y Kakux omepa-
TOPOB ONPEAE/UTENb OTJIMYEH OT Hyjsa! YeMmy paBeH ompesesiu-
TeJib 06paTHOro oneparopa’?

31. I[lokasaTh, 4TO ONPEENNUTESL OMEPATOPA PABEH OIMPEJE-
JIUTEIO €r0 MaTpuLbl (B Jrobom Gasuce).

32* Q6bACHUTb T€OMETPUYECKMII CMBIC/T ONPEE/IUTENS OIle-
paropa. (OTBer: Koa(hhUIMEHT M3MeHEHNs O0OBEMA. )

O6oznaunm vepes Aij mMarpuuy pasmepa (n— 1) x (n—1),
TOJTyYEHHYIO U3 MATPULIGI A BRIUEDKUBAHUEM i-il CTPOKHU U j-rO
crosbua.

33. Jlokazath (hopMyJTy pas3jiOXeHUs ONPENEIUTENS MO 1i-ii
CTPOKE:

det A = (=1)"Tay det Ayq + ...+ (=1 M ai, det Ay,

a TakXKe aHaJOTMYHYIO0 (DOPMYJTy Pa3JIOXKEHUs IO i-My CTOJOLy.

34. [Ina panHoi MaTpuikl A paccMOTpuM Matpully B, mis
xotopoii bi; = (—1) det Aj;. Beraucnurs nponssenesus AB
u BA.

35. Hamucate hopmysty, BEIpaXAOILYIO 9JIEMEHTH 0OPaTHOI
MAaTpUILIbl YEPE3 BIIEMEHThI UCXOIHOIA.

36 [lokasats, uro MHOrowieHs P(x) = pox™ + ...+ po u
Q(x) = qmx™+...+qo (roe pn. # 0u qum # 0) umeroT obLIMIA
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KOp€Hb B I10JI€ KOMIUIEKCHBIX YKCEJI TOra U TOJIBKO TOTAa, KOraa
HaliyTcs HeHyJeBble MHOrodjeHnl S(x) u t(x) cremeHeii MeHb-
1Ie M 1 N COOTBETCTBEHHO, /1 KOTOphIX $(X)P(x)+1t(x)Q(x) =
=0.

37 (Tlpomonxkenue) ChopMyIrupoBaTh YCIIOBKS Ha S U t Kak
CHCTEMY JIMHEMHBIX ypaBHEHMIA. YKaszaTh TpeboBaHHe Ha KO3(D-
urmentsr MuorowreHoB P u QQ (obpaieHne B HyJib HEKOTOPOTO
omnpeenuress), npu koropoM P u Q umeror obupwmii kopess B C.
Jokasaths, 4TO BTOT ONpee/UTe b (HA3BIBAEMBIil pE3yIbTaHTOM P
u Q) pasen ptql, Hi‘j (xi —yj;), TRE X1, . . . , X1, — KOPHHU MHO-
rounena P, a yq,...,Y, — KopHM MHOrouseHa Q.

38* (Ipomomkenue) [Ipu kakoM ycioBum MHOrouneH t3 +
+ pt + q uMmeer KpaTHBI KOpeHb?

39 Haiitu onpenenuTesib MATPULBI pa3Mepa 1L X M

x y 0 ... 0
0O x vy ... 0
y 0 0 X
40 BeruvicnuTh OMpEAEUTESNIb MATPHULIBL pa3zMepa 2N X 2n:
a O 0 b
0 a b 0
0 b a O
b 0 0 a

(Ha OBYX OUMArOHAJSAX CTOST YKC/A (L M D, OCTAJIbHBIE — HYJIN).
BexTtop X HasbiBaeTcs COOCTBEHHBIM BEKTOPOM OIEpAaTOpa
A:V — V, ecnmn AX IPOMOPLHOHAIBEHO X, TO €CTh AX = AX
[T HEKOTOPOTO Yucia A. DTO YUCIO A Ha3bIBaeTcsl COOCTBEH-
HBIM 3HAYEHHEM, COOTBETCTBYIOLIUM COOCTBEHHOMY BEKTODY X.

41* CobcTBeHHBIE BEKTOPHL X1, ..., XK olepatopa A uMe-
0T pa3Iv4HbIe COOCTBEHHBIE 3HAYEHUS A1, . . . , Ak. [lokazaTe, uro
BEKTODPHI X1, ..., Xk JUHEHHO HE3ABUCUMEBI.

42’ Hmeerca omeparop A B T-MEPHOM IpocrpaHcTse. Mc-
TIOJIB3YSl OTPEJENIUTEITN, YKa3aTh MHOTOUJIEH CTEMEHH T, KOPHS-
MH KOTOPOTO SIBJISIIOTCSI COOCTBEHHBIE 3HAYEHHs omnepatopa A u
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tomeko onm. (OTcloma cremyer, 4To y omepatopa B TL-MEPHOM
MIPOCTPAHCTBE MOXET ObITh He 6oJiee L COOCTBEHHBIX 3HAYEHUIA. )

43* Onepatop A B M-MEPHOM MPOCTPAHCTBE UMEET T pas-
JINYHBIX COOCTBEHHBIX 3HaveHmii. [lokaszars, 4To UX Mpou3BeAEHE
PaBHO OMPEEIMTEII0 MATPULIBI Orieparopa A.

44* (ITpomosrxenne) [okaszars, 4To MX CymMMa paBHa cymMMe
JIMaroHaJIbHBIX 9JIEMEHTOB MATPUILIBI oriepatopa A.

45* Tlokasatp, 4o J060il omepatop B R> mMeer xots Gbl
OVIH COGCTBEHHBIN BEKTOP.

MmuoxectBa Meps O

MuoxectBo A C R umeer mepy O, ecm miia Besikoro € > 0
CYILECTBYET IOKDHITME MHOXECTBA A KOHEYHBIM WJIM CYETHBIM
YHCJIOM WHTEPBAJIOB, CyMMa JUIMH KOTOPBIX HE TIPEBOCXOAWT €.
(3ameTuM, uTO OBILErO OMpEMENIEHNS MEPHI y HAC HET, TaK UTO
cioBa «vepa O» HaZo BOCTIPUHUMATH KaK WOUOMY.)

1. (a) HokaszaTh, 4TO MOAMHOXKECTBO MHOXECTBA MepbI O Tak-
ke umeet Mepy 0. (6) Jlokaszats, 4TO BCAKOE KOHEUHOE MJIN CUET-
Hoe MHOXecTBO mmeeT Mepy O. (B) okazath, 4yto 0ObeauHEHUE
KOHEYHOI'O WJIA CYETHOTO YMC/IAa MHOXECTB Mephl () TakKe MMeeT
mepy 0.

2. JlokazaTh, 4TO OTPE30K HEHYJIEBOI UIMHBI HE SIBJISETCS
mHOxecTBoM Mepbl (. (YkasaHue: BOCIOJIB30BATHCS KOMITAKTHO-
CTBIO OTPE3Ka.)

3. Usmenurcs i onpefenieHrie MHOXeCTBa Mephl 0, ecu pas-
pelaTh TOJIbKO KOHEYHBIE OOBbEANHEHNS UHTEPBAJIOB?

4. BuibpocuM U3 OTpe3Ka UHTEPBAJI, ABJISIOLIMIACS €ro Cpef-
HEli TPETBIO; C KaXIbIM U3 [ABYX OCTABIUUXCS OTPE3KOB IIOCTYIIMM
TOYHO TaK 3K€; 3aTeEM CHEJIAEM TO K€ CAMOE C KaXIbIM M3 Ye-
TBIPEX OCTABIIMXCS OTPE3KOB U Tak Jajiee. 10YKHU, KOTOphIE HE
Gy 1yT BBIOPOILEHB! HU HA KAKOM Ilare, 06pa3yroT KaHTOPOBO MHO-
xecrBo. (a) [IpuBectn mprMep TOYKM KAHTOPOBA MHOXKECTBA, HE
umerouieit Buga m/3™ npu uensix M u N. (6) Iokaszare, yro
KaHTOPOBO MHOXECTBO 3aMKHYTO. (B) Ilokazarth, 4to KaHTOPOBO
MHOXeCTBO Hecu€THO. (T) [lokaszars, 4TO KAHTOPOBO MHOXECTBO
umeet Mmepy O.
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5% PaccmorpuM MHOxecTBo ymcen Ha orpeske [0, 1], B nme-
CATUYHOM DA3JIOXKEHWH KOTOPbIX HeT uudpbl 7. Vmeer nu oHO
mepy 0?7

6* Tlycte A — mHOX)ecTBo Mephl 0. [TokaszaTh, 4T0 MHOXKECT-
BO KBaJPATOB BCEX YMCEJT U3 MHOXKeCTBa A Takxke umeer Mepy 0.

7* Yucno o € [0, 1] GymeM Ha3biBaTh XOPOLIUM, €CM OIS
€IMHNL] Cpey MePBbIX N UJIEHOB €ro ABOMYHOI 3aIUCH CTPEMUT-
cak 1/2 mpu N — oo. [lokazaTe, 4TO MOYTH BCE YKMCHA OTPE3-
ka [0, 1] xopolure (MHOXeCTBO TIOXUX Ynces uMeeT Mepy 0).

8 Tlycre f: R — R — wHenpepsiBHO audbepeHIppyemast
dynkims, a E — mHoxecTBo Hyseit dynkiyn . [Tokasats, uto
muoxectso f(E) umeer mepy O.

9* Muoxecrsa A u B umeror mepy 0. MoXHO Ji1 yTBEPXAaTh,
4yT0 MHOXeCTBO A + B, cocrosiee u3 Bcex cymm Buma a + b, roe
a € A, b € B, umeer mepy 07

10* Oyukius f wenpepobiBHa Ha orpeske [0, 1], MHOXecTBO
A C [0, 1] umeer mepy 0. MoxHO 1 yTBEPXIaTh, YTO MHOXKECT-
Bo f(A) umeer mepy 0?7

11* (a) I[okaszars, YTO OKPYKHOCTb MOXKHO IPEACTABUTH B
BUJIE CYETHOTO OObEIMHEHNS HETIEPECEKAIOLUXCS MHOXECTB, JTHO-
Oble [1Ba W3 KOTOPBIX OTINYaloTcs moBoporoM. (6) Moryr sn oti
MHOXecTBa nMeTh Mepy 07

12. Jlatp onpenesienne MuoxecTBa Mepsl O 17151 TIOAMHOXECTB
IUIOCKOCTH. 3aBUCHT JIM OHO OT BHIGOpPA CUCTEMBI KOOPAMHAT?

13* Iyers A C R? — muoxectBo Mepsr 0. PaceMorpum Te
3HAYEHHs X, [IPM KOTOPBIX X-ceyeHme A, MHOXecTBa A (MHO-
JKECTBO TeX Y, TPU KOTOPHIX (X,Y) € A) HeJib3d MOKDHITh UH-
TepBajiaMu ¢ cymMmoii miH He Gostbire 1. [Tokaszarts, yro takme x
o6pasyror MHOXeCTBO Meps 0.

14* (Ilpomosxenne) Ilokazars, YTO MHOXKECTBO TEX X, IIPU
KOTOpbIX A, He SIBJIIETCS MHOXeCTBOM Mepbl 0, SIBIISIETCS MHO-
xectBoM MepsI 0.

DakTOPrpynIs!

C kaxaeiM romomopdusmoM @: G — H cBszaubl aBe moj-
rpymmsl. Aapo romomopdusMa obosnavaercs Ker ¢ u cocrour us
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Bcex anemeHtoB ¢ € G, ma kotopeix @(g) = e. O6pas romo-
MopduamMa 0603Havaerca Im ¢ u cocrout us aeMeHToB © () s

Bcex g € G.

1. [lokazats, uro sapo romomopdusma @ : G — H sBisercs
noArpymmnoi rpymmnsl G, a o6pas — moarpymmoii B H.

2. Jlokazats, uyto romomopdusm @: G — H saBagercs uzo-
MOP(U3MOM TOTHa M TOJIBKO Toraa, korma Im @ = H u Ker @ =
={e}.

3. I'pynna G xoueuna, @: G — H — romomopdusm. [oka-
3athb, uto |G| = |Ker @| - | Im @|. (3mecs |X| — uncro snementon
MHOXecTBa X.)

4* Jlwbas nu noarpymmna rpymnsl G sABJIsSE€TCS AIPOM HEKO-
TOpOro romomMopusma’?

5* Tlyerp @1: G — Hy u @2: G — H; — romomopdus-
mer, npuuém Ker @1 = Ker @2. Hokazars, yro rpynmer Im @1
u Im @, u3somMopdHEL.

6. Ilycrs @: G — H — romomopdusm. Ilokaszate, uto ero
aapo obnasaeT TakuM CBOMCTBOM: ecid g1g2 € Ker @, 1o n
9201 € Ker ¢.

IMoarpynna H rpynmst G HaswsiBaeTcst HOpMAaJIbHO (YacTo vic-
noe3yercst obosnaverne H < G), ecmt ¢~ 'hg € H gna mio-
6bix g € G, h € H.

7. lokasaTh, 4TO HOPMAIbHOCTb PABHOCHJIbHA CBOMCTBY, yKa-
3aHHOMY B 3ajaue 6.

IMycte H — moarpymnma rpymmer G. Muoxecrsa Buga gH
(npousBenenne (ukcupoBaHHOrO dyieMeHTa ¢ € G Ha Bce aJie-
MEHTHI OATrPYIIbl H Ha3bIBaIOT JIeBbIMU CMEXHBIMH KJ1accamu G
o H; muoxecra Buma Hg — mpaBeimm.

8. (a) HokasaTp, 4TO JIEBbE CMEXHBIE KJIACCHI 3a0a10T pa3ou-
enrie rpymmnbl G (r060i 9JIEMEHT TIPUHAJIEXUT POBHO OLHOMY
knaccy). (6) Jlokasath, 4To 9TO pasbueHHe COBMALAET C aHAJIO-
TMYHBIM [IJIS1 TIPABBIX CMEXKHBIX KJIACCOB TOTJA W TOJIBKO KOT/A,
korga H — HopMasibHas noarpymma.

OueBnnno, B abeneBoii rpynme To6as NOArPyIIa HOPMAJIbHA.

9. Ykaszath moarpyrmy B S3, He SBJISIOIIYIOCS HOPMAJIbHOM.

10* okazath, 4to €c/id MOPSAOK moArpymnmnsl H pasen mo-
JioBHHE TopsiAka rpymmsl G, To H HopmasisHa.
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11. 3aKoHYMTH ¥ [OKA3aTh YTBEPXKACHUE: BIIEMEHTHI §1 U §2
MPUHA/IEXAT OJHOMY U TOMY K€ CMEXHOMY KJIACCY IO MOATPYII-
e Ker ¢, ecomu nmpu romomopdusme @ . ..

12. Jlokaszats, 4TO SAPO roMoOMOp(dI3Ma — HOpMajbHAas MO-
rpymmna.

13. Mlycte H — moprpynma rpynmer G. OnpenesuM onepa-
LMI0 YMHOXEHHUST HA MHOXECTBE JIEBBIX CMEXHBIX KJIACCOB CIIEY-
oM o6pasom: g1 H-g>H = g1g2H. (a) [louemy at0 ompenesne-
HUe MOXeT He ObiTh KoppekTHbM? (6) [lokazars, yro eci H Hop-
MaJibHa (T. €. JIEBBIE CMEXHBIE KJIACCHI COBIAAIOT C TIPABBIMU ), TO
9TO OMpeEe/IeHNE KOPPEKTHO, U MHOXECTBO CMEXHBIX KJIACCOB C
TaKOU onepauueil IBaseTCs TPYIIION.

Dra rpynna HasbiBaeTcs ¢pakToprpymnmoii rpymnnsl G 1o noa-
rpyrrie H u o6o3nauvaerca G/H.

14. O6bsacuuts cMbics 0603Havenust 7 /N7 07 TPYIIsl Bbi-
YETOB 110 MOAYJIIO TL.

15* Jlokasats, uyro (pakToprpynna R/Z wmsomopdHa rpymme
KOMIUIEKCHBIX YHCEJ, PABHBIX MO MOAYJIIO €JUHUILIE, C OMEPALEit
YMHOXKEHUS.

16* O6bacHuTs, moyemy daxroprpynny R x R no nmoarpynmne
7, x 7. nazwBawot TopoM. (Top — pesysbrar ckjienBaHus LUIAH-
napa B Gy6Imk.)

17. (Teopema o romomopdmsme) Ilycrs @: G — H — romo-
Mopdusm. [{okaszars, yro rpymma Im @ uzomophna dakroprpyr-
ne G/ Ker o.

CroBamu: «romoMop@HBIi 06pas rpymmsl // n3oMopdeH dak-
TOprpymre // 1o sapy roMoMophu3May.

18. Yro maér ara TeopeMa Ajis PACCMOTPEHHBLIX PAHEE IPU-
MepPOB rOMOMOP(U3MOB?

19* B rpynme gBrX€eHMI IUIOCKOCTH PACCMOTPHM MIOArPYIILY
napaJsuiesibHbIX IEPEHOCOB U MOATPYIIY BpalleHuii (BOKPYT JaH-
HOI1 Touku). ByayT nu o™i moarpymnmst HopmaseabiMu? Ecin fa,
KaKOBBI OyayT (DakTOPrpyIIb?

20 Haiitu (pakTOprpyImmny rpymmsl KOMILUIEKCHBIX YHCEJT, MO-
IIyJTb KOTOPBIX PaBeH eAuHUIE (C Omepalueil YMHOXEHHS) 10 €€
MOATPYIIIE, COCTABJIEHHBIX W3 KOPHEN CTEMEHN T\ U3 €IUHMULLBL.
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21* JlokaszaTh, 4TO BCsiKas KOHE4YHas abeyieBa rpynna m3o-
MopdHa dakToprpyrme rpymmsl Z ™ (Mpyu HEKOTOPOM M) IO He-
KOTOPOI1 €€ MOArPYIIIIE.

22* JloxazaTh, 4TO BCsIKas KOHE4YHas abesieBa rpynna u3o-
MOphHA NPAMOI CyMMe LIMKJIAYECKHUX.

23* Tlocrpouts rpymmy F n npa e€ anemenra f1 m fr ¢ Ta-
KHM CBOMCTBOM: 151 JIr060i1 rpynmnbl G U II06BIX ABYX 9JIEMEHTOB
g1,92 € G cymecrtByer equHCTBEHHbI romomopdmsm F — G,
nepesomsumii f1 B g7 u f2 B gs. (Takas rpynma HaseiBaeTcs
cBob6oHOI Tpymroii ¢ obpasyopmu fq u f5.)

24* (a) Ormcath Bce 3aMKHYThIE TOATPYNIBI rpynmsl [R.
(6) Onucats Bce 3aMKHYTHIE TIOATPYMIL rpynmsl R X R.

Beposaraoctu

[Myctsb 3a4aHO KOHEYHOE MHOXECTBO, U KAXKIOMY €0 dJIEMEH-
Ty MPUIKCAHO HEOTPULIATENBHOE YKUCIIO, IPUYEM CYyMMa DTUX UM~
cen paBHa 1. Takoe MHOXECTBO Ha3bIBAIOT BEPOSTHOCTHBIM IPO-
CTpaHCTBOM (KOHEUHBIM), €TO 3JIEMEHTHI HA3bIBAIOT HCXOHAMH, a
MIPUTTUCAHHBIE UM YKCJIa — BEPOSTHOCTIMHU VCXOJIOB.

IMpumep (n-kparHoe Gpocanne YecTHOi MOHeTHI). Mcxomamu
SBJISIIOTCSL TIOCJIEOBATEIBHOCTH U3 T HyJIeil U efquHull (OpJIOB U
PpellieK ); BCe UCXO/IB PABHOBEPOATHBI (MMEIOT BEPOSTHOCTH 1/2™).

CobbiTreM HA3BIBAIOT MHOXKECTBO MCXOJIOB; BEPOSTHOCTBIO CO-
OBbITVSI HA3BIBAIOT CYMMY BEPOSITHOCTEI COCTABJISIIOLINX €r0 UCXO-
noB. Ecim Bce ucxofibl paBHOBEPOSITHBI, TO BEPOSITHOCTb COOBITHSI
€CTh OTHOILIEHVE YhCTa «OIaronpUsTHBIX» UCXOAOB (BXOOAIMX B
cobpITHe) K OOIEMY YHCITy WCXOIOB. BeposTHOCTH coGbitust A
obo3naualor Pr[A].

1. Haiitin BeposATHOCTH TOrO, YTO IPH T-KPATHOM GpocaHumn
YECTHOI MOHETHI (a) He BBIAAET HU OOHOTO opJia; (6) BRmaieT He
Gosiee ogHOTO Opiia; (B) BBIMAAET XOTs ObI 0fuH OpET; (T) BBIMAgeT
POBHO [1Ba opJia; (1) BEIMAAET HEYETHOE UYKUCIIO OPJIOB.

2. Kakoe co6witrie mipu 100-kpaTtHOM 6pocaHny 4eCTHOM MO-
HeThl Gosiee BeposTHO: Bhimanenue 49 opnos wim 50 opyos? Bo
CKOJIbKO pas?

3. KakoBo BepOSITHOCTHOE TPOCTPAHCTBO ISl T-KPATHOTO
GpOCaHNs «UEeCTHOM UrpaJIbHON KOCTH (Ha FpaHAX HATUCAHBI YK-
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cnaor 1 go 6)7 Yro BeposTHEE: MpH LiecTr 6POCAHUIX MOy YUTh
XOTs OBl OJJHY LIECTEPKY WJIA HE MOJIyYUTh HU OMHON LIECTEPKU !

4. Urpaneayio KocTh GpoCHiaM [JBa pa3a U Pe3yJbTAThl CJIO-
xwmm. Kakoe 3HadeHne cyMMbl Hanbosee BEPOSTHO?

5. Urpasbayio kocts Gpocum N pas. (a) Kakosa BepostHOCTh
Bomazfedus posHo K mecrépok? (6) Ilpu kakom k ara Beposr-
HOCTh MakcuMmasibHa?

6. Konogy u3 N kapt, Ha KOTOpbIX HanucaHbl uncaa 1, ..., N,
TacyoT B ciay4vaiinom mopsiake. (a) KakoBo coorBercrBymoluee Be-
positHocTHOe TipoctpanctBo? (6) KakoBa BepositHOCTH TOrO, YTO
gucio 1 Gymer croste Ha mepBom Mmecre? (B) KakoBa Bepost-
HOCTh TOTO, YTO 4KCIIO 3 OyaeT WATH paHblie Yucia 2, HO mocie
qucna 17

7* (Ilpomosxenune) KakoBa BepOSTHOCTH TOrO, YTO HU OFHA
Kapra He Oy[eT CTOSATh Ha MPEXHEM MecTe (Kapra ¢ 4YKCIIOM 1 He
GymeT croaTh Ha i-M Mecre)?

8. B norepee mago ykaszare 6 umncen or 1 mo 49, npu posbi-
IPBILIE TAKXE BHIOMPAIOT ciydaiino 6 ymcen or 1 go 49. Kakosa
BEPOATHOCTL (a) yrajath BCe LIeCTb ymcesn’! (0) He yragaTb HU
OJIHOrO umcjia u3 wectu? (B) yrafath POBHO 5 YKCEN U3 WIECTH?

9. Jlaunt BepositHOCcTH cobBITHIT A, B 1 «A u By (mpousouwm
oba cobeirust A u B). Haiitu Beposirnocts cobbitust «A i By
(mpomsouwio xors Gb1 0HO U3 coGbiTuilt A u B)?

10* Nmerorca N cobbITHi, MPUYEM BEPOSATHOCTh KAXIOTO U3
Hux paBHa P. [lokaszars, 4TO BEpOSATHOCTH TOrO, YTO MPOUOUIYT
He MeHee Kk U3 aTuX COBBITUIl OMHOBPEMEHHO, He GoJibiie 1P/ K.

YeroBHol BeposTHOCTBIO COBBITHST A TIpH ycioBuu coObitust B
HaspiBator otHowrenue Pr[A|B] = Pr[A u B]/ Pr[B]. (Ilpeamomna-
raetcs, uro Pr[B] > 0.)

11. (a) Haiitu ycioBHYIO BEPOSITHOCTH BBIMAAEHWS OBYX Op-
JIOB B IBYX OPOCaHMSIX, €CJIM U3BECTHO, YTO XOTS OBl OJVH OPEJT
Bomayt; (6) ...4TO Ha MEPBOM LIare Bhimaja ope; (B) ...dro Ha
BTOPOM 1LIAr€e BBINAJI OPEJT.

CobbiTie A HA3BIBAIOT HE3aBHCHMBIM OT coOwbiTus B, ecrm
Pr[A|B] = Pr[A].

12. JlokazaTh, 9TO OTHOILIEHVE HE3ABUCUMOCTH CHMMETPUYHO:
ecnu A HesaBHcuUMO OT B, To B HezaBucumo ot A.
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13. Byayr i cobbiTHs «BBIIATIO YETHOE YHCIIO» U (BBIIAJIO
YUCIIO, ACSSLIEECS HA 3» HE3aBUCHMBI Py 6pOCaHnM KOCTH !

14. (a) Byayr mm (mna tpé€x 6GpocaHmii MOHETHI) COOBITHS
«IIpY TIEPBOM GPOCAHMY MOHETHI BBINAJ OPEJ» U «BBIIAJIO POBHO
nBa opisia» HezaucuMbl! (6) Tor ke Bompoc s cobpiTuii «ipu
MEPBOM GPOCAHUY BBITIAJT OPEJDY U «YKCIIO OPJIOB HEYETHOY. (B) ToT
’Ke BOIPOC )il COOBITUIA «IIpU MEPBOM GPOCAHUY BHINAJI OPE» U
«TIpY BTOPOM U TPETheM OGpocaHuu GbLT XOTs OBl OOUH OPED.

15. Cobritue B u cobeite C HezaBUCMMBI OT cOOBITHS A.
MoxHo nu yTBepXkaath, uto cobbitie «B u C» HezaBuCMMO OT
cobbitua A?

16* Mouety 6pocator n pas. CobbiTue A orpefesisercs pe-
3yJbTaTaMy TEpBbIX Kk Gpocanuii, cobbitie B — pesynbratamu
nocieqaux N — k 6pocanwmit. Ilokazath, yto cobbitust A u B He-
3aBHCHMEI.

17* [ate onpepeseHne HE3ABUCUMOCTU TPEX cobbitmii A, B
n C (u3 xoTOpOro cjemoBajia Obl TMOMapHAas HE3aBUCHMOCTh, a
TakXke, CKaXeM, HE3aBUCUMOCTb COObITust A 1 cobbitus «B u C»).

18. Haiitn ycnosyio BepostHocts Pr[A|B], ecam mspectHa
ycoBHas BeposTHOCTh Pr[B|A], a Takxke 6e3yCoBHBIE BEPOSTHO-
cra Pr[A] u Pr[B]. (OtBer x aTOli 3a7a4e HA3BIBAIOT (HOPMYJIOH
Faiieca.)

19. Kakoe BepOSTHOCTHOE MPOCTPAHCTBO €CTECTBEHHO pac-
CcMaTpuBaTh [jisi OpOCaHMil HECUMMETPUYHON MOHETHI C BEPOST-
HOCTBIO Bhimazienus opiia p? (Ykasauue: Gpocanvisi HE3aBUCHUMBL. )

20* Nmeercs N memkos mo N MOHET, B KaXAOM MeEIKE
A dasmpumBeiX. MBI TpOBepsieM Hayra Mo OQHON MOHETE U3 MELI-
ka. KakoBsl BepositHocT! Haiitu cpemu vux O, 1,2, ... danbuwm-
Bbix (mpu N — 00 u dukcuposagaom A)?

21* B ovepep 3a razeramu LEHON B TIOJITMHHUK CTAHOBSITCS
B CJIyYaifHOM TOPSIKE Tl YEJIOBEK C TMOJITMHHAKAMU U T YEJIOBEK
¢ pybiamu. Kakosa BEpOSTHOCTh TOro, 4TO BCEM XBaTWUT CIAyH,
€CJIM M3HAYAJIbHO HY Yy HUX, HM y NPOJABL@A APYTUX AEHEr HeT?!

bnyxnanms
Ha npsimoii gopore cTouT mbsiHBINA, KOTOPBIA A€IaeT Cydaii-
HBIM 06pa3oM uaru Briepén u Hazaz (¢ BeposTHOCTBIO 1/2).
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1. Haiit BepOSTHOCTH €ro momajaHus B JAHHYIO TOYKY O-
poru (a) 4yepe3 omuu mar; (6) yepes mBa miara; (B) 4yepe3 MsTh
1LIArOB.

2. [lng KaKkoit TOYKYM BEPOSTHOCTh OKA3aThCsl TAM YePe3 T Lia-
roB Gymger naubosbuieii? [lokasats, 4To 2Ta BEPOATHOCTH CTpE-
MUTCS K HYJIIO Ipyd 1L — 00.

3* Haiitu cpegee 3Ha4YeHMe KBaApaTa CMEILEHHUS 3a Tl Lia-
ros (paccMaTpuBaloTCs Bce 2™ BapUAaHTOB €ro ABIXKEHUS, IS
KaXJ[Or0 BapUaHTa CMeIleHNe BO3BOAUTCS B KBajpatT u Gepércs
cpeaHee apruMETUIECKOE).

4* TlokazaTh, YTO BEPOATHOCTb OTONTH Ha paccTosHME 6ojiee
gem n/100, caemaB N WAroB B CITy4YaifHOM HAINPABJIEHUM, CTPE-
MUTCS K HYJIIO Ipd 1L — 00.

[Mycrs Temeps Ha gopore B k 1iarax Brepeay OT MbSHOIO UMe-
eTcs KaHaBa. [lyctb p(1, k) — BepoSTHOCTh He yNacTb B KaHABY
3a n waros. Hampumep, p(0,1) =1 u p(1,1) = 1/2 (war sre-
PEN MIPUBOAMT K MALEHUIO, AT HA3ad — HET).

5. (a) Haiitu p(n,k) mpu n = 1,2,3,4 (u npm Bcex k).
(6) Kak maiitu 3mavenuns p(n, k) mpu gasHOM M ¥ mpu Beex K,
€c/iv u3BeCTHBI 3Hauenus p(n — 1, k) mpu Beex k?

6. (a) lokasats, uto p(n,k) ybeBaer ¢ pocrom M (s
(ukcrupoBaHHOrO K) M MOTOMY CTPEMUTCS K HEKOTOPOMY IIpe-
IeNy Poo (k). (6) Kak cBszansl Poo (k— 1), Poo (k) ¥ Poo (k+1)7
(8) Ilokasath, 4TO Poo(k) = O mpu Beex k.

[MocnenHee yTBepXKOeHHE YACTO BBIPAXKAIOT TaK: KAKOBO GBI
HU GBUIO HAYaJIbHOE PACCTOSHWE [0 KaHABHI, IMOYTH HABEPHSIKA
MbSHBIA PAHO WU TO3[JHO CBAJIUTCS B HEE.

7. Wrpox npuxogur B UrOpHBIA [IOM U UIPaeT B OPJISAHKY
(craBur py6iib, C BEPOATHOCTBIO 1/2 MPOUIPHIBAET €ro, a C Be-
posTHOCThIO 1/2 monyuaer ewg py6inb). Korga geHsru KoH4aoT-
Csl, OH YXOJIWUT, Pa30pUBILKCh. [[0Ka3aTh, UTO KaKOB Obl HU GbLI
HAYaJIbHBIN KAMUTaJl UTPOKa, BEPOSTHOCTh HE PA30PUThCS TIOCTIE
T HapTUii CTPEMUTCSA K HYJIKO C POCTOM M.

8 Ilycts BeposATHOCTD cjeiaTh wiar Boepen (K KaHaBe) pas-
Ha 1/3, a BeposTHOCTH moiiTu Hazajn pasHa 2/3. Kakosa Bepo-
ATHOCTh M30eXaTh MajeHNs B KaHaBYy, HAXOJSICh HAa PACCTOSHUU
k maros ot He€?
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9* TlokazaTb, 4TO C POCTOM T BEPOATHOCTb HE BEPHYTHCH HU
pasy B HCXOHYIO TOUKY, CI€aB N 1maros (o gopore 6e3 KaHas),
CTPEMUTCS K HYJIIO.

10* Tlycrp Tenepp Ha JOpOre €CTh OBE KaHABHI: BIIEPEAU B
k marax u mozaau B | warax. Haiitu BeposSTHOCTH CBaiUThCS B
Ty ¥ B APYTYIO KaHaBbl (IIPEJe/Ibl BEPOSTHOCTU CHEJATh 3TO 3a M
[IaroB mpu N — 00).

11* Urpok npuxonuT B UIOPHBIA JOM C KAIUTAIIOM B K py-
GJieil U Urpaer, MOKa HE MPOWIPAETCS WIM TOKA HE BBIUTPAET
1 py6eii. KakoBa BeposSITHOCTH TOTO, YTO OH YWIET C BBHIMTDHI-
rem?

12 Ipsansiii 6;1yX0aeT IO KPYroBOMY LIOCCE AJIMHO B M 11a-
ro. OTMeTHM TOUKY LIOCCE, B KOTOPYIO OH MPUAET MO3XKE BCETO.
(D10 Moxer GbITh JIO6as TOUKa IOCcce, KpoMe UcxoqHoit. ) Kako-
Ba BEPOSITHOCTH TOTO, YTO €l OKAXKETCS TOYKA IIOCCE, COCEqHSS
C UCXOMHOIT?

13* (Ilpogonxenne) [TokazaTh, 4TO BCe TOUKM LIOCCE, KPOME
HCXOHO, MMEIOT PaBHYIO BEPOSATHOCTb OKAa3aThCs IIOCJIEAHUMHU.

Paccmorpum Temeps GykgaHue 1Mo JBYMEPHOU ceTKe (TO4Y-
Ka HAXOJWTCS B OJHOM U3 Y3JIOB U C BEPOATHOCTHIO 1/4 mMoxer
COBUHYTHCS BJIEBO, BIIPABO, BBEPX U BHU3.

14 TIpenmonoxum, 9TO TOYKA HAXOOWUTCS BHYTpHU obmacTw,
OTpaHMYEHHO! KaHaBOM (CKaxkeM, MPsSMOYTroJibHOM dopmsi). [1o-
Ka3aTh, YTO BEPOATHOCTh HE IONACTh B KaHABY IIOCJE T LIAroB
crpemurcs kK O pu . — 0.

15* B konblie MeXOy OBYMsI KaHABAMM HAXOLWTCS TOYKA.
PaccmoTpuM BeposTHOCTH CBanMThCS B TY M APYTYIO KaHaBY IIO-
cie n maros. (a) [Tokaszare, 4TO 9TH BEPOSTHOCTH UMEIOT MPETE-
IIBl IpE N — 00 (0603HauMM ux 4epes P1(x) u pa2(x), rme x —
UCXOfHas Touka) u uto P1(x) + p2(x) = 1 mpu Beex X BHYTPU
Kosiblia. (6) Besmuuubl Py ¥ P2 MOXHO HAMTH 9KCIIEPUMEHTATb-
HO: cJesiaeM pPEOpaMul CETKU MPOBOAHUKYU €AUHWYHOTO COMPOTH-
BJIEHMS, [IOJA[MM BO BCE TOUKM BHYTPEHHEN KaHaBbl IOTEHLIU-
an 1, a Bo Bce Toukm BHewHel — noteruman 0. IlokaszaTs, uto
MOTEHLMA B TOUKe X paBeH Pi(x). (B) Ilyctb A — TOuka BHY-
TpU KaHaBbl. PacCMOTpUM BEPOSITHOCTH BEPHYTBHCS B TOUKY A, HE
mornaB B KaHaBy (HauaB Onyxpanus u3 A). [lokazate, uro sra
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BEPOSATHOCTb paBHA | — 41—R, rae R — siekTpuyeckoe COrmpoTH-

BJIEHHE MEXIY TOYKONH A W TOYKAMHU KaHABbl (MBI CUMTAEM, UTO
BCE TOYKM KaHaBBI COEAVHEHBI TPOBOAHMUKOM HYJIEBOI'O COMPOTH-
BJIEHUS).

16* (IIpomomxenue) (a) [lokazaTth, 4TO CONPOTUBIECHAE MEX-
Iy kBazparHoii kaHaBoi pasmepa 2N X 2N u e€ ueHTpoM cTpe-
murcst K 6eckoneunoctr ipu N — oo. (6) Ilokaszats, uto ato
compoTuBIieHre 3aKmoueHo Mexay c1log N u co log N mpu nHe-
KOTOPBIX C1 U C2. (YKa3aHWe: TOKH PACIPEIEISIOTCS TaK, ITOOBI
BbIIE/IsIEMAst QHEPTUs ObliIa MUHUMAJIHHOI. )

17 * Tlokasatb, 4TO TO4YKA, GIyXAaKOIAs MO IUIOCKOCTH, IO-
YTH HABEPHOE BEPHETCS B HAYAJIBHOE IOJIOXKEHME.

18 Tokazath, 4TO [OJI TPEXMEPHOIO IMPOCTPAHCTBA AHAJIO-
TMYHOE YTBEPXKIEHNE HEBEPHO.

Pasnoe

1. Yepenaxa nomsna N munyt. [Ipn arom e€ mabmoganu He-
CKOJIBKO YEJIOBEK,, KaX/blii 110 OAHOM MUHYTE — UHOTIA HECKOJIb-
KO cpa3y, HO TaK, YTO OHA HU B KaKOil MOMEHT He OCTaBasiach
6e3 HaboqeHNs. 3a BpeMsl HAGTIOAEHUST KaXJOro YeJIOBEKA OHA
npornosiziia He Gojiee Merpa. [lokasats, uto 0fllee paccTosHUE,
KOTOpAasi OHa MpoIoJI3ia, He 6osbiue 2N MeTpoB.

2. Umeercs mociemoBatesibHocTth w3 mn + 1 yncesn. [oka-
3aTh, YTO OHA WMMEET JIMOO BO3PACTAIOLLYIO MOAIOCIEI0BATE b-
HOCTb JJIMHBL M + 1, ymbo yOpiBamllyo qMHel 1L+ 1.

3. lMeeTcsa HECKOJIBKO KPYKKOB C IIEPECEKAIOLMMUCS YUIACT-
HukamMu. Mbl XOTUM B KaXJOM M3 HUX BHIOpPATh CTAPOCTY Tak,
9TOGBI HU OVIH YEJIOBEK He ObLIT CTAPOCTOil Cpasy ABYX KPYKKOB.
Hokazath, 4ro ClIeAyOlee YCAOBAE HEOOXOAMMO U OCTATOYHO:
obbeuHeHNE JTIOOBIX K KPYKKOB COJEPXKUT HE MeHEE K YeJIOBEK.

4. Tloctpouth KacaTesIbHYI0, MPOXOIAIIYI0 Yepe3 3aJaHHYIO
Touky (a) K okpyxkHocT! (6) K mapaboJjie OqHOM JTMHENKONA.

5. JlokazaTh, 4TO KOHEUHBIM YHCJIOM BHYTPEHHOCTEN MapaboJ
HEJIb3$1 TTOKPBITh TIOCKOCTb.

6. [lokasath, 4To ecjiu KPYT MOKPHIT GyMaXHBIMU TIOJIOCKaMH,
TO CyMMa IIMPHH 3TUX TIOJIOCOK HE MEHbIIE JUaMeTpa Kpyra.
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7. O6bequnenne N ¢uryp nmeer momaap N. [lokazats, 4to
s moboro k < N MOXHO BBIOpaTh U3 HUX K GUryp, momaib
00beUHEHNS KOTOPHIX HE MeHble K.

8. Equnuunbiii kBagpat paspe3aH Ha KBazpatel. Jlokazath,
YTO CTOPOHBI BCEX KBAAPATOB PALOHAJIBHBI.

9. IlpsmMoyronpHUK MOXHO pa3buTh Ha KBaapathl. [lokaszarts,
YTO €r0 CTOPOHBI COM3MEPHUMBI.

10. N wmkosmsankoB pemwam N 3agau. Kaxnapii usz Hux pe-
wimt k 3agad (k < N) u kaxayo 3amady pemmnio kK IKOJIbHUKOB.
Hokazarh, 94T0 MOXHO TaK OpraHW30BaTh pa3bop 3aaad, 4ToOBI
KaX[blil LIKOJIHUK DaccKa3ajl OfHY W3 PELIEHHBIX WM 3aJad U
BCE 3a/auu ObLIM PAaCcCKa3aHHbI.

11. okasath, uto ar06asi MEPECTAHOBKA BJIEMEHTOB MPSIMO-
YTOJIBHON MATPHLIBI €CTh KOMIIO3ULIUS TPEX TIEPECTAHOBOK: MEPBasi
U TPEThsl BHYTPU CTPOK, BTOpasi BHYTPU CTOJIOLOB.

12. B GeckoHeuHOIi ABYMEPHOI TabJIMIE BCE YKCIIA TIOJIOKM-
TEJIbHBI ¥ KaXKJ0€ U3 HUX €CTh CPEIHEE APU(DMETUIECKOE YETHIPEX
cBoux coceneit. Jlokasatp, uyto Bce umciaa passbl. ([Ipemocrepe-
XEHHE: YNC/Ia He 0693aTebHO Lerbe!)

13. CyuectByer nu MHOrowieH (a) OT OAHON TepeMEeHHOI
(6) or gBYX MEpEMEHHBIX, KOTOPHI BCIOY TOJIOKUTEIIEH, HO TOY-
Has HUXHsSS T'PaHb €ro 3HAYEHUI paBHA HYJIIO!

14. [dokasath, 4TO [JIs KOMILJIEKCHOTO MHOIOYJIEHA CTEINEHU
MEHbIIIE T 3HAYEHNE B LEHTPE MPABIIBHOIO T-YTOJILHUKA €CTh
cpenHee aprdMETUYECKOE €r0 3HAYEHWII B BEPIUMHAX.

15. (Tlpoposxenne) [lokasaTsh, 4To AJi KOMILIEKCHOTO MHO-
roYJieHa 3HAYEHNE B LEHTPE OKPYKHOCTU PABHO €r0 CPEIHEMY IO
OKPYKHOCTH.

16. Jlan rpad u gse ero BepumHbel A u b. Jlokazate, uTto
crenyroume yciosus okBuBasieHTHe:: (1) m3 A B B Bemyr aBa
MyTH, KOTOpblE He UMeIOT oblero pebpa; (2) Hesab3sl yHaauTh
oHO pebpo Tak, 4To6el A u b nexanu B pa3HBIX KOMITOHEHTaX
CBSI3HOCTH.

17. (a) [lokazarh, 4TO €C/Ii MHOTOWIEH OT OIHOM MEpeMeH-
HOM BCIOJy TIOJIOXKUTEJIEH, TO OH MPEACTABISAETCS B BUE CyMMBI
KBaJpaToB MHOrouwieHoB. (6) BepHo s a10 yTBepXaeHue st
MHOTOYWIEHOB OT ABYX MEPEMEHHBIX !
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18. IlpuBect mpuMep MOHOTOHHO BO3PACTAIOLIEH (DYHKIUN
Ha oTpeske [0, 1], MHOXECTBOM TOYEK pa3pblBa KOTOPOU ABJISETCS
(a) MHOXECTBO BCEX PALMOHAJIBHBIX TOYEK OTpe3ka; (6) mpoms-
BOJILHOE CYETHOE MHOXeCTBO {a1,az,...} C [0, 1].

19. IlpuBectu npumep Beroay auddepeHIppyeMoit QYHK AN
f(x), umeroweit npu X = O JOKaJIbHBII MUHUMYM, U TaKOH, UTO
npousBofHas T'(x) He coxpaHsieT 3HaKa HM B KaKOil OJHOCTOPOH-
Heil okpecTtHOCTH ToukH (.

20. ®ynkuus F(x) umeer nepuop 1 u pasHa x| mpu —1/2 <
< x < 1/2. Onpenenum ¢yukimio f,, (x) paBencrsom f,, (x) =
= F(x) + 3F(4x) + {=F(16x) + -+ + 7-F(4™x). (a) Toctpo-
uth rpacduku dyskuuii fo, f1, 12, f3; (6) dokasars, uro npenen
f(x) = limn_—eo T (X) cylllecTByeT npu Bcex X U SBJIAETCS He-
npepbiBHON (pyHkumeit; (B) Jdokazats, uro f(x) He mMmeer nmpoms-
BOJHOI HM Tipu kKakoM X; (r) [lokasats, uro f(x) He MOHOTOHHA
HU Ha OJHOM MHTEpBaJie AEWCTBUTEJIbHOM MPSIMOM.

21. VYkaszate 6eckoHeuHO aU(PDEPEHLIUPYEMYIO (DYHKIHIO
f(x), pasayio O nipu |x| > 2 u pasuywo 1 mpu |x| < 1.

22. Ha mutockocti JaHO M MPSIMBIX OOIIETO MOJIOXKEHUs (Hy-
KakKue [1BE IPSIMBIX HE Mapasule/ibHbl 1 HUKAKUe TPU HE IEPeceKa-
I0TCS B OJHOI TouKe). JloKa3aTh, UTO Cpey YacTeil, Ha KOTOPbIE
9T TIPSMBIE AENIST MIOCKOCTh, HE MEHbIIE TL — 2 TPEYrOJIbHUKOB.

23. Ilocne npoBeeHNs 1LIAXMATHOIO TYPHUPA OKA3aJI0Ch, YTO
TSl KaXKJIOTO HEMYCTOTO MHOXKECTBA €r'0 YUACTHUKOB CYILECTBYET
YUACTHUK, HAOpaBUINi HEYETHOE YHCJIO OYKOB B MTrpax C y4acT-
HUKaMW, BOIIEJUIMMU B 3TO MHOXECTBO. J[0Ka3aTh, YTO YHCIIO
YYaCTHUKOB TYPHHUDPA YETHO.

24. Ha nucre kJieryaroii GymMary HaprcoBaH KBaipart (CTopo-
HBl UOYT 1O JIMHUSIM CeTKH). B KpaiiHux kJjieTkax kBajpara (Ha
rpaHMle) paccTaBiednl yncia. JlokaszaTh, YTO MOXHO €JUHCTBEH-
HBIM 06Pa30M 3all0JIHUTh YKCIAMHU OCTaBIUMECH KJIETKM KBapara
Tak, 4TO6bI YHC/IO B KAXKION KJIETKE PABHSJIOCh CPEHEMY apud-
METUYECKOMY CBOUX COCELEH.

Konrponbaas pabora

1. lausr Tpu BekTOpa @, b, ¢ Ha mockocty. B kakux ciayvasx
MOXHO HaiiTh 4Yucia A, |l,V, HE PaBHbIE HYJIIO OJHOBPEMEHHO,
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i Kotopbix Aa + ub +ve = 0w A+ u+v = 0?7 (Orser
chOpPMYJIMPOBATh B TEOMETPUYECKUX TEPMUHAX. )

2. Jlexut mu GyHKUUs SinX B JIMHEWHON 060JI0OYKE (DYHK-
it cos 2x u sin 2x?

3. PaccMOTpHM MPOCTPAHCTBO MHOTOUJIEHOB CTETEHN He GOJTb-
we 7, mensiuuxcs Ha MHorowreH (x — 1)(x — 2). Kakosa ero
pasmepHocTh? Ykazarh 6a3uC B 9TOM MPOCTPAHCTBE.

4. Te xe BOmpPOCH! JJ1i MHOIOYJIEHOB CTENEHH HE BHILIE 7,
nessupxest Ha X2 4+ X + 1.

5. Ilpu kakux A Bektopsl (A, 1,0), (0,A, 1), (0,0,A—1) nu-
HEWMHO 3aBUCHUMBI!

6. Iokazats, uTo ecim 06O BEKTOp K-MEPHOro MpoCTpaH-
cTBa V JIMHEWHO BBIPAXAETCS Yepe3 BEKTOPHI X1, ..., Xy, TO U3
9THX BEKTOPOB MOXHO BBIOpaTh 6asuc (OTOPOCHB 4acTh).

7. CkosbkuMu criocobaMu MOXHO BHIOpaTh 6a3uc B Mpebi-
nayueii 3agade? (YkazaTh MAKCHMMAJIbHOE M MMHUMAJIBHOE YUCIIO
BAPUAHTOB, CYMTAsI, YTO BCE BEKTOPHI HEHYJIEBHIE. )

8. B marmyeckom kybe 2 X 2 X 2 CyMMBI MO JIIOOBIX MIpSI-
MBIM, TAPaJIIEJIbHBIM OCSIM KOOD/VMHAT, & TakXe Mo JIo0oi u3
[JIaBHBIX JUAaroHaseil pasHbl. Haiiti pasmepHOCTh mpocTpaHcTBa
Takux KyboB.

Konrpospaas pabora

11
BCE BEKTOPBI, /i1 KOTOPBIX FX MPOMOPLIMOHAIBHO X, ¥ COOTBET-
CTByIOLME KOR(PDULMEHTHI MPOIOPLMOHATIBHOCTH.

2. CucreMa JIMHENHHBIX YPaBHEHUI C LEIBIMU KO3 DULEH-
TAMW U TIPABBIMM YACTSIMM MMEET PELICHWE, B KOTOPOM OIHA U3
KoopAauHat uppauuonaibHa. [lokaszars, uro oHa uMeer GeckoHeY-
HO MHOT'O PELICHUIA.

3. Kakyio martpuiy nMeer orepatop @ (IeiCTBYOIIMIA B ABY-
MEDHOM TIPOCTPaHCTBE) B basuce €1,€7 + €2, €CJIU OH UMEET B

1. Onepatop F: R? — R? umeer marpuiy (0 1). VYkazath

2 0
Gazuce €1, €2 MaTPULLY o 2 ?

10
4. Tor ke BONPOC [Jisi MATPUL{BI o 2/
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1 2
5. Tor xke Bompoc aJIs1 MATPHLIBI 3 4)

6. Ilausl paznW4HBE YKMCNIAa (K1, ...,0;m; B KaXIOW U3 TO-
YeK (i 3a]]aHO 3HAYEHHE MHOrOWIeHa P 1 BCex ero mpou3BOIHBIX,
MeHbinx Ki. Ilokasarth, 4ro MO TaKMM JAHHBIM BCETHa MOXKHO
BOCCTAHOBUTb MHOIOYJIEH CTereHu MeHbuie ki + ...+ Ky, npu-
4€M €QUHCTBEHHBIM 06pa3oM.

7. Haiitu uncna p, q, mist kotopsix A3 +pAZ +qA+1 =0,
roe A — marpuia

1T 10
01 0
0 0 2

8. Jlokaszath, 4TO 71 BCAKOrO OMEPATOpa ( HANWIETCS MHO-
rouen P, qis xoroporo P(¢)) = 0. (IlogcranoBka onepaTopa B
MHOI'OYJIEH MMEET CMBICII, TAK KaK OIEPATOPhI MOXHO BO3BOIUTH
B CTEIIEHb M YMHOXATbh HA 4YUCJIA.)

9. [lokasars, uro ecsm @: U — U — sjuHelinblii oneparop,
s kotoporo @™ = 0, 1o oneparop E + ¢ (orobpaxkarommii X B
X + @(x)) obparum. (Ykazauue: o6paTHBIl OMEPaTOp €CTh MHO-
TOYJIEH OT @.)



HOHYJUIprIe JICKITMHA 11O MaT€MaATHUKE

Bosapumucrso 3aaa4, peniaeMbIx LKOJIbHUKAMU, 0OCY K AaeTCs
C HMMH Ha YpOKaX, TaK YTO PEUICHUS OHM He 3aMuCHBaioT. UTo6kI
HAYYUTh UIKOJBHUKOB THCATh CBSA3HBIE MATEMATHYECKHE TEKCTHI,
MBI BpeMsl OT BpeMeHM (HE 4Yallle pa3a B HELNEJIO) PacCKa3biBa-
JId UM 4TO-7MO0 HE OYeHb CJIOXHOEe (pacckas miwics He 6Gosee
OJIHOTO YpOKa) M OCTATOYHO 3aMKHYTOe B cebe, a 3aTeM IMpo-
CUJI TIDUHECTH TMHMCbMEHHOE M3JIOXKEHUE paccKasaHHoro. B aTom
pasjiesie MBI TIPUBOMM TEMBI TaKMX JIEKIWIA (C KOMMEHTAPUSIMM).

1997 - 1998 rog

1. Beckoneunocts MHOXeCTBa MPOCTHIX unces. OCHOBHAs TeO-
pema apudmeTrky i nebix yncesi. (Pasubie qokaszartesbcrsa).

2. Teopema Diinepa o cootsomennn B — P +T' = 2 na BoI-
MyKJIOrO0 MHOrorpaHHuka. ([lokasarenbeTBo ¢ MPOEKTUPOBAHUEM
Ha TJIOCKOCTh M yJajieHueM pebep).

3. IlpoextuBHas reomerpus u gBoiiHoe otHoirenue. ([lapas-
JIEJIBHOE M LIEHTPAJIbHOE TIPOeKTUpOoBaHue. [|BoiiHOE OTHOLIEHVE,
€ro COXPaHEeHVE NPU MPOEKTUBHBIX MpeobpasoBanusix. [Ipumene-
HUE K «3ajade o 6aboukey.)

4. TlpoektuBnas reomerpusi, npogoixkenve. ([IpoekTrBHbBIE
npeoOpa3oBaHusl COBMAJAT C APOGHO-IMHENHBIMIL. )

5. Herutanapusie rpadst. (IloHblil naruBepumHauK u rpad
«TpH JIOMa, TPH KOJIOALA» HEJIb3sl HAPUCOBATh HA IJIOCKOCTH TakK,
urobbl HUKAKKUE Ba pebpa He MeEpPeceKalnch — JOKA3aTEILCTBO
¢ mOMOILBIO (HOPMyYJIEI Diinepa. )

6. Teopema [leszapra. (Pasnuunble qoka3zarenscrsa.)

7. Tapmonuyeckmii psiji, 6ECKOHEYHOCTh MHOXKECTBA TIPOCTHIX.
(HokaszatesIpCTBO € MOMOLIBIO GECKOHEYHOTO MPOU3BEIEHNUS. )

8. Dkcrpemasbubie 3anaun. ((a) 3aqaya 0 MUHUMAJIBHOM TTy-
TH cBeta y 3epkana. [Ipuniun @epma. (6) Cucrema crpemutcs B
TOJIOXKEHNE ¢ MUHMMAJIBHOM 9Heprueii: map B ssMke. (B) [py3 Ha
NpyXuHe (CyMMa SHEPrUd TATOTEHWsI W DHEPTUM MPYKUHBI, BbI-
Box dopmyisl F = —kx u3 coobpaxenuii sueprun). (r) Ouznye-
CKOE€ pellieHne 3aaun 0 MuHuMabHoM mytu. (1) [penomienve,
3akoH CHesnyca.)
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9. IMocTpoenre KBaAPATHBIX KOPHEN LIMPKYJIEM W JINHEHKOIA.
(ITocTpoenre mpaBUIBLHOTO MATHYTOJBHIKA. TeopeMa: KOOpAuHa-
TBI BCEX IIOCTPOEHHBIX OOBEKTOB BHIPAXKAIOTCA YE€PE3 KOOPAMHATHI
UCXOLHBIX C TIOMOILBIO OTIEPALVIA CIIOKEHUS, YMHOKEHNS U B3SITHS
KBaJPaTHOrO KOPHS. )

10. OxcrpemanbHBle 3amaun, npogomkenre. (PasHee pemre-
uus 3agaun XA + XB + XC — min gnsa tpeyronpanka ABC:
(a) Tpu rpysuka — paBHoBecue cui. (6) 3amava mpu (PUKCHU-
poBanHOM AX: OTpaxkeHHWe CBeTa B OKPYXHOCTH. pyroe mo-
Ka3aTeJIbCTBO PaBEHCTBa Bcex yryioB. (B) Pemenue ¢ mosoporom
Ha 120°. (r) [Ipyroe maremaTnmueckoe peureHue. (4) 3amada o
MBIJIbHOI TUTEHKE. )

11. Ipo6u @apes. (Bozemém qpobu 0/1 u 1/1. Hanee, Mex-
Iy KaXabIMu OByMs Apobsamu a/b u ¢/d 6yngem 3anuceBaTh HO-
BYIO Ipo0b gj:g. Torga MbI B KOHIIE KOHIOB MMOJIyYMM BCE HECO-
KkpatuMeie Jgpobu orpeska [0, 1].)

12. Dwmanc. (Onpenenenue aanumnca Kak reOMETPHYECKOTO
MeCTa TOYEK, CyMMa DACCTOSIHUI OT KOTODHIX JIO [BYX JAHHBIX
MOCTOSIHHA. TpH IOKa3aTeIbCTBA CBOWCTBA KACATEJILHOM K BJI/IH-
ncy (cpaBHeHme ckopocreii, npuniun Depma W OTpakeHHWE OT
OpsAMOii). DJUMIIC KaK cedeHne wmHApa (maps Jdannenena).)

13. TocnegoBatenbaocts Oubonauun. (ABHas dopmysa ms
yrices1 OUOOHAYYM: TOUCK T€OMETPUYECKUX TOC/IENOBATEIBHOC-
Teil cpenn Bcex (MOOHAYYMEBBIX. )

14. Tlapa6ona. (ITapabosia kak TpeAes BJLIUICOB U KakK Teo-
MeTpudeckoe Mecto Todek. DokasbHoe (ONTUYECKOE) CBONCTBO;
ypaBHEHHe mapabosbl. 3ajada: Ha JOCKE HAPUCOBAIU Mapabosry
U = X U CTépiu OCH KOOPAMHAT — BOCCTAHOBUTH OCH U E/IH-
HUYHBIA OTPE30K. )

15. Checkers. (O 3amauax, cBsa3aHHBIX ¢ urpoii «checkersy,
rae (UMLKY IEPENPLIrMBAIOT APYT Yepe3 apyra. [PacckasbiBar Ha
aHmHiickoM s3bike Hait rocts u3 CIIIA J. Bem.])

1998 - 1999 rox

1. Manas teopema ®@epma u reopema Busbcona. (Masas te-
opema Depma: ecsm p npocroe, To a? = a(mod p). Teopema
Busibcona: ecym p mpocroe, 1o (p — 1)! + 1 genmrcs Ha p.)
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2. Teopema Bpuanniona. (Eciu mecruyronpHuk onmcan oko-
JIO OKPYXKHOCTH, TO TPH €ro GOoJIblline quaroHay (CoeauHsIONe
BEPILMHBI Yepe3 TpK) OyIyT mepecekaTbess B 0aHOM Touke. Jloka-
3aTeJICTBO ¢ MOMOILBIO runepbosiona. )

3. Ilpomssomsume ¢yukiun. (Ilonstie o mpowmsBogammMx
yHKIMSAX. YpaBHEHUE HA TPOUBBOLALIYIO (DYHKIVMA ISl IHCEST
®ubonauun u siBHast popmya mis ynces Oubonauun.)

4. Teopema Kanropa—bBepnimreitna. (Ecim A pasHOMOIIHO
MOAMHOXeCTBY B, a B paBHOMoLHO moaMHOXecTBY A, To A u B
PaBHOMOIIHBL. )

5. Ommcanne Bcex muaroposeix Tpoek. (Obume hopmynsl
IS (HECOKpaTHMbIXy Miaropossix Tpoek: (b2 — a?,2a,a’ +
+b?), rie a u b B3aUMHO MPOCTHI U UMEIOT Pa3HYIO YETHOCTS. )

6. Cucrembl nuneiiHBIX ypasHeHuii. (Ecam HemspecTHBIX 601b-
1€, YEM YPaBHEHMIA, TO ¥ CUCTEMBI €CTh HEHYJIEBOE pelenve. Jo-
Ka3aTeJIbCTBO C MPUBEJEHUEM K CTYIIEHYATOMY BHUY.)

7. OcHoBHasa Teopema anrebpel. (Bcsakuii MEHOrOUYIEH ¢ KOM-
TJIEKCHBIMY KoaduLeHTaMu crenenu 6obure 1 (To ecTh He KOH-
CTaHTa) UMeeT X0Ts Obl ofuH KopeHb. (CriefcTBIE: MMeET JIMHE-
HbIi MHOXUTENb. Clle[ICTBUE: pa3iaraeTcs Ha JIMHEWHbIE MHOXU-
temm.) JlokasaTenpCcTBO: «gamMa ¢ cob6avuKoiy — IMOACYET MHAEKCA
KPHBOIA. )

8. Kococummerpuaeckue dopmer B RZ u R3. (Kococumme-
Tpudeckass (opMa 3aBHCHUT TOJIBKO OT 3HAYEHMs Ha M Ga3sHCHBIX
BEKTOpax; (YOPMYJIbI IJIsl OPUEHTUPOBAHHOM IO U 0ObEMA. )

9. Bektoproe npoussenenue u ero csoiictea. (Onpenenenne
BEKTOPHOTO MPOM3BEIAEHIS C TIOMOILBIO KOCOCHMMETHYECKOM hop-
Mbl. BrTnHEHOCTD, TeOMeTpHYECK e CBOMCTBA, 3aIiCh B KOOPIHU-
HaTax.)

10. Unnykuus u dyaaupoBannsie MHOXecTBa. (Korma B ymo-
PAJ0YEHHOM MHOXECTBE MOXHO IpUMEHSTh uHayKuuo? [1pume-
pBl pelieHns 3aad. )

11. OcHOBHas TeopeMa O CHMMETPUYECKMX MHOTOYIEHAX.
(JIroboit cuMMeTprYeCcKuii MHOTOWIEH €CTh JIMHEHAsT KOMOuHA-
LUST TIPOUM3BE/EHUI BJIEMEHTAPHBIX CUMMETPUYECKUX MHOTOUJIE-
HOB. Jloka3aTesibCTBO ¢ MHOYKIMEN MO CTAPIIEMY YIEHY. )
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12. Koneunsle mossg. My ibTUILIMKATHBHAS TPYIA KOHEYHO-
ro mosia. (Ecim F — koHeuyHoe mosie, TO MyJbTUIUTHKATABHAS
rpymna F* — nukimveckas.)

13. Brioxenusie mapaienenumnepl. (CyMMa usMepeHuii BHY-
TPEHHETO Mapasijiejienuea MEHbILIE CyMMbI N3MEPEHUIT BHELIHE-
ro. Tpu mokasaresbcrBa.)

1999 - 2000 rox

1. lpuauun Hupuxie u nuHelinas anrebpa. (PaBHocribsHOCT
yenosuit Kero = 0 u Im@ = V gna numeitnoro omeparopa
©:V — V. ]luckperHas 3a1a4a 0 TEMJIONPOBOAHOCTH, PACIIPEE-
JIEHVE TOKOB M 3aa4a 06 ynasiennn,/ qo6aBaeHnn COPOTUBIIEHUS
B QJIEKTPHYECKYIO LIETID. )

2. Ksarepunonsl. (Marpuunas mMomenb kBatepurionoB. Hop-
Ma, obparimMocts. KBatepHrons! 06pasyor TeJio.)

3. TlpousBogsume dyukimu, npopoikenve. ([Togcuér yncna
CYACT/IMBBIX GUJIETOB C TIOMOILBK MPOU3BOASIIVX (DYHKIIMIA. )

4. IMonyuensie npsmoyronbauky. (Ecnu npsmoyronpHuk pas-
GUT HA HECKOJIbKO MEHBILUMX, M Y KaX/I0r0 U3 HUX OJHA U3 CTOPOH
LeJias, TO 3TMM CBOICTBOM O6JIa[a€T M MCXOJHBINA [PAMOYIOJIb-
HUK. Pasnnynble mokasaTesbCTBa. )

5. Anrebpanyeckue uncna. (Anreb6pandeckue uyncia (Kop-
HY MHOTOWIEHOB C LIEJIbIMA KOa(hdUIMeHTaMu) o6pasyioT MOJIE.
MuHrMaIbHBIN MHOTOYJIEH are6pandecKoro rcia. )

6. Teopema [Iupuxie. (IIpocteix uncesn B mporpeccusax 4k+1,
4k + 3 6eCKOHEYHO MHOTO. )

7. llpoekTuBHas miockocts u kBaapuku. (Ksagpuku Ha mpo-
ekTuBHON Tutockoct. CBefleHNe ypaBHEHUS] YETBEPTOI CTeNeHu
K KyOHMYeCKOMY C MOMOILBIO TTyYKa KBaIPHK. )

8. Urpa «Py6np u mBa». ([IBoe urpaior B Takyio Urpy: OOuMH
3arafpIBA€T MOHETY JOCTOMHCTBOM B OAWH pyO/ib WX B 1Ba, a
Ipyroii orraasiBaet. Eciu Bropoit yrafpiBaeT, OH MMOJIyYaeT MOHe-
Ty, €CJIM HET, IJIATUT MIEPBOMY HEKOTOPYIO cymmy. Kakoit mosmxua
6uITh 9Ta cyMMa (4To6pl urpa 6euta yectHoit)? [Ty 3amady pe-
iy (M paccKasbiBAIM PELIEHHE) CAMM IIKOJIbHUKH.|)

9. Teopema Jlnysmwta. ([Ipubmakxenvie qelCTBUTENBHBIX YK~

o] 1
cen paupoHambHeiMA. nemo ) 7 TonT TPAHCLEHJIEHTHO. )
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