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IIpeauciosue

OTa KHUTA B 3HAYWUTENbHOU CBOEH YaCTU TOCBAIIEHA ypPaBHEHUAM U
HepaBeHCTBAM C TapaMeTpaMH, T. €. ypaBHEHUAM U HEpaBeHCTBaM, COZiep-
JKaIUM HapsiZly C HEM3BECTHOU BEJTMYMHOM elllé 1 OyKBeHHBIE TTapaMeTphI,
IIPY PA3JIMYHBIX YUCJIOBBIX 3HAYEHHUSIX KOTOPBIX MEHSETCS YUCJIO pellle-
HUM ypaBHEHUs WIX HEPAaBEHCTBA, a MHOTJA U ero Buj. PellleHue 3aza4
¢ TTapaMeTpaMU TPeAIoaraeT, B CyIHOCTH, ONPEAENEHHYIO UCCIel0Ba-
TEJTbCKYIO IeATENbHOCTD, TPEOYIOIIYI0 BHUMAHUs U YBEPEHHOTO BIaIeHUS
MaTepHUaoM IIKOJIbHOU MPOTPaMMBI II0 MaTeMaTHKe BO BCel eé MOIHOTE,
YMEHUS BBIIBUTATh U IIPOBEPATH TUIIOTE3BI, TPOBOAUTE (B TOM YHC/IE U
JIOCTAaTOYHO Pa3BEeTBJIEHHEIE) JIOTUYECKUE TOCTPOEHUS U /I€JIaTh BBIBO/BI.
[ToaTOMy Takue 3aJaHUsI OTHOCATCSI K CIOKHBIM U pacrojiaratoTcs B Ba-
pUaHTax BCTYMUTENbHBIX 9K3aMeHOB U EI'D Mo MaTeMaTHKe Ha MOCTeAHUX
MO3ULIUAX, PeHAa3HAYE€HHBIX JJIS1 T€X BBITYCKHUKOB U aOUTYPUEHTOB, KO-
TOpPBIE IPETEHAYIOT Ha BLICOKUM 3K3aMeHaIl[MOHHBIN OaJL.

ITo popmynupoBKe J00OYIO 33/1a4y € TApaMeTPOM MOXKHO OTHECTH K Of1-
HOM U3 IBYX CJIEeAYIONUUX T'PYIII:

— HaWTKU Bce 3HAUYEHUS MapaMeTpa, AJis KaKIOTO0 U3 KOTOPBIX BBI-
TIOJTHAIOTCSA Te WM WHBbIE YCIOBUS (ypaBHEHHE, HEpaBEHCTBO WIH CU-
CcTeEMa HUMEIOT OINpeZeNéHHOEe YHCIO PEIIeHUH; pelleHue MPUHAAJIEKUT
OTIpe/IeIEHHOMY MHO)XECTBY WJIHM YAOBJIETBOPSIET OINpeAENEHHBIM Orpa-
HUYEHUAM U T.TI.; CAMH peIleHUs HaXOAUTb IIPU 3TOM, KaK MPaBUIO, He
TpebyeTcs);

— HaWTH Bce 3HAYEHUs MMapaMeTpa, IIPU KaXKJOM M3 KOTOPBIX 3ajiaua
HMMeeT XOTsA OBl OZJHO pellleHre, U YKa3aTh 3TH PeIleHUs I KaXKI0ro Ta-
KOT'0 3HaYeHUs napaMeTpa (KpaTKo: «IIPYU KKJOM 3HAYE€HUH MTapaMeTpa
peuruTs ypaBHeHUe (HEPaBeHCTBO, CUCTEMY)».

B manbHeHIIEM /JIsT SKOHOMUU MeCTa YCIOBUS 3aad BTOPOU TPYIIIIEI
6yZeM WHOT/|a IPUBOAUTh UMEHHO B KPaTKOW (GOPMYTUPOBKE.

PazymHas kiaccubuKaiusa 3a1a4 ¢ mapaMeTpoM I10 METOAM pelleHu N
JIOCTAaTOYHO 3aTPYAHUTENbHA, TOCKOIBbKY KaXK/asa U3 HUX SABJISETCS B OIpe-
Jle7IEHHOU CTelleHU HecTaHJapTHOU. B aToil kHure, kak U B kHure [1], mo-
CITy>KUBIIIET 7151 HEE CBOET0 pozia Tpoo6pa3oM, 3aJjauu KiacCuUIIUPYIOT-
CS TI0 IPUHIUITY «KJIFOYEBOU UZI€N» — HU/IEU, TIO3BOJISAIONIEN HAUTU KITIOY
K pelIeHU0. B MOSCHUTETbHBIX TEKCTaX maparpadoB PasbsCHIIOTCSI 3TH
W/IeV ¥ IPUBOJATCS IPUMEPHI C PEIIeHUSIMU, WLTIOCTPUPYIOIIUMU ITpUMe-
HeHWe 3TUX ujel. B kaxgom maparpade nmpuBeeHb! yIpaKHEHU 15 ca-
MOCTOSITEILHOTO PelIeH!s], TIO3BOJIAIOIIME 3aKPEMUTh U OTpaboTaTh U3y-
YEeHHBbIM MaTeprasl. BOJbIIMHCTBO 33/iau B3SITHI U3 OMyOJIMKOBAHHBIX Ba-



4 [peaucnosue

PUaHTOB BCTYIIMTENbHBIX 3K3aMEHOB U IIPeMETHBIX OJIMMIINAJ B pasind-
HbIe BY3bl, OTKPBITHIX BApUAHTOB JUarHOCTUYECKUX U TPEHUPOBOYHBIX pa-
60T u ET'D mo maTemMaTHKe; HEKOTOPHIE 3ala4M COCTABJIEHBI CIEINATbHO
JIJI1 TOU KHUTH.

Hapsazay c 3azgayaMu ¢ mapaMeTpaMy B KHUT'Y BKJIIOUYEeHBI YpaBHEHUA,
HepaBeHCTBA M CUCTEMBI, KOTOPble NPUHATO CYUTATh HeCTaHJApPTHBIMH,
IIOCKOJIBKY UX CBeZleHHe K IIPOCTEeUIIMM ypaBHEHUAM U HepaBeHCTBaM
OCHOBAHO He Ha CTaHJAPTHBIX alreOpanyecKux Mpeobpa3oBaHUsAX, a Ha
HHBIX uZeAaxXx (MOHOTOHHOCTH, OI'PaHWYeHHOCTU, WHBAapUaHTHOCTH, T'pa-
bUYeCKUX WIN TeOMeTPUYEeCKUX MHTEPIPETAIUAX U T. I1.), aHAJIOTUIHBIX
TeM, YTO IPUMEHAIOTCA JJI pellleHus YacTu 3aad ¢ IapaMeTpoM.

ABrop mpusHaTesneH u 6narozapeH O.A.BacwibeBoil 3a BHUMAaTeb-
HOe U HepaBHOAYIIHOE YTeHWe PYKOIIMCH, 3aMedyaHUd U NpeAJIOKeHU,
B HEMAJIOU CTEIEHH CITIOCOOCTBOBABIINE YIYUYIIEHUIO KHUTH.

[1] Ilecmaxkog C. A., FOpuerko E. B. YpaBHeHUsA C mapaMeTpoM. Yueb-
HO-MeToAn4YecKoe nocobue. — M.: Cior, 1993. — 110 c.



I'nasa 1. Jlorudyeckuii mepe6Gop B 3azauax
¢ MapaMeTpPoOM U HeCTaHJapPTHBIX 3aayax

Ora IJ1aBa IOCBAILIEHA CBOEr0 PoZia 3HAKOMCTBY C YpaBHEHUSIMU, Hepa-
BEHCTBAMHM U UX CUCTeMaMHU, COZIePKAIINIMU [TapaMeTpPHI: 3/[eCh IIPeJCTaB-
JIEHBI 33/Ia4y, I pellleHNsa KOTOPhIX He TPeOyloTCs KaKye-TO CIelab-
Hble 3HAHUA, AJITOPUTMBI WIH WJIeH — I0CTaTOYHO YCTOMYMBBIX HaBBIKOB
pellleHysI OCHOBHBIX TUIIOB YPAaBHEHUI 1 HEPABEHCTB, YMEHUS BBIITOIHATh
CTaHZapTHBIE anrebpandeckrie Mpeobpa3oBaHuA U JelaTh HE CIMIIKOM
CJIOKHBIH U pa3BeTBJIEHHBIN JIorudeckuii mepebop. Tak, HapuMep, ypas-
Henue (a® — a)x? + 2ax —3a’+4a=0 npu a = 1 ApiAeTca JUHEUHBIM
ypaBHeHHneM 2x +1 =0 ¢ eguHCTBeHHBIM KOpHeM x = —0,5; mpu a =0
obpamaercs B ToxkzAecTBO 0 = 0, KOTOPO€E BBIMOTHAETCS MIPU JTI0O60M 3Ha-
YeHUU X (3TO O3HAYAET, YTO KOPHEM JAaHHOTO ypaBHeHUsA npu a = 0
ABJIAETCA MI060€e elCTBUTENBHOE YHC/IO); MPU 3HAYEHUAX d, OTIMYHBIX
ot 0 wiu 1, JaHHOe ypaBHEHHE ABIAETCA KBAAPATHBIM U JM00 He UMeeT
JleCTBUTENbHBIX KOpHEW (ecau AUCKPMMHWHAHT YpaBHEHMS OTpuUllaTe-
JieH), 60 VMeeT OAWH KOPeHb (eI JUCKPUMUHAHT ypaBHEHUs paBeH
HyJI0), 1160 MMeeT JBa KOPHsA (IIpU HONOXKUTENbHOM JUCKPUMUHAHTE).
YKe W3 TIpUBEJEHHOrO IpPUMepa SICHO, YTO JJIA YCHEIIHOTO pelleHUs
moJ0OHBIX 331a4 TpebyroTcs HapsAy ¢ 6A30BBIMM HAaBBIKAMU PEIIEHUs
JIMHEWHBIX Y KBAJPATHBIX YpaBHEHNI BHUMATEIbHOCTh U CKPYIIYJIE3HOCTD
IIpU aHaIU3e YCJIOBUA U JIOTMYECKOM Ilepebope BO3MOXKHBIX 3HAYEHUH
mapameTpa.

§1.1. JluHeliHble ypaBHEeHUSI U HEPaBEHCTBA
¢ mapaMeTpoM

K 4mciy cambIX IPOCTHIX 3aZiad C MapaMEeTPOM OTHOCATCS JIMHEWHbIE
ypaBHEHMs U HEpaBEHCTBa, a TAKXKe UX CUCTeMBI. JIfoboe TuHelHOe ypaB-
HEHHe C TapaMeTpoOM MOKeT ObITh CBeZieHO K Buay f (a) - x =g(a), a Hepa-
BeHCTBO — K BHUAY f(a) - xV g(a) (3mecb a —napamertp, f(a) u gla) —
anrebpanveckrie BHIPAKEHUS, «V» — OJIMH U3 YETBIPEX BO3MOKHBIX 3Ha-
KOB HEPABEHCTB: «>», «<», «>», «>»). TAKO! BUJ JIUHEHHOIO YpaBHEHNUs
(HepaBeHCTBA) ¢ TapaMeTpoM Oy/ZieM Ha3blBaTh CTaHJAPTHBIM. JIMHEITHBIE
VpaBHEHMs M HEpPaBEHCTBA IOCTe TIpPUBEAEHUs K CTaHZAPTHOMY BUZAY
0OBIYHO PEIaloTCs ¢ MOMOIIBIO JIOTMYECKOro Mmepebopa. B HEKOTOPHIX
3a/1a4yax, MpeXkae YeM IeperTH K HMCCAe[0BaHUI0 JIMHEHHOTO YPaBHEHMS
WM HepaBeHCTBa, HEOOXOAMMO CIeIaTh 3aMeHY IIepeMEeHHOM.
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Jlns Toro 4TOOBI OTBETUTH HA BOIPOC O YHC/Ie KOPHeH ypaBHEHH:
f(@) - x=g(a) (v mpu HEOOXOAUMOCTH HAUTHU 3TU KOPHH), ZIOCTATOYHO
paccmoTpeTs aBa cayda: 1) f(a) =0; 2) f(a) # 0. B mepBoM cirydae 4ucio
KOpHel ypaBHeHUs 3aBUCHT 0T g(a): ecnu f (a) =0, a g(a) # 0, To KopHeit
HeT; ecmn f(a) =0 u g(a) =0, ypaBHeHue npuHuMaeT Bug 0 -x =0 u
€ro KOpHeM fABsgeTcs JMoboe eliCTBUTeNbHOe YHUCIo. Bo BTopoM ciiydyae

. g(a)
ypaBHeHHe numMeeT eJUHCTBEHHbBIN KOpeHb X=—=.

fla)
Ly oTBeTa Ha BOIIPOC O pPellleHUssX HepaBeHCTBa f (a) - x < g(a) HyKHO

paccmortpeth Tpu caydasa: 1) f(a) >0; 2) f(a) <0; 3) f(a) =0. B nep-
BOM CJIy4ae Ipu ZiejieHnn obenx yacTeil HepaBeHCTBa Ha HOJIO}KI/ITEJII:HOE
(a)
f @ T. €. pe-
IIeHVe HePaBEHCTBA — ITPOMEXKYTOK (—00; %). Bo BTOpOM Ciiy4ae mpu

YHCJI0 f(a) 3HAK HepaBE€HCTBA HE MEHAETCHA, U TorJga X < -~

JleJleHuH 00enx JyacTel HepaBeHCTBA Ha OTPULIATEbHOE qncno f(a) 3H2K

HEpaBE€HCTBA MEHAETCA Ha HpOTI/IBOHOJIO}KHbII/I u Torga x > T. €. pe-

(a)
gla) flay’
[IIeHNE HePaBEHCTBA — IIPOMEKYTOK (— +00). B TpeTheM ciydae 1mo-

fa)’

sygaem HepaBeHCTBO 0-x < g(a), u ecmm g(a) <0, To penieHUH HET, ecu
ke g(a) >0, To peleHMEM HepaBEHCTBa ABJsSETCS J0O0e JeliCTBUTEND-
Hoe umcio. VccnezmoBanre HepaBeHCTB f(a) - x > g(a), f(a) -x< gla) n
f(a) - x> g(a) mpoBoAUTCA aHAJIOTUYHO (KAaXKABIHA pa3 pacCMaTpPUBAIOTCA
Tpu cayvad: 1) f(a) >0; 2) f(a) <0; 3) f(a) =0).

[Ipu pelieHUY JTUHEWHBIX YpaBHEHWA U HEPABEHCTB C MTapaMeTpaMu
cjlelyeT TIOMHUTD U O TpapuUecKoil MHTEPIpeTAIlUY JUHENHOTO ypaBHe-
HUS WIK HEPABEHCTBA C IByMs IEPEMEHHBIMU: TIPU KaXKZAO0M KOHKPETHOM
3HAYEeHHWU MapameTpa a (7151 KOTOPOro XOTsA Obl of/HO M3 uucen f(a) win
g(a) ommuHo OT Hyss1) ypaBHeHHe f(a)x + g(a)y = p(a) ABnsgeTcs ypas-
HeHUeM IIPAMOU Ha IockocTu Oxy, a HepaBeHCTBO f(a)x +g(a)y > p(a)
3a1aéT Ha IIOCKOCTH OXy MHOXKECTBO BCEX TOUEK, PACITOMIOKEHHBIX BHIIIIE
Wiy HKe (B 3aBUCUMOCTH OT 3Ha4YeHHUsd IapaMeTpa) 3Toi npsamoit. [1pu
3TOM HY>XKHO ITOHUMATh, YTO IIPU HEKOTOPHIX 3HAYEHUAX [TApAMETPa TAKOE
ypaBHEHUE WIN HEPABEHCTBO MOXKET JTMOO BBITIOTHATHCS JJIs IIOOBIX X U Y,
160 He UMETD pelIeHnil BOBCE.

IMpumep 1. HatizuTe Bce mapsl yucen (a; b), 1S KaXkA0H U3 KOTOPHIX
MMeeT He MeHee TPEX KOpHEeU ypaBHEHUE

(a=—2)x+b(x—2)=2b—1Dx+(2x—1)a.
Pemenue. CrerneHb IlepeMeHHOM X B KaXKJOW W3 yacTedl JaHHOTO

ypaBHeHUA paBHa 1. 3HA4YUT, 5TO ypaBHeHHE fABAAETCA JUHEUHBIM OT-
HOCUTEJBHO X U €r0 MOXXKHO IIPUBECTU K CTaHZAPTHOMY Buzy. /ljid 3Toro
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packpoeM CKOOKM B OOeWX YacTsX ypaBHEHUs UM 3alUIIeM ero B BHJE
(a—2+b—-2b+1—-2a)x=2b—a, orkyaa (a+b+ 1)x=a — 2b. Eciu

a+ b+ 1#0, ypaBHeHUe NMeeT eJUHCTBEHHBI KOpDeHb X = %.
Ecmu a+b+1=0, Ho a — 2b # 0, ypaBHeHUe He UMeeT KopHel. Eciu
a+b+1=0,
a—2b=0,

ypaBHeHMe mpuHUMaeT Buz 0-x =0 U ero KOpHEM sABAeTCA JTI060e el
CTBUTEJIPHOE YMCJIO0. 3HAUUT, He MeHee TPEX KOpHell ypaBHEHUE HMeeT

TOJBKO B IOCJEeJHEM Cay4ae. PelliuB cucTeMy, MOIYIUM d = —%, b= —%.
2 1
Omeem: (—5, —§) .

IIpumep 2. [Ipu KaXJOM 3HAaYeHUU MapaMeTpa d PelInTe HepaBeH-
CTBO

2xa® — (5x+2)a+2x+1> 0.

Pemenue. /laHHOe HEPABEHCTBO ABJSIETCS JIMHEWHBIM OTHOCUTETBHO
ImepeMeHHOM Xx. PacKpoeM CKOOKH, TTeperpymninupyeM ciaraeMble U TpUBe-
ZIEM ero K CTaHJapTHOMY BUJY: (2a® —5a+2)x>2a—1. Kopuamu kBag-
paTHOTO Tpéx4ieHa B JIeBOM YaCTU MOJIyYeHHOTO HEPABEHCTBA SIBJIAIOTCA
yucna a =0,5 u a =2, 1o3ToMy, pa3yoKUB 3TOT TPEXWIEH Ha JUHeNHbIe
MHOXXUTEJU, IPUAEM K HEPaBEHCTBY

2a—-1(a—2)x > 2a—1.

KoadduiipeHT pu epeMeHHOH B JIEBOM YacTU HepaBEeHCTBA B 3aBUCHU-
MOCTH OT 3HAaUeHHUH ImapaMeTpa MOXET ObITh pPaBeH HYJIIO, MTOJIOKUTETEH
WU oTpullaTeseH. PaccMoTpuM Bce BO3MOXHBIe ciay4yau. Ecim a = 0,5,
HepaBeHCTBO MpuHUMAaeT BUZ O - x > 0 M BBINOJHAETCS IIPH JOO0OM 3Ha-
yeHHUU NepeMeHHOH x. Eciu a =2, HepaBeHCTBO npuHuMaeT Buz 0-x > 3
U He BBITTOJIHAETCS HU TIPYU KaKuxX 3HadyeHuaAx x. Ecmu (2a —1)(a—2) >0,
T.e. a € (—»; 0,5) U (2; +), To, pa3genuB obe 4acTH HepaBeHCTBa Ha
MOJIOXKUTENbHOEe Yucio (2a — 1)(a — 2) ¥ cokpaTuB ZApobb B MPaBOM

1 .
T Te XE [m,+oo). Ecmu (2a—1)(a—2) <0,

T.e. a € (0,5; 2), To, pa3genuB obe YacTU HEPABEHCTBA Ha OTPUIIATENbHOE
gucio (2a — 1)(a — 2) u cokpaTHB ApoOb B MpaBOM YacTH, MOIYIUM

o1
E,T.C.XE(—OO,CI_Z].
Omeem: [$;+00) mpu a € (—«;0,5) U (2; +»); (—w; +o) mpu

4acTH, ITOJIy4YUM X >

x<

a=0,5; (—00; Ly
a—

2] pu a € (0,5; 2); HeT pelleHui pu a = 2.
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ITpumep 3. HalizuTte Bce 3HAUeHU IIapaMeTpa d, I KaKJ0ro U3 Ko-
TOPBIX MeeT He MeHee CeEMU pellleHu! crucTeMa ypaBHeHUM

(3a®>—13a)x+8y = 3a* — 16a — 8,
Sx+4y = 2.

Pemenne. Kaxk[joe ypaBHEHME CHUCTEMBI ABJIAETCA YPaBHEHUEM IIPsi-
MO Ha MI0CKOCTU OXy. DTU MpsiMble TUOO0 TapaslenbHbl (TOTZa OHU He
MMEIOT OOLIUX TOYeK W, CIeJ0BaTeNbHO, CHUCTEMAa He MMeEET PelleHult),
160 TIepeceKaroTCs B OAHOM TouKe (Torzga crucTeMa MMEEeT eJUHCTBEHHOE
perieHue), mu60 coBmagaT (Torza cucTeMa MMeeT GECKOHEYHO MHOI'O
perrenuii). He MeHee ceMH pellleHUH cricTeMa GyeT UMEThb TOIbKO B I10-
clefHeM ciaydae. HamoMHuM, 4TO eciu a, # 0, by #0, ¢y 70, To ABe mps-
Mble a;X +b;y =c; 4 dyx + b,y =c, COBIAZAIOT B TOM U TOJBKO TOM CJTy-
Yae, eI COOTBETCTBYIOIIKE KO3 PUIIMEHTHI TPOITOPIINOHABHEI, T. €. €C-

a _b o 3a>*—13a _ 8 _ 3a*—16a—8
M =5 T o, Takum 06paszom, S == 5 . PemuB
3a*—13a 2
ypaBHEHHE — £ = 2, IONyYnM a =5 WIA a4 = -3 Pemus ypaBHeHUe
3a’—16a—8 _ 2
— = 2, mony9uM a =6 uma = — 3 EAvHCTBEHHBIM OOIIIUM KOP-
HeM 3THUX YPaBHEHUH ABIAETCA a4 = — %
Omeem: a=— %

VHOrZla ypaBHeHMe WIM HEepaBeHCTBO MOXKHO CBECTH K JIMHEHHOMY
C TIOMOIIIBIO 3aMeHbl IepeMeHHOMN. CzenaB 3aMeHy IepeMeHHOM, HyX-
HO 00s13aTeJIbHO TepepOpMyIMpPOBaTh 33/avy, BeZb HOBas IepeMeHHas
BO MHOTHMX CJIy4asX IPUHMMAEeT 3HAYEHUS TONBKO M3 OINpeAeTEHHOTO
MHOXecTBa. Hampumep, pu 3aMeHe t = COS X TIPUAETCA YIUTHIBATh, YTO
mepeMeHHas t MOXET MPUHUMATh 3HAUeHUs TONbKO U3 oTpeska [—1;1];
IIpU 3aMeHe t = logs(x2 + 5) — TonbKO U3 mpomexyTtka [1;+©) u T. 1.
[TepedopMyTMpOBKa 3aZiau¥l /I HOBOW TMEPEMEHHOW B TaKUX CIydasx
SIBJIAETCS 3HAYMMOM YacCThIO PeLIeHUs.

IIpumep 4. HaiiguTe Bce 3HaUeHUs MapaMeTpa d, IIPU KaKJAOM U3 KO-
TOPBIX UMEET XOTs Obl OZHO pellleHre CHCTeMAa ypaBHEHUM

12cos?x+5cos? y +11 = 6a,
15cos? x +4cos® y +25 = 12a.

Pemienue. /lanHasa cucTreMa SIBJISETCA CUCTEMOW JIMHEUHBIX ypaBHe-
HUf OTHOCUTEJIHLHO U = oS> X U vV =cos? y. fcHo, uto u € [0; 1], v € [0; 1].
3aziauy MOXHO mepedopMyIUpOBaTh TaK: HAUTHU Bce 3HAYEHUA TTapaMeT-
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pa a, Ipy KOKJOM M3 KOTOPBIX CUCTEMA ypaBHEHUN
12u+5v+11 = 6q,
15u+4v+25=12a

MeeT XOTs Obl OJIHO pelleHHe, YOBIETBOPsoIee yoroBuam u € [0; 1],
v €[0; 1]. ITockombKy KO3pPUIMEHTH TIPU NEPEMEHHBIX HE 3aBHUCAT OT
mapameTpa, Ipollie BCero HaliTh pellleHre CUCTEMBI B 00IieM BUje. YMHO-
J)KUM 00e JacTH IepBOro ypaBHEHMs Ha —4, obe JacTH BTOpPOrO ypaBHe-
HUA HAa 5 U PacCMOTPUM IOWIEHHYIO CyMMy IIOTyYeHHBIX YpaBHEHUIA:

—48u + 75u — 44+ 125 = —24a + 60a, otkyza u = AMT—9. AHaJIOTUYHO,
YMHOXXUB 06€e 4acTH MEPBOTO ypaBHEHMA Ha 5, 06e 4acTy BTOPOTO ypaBHe-
HUA Ha —4 ¥ pacCMOTPEB IIOWICHHYIO CyMMY IIOJTyYeHHBbIX ypaBHEHUM, I10-
cJle HeoOXOAMMBIX ITPe0Opa3oBaHMi HaléM v =5 — 2a. YoroBus u € [0; 1],
v € [0; 1] BEIIONMHAIOTCA B TOM U TOIBKO TOM CJIy4yae, eCiu
0 < 4(13— 9 < 1’
0<5-2a<1
/13 mepBOro HepaBeHCTBA CUCTEMBI ITOIYYUM, 4TO a € [2,25; 3], u3 BTOpO-
ro—uro a € [2; 2,5]. CnegoBaTenbHoO, a € [2,25; 2,5].
Omesem: a € [2,25; 2,5].
IIpumep 5. Hatigure Bce 3HaYeHUs rapaMeTpa d, TPy KaXKJOM U3 KO-
TOPBIX ClleAyolllee YpaBHEHHE UMeeT XOTA Obl OZUH KOPEeHb:

61log, 55 sinx +a” +6a + 8 = alog, sinx.

Pemrenue. IlpuBeném siorapudmM B JIEBOM 4YacTU ypaBHEHUA K OC-
HoBaHuwo 4. Tomyunm —6log,sinx + a* + 6a + 8 = alog, sinx, oTkyza
(a+6) log, sinx =a?+ 6a + 8. Tlycts log, sin x = t. [Ipu Beex AOMYCTUMBIX
3HaUYeHUAX NepeMeHHOU sinx < 1. 3Hauut, t < 0. Termepp 3azauy MOX-
HO TepedOpMy/INpPOBATh TaK: HAWTH Bce 3HAYeHWA IapaMeTpa d, IIpU
Ka)k/IOM W3 KOTOPBIX ypaBHeHHe (a + 6)t = a?® + 6a + 8 umeeT x0T OB
OZIIH HETIONIOXKUTENbHBIN KopeHb. KopHAMU TpéxuieHa B IIPaBOM 4acTH

YpaBHEHUs SBIAIOTCA yuciaa a = —4 u a = —2. Pa3jIoXuB KBaJpaTHBIN
TPEXWIEH HA MHOXXUTENH, onyanM (a + 6)t=(a+4)(a+2). Ecma=—6,
. a+4)(a+2 . o
KopHeli HeT. Ecu a # —6, To t = %. Yenouto t < 0 HaliZIeHHBIU
(a+4)(a+2)
KOPEeHb y/IOB/IETBOPAET TONBKO B TOM Cly4dae, ecid — -~ < 0.
PemteHue nocsielHero HepaBeHCTBA Hal/IEM METOOM UHTEPBAJIOB.
- + - +
-6 —4 -2 a

Omeem: (—x; —6) U [—4; —2].
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3ameuanue. O6paTUM BHHMaHUE Ha TO, YTO B ZIBYX IOCIEJHUX MPU-
Mepax He TpeboBasoCh JenaTh OOpaTHYIO 3aMeHy M BO3BpAUIaThCA K
IIpe)xHel nepeMeHHON. DTa CUTYyallls ABJAeTCA JOCTaTOYHO pPaclpocTpa-
HEHHOM, U NP IPaBWILHOH epeOopMYIUPOBKE C YIETOM HEOOXOAUMBIX
OTpaHUYeHMl Ha HOBYIO IIepeMeHHYIO BO3BpalllaThcsA K CTapol He HYXKHO,
ecsiy, KOHEYHO, He TpebyeTcsa MCKaTh CaMHM KOPHH JAHHOT'O YpaBHEHUS
WM pellleHrsa JaHHOTO HepaBeHCTBAa. B IociegHeM ciaydae obpaTHas
3aMeHa SIBJsIeTCA 00g3aTenbHOM.

IMpumep 6. IIpy kaxZ0M 3HaYEHUU IlapaMeTpa d pellnTe ypaBHEHUe

a5 +1 = (a-1)2

Pertenue. PackpoeM CKOOKH B TIpaBOii YacTH YpaBHEHUS U TPUBEAEM
nofo6HbIe craraeMele. IlonyduM ypasHeHue a - 5% = q? — 2a. Ecim
a =0, ypaBHeHHe obpalaeTcs B TOXAECTBO, CIIPaBeIMBOE TIPH JIIOO0M
3HAaYEeHWU MepEMEHHOM, T.e. B 3TOM ciiydae X € (—o; +). Ecm a # 0,
TO, paszenuB obe YacTH ypaBHEHMA Ha d, moiyduM 515 =q — 2. Tlycrs
t =5/3*1 Tak xax 0 < |cos x| < 1, momyuanm, urto 5° <t <5, wim 1 <t <5.
3HauuT, 1 <a—2<5, otkyza 3 < a < 7. CaenaB obpaTHyIO 3aMeHy TIpHU
HalleHHBIX 3HAYEHUAX d, TOMyIuM |cos x| =logs(a — 2). Pemenus ypas-
Henus |cosx| =1 (rme 0 <1< 1) B Haubosee KOMITAKTHOU dopMe MOXKHO
3aIrcaTh, BOCIIOIb30BABIIKUCH UHUYHON OKPY>KHOCTBIO.

P

arccos!

arccos

arccos!

P

— arccosl

Takum obpasom, x = £ arccos(logs(a —2)) + nn, n€Z.

Omeem: Farccos(logs(a —2)) + nn, n€Z, npu a € [3; 7]; (—o; +)
pu a = 0; IIpY IIPOYMX d PELIEHUH HET.
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3ameyaHnue. [Ipy pelleHNH TOCJIEIHETO IPUMeEPa MOXKHO ObLIO 060¥-
ThCh 6e3 GpopMaIbHON 3aMeHbI IIepeMEHHOH, 3Ta 3aMeHa OblTa c/eaHa
TOJIBKO 15T GOJTBIEN HATISZHOCTH.

Yopaxuenud k §1.1

1. a) [lna kaxxZoro 3HayeHUA NapaMeTpa a HalguTe YUCIO KOpHe!
YpaBHEHUA

9(5x — 1)a® — (59x —55)a+6(x—1) = 0.

6) JI1s KaXK0To 3HAaYeHUs TapaMeTpa d HaluTe YUCI0 KOPHeH ypas-
HEHUA

7(2x —1)a® — (23x —22)a+3(x—1) = 0.

2. a) [lia KKZ0ro 3HaUYeHUsA IapaMeTpa a HalinTe MHOXKECTBO pellle-
HUI HepaBeHCTBa

4xa®> — (17x+4)a+4x+1 > 0.

6) [l KaXZ0TO 3HAUEHUsl IMapaMeTpa a HalnuTe MHOXKECTBO pellle-
HUI HepaBeHCTBa

5xa® — (26x+1)a+5x+5 < 0.

3. a) HatiguTe Bce 3HaueHUA IapaMeTpa d, IPU KaXKJOM K3 KOTOPBIX
ypaBHeHUe

|9x 4+ 7a—3| = |4x + 3a+ 4|

VMeeT /IBa Pa3JNYHBIX KOPHfA, cpefiHee apudMeTHdecKkoe KOTOPBIX PaB-
HO —8.

6) Haiizure Bce 3HaueHHS MapaMeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHUe

|7x+8a—5| = |9x + 7a — 2|

VMeeT [IBa Pa3JUYHbIX KOPHs, cpefiHee apudMeTHIecKoe KOTOPBIX PaB-
HO 9.

4. a) Hatizute Bce 3HaYeHUsA NapaMeTpa d, IIPU KakJOM U3 KOTOPBIX
HEpaBeHCTBO

3x—5a—3|<7—-5a—x

VMeeT eZINHCTBEHHOE pelleHHue.
6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
HEPaABEHCTBO

3x—4a—1|<5—4a—x

NMEET €ANHCTBEHHOE PEIICHUE.
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5. a) HaiizuTre Bce 3Ha4YeHU IapaMmeTpa d, AJA KaX/J0To U3 KOTOPIX
UMeeT He MeHee TPEX pellleHu! crucTeMa ypaBHEeHUM
(2a®2 —11a)x — 25y = 2a® —13a — 30,
8x—5y =3.
6) HailizuTe Bce 3HaueHUs MapaMeTpa d, [Ji1 KaKZOTO M3 KOTOPBIX
UMeeT He MeHee TPEX pellleHu! crucTeMa ypaBHeHUM
{ (9a® — 49a)x + 36y = 9a® — 58a + 44,

9y —5x = 5.
6. a) /Jlna KaXXZ0ro 3HaUYeHUA IlapaMeTpa a pelinTe CUCTeMy ypaBHeHU!
x+7y =2,
3x+y=a,

3x+13y = a®+3a.
6) [l KaKZoro 3HaYeHNs MapaMeTpa d PELINTe CUCTEMY YPaBHEHUH
x+y =2,
2x—y =a,
4x —y = a*+2a.

7. a) Haligure Bce 3HaYeHUs mapameTpa d, s KaKJOT0 M3 KOTOPBIX
c/leflyIolias CUCTeMa ypaBHEHUI UMeeT XOTsI ObI OZTHO pellleHHUe:

= 4a,

= 3+4a.

RINK [
<o N

6) Haiizure Bce 3Ha4eHHs ITapaMeTpa d, JIs KaXKI0TO U3 KOTOPHIX CJie-
JyIoIIas CUCTEMA yPaBHEHUN UMeeT XOTsS Obl OZJHO pellleHue:

l+l=3a,
x oy

4 5 5
;4—;—3 a.

8. a) HalizuTe Bce 3HaYeHUA IapaMeTpa d, IPU KOTOPBIX KaxAasd U3
cucTeM ypaBHEHUH

{(x_6y)—1 =-0,1, 4x+y = 2a,
_ 1 1 __1
7x—2y = 2a x4y — 6

UMEET €AMHCTBEHHOE PEIICHUE U 3TU PEUIECHNA COBIIaZaroT.
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6) HaiiguTe Bce 3HaUeHUs IIapaMeTpa d, IIPU KOTOPHIX KaXKAasd U3 CU-
cTeM ypaBHEHUM

_ 11 7x—3y = 3a,
(X 5)’) - 8; u 1 B 1
3x+y =3a x—3y 4

VMeeT eZIMHCTBEHHOE pelleHye U 3TU pellleHUA COBIIaZaloT.
9. a) HaiizuTe Bce 3HaUeHUs ITapaMeTpa d, IIPU KaKJOM U3 KOTOPBIX
cyleyrolas crucTeMa ypaBHEeHU XOTsA Obl OZHO pellleHue:

12 cos? x +11cos? y +33a = 31,
33cos®x +4cos’ y +151 = 198a.

6) HaiizuTe Bce 3HaUeHUs MapaMeTpa d, IpU KaKJOM U3 KOTOPHIX CJle-
AyIollasi CUCTeMa YPaBHEHUH XOTs ObI OZHO pelleHue:

21sin% x +8sin® y +59 = 6a,
24sin? x+7sin® y +91 = 9a.
10. a) HaiiguTe Bce 3HaUeHUA ITapaMeTpa d, IIpY KaKJOM U3 KOTOPBIX
MHOXXECTBOM PEIIEeHUI CUCTeMBI HEPABEHCTB
5x+2a < 25X+a—4
X 5
6x—3a—3 > 36x+a—3
=
ABJIAETCA OTPE30K YMCJIOBOM IPSAMOM, Zi/ITMHA KOTOPOTr'o paBHa 3.

6) Haiizute Bce 3HaUeHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
MHOXECTBOM peIlleHU! CUCTeMbl HEPaBEHCTB

x+2a+1 x+a+1
7 <49 ,
x—a—2 x+a+2
3 =9
ABJIAETCA OTPE3OK YHUCJIOBOM HpHMOﬁ, AJIMHAa KOTOPOIr'o paBHa 1.

11. a) Hatizure Bce 3HaYeHUA apaMeTpa d, IPU KaXkKZlOM U3 KOTOPBIX
creziyrolliee ypaBHeHNE UMeeT XOTsA Obl OJMH KOPeHb:

6log, sinx +alog, sinx = a*+ 5a+ 4.

6) HaiizuTe Bce 3HaUeHUs MapaMeTpa d, IpU KaKJOM U3 KOTOPHIX CJIe-
Aylolllee ypaBHEHUE UMeeT XOTs OBl OZNH KOPEHb:

logy 5 cosx+7a = alog 5 cosx + a®+12.

12. a) Hatigure Bce 3Ha4eHUs IapaMeTpa d, IpU KaXXJOM U3 KOTOPBIX
creziyrolliee ypaBHeHUe UMeeT XOTsA Obl OAMH KOPeHb:

(zsinx _ 1)612 _ (3 . 2sinx _ 1)a + 2sinx+1 =0.
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6) HatizuTe Bce 3HaUeHNs TapaMeTpa a, IpU KaX/J0M 13 KOTOPBIX CIe-
Jylolllee ypaBHEHHE NMeeT XOTA OBl OZINH KOPEHb:

(3cosx _ 1)a2 _ (5 . 3cosx _ 2)61 +2. 3cosx+1 =0.

§1.2. HesnHeliHble ypaBHEHUA U HepaBeHCTBA
¢ mapamMeTpoM

Kpyr 3azau, pellleHre KOTOPBIX OCHOBBIBAETCS HA CTAHAAPTHHIX IIpe-
00pa30BaHMSAX U JIOTUYECKOM Tepebope, JOBOJBHO IIHMPOK, a UX GopMy-
JIUPOBKH JIOCTaTOYHO PasHOOOpa3HbI. KitoueBHIM IMPU3HAKOM TaKoH 3a-
Jlauy SIBJIIETCS TO, UTO €€ pellleHUe, KaK OTMeYasoch BHINIE, He MPeAIo-
JlaraeT 3HaKOMCTBA C KAKUMH-TO HOBBIMU HIESMU U METOAAMU, KOTOPBIX
HET B IIKOJbHBIX y4eOHUKAX, a TpeOyeT JUIIb YMEHUs BBIIONHATD IIPe06-
pa3oBaHMs, OTBEYaTh HAa BOIIPOCH O CYIeCTBOBAHUM KOPHEN ypaBHEHU
WY pellleHui HepaBeHCTBa, YAOBIETBOPSIOMINX OIIpe/IeIEHHBIM YCIOBU-
AIM, HaXOJUTh, ecId TpebOyeTcs, CaMH 3TU PellIeHUs, BBIIOMHATh Heob6Xo-
IVMBIH JIOTUYeCKUH mepebop.

IIpumep 1. HaiiguTe Bce 3HAUeHMs IapaMeTpa d, IPU KaKAOM U3 KO-
TophIX ypaBHeHHe X° — (a +4)x? + 4ax =0 UMeeT POBHO /IBa Pa3TMIHBIX
KODH1.

Pemrenue. BeiHeceM 3a CKOOKM OOIIWM MHOXKHUTENb JIEBOM YaCTH ypaB-
Henus: x (x? — (a+4)x+4a) =0, otkyza x =0 wm x> — (a+4)x +4a=0.
KopHAMU TOCIeIHETO YPAaBHEHUS SABJSIOTCA X =4 U X = a (3THU KOpHU
MOXXHO HaWTH, BOCIOIb30BaBIIMCh dopMmyrnamu Buera mnu dopmynoit
KOpHeH KBaZipaTHOTO ypaBHEHU:). POBHO /iBa pasMyYHBIX KOPHA JaHHOE
YpaBHEHUE MMEET, TOIbKO ecau a =0 uiu a =4.

Omseem: a=0, a=4.

IIpumep 2. Halizute Bce 3HauYeHUA ITapaMeTpa d, IpY KaXJ0M U3 KO-
TOpBIX ypaBHeHus X2 + 2x +a =17 u x* 4+ 5x = 3a + 18 uMeroT x0T GBI
OZIVIH OOLINI KOPEHb.

Pemtenue. ITycThb X, — KOpeHb KaXJ0r'o U3 JJAHHBIX ypaBHeHU. Torza
CIIpaBe/JIUBhl TOX/ECTBa

xg+2x,+a—17=0 €]
u

x5 +5x)—3a—18=0. (2)
Brruuraa nowieHHO paBeHCTBO (1) u3 (2), noryuum 3x, —4a —1=0, ot-
KyZa X = L R obpa3om, JaHHbIE YpaBHEHUSA UMEIOT He Oosee

3
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4a+1
OJTHOT'O OOIIETO KOPHA X = 5

13 ypaBHeHU, HanpuMep B mepBoe. [Tomyuanm
2
(Lﬂ) +2.‘m_+1+a_17: 0.
3 3
OTo ypaBHEHUE SIBJIAETCS KBa[PATHBIM OTHOCUTENBHO d. BEIIOTHUB Ipe-
o6pasoBaHysA, IPUBEEM ero K cTaHAapTHOMY BuAy: 16a +41a — 146 =0.

4a+1
. [loacTaBum BMECTO X B JIr000€e

3

KopHaMU mocnesHero ypaBHeHUA ABIAIOTCA d = —Z—z na=2.
Omeem: a= —Z—z, a=2.
IIpumep 3. Ilpu KaXAOM 3HAQUYEHWM IIapaMeTpa d pelIuTe HepaBeH-
CTBO > > 3a.
x—3a

Pemtenue. Ilepeneca *—3g B PaByo 4acTbh HEPAaBEHCTBA U NIPUBeAA

MOJTyYEHHYIO Pa3HOCTh K 00IleMy 3HaMeHaTeso, IPUAEM K HepaBeHCTBY

—9q%—
Sax—9a_ -5 < 0. IIpu a =0 HepaBeHCTBO NPUMET BU/, —% < 0, oTky-

x—3a
ga x € (0; +). IIpu a > 0 MOXHO pa3zienuTh 006e YacTH HEpPaBEHCTBA
x— (Sa + %)
Ha IOJOXUTeAbHOe 4ucio 3a. Ilomyyum —x—34 < 0. Tockoneky

B 3TOM ciIyvae 3a + 35_a > 3a, pellleHHeM HepaBeHCTBA ABJIAETCA UHTepBal
) 2.
(Ba, 3a+ Sa) :
+ | - | +
3a

5
3a+£

I[Tpu a <0 MOXKHO paszieNnTh 06e YacTh HEPABEHCTBA HA OTPHUIIATENb-
HO€ YKo 3d, U3MEHUB 3HAK HEPABEHCTBA HA IIPOTHUBOIIONOXKHBIM. [Tosy-

5
X — (Sa + 5)
x—3a <
eM HepaBeHCTBa fBJAETCA OObeAMHEHNE WHTEPBAJIOB (—00 ;3a+ ﬁ) U
U@Ba; +»):

5
YUM > 0. [TockonbKy B 3TOM ciay4ae 3a + 32 < 3a, peuieHu-

+ | - | +

3a X

5
3a+£
Omeem: (—00; 3a+ 35_a) U (3a; +») mpu a < 0; (0; +) mpu a =0;

(Ba; 3a+ % npu a > 0.
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IIpumep 4. Hatiziute Bce 3HaYeHUs apamMeTpa d, IpU KaXKJO0M K3 KO-

TOPBIX ypaBHeHHUe X + \/ x2 — 4ax — 7a =3 umeeT X0Ts 6bl OZIMH KOPEHb.

Pewrenue. [epenuiem ypaBHeHue B Buge Y/ x?—4ax—7a =3 — x.
JleBasA 4yacTb ypaBHEHHs HeEOTpHIATeJbHA B CWIy HEOTPULATEIbHOCTU
KBaZpaTHOro KopH:A. Ecaiu mpaBas 4acTh ypaBHeHUA OTpHULIaTelbHa, KOp-
Hell OoHO He HMeeT. Eciy mpaBas yacTh ypaBHEHHS HeOTpPUIlATENbHA,
BO3Be/leHNe B KBa/IpaT 06ex ero yacTel ABIAeTCS PaBHOCKUIBHBIM IIpe06-
pa3oBaHHeEM, T. €. He IPUBOJAUT HU K ITOTepe KOpHEeH, HU K IPUOOpeTEHNIO
IIOCTOPOHHUX KOpHEH. B aTOM ciiydae mpuxoJuM K crcTeMe

x <3, x <3,

x*—4ax —7a =9 —6x+x?, oTRyAa (6—4a)x = 7a+9.
[Ipu a = 1,5 ypaBHEHUE CUCTEMBI He UMeeT KopHel. [Ipu a # 1,5 KopHeM
YPaBHEHUA CUCTEMBI ABJIACTCA X = Za—ttz
HUEe UMeeT XOTA Obl OZWH KOPEHb, TOJIBKO €C/IU

. B aTOM ciydae faHHOe ypaBHe-

7a+9
6 —4a
B JIEBYIO YacTh HEpaBEHCTBA U MPHUBEAA MOIYYEHHYIO Pa3HOCTb K Obiie-

.. 19a -9
My 3HAMEHATeJIt0, IPUAEM K HEPaBEHCTBY < 0. PemuB mocienHee

< 3. Ilepeneca 3

3
HepaBeHCTBO METOJOM UHTEPBaJIOB, IIONIYyUUM a € (—oo 2 ] U (5; +00):

' 19
- N | -
2 3 a
19 2
e 2 3.
Omeem.( 00} 19]U(2,+00).

IMpumep 5. Haligure Bce 3HayeHUs IapaMeTpa d, IPU KaKJOM U3
KOTOPHIX ypaBHeHHe 3 cos2x — (a? — 8a + 6) sinx = 3 uMeeT Ha OTpesKe
[0; 27t] poBHO 4 KOpHSI.

Pemrenue. IlepeHecéM Bce caraeMble JIeBOM 4acTH ypaBHEHUA B €ro
TIIpaByl0 YacTh M, BOCIIONb30BABIIMCH GopMymoi 1 — cos2x = 2sin’x,
NIpuBe/IEM ITOTyYeHHOe ypaBHeHe K BU/Y 6 sin® x + (a® — 8a+6) sinx = 0,

. . a*—8a+6 .
OTKyZa sinx =0 win sinx = -~ % KopHamu ypaBHeHu: sinx =0

ABJAIOTCA yuciaa x = nk, k € Z. Otpesky [0; 27] npuHaziexar poBHO
3 KopHA oTOrO ypaBHeHudA: x =0, x =7, x = 27. Eciu a’>—-8a+6=0,

a’—8a+6
¢ — COBIA/AIOT C KOPHAMM yPaBHEHUs

sinx =0 ¥ TOJBKO 3 KOPHS [AHHOT'O YpaBHEHWs IIPUHAAJIEKAT OTPE3KY
_a’*—8a+6
6

KOpHU ypaBHEHUA Sin X = —

[0;27t]. Eciu a? — 8a + 6 # 0, KOPHM ypaBHEHMs Sinx =
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He COBIIQZIAlOT C KOPHAMHU ypaBHeHUA sinx = 0 M JaHHOe ypaBHEHHUE
6yzeT UMeTh POBHO 4 KOpHA Ha orpeske [0; 277] TOIBKO B ciIydae, eciu

2
. a‘—8a+6 .
YPaBHEHHe SiNX = —~———-—— HMEEeT Ha 3TOM OTpe3Ke eJMHCTBEHHbIH
KOpDeHb, YTO BO3MOXHO, JIMIIb ecau sinx = —1 wm sinx = 1. Takum
a’—8a+6 a’—8a+6
obpasom, -5 = 1 (otkyza a =2 wiu a = 6) wim % ="

(otkyza a=0 wiu a =8).

Omsem: 0; 2; 6; 8.

ITIpumep 6. HalizinTe Bce 3HAYEHUS MTapaMeTpa d, MPU KaXkKA0M U3 KO-
TOPBIX HU OZIHO U3 4ucesn —9 u 8 He NMPUHAZJIEXUT MHOXKECTBY pelleHUN
HepaBeHCTBA

O+ x—72)1/0,2-55 71 £ g2 3341 < 0.

2 _ ]_ 2 _ 2 —
Pemenue. 3ameTum, uTo 0,2 - 55 ™71 = 55 X7l = gXHX=72 Kop-

HAMM KBaJPaTHOTO TPEXwieHa x2 + x — 72 ApjstoTca yucna —9 u 8. Pas-
JIOXXUB 3TOT KBaZlpaTHBIN TPEXWIEH Ha MHOXKUTEJIH, IlepelulleM HepaBeH-

cTBO B BuZe (x+9)(x—8) \/5("+9)("_8) +a?—3a+1<0. YeroBue 3aga9u
6yZieT BHIIOMTHEHO TOMBKO B TOM CJIydae, eCIH IIpU X = —9 U IpH X = 8
3HaueHHe TIOJKOPEHHOTO BhIPAXKEeHMs OyZeT OTPUIIATeNbHEIM, T.€. eClH
a?—3a+2<0, otkyga a € (1; 2).

Omsem: (1;2).

[Ipumep 7. HalizuTe Bce 3HaYeHUA MapaMeTpa d, P KaXJOM M3 KO-
TOphIX ypaBHenue 1g(ax? — (a+ 2)x + 3) +1logy; (3x* — (a+2)x+a) =0
uMeeT Gostee ByX KOPHeil.

Penrenue. [Tepeiizia k ocHOBaHMIO 10, TIlepenuIneM JaHHOe YpaBHeHe
B Buze lg(ax? — (a+2)x +3) =1g(3x% — (a+2)x +a). [TorydyeHHOE ypaB-
HeHYe PaBHOCHILHO CHCTEMe

ax?—(a+2)x+3=3x>—(a+2)x+a,
3x?2—(a+2)x+a>0.

YpaBHeEHUE CUCTEMBI IPUBOAUTCA K BUAY (a — 3)x>=a—3. Ecmu a #£3,
mocJie/iHee ypaBHEHUE SIBISETCSI KBaJpaTHRIM U 6oJiee IByX KOpHEH NMETh
He MO)XeT. Ecyii a =3, KopHeM ypaBHEHUS SBJISETCS JTI060e AeHCTBUTENb-
Hoe yucso. [Tpy 3TOM HepaBEeHCTBO CUCTEMBI IPUHUMAET BUJ, 3x? —5x+
+ 3> 0 ¥ BHIONHAETCS TIPU JIFOO0M 3HAYEHUU ITIePeMEHHOU B CHITy OTpU-
[[aTeJTbHOCTH AVUCKPUMHUHAHTA U MTOJIOKUTETBHOCTH CTapIlero Koahpuiy-
€HTa KBa/IpAaTHOTO TPEXWIEHA B JIEBOW YaCTHU HEPABEHCTBaA.

Omsem: 3.
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ITpumep 8. HatiziuTe Bce 3HaYeHHUA NapamMeTpa d, Ipy KaXKJO0M K3 KO-
TOpBIX E060e peleHre HepaBeHcTBa log, X2 <log,(3x + 4) apnsercs pe-
neHreM HepaBeHcTBa 81x?% < 16a*.

Pemenne. HepaseHcTBo log, x? <1og,(3x +4) paBHOCWJIBHO cUCTEME

x? < 3x+4,
x # 0.

PerlieHrEM MEPBOTO HEPABEHCTBA CUCTEMBI SIBISETCS OTPe30K [—1; 4], mo-
3TOMy penieHue cucteMsbl ecTb [—1; 0) U (0; 4]. VI3 HepaBeHcTBa 81x2% <

2
< 16a* monyqaem |x| < 4%. Tpeb6oBanue 3azau GyZIeT BHIIOIHEHO, €C/IU
4q?
-5 <1, > 2,
4 OTKyZIa 5 4
4<g @ =9

T.e. a?>9 u, 3Ha4uT, a € (—oo; —3] U [3; + ).
Omsem: (—o; —3]U[3; 4+x).
IMpumep 9. Haligute Bce 3HaYeHUs IMapaMeTpa d, IIpU KaXKJOM U3 KO-
TOPBIX JF060I KOpEHDb ypaBHEHUS
acos2x + |a|cos4x +cosbx =1 @
SIBJISIETCST KOPHEM ypaBHEHUs
2 sin x cos 2x + sin 5x = 2sin 2x cos 3x 2
1, Ha0060POT, KaXKABIH KOPeHb ypaBHEHHUs (2) ABJIseTCS KOPHEM ypaBHe-
Huqa (1).
Pemrenue. YpaBHeHUe (2) He COAEPKUT MMapaMeTpa, MMO3TOMY IIeIeco-

00pa3HO HavyaThb UMEHHO C ero pemreHus. [Ipeo6pa3oBaB B CyMMy IIPOU3-
BeZleHUe B IIpaBOM 4acTU ypaBHEHUs, IIOTyUUM

2sinx cos2x +sin5x = sin 5x — sin x,

oTKyza 2 sin x (cos 2x +0,5) =0, u, 3HauuT, sinx =0 (oTkyzaa x = nk, k € Z)

win cos2x = —0,5 (oTKyza x = :I:% + tm, m € 7). Bce HaiifieHHbIE KOP-

HU MOXKHO 3aIucaTh B Oojiee KOMITAaKTHOM BHZle (HalpuMep, pacCMOTPEB

COOTBETCTBYIOIIE UM TOYKU €AWHUYHOU OKPY)KHOCTH): X = %, nez.

Takum 006pa3om, HY)KHO HAaWTH BCe 3HAYEHHMS MMapaMeTpa d, MpU KaKJ0M

13 KOTOPBIX KOPHAMU ypaBHeHUs (1) ABISAIOTCT YMCIa X = %, nez, u
mn

TOJBKO OHM. ITogcTaBUM X = 3

B ypaBHeHue (1):

acosz% + |a| cos 43ﬂ +cos2ntn = 1.



§1.2. HenuHeliHble ypaBHEHUA U HEPAaBEHCTBA C IIapaMeTPOM 19

[MTockonmbKy TIpH Jit0OOM 1 € Z CIIpaBeJIMBEI pAaBEHCTBA

cos2mn =1, cos43ﬂ = coszzﬂ #0

(d4To JIeTKO /I0Ka3aTh, BOCIIONB30BABIINCH €JUHUYHON OKPYKHOCTBIO, IIPU-
MeHUB repebop wiv GOpMyJIbl IPUBEAEHMYs), IOIYyYUM d + |a| =0, oTKyza
a < 0. CiemoBaTeNbHO, €C/IM YUCIA X = %, n € Z, ABISI0TCA KOPHIMU
ypaBHeHus (1), To a < 0. Ho u3 aToro BoBce He ciezyeT, yTo npu a < 0
ypaBHeHue (1) He uMeeT APyruxX KOpHeMN. I103TOMy HYKHO paccMOT-
peTh, Kakue KopHU MMeeT ypaBHenue (1) mpu a < 0. B aTom ciiydae oHO
IPUHMUMAET BUJ dCOS2X — acos4x + cos6x = 1. IIpuMeHUB (GOPMYIIBI
Pa3HOCTH KOCHUHYCOB M KOCHMHyCa YZIBOEHHOI'O apryMeHTa, Iocje YIIpo-
IIeHUM momyyuM 2a sin 3x sinx — 2 sin®3x = 0, otkyza ysmbo sin3x =0,

sn60o asinx — sin 3x =0. Kopusamu ypaBHeHUs sin 3x = 0 ABJIAOTCA YUCIA

_mm
x=-3,m € Z, coBllafiaroliiie ¢ KOpHAMU ypaBHeHUs (2). YpaBHeHUe

a sin x — sin 3x =0 mpeo6pasyeTcs K BUAy asin x — 3 cos? x sin x +sin® x=0,
OTKyZ:a
sinx(a — 3 cos? x +sin® x) = 0.

M3 mocse/iHero ypaBHeHUs MOIyYMM, YTo JH60 sinx = 0, m6o cos® x =

a+1 .
=~ Kopuu ypaBHenusa sinx = 0 mpuHajjexaT MHOXECTBY YHCEN
_mm 6 o
x=-3-,m € Z. 3Hauur, yToObl ypaBHeHUe (1) HE UMEJO JPYTUX KOPHEU,

a+1
KpOMe 3THX YHCeN, Hy)KHO YTOOBI JTM6O ypaBHEeHHe cos? X = —4 Bosce
mwm
=, ME Z.

1
x=7z (u Torga a = 0; siCHO, YTO TIpU

He MMeJIO KOPHEW, JINOO0 ero KOpHAMHU OBUIM TOJBKO YHCIIA X =

m
Ecmu x = —5—, m € Z, To 1160 cos>

3
a =0 Apyrux KopHel HeT), 1160 cos’x=1 (ato nipu a < 0 HEBO3MOXKHO).

a+1 o a+1
YpaBHeHUE cos?x = % He UMeeT KOpHEeW, ecu b0 4

> 1 (uro mpu a < 0 HeBO3MOXKXHO). TakuM 06pas3om,

<0 (oTkyza

a+1

4
TpeboBaHUe 3aa49M BIITOTHEHO, TONIbKO ecnn a =0 win a < —1.

Omseem: (—o; —1) U{0}.

a<—1), 1ubo

YopaxxkueHus k §1.2

1. a) HaiiguTe Bce 3Ha4YeHUdA MapaMeTpa d, IPU KaXZOM U3 KOTOPBIX
ypaBHenue x> — (a —5)x? — 5ax =0 uMeeT POBHO /iBa Pa3THMIHbIX KOPHA.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
ypaBHenue x° + 2(a + 3)x? + 12ax = 0 ©MeeT POBHO JBAa Pa3IMYHbIX
KOPHA.
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2. a) Haligure Bce 3HaYeHUs mapameTpa d, IPU KaXKJOM 13 KOTOPBIX
ypaBHeHus x% + 3x — 9a + 18 =0 u x% + 6x — 13a + 25 = 0 UMeroT XOTs 6l
OZIVIH OOLINI KOPEHb.

6) HailiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXKAOM M3 KOTOPBIX
ypaBHeHUA x> —x —5a+8=0 u x? + x — 8a + 12 = 0 uMeloT X0OTA 6HI
OJIVH OOV KOPEHb.

3. a) Haiizure Bce 3HaveHHs mapameTrpa a # 0, Ipu KaKJOM U3 KO-
TOPBIX HOJIOH(I/ITEJIBHBI Bce abcrucebl 00MMUX ToYeK TrpadUKOB QYHKITUN

x) = u g(x) =2
fO) =+ +2 glx)=

6) Haiizure Bce 3HaYeHUsA nmapaMerpa a # 0, IpHU KaXKJOM M3 KOTO-
PBIX HOJIO}KI/ITEJII:HI:I Bce abcrucchl OOIUX TOYEK rpadUKOB PyHKIUN

_a
fe= g mg)=1.
4. a) HalizuTre Bce 3HaYeHUs MapaMeTpa d, MPU KaKJOM M3 KOTOPBIX

X
YpaBHEHUA m =—au = —X UMEIOT XOTs OBl OZIUH O6H.[I/II/I KOpPEHb.

X—a
6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTODPHIX

X 4a o
aBHeHUA =a ¥ —— =X UMeIOT XOTs1 6Bl OZNH OOLINI KOPEHb.
yp x+a x+a A m P
. a) HaiiguTe Bce 3HaYeHUA IapaMmeTpa d, IpXU KaXKJOM U3 KOTOPHIX
8 ax 9 ax "
YPaBHEHMA - = " U = ~o~ UMEIOT XOTA OBI OZIVH OOV KOPEHB.
6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
4 ax 5 ax .
YPaBHEHUSA - = — 7= U 1~ = — = UMEIOT XOTA 6B OVH OOIUI KOPEHb.

6. a) HaiizuTe Bce 3Ha4eHUA ITapaMeTpa d, IPU KaKJOM U3 KOTOPHIX
MHOXXeCTBOM pellleHUH HepaBeHCTBa

x24+7x+12

x> —(a—4)x—4a <0

ABIsgeTcsA 0ObeIMHEeHNE BYX HellepeCeKarounxcss NHTEPBAJIOB.
6) HailiguTe Bce 3Ha4YeHWs IapaMeTpa d, NPU KaXKAOM M3 KOTOPBIX

MHO)XECTBOM pellleHUH HepaBeHCTBa
x2—2x—3
x2—(a-1Dx—a

<0

ABJsIeTCS 00'beJUHEHHE /IBYX HellepeCeKaIoUTNXCsl MHTEPBAJIOB.
7. a) Haiizute Bce 3HaYeHUs IapaMeTpa d, MPU KaKJAOM K3 KOTOPBIX
MHO)XECTBOM pellIeHUH HepaBeHCTBa
x?>—(a—3)x—3a
x%2—(a—5)x—5a

ABJIAETCA 06"beLLI/IHEHI/Ie ABYX HEIIEpECEKAOINXCA NHTEPBAJIOB.
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6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
MHOXECTBOM pellleHNII HepaBeHCTBA
x?—(a—4)x—4a
x?—(a+6)x+6a
ABIsgeTcA 00beANHEeHNE IBYX HellepeceKaouXess NHTEPBAJIOB.
8. a) Ilpu KaxZIoM 3HAYeHUH ITapaMeTpa d PelInuTe HepaBeHCTBO

<0

> a.
xX—a

6) IIpu Ka)XJOM 3HAUEHUU MTapaMeTpa d PeInuTe HEPABEHCTBO

1
X —2a

> 2a.

9. a) Ilpu Ka)xO0M 3HAYEHUU NIapaMeTpa d PEeIINTe HEPABEHCTBO

15
ax+2a
6) IIpu KakIOM 3HAaUYE€HUU TTapaMeTpa d PEIINTe HEPAaBEHCTBO
3 2
ax+3a = 3
10. a) HatiguTe Bce 3HaUeHUS mapameTpa b, pu KaKZoM U3 KOTOPHIX

byHKITHA

> 1.

_ 10x*>+9x+8

Cx2—(2b—7)x+1
ompeziesieHa Ha Bcel YMCIOBOU IPAMOM U IPUHMMAET TOJIBKO IIOJIOXKU-
TeJIbHble 3HAaYeHUA.

6) Hatizute Bce 3HaueHMs mapaMmeTpa b, IpU KakKJOM U3 KOTOPBIX

byHKIUA
_ 5x2—6x+7
Y T 3= (5b—2)x+3
ompeZiesieHa Ha Bcel YMCIOBOU IPAMOMN U IPUHMMAET TOJIBKO ITOJMIOXKU-
TeJIbHble 3HAaYeHUA.

11. a) Hatizure Bce 3HaYueHUs IapaMeTpa d, IPU KaXkKJOM U3 KOTOPBIX
ypaBHeHUe v 5ax + 7a=>5x+ 7 uMeeT X0Ts OBl OTH KOPEHb.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHUE v 2ax + 3a =2x + 3 uMeeT X0TA OBl OAUH KOPEHB.

12. a) HatizuTe Bce 3HaUeHUA MapaMeTpa a, IpU KaXKZAOM U3 KOTOPBIX
MHOX>XeCTBOM pellleHu HepaBeHcTBa (X —3a +4) v x +a+ 2 < 0 aBnsgeTcs
OTPEe30K YUCJIOBOM MPSAMOM, AJIMHA KOTOPOT'O paBHa |al.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
MHOKeCTBOM pellleHui HepaBeHCTBA (x —2a+1)+vx+ 2a — 1 <0 aBiset-
Cs1 OTPE30K YKUCIOBOM MPSMO#, AJTMHA KOTOPOTo paBHa |a|.
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13. a) HatiguTre Bce 3HaYeHUs ImapaMeTpa d, pU KaKI0M M3 KOTOPBIX
ypaBHeHUe (x —2a)+/x —5a+ 12=0 uMeeT eZAMHCTBEHHBII KOPEHb.

6) HalizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHeHUe (x +4a)+v/x —3a —7=0 uMeeT eAMHCTBEHHBIN KOPEHb.

14. a) Haiizute Bce 3HaUeHUA TapaMeTpa d, IPU KAKAOM U3 KOTOPHIX
ypaBHeHUE (ax? — (@® + 8)x + 8a) Vx + 3 =0 umeer POBHO /IBa pa3jiud-
HBIX KOPHSA.

6) HalizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypasHenue (ax? — (a®+ 6)x + 6a)v/x+5=0 uMeeT poBHO JBa PasIHy-
HBIX KOPHS.

15. a) HatiguTre Bce 3HaYeHUs MapaMeTpa d, IpU KaKI0M U3 KOTOPBIX
HepaBeHCTBO (x —2a+ 1) v x —3a <0 uMeeT eJIJUHCTBEHHOE pellleHue.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
HepaBeHCTBO (X +3a+1)+v/x 4+ a <0 umeer eIUHCTBEHHOE PEIIEHNE.

16. a) HaiizuTe Bce 3HAUeHUA MMapaMeTpa d, MPU KaXJOM M3 KOTO-
peix ypasHeHue 10 cos2x = (a? + 13a + 20) sinx + 10 uMeeT Ha oTpe3ke
[0; 27t] poBHO 4 KOpHS.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTODPHIX
ypaBHeHUe 2 cos2x + (a® — 2a — 4) sinx = 2 uMeeT Ha otpeske [0; 27]
POBHO 4 KOpHHL.

17. a) HaiianTe BCce 3HaUeHUA MTapaMeTpa d, MPU KAKJOM U3 KOTOPBIX
ypaBHeHUe (3sinx —a—1)(3sinx + 2a — 1) =0 umeeT Ha oTpe3ke [0; 27]
POBHO 2 KOpHS.

6) HalizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHeHuUe (9sinx —a —5)(9sinx 4+ 2a 4+ 1) =0 umeeT Ha oTpe3ske [0; 27]
POBHO 2 KODHA.

18. a) HatiguTte Bce 3HaueHUs MapaMeTpa d, PU KaKAOM U3 KOTOPBIX
57

4YUCIIO
4

HE ABJIAETCA KOPHEM YpaBHEHUA

(x—STn)(x—lom\/a2+7a+11+cos4?x =0,

a yucao 107 asasgeTcs KOpPpHEM 3TOI'O YpaBHEHUA.

6) HatizuTe Bce 3HaUeHUs TapaMeTpa d, IPU KaXKI0M U3 KOTOPBIX YHC-

7T
7o 77 He ABMAETCA KOPHEM ypaBHEeHHUA

(x—i—q)(x—Mn)\/a2—7a—4+4cos¥ =0,

a yuciao 14w asasgeTcs KOpPpHEM 3TOI'O YpaBHEHUA.
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19. a) HaiizuTe Bce 3HaueHUA mapaMeTpa b, Ipy KaKA0M U3 KOTOPBIX
npsMasi y =b uMeet ¢ rpadpukoM GpyHKIIUU

_ 18sinx+17
T 17sinx+18

XOTs1 GBI OZJHY OOIIYIO TOUKY.
6) HatizuTe Bce 3HaueHus mapameTpa b, mpu Kax/0M U3 KOTOPBIX TIPSi-
Mas y =b umeet c rpadpuKoM PyHKIIUU

_ 17sinx+7
T osinx+11
XOTs OBl OHY OOIIYIO TOUKY.
20. a) Hatigure Bce 3HaYeHUA IapaMeTpa d, IIpU KaKI0M U3 KOTOPBIX
ypaBHeHuUe 7 cos? x — (7a+9) cosx + 9a =0 uMeeT XOTA 6Bl OZIUH KOPEHb.
6) Halizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
ypaBHeHUe 3 cos? x — (3a + 8) cosx + 8a =0 uMeeT XOTs 6bI OANH KOpEHb.
21. a) Hatigure Bce 3Ha4eHUs MapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
HU OZHO U3 uyucen —3 U 1 He ABJIAeTCA KOPHEM ypaBHEHUA

(x*+2x—3) V623 1 2 _14q 444 = 0.

6) HaliznTe Bce 3HaUYeHHMs MMapamMeTpa d, IPU KaKJOM U3 KOTOPBIX HU
OZIHO M3 4mce]I —7 U 5 He ABJIAETCA KOPHEM ypaBHEHUA

(% + 2x — 35)V/ 2°+2x=35 L g2 _9q — 53 = 0,

22. a) Hatigure Bce 3HaUeHUs ITapameTpa d, IPU KaXKI0M U3 KOTOPBIX
HEPaBEHCTBO

(7 —49)((0,5) ™ —8)((0,2) *—1259)(3* —3-279) <0

HMeeT POBHO /IBa pellleHUs. YKaKUTe 3TU pelleHua JJid KaXA0oro u3 Ha-
JEHHBIX 3HaYEHUH mapaMeTpa.

6) Haiizute Bce 3HaueHHS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
HEPaBEHCTBO

(6" —6)((0,25) " —64)((0,5) ™ —4-8%) (3" —279) <0

HMeeT POBHO /IBa pellleHUs. YKaKUTe 3TU pelleHua JJid KaXA0ro u3 Ha-
JeHHBIX 3HaYEHUH mapaMeTpa.

23. a) Hatiaure Bce 3HaueHUs ITapameTpa d, IPU KaKI0M U3 KOTOPBIX
ypaBHeHUe

log: (ax’>—(@a—=2)x+7) +logy » (7x*=(a@a—2)x+a) =0

MeeT Gosee ByX KOpPHEH.
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6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
ypaBHeHUe

logo,5 (ax’—(a—=3)x—2)+ log, 2x?—(a-3)x—a)=0

rnMeeT 6osee IByX KOpPHEH.
24. a) HatizuTe Bce 3HaYeHUA ITapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
TOJIKO OZJHO U3 4mces 2 U 3 ABIAETCA pellleHreM HepaBeHCTBa

(x®>=5x+6) logy 3(39+ (x — 2)a® —16a(x—2)%) > 0.
6) HailiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXKAOM M3 KOTOPBIX
TOJIBKO OJHO U3 4Kcesl 3 U 4 ABJAeTCA pellleHeM HepaBeHCTBA
(x* —7x+12)log, ;(72+ (x — 3)a® — 17a(x — 3)*) > 0.

25. a) HatiauTe Bce 3HaueHUA IapaMeTpa d, IpU KaKJOM U3 KOTOPBIX
no6oe pereHye HepaBeHCTBa log, X2 < log, (4x + 5) ABNAETCA peleHueM
HepaBeHcTBa 16x2 < 25a%.

6) HaiiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXKAOM M3 KOTOPBIX
nto6oe pemeHue HepaBeHCTBa log, x* < log, (6x + 7) ABNAeTCA pelieHneM
HepaBeHcTBa 9x2 < 49a*.

26. a) Hatizure Bce 3HaUeHUs ITapamMeTpa d, IPU KasKI0M U3 KOTOPBIX
YpaBHEHUS

sin3x +2(|a] — 2) sin® x = asinx

sin3x + cos2x = 1+ 2sinx cos2x

HMMeIOT OZHO U TO K€ MHO)XeCTBO KOpHel.
6) HailiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXKAOM M3 KOTOPBIX
ypaBHEHUA

4cos® x+|a —4|(1 4+ cos2x) = acosx + cos 3x

2cosxcos2x = cos3x+cos2x+1

HMMeIOT OZJHO U TO K€ MHOXKECTBO KOpHeH.
27. a) HatizuTe Bce mapsl 4ucen a U b, A KaKA0H U3 KOTOPBIX UMEET
He MeHee IeCTH pelnieHni (Xx; y) cucreMa ypaBHEHUHN

bx2x—-y)+(y—1D@2x—-y) =bx+y—1,
4x?+y’+axy = 1.
6) HaiiguTe Bce mapel 4ucen a U b, Iy KaXKJOW U3 KOTOPHIX UMEET He
MeHee BOChbMU pellleHui (Xx; y) cucTteMa ypaBHEHUN
x*—y*+alx+y)=x-y+a,
x>+ y*+bxy = 1.
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28. a) Hatizure Bce 3HaUeHUs ITapamMeTpa d, IPU KaKI0M U3 KOTOPBIX
ypaBHeHUe

(logs (x +3) —logs (x — 3))2 —7(logs(x+3) —logs(x —3)) —
—4a*-6a+10=0
MMeeT POBHO /IBa KOPHS.

6) Haiizute Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHUe

(loge (x +4) —logg (x — 4))2 —10(logg(x +4) —logg(x —4)) —
—4a®+4a+24=0

VIMeeT POBHO /IBa KODHS.
29. a) HaiizuTe Bce 3HaueHUd IlapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
ypaBHeHUe

(log, (x+a) —log, (x — a))?— 3a(log,(x+a) —log,(x —a)) +
+2a>-a—-1=0
MMeeT POBHO B KOPHSI.

6) Haliznte Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
ypaBHeHUe

(log, (x+a) —log, (x — a))2 —3a(log,(x+a) —log,(x—a)) +
+2a®>+3a—-9=0
MMeeT POBHO /IBa KOPH.

30. a) HatizuTe Bce 3HaueHUA IapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
ypaBHeHUe

(x+1|+|x—ap?—2(x+1|+|x—al) +4a(l—a) =0
HMeET POBHO JiBa KOPHS.
6) Haiigute Bce 3HaueHWs mapaMeTpa d, IIPU KaXXAOM U3 KOTOPBIX
ypaBHEHUE
(lx+3|+|x—apP?—6(x+3|+|x—al]) +5a(6—5a) =0
HMeET POBHO ZiBa KOPHS.
31. a) HalizuTe Bce 3HaYeHMs TapaMeTpa d, IPU KaXKJOM U3 KOTOPhIX
ypaBHEHHE
((a—Dx*+3x)2-2((a—Dx?+3x)+1-a®>=0
HMMeET POBHO JiBa KOPHS.
6) Haiigure Bce 3HaueHUs mapaMeTpa d, IIPH KaXAOM U3 KOTOPBIX
ypaBHEHUE
(ax?—2x)2 4+ (@®—a+2)(ax®*—2x) —a*(@—-2) =0

HNMEET POBHO ZBa KOPHA.
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§1.3. 3azmauu c 1eJI0YNCIeHHBIMH HEN3BECTHBIMU

dtoT maparpad MOCBAIEH 3aa4aM C [IeJIOYNCIEHHBIMA HEN3BECTHBI-
MU (TOJMIBKO TaKHe 3aJjayu U OyJyT paccMaTpuBaThes). KitoueBoii uzaeei
peleHus 3aa4 C 1eJ0UNCAEHHBIMU HEU3BECTHBIMU SIBJISETCS UAEs JETH-
MOCTH OJHHUX YKCeN Ha J[pyTrue, a HEOOXOAUMBIM 3JIEMEHTOM pelIeHUs —
JIOTUYEeCKUH repebop. Viges AeTMMOCTH 1 JIOTUYECKUH mepebop 4acTo uc-
MIOJIB3YIOTCA B TTOC/eZAHEeM 331aHuu EI'D o maTreMaTrke, 0OBIYHO ITPE/IIOo-
JlararoleM OTBETHI Ha /iBa WIKU TPU Bompoca. U eciu mMoCaeAHUN U3 3TUX
BOIIPOCOB SIBJISIETCS AOBOJBHO CIOXXHBIM, TO OTBETHI Ha TEPBBIA U — BO
MHOTHX CIy4asix — Ha BTOPOH BOTIPOCH MOTYT OKa3aThCs 10 CHJIaM JIF060-
My YCIIEBAOIEMY BBIITyCKHUKY, YTO TOATBEPXKJAET BBICOKUN €XKETOJHbIN
MIPOLIEHT TeX, KTO MOJyYaeT 3a 3TO 3aZaHue XOTA Obl ofguH 6ai. He6osb-
o maparpad eBa Jid MO3BOJMUT TIOJTHOLIEHHO ITOATOTOBUTHCA K pellle-
HUIO 3TOTO 3aZiaHus (AJ CUCTeMAaTUIECKOU TTOATOTOBKY JIyUIlle B TEUEHUE
HECKOJIbKUX JIET PellaTh OMUMIIMAJHbIE 3aZlauy U IPUHUMATh yIacThe B
MaTeMaTUYeCKHUX OJIMMITMAZaX Pa3HBIX YPOBHEHN), HO MIOMOXKET ITO3HAKO-
MHUTBCA Ha MMPUMepPax C TeM, KaK «paboTaeT» uzes JeJIUMOCTUA U KakK Jie-
JIaeTcs JIOTUIeCKUi repebop, 4ToObl BITOCJIEACTBUH TPUMEHHUTD CXOJHBIE
paccy>kIeHus TIPU CaMOCTOSITETbHOM pellleHNU MOJ0OHbBIX 3a/ad.

HauHéM ¢ HECKOJMIbKUX OTHOCUTEIBHO MTPOCTHIX TPUMEPOB (emé pas Ha-
ITIOMHUM, 4TO 37IeCh U Jlajiee Bce TIeEpEMeHHbIE IPUHUMAIOT TOJBHKO I1eJI0-
yucIeHHble 3HaueHusA). CHavasa MpoOWLIIOCTPUPYEM, KaK «paboTaeT» JIo-
TUYeCcKui mepebop.

IMpumep 1. Haiigute Bce mapshl (Xx; ¥) MeJbIX YUCET X U Y, JJIST KOTOPBIX
(x+2y)?>+(@2x+3y—1)?>=09.

Pertenue. JleBas 4acTh pPaBEHCTBA MPE/CTABISIET COOOH CyMMY ABYX
HEOTPUIATETbHBIX IETBIX YHCel. PaBEHCTBO MOXKET OBITh BBITOJHEHO,
TOMBKO ecu 3To yncia 0 u 9, wim 1 u 8, wiu 2 u 7, wim 3 u 6, wiu 4
u 5. Kpome Toro, Kakzioe cjaraemMoe J€BOH YacCTH SIBJISIETCS KBAJpaToOM
1esioro yucia. [1oaToMy U3 4 BapuaHTOB OCTAaETCs TOMbKO oauwH: 0 u 9.
PaccMOTpUM /iBa BO3MOKHBIX CITydast.

Cryuait 1: (x+2y)%=0, (2x+3y—1)?=9. 13 nepsoro ypasHeHus Ha-
xoauM x = —2y. Torga BTOpoe ypaBHeHUe NNpUHKUMaeT Buj (—y — 1)2=9,
WIN (y+1)2:9, oTkyza y=2 (u Torga x=—4) wiu y =—4 (1 rorga x==8).

Cryuait 2: (x +2y)>=9, (2x + 3y — 1)> = 0. 13 BTOpOrO ypaBHe-

1-3y
HUA HaxoZuM x = —;—. Torza mepBoe ypaBHeHHe IPUHUMAET BUJ

2
1-3 2
(Ty + Zy) =9, wm (y +1)2 =236, otkyza y =5 (u Torza x = —7)

win y=—7 (utorga x=11).
Omeem: (—4;2); (8; —4); (—7;5); (11; =7).
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Tenepb IIPOAEMOHCTPUPYEM, KaK UCIIONb3yeTCAd HUAes AeNIUMOCTH Lie-
JIBIX YMCeJI, Ha4aB C COBCEM IIPOCTOr0 IIpUMepa.

ITpumep 2. [lokaxxuTe, 9TO ypaBHeHUEe 7x + 14y =76 He UMeeT pelie-
HUU B Ie/IbIX YHCTIaX.

Pemrenue. Kaxxgoe ciaraemoe JeBOM 4acTU ypaBHEHHUA JeNUTCA Ha
YUCIIO 7, IO3TOMY UX CyMMa TakKe JeJUTCA Ha YUCJIOo 7, a YUCIO B IPaBOi
YacTU ypaBHEHUA Ha 7 He Aenntcs. ClefoBaTeIbHO, ypaBHEHNUE HE UMeEET
pelIeHui B eJbIX YHCIax.

ITpumep 3. HaiiguTe Bce mapsl (x; y) LeJbIX YUCEI X U Y, I KOTOPBIX
3x+9=4y.

Pemenue. Kaxxzoe ciaraemoe JieBOM 4acTH JaHHOIO paBeHCTBA Je-
JIATCA Ha YUCJIO 3, IO3TOMY MX CyMMa JeIUTCA Ha YUACIO0 3. 3HAYUT, YUCIIO
B IIpaBO} 4acTU paBeHCTBa TakKe JO/DKHO JenuTbed Ha 3. Ho 4 He penuTca
Ha 3, IO3TOMY YUCJIO y AOJDKHO AENUThCA Ha 3, T.e. ¥ = 3n, rae n €Z. Ho
Torga 3x +9=12n, otkyza x =4n — 3.

Omsem: (4n—3;3n), n€Z.

PaccMoTpeHHBIM puMep, MO CyTH, SBJAETCA NMPUMEPOM YpaBHEHUS
BHUJA ax + by = ¢ B 1enbIX yuciaax (ko3hGUIMeHTh B TAKOM YpaBHEHUH
TaKKe SABIAIOTCS IEIbIMKM). DTO ypaBHEHHE MOXKHO PENIUTh B 06IIeM
BU/le, HO B IIKOJBHYIO MPOTPAMMYy COOTBETCTBYIOIIUN METO/ HE BXOAUT
(xoTs1 1 OCHOBBIBaeTCs Ha MaTepuaje, M3ydaeMOM B CpeZHel IIKose);
Ha TIPaKTHUKeE /I PEelIeHNs TaKOr'o poJa ypaBHEHUN OOBIYHO JOCTATOYHO
HCIIOIb30BaTh CBOMCTBA JIETHMMOCTH IIe/IbIX YKCE.

IIpumep 4. PemnTe B IjeIbIX YKCIaX ypaBHEHMNE

2015x+ 2016y = 2017.
Pemtenue. [lepenuiemM ypaBHeHUE B BUZie
y—2=2015-2015x —2015y.

Kaxzoe ciaraemoe mpaBoil 4acTH ITOMYYEeHHOT'O PAaBEHCTBA JAENUTCA Ha
yncio 2015, mosToMy uX cyMMma Aenurcd Ha yuciao 2015. 3HauuT, yuc-
JIO B JIEBOI YacCTH 3TOTO paBeHCTBA TaK)Ke JO/LDKHO JeJIUTbCA Ha YHC-
Jgo 2015, T.e. y —2=2015n, orkyza y =2015n + 2, rae n € Z. Ho Torza
2015n=2015—-2015x—2015(2015n+2), otkyga n=1—x — (2015n+2)
ux=-2016n—1.

Omeem: (—2016n —1;2015n+2), n€Z.

PaccMoTpUM elné OfWH XapaKTePHBIM NMPUMeP 33/IauH C [eJIOYHCIeH-
HBIMU HEW3BECTHBIMHY, [PU PEIIEHUH KOTOPOH MCIIONb3YIOTCS CooOpaske-
HUS IeJTUMOCTH U WZies PellleHus ypaBHeHUs BUA ax + by = ¢, IPOUJITIO-
CTpUpPOBaHHas MPEABIAYIIUM TTpuMepoM. [IpaBza, Ipu €€ peleHrur 3TOT
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IpuéM IpUAETCA IPUMEHUTD IBAXK/BI, XOTA BTOPOU pa3 — HEABHBIM 00pa-
30M, BOCIIOIb30BABIIKUCH COOOPAKEHUAMHU YETHOCTU/HEYETHOCTU YHCET
B K&XX/I0OM U3 YacTel ypaBHEHUS.

IMpumep 5. Ha kakoe HanuboJIbIllee HATYPaJIbHOE YHMCIO0 MOXXHO COKpa-
7n+6
5n+1°
Pemtenue. ITycTh AaHHas Apobb COKpaTMMa Ha YUCIO d. DTO O3HA-

4aeT, 4To €€ yuoiurenb 7n + 6 u 3HaMmeHartenb 5n + 1 zgenarca Ha d.
Ho Torza u yucia 5(7n+6) u 7(5n+ 1) gensrcsa Ha d. Tloatomy pas-
HocTb 5(7n + 6) — 7(5n + 1) aTux uwmcen Taxxke geautca Ha d. Ho ara
pa3HocTh paBHa 23. [loaTomy d sABisferca AenuTeneM uucia 23. Hau-
GONBIINI JeUTeNb 3TOTO Yucaa — caMo 4ucio 23. OcTaéTres MoKas3arTh,
YTO HaWAETCA n, MPU KOTOPOM JaHHas Apobb cokpatuma Ha 23. IlycThb
7n+6=23l, 5n+1=23k (I€Z, k €Z). VICKIIOYMB U3 3TUX PABEHCTB
10 AaHAJIOTUU C IPeJBIAYIINM IIepeMeHHYIo n (T.e. YMHOXHUB 00e JacTu
[IEPBOr0 ypaBHEHHUA Ha 5, BTOPOIO —HA 7 W PacCMOTPEB IIOWIEHHYIO
Pa3HOCTD TOTYYEHHBIX ypaBHEHUH), Toayunm 23 =5 - 231 — 7 - 23k, oTKyza
51 — 7k = 1. DTo ypaBHeHue Buga ax + by = c. [lepenuiiemM ypaBHeHHUE,
BBI/IEJTUB B €T'0 JIEBOU YacTH YMCiIo, KpaTHoe 5. ITomyunm 50 — 5k =2k + 1.
3uauwuT, 2k + 1 genmtesa Ha 5, otkyza 2k + 1 =>5r, r € Z. JleBas 4yacThb ypas-
Henwus 2k + 1= 5r npu r060M 11e510M k OyZieT HeYETHBIM YHUCIOM. 3HAYUT,
r — He4YéTHOEe YhCiIo, T.e. r =2m+ 1, m € Z. Torga 2k +1=52m + 1),
oTkyza k =5m + 2. [Tonoxxus, HanipuMep, m = 0, moay4um, uto k =2. Ho
toraa 5n+1=23-2 u n=9. Takum obpa3omM, ZaHHas APoOb COKpaTHUMa
Ha 4KcIIo 23, Hanpumep, mpu n =9.

TUTbH JpOOb ecIu n €Z?

Omeem: 23.

AHaIOrMYHBIN TPUEM UCIONb3YETCA U IPU pelleHuHn cilefylolleil 3a-
Jla4y, yCIOBUe KOTOPOH COZEP:KUT yKe /iBe 1eI0UKCIeHHbIe lepeMeHHbIe.

ITpumep 6. Ha kakoe HanboJIbIllee HATYPATBHOE YHCJIO MOXKHO COKpa-
5n—3m

TUTb APOOH S am

mezZ)?

Pertenue. [1ycTh aHHast Apo6h COKpaTHMa Ha YUCIO d. DTO O3HAYAET,
4TO €€ YUCAUTENb 5n — 3m U 3HaMeHaTenb 3n + 4m gendared Ha d. Ho To-
raa v yucaa 3(3n+4m) u 4(5n — 3m) genarcs Ha d. [ToaToOMy CyMMa 3TUX
ymces Takke genutcsa Ha d. Ho ata cymma paBHa 29n. AHaJIOTMYHO YHCIa
5@8n+4m) u 3(5n — 3m) zgenarcsa Ha d. I103TOMy UX Pa3HOCTb JEIUTCSA
Ha d. Ho ara pa3HocTh paBHa 29m. TakuM o0Opa3oM, KaKJoe U3 YHCes

m
, €CJIU U3BECTHO, YTO ApOoOb -, Hecokparuma (nez,

m
29n u 29m penutcs Ha d. ITOCKOIBKY ApOOb -, HECOKpaTMMa, Yhcia m

U N He UMEIOT o0uux Aenuteneil. I[ToaTomy d ABIAETCA JETUTENEM YKC-
ja 29. HaubosbInii AeauTeab 3TOr0 4uciaa — caMo 4uciao 29. Ocraéresa
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MMOKAa3aTh, YTO YKCJIA N ¥ M, IIPU KOTOPBIX JaHHAA [poOb COKpaTUMa Ha 29,
cymecTByioT. ITlycTh 3n +4m =291, 5n —3m =29k (€ Z, k € Z). Vckio-
Yas U3 3TUX PABEHCTB 10 aHAJOTUH C MTPEABIAYIIUM OAHY U3 [TePEMEHHBIX
JIEBOU YaCTH, MOMYIMM IOCIeA0BaTeNbHO, uTo n = 3l + 4k, m =51 — 3k.
BribpaB, HampuMmep, [ =k =1, monyuumMm n =7, a m=2.

Omeem: 29.

[Tepeiizém Tenepb k IpuMepaM U MeToZaM pellleHuA HeKOTOPhIX HeJlu-
HeUHBIX ypaBHEHU! B IIeJIbIX YHCIaX.

IIpumep 7. PeliviTe B LebIX ynciax ypaBHeHue (2x + 3)(3y +2) =5.

Pemrenne. JleBas 4acTh ypaBHEHUs IpeZCTaBisieT cob0i mpousBeze-
HUE JBYX LeJIbIX yuceJl. [10 yCIIOBUIO 3TO IPOU3BELEHUE PABHO 5, & YUCIIO 5
MOXKHO IIPE/ICTABUTh B BU/le IPOM3BE/IeHNUSA ABYX LIeJbIX Yuces 4 crocoba-
mu:1us5,5ul, —1u -5, —5u —1. Paccmorpum Bce 4 ciy4das.

Cnygait 1: 2x +3 =1, 3y +2=75. /I3 nepBoro ypaBHeHUsA HaXOAUM
x=-1, u3 Broporo— y =1.

Cnyga#t 2: 2x +3 =5, 3y +2=1. VI3 nepBoro ypaBHeHUs HaXOAUM

1 1
X = 1, 3 BTOPOIro — Yy = —g. HOCKOJIbe —§ He ABJ/JIAETCA LEJIbIM YHC/IOM,

3TOT CJIydail pelieHuil He Jjaér.
Crnyuqait 3: 2x +3=—1, 3y +2=—5. I3 nepBoro ypaBHeH!A HAXOAUM

7 7
X = —2, 13 BTOPOroO — Yy = —g. HOCKOJIbe —§ He ABJAETCA L€JIbIM YHC-

JIOM, 3TOT CJIy4dail Takke He ZIaéT peleHuH.

Cny4ait 4: 2x +3=-5, 3y +2=—1. /I3 nepBoro ypaBHeH!A HAXOAUM
X =—4, u3 BTOpOoro— y = —1.

Omseem: (—1;1); (—4; —1).

dToT mpuMep (Kak 1 npuMep 1) okasblBaeT, YTO pellleHre YpaBHeHNUN
B IeJIBIX YMCJIaX OOBIYHO IIpeAIoaraeT OIpeZenéHHBIN JOTMIeCKUi Ie-
pebop. Kpome Toro, OH «IOACKA3BIBAET» OJHY U3 W/l pelleHuA: HYXKHO
MOTIBITATHCS MIPEACTABUTE JIEBYIO YaCTh YPaBHEHUS B BU/IE TIPOU3BEEHU
IByX (wiu 6ojee) MHOXKUTENEN TaK, YTOObI B IIPaBOM YaCcTH MPU STOM II0-
JIYIUJIOCH IIeJI0e YHCIIO.

Cregyromuii mpuMep NpeACTaBIsgeT coO0 ypaBHEHHe B IIeIBIX YHCIax
Bua ax + bxy + cy =d. CymecTByeT 1o KpaiiHeil Mepe ABa 3$PEeKTUBHBIX
criocoba peleHus 3TOro YpaBHEHUA U MOZOOHBIX eMy. OZUH U3 HUX CBS-
3aH C pa3joKeHHeM Ha MHOXUTENH, Apyroii (oH 6yzZeT pacCMOTPEH I03]-
Hee) OCHOBAH Ha BBIPAXKEHUM OJHOU U3 IepPeMeHHBIX (CTelmeHb KOTOPOM
B YpaBHEHUM paBHA 1) Yepe3 ZApyryio B BuZe airebpandyeckoi aApobu u
BBI/I€JIEHUH LI€JION YacTH 3TOU JpoOu.

Kak «paboTaeT» pasiokeHHe Ha MHOXUTENIU [JIs PELIeHHs TaKOTO
ypaBHEHMsI, MOXKHO II0OKa3aTh U B 00uieM Buze. BeiHeceM bx 3a CKOOKWU:
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bx(% + y) + ¢y = d. Tenepb mpeobpa3syeM BTOpOe cjaraeMoe B JIeBOU

yacTu. BeiHeceM ¢ 3a CKOOKU, B KOTOPBIX 3allMIIEM BBIpAKEHUE % +,
a a

U BBIYTEM U3 CyMMBI bx(g + y) + c(g + y) «KOPPEKTUPYIOIIEe» YHCIO

ca

J > UTOOBI TOMYYMTH BBRIPAKEHHE, TOX/ICCTBEHHO DAaBHOE BBIPAKEHUIO
" a a ca

B JIEBOW 9aCTH MOCJIETHETO YPABHEHHUA: bx(z —I—y) + C(B +y) -3 =4

OTKyZia (% + y) bx+o)=d+ %. YMHOXUB 00€ 9acTH IOIy4YEHHOTO

paBeHCTBA Ha b, mpuzAéM K ypaBHeHUIO (a + by) (bx +c) =bd +ca.
IMpumep 8. PemmmTe B 1eibIX ynciaax ypaBHeHue 4x + 3y +1=6xy.
Pemenue. Ilepenuiiem ypaBHeHUe B Buzie 4x — 6xy +3y +1=0u

mpeobpasyeM ero JIEBYIO 4acTh MO aHAJIOTHU C TeM, KaK 3TO ObUIO CZIeNaHo

2 2 2
BBIIIIE: —6x(y— §) +3(y— §) +3=0, oTkyza (y— 5)(—6){4—3) =-3
u -3 (y — %) (2x — 1) = —3. TlocnenHee ypaBHEHUE JIETKO IIPUBOAUTCS

k Bugy (3y —2)(2x —1) =3. JleBasi 4acCThb MMOJTYYEHHOTO YPaBHEHUS TIPE-
cTaBisieT cob60li MPOU3BeAeHUE ABYX IETBIX Yuces. [10 yCIOBHUIO 3TO MPO-
U3BeZleHre PaBHO 3, a YMC/IO 3 MOXKHO TPE/ICTABUTD B BU/IE TIPOU3BEEHUSA
JIBYX T1eJsbIx ymces 4 criocobamu: 1u 3,3 u 1, —1 u —3, —3 u —1. PaccmoT-
puM 3T 4 ciIydad.

Crmyyait 1: 2x—1=1,3y —2=3. Orctofia x=1, y = g Yucno g He
SIBJIAETCS LEIbIM, 3HAYUT, STOT CJIydail He ZaéT pelleHu.

Ciyyait 2: 2x—1=3,3y —2=1. B aTom ciay4yae x =2, y =1.

Ciyuait 3: 2x —1=-1,3y —2=—-3. Borom ciiyqae x =0, y = —%. Yuc-
JI0 —% He ABJIAeTCA IIeJIbIM, 3HAYUT, 3TOT CIydal TakkKe He JaéT pelIeHUi.

Cinyyait 4: 2x —1=-3, 3y —2=-1. B aToM ciaydae x=—1, y = %
Yucso 3 He ABJACTCA LE/TbIM, 3HAYHT, U ITOT crydail He aéT pelieHui.

Omseem: (2; 1).

B HEKOTOPHIX C/Iydasx JJs PasloKeHHUs Ha MHOXUTETN HeoOX0AUMO
HCTIONBb30BaTh GOPMYJIBl COKPAIIEHHOIO YMHOXKEHHS.

IIpumep 9. PemuTe B IeJbIX YUCIaX ypaBHeHUe x2 = y2 + 2y + 8.

Pemrenue. BeigenM B NpaBOM 4YacTH ypaBHEHUA IIOJHBIM KBaZpar:
x?>=(y+1)?+ 7. [IpumeruM $opMy/Ty Pa3HOCTH KBaJPATOB, TIePENICaB
ypaBHenwue B Buze x° — (y +1)2=7. onyuum (x —y — 1) (x+y+1)=7.
JleBas 4acThb NOCTIEHETO YPaBHEHU IIpeACcTaBiaeT coO0l IIpon3BesieHre
JABYX LieJIbIX 4uces. 1o ycioBuio 3TO npousBeseHre PaBHO 7, a YMCIo 7
MOXXKHO MPE/ICTABUTh B BU/le TPOU3BEAEHUS ABYX LIEJIBIX YUCes 4 crocoba-
mu:1u7,7ul, —1u -7, -7 u —1. PaccmoTpum Bce 4 ciy4das.
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Cinygait 1: x—y—1=1, x+y+1=7. C1o:xuB ypaBHeHUs IIOWICHHO,
HaxoAuM 2x = 8, OTKyZ,a X = 4. BelunTadA IOWIEHHO U3 BTOPOT'0 ypaBHEHUA
mepBoe, HaxoAuM 2y +2 =6, oTKyza y = 2.

Cnygait 2: x —y —1=7, x+y+1=1. C1o:xXuB ypaBHeHH! IOWIEHHO,
HaxoZuM 2x =8, 0TKyZa X = 4. BeruynTasd NowIieHHO 13 BTOPOT'O ypaBHEHUSA
IlepBoe, HaxoguM 2y + 2= —6, oTkyza y = —4.

Cnyqai 3: x—y —1=-1,x+y+1=—7. CI0:XUB ypaBHEHHU: [IOWIEH-
HO, HaxoAuM 2x = —8, oTKyZa X = —4. BrlunTasd NOWIEHHO U3 BTOPOTO
ypaBHEHUA IlepBoe, HaxoguM 2y + 2= —6, oTkyza y = —4.

Cinyqatt 4: x —y —1=-7,x+y +1=—1. C10:XuB ypaBHEHUA [TOWIEH-
HO, HaxoAuM 2x = —8, OTKyZa X = —4. BbluuTasd MOWIEHHO U3 BTOPOI'O
ypaBHEHUA IIepBoe, HaxoguM 2y +2 =06, oTKkyza y = 2.

Omeem: (4; 2); (4; —4); (—4; —4); (—4; 2).

Kpome dopMys cOKpaIiéHHOTO YMHOKEHHUSA HY?KHO TIOMHUTH U GpopMy-
JTy pasioXKeHHs KBaJPATHOTO TPéxwIeHa ax? + bx + ¢ Ha IMHeHHbIe MHO-
JKUTEJIU: €CJIU X; U Xy — KOPHH 3TOr'0 TPEXWIeHa, TO

ax?+bx+c= a(x —x7)(x—x3).
IIpumep 10. PemnTe B 1jeIbIX YMCIaX ypaBHEHUE
9x%+16xy —4y? = —11.
Pemenue. PaccMoTpuM JIeBYIO 4YacTh YpaBHEHUS KaK KBaZpaTHBIN
TPEXWIEH OTHOCUTENBHO IIepeMeHHON Xx ¢ kKoadpdumnueHtamu 9, 16y,

—4y?. KopHAMU 3TOr0 TpéxwieHa (MX MOXHO HaMTH C MOMOIIbI0 (op-
MYJIbI KOPHEH KBaZIpaTHOTO YPaBHEHUS WM C MOMOIIbI0 Gpopmyn Bueta)

ABJIAIOTCA YUCIa —2Y U 2% [TpumeHuB GoOpMyITy pasoKeHUs KBaJpat-
HOT'O TpéXwWIieHa Ha JUHeNHble MHOXXUTENH, IIONTyIYnM

9(x+2y) (x— %y) =-11,
otkyza (x+2y)(9x—2y)=-11.

JleBasi 4acTh OC/IEZIHETO YPAaBHEHUS MIPEJCTABIIAET COO0OI IPOU3Be/e-
HUe [ByX LieJbIX yucen. Ilo ycioBUio 3TO IpousBeJeHUe paBHO —11, a
yrcao —11 MOXHO IIpeAiCTaBUTh B BU/e IPOM3BEAEHUA ABYX LIEJIbIX YK Cel
4 cnocobamu: 1 m —11, =11 m 1, —1 u 11, 11 u —1. PaccMoTpuM Bce
4 cnydas.

Cnygait 1: x+2y =1, 9x — 2y =—11. C10XuB ypaBHeHUA IOWIEHHO,
HaxoauM 10x =—10, otkyza x = —1. Torza U3 nepBoro ypaBHeHUs IOJYy-
4uM, 4TO y =1.

Cnygait 2: x+2y =—11, 9x — 2y =1. C10XUB ypaBHeHUA IIOWICHHO,
HaxoauM 10x =—10, otkyza x = —1. Torza U3 nepBoro ypaBHeHUs IIOJLYy-
YUM, YTO y = —5.
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Cinyyait 3: x+2y=-1, 9x — 2y =11. Cl10XuB ypaBHeHUs IIOWIEHHO,
HaxozuM 10x =10, orkyza x =1. Torza ¥3 11epBOro ypaBHeHUA MONYINM,
yro y =—1.

Cryyaii 4: x+2y=11, 9x—2y=—1. CI0XVB ypaBHEHN: IOWIEHHO, HAX0O-
auM 10x=10, orkyza x=1. Torza 13 mepBoro ypaBHeHUA MOJIy4HM, 4TO y =5.

Omeem: (—1;1); (—1; =5); (1; —=1); (1; 5).

B 6oree CIOXKHBIX CIy4dasnx, paccMaTpyUBas ypaBHeHUE KaK KBaJJpaTHOe
OTHOCUTEJIbHO OJHOU W3 IepeMeHHBIX, IIPUXOJUTCA MPOABIATh OIpefe-
JIEHHYIO U300pEeTAaTENBbHOCTD, [JI TOT'O YTOOB! JUCKPUMUHAHT KBapaTHO-
ro Tp€XwieHa oKasajcA MOMHBIM KBaZpaTOM.

IIpumep 11. PemuiTe B Lie/IbIX YUCIaX YpPaBHEHUE

2x%+5xy +2y*—8x—7y+3 =0.

Pemtenue. YpaBHeHUe ABIAETCA KBaZPAaTHBIM OTHOCUTENBHO KaXKAOU
U3 [ByX IlepeMeHHbIX. [103TOMy MOKHO IIONBITAThCA BBIJEIUTH B €ro Jie-
BOM 4YacTU KBaZpaTHBIN TPEXWIEH OTHOCUTEIBHO OJHOMN M3 IepeMeHHBIX
U IIpe/CTaBUTh €ro B BHUJe IIPOU3BE/eHUA /IBYX JMHEUHBIX MHOXUTeNel
(ucrionp30BaB GOPMYITY pas3oKeHUs KBaJPAaTHOTO TPEXWIeHa Ha JMHEHN-
Hble MHOXXUTEJIH), YTOOBI MOTyYUTh YpaBHEHNE BU/IA «[IPOU3BEIEHUE IBYX
MHO)XXUTeJIed paBHO LieJIOMy 4YMCIy». PaccMOTpuM faHHOe ypaBHEHUe
KaK KBaJ[paTHOe OTHOCHUTEJBHO IIepeMEeHHOH X, IlepelucaB ero B BHU7e
2x?+ (5y — 8)x+2y? — 7y + 3 =0. [locTapaemcsi JOGUTBCA TOTO, YTOObI
JVICKPUMHHAHT KBa/I[PATHOT'O TPEXWIEHA B JIEBOU YaCTU YpaBHEHUS OB
MIOJTHBIM KBaZpaTOM, BapbUPYs CBOOOAHEIN KOIbOUIMEHT TpéxwieHa. s
3TOrO BBEZEM BCIIOMOTATENbHYI0O HEM3BECTHYIO Kk, 3alKcaB ypaBHEHUE
B Buzie 2x2 + (5y — 8)x +2y% — 7y + k =k — 3. Teneps HaiiAéM AUCKPU-
MUHaHT KBaZ[paTHOT'O TPEXWIEHA B JIEeBOM YaCTH ITOyYeHHOT'O ypaBHEeHUA:

D =25y*—80y +64—16y*+56y —8k =
=9y? —24y +64—8k = (3y —4)*>+48 —8k.
Ecnmu 48 —8k =0 (1. e. k =6), ypaBHeHHE PUMET BUJ
2x*+ (5y —8)x+2y*—7y+6 =3
U €ero JIEBYIO YaCTb MOXKHO OyZIeT pa3jiOKUTh HA JIMHEWHbIE MHOXHUTEH,

TIOCKOJIbKY ZIMCKPUMHUHAHT (3y — 4)? KBa[paTHOTO TpEXdieHa B 1eBOH Ya-
CTH ypaBHeHU: OyzeT MOTHBIM KBaZpaToM. B aToM ciydae

— —8)+ —
o= SOG4

OTKyZa X =—2y +3 WIU X = — yT, U, CJIeZIOBATEIbHO,

-2
2(x+yT)(x+2y—3)=3,
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oTkyza (2x+y —2)(x+2y — 3) = 3. Yucno 3 MOXXHO IIPe/CTaBUTh B BUE
MIPOU3Be/IeHUs BYX 1eJIbIX uncent 4 criocobamu: 1u3,3ul, —1u -3, —3
u —1. Paccmorpum 511 4 ciiyvas.
Cnygatt 1: 2x+y—2=1,x+2y —3=3, otkyza x=0, y =3.
Cnygait 2: 2x+y—2=3,x+2y—3=1, otkya x=2, y=1.
2
3>

1

Cnygait 3: 2x+y —2=-1, x+2y —3=-3, oTkyza x = y=-3.

B aToM ciiyyae IjesbIX pellleHUl HeT.

Cnyqait 4: 2x+y —2=-3, x+2y —3=—1, oTkyza x=—§, y=g.

B aTOM city4ae 1esIbIX pelleHui HeT.

Omsem: (2;1); (0; 3).

Ecmu pasnokeHue Ha MHOXXUTENU HE TMPEJCTABISIETCS BO3MOXKHBIM,
cyleflyeT TTOUCKATh Apyrue myTH. K ofHOMY M3 HUX IIOABOAUT CJIEAYIOIIHI

IIpuMep.
IMpumep 12. Haiizure Bce n € Z, TpU KOTOPHIX YUCIO A SABJISETCS Iie-
JIBIM, ecIn A = on + 7.
? 3n+2

Pemrenue. Mzes penieHus mof00OHBIX 33/ja4 COCTOUT B BBI/IE/IEHUH 1ie-
JIOW YacTH APO6U C MOMOIIBIO /IeIEHUsT MHOTOWIEHa Ha MHOTOWIEH 60
WHBIM CIIOCO6OM, OZIMH M3 KOTOPBIX IIPOWLIIOCTPUPYEM CIEAYIOIINM IIpe-
obpazoBaHHEM:

6n+7 2(Bn+2)+3 24 3
3n+2 3n+2 - 3n+2°

[Tpy TakoM mpeobpa3oBaHUM B yucauTeNe GOPMAIBHO BBIENAETCI MHO-
JKUTENb, PABHBIM 3HAMEHATeN0, a 3aTeM J00aBJIsAeTCA WIN BEIYUTAETCS
«KOPpEeKTHpylolllee» YUCJIO WIN BBIpa)KeHUe, KOTOpoe IT03BOJIAET IIONy-
YUTh BBIpQKeHUE, TOXK/AEeCTBEHHO paBHOe YMCJINUTENI0. 3aTeM IolTydyeHHasa
CyMMa WJIM PasHOCTb IIOWIEHHO JeJUTCA Ha 3HaMeHaTeslb. B JaHHOM

3
Inr2 [Tockonepky unucna A

U 2 U ABIAIOTCA LEeJbIMU, B CAIYy IIOJYYE€HHOI'O paBEHCTBA YHCIO

clydae IOC/e JieIeHUsa Monydwin A =2 +

3
3n+2
TaKKe ODKHO OBITH LIeTbIM. 3HaMeHaTeNb 31 + 2 [po6u SABIAeTC eJIbIM
yucioM. [103TOMYy OH ZAOKEH OBbITh AeTUTeNeM 4ucia 3, T.e. MOXKET
IIPUHUMATL TOJIBKO 3HaveHud 1, —1, 3, —3. PaccmoTpum o141 4 ciryvas.

o 1
Cmyyaii 1: 3n+2=1. OTcrogan=— 3 [TosydeHHOE YUCIIO HE ABIAETCA
LIeJIBIM, U, CJIeloBaTeIbHO, 3TOT CIyYall pelieHu He JaéT.
Ciyyait 2: 3n+2=-1. Orctoga n=—1.
o 1
Ciyyair 3: 3n+2=3. Orcroga n = 3. [lomydeHHOe YUCIIO He ABIAETCA

3
oeJsbIM, U, CJI€eA0BaTE/IbHO, 3TOT cnyqaﬁ pemeHHﬁ HE ﬂaéT.
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o 5
Ciyyaur 4: 3n+2=-3. OTcrofga n = -3 [TomydyeHHOE YUCIIO HE ABJIA-
eTcs LesIbIM, U, CIe0BaTeIbHO, 3TOT CIydail Takke He JaéT pelleHU.

Omeem: —1.

Ecnu B aTOM nprMepe 3aMeHUTh A Ha X, a n Ha Yy, llepenucaTth JaHHOoe
PaBEHCTBO TaK, YTOOBI OHO He COZIepKaio 3HaMeHaTeJIs, U IeEPEHECTH BCe
claraeMble B JIEBYIO YacTh, HOMYYUM 3xy + 2x — 6y — 7 =0. DTo mpumep
YPaBHEHUA B LIeJIBIX YMCIAX, OAUH U3 METOZOB pellleHHs KOTOPOro, B CyII-
HOCTH, U IPOWLIIOCTPUPOBAaH BbIIIIe: BbIpaXaeM OZHY IIepeMeHHYIO yepe3
JPYTYIO, BBIZENSIEM B MOTyYEHHOH APOOH I[ENTYI0 YaCTh U UCIIOIb3YEM CO-
obpakeHUs IeMUMOCTH. TaKUM CIIOCOO0M MOXKHO PELIUTH B LIEJTBIX YHCTaX
moboe ypaBHeHHe Buza axy + bx +cy +d =0, B KoTopoM Bce KoabduIm-
eHTHl — Lefble yncia. [Ipasja, uHorga Ausa 3Toro TpebyeTcs: MPOABIAThH
YyTh OOJNBIIYI0 M300peTaTeNbHOCTb. DTO IPUXOAUTCA JleaTh B TeX CIIy-
4asax, KOIZla OTHOIIeHHe Ko3pdUIMeHTa IpU IIepeMeHHOHN B YUCIUTeNe
K KO3bOUIIMEHTY TP ITepeEMEHHOM B 3HAMeHaTesle He SBJIAETCS LIeTbIM
YHCJIOM, T.€. HellOCpeJCTBEHHOe Bblle/ieHue 11eJI0M YacTH HeBO3MOXKHO.
HamomMHUM, 4TO APYTo# CITOocO6 pelleHrs TaKUX YpaBHEHWH U3JI0XKEH ITe-
peZ IpuMepoM 7 U IPOWILIIOCTPUPOBAH UM.

IMpumep 13. Pemrute B 11e1bIX yncaax ypaBHeHue x + 11y +6=>5xy.

Pemtenue. BripasuMm x depe3 y, Iepelnncas ypaBHeHNeE B BUe

S5xy—x =11y +6,

oTkyZza x(5y —1) =11y + 6. [IocKOIbKY y — Iiejioe YUCIIO0, TIONMYyYHM, YTO
11y +6
5y—1
MEHHOH B 4HCIuTeNe K KOIGOUIIMEHTY IPU IIepeMeHHON B 3HaMeHaTe-
Jie Ipo6U B MPaBOM YacTH PaBEHCTBA He SIBIAETCA IENbIM YUCIOM, T.E€.
HeIocpeJCTBEHHOE BblJleIeHNe 1eI0N YacTH 3/lech HEBO3MOXKHO. B Takux

cITyJasix MOYKHO HCIIONb30BaTh CIefytoliee paccykaeHue. Tak Kak x — Iie-

55y +30
Jioe 4HCiio, 5x Toxe Henoe 4yuciao. Ho 5x = Sy-1 Tenepp ykazaHHOe

OTHOIIIEHUE SIBJSIETCS LETBIM YUCJIOM U MOXKHO BBITIOJTHUTD CTAHAAPTHOE
nmpeobpa3oBaHHUeE:
55y+30  11(5y—1)+41 41

5y—1 5y—1 11+5y—1'

5y —1#0. [Tostomy x = . OtHOIIeHME Ko3ddULIMEeHTa IPU TIEpe-

Wrak, Sx =11+ S;—il’ U, 3HAYUT, 5y — 1 MOXKeT IPUHKUMATh TOJIbKO 3Ha-
yenuda 1, —1, 41, —41.

PaccmoTpuM aTH 4 citydad.

Cnyuaii 1: 5y —1=1. Orcioga y =0,4. ITomyueHHOe YUCIO He ABIAETCS
I[eJIBIM, CJIeZIoBaTeIbHO, 3TOT CIydail pelieHU He JaéT.
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Ciyyait 2: 5y —1=-—1. Orctoga y =0. Torga 5x=—30 u x =—6.

Cnyugait 3: 5y —1=41. Otcroga y = 8,2. [lomyyeHHOE YUCIO HE ABJIA-
eTcs IeJIBIM, CJleoBaTeIbHO, 3TOT CIydail peleHU He JaéT.

Cnyuait 4: 5y —1=—41. Otcioga y =—8. Torga 5x =10 u x =2.

Omsem: (—6;0); (2; —8).

PaccMOTpeHHBIH IpUMep WUTIOCTPUPYET OOIIIYI0 UAEI0 PEIIEHNUS OIpe-
JIeJIEHHOT'O TUIIA YpaBHEHUH B IIeJIbIX YMCJIaX: eC/ld ypaBHEHUE C AByMA
IlepeMeHHBIMU ABJIAEeTCsA JMHEHHBIM OTHOCUTEIBHO OZHOM U3 HUX, MOXKHO
MIOIBITAThCA BEIPA3UTD 3TY IIEPEMEHHYIO Yepe3 APYTyIo, a 3aTeM BBIIEINUTb
B IIOJIy4€HHOM BBIDQKEHUU «LIeJIyI0» YaCTh.

IIpumep 14. PemnTe B 1je/IbIX YMCIAX YpaBHEHUE

6y2+2xy—3y —x=2.

Pemrenue. DTo ypaBHeHUe ABJAETCA JUHEHHBIM OTHOCUTEIBHO Iiepe-
MeHHOU Xx. BrlpasuM aTy IlepeMeHHylO uyepe3 )y, IlepelucaB ypaBHEHUE
B BuZe 2xy — x = —6y? + 3y + 2, otkyaa x(2y — 1) = —6y% + 3y + 2.
3ameTtuM, 4To 2y — 1 7# 0, IOCKONBKY Y TPUHUMAET TOJbKO I[EJOYHC-
—6y*+3y+2

2y—1
B TIOIy4EHHOM BBIPQKEHUU. DTO MOXHO CJieaTh, HaIPUMep, BBINOJ-
HUB JleJleHe MHOTOWIeHa Ha MHOTOWIEH CTon6MKoM. MBI momnpobyem
IIOCTYNIUTh WHAYe, BBIAEIUB B YUCIUTeNe MHOXUTeNb 2y — 1. [Tomydyum
—6y?+3y+2=-3y(2y — 1) + 2. HaM B KaKOM-TO CMBICJIE€ «IIOBE3JIO»:
WHOTZA TaKOe BbIZIeJIeHNe MHOKUTEA IPUXOJUTCA AeIaTh HECKOIBKO pas,
Bcerja HayWHasA CO cTapllell CTeleHU lepeMeHHOH. B Takux ciydasx,
pasyMeeTcs, IpoIIe BBIIONHUTD JeJeHHe «CTOMIOMKOM» MHOTOWIEHA Ha
MHorowieH. Terepb pasziesuM NOWIEHHO YKCIUTENb Ha 3HaMeHaTelb:

—3yQy-D+2 2
2y —1 =3yt

JIeHHble 3HayeHUA. [losTomy x = . BeigenuM 1iesyxo 4acTb

_2
2y —1°
B CWJIYy IIOJIy4€EHHOI'O paBE€HCTBA YHCJ/IO

Wrak, x =—-3y + [TockonpKy 4ucia x U —3Yy ABIAITCA LEeJbIMU,

2
2y——1 TaKXXe JO/DKHO OBbITH LIeJIBIM.
3HameHaTesNb 2y — 1 Takke ABJIAETCA LeJIbIM YUCIoM. [ToaTomMy OH Joi-
JKeH OBITh ZieTUTeNIeM YUcia 2, T. €. MOXKET IPUHUMATh TOJTbKO 3HAYEeHU

1, —1, 2, —2. PaccmoTpuM 2TH 4 ciayyas.
Cryygaii 1: 2y —1=1. Otcioga y =1, U, cjie[loBaTeIbHO, x:—3-1+%:—1.
Cnyyait 2: 2y —1=-1. Otctoza y =0, u, ciegoBarenbHo, x =—3-0+
2
+ o= —2.
Crnyugait 3: 2y —1=2. Orcioza y =1,5. [TonydyeHHOe YUCJIO He ABIAETCA
IIeJIBIM, CJIeZloBaTeIbHO, 3TOT CIydail peleHU He JaéT.
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Cinyyait 4: 2y —1=-2. Orcioga y = —0,5. [lo1y4eHHOE YUCIIO HE AB-
JIAETCA LIeJIbIM, CJleZloBaTebHO, 3TOT CIydall TakKe He JJaéT pelleHui.

Omseem: (—1;1); (—2;0).

YpaBHeHUs, pacCMOTPeHHbIE BBIIIIE, MOT'YT BOSHUKATh U IIPU pellleHN!
TEKCTOBBIX 33/1a4 C I1eJI0YHCIEHHBIMU HEN3BECTHBIMMU.

IMpumep 15. MacTep ZiesiaeT 3a OAUH Yac IeI0e YUCIO eTaneH, 60b-
mee 5, a KaX/AbIN U3 YIYeHUKOB — Ha 2 /leTaii MeHblile. MacTep BbITIOTHS-
€T 3aKa3 3a I[eJI0e YKCJI0 YacoB, a [Ba YUeHUKa BMeCcTe — Ha Jac GhICTpee.
M3 KaKoro umucja JeTajaed COCTOUT 3aKa3?

Pemienue. IlycTh 3aka3 COCTOMT U3 X JeTasel, a MacTep JejaeT 3a
yac y gertaneit (y > 5). Torga yueHUMK JenaeT 3a 4ac y — 2 JeTajwu,
a JBa ydyeHUKa—2y — 4 peranu. Bpems, 3a KOTOpoe cJenaeT 3akas

MacTep, paBHO X a BpeMsd, 3a KOTOpoe cZeJaloT 3aKas /iBa Y4eHHKa,
X ' X X

oy =4 CocTaBUM ypaBHEHMeE 110 YCIOBUIO 3a/a4M: YT 2y—4 +1,

oTkyza x(2y — 4) = xy + 2y? — 4y. Tlony4eHHOe ypaBHeHUe ABJAETCH

JIVHEUHBIM OTHOCHUTEJIBHO IepeMeHHOU X. BrlpasuMm 3Ty mepeMeHHYIO

Jepes y, epenucas ypaBHeHHe B Buze x (2y —4) — xy = 2y? — 4y, oTKyza

2y%—
x(y —4) =2y? — 4y u (HanoMHMM, YTO y > 5) x = %4}/ Ho 1o

paBHO

4
x

YCIOBUIO — ABJIAETCA LIEJBIM YMCIOM, a U3 IIOJy4eHHOI'0 paBEHCTBA Cle-
y

x 2y—4 o
AyeT, u10 T =~ BeiIeNIM B YHCIUTENE TTPABOM YaCTU MHOXKUTEIb,
paBHBIM e€ 3HameHarento: 2y — 4 = 2(y — 4) + 4. Tenepb BBHIIOJIHUM
MOWIEHHOE JleJIeHVEe YHNC/IUTEN Ha 3HaMeHaTeb:

20 -H+4 4
y—4 - 2+—y_4.
Urak, %: 2+ ﬁ [TockosmbKy y > 5, monmydaem, 4to Jub0 y — 4 =2,

OTKyZa y =6, a x =24, mbo y —4=4, oTkyza y =8, a x =24. B mobom
cay4ae mosiydaeM, 4To X = 24.

Omeem: 24.

PaccMOTpUM Tellepb HECKONIBKO TEKCTOBBIX 3aJa4 C LeI0YHNCIeHHBIMU
HEM3BECTHBIMY, aHAJIOTUYHBIX pealbHbIM 3aZaHuAM EI'D mo maTemaTuke.

IMpumep 16. VmeeTrcsa 8 xapTodek. Ha HUX 3amKCHIBAIOT II0 OZHOMY
Kaxzoe u3 umcen 1, —2,—3,4, —5,7, —8,9. KapTouku nepeBopayuBamT
U IepeMemuBaT. Ha MX YKUCTBIX CTOPOHAX 3aHOBO IIHILIYT II0 OZHOMY
Kaxxzgoe u3 uucen 1, —2, —3,4, —5,7, —8, 9. Ilocye aToro umcia Ha Kax-
JIOM KapTO4yKe CKJIQZbIBAIOT, a MOIy4eHHble BOCEMb CyMM II€PEMHOKAIOT.

1. MoeT i1 B pe3ysbraTe Moay4uTbesa 07
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2. MoxeT i1 B pesyJbTaTe IOoJIyduThbca 17?7

3. Kakoe HauMeHbllee Iieji0e HEOTPULATeJIbHOE YUCIO MOXET B pe-
3yJIbTATE TOTYIUTHCA?

Pemenue. 1. Cpeu BOCbMY aHHBIX YKCEN HET TTPOTHUBOIIONIOXKHBIX.
3HauUT, CyMMa YMCesT Ha KaXK0i KapTouke He paBHa 0. I[loaToMy BCE mpo-
u3BeZleHre He MOXKET PaBHATHCS HYIIO.

2. Cpeaiyi BOCbMM /JaHHBIX YKCesl IATh HEYETHBIX. 3HAYUT, Ha KaKOU-TO
KapTOUKe TOMAZETCS BAa HEUETHBIX YMCJIA U UX CyMMa Y€THasd. [ToaTomy
BCE IPOU3BEZIEHNE YETHO U HE MOXKET PABHATHCA 1.

3. Cpeau BOCbMU JIaHHBIX YKCET TISITh HEUETHBIX. 3HAUUT, XOTA OBl Ha
JIBYX KapTOYKaX ¢ 00X CTOPOH HAITMCAaHbl HEYETHBIE YHC/IA U CyMMa YHCe
Ha KaXX/IoM U3 3TUX KapTodyeK 4éTHas. [losToMy BCE MpousBe/ieHUe JeUT-
cs Ha 4. HauMeHbllee Iiejioe IIOJIOXKUTENbHOE YMCIIo, Aefidlleecsa Ha 4, —
370 4. OHO TIOTyYaeTcs TIPU CIeAyoneM Habope map 4rces Ha KapTouKax:
(1; =2); (=2, 1); (=35 4); (45 =3); (=5;7); (7; =5); (—=8;9; (9; —8).

Omsem: 1) HeT; 2) HeT; 3) 4.

ITpumep 17. V3BeCTHO, YTO BCe WIeHH apudMeTUIecKOl porpeccuu
{a,} ABAAIOTCA pasMUYHBIMU HATypaJbHBIMU YMCJIAMHU U UYTO €€ BTOPOU
wieH B 8 pa3 6osblile TIEPBOTO.

1. MoKeT JIv OJUH 13 WIEHOB 3TOM Iporpeccuut 6uITh GOJIbINE APYTOTO
eé wieHa B 567 pa3z?

2. Halijute HavMeHblllee BO3MOXXHOE OTHOIIEHUE /IByX WIEHOB 3TOU
MIPOT'PECCUM, OTIUYHBIX OT d;, €CJIU U3BECTHO, YTO 3TO OTHOILIEHUE SABJIA-
€TCS TETBIM YUCJIOM, U YKaXKUTe JII00YI0 Mapy TaKuX eé WIeHOB.

3. Haligure TpeTUi WieH 3TOU IIPOTPECCUHU, ECIU U3BECTHO, YTO OJUH
13 e€ WIEHOB paBeH 546.

Pemenue. 1. V3 ycioBus ciexyer, 4ro {a,} — apudmeTudeckas mpo-
rpeccus ¢ pasHocTeio d # 0, Ayua KOoTOopou a, = a; + d = 8a;, OoTKyzZa
d = 7a,. CnenoBatenpHO, MI000H WieH 3TOH NPOTPECCUU MOXKET OBITh
3azan dopmynont a, = a; + 7a,(n — 1), otkyza a, = a;(7n — 6). [pex-
TIOJIOXKUM, YTO

a a;(7k—6)  7k—6

a = a1(7m—6) = Tm—6 =567

Torga 7k —6=7-567-m — 6567, oTkyza 6-566=7-567-m — 7k, 4to
HEBO3MOXKHO, TIOCKOJIbKY IIpaBasi 4acTh 3TOI'O PaBEHCTBA JENIUTCA HA 7,
a jieBas He JIEIUTCA.

2. VI3 mpeApIAyIIEero caefyeT, YTO JitoOOU wWieH AaHHOU MpOrpeccuu
Ha4yMHAasI CO BTOPOTO MOXeT OBITh 33a7aH dopMynoH a,,, = a; + 7a;n,
T.€. @41 =a;(7n+1). PaccMOTpUM OTHOIIEHME JBYX WIEHOB 3TOH IIPO-
I'PeCCHUY, OTJIMYHBIX OT d;, Y TPEAIION0KUM, YTO 3TO OTHOIIEHHE PaBHO
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Gy a(7k+1)  7k+1
Apy1 @ (7m+1)  7m+1
k>m). Torma 7k +1=7mx 4+ x u x — 1 =7k — 7mx. CinegoBarejabHO,
yuceno x — 1 genurtesa Ha 7. HauMeHBIIMM U3 TaKUX HATypasIbHBIX dKCest
saBisiercs 7, orkyza x =8. Torma k =8m + 1. Emum =1, To k =9 u Takumu
WieHaMU ABJIAIOTCA dy U dqq-

3.Ecimu a; =546, To a3 =546(7 -3 — 6) =8190. IIycTb Teneps a, # 546.
Torga a,,; =a,(7n+ 1) =546. Pa3noxuB 4ucio a,,; =a;(7n+1) =546
Ha IIpOCTble MHOXUTeNW, noayduM a;(7n+ 1) =7-2-3 .13, oTkyAa
7n + 1 =78 (MOCKO/NbKY €AWHCTBEHHBIM YMCJIOM, OCTAaTOK OT JleJIeHUs
KOTOPOTO Ha 7 paBeH 1 U KOTOpOe MpU 3TOM JUOO SBISIETCI OJHUM
u3 uucen 2, 3, 13, b0 paBHO TPOU3BEJEHUIO JIOOBIX JBYX U3 ITUX
yucesn, JUO0 paBHO TPOU3BEAEHUIO BCeX TPEX Uucesa, OyZeT UMEHHO
2-3-13=78).Hotorran=11,a,=7uas=7(7-3—6) =105.

Omeem: 1) HeT; 2) 8, a, U a;p; 3) 8190 mm 105.

ITpumep 18. B HeKOTOPOM IjapcTBe OBLIO HECKOMBKO (Oosee 1BYX) KHA-
»kecTB. OZHAXKIBI HEKOTOPHIE U3 OTUX KHDKECTB 0OBABIIIN cebs IapCTBa-
MU U pasZeWwINCh KaXkJoe Ha TO JKe CaMOe YHCJIO KHSKECTB, KOTOPOe
OBUTIO B CaMOM Hadyajsie. 3aTeM BCE HOBBIE U HOBbIe KHIKECTBA U3 UHCIIA
MIPEXXHUX W BHOBb 00pasyroIuxcs oOBABIAIN cebsS mapcTBaMu U Jed-
JIUCh KaXKJ0e Ha TO JXKe caMoe YHCJIO KHKeCTB, KOTOpoe ObLJIO B cCaMOM
Havare.

1. Morvio 1 cpasy Iocjie OZHOTO U3 AeJieHUH o0blllee YMCI0 KHIKECTB
cTaTh paBHBIM 1027?

2. Moo s B KaKOH-TO MOMEHT BpeMeHHU oflIee YUCIO KHKECTB
crath paBHBIM 320, ecyii U3BECTHO, YTO Cpasy IOCje OFHOTO U3 JleJIeHUH
o0b1Iiee YHCII0 KHKECTB OBUTO paBHO 162?

3. CKOJIbKO KHS)KECTB OBUTO B CAMOM HauaJie, eCJIU cpasy IocjIe KaKoro-
TO U3 JleIeHni obIee YUCI0 KHTKECTB CTAJIO POBHO B 38 pa3 Gosblie
IIepBOHAYaJIbHOI'0?

Pemenue. [TycTh n — 9KCIO KHAXKECTB, KOTOPOE OBUIO B CAMOM Hadva-
ne, n> 2.

1. Kaxxzoe feneHue n06aBisgeT K 00IIeMy YUCTy KHIKeCTB n — 1 KHi-
»KecTBO. [ToaTOMy mocie k feeHuil oblee YUCIO KHIKECTB OyeT paBHO
n+k(n — 1). [IpeanosoXuM, 4TO

HaTypaJbHOMY 4uciIy Xx. [lomyuyum =Xx (3mechb

n+k(n—1) =102.

Tormgan—1+k(n—1)=101 u (n —1)(k+ 1) =101. ITockonbKy 101 —
IIPOCTOE YUCJIO, MOMYIUM, 4TO b0 n — 1 =1, oTkyza n =2 (4TO IMpOTHU-
BOPEYUT YCJIOBUIO n > 2), 6o k + 1 =1, oTkyza k =0, 4TO IPOTUBOPEYUT
TOMY, 4TO OBUIO IO KpaiiHell Mepe OfHO JeIeHUeE.
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2. IIpeAnonoKum, 4To 3TO BO3MOXKHO. AHAJIOTUYHO IIpeJbIAyIIeMy I10-
JIy9uM, 9TO B 3TOM ciaydae (n —1)(k+1)=161=7-23u (n—1D(+1) =
=319=11-29, rae k u l — HOMepa AeneHui. TAKOT0 HATypaJIbHOTO YK CIa
n—1>1, g9 KOTOPOTO BHITIOMHSINCH OB 06a paBEeHCTBA

n-1Dk+1)=7-23 u (n—1DU+1)=11-29,

OYEBU/IHO, HE CYIIEeCTBYeT.

3. [IpeAnonoxuM, 4To 3TO BO3MOXHO. [lomyuynM, 4TO B 3TOM Ciydyae
n+k(n—1)=38n, ortkyga k(n — 1) =37n u, ciegosarenbHo, k(n — 1) =
=37(n—1)+37. Janee, (k —37)(n — 1) =37, u, mockonbKy, n — 1> 1,
monyvaeM, 4to n — 1 =237, k — 37 =1. Takum obpazom, n =k = 38.

Omseem: 1) HeT; 2) HeT; 3) 38.

IMpumep 19. CeMb 3KCIEPTOB OLIEHUBAIOT KUHOPUIBM. Kazablii us
HUX BBICTaB/IAET OIEHKY — Ilesoe yucyio 6amwoB or 1 go 15 BrIOYU-
TeNbHO. V3BECTHO, YTO BCE DKCIIEPTHl BLICTABIWIM DPAa3IMYHBIE OIEHKU.
[To cTapoii cucTeMe OLIEHMBAHUS PEUTHHI KMHOMWIbMAa — 3TO CpefHee
apudMeTHIeCKOe BCEX OIIEHOK dKCIepToB. [10 HOBOH cHcTeMe OlleHUBa-
HUS PEUTHHT KUHOQIbMA BEIYUCIAETCA CIEAYIOMNM 00pa3oM: 0TOpaCk-
BAIOTCS HAaMMeHbITasA ¥ HanboIbIIas OIleHK!Y, U MTOJCIUTHIBACTCS CpeJHee
apudMeTHIeCcKoe IIATH OCTABIINXCS OLIEHOK.

1. MoXXeT i pa3HOCTh PEUTHUHIOB, BEIYUCIEHHBIX 110 CTAPOM ¥ HOBOH

2
CUCTEMaM OILI€HMBAHUWA, paBHATHCA E?

2. MoeT i pa3HOCTb PEUTHUHIOB, BBIYMCIEHHBIX 110 CTapOU M HOBOU

2

cHCTeMaM OLCHMBAHMSA, PABHATBCA 5c ?

3. Haiizure HaubosIbIlee BO3MOXKHOE 3HAaYeHHE PAa3HOCTH PEUTHHTOB,
BBIYKCJIEHHBIX IO CTAPOM M HOBOI CHCTeMaM OLleHUBaHUA

Pemennie. O603HAUUM PEUTUHT KUHOOGWIbMA, BEIYUCIEHHBIH 110 CTa-
POIi crucTeMe OLIEHUBAHUA, Yepe3 A, a peUTHUHT KUHOGWIbMA, BEIYHUCIEH-
HBIH 110 HOBOI crcTeMe OLleHUuBaHuA, yepes B. [TycTb x — HauMeHbIlIaa U3
OIIeHOK, ¥ — HaubosblIas, a y — CyMMa OCTaJIbHBIX IIATH OLIEHOK. Torza

X+y+z
Az Xty y

7 B=%

1. PaccmoTpuM pasHOCTb

x+y+z y 5x—2y+5z

A-B=—7 5 35

2 Sx—2y+5z 2
IIpeAmonoKuM, 4TO 3Ta PasHOCTb paBHA =, T.€. YTO — 5 = -,
45 35 45
14
OTKyZa 5x — 2y + 5z = 9" PaBeHCTBO HEBO3MOXKHO, IIOCKOJIbKY €r0 JIeBad
YaCThb ABIAETCA LeJILIM YUCJIOM, a IpaBasd — HeT.
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2
2. [Ipepnionoxum, uto A—B= 35> OTKY/Ia aHANIOTUYHO MpPeAbIAYIeMy
IIYHKTY HaXOAUM, 4TO 5Xx — 2y + 5z =2. B 5TOM paBeHCTBE HET IIPOTUBO-
peuns. [TonpobyeM mozo6paTh UCKOMBIN HabOP, BEIOPAB B KAYeCTBE HaU-
MeHblllel U3 olleHOoK 1, T. e. monoxuB x = 1. Torga 5 — 2y + 52 =2, oTkyza
5z =2y — 3. Ec/iu B KayecTBe Yy B3ATh CYMMY CJIeAyIOIIUX 3a eJUHUIeH
OLIEHOK, TO momyuuM y =2+ 3 +4+ 5+ 6=20. Ho Torza 52=40 — 3=237,
a ynucno 37 Ha 5 He genutca. 3HaUUT, HAOOp cIaraeMbIX B CyMMe Y Ha-
[0 U3MEHUTD TaK, YTOOBI YKUCIO0 2y — 3 AeTWIOCh Ha 5. YBeTUUEeHUE CyM-
MBI y Ha 1 IPUBOAUT K yBeJIWUYEHUIO yrciaa 5z Ha 2. YTo6sl npubasie-
HUeM JBOeK K 37 TOMyIUTh YKCI0, KpaTHOe 5, 0CTaTOYHO NpHUOaBUTH
K 37 4eThlpe ABOMKY, T.e. YBEIUIUTh CyMMYy Yy Ha 4. B aToM ciy4ae mo-
ayauM 5z =48 — 3 =45, oTkyza z =9. YBeIuuuTh CyMMy Y Ha 4, BEIOHpas
OIleHKHU OT 2 710 8, MOXKHO, HampuUMep, 3aMeHuB 5 Ha 7, a 6 Ha 8. Torza
y=2+4+3+4+7+8=24 u paBeHcTBo 5x — 2y + 5z =2 a1 Habopa o1ie-
HOK 1, 2, 3, 4, 7, 8, 9 BeIOJIHAETCA.
3. Panee MBI OIy4YWIn, 4TO

A—B = Sx—2y+5z

35
Jpobp OyzeT MaKCHUMalbHOH, eciu €€ YUCIUTENb PaBEeH HaubOIbIIeMy
BO3MOXKHOMY YUCITy. JIJis 3TOr0 He0OXOAMMO, YTOOBI BEIYUTAEMOE 2y OBLIO
HaVMeHbBIIUM U3 BO3MOXKHBIX. HalOMHMM, YTO X — HauMeHbIIasA U3 olle-
HOK, 2 — HauboJbIlas, y — CyMMa OCTAJbHBIX IIATU PA3JTUYHBIX OLIEHOK.
Orta cymMMa 6yZieT MUHUMAJIbHOM, €CT MEHbBIIIas U3 e€ cJlaraeMbIX-OIl[€HOK
Haubosnee OiMM3Ka K X, T.€. paBHa X + 1, a Kaxzad U3 CIeyIOLUUX II0
BO3DACTAHUIO YETHIPEX OILIEHOK Haumbosee OnM3Ka K IMpeAbIAYIIEH, T.e.
e y=(x+1)+x+2)+...+(x+5)=5x+15. Torga
5x—2(5x+15)+5z _ 52—5x—30
35 o 35 ’

[Nonmy4yenHas Apobb OyZeT MaKCUMAaTbHOM, eciut 2 = 15 (camas 6osnbuias u3
BO3MOJKHBIX OIIEHOK), a X = 1 (camas MajleHbKas 13 BO3MOXXHBIX OI[EHOK).
IIpu saTom

A—B=

A_p5:15-51-30 40 _8
35 35 7

Ocrasnock nozobpaTh HabOP OLIEHOK, I KOTOPOTO HaliZIeHHOe 3HaYeHHe

pocruraetcs. Camas MajleHbKas U camasi 6oJIbIIasi OlLleHKH Y HaC yKe eCTh,

KaK ¥ IPaBWIO BBIGOpA MATH IPOMEKYTOUHBIX OLIEHOK. VICKOMBII Habop

oumeHok—1, 2, 3,4, 5, 6, 15.
Omsem: 1) HeT; 2) ga; 3) %
ITpumep 20. B TeveHre YeTBEPTU YIUTENb CTABUI ITKOJTbHUKAM OIIeH-

KU «1», «2», «3», «4», «5». CpegHee apudMeTHIECKOe OIIEHOK YIeHHKa OKa-
3aJI0Ch paBHBIM 4,7.
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1. Kakoe HauMeHbIIIee KOJIUIECTBO OTMETOK MOIJIO OBITh ¥ YIYeHUKA?

2. Kakoe HamMeHbIllee KOJUYECTBO OTMETOK MOIJIO OBITh y YYEHUKA,
€CJIU CPeiu 3TUX OTMETOK €CTh OTMETKa «1»?

3. YuuTesb 3aMeHWI YETBIPE OTMETKHU «3», «3», «5», «5» IByMA OTMETKa-
MU «4». Ha Kakoe HauboJIbIIIee YHUCIO MOXKET YBETUIUTHCA CpefHee apud-
MeTH4YeCcKoe OTMETOK y4eHHUKa I10cjIe TaKON 3aMeHbI?

Pemrenue. 1. O603Ha4YNM Yepe3 N YUCJIO OI[EHOK, Yepe3 S — UX CYMMY.

I[To ycmoButo % =4,7, otkyfa S =4,7n. Tak kak S = 41—70n U S — HaTypasb-

Hoe 4ucio, n genurcs Ha 10. CregoBarensHo, n > 10. [Ipumep Habopa
13 10 OLIEHOK, yZIOBJIETBOPAIOLIErO YCAOBUIO 3a/laU: TPU «UETBEPKU» U
CeMb «IIATEPOK>.

2. Utak, otmeTok He MeHbie 10, u ux uyuciao geaurca Ha 10. Ecau
OZlHA U3 OIIeHOK — «eJMHUIIa», TO He CyLIecTByeT Habopa u3 10 OLeHOK,
YZOBJIETBOPAIOLIEr0 YCIOBUIO 33/ja4M, ITOCKOIBKY €C/IU JaXKe BCe [IeBATD
OCTaJIbHBIX OLIEHOK — «IIATEPKU», TO CyMMa BCEX JeCATH OLIEHOK paBHA
5-9+1=46 <47. 3HauuTt, OlLleHOK B 3TOM ciiydyae He MeHblne 20. Ec-
Ju oueHOK 20, To ux cymma paBHa 94. I[Ipumep Habopa u3 20 OIEHOK,
VZOBJIETBOPAIOLIEr0 YCIOBUIO 3ala4M: OJHA «€IUHUIIA», BE€ «IETBEPKU»
U CeMHa/LaTh «IIATEPOK».

3. Cpeznee apudMmeTHieckoe Habopa OIEHOK II0C/Ie 3aMeHBI PABHO

S—8 47n—-8 1,4

n—2- n-2 - Mtz
3HaueHMe ITOMyYeHHOT'O BHIpAXXKeHUA MaKCUMa/IbHO IIPU HaUMEHbILEM [0-
IIyCTUMOM 1, KoTopoe KpaTHo 10. Ecyiu 651 orleHOK 6but0 10, TO UX CyM-
Ma 6bl1a 651 paBHA 47. HO IOCKONBKY CpeZiil OLIEHOK eCThb JIBe «TPOHKM»,
MaKCUMaJbHOE 3HaYeHNE UX CyMMBbI paBHO 2 -3+ 8-5=46 < 47. 3Hauwur,
oueHOk He MeHee 20. Eciu onieHok 20, To ux cymMMa pasHa 94. [Ipumep Ha-
6opa u3 20 OLIeHOK, YZOBIETBOPSIOIIErO YCIOBUIO 3aZaUi: ABE «TPOUKI»,
ZiBE€ «4eTBEPKU» U IIECTHAALATD «IIATEPOK». B 3TOM ciy4ae Belu4uHa, Ha
KOTOPYIO YBEJIMUUTCS cpeHee apudMeTHIecKoe OIleHOK, paBHA

14 14 7
n—-2_ 20-2 90

Omeem: 1) 10: 2) 20; 3) 910.

IMpumep 21. KaxxzapIii U3 TPYIIILI yYANUXCA CXOAWI B KUHO WU B Te-
aTp, pU 3TOM BO3MOXKHO, YTO KTO-TO M3 HUX CXOJWJI U B KMHO, U B TeaTp.

4
VI3BecTHO, YTO B TeaTpe MaJbUYMKOB OBUIO He Oosee 13 OT ob1ero vwuc-
JIa yJaI[uXcs IPYIIIEL, TOCETUBIINX TeaTp, 4 B KUHO MaJIbUYNKOB OBLIO He

2
bonee 5 oT o0Imero yucsa y4amuxcs IPYIIIbl, TOCETUBIINX KHUHO.
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1. Morvio jik 6bITh B I'pymie 10 MaJb4UKOB, €CJIU JAOTMOTHUTETBHO U3-
BECTHO, YTO BCero B rpymie 66uto 20 yyammxcs?

2. Kakoe Hambosblllee KOTMYECTBO MATBYMKOB MOIJIO OBITH B I'PYIIIIE,
€CJIN IOTIONHUTEIBHO U3BECTHO, YTO BCETO B rpymiie 6pu10 20 ydammxcs?

3. Kakyio HauMEHBIIYIO OO MOTJIU COCTABJIATh JEBOYKH OT OOLIETO
YHCIIa yYalyxcs B IpyIie 6e3 Z0MOTHUTETBHOTO YCIOBHS IMyHKTOB 1 1 2?

Pemenue. 1. Eciu rpynmna coCcTOUT U3 4 MasIb4MKOB, ITOCETHUBIIUX
TOJIBKO TeaTp, 6 MaJbYMKOB, OCETUBIINUX TOJIBKO KMHO, U 10 JeBoUex,
CXOZUBIINX U B T€aTp, ¥ B KUHO, TO YCJIOBUE 3a/la4U BBIIIOTHEHO. 3HAUNT,
B rpymie u3 20 yJaumxcs Moo 6bITh 10 MaJTbIHKOB.

2. [TpeAmnonoXuM, 4To MaJbuuKOB 6buT0 11 wiu Gosbmie. Torga eBo-
yeK 6pUT0 9 miu MeHbIe. TeaTp moceTwsno He 6ornee 4 MaTb4YMUKOB, ITO-
CKOJIBKY ecii ObI MX ObUIO 5 WM OOJbIIe, TO ZOJA MaJIbYMKOB B Teart-

S _ 5 4
pe 6buTa OBI HE MeHbIIE 519 = 14> 40 Gosbie 13- AHAJIOTHYIHO KMHO
7

7 2
IoceTusIo He Gomee 6 MaJIbYMKOB, ITOCKOJBKY 7+9 1_6 > =. Ho Torzma

XOTs OBl OAWH MaJlbYMK He IIOCETWI HU TeaTpa, HU KUHO, ‘-ITO IIPOTUBO-
PEYUT YCJIOBUIO. B peApIAyIeM MyHKTe GBUIO TOKA3aHO, YTO B IPYIIIIE U3
20 y4yammxcss Moo 66T 10 MaJTbYMKOB. 3HAUUT, HAubOIblee KOIUde-
CTBO MaJb4YMKOB B rpymme — 10.

3. IIpeAnonoxum, 4To HEKOTOPHIM MajbulK CXOAWI U B TeaTp, U B KU-
Ho. Eciu 6Bl BMECTO HEro B IpyIIe IIPHUCYTCTBOBAJIM JBa Masb4MKa,
OJVIH M3 KOTOPBIX IIOCETWI TOJBKO TeaTp, a APYrod — TOJIbKO KHHO, TO
[0/ MaJIbYMKOB U B TeaTpe, U B KUHO OCTajiach ObI MpeXKHel, a obIas
JI07I1 IeBOYEK cTasia Obl MeHbIlle. 3HAYUT, I OIleHKU HauMeHbIIeH oy
ZleBOYeK B I'pyIle MOXXHO CYWUTaTh, YTO KaKAbIM MaJbuMK CXOAWI WIH
TOJIbKO B TeaTp, WIN TOJABKO B KMHO. IlycTh B rpymnne m; MaJb4yUKOB,
MIOCETUBIINX TeaTp, M, MaJbYMKOB, IIOCETUBIINX KUHO, U d JeBOYEK.
O1ueHUM JOJI0 ZIeBOYeK B 9TOH rpymme. ByzeM cuuTaTh, 9YTO BCe A€BOYKU
XOZAWIU U B TeaTp, U B KUHO, IIOCKOJBKY UX [0/ B TPyIIe OT 3TOr0 He
M3MEHUTCA, a 0/ B TeaTpe U B KWHO He YMEHBIINUTCA.

ITo ycnoBuio M < 4 OTKYyZa
Y my+d 13’ YA
my+d 13 d _ 13
m, > 4 1 1+m1 > 4°
d .9 M_4 M2 _ 2
T. €. m, > 22 g 9 Kpome Toro, s rd < 5, OTKyZa (aHayorn4HO
m
TIpeJbIAyIIeMy) 72 % CiegoBaTebHO,
m;+m, < 10

d =97
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[I03TOMY /IO IeBOYeK B IpyIIle:
d 1 1 9

m1+m2+d m1“;‘m2+1 = %_{_1 19

Eciu rpynna cocTout U3 4 MaJbuMKOB, IOCETHUBIIMX TOJABKO TeaTp, 6 Majb-
YMKOB, ITIOCETUBIINX TOJIBKO KWHO, U 9 J€BOYEK, CXOAUBIIMX U B TeaTp, U

9
B KMHO, TO YUJIOBHE 3aJa4M BBIIIOJIHEHO, a A0/ IEBOYEK B I'PYIITIE paBHA 1—9 .

Omsem: 1) ma; 2) 10; 3) %

IMpumep 22. 3agymMaHO HECKONBKO (He 006s3aTeNbHO Pa3IMYHBIX) Ha-
TypaJIbHBIX 4Mcesl. OTHU YUC/Ia U UX Bce BO3MOXKHbIE CyMMEI (110 2, 1o 3
U T.Z.) BBIIMCBHIBAIOT Ha ZIOCKE B IOps/Ke HeyObIBaHUA. Ecim kakoe-TO
YNCIIO N, BBIIMCAHHOE Ha JJOCKY, IIOBTOPsETCA HeCKOIBKO pas, TO Ha JOCKe
OCTaBJIAETCA OJHO TaKOe YMCJIO N, a OCTaJbHbIe YKCJIa, paBHbIE N, CTUpa-
foTca. Hampumep, eciu 3azymansl uncia 1, 3, 3, 4, To Ha Jocke OyzeT
3amucal Habop 1, 3,4, 5, 6, 7, 8, 10, 11.

1. TIpuBezuTe IpUMep 3aZyMaHHBIX YHCEJ, A1 KOTOPBIX Ha Jocke Oy-
JleT 3amrcaH Habop 2, 4, 6, 8.

2. CyuiecTByeT JIU IpUMep TaKUX 3aZlyMaHHBIX YKcell, AJ1 KOTOPhIX Ha
Zlocke OyzieT 3amvcad Habop

1, 3, 4, 5, 6, 9, 10, 11, 12, 13, 14, 17, 18, 19, 20, 22?

3. [IpuBeuTE BCE MPUMEPHI 3ayMaHHbBIX YHCE, I KOTOPHIX Ha J0C-
Ke OyzieT 3amucaH Habop

9, 10, 11, 19, 20, 21, 22, 30, 31, 32, 33, 41, 42, 43, 52.

Pemenue. 1. 3agymaHHble yucia 2, 2, 2, 2 gatTr TpebyeMblid Habop,
3amnycaHHbIA Ha ZloCKe.

2. TToCKONMbKY 3aZyMaHHBIE YHC/Ia HATypajlbHble, HAUMEHbIIEE YUCIO
B Habope — 3TO HauMeHbIllee U3 3ayMaHHbIX YKCEN, a HAaubOoIblIee Yuc-
JI0 B Habope — 3TO CyMMa BCeX 3aAyMaHHBIX yricesn. CpeAu 4uces 3amu-
caHHOro Habopa /0o/bKHA OBITH CYyMMa BCEX 4HCes, KpoMe HauMeHbBIIero,
T.e. 22 — 1 =21. Ho aToro 4ucjia HeT B HaboOpe, MIO3TOMY HE CYIEeCTBYET
ImpUMepa TaKUX 3ayMaHHBIX YHCeI, I KOTOPOTO Ha JOCKe OyZeT BHIIH-
caH HabOp U3 YCIOBUA.

3. Hucsno 9 — HauMeHbIlee YUCJIO B HAbope — ABIAETCS HAMMEHBIINM
M3 33JyMaHHBIX YHCeJN, a Haubosblllee YHUCIO B Habope —3TO CyMMa
BCEX 3aJ[yMaHHBIX 4YHces. [I03TOMy KOIWYECTBO 33aJlyMaHHBIX YHCEN He

o 52
NIPEBOCXOAUT LEeJIOU 4acTu 4yucia —, T.e. 5. Kpome Toro, yucia 10 u
11 meHblIe, YeM CyMMa JABYX 4YWCENT 9, MO3TOMY OHU TaKXe ABJIAIOTCA
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3aJyMaHHBIMU. 3HA4YUT, CyMMa OCTAaBIIMXCA 3aJyMaHHBIX 4MCEJ paBHA
52 -9 —10—11=22. Takum 06pa3oM, TaK Kak HauMeHbIIlee 3a[yMaHHOe
4YKCJIO PABHO 9, ocTaslIvecda 3afyMaHHble ynucaa—3To 11 u 11 wnnm 22.
Jlnsa 3agymanHbIx yncen 9, 10, 11, 11, 11 wiu 9, 10, 11, 22 Ha gocke OyzeT
3amucaH Habop, JaHHBIA B YCIOBUU.

Omeem: 1) 2,2, 2, 2; 2) Her; 3) 9, 10, 11, 11, 11 wm 9, 10, 11, 22.

Ynpaxuenus k §1.3

1. JTokayKuTe, YTO ZIJAHHOE YPAaBHEHUE HE UMEET PEIIEHUH B IeJTbIX YHCTIax:
a) 2x+2y=7; 6)3x+6y=25.

2. JIOKa)KUTe, YTO IAHHOE YpaBHEHHE He MMEeET PEIIeHUH B IIeJIbIX YUC/IaX:
a) 3x2+6xy +9y?=1234; 6) 9x%+6xy +3y?=4321.

3. PemuTe B LIeBIX YMC/IAX YpaBHEHHE: a) Xy =3; 6) xy = —2.

4. PemrvTe B 11eJIBIX YMCJIAX YpaBHEHUE: a) ¥ =2+ ol 6) y=5+ %

3x—2 2x—3
5. PemnTe B 1Ie/IbIX YMCIaX ypaBHEHUE: @) y = " ;6) y= —

6. HaiizuTte Bce mapsl (x; y) IENBIX YUCEN X U Y, AJis1 KOTOPBIX:

a) 5x+10=7y; 6) 7x+21=11y.

7. PelliuTe B LI€JIbIX YUCIAX YPaBHEHUE:!

a) 5x+11y=12; 6) 7x—13y=29.

8. PemuTe B Ie/bIX YKC/IaX ypaBHEHUE:

a) Cx+y+Dx+2y+1)=1; 6) 2x+3y+4(Bx+2y+4)=1.
9. PemuTe B IeJbIX YKC/IaX ypaBHEHUE:

a) x2=y%+4y+5; 6) y>’=x>+6x+10.

10. PemuTe B LieJIBIX YKUC/IaX YPaBHEHUE:

a) 4x2+8xy —5y?>=7; 6) 3x%>—4xy —4y*=3.

11. PemniTe B Lie/IBIX YMC/IAX YPAaBHEHUE:

a) 3x —4xy+16y=5; 6) 2x—3xy+9y=1.

12. PemuTe B LieJIBIX YKCJIaX YpaBHEHUE:!

a) y2—3xy+2=0; 6)y?—4xy+3=0.

13. PemuTe B IeJIbIX YKCIaX ypaBHEHUE:

a) 3x® —3xy +5x2 =2y +2x=5; 6) 4x>—4xy—x?—3y—3x=-7.
14. PeminTe B 1jeJIbIX YMCIaX YPaBHEHUE:

a) 2x3 —3x2y —2xy +3y?=3; 6) 3x>—5x%y+3xy—5y%=5.

15. PemnTe B 1jeJIbIX YMCJIaX ypaBHEHUE:

a) 3x2+5xy —2y?+5x—4y=7; 6) 4x>+14xy—8y*+7x—8y=09.
16. HaiizuTte Bce n € Z, IpU KOTOPHIX YUCIIO A ABIAETCS IIEIBIM, €CITU:

_3n+7. _6n—2

AA=T775 OA=553
17. HaiizuTte Bce n € Z, IpU KOTOPBIX YUCIIO A SBJISIETCA IIETBIM, €CITU:

_6n+5, _5n—-3

) A=g3 0 A=515
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18. Ha kakoe Haumbosblllee HATypaJbHOE YHUCIO MOXKHO COKPAaTHUTh
6n+7 5n+6

8n+9° 6) A= 7n+8?

19. a) Ha xakoe Hanubosblilee HaTypaabHOE YKCIO MOXXHO COKPATHUTh

3n+4m m

I 4 3m> EC/TH U3BECTHO, YTO OHA COKPATHMA, a Zpo6b +, Hecokpa-

Tuma (n€Z, meZ)?

6) Ha kakoe Haumbosblliee HATypaJbHOE YHCJIO MOXKHO COKPATHTh
2n+3m
4m—5n’
kpatuma (n€Z, meZ)?

20. a) CyMmMa NATH HaUMEHbBIINX HaTypaJbHBIX JlefuTesel HaTypab-
HOTO 4¥CJIa paBHa 17, a cyMMa 4eThIpEX HauOOJIBINNX ero JennuTenel pas-
Ha 427. HaiiauTe 3TO 4HCIIO.

6) CymMMa IATH HaUMEHbIINX HATYPaJIbHBIX JeJUTeNel HaTypaabHO-
ro YMeIa paBHa 17, a cyMMa 4eThIPEX HAWOOJBIIUX €T0 JeUTeNell paB-
Ha 671. HaiiguTe 3TO 4HCIIO.

21. a) CpegHee apudpMeTHYECKOE TPEX HATYPATbHBIX YUCE B % pasa
6osblle, YeM cpeZHee apudpMeTHIecKoe 0OpaTHBIX YHCET.

1. JlokaxuTe, YTO HAUMEHBIIIEE U3 STUX YUCEI PaBHO 1.

2. HatizuTte 5Tu uucIa.

6) CpenHee apudMeTUIECKOE YeTHIPEX HATYPATIbHBIX YHCET B ‘1% pasa
6osblle, YeM cpeZHee apudpMeTHIecKoe 0OpaTHBIX YHCET.

1. lokaxxuTe, 4TO HaUMeEHbIIIee U3 3TUX YKCces paBHO 1.

2. HatizuTte 5TH uucia.

22. a) Kaxxzoe u3 yucen 2, 3, ..., 7 YMHOXXAIOT Ha KaXKJ0e U3 YKCEs
13,14, ...,21 u mepes KaKAbIM U3 IOMyYeHHBIX IIPOM3BEJEHUN ITPOUS3-
BOJIBHBIM 00pa3oM CTaBAT 3HAK IUIIOC WIM MUHYC, IIOCJe 4ero Bce 54
IIOJIy4eHHBIX pesy/bTaTa CKIaAbIBaloT.

1. Kakyro HauOOJIbIIYIO 10 MOZYJII0 CYMMY MOYXKHO ITOJYIUTH B PE3YIIb-
TaTe YKa3aHHBIX JeHCTBUI?

2. Kakylo HaMeHBIIYIO 110 MOZAY/II0 CYMMY MOXKHO IIOJIYYUTh B PE3YJIb-
TaTe yKa3aHHBIX JefcTBUI?

6) Ilepen KaxABIM U3 umcen 2, 3, ...,6 u 10, 11, ..., 20 TpOU3BOJbLHBIM
00pa3oM CTaBAT 3HAK IUIIOC WIKM MUHYC, IIOCJIe Yero K KaKAoMy U3 obpa-
30BaBIIUXCS YHCET IEPBOro Habopa MpubaBJIAIOT KaXKJoe U3 06pa3oBaB-
IIUXCS YUCENT BTOPOTro Habopa, a 3aTeM Bce 55 MOTyYEHHBIX Pe3y/IbTaToOB
CKJIa/IBIBAIOT.

1. Kakyro HauOOJIbIIYIO 10 MOZYJII0 CYMMY MOXXHO ITOJYIUTH B PE3YIIb-
TaTe yKa3aHHBIX JefcTBUI?

2. Kakylo HaMeHBIIYIO [10 MOZAY/II0 CYMMY MOXKHO ITOJIYYUTh B PE3YJlb-
TaTe YKa3aHHBIX JeHCTBUI?

apobb A, ecmn€Z u: a) A=

Zpobb

m
Z[p06b €C/In M3BECTHO, YTO OHa COKpaTuMa, a L[p06b F HeCOo-
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23. a) Bce wieHBl KOHEYHOH IIOCIeZ0OBATENbHOCTH ABJAIOTCA HaTy-
pajibHBIMU yKcaaMy. Kaxzablil WwieH 3Tol Iocief0BaTeIbHOCTH HauyuHasa
CO BTOPOTO OTVIMYAETCA OT NpeAbIayIiero in6o Ha 10, 11bo B 6 pa3. Cymma
BCeX WIEHOB I0CIeZ0BaTeIbHOCTH paBHa 257.

1. Kakoe HauMeHblIIee YKCIO WIEHOB MOXET OBITh B ITOCIEJ0BATED-
HOCTHU?

2. Kakoe HamboblIee YrcIo WIEHOB MOXKET OBbITh B IIOC/IEI0BATEIbHOCTU?

6) Bce wieHbI KOHEYHOM [TOCIIEIOBATENBHOCTHU SIBJIAIOTCS HATYPaIbHBI-
MU yrcaaMu. Kaxzpiil wieH 5To# mocieZoBaTebHOCTA HAUWHAA CO BTO-
pOro oTINYaeTCs OT MpeAbIAyIero 6o Ha 12, 6o B 8 pas. CymMa Bcex
YIEHOB IIOCJIeZI0BATEIbHOCTH paBHa 437.

1. Kakoe HauMeHblIIee YHCIO WIEHOB MOXeT OBITh B IIOCIE[OBATENb-
HOCTHU?

2. Kakoe HaubosblIiee YUciIo WIEHOB MOXKET OBITh B IIOCTIE[OBATETHBHOCTH?

24. a) Bce wieHBl reoMeTpUYECKOMN IIPOTrPeCcCUy ABIAIOTCA PA3IUYHbI-
MU HaTypaJbHBIMU YHCJIaMU, 3aKII0UYEHHBIMU Mexay ynciaamu 210 u 350.

1. MoeT iu TakasA Iporpeccus COCTOATh U3 YEThIPEX YICHOB?

2. MoxeT 1 Takasa NpOrpeccus COCTOATh U3 MATU WICHOB?

6) Bce WieHBl reOMeTpUYECKON MPOTPECCUU SABJIIOTCS Pa3TMYHBIMU
HaTypaJbHBIMU YUCIAMHU, 3aKJIIOUEHHBIMU MexXay unciaaMmu 510 u 740.

1. MoxeT 1 Takas IpOrpeccrs COCTOATh U3 YeTHIPEX WIEHOB?

2. MoxeT i1 Takasa NpOrpeccus COCTOATh U3 NATU WICHOB?

25. a) B Bo3pacTaroueil mocsie0BaTEIbHOCTH HaTypalbHbIX YKCes
KaKIble TPU MOCTIEeJOBATENbHBIX WieHa oOpasyroT jaubo apudmerude-
CKYI0, JIUOO TEeOMETPHUYECKYIO Tporpeccrio. [IepBBINl WieH MOCIeZoBa-
TEeJIbHOCTH paBeH 1, a mocyiesuuii paBeH 2046.

1. MoeT 1 NocIe/J0BaTeIbHOCTb COCTOATh U3 TPEX WICHOB?

2. MoxeT 1 ToC/IeJ0BaTeIbHOCTb COCTOATh U3 YETHIPEX WICHOB?

3. MoXeT /1 B [I0C/IeZ0BAaTeIbHOCTU OBITh MeHbIle 2046 wieHOB?

6) B Bo3pacTaromieii ocjae0BaTeNbHOCTY HATyPATbHBIX YHCET KaXK-
[Ible TPU MOCIeJOBATENbHBIX WieHA 00pa3yoT In60 apudMeTUIECKYIO, JIU-
60 reoMmeTpHYecKyo nporpeccuo. [IepBblil WieH I0cIeZ[0BaTeIbHOCTH pa-
BeH 1, a nocieanuit paseH 2076.

1. MoeT 1 NocIe/J0BaTeIbHOCTb COCTOATh U3 TPEX WICHOB?

2. MoxXKeT JIY TT0C/IeZI0BaTeNbHOCTb COCTOATD M3 YETHIPEX WIEHOB?

3. MoKeT Ji1 B TIOCJIeJ0BATENbHOCTHY ObITh MeHblite 2076 WieHOB?

26. a) Bce uwieHBl KOHEYHON IOCTIELOBATENbHOCTH ABIAIOTCA HaTy-
pajibHBIMU YKcaaMy. Kaxzblil WwieH sTol Iocief0BaTeIbHOCTH HauyuHasa
co Broporo 6o B 10 pa3 6osbiie, 1160 B 10 pa3 MeHbIIIE TPEABIAYIIETO.
CyMMa Bcex WIEHOB IIOC/IeA0BaTeIbHOCTH paBHa 3024.

1. MoxeT 1 Toc/Ie0BaTeIbHOCTh COCTOATD U3 IBYX WIEHOB?



§1.3. 3azauu c 11eJI09MCIeHHBIMU HENM3BECTHBIMU 47

2. MoxeT Ji1 IOC/Ie0BaTeIbHOCTb COCTOATh U3 TPEX WICHOB?

3. Kakoe HaubosIbIIIee YHC/IO WIEHOB MOXET OBITh B ITIOC/IEIOBATEILHOCTA?

6) Bce WwieHbl KOHEYHOM MMOCTEJOBATETHhHOCTH SIBJISTIOTCS HATypaJbHbI-
MU YucaaMy. Kakaplil WieH 3To# IociefoBaTebHOCTH HayMHAas CO BTO-
poro su60o B 13 pa3 6osnblite, 160 B 13 pa3 MeHblIe npeabigyiiero. Cymma
BCEX YIEHOB I10CIe/0BaTeIbHOCTH paBHa 3345.

1. MoxeT 1 IOC/IeA0BAaTEIbHOCTb COCTOATD U3 JABYX YIECHOB?

2. MoxeT i1 IoC/IeJ0BaTeIbHOCTh COCTOATh U3 TPEX WIEHOB?

3. Kaxoe HanbosbIIee YHCIO WIEHOB MOXKET ObITh B IOC/IEA0BATETLHOCTI?

27. a) Ha gocke HammcaHo 6osee 40, HO MeHee 48 1enbix uncen. Cpes-
Hee apudMeTHYECKOE ITUX YHCEJN PaBHO —3, cpefHee apuUpMeETHIECKOEe
BCeX TOJIOXKUTENTBHBIX U3 HUX PaBHO 4, a cpefHee apudpMeTHIecKoe BCex
OTpHULIATENbHBIX U3 HUX PaBHO —8.

1. CKoJIbKO 4YMCes HaIllMCaHO Ha JOCKe?

2. Kakux yucesT HarmcaHo OOsbIIie: TIONIOKUTENbHBIX WK OTPUITATETBHBIX?

3. Kakoe Haubojblllee KOJIUYECTBO IIOJOXKUTENbHBIX YHMCET MOXKET
OBITH CPeiv HUX?

6) Ha mocke HamucaHo 6osee 27, HO MeHee 45 1esbIX yncen. CpegHee
apudmMeTHIECKOe 3TUX YKCET PaBHO —5, cpenHee apudMeTHIecKoe BCeX
TTOJIOXKUTEBHBIX U3 HUX PAaBHO 9, a cpefiHee apubMeTUIECKOe BCEX OTPU-
LIATEeJIbHBIX U3 HUX paBHO —18.

1. CKOJIBbKO 4YMcesI HallMcaHo Ha Jocke?

2. Kakux 4uicest HarmvcaHo OoJbIIle: TIONIOKUTENbHBIX WA OTPUIIATENTBHBIX?

3. Kakoe HaubosblIee KOJIUYECTBO IIONOXKUTEJbHBIX YMCET MOXKET
OBITH Cpeii HUX?

28. a) 3asiymMmaHO HECKOJIBKO IebIX yrcesn. Habop aTux 4rcen u Ux Bce
BO3MOXXHBIE CyMMBI (110 2, 110 3 U T./I.) BBIIUCHIBAIOT Ha ZIOCKY B IOPsAIKe
HeyObIBaHUA. Hanpumep, eciiv 3ayMaHsbl ynucia 2, 3, 5, To Ha Jocke OyzeT
BBITIMCaH Habop 2, 3,5, 5, 7, 8, 10.

1. Ha mocke BhITIMcan Habop —13, —8, —6, —5, —1, 2, 7. Kakue 4ucia
OBUTH 3alyMaHbI?

2. Jli1 HEKOTOPBIX PA3IMYHBIX 3aJyMAaHHBIX YHCeNT B HaOOpe, BBIMH-
CaHHOM Ha JjocKe, yncio 0 BcTpevyaeTcsa poBHO 7 pa3. Kakoe HauMmeHbIIee
KOJIMYECTBO YHCEJI MOIJIO OBITh 33[yMaHO?

3. [l HEKOTOPBIX 3alyMaHHBIX YHCEN Ha JOCKe BBITMCAH Habop. Bee-
rJa Ju 1Mo 3TOMy Habopy MOXKHO OJHO3HAYHO OTPEJETUTh 3aJyMaHHBIE
qucaa?

6) 3agyMaHO HECKOJBKO ILeJbIX 4rcesn. Habop 3TUX 4ucen W UX Bce
BO3MOXXHBIE CyMMBI (110 2, 110 3 U T. /I.) BBITUCHIBAIOT Ha ZIOCKY B IOPsAIKe
Hey6rIBaHMs. Hanipumep, ecyiu 3agymaHs! yucia 2, 3, 5, To Ha jocke OyzaeT
BhITIMCaH Habop 2, 3,5, 5,7, 8, 10.
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1. Ha gocke BeImumcaH Habop —9, —6, —4, —3, —1, 2, 5. Kakue uyucia
OBUTH 3a/[yMaHbI?

2. JI7isT HEKOTOPHIX Pa3MYHBIX 3aJyMaHHBIX YKcel B Habope, BHIMTU-
CaHHOM Ha JjocKe, 4yucio 0 BcTpeyaeTcsa poBHO S5 pa3. Kakoe HauMeHbIlIee
KOJIMYECTBO YHMCEJT MOTJIO OBITH 33[yMaHO?

3. JI11 HEKOTOPBIX 3a/lyMaHHBIX YMCe Ha JOCKe BBIMMCAH Habop. Beerza
JIY TI0 3TOMY Habopy MOXKHO OZJHO3HAYHO OIPE/eUTh 3a/lyMaHHbIE YMCIIa?

29. a) MOXXHO JIU IPUBECTHU MPUMEP IATH Pa3JIUYHBIX HATYPATbHbBIX
4rcesl, IPOU3BeAeHNe KOTOPLIX paBHO 1008 u

1) maTe; 2) dyeTwipe; 3) TpuU
M3 HUX 00pa3yIoT reOMEeTPHUYECKYIO IIPOI'PECCHIO?

6) MOXHO JIU TIPUBECTH MPUMED MATH PA3TUYHBIX HATYPAJIbHBIX YH-
ceJi, Ipor3Be/ileHre KOTOPBIX pPaBHO 1512 u

1) maTe; 2) deTwipe; 3) TpU
13 HUX 00pa3yloT TeOMETPUIECKYIO TIPOTPECCHI0?

30. a) Ha siucre Gymary HamwcaHbl B CTPOYKY 14 eZIMHUIL.

1. lokaxxuTe, YTO MEX/Y 3TUMU eIUHULIAMU MOXKHO PaCCTaBUTh 3HAKU
CJIOKEeHUS, YMHOXKEHHUA U CKOOKH TaK, YTO IIOCJIE BBITOJHEHUS JeACTBUMN
TIOJTYYUTCS YUCIIO, esiAiieecsd Ha 162.

2. JIoKaXuTe, YTO eCJaU eAUHUIIbI, CTOAIINE Ha YETHBIX MeCTaX, 3aMe-
HUTh YE€TBEPKAMU, TO BCE paBHO MEXAY YHCIAMU MOJYyYEeHHOTO Habopa
MOXXHO PaCCTaBUTh 3HAKU CJIOXKEHUs, YMHOXKEHUA U CKOOKHU TaK, YTO II0-
cJie BBITIOJTHEHUA JIeCTBUN MTOTYIUTCS YUCIIO, Aesleecs Ha 162.

3. JToKaXKuTe, YTO MEXKY JTI0ObIMU 14 HaTypaJbHBIMU YUCIaMU MOXKHO
pacCTaBUTh 3HAKH CJIOXKEHUsI, YMHOKEHHUS U CKOOKU TaK, YTO MOCJE BhI-
TIOJIHEHUSA IeUCTBUM TIOYYUTCS YUCIIO, Jesisdiieecs Ha 162.

6) Ha sicre 6ymaru HamvcaHbl B CTPOYKY 13 eAWHUII.

1. lokaxxuTe, 4TO MEX/JY 3TUMU eJMHUILIAMU MOXKHO PaCCTaBUTh 3HAKU
CJIOKEeHUS, YMHOXKEHHUA U CKOOKH TaK, YTO IIOCJIe BBITOJHEHUS JeACTBUN
IIOJIy4YUTCA YUCIIO, AenAleecsa Ha 108.

2. JIoKaXXuTe, YTO eCJaU eAUHUIILI, CTOSAIINE Ha YETHBIX MeCTaX, 3aMe-
HUTHh CEMEPKAMH, TO BCE PAaBHO MEX/Jy YHUCIAaMHU TOJTy4YeHHOro Habopa
MOXXHO PAaCCTAaBUTh 3HAKHU CJIOXKEHUs, YMHOXXEHUSA U CKOOKH TaK, 4YTO
TI0CJIe BBITOJHEHUS JeMCTBUHN MTOydYUTCs YUCIIO, Aesileecs Ha 108.

3. JlokaxxuTe, 4TO MEXKY JTIOOBIMU 13 HATYpaJTbHBIMU YHCIaMU MOXKHO
pacCTaBUTh 3HAKH CJIOXKEHUsI, YMHOKEHUS U CKOOKU TaK, YTO MOCJE BhI-
TIOJIHEHUSA IeNCTBUM TIOYYUTCS YUCIIO, Aensiieecs Ha 108.

31. a) 1. Yemy paBHO YHCJIO CITIOCOOOB 3amucaTh Yuciao 1595 B Buze

1595 = a;-10°* +a,- 10> +a; - 10 +ay,

rze uucia a; uensle, 0<aq; <99,1=0; 1; 2; 3?
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2. CymecTByIOT Jii 10 TaKKUX pa3Iu4HbIX yrcesa N, 4TO UX MOXKHO IpeJ-
CTaBUTb B BUJE
N =a;-10°+a,-10%*+a;-10+a,,

rae yucia a; uenele, 0 < a; <99,i=0; 1; 2; 3, poBHO 160 criocobamu?
3. CKOJIbKO CyIIeCTBYeT TaKuX 4ucea N, 4TO UX MOKHO MPEACTaBUTh
B BUJZIE
N =a;-10%+a,-10*+a, -10+ay,
rae yucia a; uensle, 0 < a; <99,i=0; 1; 2; 3, poBHO 160 criocobamu?
6) 1. YeMy paBHO YHCJIO CIIOCOOOB 3amucaTh yncio 1193 B Buze

1193 = a;-10* +a,-10* +a, - 10+a,,

rze yucna a; nensle, 0< a; <99,1=0; 1; 2; 3?
2. CymwecTByIOT Ji1 10 TaKKX pa3JINYHbIX 4rcea N, 4TO UX MOXKHO IIpeJ-
CTaBUTh B BUJIE

N =a;-10°+a,-10*+a; -10+a,,

rae yucia a; uensle, 0 < a; <99, i=0; 1; 2; 3, poBHOo 120 cioco6amu?

3. CKO/MBKO CyIIecTByeT Takux 4yucen N, UTO UX MOXXHO NPeZACTaBUTh
B BU/JE

N =a;-10°+a,-10*+a; -10+a,,

rae uucia a; uensle, 0 < a; <99, i=0; 1; 2; 3, poBHO 120 ciocobamu?

32. a) PelTUHT U3zenUs OIEHUBAETCA CEMbBIO DKCIEPTAMU, KaXK/bII
M3 KOTOPBIX CTaBUT Ieyio oneHKy oT O zo 12. Ilpu mozacuyéTte pedTHH-
ra UCIoNb3yeTcss ofiHa U3 /IBYX Mozeseil. B Mozenu A yYUTBHIBAIOTCS BCe
OIIEHKH JKCIIEPTOB U PEUTHHT R, CYHTAeTCA Kak cpefHee apupMeTHye-
CKOe BCEX CEMU OIIEHOK. B Mozenn B oTOpachiBalOTCs caMasi BBICOKAs U
camMas HHU3KadA OLIEHKM SKCIIepPTOB U PEUTHHT Ry cuuTaeTca Kak cpefHee
aprudMeTHIECKOe OCTABIIUXCS TISTH OIEHOK.

" L, 1
1. Mo:KeT Jii pa3HOCTb PEUTUHTOB R4 — Ry OBITH paBHOMU E?

2. MoxeT /I pasHOCTb PeHTUHTOB R, — Ry OBITb PaBHOMU %?

3. HatizuTe Hambosbllee BO3MOXHOE 3HAYeHHE PA3HOCTH PEUTHHTOB
R, — Rp, eciy [IOIONHUTENBHO M3BECTHO, YTO CPEAY OLIEHOK 3KCIIEPTOB
HET OZIUHAKOBBIX.

6) PeHTUHT U3ZesHs OIleHUBAETCS CEMBIO DKCIIEPTAMU, KaXK/BIN U3 KO-
TOPBIX CTAaBUT Lienyio oueHKy oT O go 10. Ilpu mozcuyére pedTuHra uc-
[IOJIb3yeTcsA OfHA U3 IBYX MoZesell. B Mozenu A yIUTHIBAIOTCA BCE OIIEHKU
9KCIIEPTOB U PEUTUHT R, CUMTaeTCs KakK cpefiHee apudMeTHIecKoe BCeX
ceMHU OlLleHOK. B Mozenn B oTOpachkIBaroTCs caMas BBICOKAs U camasi HU3-
Kasi OLIEHKU DKCIIEPTOB U PEUTUHT Ry CUUTAETCA KaK cpefHee apudMeTH-
YeCKOoe OCTaBIIUXCA MATU OL[EHOK.
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o o 1
1. MoxeT i pa3HOCTh PeUTHHTOB R, — R OBITh paBHOU %?

" o 1
2. MoKeT Ji1 pa3HOCTb PEUTUHTOB R, — Ry OBITH paBHOU ﬁ?

3. Haiigure HaubosbIlllee BO3MOXKHOE 3HAYEHHE PA3HOCTU PEUTHHIOB
R, — Ry, ecu AOIOJIHUTEIBHO M3BECTHO, YTO CPeAy OLIEHOK JKCIIEPTOB
HeT OJVHAKOBBIX.

33. a) V3 HaTypasbHbIX HEUYETHBIX 4ucesa OoT 11 (BKIIOYUTETHHO) /10
67 (BKJIFOYMTENBHO) BEIOMPAIOT B IIOPSZIKE BO3pACTAHUA CEMb IIPOU3BOJIb-
HBIX. [TycTh R4 — cpesHee apudMeTHYECKOe BCeX CeMU BBIODAHHBIX M-
cen, Rz — 4eTBEpTOE U3 BLIOPAHHBIX YHCEN B ITOPs/IKE BO3pACTAHUS.

1. MoxeT i1 pa3HOCTb R, — Ry OBITH paBHOM %?

2. MoxeT i1 pa3HOCTb R, — Rp OBITh paBHOU %?

3. Haiizure HambosbIllee BO3MOXKHOE 3HaYE€HUE PAa3HOCTH R4 — Rp.

6) VI3 HaTypaJbHBIX HEYETHBIX 4uces OT 1 (BKJIIOYUTENBHO) A0 59
(BKJIIOYMTENBHO) BBIOMPAIOT B TOPSIZIKE BO3PACTaHUSA CEMb MTPOU3BONIb-
HbIX. [IycTh R4 — cpegHee apupMeTHYECKOe BCEX CEMU BBIODAHHBIX M-
cesl, Ry — 4eTBEPTOE M3 BRIOPAHHBIX YKCEN B TIOPSIZIKE BO3pACTaHUA.

1. MoxerT it pasHOCTh R, — Ry OBITH paBHOU %?

2. MoxkeT i1 pasHOCTb R, — R OBITH paBHOM %?

3. HaiiguTe HanbosnbIee BO3MOXKHOE 3HAUe€HUe Pa3HOCTU R, — Rp.
34. a) 3a HOBOTOZHUM CTOJIOM JIeTH esu 6yTepOpozBl 1 KOHGETHI, IpU-

4EM Ka)K,Z[I:Iﬁ YTO-TO €J1 K1 MOXKET OBITh TaK, 9YTO KTO-TO €J1 U TO U APYTOE.

5
VI3BecTHO, YTO MaJIbYMKOB, €BIINX OyTepOpOAbl, 6BUTIO He Oosee 16 °T 006-

IIEro Yucia JeTel, eBIMX 6yTepOpozbl, a MaJTbuUKOB, €BIINX KOH)ETHI,
ObUIO HE Oosiee % OT OOIIero Ynea JeTel, eBIIMX KOHQETHI.

1. Morio i1 3a CTOJIOM OBITH 13 MaJIbYMKOB, €CJIU JOIOMHUTEIBHO M3-
BECTHO, 4YTO BCEro 3a CTOJIOM ObUIO 25 JeTeit?

2. Kakoe HaubosbIlee KOJIUIECTBO MaJbYNKOB MOIJIO OBITh 38 CTOJIOM,
€CJIU JIOIIOJIHUTEIHHO U3BECTHO, YTO BCETO 3a CTOJIOM OBUIO 25 fgeTeii?

3. Kakyio HauMeHbIIyIO J0JI0 MOTJIM COCTaB/IATh EBOYKU OT OOGIIEro
YucIa JeTel 3a CTolIoM 6e3 ZOMOMHUTETbHOTO YCJIOBUA IyHKTOB 1 1 2?

6) Jloma y KaKZOro YYeHHMKA KJacca >KMBET KOIIKa WIN cobaka, a y
HEKOTOPBIX, BO3MOXHO, M KOIIIKa, U cobaka. M3BeCTHO, YTO MaJIbYMKOB,

1
MMeIOIMX cobak, He Ooiee 7 OT o0IIero 4rciaa y9eHUKOB Kiracca, hUMe-

oKX cobak, a MaJlbuMKOB, MMEIOIIUX KOIlleK, He Oojee
4YKc/la YYeHUKOB KJIacca, UMEIIUX KOIIeK.

1. MoxeT i1 B Kiacce ObITh 11 MaJbYMKOB, €C/IU JOIOJIHUTENBHO M3-
BECTHO, 4TO BCEro B Kiacce 21 yyeHUuk?

=l oT ob1ero
11 m
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2. Kakoe Haubosbllee KOJIMYECTBO MaJTbYNKOB MOXKET OBITh B KJacce,
€CJIU JOIOJTHUTEIBHO U3BECTHO, YTO BCEro B Kiacce 21 ydyeHuk?

3. Kakyio HauMeHbIITYI0 JOJII0 MOTJIM COCTABJISTh IEBOUYKH OT OBIIETO
YHCIa YIEHUKOB 6e3 ZI0TTOMHUTEIbHOTO YCIOBHUA MTyHKTOB 1 1 2?

35. a) T'uzaposor BBOAUT B KOMITBIOTED M3MEPEHUS TEMITEPATYPHI 3a-
6OpTHOM BOZBL. TeMIlepaTypa U3MepPSIeTCs C TOYHOCTBIO 0 OHOM /1eCATON
rpajyca, /i LieJbIX 3HaUeHUH Iocje 3alsATON CTaBUTCA HyJ/b. 3a BpeMs
HabioleHUlt TeMneparypa 6suta Beire 10°C, Ho Hinke 17°C. Beero rug-
posior BBEN 32 M3MepeHUsi, HO M3-3a YCTAJIOCTH, KAYKU CyZHA W TUIOXOMN
KJIaBUATYPhl OZWH pa3 BMECTO /IECATUYHOUN 3alATON OH HaXKasl KJIABUIILY
«0», a B Ipyro# pa3 BooOIlle He HaXKaJI AeCATUIHYIO 3anATy0. [Tocie ymo-
PAAOYMBAHUA JaHHBIX [10 BO3PACTaHUIO MOIYYWICA pAA U3 32 4uces, Ha-
yuHatouuiica yneaamu 12,2; 12,8; ... Eciu U3 Moy4eHHOTO psiZia YAAIUTh
[IBa TIEPBBIX YHC/IA, cpefiHee apudMeTUUeCcKOe OCTABIIUXCSA Yuces OyzeT
paBHO 68,8, a eciu yAalUTh ZiBa MOCIEJHUX, TO cpefiHee apudmeTHde-
CKOe OCTaBIIUXCs OyzieT paBHO 13,7. OnpesenuTe, B KAKUX YUC/IAX U KaKue
OIIUOKH JOTYCTHII THUAPOJIOT.

6) MeTeoposior BBOAUT B KOMITBIOTEP MU3MEPEHUS TeMIIEPATyPhl BO3-
nayxa. Temmepartypa uaMepsieTcsi C TOYHOCTBIO 10 OTHOU ZIeCATOU rpazyca,
JUTST TIEJTBIX 3HAUeHUWH MOCJIe 3amsaToOW CTaBUTCSA Hy/Ib. 3a BpeMs Habroge-
HUl TeMIiepaTypa 6Oputa Beime 20°C, Ho Hipke 26°C. Bcero meteoposor
BBEJ 22 U3MepeHUs, HO M3-3a YCTAJIOCTU U TUIOXOM KJIaBUATYyphl OZIUH pa3
BMECTO JIeCATUYHOM 3amATON OH Haxkas kjiaBuily «0», a B APyroi pas Bo-
0bl1e He Ha)kasl JAeCATUYHYIO 3aIMATyI0. [locie yIopsAa0uYNBaHUs JaHHbBIX
110 BO3PACTAHUIO TIOIYIHWICA P U3 22 Yrces, HAUMHAIIIUNACA YUCTaMUA
21,3; 21,7; ... Eciiu U3 NMOJMy4eHHOI'o pAfa yAAIWTh ABA NEPBBIX 4MCIA,
cpenHee apupMeTHUECKOe OCTaBIINXCA yuces 6yzeT paBHO 149,53, a eciu
VAJIUTh /IBa TIOCIEHUX, TO CpeiHee apudpMeTHIECKOe OCTaBIINXCsA OyzeT
paBHO 23,28. OmpezenuTe, B KAKUX YUCIAX U KaKWe OMUOKU JOMYCTHII
MeTeOpOJIOT.

36. a) Ha gocke 6puto Hammcano 30 HaTypaabHBIX uucen (Heobs3a-
TeJbHO Pa3NYyHbIX), KaXkZoe U3 KOTOpbIX He npeBocxoguT 40. CpeznHee
apudMeTHIecKoe HAIMCAHHBIX YHCeJ PaBHAIOCH 7. BMecTo Kaxzgoro us
4lCcesl Ha JOCKe HallMCalu YUCIIO, B /Ba pa3a MeHblllee IePBOHAYaJIbHOTIO.
Uuicna, KOTOphIEe MOCJIE 3TOr0 OKa3aauch MeHble 1, ¢ JOCKU CTEPIH.

1. Moryio i1 OKa3aTbCs TaK, YTO CpefHee apuPpMETUYECKOe UKCET,
OCTAaBIINXCA Ha JOCKe, boblne 14?

2. Morio u cpegHee apudMeTHIECKOe OCTABIIMXCS Ha JOCKE YHCe
OKasaThbca OosbIle 12, Ho MeHbIe 13?

3. HatizuTe Haubobliiee BOSMOXKHOE 3HaYEHUE CpeJHEro apudMeTH-
YeCKOTO YUCesl, KOTOpPbIe OCTaJINCh Ha JOCKe.
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6) Ha zocke 6bu1o HamrcaHo 20 HaTypayJbHBIX yrices (HeoOa3aTenbHO
PpasIUYHBIX), KaKA0e U3 KOTOPBIX He mpeBocxoAuT 40. BmecTo HeKOTO-
pBIX 13 urcea (BO3MOXKHO, OJHOTO) Ha J0CKe HATHCAIU YMCIa, MEHBIITHE
IepBOHAYaIbHbIX Ha eJUHUIly. Yucia, KOTOphIE MTOC/IE 3TOTO OKa3ajauch
paBHBIMU 0, C TOCKU CTEPIIH.

1. Moryio i 0Ka3aThCA TaK, YTO CpefHee apudMeTHIeCcKoe YKce Ha
JIOCKE YBEJINYWIOChH?

2. Cpenuee apudpMeTHIECKOE TTEPBOHAYATHHO HATTHMCAHHBIX YHCEN PaB-
HsToch 27. Momio i cpegHee apudMeTHYEeCKOe OCTaBIIUXCSI Ha JJOCKE
YHCes OKa3aTbCAd PaBHBIM 347

3. CpegHee apudmMeTHYECKOE TTEPBOHAYATHPHO HAITMCAHHBIX YHCEJ PaB-
HAnock 27. Halizure Hanbosbliiee BO3MOXKHOE 3HAUE€HNE CPeJHETO apud-
METHYECKOT'O YHCeJl, KOTOPhIE OCTAIUCh Ha JTOCKE.



I'maBa 2. KBagpaTHbIi TPEXWIEH B 3aa4yax ¢ mapaMeTpoM
U HeCTaHZapTHBIX 3ajadyax

PemeHrie 3HAUNTENBHOMN YacTH 33/]a4 C TapaMeTPOM U HECTAaHJAPTHBIX
3a71a4 CBOAUTCA K HCCIEOBAHUIO KBAZPATHOTO TPEXWIEHA. DTHU 3a/adu
MOXKHO pa3ZieIuTh Ha /iBe OObIINe TPYIIIHL:

— 3ajauu, I pelleHUs KOTOPHIX JOCTATOYHO UCCIeJOBAHUA JUCKPU-
MUHAHTa U, B HEKOTOPBIX CIyYasX, IpuMeHeHusa Gopmya Bueta (x aToit
I'PYIIIe OTHOCATCH 3a/ja4H, B KOTOPBIX JUCKPUMHUHAHT KBa/[paTHOT'O TPEX-
WieHa ABIAETCSA MONTHBIM KBaZIpaTOM; 33/a4M Ha OIpefielleHHe 3HAKOB
KOpHeH KBaJpaTHOTO TPEXWIEHA; YpaBHEHUA U HEPABEHCTBA C HECKOJIb-
KUMHU [IepeMeHHBIMU, KBaZpaTHbIE OTHOCUTENBHO XOTs OBl OHOM U3 HUX);

— 3aJ]auu, CBA3aHHbIE C UCCIEI0BAHNEM PACIIOIOXKeHUs KOPHeH KBaj-
paTHOTO TPEXWIeHa OTHOCUTENBHO 3aZlaHHBIX YUCEJI, U CBOAUMbIE K HUM
IIocie HEKOTOPBIX IIpeABAPUTENbHBIX JeHCTBUH, MpekJe BCero 3aMeHbI
TiepeMeHHOM.

§2.1. UccrexoBaHue AMCKpUMUHAHTA U ¢dopMysbl BueTta

B aTom maparpade GyayT paccMOTpeHbI ypaBHEHUsS U HEPABEHCTBA,
KJIIOUEBOU M€l pellleHUsT KOTOPBIX SABJIAETCS UCC/IeZ0BAHNE JUCKPUMHU-
HaHTa KBaJpPaTHOT'O TPEXWIeHA. B caMBIX MPOCTHIX CIyYasX AUCKPUMHU-
HaHT KBaJ[pPaTHOTO TPEXWIEHA SBJIIETCS MOTHBIM KBaJApaToOM, UTO ITO3BO-
JIIeT B ABHOM BH/I€ TIONYIUTh KOPHU TPEXWIEHA U OTBETUTDH Ha BOIIPOC 3a-
Jaun. B 6osee CIOKHBIX 3a/ladax YMCJIO HEU3BECTHBIX IIPEBOCXOAUT YUCIIO
ypaBHEHUM WIK HepaBEHCTB, HO CTelleHb 10 KpaiiHel Mepe OfHOM mepe-
MEHHOH B OZIHOM U3 YpaBHEHUH WIN HEPABEHCTB PaBHA JBYM, YTO IT03BO-
JIIeT pacCMaTpPUBATh TaKOe YpaBHEHUE WIN HEPABEHCTBO KaK KBaZlpaTHOE
OTHOCUTEIbHO 3TOM IepeMeHHOMU.

[Tpu pelmeHuM 3ajad, CBA3AHHBIX C OIpeJe/ieHHeM 3HAaKOB KOpHeH
KBaIpaTHOTO TPEXWIeHa, ITOJIe3HBIMM OKa3bIBaioTcs GopMmyssl Buera:

b c ..

Xy 4 Xy =—_, X1X; = (3/1€Ch X; U X; — KOPHH KBA/[PaTHOTO TPEXWIEHA
f(x) =ax®+bx +c, a#0). s aTux GopMys CIeAyeT, YTO KBaZpaTHbIHA
TPEXWIEH UMEET KOPHU PA3HBIX 3HAKOB B TOM U TOJIBKO TOM CJIydae, eCJIv
C o

7 < 0 (torzma, pasymeercs, ac < 0 U ycjlOBUE CYIIECTBOBaHUS KOpPHEH,
T.€. YCJIOBHE TOJOXUTENbHOCTH AWUCKpUMHUHaHTa D = b? — 4ac, Gyzer
BHITIOIHEHO «aBTOMATUYeCKH», TOCKOIbKY B 3TOM ciydae b? — 4ac > 0;

TaK 94TO AUCKPUMHWHAHT MOXXHO HE€ BbIYUC/IATDH, €CJIU TOJIBKO HE Tpe6yeTCH
HCKaTb CaMU KOPHHU TpéX‘lJIeHa). ,Z[Ba Pa3JIMYHBbIX KOPHA OAHOT'O 3HAKa
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KBaJ[paTHBIA TPEXWIeH OyZeT UMEThb, TOJTBKO €C/IU 2 >0uD>0 (3zech
YCJIOBHE TOJOXKUTENbHOCTH AWUCKPUMUHAHTA, T.€. YCJIOBUE CYIIECTBO-
BaHUs KODHEH, yke sBjsieTcs obs3arenbHbiM). Ob6a 3TUX KOpHS OyAyT
TTOJIOXKUTETHHBI, €CTH UX CYMMA ITOJIOXKUTETbHA (T. €. IOTIOTHUTENBHO BBI-

b
TOJTHEHO YC/IOBHe — > 0 MM SKBUBAJIEHTHOE eMy ab > 0); oba kopHA OyayT
OTPHIIATENIbHBIMU, €CIM UX CyMMa OTpHUIlaTeabHA (T.€. JOTMOTHUTENBHO

b
BBIIIOJTHEHO YCJ/JIOBUE E < 0 win sKBUBaJIEHTHOE eMy ab < O) B szagagax

TAaKoOro poja HpuMeHeHUe (GOPMYyJBl KOPDHEH KBaZpaTHOTO ypaBHEHHS
C TOC/TEAYIOMINM BBITUCHIBAHUEM COOTBETCTBYIOMIUX (YacTO HpPpaIfo-
HaJbHBIX) HEPABEHCTB OOBIYHO MPUBOAUT K TPOMO3AKUM BBIKIAJKAM U
CYIIECTBEHHO yA/UHAET pelieHue. OCHOBHbIE YTBEPKAEHUS O 3HAKaX
KOpHEHN KBaZIpaTHOTO TPEXWIEHA TEMEPh MOXXHO MIPUBECTU B KOMIIAKTHOM
3aIKCH C TIOMOIIBIO CIIEAYIOIeH TabIHIIbL.

YTBepXKZeHHs 0 3HaKaxX KOpHel KBaJpaTHOI'O TPEXWIeHa Heob6xoanmebre
fx)=ax?+bx+c (a#0, D=b%—4ac) U IOCTaTOYHbIE YCIOBUA

1) f(x) uMmeeT ABa KOPHSA Pa3HBIX 3HAKOB ac<0
D>0,

2) f(x) uMeeT ABa pa3TMYHBIX KOPHS OJHOT'O 3HaKa { 2c>0
D>0,

3) f(x) nMeeT ABa PA3TUYHBIX [TOJIOXKUTEIBHBIX KOPHA ac>0,
ab<0
D>0,

4) f(x) uMeeT ABa pa3IMYHBIX OTPULIATENbHBIX KOPHA ac>0,
ab>0

ChopMymmpoBaHHbIE YTBEPKAEHHS MO3BOJIAIOT OTBEYaTh U Ha Gosee
CJIOKHBIE BOIPOCHL. Hampumep, /7151 OTBeTa Ha BOIIPOC O HEOOXOAUMBIX 1
JIOCTATOYHBIX YCTIOBHAX TOTO, YTO MHOrowIeH f(x) = ax? + bx + ¢ umeer
XOTs1 OBbI OZIH TTOJIOXKUTETHHBIN KOPEHB, HY>KHO, BOOOIIE TOBOPSI, PACCMOT-
peThb mATh ciaydaeB: 1) a =0 u MHorowieH f(x) = bx + ¢ UMeET MOIOKU-
TeJbHBbIM KOpeHb; 2) a # 0 u MHorowieH f(x) = ax? + bx + ¢ uMeer zBa
PAa3JIMYHBIX MTOJIOKUTETBHBIX KOPHS; 3) a 7 0 1 MHorowIeH f (x) UMeeT Ba
KODHS Pa3HbIX 3HAKOB; 4) a 7 0 1 MHOTOWIeH f (X) MMeeT [Ba KOPHSA, OANH
13 KOTOPHIX paBEH HYJIIO, a APYTOH MONOXKUTENEH; 5) a 70 ¥ MHOTOWIEH
f(x) uMeeT POBHO OJVH KOPEHb, MPUYEM STOT KOPEHD MONOKUTEIEH.
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@®opmysnbl BueTa MOXKHO UCIONB30BaTh U JJIs BHIYMCJIEHUsS KOpHeH
HeIIpUBEAEHHOr0 KBa/IpaTHOTO ypaBHeHUdA. B camom gene, IyCcTb ZaHO
KBaJ[paTHOe ypaBHEeHUe ax?+bx+c=0, KOPDHAMU KOTOPOT'O ABJIAKTCA
yucia X; U X,. Torza, Kak yXe OTMedYasoch, CIPaBEAIUBEL (pOPMYJIBI
Buera: b

Xp X, =—7

>

C
X1X9 = T
Ecnmu yMHOXXUTH 06e YacTH TIEPBOTO YpaBHEHUS CHCTEMBI Ha a, a obe 4a-
CTH BTOPOTO ypaBHEHHA Ha a2, TIOMy4UM CHCTEMY, KOTOPYIO MOXKHO 3allu-
caTh TaK:
(ax;) + (ax,) = —b,

(ax;)(axy) = ac.

TakuM ob6paszoM, eciu HAWTH [Ba 4YKCIA, [IPOU3BEeHNE KOTOPBIX PaB-
HO dc, a cyMMa paBHa —b, TO 3T0 OYAyT YMCiIa Ax; U AX,, IOCIE YETO
OCTaHeTCs KaX/I0e U3 HaMJEeHHBIX YKCeN PA3ZeUTh Ha d U TOIYIUTh KOpP-
HU ZJAHHOTO ypaBHeHus. [Ipu onpe/ieIEHHOM HaBbIKE TaKU€e BBIUMCIEHUS
JIETKO TIPOBOJATCA YCTHO: HA «POJb» AX; U AXy IPETEHAYIOT JeuTe-
JIU 4UcIa ac, W, rnepebupas «I10 BO3PaCTAHUIO» BO3MOXKHBIE JETUTETN
aToro uucia (HauuMHasg C IPOCTEHINero — eANHUIIBI), MOXHO JIOBOJIb-
HO OBICTPO TOJMYYUTb OTBET. Tak, [ BBHIYUCJIEHUsS KOPHEH ypaBHEHUs
8x? — 73x + 9 =0 HaiiiéM cHavana JBa YKMCIa, IPOM3BEJE€HNE KOTOPBIX
paBHO 8-9=72, a cyMMa paBHa 73. YKe IPOCTEHIINI e uTesb yncia 72
MIO3BOJIAET IIONY4YUTh OTBeT: 1-72=72, 1+72=73. OcTasocs pasfeinTb

o 1
HalileHHble YMCIa HAa 8 M MOMYYUTh KOPHH JaHHOTO YPaBHEHMA: g U
72 ..

g = 9. PaccMoTpuM emé oiuH NpUMep, BBIYMCIUB KOPHM yDaBHEHUA

9x2 —15x +4=0. Jlia sToro cHavasa HakiéM JBa 4ucia, IMpousBeje-
HUe KOTOpBIX paBHO 9 -4 =36, a cymma paBHa 15. Ilepebupas mapsl
Jenurenei yuciaa 36 «o Bo3pacTaHUIO» MeHbIero fgenurtend (1 u 36,
2 u 18, 3 u 12), y>xe Ha TpeTbeM IlIare HaXOJMM HCKOMBIE YKCsa, CyMMa

KOTOPBIX paBHa 15: 310 3 1 12. Pazzenus Kaxoe U3 HUX Ha 9, IOIy4UM
KOPHHU JIaHHOTI'O YpaBHEHUA: g = % u % = g
ypaBHenus 4x% + 5x — 6 =0 HaiiaéM ABa Yncia, IPOU3BEeHNE KOTOPHIX
paBHO 4 - (—6) = —24, a cymma paBHa —5. [IockonbKy IIpoH3BeieHue
ZIByX 3THX 4YHCeJI OTPULIATENBHO, OZHO U3 HUX ABJIAETCA IOJOXKUTEIbHBIM,
Zpyroe — orpunaTeJabHbIM. CyMMa 3TUX YMcesl TakKe OTpHUIaTeNbHa, I10-
STOMY MEHBIUIUH JeNIUTeNb yucia 24 6yneM «6paTh» CO 3HAKOM «IUTIOC», a

GOMBINNM — CO 3HAKOM «MHUHYC»: 1 1 —24, 2 1 —12, ... Ha TpeTbeM miare

g BEIYMCIIeHUA KOpHe!
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IIojy4aeM JBa 4ucia, CyMMa KOTOpHIX paBHa —5: 3To 3 u —8. Pazzenus

KaXkZioe U3 3TUX 4ucesa Ha 4, HaliéM KOPHU [JaHHOTO YpaBHEHUS: % u
_78 = —2. Pasymeercd, 3TOT IpuéM NPUMEHUM TOJBKO B TeX CIy4adx,
KOIZla KOPHU KBaJ[paTHOT'O YPaBHEHUA pallOHAIbHBI.

[lepetizém Temepsb K OoJIee CIOKHBIM 3aJa4aM.

IMpumep 1. HaiizuTe Bce 3HaYeHUA MapameTpa d, A KaKIOTO U3
KOTOPBEIX GONMBIINI KOpeHb ypaBHeHMs x2 — (14a — 1)x +49a% — 7a =0
B IIATh pa3 bosbllle, YeM ero MeHbITNI KOPEeHb.

Pemenue. PaccMoTpyM JaHHOe ypaBHeHUe Kak KBaZpaTHOe C Iiepe-
MeHHO x. VI3 ycoBUA 3a/jau C/IeZiyeT, YTO 3TO ypaBHeHHe JOKHO NMeTh
[IBa Pa3IMYHBIX KOPHA, YTO BO3MOXHO B TOM U TOJBKO TOM CJydae, ec-
JI JUCKPUMUHAHT D ypaBHeHUA NosnoxuTeseH. [IycTb x; U X, — COOTBET-

y y 14a—1-vD
CTBEHHO MEHbIIHEi 1 GOMbIINI KOPHM ypaBHeHus. Toraa x; = ————,
Xy = w. TTockombKy

D = (14a—1)%—-4(49a*> - 7a) =1,

MIOJIy4UM, 4YTO X; = 7a — 1, xo = 7a. Ilo ycioBuwO X, = 5x;, IO3TOMY

7a=5(7a—1), oTkyAa a = 25_8

5

Omeem: a= 28"

3ameuanue. KopHU ypaBHEHHs MOXXHO OBbUIO HAWTH, BOCIIOIH30-
BaBIIMCh PpopMy/TaMu BueTa: ux mpousBefieHue pasHO 49a® — 7a, T.e.
7a(7a—1),acymma paBHa 14a — 1, T.e. 7a+ (7a — 1). CrneziyeT OTMETHUTb,
YTO B HEKOTOPHIX C/Iydasx 3HaHHe dopMmysn Buera mosBossieT ObICTpee
IIOIyYUTh OTBET, OZIHAKO IIPH OTCYTCTBUU JO/DKHON IPAKTUKU pelIeHUs
IIOZI0OHBIX 3324 JIy4llle «4eCTHO» BBIUUCIATD JUCKPUMUHAHT.

ITpumep 2. HaiiguTe Bce 3HAUEHUA ITapaMeTpa d, IPU KKJAOM U3 KO-
Tophix ypaBHeHue x> — 2(a® — 4a + 1)x + 4 =0 uMeeT ZBa pa3TMIHBIX
OTpHILIATENTbHBIX KOPHS.

Pemtenne. O6o3HaunM a” —4a + 1 4epes b U paccMOTPUM ypaBHEHHE
x? — 2bx + 4 =0. DTo ypaBHeHHe MMeeT /IBA PA3IUYHBIX KODHA B TOM U
TOJIBKO TOM CJIy4ae, eCJIM ero JUCKPUMUHAHT D IMOoNoXuTeNeH (WIH, ITO

TO K€ caMoe, eClIu % =b?—4>0). Us popmyn Buera ciezyet, 9To ec-
JIA 3TO ypaBHEHME NMeeT [Ba Pa3JINYHbIX KOPHA, TO 3TU KOPHU — OLHOI'0
3HaKa, TakK KaK UX [IPOU3BeJleHNEe PABHO IIOMIOKUTEIbHOMY Yucly 4. OTpu-
L[aTeJbHBIMU 3TH KOPHU OYAyT, eCIM UX CyMMa OTPHUIIATENbHA, T. €. €CIU
b < 0. lobaBuB K mociegHEMY HEPABEHCTBY YCIOBUE IMOJIOXKUTETHHOCTH
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guciaa %, MTOJIyYUM CUCTEMY
b<O, b<o0,
—4>0 TV ) p_2m+2)>o0.

PerieHre BTOPOTO HEPAaBEHCTBA CUCTEMBI — OOBbEJUHEHHE JBYX JIyIeHr
(=05 =2) U (2; +0):

+ - +
-2 2 b

C y4éToM IepBOro HEpaBEHCTBA CUCTEMBI TOJIYYHUM, YTO b < —2,
T.e. a’> —4a+ 1< —2, otkyaa a’> — 4a + 3 < 0. KopHAMH KBaJpaTHOTO
TpéxwieHa B JIeBOM YacTH IOCJIeJHEero HepaBeHCTBA ABJAIOTCA 4YUCIa
1 u 3. 31auuT, (a—1)(a—3) <0, otkyza a € (1; 3):

+ - -

Omsem: (1; 3).

IMpumep 3. /I KaXKJOTO 3HAYEHUA IMapaMeTpa d HaWAWTe KOPHU
YpaBHEHUA arcsin(ax? —ax — 1) +arcsinx =0.

Pemtenue. [lepenuiiemM ypaBHeHYE B BUZie

arcsin(ax? —ax —1) = —arcsinx
Y BOCITOJTb3yeMCsI HEUETHOCTBIO apKCHUHYyca:
arcsin(ax? —ax —1) = arcsin(—x).

ApKCHHYCHI IBYX YHCEJ PABHBI B TOM U TOJIBKO TOM CJIy4Yae, eCJIN 3TU YHUCIa
paBHBI (3TO CleAyeT, HaIpUMep, U3 Bo3pacTaHusa QYHKIUK y = arcsint)
U MOZYJIb KaXK/IOTO M3 HUX He MPEeBOCXOAUT eIUHUIIBI (B CHIIy paBeHCTBa
yrceJs Tocje/iHee OrpaHUYeHe I0CTaTOYHO 3aIUCcaTh TOIbKO /IS OZTHOTO
U3 HUX). TakuM 06pa3oM, IPUXOAUM K CHCTEME

ax’—ax—1= —x, ax’—(a—-1x—-1=0,

OTKVaa
|—x| <1, YR e < 1.

[TepBoe ypaBHEHUE CHUCTEMEI ABIAETCA MO0 TUHEHHBIM (TIpu a = 0), JTu-
60 xBagpatHbIM (mpu a 7# 0). PaccMoTpum o6a 3Tux ciydas. Ilycts a = 0.
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B aToMm ciyyae cuctema IIpuMeT BUJ

x—1=0,

x| <1 OTKyZa x = 1.
~ 5

[lycts a # 0. B aTOM ciydyae KOPHAMHU YpaBHEHUS CHUCTEMBI SBJIIOTCSI

1 " o
qucna X; =1ux;=—1 (MX MOKHO HaWTH, BOCIIOJIb30BABLINCH HOPMYJIOH

KOpHeH KBaZIpaTHOTO ypaBHeHUs win popmynamu Bruera). /71 mepBoro us
HUX HepaBeHCTBO CUCTEMBbI BBHIIOJIHEHO, a i1 BTOPOrO 3TO HEepaBeHCTBO

1 1
IIPUMET BUZ, ‘—E‘ <1, otkyza E‘ <1 u, sHauwr, |a|>1. Eum a=—1, To

Xxy=x7=1. Ecmm a € (—o0; —1) U[1; + ), ypaBHeHNE UMEET /[Ba KOPHS.

Omeem: {—%; 1} npuac€ (—oo; —1)U[1;+00); {1} npuac[—1;1).
IIpumep 4. HalizuTte Bce 3HaYeHuUA apameTpa a, 4jI KaK0oro U3 Ko-
x*—2x-1
x> —2x+2
Pelienue. 3ameTuM, 4TO jieBas YaCThb YPaBHEHUA OIIpe/iesIeHa IIPU JII0-
60M IeHICTBUTENLHOM 3HAYEHUHY TIEPEMEHHOH, IIOCKONbKY JUCKPUMUHAHT
KBaZIpaTHOTO TPEXWIeHa B 3HAMeHarese APoOU OTpUIATENEH U, CIeAO0-
BaTeJbHO, He obpamaercsa B Hy/lb. PAacCCMOTPUM JaHHOE ypaBHEHHE Kak
ypaBHEHUe BTOPOM CTelleHU C IlepeMeHHOU X, NpUBeAs ero K cTaHAapT-
HOMy BUJly. BhIMONHMM Heo6XoAuMble mpeobpasoBaHus: x2 — 2x — 1=
=a(x?—2x+2), otkyza (a — 1)x*—2(a—1Dx+2a+1=0.Ipua=1
ypaBHeHHe npuHUMaeT B 0 - x +3 =0 u He uMeeT KopHe#. [Ipu a # 1
ypaBHEHUE SIBJIIETCS KBAZPATHBIM U UMEET XOTA OBl OJUH KOPEHb B TOM
U TOJIBKO TOM CJIy4ae, ecjii ero JUCKpUMHUHAHT D HeoTpuuareseH (Wi,

TOPBIX ypaBHeHUe =qa uMeeT XOTA OBl OZINH KOPEeHb.

D
9TO TO XK€, eC/H 7 > 0). ITockonbKy

% —@-1%=(a-1DQRa+1) = —(a—1)(a+2),

nony4aeM HepaBeHCTBO (a — 1) (a + 2) < 0, 13 KOTOPOro ¢ y4€TOM YCIOBUSA
a# 1 Haxogum, 4To a € [—2; 1).

+ - -

Omsem: [—2; 1).
3amevaHue. AHaJIOTUYHBIM 00pa3oM MOXKHO, He Tpuberas K mpume-
HEHUIO TIPOU3BOJHOM, HAWTH MHOXXECTBO 3HAYEHUI JTF0601 APOOHO-KBAI-
a;x*+bix+c

IZe XOTs OBI
ax2+byx+c,’ A

paTUYHOM QYHKIIUU, T. €. GYHKIIUU BUAA Y =
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OZIVH 13 K02PPUIINEHTOB a; WIU d, OTINYEH OT HyJIA ([IOCIeJHee YCIOBHE
MOXXHO KOPOTKO 3aIMcaTh TaK: a% + a% # 0). Boo01rie, kKak MbI YBUAUM
B JlaJbHENIeM, paCCMOTPEHNE YPaBHEHUA C HECKOIbKUMU HEWU3BECTHBI-
MU KaK KBaZIpaTHOT'O OTHOCHUTENBHO OZHOM U3 HUX OKa3blBaeTCA BecbMa
3bdeKTUBHBIM U 1 pelieHus 6ojiee CIOKHBIX 3a7ad.

ITpumep 5. Hatigure Bce 3HaYeHUs IapaMeTpa d, IIpU KaXKJOM U3 KO-
TOPBIX YpaBHEHUE

121"+ (B3a® —a+4)-11¥-5a—2=0

MMeeT eIMHCTBEHHBIN KOPEHb.

Pemenue. CuenaeM 3aMeHy nepeMeHHOU. [Tycth t = 11*. YpaBHeHUe
MIPUMET BUJ t24+ (3a®> —a+4t—5a—-2=0. [Mockonbky 11° > 0 mpu
JM000M JIeICTBUTENLHOM 3HAYE€HWH INEPEMEHHOMW, 3aZiady MOXXHO Iiepe-
dbopMyIMpoBaTh TaK: HAWTH BCe 3HAYEHUs MapaMeTpa d, MPU KaKJOM
U3 KOTODBIX YpaBHEHUE t> 4+ (3a®> —a+ 4)t — 5a — 2 =0 UMeeT eAUH-
CTBEHHBIN TIONOKUTENbHBIN KOpPeHb. ECIM 3TO ypaBHEHUE MMeEEeT KOPHH
t; U t,, TO UX cyMMa paBHa —3a’? + a — 4. /IUCKPUMUHAHT KBaJ[PaTHOTO
TpéxuwieHa —3a® + a — 4 orpunatenen (oH paBeH —47) U KoapPHUIEHT
IIpyU BTOPOM CTeNeHM a OTpUIlaTeseH, moatoMy —3a’ +a — 4 < 0 mpu
JM060M ZIEeHCTBUTENBPHOM d. 3HAYUT, t; +t; < 0 U TOIBKO OAWH KOPEHb
ypaBHeHus t2 + (3a® —a + 4)t — 5a — 2 =0 MOXeT 6HITb HOIOKUTENEH.
i 3TOro HeO6XOAMMO U ZOCTATOYHO, YTOOB! ObLUIO BHITIOTHEHO YCJIOBHE
t1t, <0, T.e. —=5a—2<0, oTkyza a > —0,4.

Omeem: (—0,4; +©).

ITpumep 6. HaiiznTte Bce 3HaYeHUS MapaMeTpa a, s KaKJOro U3 KO-
TOPBIX CUCTEMA YpaBHEHUHN

x+4y =1,
x? 4 20xy +100y? — 8ax — 80ay + 97a% + 144a + 64 = 0

nMeeT eJUHCTBEHHOE pelleHue.

Pemenne. /ljii TOro YTOOBI OTBETUTH HA BOIPOC 33Ja4M, MOXKHO
U3 [IepBOTO YpaBHEHMA BBIPA3UTb X 4Yepe3 Y, IMOACTAaBUThH IOJIy4YEHHOE
BBIpaXE€HUE BO BTOPOE YPaBHEHNE U PACCMOTPETD €ro KaK KBaJpaTHOe OT-
HOCHTEJIbHO IlepeMeHHo! y. /laHHas cucteMa 6yzeT UMeTh eINHCTBEHHOE
pellleHre B TOM U TOJBKO TOM C/Iydae, eCIu AUCKPUMUHAHT ITOMyYeHHOTO
ypaBHEHUA paBeH Hy0. [IprpaBHAB AUCKPUMUHAHT K HYJIIO U PEIIUB I10-
JIydeHHOe ypaBHEHUeE C IlepeMeHHOH a, Hal/iéM OTBeT. BRIKIaZKu MOXXHO
VIIPOCTUTD, €CIM 3aMeTUTh, YTO IepBble TPU CJlaraeMBIX B JIEBOU YacTU
BTOPOTO YPaBHEHUS CUCTEMBI IIPE/ICTABIAIOT COO0M KBaZIpaT CyMMBI YHCes
x u 10y, a —8ax — 80ay = —8a(x + 10y), B cul1y 4ero 3To ypaBHeHHE
MOXHO TipuBecTt K BuAy (x+10y)2—8a(x+10y) +97a*+144a+64=0.
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Ecnu mocnennee (kBaZpaTHOe OTHOCUTENbHO t = x + 10y) ypaBHeHUe
HMeeT IBa PAa3JIMYHbIX KOPHA t; U t,, TO U JJ]aHHAsA cucTeMa OyZeT UMeTh
[IBa pelIeHNs], TOCKOIbKY KaXKJas U3 CUCTEM

x+4y =1, x+4y =1,
u
OyZeT UMeTh POBHO OJHO PEIlleHWe W 3TU PEIleHUs SBJISIOTCI Pa3jind-
HbIMU (0OBsicHUTe modemy). CiieZioBaTeNbHO, ZaHHAs CHCTEMa HMEET
€/IVHCTBEHHOE pellleHre B TOM WM TOJHKO TOM CJy4dae, eCU yYpaBHEHUE

t? — 8at + 97a® + 144a + 64 = 0 UMeeT eJUHCTBEHHHI KopeHb. ITocae-
Hee BO3MOXKHO, TOJBKO €CJIM JUCKPUMHHAHT D 3TOro ypaBHEHHs paBeH

D
HyJ0 (MM, 9TO TO Xe caMoe, ecinu - =0). [TockolbKy

4
2 = 160> - (97a% +144a +64) = —(81a® +144a +64) = —(9a+8)%,
yci1oBrE€ paBE€HCTBA HY/IO JAWMCKPUMHWHAHTA BBIIIOMHAETCA TOJJBKO IIpU
__8
a—=-— 9
Omseem: a=— 8
ta=-—3g.

IIpumep 7. HalizuTe Bce 3HaueHUA ITapaMeTpa d, AJiA KaXA0ro U3 Ko-
TOPBIX NPH JI060M 3HaUYEHUH MTapaMeTpa b cucreMa ypaBHEHUM

bx = y +az?
(b—6)x+2by =4z+4

H“MeeT XOTs ObI OHO pelneHue (X; y; 2).

PemnreHue. 371eCb MbI BCTPEYAEMCS C JOBOJIBHO TUITUYHOM /JIsT HECTAH-
JApTHBIX YpaBHEHUH U HEPAaBEHCTB (B TOM YHCJIE COZEPIKAIIUX TapaMeT-
PBI) CUTyallHel: YUCI0 YpaBHEHUI MeHbIIIe YHC/Ia HEM3BECTHBIX, /Ia K TO-
My K€ CHCTeMa COJEPXKUT IapaMeTp. [IocMOTpeB Ha CUCTeMY BHUMAaTeEb-
HeH, BUAUM, YTO OTHOCUTEIBHO TIEPEMEHHBIX X U Y OHA SIBJIAETCS JIMHEN-
HOIi. BbIpasuB U3 MepBOTo ypaBHEHUA y depes X, MOAyYuM y = bx — az?.
[MozicTaBUM 3TO BRIpAKEHUE BO BTOPOE YpaBHEHHE CHCTEMBI, TIEpeHeCEM

Bce cTaraeMble B JIEBYIO YacCTh 1 BHIHECEM 3a CKOOKH X. [TOydrM chcTeMy
y = bx —az?,
(2b%+b—6)x —2abz®> —4z—4 = 0.

Ecmm 2> +b—6#0 (T.e. b#—2ub# %), MO)XHO (HayaB CO BTOPOT'O

y'paBHeHI/IH) AOBOJIBHO JIETKO HOﬂO6paTb peneHne CUCTEMBI IIpU JIIO6OM
z2=0 =bx=—4b
Y 262+b—6

_ 4
3HAaY€HWU IIapaMeETpa d, HalI[puMeEP X = 2b2+b—6’
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Takum obpasom, nipu b # —2 u b # % cUCTeMa UMeeT XOTs ObI OZHO pelle-

HUe (BHe 3aBUCUMOCTH OT 3HaueHUH nmapamerpa a). Ocraérca HauTH Bce
3HAYEHMs IMapaMeTpa d, MPU KOTOPBIX CUCTEMa MUMEET PellleHHs KaK IIpu

b=-2, Tak u ipu b= 5- Ilyctp b= —2. Torga cuctema NMpuMeT BUJ

y = —2x—az?
az?—z—1=0.

OTa cucTeMa UMeeT pelleHus, TOJIbKO eclIu eé BTOpoe ypaBHeHUe HMe-
eT XoTA OBl OJWH KOpPEHb Z,. B camMoM fejie, B 3TOM cCJyd4ae, BhIOpaB
B KadyecTBe X Jroboe AeHCTBUTENTbHOE UYHCIO X, U3 MEPBOTO ypaBHe-
HUA MOMYyYUM Yy = —2Xq — azg, U pelleHHeM CHCTEMEBI IIpY JIO0M a
oyzet (xy; —2x9 — azg; %). TakuM 0Opa3oM, HY»KHO HCCJIeZIOBATh BTOPOE
ypaBHeHue cucteMbl. OHO sABsAeTCA JTUO0 JUHEHHBIM (ripu a = 0), 1160
kBazpatHeiM (mpu a # 0). PaccmorpuMm ob6a atux ciaydad. Ilycts a = 0.
Torza KOpHEM BTOPOTO YpaBHEHWs SBJseTcA Z = —1 U cuctema Oyzer
uMeTh pemieHus. Ilyctb a # 0. Torza BTOpoe ypaBHEHUE HMEET XOTS
OBl OZVH KOpEHBb, TOJIBKO €C/IM ero AUCKPHMUHAHT D; HeoTpHUIjaTeseH.

1
[MTockonbky D =1+ 4a, noxyaum, yto 1+4a >0, oTKyza a > -7 3Haywur,
mpu b = —2 cucrema uMeeT XOTA OBl OZHO pelIEHHE TOJBKO B CJIydae
a> —%. [ycte Temeps b = % JlaHHYIO CHCTEMY B 3TOM CJIy4ae MOXKHO

Iepenuncarhb Tak:

y= %x—azz,

3az’4+4z+4=0.
VccnenoBaHue 3TOW CHCTEMBI MPOBOAUTCSA AHAJIOTUYHO KCCIEOBAHUIO
npeapIAyInei: ecin a =0, To cUCTeMa MPUBOJUTCA K BULY

3
y_ix’

z=—1
U UMeeT 6eCKOHEYHO MHOTO pellleHu; eciu a 7 0, BTopoe ypaBHEHUE CU-

CTEMBI ABJAETCA KBaZ[PAaTHEIM M CHUCTeMa UMeeT XOTA ObI OZHO pelleHue
TOJIBKO B CJIydae HeOTPULaTeJIbHOCTH JUCKPUMUHAHTA D, 3TOro ypaBHe-

1
HUA. VI3 yCIIOBUA HEOTPUIIATEbHOCTH Dy TIONYYHM d < 5. SHAUHT, JAHHAA
cuCcTeMa UMeeT XOTsA Obl OZJHO pellleHHe IIpU JIF0OOM 3HAaUeHUU IlapaMeT-
1 1
pa b TOMBKO IpU BHITOIHEHUY 0O60UX HEPABEHCTB d > —zua<s,
1.1 :I
ace|-7;% |-
[ 4’3

Omsem: [—

OTKyZa

W=

>

A=
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B Tex ciy4asx, Korzia JaHO OZIHO ypaBHeHMe (HepaBeHCTBO) C HECKOJIb-
KMMMU [IePEMEHHBIMU, 4acTO YAAETCA OTBETUTb HA BOIIPOC 3aJa4u, pac-
CMOTpEB 3TO ypaBHeHHe (HepaBeHCTBO) KaK KBaZlpaTHOe OTHOCHUTEIBHO
OJHOM M3 NepeMeHHBIX U MCCIeZloBaB AUCKPUMUHAHT COOTBETCTBYIOIIEro
KBaJpaTHOTO TpEXwWIeHa. OTa uzed ABIAeTCA KI0YeBON Kak Jid ypaBHe-
HUM ¥ HepaBeHCTB C IIapaMeTpoM, TaK U JJI He CoAeprKallux llapaMeTpa
YpaBHEHUM U HEpaBEHCTB C HECKOJIIBKMMU IIepeMeHHBIMY, pellleHre KOTO-
PBIX TpebyeTcs HalTH.

[Ipu pereHuy MOAOOHBIX 3a/]a4 IPUXOAUTCS BO MHOTHX CJIydasx BO3-
BOJUTH B KBaZpaT CyMMY TpE€X urces. HaloMHUM COOTBETCTByIOLee Mpa-
BWIO: KBaZIpaT CyMMBI TPEX 4Yucesl paBeH CyMMe KBaJpaTOB 3TUX YHUCe],
CJIOKEHHOU € CyMMOM BCeX BO3MOXXHBIX YZBOEHHBIX IIOIIapHBIX IIPOH3Be-
JeHuit atux uncen: (a+b+c)?=a?+b? +c? +2ab + 2bc + 2ac. Ita dop-
MyJia JOKa3bIBaeTCs TIepeMHOXKeHUeM CKoOoK (a + b+ c¢) (a+ b+ ¢) u npu-
BeZleHUEM TIOZ00HBIX CIaraeMbIX.

IMIpumep 8. HaliguTe HauMeHblllee 3HaYeHHe IapameTpa a, AJs Ko-
TOPOT'O CyIIECTBYeT XOTA OBl ofHa mapa (X; y) TaKUX YHCEN X W Y, 4TO
x?2+2y?—xy—ax+ay+a*<1.

Pemtenue. PaccMoTpuM JaHHOE HEPaBEHCTBO Kak KBaApaTHOE C Iiepe-
MEeHHOM X, Tepemnucas ero B Buge x> — (y + a)x +2y*+ay +a*>—1<0.
[TockonbKy KO3bOUIMEHT PU BTOPOU CTENeHU IepeMeHHOUN ITOIOXKUTeE-
JIeH, KBaZipaTHBIM TPEXWIEH B JIEBOM YacTU HepaBeHCTBA MOXKET IIPUHU-
MaTh HEIIOJIOXKUTEJbHbIEe 3HAYEHUA B TOM U TOJBKO TOM CJIy4ae, €CIu ero
AUCKpUMUHAHT D; HeoTpuuareseH. [IoCKOIbKY

D; = (y+a)*—4Qy*+ay+a*—1),
TIOCJIe PACKPHITHSA CKOGOK ¥ IPUBEEHNA TTOAOGHBIX CTaraeMbIX ITOMyIUM
D, = —7y*—2ay —3a*+4.

PaccmoTpuM D; Kak KBaJpaTHBIN TPEXWIEH OTHOCUTEIBHO Y. Ilockosb-
Ky KO2bQULMEHT P BTOPOM CTENEHH STOT0 TPEXWIEHA OTPUIIATEIEH,
[IPUHMMAThH HEOTPHUIATeIbHbIE 3HAYEHUA OH MOXKET TOIbKO B TOM CIydae,
€CJIU €ro JUCKPUMUHAHT Dy, HeoTpulaTeneH (WIH, 9TO TO YK€ CaMOe, eCIIH
D, D 5 9 "

2 > 0). Tak Kak 2 =4 - (—=7)(—3a“ +4), moce yIpoueHU ITPUX0-
AuM K HepaBeHCTBy 28 — 20a? > 0, otkyza a? < 1,4 u |a| < \/ﬁ 3Ha-

2

4yuT, a € [—4/1,4; 4/ 1,4] U HauMeHbIIUM BO3MOXXHBIM 3HaUeHUEM Iapa-

MeTpa a ABiudeTca —4/ 1,4.

Omsem: —4/ 1,4.
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ITpumep 9. HaiizuTte Bce 3HaYeHUA apaMeTpa a, AjI KaKJ0ro U3 Ko-
TOPBIX CYLIECTBYeT XOTs OBl ofHA mapa (X;y) TaKUX YHCeNI X U Y, YTO
3x% +2xy + y? — 4x — 4x cos(na) + 4 cos?*(na) +4=0.

Pemrennie. PaccMOTpUM JIaHHOE YpaBHEHUE KaK KBaZpaTHOE C Iepe-
MEHHOH X, IepemucaB ero B BUJE

3x2+ 2(y—2— 2cos(7ra))x+y2 +4cos?(ma) +4 =0.

DTO ypaBHEHUE UMeET KOPHU B TOM U TOJBKO TOM CJIydae, €CJIA ero JUC-
Dl
KpUMUHAHT D; HeoTpuareneH (WM, 4TO TO e caMoe, eCIu =+ >0). ITo-
D,
CKOMBKY - = (y —2— 2cos(ma))? — 3(y? + 4 cos?(na) + 4), mocie pac-
KPBITUS CKOOOK M TIPUBEZEHUS TOAOOHBIX CTaraeMbIX TOMYyIUM

b, _

7 = 2_)/2 —4y —4ycos(ma) — 8 cos®(ma) + 8 cos(ta) — 8.

D, .
U3 ycnoBua 7 0 mmocye HECJIOXKHBIX TPeobpa3oBaHUil OTydaeM Hepa-

BEHCTBO _y2 +2(1 + cos(ra))y + 4cos?(ma) — 4cos(ma) + 4 < 0. JleBast
YacThb 3TOTO HEPABEHCTBA NPeJCTaBisAeT COOOM KBaJpaTHBIA TPEXWIEH
OTHOCUTETBHO Y, KO3)OUIIMEHT TPU BTOPOU CTEMEeHU KOTOPOTO IIOJIO-
skuTeseH. [IpUHUMAaTh HETONOKUTENbHBIE 3HAYeHUsS STOT KBaJpaTHBIN
TPEXWIEH MOXKET TOJIbKO B TOM CjIydae, €ClIU €ro JUCKPUMHUHAHT D,

HeoTpuliateseH (WM, 4TO TO Ke caMoe, eClIu % >0). Tak Kak

D, 2 2

7 = (14 cos(ma))* — (4cos“(ma) —4cos(ma) +4),
IOCJie PACKPHITHS CKOOOK M NPUBEAEHUSA TOAOOHBIX C/IaraeMbIX IIOJY-
UM % = —3cos?(na) + 6 cos(ma) — 3, OTKyZa % = —3(cos(ma) — 1)>.

[MTockonpky —3(cos(ma) — 1)2<0 mpu JitoOOM 3HAYEeHUU IMapameTpa d,

ycJioBUe % > 0 BeIIOMTHAETCS, TONBKO ecnu —3(cos(ma) — 1)2=0. Takum
obpasowm, cos(rta) =1, oTkyza ta=2nn, n€Z, ua=2n, n€7Z.

Omeem: 2n, n € Z.

B 3akutoueHre paccCMOTPUM He co/iepikalliiie TapamMmeTpa ypaBHeHUe 1
CUCTeMY YpPaBHEHUH C HECKOJTbKUMU TTepeMeHHBIMU. Kak Mbl YBUIUM HU-
JKe, KJTI0UYeBasi ujiess — pacCMOTPEeHMe JaHHOTO yPaBHEHUS WIN KaKOTO-TO
13 ypaBHEHUU CUCTEMBI KaK KBaZIPaTHOTO OTHOCUTEIHLHO OZIHOU U3 Tepe-
MEeHHBIX ¥ UCC/IeZJOBAHUE €0 AUCKPUMUHAHTA — OKa3biBaeTcs d3¢$deKTUB-
HOU U B 3TOM CJIy4ae.

ITpumep 10. Hatizute Bce Tpoiiku (x; y; 2) TaKUX YHUCEN X, Y, Z, YTO
2x2+5-4” +log)z —4x-2Y —2xlog, z —2° 1 +1=0.
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Pemrenue. PaccMOTpUM JJaHHOE ypaBHEHUE Kak KBaJpaTHOE C Iepe-
MeHHOH X, TIepelucaB ero B Bu/e

2x2—2(2-2y+logzz)x+5-4y+log§z—2y+1+1 =0.
OTO ypaBHEHHE UMEET KOPHM B TOM U TOJIBKO TOM CIydae, eCId ero JHc-

Dl
KpUMUHAHT D, HeoTpuraTeneH (Wid, 9TO TO JKe caMoe, eC/id 7 >0). Ilo-

D
CKOJTBKY Tl =(2-2” +1log,2)? —2(5-4 +logiz — 22" + 1), noce pac-
KPHITHA CKOBOK U TPUBEAEHUA MOAOBHBIX C/TATaeMbIX TIOMy M

D
Tl =—6-4"+4-27-log,z+2-2" —loglz —2.

D, .
Vs yenosus - > 0 mocyie HeCoKHBIX peobpa3oBaHUll MMOMy4aeM Hepa-

BeHCTBO 64" —4(log,z+1)27 + logg 2+ 2< 0. JleBasa yacTb 3TOTO Hepa-
BEHCTBA TPEACTAB/sIET OG0 KBAZPATHBIM TPEXWIEH OTHOCUTEIHHO 27,
KO3($OULIMEHT MPU BTOPOH CTENIEHHW KOTOPOTO IMOJOXKUTENEH. [lJig TOTo
YTOOBI 3TOT TPEXWIEH IPUHUMAJ HEIONOXKUTEIbHbIE 3HaYeHUsA, HEOOXO-
[IIMO, YTOOBI €ro JUCKPUMUHAHT D, 6bUI HeoTpUIaTeIeH (W, YTO TO JKE
camoe, % > 0). 3aMeTHM, YTO 3TO YCJIOBUE HE SABJISAETCA JOCTATOYHBIM, I10-
CKOJIbKY 27 IPUHUMAET He BCe IeMCTBUTENbHBIE 3HAYEHUSI, 8 TOJIBKO TI0JIO-
JKUTEJIbHBIE, U 3TO, BO3MOXKHO, IPUAETCA YIUTHIBATh B JayibHelnieM. Tak

D
KakK 72 =4(log, z+1)*—6- (log§ 2+2), TIoCJIe PacKphITUA CKOOOK U IpHBe-

D
JIeHVIs TIOJ0GHEIX ClaraeMbIX MOTYYuM —= = —2 log§ z+8log, z — 8, oTKy-

4
D
na TZ = —2(log, z — 2)2. Tockonbky —2(log, z — 2)? < 0 mpu 1060M 3Ha-
D,

YeHUH z, YCIOBHE —- > 0 BeIIIOTHAETCSA, TOMbKO ecau —2(log, 2 — 2)2=0.

D
Takum obpasom, log,z =2, otkyza z =4. B aToM cirydae TZ =0, kBaj-

paTHbBIl TpéxwieH 6-4” —4(log, 2+ 1)2Y + log§ 2 4+ 2 oTHOCUTENBHO 27
SIBJISIETCS TTOMHBIM KBa/[PaTOM M HEPABEHCTBO

6-4” —4(log22+1)2y+log§z+2 <0
MIPUBOAUTCA K BUAY 6 (27 — 1)2 < 0. [MocnegHee HepaBeHCTBO BBHINIOIHEHO,
TonbKo eciu 2¥ =1, oTkyza y =0. DTO 03HAYAET, YTO U % =0, a 3HAYUT,
ypaBHeHue 2x? —2(2-2Y +log,z)x+5-47 + log§ z—2"*1 +1=0 umeer

2-27 +log, z

€/IJVHCTBEHHBIN KOPEHb X = 5

HO, X =2.
Omeem: (2;0; 4).

, rne z=4, y =0, u, ciiefoBareb-
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3ameuanue. [IpumMeprl 9, 10 1 aHaIOrMYHbBIE UM 3aJa4Xd MOXKHO pe-
IIUTh, IIPeACTaBUB JIEBYIO0 YacTb ypaBHEHUsA B BHUZE CyMMBl HECKOJIbKUX
KBaZpaToB, KOTOPas MOXKeT OBITh PABHOM HYJIIO, TOJTHKO €CIM KaXKABIN U3
KBa/[paTOB pPaBeH HYJIIO.

B mpumepe 9 nonyyum

(x —2cos(ma))®+ (x-i-y)2 +(x—-2)?%=0,
OTKyZa x =2, y=—2, a=2n, n € Z. B npumepe 10 nonyuum
(x—logzz)z—i-(x—2-2y)2+(2y—1)2 =0,
otkyza y =0, x=2, z=4.
IIpumep 11. Pemurte cuctemy
2—x)(83x—22) =3 —g,
y2+3y = x2—3x+2,
¥ +2% =63,
z < 3.

Pemrennie. PacKprIB CKOOKY B JIEBOI YACTH ITEPBOTO YPaBHEHU, IIOCIIE
VIIPOLIEHUH U IPUBEAEHUs TOZOOHBIX C/IaTaeMBIX IIOTYIUM YpaBHEHUE

3x2-2(z+3)x+3z+3=0.

PaCCMOTpI/IM IIOJTIY4€HHOE YpaBHEHME KaK KBaJZApaTHOE OTHOCHUTEIbHO IIE-
peMeHHOfI X. OTO YpaBHEHHNE MMEET KOPHU B TOM U TOJIBKO TOM CJjy4dae,

ecjy ero AUCKpUMUHAHT D HeoTpulaTesneH (Wid, 4TO TO Ke caMoe, eCIu

% > 0). I[Nockonbky % = 22 — 3z, IpUXOAUM K HepaBeHCTBY 2> — 3z >0,

oTkyza z(z — 3) > 0. PemuB HepaBeHCTBO, TTOIYIUM, 4TO 2 < O wiu g > 3:

+ - -
0 3 z

TpeThe ypaBHEHHe CHCTeMBI MOXKHO TlepenucaTh B Buze (z —3)2 + y?=
=9, otkyzaa (z — 3)? < 9. IlocnesHee HEPaBEHCTBO MOXHO pelllaTh pas-
HBIMU CIIOCOOaMU, HAIIpUMep, Mepelizis K HepaBeHCTBY |z — 3| < 3 wim —
II0CJIe PACKPHITHs CKOOOK U MTPUBEAEHMS MTOZ0OHBIX CIaraeMbX — K Hepa-
BEHCTBY 22— 62 <0, oTkyza z(z — 6) < 0. PemuB HepaBeHCTBO, HAlEM,
yro 0 <2< 6:
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YauThiBast HEpaBeHCTBO 2 < 3 JaHHOM cHCTeMBl, ToAy4IuM, uyTo 0 <z < 3.
Ho nockonbky z < 0 wiu z > 3, nepeMeHHada 2 MOXKeT IPUHUMATh TOJIbKO
ABa 3HaueHus: z =0 wiu z = 3. PaccMoTpuM o6a aTux ciydas. [Ipu 2 =0
TlepBoe ypaBHeHUe JaHHOM CHCTEeMBI TPUBOAUTCA K BUAY X2 —2x +1=0,
win (x — 1)2 =0, oTkyza x = 1. TpeThe ypaBHeHMe CHCTEeMbI TIPUHIMAET
npu stoM BUZ y2 =0, otkyza y =O0. IIpu x =1 u y = 0 BTOpOE ypas-
HeHMe JaHHOW CHCTeMBbl, OYeBH/HO, BBIIIOJHEHO. 3HAYUT, TPOMKa 4uces
(1; 0; 0) aBnAETCA pelIeHNeM cucTeMEL. [Ipu z = 3 lepBoe ypaBHeHUe AaH-
HOU cucTeMbl TpuHUMaeT B (2 — x)(3x — 6) =0, otkyzga x = 2. Torza
BTOpOE ypaBHEHMe CHUCTeMbl MPUHUMAaeT BUA y> + 3y =0, oTkyza y =0
Win y = —3, a TpeTbe ypaBHeHHe NpUHUMaeT BUf y> =9, oTkyaa y = +3.
3Hauut, y = —3, u Tporka yucen (2; —3; 3) — BTOpoe pelleHUe CUCTEMBI.

Omsem: (1;0;0); (2; —3; 3).

Yopaxuenud k §2.1

1. a) Haiizure Bce 3HaYeHUSA MapaMeTpa d, AJiA KaKJOTO U3 KOTOPHIX
GOJBINNM KOpEeHb YPaBHEHUS

x2—(6a—1)x+9a*>-3a=0

B 9 pa3 6oJIbIlle, YeM €r0 MEHBIIWI KOPEHb.
6) HaiizuTe Bce 3HAUYeHHs MapaMeTpa d, ST KaKJOTO U3 KOTOPHIX
MEeHBIINY KOPeHb YpaBHEHHUs

x> —(8a—3)x+16a>—-12a =0

B 10 pa3 MeHbIIle, YeM €ro OOIBIIUA KOPEHb.
2. a) HatizuTe Bce 3HaueHUA IapameTpa d, i KaKJ0TO U3 KOTOPHIX
GONBIINI KOPEHDb YPaBHEHUS

x?—(10a—19)x+25a> —95a+90 = 0

MeHbIIe 7.
6) HalizuTe Bce 3HaUYeHHs IapaMeTpa d, IS KaKAOTO M3 KOTOPBIX
OOJBIINI KOPEHb YPaBHEHUS

x> —(4a—7)x+4a*>—14a+12=0

MeHbIlle —4.

3. a) HatizuTe Bce 3HaUYeHUs MMapaMeTpa d, [JI1 KaKA0r0 U3 KOTOPBIX
ypaBHenue (x + 2a)? + (x — 6a)? = 200 uMeeT JBa Pa3TMYHBIX KOPHA,
cpenHee apudMeTHIECKOe KOTOPBIX PaBHO 2.

6) HalizuTe Bce 3HaYeHHs NapaMeTpa d, IS KaKZOTO M3 KOTOPHIX
ypaBHeHUe (X — 2a)? + (x — 4a)? = 242 umeer aBa Pa3IUYHBIX KOPHA,
cpenHee apudpmMeTHIECKOe KOTOPBIX PaBHO —3.
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4. a) Haiizute Bce 3HaUeHUs MapaMeTpa d, A KaXA0ro U3 KOTOPbIX
OTHOIeHNe JUCKPUMHUHAHTA ypaBHeHus ax? + x + 2 =0 K KBaJpaTy pas-
HOCTH ero KopHel paBHO 8 — 2a.

6) HatizuTe Bce 3HAYeHMs TapaMeTpa d, AJI K&KAOT0 U3 KOTOPHIX OT-
HOIIIeHUe AUCKPIMHMHAHTA ypaBHeHHA ax’ — X +4 =0 K KBaJpaTy pasHo-
CTHU ero KopHeil paBHO 4a + 12.

5. a) Haligure Bce 3HaYeHUs napameTpa d, IPU KaXKJOM U3 KOTOPBIX
ypasHeHue (a —2)x? —2(a —2)x+ 3 =0 uMeeT eJUHCTBEHHbI KOPEHb.

6) HalizuTe Bce 3HaueHUs IapaMeTpa d, MPU KaXXJOM U3 KOTOPBIX
ypasHenue (a+3)x?—2(a+3)x—5=0 uMeeT eJUHCTBEHHbIiI KOPEHb.

6. a) Hailigure Bce 3HaueHUs mapameTpa d, IPpU KaXKJOM U3 KOTOPBIX
ypaBHeHue ax? + 4x + a =3 umeeT 60/1ee OJHOTO KOPHS.

6) Haiizute Bce 3HaueHHWS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
ypaBHeHHe ax’ + 6x +a =8 umeeT 60/1ee OJIHOTO KOPH.

7. a) Halizute Bce 3HaueHUdA ImapameTpa d, IpU KaKZOM K3 KOTOPBIX
ypaBHeHUe

(ax?®— (@®*+16)x+16a)\/x+5=0

HMeeT POBHO /iBa Pa3JIWYHBbIX KOPHA.
6) Halizute Bce 3HaueHUs IapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
ypaBHeHUe

(ax? = (@ +9Dx+90)V/x+4=0

VMeeT POBHO /IBa PA3IMYHbIX KOPHS.
8. a) Haiigure Bce 3HaueHUs mapameTpa d, IPpU KaKJOM U3 KOTOPBIX
HEPaBEHCTBO
(@—-Dx*+2(@—Dx+1>0

BBITTOJTHEHO TIPU JIFOOOM 3HAYEHUH X.
6) Haiizure Bce 3HaueHHUS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
HEPaBEHCTBO
(@—Hx*+2(@+2)x—1<0

BBITIOJTHEHO TIPH JIFOOOM 3HAYeHUH X.

9. a) HaiiguTe Bce 3Ha4eHUA IIapaMeTpa a, IIpU KaXXJOM K3 KOTOPBIX
MO/y/Ib Pa3sHOCTH KOpHel ypaBHeHHs x> — 6x +a — 4a + 12 =0 mpuHu-
MaeT HauboJblllee BO3MOXKHOE 3HAYEHHE.

6) HatizuTre Bce 3HaUeHUs ITapaMeTpa d, IIPU KaXKA0M U3 KOTOPBIX MO-
Zy7b Pa3HOCTH KOpHe# ypaBHeHHA x2 + 4x — a® + 6a — 7= 0 mpuHUMAaeT
HavMeHblllee BO3MOXKHOe 3HaUeHUeE.

10. a) Hatigure Bce 3HaYeHUs IapaMeTpa d, IpU KaKJOM U3 KOTOPBIX
ypasHeHue x? + 2(a? + 7a + 3)x + 9 =0 uMeeT ABa Pa3TUYHELIX TIOTOXKH-
TEeTbHBIX KOPHA.
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6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
ypaBHeEHUE x?+2(a® —6a—3)x+ 16 =0 umeer aBa Pa3INYHBIX OTpHUIIA-
TeJIbHBIX KOPHA.

11. a) HatiguTe Bce 3HaYeHUA IlapaMeTpa d, IpU KaXKZAOM U3 KOTOPBIX
ypaBHenue ax? — (a+ 1)x + 2a? — 5a — 3 =0 uMeeT Ba KOPHA Pa3HBIX
3HaKOB.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHenue (a? —a —2)x* — x +a®+a — 2 =0 uMeeT jBa KOPHs Pa3HbIX
3HAKOB.

12. a) HatiguTe Bce 3HaueHUA apamMeTpa d, IPU KaXKJOM U3 KOTOPHIX
ypaBHEHUe

4cos*3x —4(a—3)cos’3x—2a+5=0

VIMeeT XOTs OBl OZITH KOPEHb.
6) HaiiguTe Bce 3HA4YeHWs IapaMeTpa d, MPH KaXXAOM M3 KOTOPBIX
ypaBHEHME
4sin*5x —4(a+1)sin?5x—2a—3 =0

HMMeeT XOTs ObI OIUH KOPEHb.

13. a) HatiguTre Bce 3HAYEHUs MapaMeTpa d, MPYU KAKAOM U3 KOTOPHIX
ypaBHeHuUe cos* x — (a + 2) cos® x — a — 3 =0 umeeT XOTs 6bI OAUH KOPEHb,
U YKaXXUTE KOPHU YpaBHEHUS JIsI KaXKA0T0 U3 HaWJeHHbIX 3HAYEHUH d.

6) HalizuTe Bce 3HaYeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
ypaBHeHUE sin* x + (a — 6) sin® x — 4a + 8 = 0 ¥MeeT XOTs1 ObI OFUH KO-
PE€Hb, U YKa)KUTEe KOPHU YpaBHEHUS [JIsI KAKAOrO U3 HalZIeHHBIX 3Haue-
HUH a.

14. a) Haiizute Bce 3HaUeHUA TapaMeTpa d, MPU KAKAOM U3 KOTOPHIX
ypaBHEHUE

cosl4x+2(5a+9)sin7x—110a+43 =0

MMeeT XOTs OBl OZIH KOPEHb.
6) HaiiguTe Bce 3HA4YeHWs IapaMeTpa d, MPH KaXAOM M3 KOTOPBIX
ypaBHEHHE
cos18x+4(a—1)sin9x —20a+69 =0

HMMeeT XOTs ObI OIUH KOPEHb.

15. a) HatiguTre Bce 3HAYEHUs IMapaMeTpa d, PU KaKAOM U3 KOTOPHIX
ypaBHeHue cos2x —2(a+ 1) cosx —4a — 11 =0 umeeT XOTs OB OAUH KO-
PeHb, ¥ YKaXKUTe KOPHU YPaBHEHUS /ISl KOKAOTO U3 HaMIEHHbIX 3HaUe-
HHUH a.

6) HaiiguTe Bce 3HaUEHHUA TapaMeTpa d, IPU KOKAOM U3 KOTOPBIX ypaB-
HeHue cos2x + (2a +9) sinx — 5a — 11 =0 umeeT XOTs ObI OAVH KOPEHB, U
VKQKUTE KOPHU YPaBHEHUS /I KQKJOTO U3 HAlIEeHHBIX 3HAYeHUH d.
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16. a) /1 kaxxzoro 3HaYeHUA MapaMeTpa a HailiuTe KOPHU ypaBHe-
mus arcsin((a — Dx—1— (a — 1)x2) +arcsinx =0.

6) I KaKZoro 3HaUeHUs MmapaMeTpa d HahlJuTe KOPHU ypaBHEHUS
arccos(ax? — (a+ 1)x +2) +arccos(—x) = 7.

17. a) HatiguTe Bce 3HaUeHUS MapaMeTpa d, sl K&KJOT0 U3 KOTOPHIX
2x2—6x+3
x2—3x+4
6) Haiizure Bce 3HAYeHUs TNapaMeTpa d, JJis KaXKAOrO U3 KOTOPBIX
x*—4x+3 _a+2
x>—4x+7 3
18. a) HatizuTe Bce 3HaYeHMs MapaMeTpa d, /I KaKAOTO U3 KOTOPBIX

(2a+1)x®—2(a+5)x+18a+9

ypaBHeHUe =a+ 1 umeet X0TA OBl OZIVTH KOPEHB.

ypaBHeHUe VIMeeT XOTs OBl OZITH KOPEHb.

ypaBHeHUe =3a uMeeT XOTs OBl OUH KOPEHb.

x%2—5x+9
6) Haiizure Bce 3HAYeHUs TapaMeTpa d, JJis KaXKAOTO U3 KOTOPBIX
(a+1)x2+(5a+4)x+9a+9_2 6
ypaBHEHUE 5% 10 = 2a UMeeT XOTs O6bI OUH KOPEHb.

19. a) HatiznTe Bce 3HaYeHUs TTapaMeTpa d, A/ KaKJOTO U3 KOTOPHIX

mpsiMasi y =da UMeeT XOTs Obl OZIHY OOIIyI0 TOYKY ¢ TpadpuKomM GyHKIUU
_tg®x+11
Y=3gx-1"

6) Haiizure Bce 3HAYeHUs TapaMeTpa d, JJis KaXKAOrO U3 KOTOPBIX

mpsMasi y =a UMeeT XOTA OBl OZ/HY OOIIYI0 TOYKY C TpadpuKoM PyHKIUU
_tg?x+14
Y= 4tgx+1"°

20. a) HatiguTe Bce 3HaUEHUs TTapaMeTpa d, IPU KaKJOM U3 KOTOPHIX
ypasHeHue 16* + (3a% +5a+7) - 4° — 2a + 3 =0 uMeeT eJMHCTBEHHbIi
KODEHb.

6) Haiizure Bce 3HaueHHWS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHue 49* + (Ba’?—a+3)-7°—a—2=0 uMeeT eJUHCTBEHHBIH
KODEHb.

21. a) HatizuTe Bce 3HAUYEHMS MTapaMeTpa d, TPU KaKJOM M3 KOTOPHIX
ypaBHeHue 36X — (8a—1) - 6* + 16a% — 4a — 2 =0 UMeeT eIMHCTBEHHBII
KODEHb.

6) Haiizure Bce 3HaUeHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHMe 25* — (8a + 5) - 5% + 16a? + 20a — 14 =0 uMeeT eUHCTBEH-
HBIN KOPEHb.

22. a) HatiiuTe Bce 3HaYeHUs TapaMeTpa d, IIPU KaKJOM U3 KOTOPHIX
HepaBeHCTBO 4 — (3a— 1) - 2 + 2a% 4+ a — 6 < 0 UMeeT eIUHCTBEHHOE
peleHue.

6) HatiziuTe Bce 3HaYeHUs MapaMeTpa d, IPU KayKJOM 13 KOTOPHIX Hepa-
BeHCTBO 9% — (3a —5) - 3¥ +2a® — 6a + 4 < 0 UMeeT eJMHCTBEHHOE PelleHHe.
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23. a) Hatiaure Bce 3HaueHUA apaMeTpa d, IpU KasKI0M U3 KOTOPBIX
OJMH U3 KOpHe# ypapHeHHs 16 — (4972 +169T1) - 4% + 439+5 =0 Gonbme
ZPyToro B TPH pa3sa.

6) HailiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXKAOM M3 KOTOPBIX
OJVH U3 KOpHell ypaBHeHus 25* — (125% ! 4 52¢73) . 5% 4. 5506 — ( Goyp-
ITle ZIpyTOTo B ZIBa pasa.

24. a) HaliguTe Bce 3HauYeHUA IlapaMeTpa d, IIpU KaKJOM U3 KOTOPBIX
ypaBHEHUE logi4 x — (18a+5) log, 4 x + 81a* + 45a + 6 =0 umeer aBa pas-
JIMYHBIX KOPHA, cpefiHee apudMeTHIecKoe KOTOPhIX paBHO 105.

6) HaiiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXAOM M3 KOTOPBIX
ypaBHEHUE logi6 x —(16a+19)log;g x + 64a® +152a + 90 =0 umeeT ABa
Pa3INYHBIX KOPHA, cpefiHee apudMeTHIecKoe KOTOPHIX PaBHO 8,5.

25. a) Haiizure Bce 3HaueHUs MmapameTpa d, IPU Ka)KZ0M 13 KOTOPBIX
HEPABEHCTBO d log§ x—(a—2)log; x—2>0 nMeeT eMHCTBEHHOE pelIeHHe.

6) HaiizuTe Bce 3HaUeHUs TapaMeTpa d, IPU KaXKA0M U3 KOTOPHIX Hepa-
BEHCTBO d logg x — (a+ 3) logs x + 3 < 0 nMeeT e/MHCTBEHHOE pellleHe.

26. a) HaiizuTe Bce 3HaYueHUs MapaMeTpa a, AJjs KaXKA0ro U3 KOTOPBIX
cucTeMa ypaBHeHUH

{x—B_y =-1,
x?+ 6xy +9y? — 10ax — 30ay + 125a% + 60a +9 = 0

VMeeT eIMHCTBEHHOE PelIeHue.
6) HaiiguTe Bce 3HaYeHUs IapaMeTpa d, AJi KQKZOTr0 U3 KOTOPHIX CU-
cTeMa ypaBHeHUN

{x+5y =3,
x%+8xy+16y% —8ax —32ay +25a*+12a+4 =0

UMeeT eJUHCTBEHHOE pellleHue.
27. a) Hatizute Bce 3HaUYeHUA TTapaMeTpa d, AJis KaKI0Tro U3 KOTOPBIX
pH JIT060M 3HaUYeHUU TTapaMeTpa b cucTemMa ypaBHEHUIH

x+az? = by,
2bx+((b—-6)y =82+8

H“MeeT XOTs ObI OHO pelneHue (X; y; 2).
6) HaiiguTe Bce 3HaYeHUA TTapaMeTpa d, AJI KaKIOTO U3 KOTOPHIX MPU
JM060M 3HaYeHUU MapameTpa b crcreMa ypaBHEHUH

2bx+y=a,
(b—1Dx+z*>+z=by

HMMeeT XOTA Obl OHO pellieHue (X; y; 2).
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28. a) Haiigure Hamboblllee 3HAYeHUE MMapaMeTpa d, AJA KOTOPOro
CylIecTByeT XOTs Obl oZ/Ha mapa (Xx; y) TaKUX YUCENI X U Y, 9TO

x*+2y*+xy —ax+ay+a* < 3.

6) HalizuTe HanMeHblllee 3HaYeHUE TTapaMeTpa d, JJIsi KOTOPOT'O CyIIie-
CTByeT XOTs 6bI 0fiHa TIapa (X; y) TaKUX YUCENI X U Y, U4TO

2x2+2y*+xy —ax+ay +a* < 2.

29. a) HalizuTe BCce 3HAYEHUS MapaMeTpa a, 1 KaXKJ0Tro U3 KOTOPhIX
CyIIIeCTBYeT XOTs ObI oZiHa mapa (Xx; ¥) TaKUX YUCEJI X U Y, UTO

x? —4xy +6y*+ 2y + 2y sin(na) +sin*(na) + 1 = 0.

6) HailizuTe Bce 3HaYeHUs MapaMeTpa d, JJIs KaXXJ0T0 U3 KOTOPHIX Cy-
IIEeCTBYET XOTs ObI ofHa mapa (X; y) TaKUX YUCEN X U Y, UTO

11x% 4+ 6xy+y2 —2x —2xtg(ma) +tg2(7'ca) +1=0.
30. a) Hatizue Bce mapsl (X; y) TaKUX YUCENT X U Y, 9TO
x? —xlog, (xy) —2x+0,5 logg Cy)+2=0.
6) Hatizute Bce mapsl (X; y) TaKUX YUCET X U Y, UTO
logj , (xy) —4ylogy ,(xy) +5y*+2y +1 =0.
31. a) Haiizute Bce TpoWKU (X; y; 2) TAKUX YUCEN X, ¥, Z, UTO
log(z)’sx+2y2+10-9"‘+2ylogo’5x—2y~3Z+1 —-2-3F+1=0.

6) Haiizute Bce TpOHKM (X; Y; 2) TAKUX YUCET X, Y, Z, 9TO

17-25" +log? y 4+ 22> —8z-5° —2-5" —2zlog; y +1 = 0.

32. a) Hatizure Bce 3HaueHUs NapaMmeTpa d, IPU KaXXAOM U3 KOTO-
PBIX CyIlleCTBYeT eMHCTBeHHas TpouKa (X; y; 2) AeNWCTBUTEIbHbBIX YKCes
X, ¥, 2, YAOBJIETBOPSIOIIASA CUCTEME YPaBHEHUHN

x2+y? =z,
x+y+z=a.

6) HailiguTe Bce 3HaU€HUs MapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX Cy-
IIecTByeT eJUHCTBeHHadA Tpoiika (x; y; z) AefCTBUTENbHBIX Yncen X, Y, Z,
VZOBJIETBOPAIOIIAA CUCTeMe YpaBHEeHUH

x*+4y* =x+y+z,
x+2y+3z=a.
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2z—y)(y+2)=4y+9,
(x—3P°+y+2=0,
x*+22=4x,

z>0.

200 =2y —2)=2-2,

8x> +z=3xy,
4x?+ 2% =4z,

z < 2.

33. a) Peurure cuctemy

6) Pemurte cucteMy

§2.2. PacnosiokeHre KOpHel KBaZpaTHOTO TPEXWieHa
OTHOCHUTEJIbHO JAaHHBIX YHCea

BoJIBIIMHCTBO 33/1a4 ¢ IMapaMeTPOM IpeAIonaraeT OTBET Ha BOIPOC
0 TOM, IIPH KaKUX 3HAUEHUAX ITapaMeTpa MHOXXECTBO pelleHUH ypaBHe-
HUA, HepaBeHCTBA WM CUCTEMBI YZOBIETBOPSAET ONpesie€éHHBIM YCIOBU-
AM. He ABJIAIOTCA MCKIIOUEHUEM U 33/ladM, CBA3aHHBIE C HCCIIe/[OBAHU-
€M KBaJpaTHOro TpéxwieHa. Kak mpaBwio, B TaKux 3ajavyax TpebyeTcs
HaWTH Bce 3HAYEHUs TapaMeTpa, P KaXJ0M U3 KOTOPBIX OAUH WM 06a
KODHA X;, X5 (3Zeck u ganee 6yzeM CYUTATh, YTO X; < X,) KBaJAPaTHOTO
TpéxwieHa f(x) = ax?+bx +c (a#0) Gonblile WK MeHbIIIe JAHHOTO YHC-
JIa, IpUHAAJIEKAT JAaHHOMY IIPOMEKYTKY U T. II. OOBIYHO BBIAEIAIOT CEMb
OCHOBHBIX CJTy4aeB PacCIIONIOXKEHUS KOPHEH KBaZipaTHOTO TpéxwieHa f (x)
OTHOCHTEJIHHO IaHHbIX yucen [ um (I <m):

— 06a KopHs 6osblile JaHHOTO YuCIa [

— oba KOpHA MeHbIIle JAHHOTO YHCiIa m;

— 006a KOpHA IpUHAZJIeXAT JaHHOMY UHTepBaty (1; m);

— TOJIBKO MEHBIINHI KOPEHb IPUHAIEKAT JaHHOMY HHTepBay ([; m);

— TOJIbKO GOJBUINI KOPEHD IPUHA/JIEXKAT JaHHOMY UHTepBaiy (1; m);

— OZIVH U3 KOPHEH MeHbIIIe JaHHOTO YUCIIa [, a APYroi KopeHb OoJIbIie
JIAHHOTO YHCJIa m;

— OJIVH U3 KOPHEU MeHbIIIEe JAHHOTO YKCIa [, a Ipyroi KopeHb OobIIe
3TOro Yuca.

s TomydeHus: HeOOXOAUMBIX U [OCTATOYHBIX YCJIOBUM peanu3alnu
KQXK/IOTO M3 3TUX CTy4aeB MOXKHO BOCIIONb30BAThCS MAaTEPUATIOM TIPEBIAY-
Imero maparpada WM CBOMCTBAMU KBaJpaTHOTO TPEXwieHa. PaccMoTpum
CHauasa, Kak MPUMEHUTh MaTepuas npezbigyiiero maparpada. ITycts,
HarnpuMmep, TpebyeTcs HaUTH HeobXOANMEIe U IOCTAaTOYHbIE YCJIOBUSA TOTO,
9TO 06a KOPHsA KBaZIpaTHOrO TpéxwieHa f(x) Gosblile gaHHOTrO 4mcia L.
O6o3HauuMm x — [ yepe3 t. Torga x =t + [, a ycyoBue x > [ SKBUBAJIEHTHO
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ycnoButo t > 0. BBITOTHUB 3aMeHy MMepeMeHHOM, MOMYyINMM KBaZpaTHBIH
tpéxuned g(t) =a(t+1)2+b(t+1) +c. OcTaéres HaiiT HEOOGXOAUMEIE U
JIOCTATOYHBIE YCJIOBHS TOTO, YTO 00a KOpHA TpéxwieHa g(t) MON0KUTEND-
HBL, T. €., IpuBeAsa g(t) K CTaHZapPTHOMY BU/Y, BOCIIOIb30BAThCs TabIUIei
u3 npegpiaymero naparpada. Caemaem aTo. PacKpbIB CKOOKH W TIPUBEIS
moZ00HbIE cilaraeMble, OIyYuM g (t) = at? + (2al +b)t +al® + bl + ¢, win
gt) = at® + (2al + b)t + f (). Oba kopHA KBazpaTHOro TpéxwieHa g(t)
[IOJIOKUTEJIbHBI, €CJIN
D >0,

af (D) >0,
a(2al+b) < 0.

Haiizém auckpumuHasT: D = (2al + b)? — 4a(al? + bl + ¢), oTkyza T0-
CJle PAcKPBITUSA CKOOOK U TpUBEAEHUs MOAOOHBIX CIaraeMbIX IIOTYINM
D =b? — 4ac. Takum 06pa3oM, JUCKPUMUHAHTHI TPEXWIEHOB f(x) u g(t)
OZIVHAKOBHL. [locieHee HABOAWUT HA MBICTH O TOM, YTO B JajibHeiIieM
MOXXHO 00X0AUThCSA 6e3 GopMasbHON 3aMeHbI TIepEMEHHOM, OrpaHUYB-
IIKCh UCC/IEI0BAHNEM TOJMBKO aHHOTO TpéxwieHa f(x). [lua aToro ocra-
éTcs mpUaTh HATVLIZAHBIM CMBICT TpeTbeMy HepaBeHCTBY a(2al +b) <0
CUCTEeMBI. YCJIOBUA OTPHULATENbHOCTH MPOU3BEAEHUA U YAaCTHOTO JBYX

yucesn a U 2al + b SKBUBaJIEHTHEI, TO3TOMY MEPEHIEM K PaBHOCHIHBHOMY

2al+b
a

HEPaBEHCTBY <0, otkyza 21 + g <0, wiu [ + 2 <0, 1, 3Ha4UT,

—% > [. TIocKONbKY —% = X,, TAe X, — abcIyicca BepIIUHbBI Tapabosbl

y = ax? + bx + ¢, mocIefHee HEPABEHCTBO MOXKHO ITIepelucaTh B BHE
Xo > l. Takum oOpa3omM, HEOOXOAWMBIE W JOCTATOYHBIE YCIOBHS TOTO,
4yTO 00a KOpHS KBaJpaTHOTO TpéxwieHa f (x) Oosblle JaHHOTO 4yuciaa [,
JIAIOTCST CUCTEMOM HEPABEHCTB

D >0,
af (1) >0,
X > L.

Paccy:xzasn aHaJIOTMYHO, MOYKHO TIOMYIUTh HEOOXOAUMBIE U JOCTaTOYHBIE
YCIOBUSA /JIs1 KQKJOTO U3 YKa3aHHBIX B Hadase maparpada ceMu ciaydaeB
PaCIIOIOXKEHUA KOPHEN KBAJPAaTHOTO TPEXWIEHA OTHOCUTENIHHO JAaHHBIX
yuces (AJ11 HEKOTOPBIX M3 HUX 3aMeHy IepeMeHHOU IPUAETCS eIaTh IBa-
JKJBL, TIepexo/s cCHavasa K KBa[paTHOMY TPEXWIeHy oT t =x — [, a 3aTeM —
oT t =x —m). [lpu 3ToM ciefyeT UMeTh B BHAY, YTO YCIOBHE ITOJOXKH-
TeJTBHOCTH JUCKPUMHUHAHTA B PAZE CIydyaeB MOXKHO ONYCTUTh. B camom
Zlesie, HarpuMep, HepaBeHCTBO af (m) < 0 o3HavaeT, 4to uncaa a u f (m)
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MMeIOT pasHble 3HaKH. [103TOMy ecly BeTBU mapabonbl y = ax? + bx +c¢
HarmpasieHbl BBepx (a > 0), To y(m) = f(m) <0, T.e. cylIecTByeT TOYKa
mapaboJtbl, pacioyoXKeHHas1 HIDKe OCH abcIiuce, U, 3HaYuT, mapabosa mepe-
cekaeT 3Ty ock. Cie[OBaTENbHO, B JAHHOM CJIydae YCIOBHE HEOTPULIATE -
HOCTU JVICKPUMWHAHTa (CYIECTBOBAHUSA KOpPHEH TpéxwieHa) OyzeT BbI-
IIOJTHEHO KaK OBl «aBTOMATUYECKU»: OHO SIBJIAETCS CJIeICTBHEM HepaBeH-
cTtBa af (m) < 0 ¥ P BEIIMCBIBAHUY HEOOXOAMMBIX U JOCTATOYHBIX YCJIO-
BUI MOXeT OBITh omyIleHO. /IyI1 HamIAZHOCTH IPUBEAEM HeOOXOAMMBIE
U IOCTATOYHBIE YCJIOBUSA U BCEX CEMHU CIy4aeB PACIONIOXKEHUsS KOPHeH
KBaZIpaTHOTO TPEXWIEeHAa B BUJe TaOIUIBL. 3aMeTHM, YTO, KaK U YCIOBUE
MIOJIOKUTEHHOCTH JUCKPUMUHAHTA, HEPABEHCTBA U X B PsAZie CIydaeB
He Hy>XHBI (IToTIpo0OyiiTe OOBACHUTD ITOYEMY).

YTBep)KZeHUA O PACHONIOKEHUN KOPHEH X1 U X5 (X7 <X5) KBa-
ZpatHoro TpéxuneHa f(x)=ax?+bx+c (a#0, D=b>—4ac, HeobxoanMbie 1

ZIOCTATOYHbIE YCTIOBUS
xoz—z—) OTHOCHUTEJILHO JaHHbIX yncen [ u m (I<m)
a

1. O6a xopHs 6osbllle JaHHOTO Yucia [: [ <x; < X D>0

af >0, @

Xy > 1

2. O6a KOpHsI MEeHbIIIe JaHHOTO YHCIa M: X; < Xp <M D>0
b

af(m) >0, (2)
Xo <m

(;m):l<x;<xy<m

3. Oba KOpHA IpUHA/IEXKAT JaHHOMY UHTEPBATy { D >0,

af (1) > 0,
3
af (m) > 0,
[<xy<m
4. ToNbKO MEHBIIUI KOPEHb MPUHAZJIEXXUT JaHHOMY af () > 0,
nurepBany (;m): l<x;<m<x €]
pBany (L 1 2 af(m) <0
5. TosbKO 6OJBIINI KOPEHb MPUHA/JIEXUT JAHHOMY af (D) <0,
unrepBany ([;m): x; <l<x,<m af (m) > 0 5)
6. OauH 13 KOpHEU MeHbIlle JAHHOTO Yucia [, a af (1) <0,
ZIPyroii KOpeHb OoJIblIle JAHHOTO YHCIa m: af(m) <0 ©
x;<l<m<x,
7. OZVH U3 KOpHEW MeHblIle JaHHOTO 4ucia [, a afH<0 @

JIPyTOii KOpeHb OOJIbIIIEe 3TOrO YHcia: X; <1< X,
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O6paTuM BHUMaH{E Ha TO, YTO BCe HEOOXOAMMBIE U JOCTATOYHBIE
YCJIOBUA BBIIIMCAHBL B IIPEJIION0XKEHNUHY, YTO KBaZpaTHBIN TPEXWIEH UMeeT
[IBa pa3lUYHbIX KOPHA U HepaBeHCTBA, KOTOPHIM YZOBJIETBOPAIOT 3TU
KODHHM, fBJIIIOTCS CTPOrMMH. [Ipy HEO6GXOAUMOCTU HEPABEHCTBO I
JVICKPUMHHAHTA MOXKET OBITh 3aMEHEHO Ha HeCTPOroe, a Caydaid, KoTzaa
OZIVIH U3 KOpHel TpéxwieHa paBeH KaKOMy-TO U3 4mcen | Wiu m, pac-
CMOTpeH OT/ieNIbHO (Inb0 COOTBETCTBYIOLlee HEPABEHCTBO 3aMEHEHO Ha
HecTporoe). Kpome Toro, B yc/lIOBHUAX KOHKPETHBIX 33/ia4, KaK IpaBuUIo,
He OoroBapuBaeTcdA, YTO pedb WJET MMEHHO O KBaJpaTHOM TpEXWwieHe
f(x) =ax?+bx +c, u ciydaii a =0 Taxxe TpebyeT OTAeILHOTO PACCMOT-
peHus.

Kaxk y:xe oTMeqanoch, IPUBEAEHHYIO BhIIIe TAOIUIY MOKHO IIOTyIUTh,
OCHOBBIBAsCh TOJBKO Ha CBOMCTBAaX KBAJPaTHOIO TpEXwWwieHa U rpadude-
CKUX IIpeZCTaBIeHUuAX. B onpezsenéHHOM CMBICIEe TaKOW IIOAXOZ ABIAETCA
6oJiee HATVIAZHBIM U ITO3BOJIIET MICXO/S U3 TPpeOOBaHUI KOHKPETHOM 3aa-
M BBINKUCHIBATh HEOOXOANMEBIE U ZIOCTATOYHbIE YCJIOBUA 6e3 NCIOoNb30Ba-
HuA Tabmuiel. CaenaeM 3To. Ilo-pexxHeMy OyZieM CUMTATh, YTO X1 U X
(¢; < x5) — KOpHM KBa/IpaTHOTO TPEXWIeHa

b X;+ Xy

f(x):ax2+bx+c (@ #0), D =>b*—4ac, Xo= =5, = "5

[IpeAnoNIoKuM i ONpeAenEéHHOCTH, yTo a > 0 (wiyyait a < 0 paccmart-
pUBaeTcsA COBEPIIEHHO aHAJIOIMYHO), T.€. YTO BETBU Mapabosibl, ABJIAIO-
mieiicsa rpadukoM dyHKIMY Yy = ax? + bx + ¢, HanpaB/eHs! BBEPX. B 3TOM
cJlyqae KBaJpaTHBIN TPEXWIEH IPUHUMAET TONOXKUTENbHBIE 3HAUeHUs Ha
IpoOMeXyTKax (—o;x;) U (X,; +), a oTpUlLlaTeNbHble 3HAYEHUA — Ha
MPOMeEXYTKe (X;; X5). YCI0BUE «06a KOPHSA KBaZpaTHOTO TpéxwieHa f (x)
6oJbllle JAHHOTO YucIa [» o3HavaeT, 4To D > 0 (KOpHU CyHIECTBYIOT) U

Yy y
X1 Xo X\ 1 X

Xo
ER 0 /x, m x

a) 6)

Puc. 1
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le(=w;x;), Te. f(D>0ul<x; <Xxy (cm. puc. 1a). TeM caMmbIM UMeeT
MeCTO CHCTeEMAa
a>o0,

D >0,
f >0,

xo > 1.

O6parHO, TyCTh JaHa MOCJAeHAA cucTteMa. YoioBue D > 0 o3Hauaer,
YTO KBAJpaTHBIA TpéxwieH f(X) MMeeT /Ba PAa3IMYHBIX KOPHS; YCIOBHUE
f () > 0 o3Hauaetr (B cwiy HepaBeHcTBa a > 0), uto [ € (—o; x;) win
l € (xy; +), HO U3 ycnoBuA | < x ciaeayeT (IIOCKONBKY Xg < X5), YTO
[ <x,, T.e. l € (—; x;), ¥, 3HAUUT, 06a KOPHs KBaZIpaTHOTO TPEXWIEHA
f(x) 6ombie . Cryyaii a <0 (cm. puc. 16) paccMaTpuBaeTCss aHAJIOTHUYHO:

a<o,
D >0,
f <o,

X > L.

3aMeTuM, YTO B KaXXZOM ciydae yuciaa a u f(l) omHoro 3HaKa, 4To
MOXXHO 3aIlMcaTh C IMOMOIIBI0 HepaBeHcTBa df (1) > 0 U BMeCTO /IBYX CHU-
cTeM paccMaTpuBaTh ofHy cuctemy (1). tak, o6a kopHsA 6osblie yucia [
B TOM U TOJIBKO TOM CJIy4ae, eCIi uMeeT MecTo cucreMa (1). AHaJIOTUYHO
06a KOpHS KBaIpaTHOTO TpéxwieHa f (x) MeHbIIle Y1CIa M B TOM U TOTBKO
TOM ciy4ae, eciu (puc. 1la u 16)

a>o0, a<o,
D >0, D >0,
fmy>o, M fem) <o,
Xg<m Xo < m,

T. e. (TOCKONMbKY Yncyia a v f (m) off/HOTO 3HaKa) eCJIu UMEET MECTO CHUCTe-
Ma (2):

D >0,

af (m) > 0,

Xg < m.

[ToHATHO, YTO ob6a KOpHS TPUHAZIEKAT AaHHOMY MPOMEXYTKY (I; m)
B TOM U TOJIbKO TOM CJy4ae, ecii UMelT MecTo o6e cucteMbl (1) u (2),
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4yTO 60JIEe€ KOPOTKO MOXKHO 3aIHCaTh C TIOMOIIBIO OHOU cucTeMsl (3):
D >0,
af (D) >0,
af (m) > 0,
[ <xy<m.

[Tomo6HBIM 06pa30M OCTATOYHO IPOCTO MOMYYUTH HEOOXOAMMBIE U
JIOCTaTOYHbBIE YCIOBUS JJIS KaXXAOTO U3 OCTABIIUXCSA CAyYaeB Pacrioyio-
JKEHUST KOpHEeW KBaJpaTHOTO TPEXWIEHa OTHOCHUTENBHO AaHHBIX YHCEI.
HauwHaTh BBITHCHIBATH 3TH YCJIOBUS HY)XHO C OTIpefeneHus 3Haka f(x)
B Ka&XZOW M3 ZIAHHBIX ToueK | M m. 3aTreM cjieZlyeT YCTaHOBUTD, HY>KHBI
JIM YCJIOBUS HA JUCKPUMHWHAHT W abcCIMccy BepUIMHBI mapabosbl. Kak
y)Ke OTMevasioch, B C/Iydae ecjyd BETBHU Mapabosibl HampaBleHBl BBEPX
(COOTBETCTBEHHO BHU3) U XOTS OBbI B OHOM U3 JaHHBIX TOUYEK KB PATHBIN
TpéxwieH f(X) AOMKeH NMPUHUMAThL OTpUIATEThHOE (COOTBETCTBEHHO
MIOJIOXKUTETbHOE) 3HAYEHHe, YCIOBHE MMOJIOKUTEbHOCTH JUCKPUMUHAHTA
OyZIeT BBIIOJIHEHO «aBTOMATHUYECKH»: BEJb B 3TOM CJIy4ae B CHJIYy Helpe-
PBIBHOCTU KBaZIpaTWYHOHN GyHKIMU Mapabosna, Apadroascsa eé rpadu-
KOM, 00s13aTe/IbHO TepeceKaeT OCh abCIuce, T. €. KBaJpaTHBIA TPEXWIEH
f(x) uMeeT KOpHU, U, 3HAUUT, €0 AUCKPUMUHAHT MOJIOXKUTeNeH. Kak
MIPaBWIO, B TAKUX CIyYasX U YCJIOBHE Ha abCIMCCy BEPIIUHBI TTapaboJIbl
3aIMChIBaTh HE HY)KHO. B camowm Jiese, HaliiéM, HarrpuMep, He0OXOAUMbIe
Y ZIOCTAaTOYHBIE YCJIOBUSA TOTO, YTO TOJBKO MEHBIIMN KOPEeHb IIpUHAZJIe-
’KaT JaHHOMy uHTepBaiy ([; m), paccMoTpeB ABa ciaydas: a > 0 (puc. 2a)
u a <0 (puc. 26).

y y

a) 6)
Puc. 2

HaumHaeMm c onpezienienns 3Haka f (x) B KakA0W u3 Toyek [ u m. Ecu
a>0 (puc. 2a), To f(I) >0, f(m) <0. B cuny nociezHETO HEPABEHCTBA
f (x) mprHUMaeT OTpHUIlaTENbHOE 3HAYEHNE, 3HAUUT, Mapabosia, BETBU KO-
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TOpPOM HalpaBJieHbl BBEPX, 0053aTENbHO MTEPECEYET 0Ch abCIMCC U YCIIO-
BU€ TMOJOKUTETHHOCTH JUCKPUMUHAHTA OyZeT BBITOTHEHO. AHAIOTUIHO
ecmm a <0 (puc. 26), To f (1) <0, f(m) > 0. [TonoxkeHUe abCIHCCH BEPIIU-
HBI ITapaboJIbl IIPY 5TOM, KaK BHAHO, He UTPaeT HUKAKOW POJIM: Ha PUCYH-
Ke 2a OHa HaXOAUTCS CIIpaBa OT m, Ha PUCyHKe 26 — cieBa oT m. To, 4To
He0OXOAUMbIE U JOCTATOYHBIE YCIOBHUA B IAHHOM CJIydae JaloTCst TOMbKO
JIByMsI HEpaBEeHCTBAMU, MOXXHO 0O0CHOBATH U bosiee popmabHO. B camom
zese, eciu

a>o0,

f >0,
f(m) <0,

TO 3TO O3HAYaeT, 4To [ € (—oo; x;) wim [ € (x,; +°), a m € (xy; x,). Ho
[ <m, 3HaunT, [ € (—©;x;), T.e. [ <Xx; <m < Xy, 9YTO U TPeOOBAIOCH.
YuuThIBasi, 4TO B 060UX caydasx yucaa a U f (1) ogHOTO 3HaKa, a Yucaa
a u f(m) pa3HBIX 3HAKOB, HEOOXOAUMBIE U JOCTATOYHBIE YCIOBUS TOTO,
YTO TOJbKO MEHBIUU KOPEHb KBAZIpATHOTO TpéxwieHa f(Xx) mpuHazje-
’KaT JaHHOMYy WHTepBaty (l; m), MOXXHO 3amucaTh C MOMOIIBIO OFHOMU
cucTeMHl (4):

af () >0,
af (m) < 0.
HeobxozmMble U IOCTaTOYHBIE YCIOBUS JJIsT OCTABIIUXCS CIydaeB 5—7
PaCIONIOXKEHUsA KOPHEH KBaZIPAaTHOT'O TPEXWIEHA OTHOCHUTENBbHO JAaHHBIX

YpCcesI JIETKO IOTy4YaloTCs aHAJIOTHYHBIM 00Opa3oM C IMOMOIIBIO CBOWCTB
KBa/IpaTHOTO TPEXWIEHA U HAITIALHO-TpadUIeCKUX Npe/iCTaBIeHUH.

Yy Y
‘ x; /! m
: l 0 X X
l | |
XN\ 0/x, m x
|

a) 6)

Puc. 3
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TosnbKo OONMBIIME KOPEHDb KBaZpaTHOrO TpéxwieHa f (x) mpUHAJIexaT
JaHHOMY wHTepBaiy (I; m),

a>0, a<o,
ecmu (puc. 3a) {1 f(D <0, wmwm (puc. 36) { f(D >0,
fm)>0 f@m) <0,
a 3Ha4YUT, UMeeT MecTo cucrtema (5):
af () <0,
{ af (m) > 0.

OavH U3 KOpHEW MeHbIIle JaHHOTO YHcia [, a Apyroi KopeHb OoJbIie
JAHHOTO YHuCsIa m,

a>0, a<o,
ecan (puc. 4a) { f(D <0, wm (puc.46) { f(D >0,
fim) <0 f(im) >0,
a 3Ha4YUT, UMeeT MecTo cucrteMa (6):
af () <0,
af (m) < 0.
Yy y
x, /! | X,
110 m X
l m
xl 1 1 0 XZ X
a) 6)
Puc. 4

OZvH U3 KOpHEW MeHbIIle JAaHHOTO YHcia [, a Apyroi KopeHb OoJbIle
3TOTO YHCIIA,

a<o,

a>0
eciu (puc. 5a) { f(O >0

fO <0

a 3HAuYUT, UMeeT MecTo HepaBeHCTBO (7): af (1) <O0.

wiu (puc. 56) {
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y y

a) 6)
Puc. 5

3aMmeTnM, 4TO GOpMaNbHOE pelleHue TaKUX 33/ad C MOMOIIbI0 Gop-
MYJIBI KOpHEH KBa/[paTHOI'O YpaBHEHHA OOBIYHO (32 UCKIIOYeHHeM 33a/ad,
B KOTODPBIX AVICKPUMHHAHT fABJIAETCA IOMHBIM KBaZpaTOM, PACCMOTPEH-
HBIX B IpeAblAylleM maparpade) IPUBOAUT K JOBOJIBHO T'POMO3AKUM
cUCTeMaM HMppAalMOHANbHBIX HEPABEHCTB (B OTIMYUE OT M3JI0XXEHHOTO
MeTo/ia, IPY UCIOIb30BAHUU KOTOPOT'O, KaK IMIPaBWIO, IPUXOAUTCSI UMETh
ZIeJI0 JINIIB C TUHEHHBIMU 1 KBaZpaTHBIMU HEpaBEeHCTBAMU).

[Mepetigém K IprMepaM.

IIpumep 1. HaiizuTe Bce 3HaYeHM TapaMeTpa d, P KaKI0M U3 KOTO-
pbIx ypaBHeHue (a—4)x*—3ax+a—2=0 UMeeT jBa KOPHsI Pa3HBIX 3HAKOB.

Pemenue. /13 ycioBUA 3aa4u CI€AyeT, YTO ypaBHEHUE JODKHO UMETh
/iBa KOPHS, M03TOMy a # 4. ITycTb f(x) = (a —4)x?—3ax+a—2, x; u x,
(; < x,) — KOpHU KBaZpaTHOro TpéxwieHa f (x). Eciu a > 4, To BeTBU ma-
paborsl, ABsAtoNIeicsa rpadukoM GyHKIMHM y = f (x), HaIIpaBJIeHbl BBEPX
u Torga f(0) <0 (puc.6a); ecnu a <4, To BeTBU mapabosibl HapaBIeHbI
BHM3 U Torza f(0) >0 (puc. 66).

y y

X7 yxz X

a) 0)
Puc. 6
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3Ha4YMT, HEOOXOAUMBIE U IOCTATOYHBIE YCJIOBHUSA TOT'O, YTO OAMH U3 KOP-
Hell TpéxwieHa f (X) MeHbIIle JAHHOT'O YHCJIa HYJTb, & [PYTOf KOpeHb O0JIb-
e 3TOro 4ucjaa (WIM YTO AaHHOE YKCIO HY/b JIEKUT MEXAY KOPHIMH
KBaZIpaTHOTO TpéxuieHa f(x)), JAIOTCS ABYMS CUCTEMAaMU

a>4, a<4,

fo<o ) fo>o.

9To o3HavaeT, 4To unciaa a —4 u f(0) ZOMKHBI UMETh pasHble 3HAKH,
yTO 6OJIee KOPOTKO MOKHO 3aIycaTh C MOMOIIBIO OZHOTO HEpaBEHCTBA
(@ —4)f(0) < 0. Tlockombky f(0) =a — 2, IpUXOAUM K HEPABEHCTBY
(a—4)(a—2) <0, pereHrEM KOTOPOTrO ABJsAETCA UHTEpBaJ (2; 4).

Omsem: (2;4).

IMpumep 2. HaiiiuTe Bce 3HaUEeHUA TapaMeTpa d, IPU KOTOPBIX YPaB-
Henue x2 — (4a + 3)x +3a +4=0 umeer zABa KOPHSA pa3HBIX 3HAKOB, MO-
ZIyJTh KQXZ0T'0 M3 KOTOPHIX MeHbIIe 5.

Pemrenmue. [IycTthb

f(x) = x*—(4a+3)x+3a+4,

X; ¥ Xy (x; < Xy) —KOPHM KBaJpaTHOTO TpéxwieHa f(x), cTapLIuil Ko-
3bPUIMEHT KOTOPOro, He 3aBUCAIIUN OT IapaMeTpa, MOJOXUTEeNEeH, U,
3HAYUT, BETBU TapaboJIbl, ABsIoNelics rpadrukom GyHknuu y = f (x), Ha-
IIpaBJIeHbI BBEPX. YCJIOBUeE 3a/1a4u OyZeT BBIIONHEHO, ect X; € (—5; 0), a
x5 € (0;5) (puc. 7).

Puc. 7

Jlns BHITIONMHEHUSA ycioBus X € (—5;0) HeOoOXOAUMO U JAOCTATOYHO,
YTOOBI BBHITTOJHSIMCH HEPABEHCTBA

f(=5) >0,
f(0) <oO.
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i BeITOTHEHUA yeaoBUA X; € (0; 5) He06XOAUMO U IOCTATOYHO, YTOOBI
BBITIOJIHAJINCh HEpaBeHCTBA

f(0) <o0.

BwmecTto ABYX CUCTEM MOXHO 3aIllricaTb OJHY:

f(=5) >0,
f() >0,
f(0) <oO.

[Mockonbky f(0) =3a+4, f(—5) =23a+44, f(5) =14 — 17a, nonydaem
crcTeMy

{f(S) >0,

23a+44 > 0,

44 4
14—17a >0, otkyza —53 <a<-3.
3a+4<0,

(S .
Omeem.( 23’ 3).

ITpumep 3. HaliguTe Bce 3HaUeHUA ITapaMeTpa d, IPU KKJAOM U3 KO-
TOPBIX HEPABEHCTBO X2 + ax + a® + 6a < 0 GyzeT BHIIOTHEHO I H060TO
3HaA4YeHUs X, IpUHagIexarero uurepnaiy (0; 4).

Pemenue. ITyctb f(x) =x*+ax+a®+6a, x; u x, (x; <X,) —KOp-
HU KBagpaTHOro TpéxwieHa f (x). Crapmuii k03bdUIHEeHT KBAJPaTHOTO
TpéxwieHa f(X) MOJIOKUTENEH, 3HAYUT, BETBU MapaboJbl, ABIAOLIEHCA
rpadukom ¢yHkiuu y = f(x), HampaBIeHb BBepX. B aToM ciaydae f(x)
MOXKET HMPUHUMATh OTPHULIATeTbHBIE 3HAYEHUs TOIBKO Ha IMPOMEXKYTKE
(x1; x9). TloaTOMYy ycoBHe 3aZa4uu OyZEeT BBITIOMTHEHO, ecin X < 0 <4 < Xy
(>c; MmoxeT 6BITE paBeH 0, a X, MOXKeT ObITh paBeH 4, IIOCKONbKY pedb UAET
O CTPOrOM HepaBeHCTBe, KOTOpPOe JOKHO BBIIONHATHCSA HA MHTepBaJe,
a He Ha oTpeske). HeoOXoAuMBle U [OCTATOYHBIE YCJIOBUA TOTO, UTO

x; <0< 4 < x,, JaoTca cucteMon { F0)<0, [Mockomnbky f(0) = a®+6a,
f@<o.
f(4) =a?+10a + 16, mociefHAa cucTeMa IPUBOAUTCA K BUAY
a’+6a <0,
{&+qoa+16<0,

OTKYy/Zla, pa3jIOXKMUB JIEBYIO YaCTb KaXXJOT'0 HEPpaBE€HCTBA Ha MHOXUTEIU,
TIIOJTy9IrM

ala+6) <0,
(a+2)(a+8) <O0.
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B cooTBeTCTBUY €O CBONCTBAMU KBaZpaTHOI'O TPEXWIeHa pellleHHeM Iiep-
BOTr'0 HEpaBEHCTBA MOMyYeHHOU cUCTeMEI ABJseTcs oTpe3ok [—6; 0], a pe-
IIeHrueM BTOPOr'o HepaBeHCTBa — OTpe3ok [—8; —2]. CiezoBaTenbHO, pe-
IIIEHUe CUCTEMBI — OTPe3oK [—6; —2]:

-8 -6 -2 0 a

Omseem: [—6; —2].

ITpumep 4. HatiziuTe Bce 3HAaUEHUS MTapaMeTpa d, PYU KaXKJ0M U3 KO-
TOpHIX M06oe pemenue HepaBeHcTBa (a — 2)x2 — (2a+3)x+a+1>0
TIpUHAJJIEXUT OTpe3ky [—1; 1].

Pemenue. Ilycts f(x) = (a — 2)x%?—Qa+3)x+a+1. PaccmoTpum
aBa caydasa: 1) a=2; 2) a# 2. Ecum a = 2, MHOrowieH f(x) IpUHU-
maeT Buf, f(x) = —7x + 3 u HepaBeHCTBO f(x) > 0 BBIMOMHAETCA, €CIN

3
—7x+43>0, oTkyza x < - fIcHo, 4TO He Bce pelleHNs TOr0 HepaBeHCTBA

IIprHaZIeXxaT oTpe3Ky [—1; 1]. 3HauuT, a = 2 He yZJOBIETBOPSET YCIOBUIO
3azaun. [IycTh Temepsb a # 2. B aTom ciydae f(x) ABIAeTCA KBaJpPaTHBIM
TpéxwieHoM. O603HAYUM Yepe3 X; U Xy (X; < Xy) €ro KopHH, yepe3 D —
€ro IMCKPUMMHAHT, Yepe3 X, — abCIMCCy BepIIMHBI 1apabosibl, SBIIIO-
meicsa rpa¢pukom GyHKIMU y = (a — 2)x%— 2a+3)x+a+1. [pu a > 2
cTapmvii Kod$p(UIMEHT KBaZPATHOTO TpéxwieHa f(X) IONOKUATEIEH.
3Hauut, ecniu D >0, To f(x) >0 npu x € (—o; x;) U (xy; +), a ecaun
D <0, To f(x) >0 mpu moboMm zAeiicTBUTENBHOM X. Clef0BaTeNbHO, TPU
a > 2 Bce pellleHUs HepaBeHCTBa f (x) > 0 He MOTYT IPUHAJIEKATh OTPE3-
Ky [—1; 1]. Ilpu a < 2 crapmuii Ko3$pPUIIMEHT KBaZAPATHOI'O TPEXUWIEHA
f(x) oTpunareseH ¥ OH MOXET NPHUHUMATDH IIOJIOXKUTENbHbIE 3HAYEHUs
TOJBKO Ha uHTepBaise (Xx;; X,). ClenoBaTenbHO, YCJIOBHE 3aZadyu OyzaeT
BBIMTOMTHATBCSA, ecmd —1 < x; < Xy < 1, T.e. e KBa[paTHBIN TPEXWIEH
f(x) uMmeeT nBa pa3NIUYHBIX KODHS, MEHBIINN W3 KOTOPHIX HE MEHbIIe
yucina —1, a Gonpiinii He Gosbire yucraa 1. B atom ciaydae (puc. 8)
HeoOXOZNMBIE U JOCTATOYHBIE YCJIOBUSA JAIOTCA CHCTEMOU

a<?2,

D >0,
f(-1 <o,
fF <o,
—-1<xy,<1
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y

Xo
Xo 1 X

Puc. 8

Tlockoneky D = (2a + 3)?2 — 4(a — 2)(a + 1) = 16a + 17, f(-1) =
=a—24+2a+3+a+1=4a+2, f(1)=a—2—-2a—-3+a+1=-4
2a+3

Xo = 20a—2)’ nmocjiegHAd CUCTEMA IIPUBOJUTCA K BUAY

a<?2,
16a+17 >0,
4a+2<0,
-4 <0,

2a+3 <1

“1<3@—p <%b

OTKyZa, YMHO)XXMB BCe 4YacTU IIOCJIeJHEero HepaBeHCTBA CHCTEeMBI Ha
a—2<0, mocye mpeobpa3oBaHUM MOTYIUM

a<?2,
a>-1,
a<-1,
a<g,
Y, 3HAYUT, —}—Z <a<—%.
Omeem: (—%;—%]
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IIpumep 5. Hatigure Bce 3HaYeHUs IapaMeTpa d, IIpU KaXKJOM U3 KO-
TOPBIX ypaBHeHUe (a — 3)x% —2(a+3)x —a— 3 =0 umeeT x0T ObI OAUH
KOpeHb, MeHbINH 1.

Pemenue. Ilycts f(x) = (a — 3)x? — 2(a + 3)x — a — 3. PaccMoTpuM
aBa caydas: 1) a =3; 2) a # 3. Eciu a = 3, JaHHOe ypaBHEHUE SIBJISET-
cA JWHEWHBIM W IpuUHUMaeT BuA —12x — 6 =0, otkyza x = —0,5 < 1.
3HayuT, a = 3 yZOBJIETBOPSET YCJOBHIO 33azadud. IlycTh Temeph a # 3.
B sToMm ciydae f(x) siBAfeTcs KBagpaTHBIM TpéxwieHoM. O603HaUYUM
yepe3 X; U X, (X; < X,) €ro KopHHY, dyepe3 D — ero JUCKpUMHHAHT, de-
pe3 X, — abciyccy BepIIMHBI Mapabosiel, SBisiolieiics rpaduxkoM GyHK-
muun y = (a — 3)x2 —2(a+ 3)x —a — 3. YcioBue 3aga4n OyZIeT BBITTOJHEHO,
ecIu:

— f(x) UMeeT eUHCTBEHHBIN KOPEHb, ¥ 3TOT KOPEHb MeHbIIE 1;

— f(x) nmeeT fBa pa3TUYHBIX KOPHS, OAVH U3 KOTOPHIX MEHbIIE 1, a
ZpyTo¥i 6OJbIIE WU PaBeH 1;

— f(x) umeeT 1Ba pa3IMYHBIX KOPHSA, KQXIBIH U3 KOTOPBIX MeHbIIe 1.

PaccMOTpUM BCe 3TU BO3MOXKHOCTH. JIjid TOTO YTOOBI KBaZpaTHBIN
TpéxwieH f(x) uMes XOTsA OBl OUH KOPEHb, ZOKHO BHITIONMHATHCA Hepa-

BeHCTBO D > 0, niu %20, rae %=(a+3)2+(a—3)(a+3)=2a(a+3).

D _ _ 60 a— N
Ecimu 7= 0, T.e. a=0 nmmubo a =—3, KBaJpaTHbIN TPEXWICH UMeEeT eUH-

" a+3
CTBEHHBIH KOPEHb X = Xo = 3. [Ipy a =0 3TOT KOpeHb paBeH —1; Ipu
a=—3 oH paBeH 0. B 06oux ciydasx KopeHb MeHbllle 1, moaTomy a =0 u
a = —23 yAOBJIETBOPAIOT YCIOBUIO 3aa4U.

D
Ecnu 7 >0, To f(x) UMeeT ABa pa3JIMYHBIX KOpHA. [IpeAmonoKuM,

yTo ofuH u3 HuX paBeH 1. Torza a —3 —2(a+ 3) —a — 3 =0, oTkyzAa
a=—6. B aToM c/Iyyae fJaHHOe ypaBHeHMe IpuMeT Bug —9x2 +6x +3 =0,
i 3x? — 2x —1=0. KopHAMY MOC/IeZIHET0 YpaBHEHUS ABJIAIOTCA 9UCIA

lu —%. [TOCKONBKY —% <1, 3HaueHHe a = —6 YZOBIETBOPAET YCIOBHUIO
3a7iavmn.

Ocrasnock ucciefioBaTh CIy4au, KOrZa aHHOe ypaBHEHHe MMeeT /1Ba
Pa3IMYHBIX KOPHA, HU OAWH M3 KOTOPHIX He paBeH 1. OguH U3 KOp-
Hel MeHbIIe 1, a Apyroi Gosibime 1 B TOM M TOJBKO TOM CJy4ae, €CIU
(a—3)f(1) <0 (cm. cuctemy (7)). Tak kak

f)=a-3-2(a+3)—a—-3=-2a-12,

rocjie[Hee HepaBeHCTBO MpuMeT BUJ, (a — 3)(—2a — 12) < 0. Pa3zgenus
0be YacTU TIOTyYEHHOTO HEpaBeHCTBAa Ha —2, NMPUAEM K HEPABEHCTBY
(a —3)(a+6) >0, oTKyza MOAyIuM, 4TO a € (—; —6) U (3; ).
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O6a KopHsA MeHbIle 1 B TOM M TOJBKO TOM ciaydae (cM. cucremy (2)),
ecIun
D

379
(a—3)f(1) >0,
X <1,
OTKyZa
2a(a+3) >0, a(a+3) >0,
(@—3)a+6) <0, pu (@a—3)(a+6) <0,
a+3 6
7—3 <1, a_3<0.

Pertenue mocnegHei cucreMbl: (—6; —3) U (0; 3). Takum o6pasom,
ae (—o; —3]U[0; ).

Omeem: (—o; —3]U[0; +).

Yonpaxuenud k § 2.2

1. a) HaiizuTe Bce 3HaUYeHUs MapaMeTpa d, TP KAKJOM U3 KOTOPHIX
ypaBrenue (a — 2)x% — 4ax +a — 1 =0 uMeeT ABa KOPHA Pa3HBIX 3HAKOB.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHeHue (a+2) x?—5ax+a—3=0 umeer 1Ba KOPHS pa3HbIX 3HAKOB.

2. a) Haiigure Bce 3HAYeHUs TapameTpa d, ITPU KAXKJOM M3 KOTOPBIX
ypaBHeHUE (@®> —9)x?— (2a®+5a — 9)x +a+ 3 =0 umeer aBa KOpHA pas-
HBIX 3HAKOB.

6) HalizmTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPBIX
ypaBrenue (25— a?)x? — (4a®> —a — 7)x +a —5=0 umMeeT ABa KOpHA
Pa3HBIX 3HAKOB.

3. a) HatiguTre Bce 3HAYeHUs TapaMeTpa d, IPU KAXKJO0M U3 KOTOPBIX
ypaBHenue ax? — (a + 1)x + 2a® — 5a — 3 =0 uMeeT [Ba KOPHsI Pa3HbIX
3HAKOB.

6) HalizmTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
ypaBrenue (a? —a—2)x? — x+a?+a —2=0 uMeeT Ba KOPHA Pa3HbIX
3HaKOB.

4. a) HaiiznTe Bce 3HaUYeHUS MMapaMeTpa d, IPU KaKAOM U3 KOTOPBIX
ypaBHeHUE (@®> —a)x?— (a—2)x —a — 6 =0 umeer gBa Pa3/INYHBIX KOPH4,
OJIVH U3 KOTOPBIX Oosblie 1, a Apyroil — MeHsbIie 1.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypasHeHne (a2 —a — 6)x? — 2ax + a®> — 9 = 0 uMeeT [Ba Pa3TUYHBEIX
KODHS, OJWH U3 KOTOPBIX bosbliie —1, a Apyroi — mMeHbIie —1.
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5. a) Haligure Bce 3HaueHUA IapaMeTpa d, IPU KOTOPBIX YpaBHEHUE
x?—(2a—5)x+a—7=0 umeer aBa KOpHA pa3HbIX 3HAKOB, MOZY/Ib KaX-
ZIOTO U3 KOTOPBIX MeHbIIe 3.

6) HalizuTe Bce 3HAYeHMs MapaMeTpa d, IPU KOTOPBHIX ypaBHEHHE
x?2 — (3a—7)x +a—4=0 uMeeT ZBa KOPHA pPa3HBIX 3HAKOB, MOZY/Ib
KaXXZIOr'o U3 KOTOPHIX MeHbIle 2.

6. a) HaiizuTe Bce 3HaueHUs IMapaMeTpa d, IPU KOTOPHIX YpaBHEHUE
(2a —1)x? — (a — 3)x +a+5=0 umMeeT ZiBa KOPHA Pa3HLIX 3HAKOB, MO-
Jy7Tb KaXKZ0T0 U3 KOTOPBIX GosbIire 1.

6) HalizuTe Bce 3HAYeHMsS MapaMeTpa d, IPU KOTOPBHIX ypaBHEHHE
(a+ 1)x? = (2a + Dx + 2a — 5 =0 umeer aBa KOpHA pa3HbIX 3HAKOB,
MOZY/Tb KQXKZOT'0 U3 KOTOPHIX OoJbIie 4.

7. a) Halizute Bce 3HaueHUs IapameTpa d, IPU KaKZOM K3 KOTOPBIX
ypasHeHue (a —1)x?—2(a+ 1)x —2a — 1 =0 uMeeT ABa pa3TUYHLIX KOp-
HsI, KQXAbIF U3 KOTOPBIX OosbIite —2.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeEHUE

(a—2)x*+2(a—6)x—2a—18=0

VMMeeT /IBa PAs3IUYHBIX KOPHSA, KQXKAbIM U3 KOTOPHIX OosbIlle —4.

8. a) Haiigure Bce 3HaueHUs mapameTpa d, IPU KAKJOM U3 KOTOPBIX
ypaBHeHue (a -+ Dx?®+2(a—1)x—2a+1=0 umeer aBa PpasIUYHBIX KOp-
Hf, KQK/IbIN U3 KOTOPBIX MeHbIIIe 2.

6) HaiizuTe Bce 3HaUYeHUs MapaMeTpa d, NMPU KaKJOM U3 KOTODPBIX
ypasHeHre (a + 2)x? —2(a + 4)x — 2a + 7 =0 uMeeT JBa Pa3THYHBIX
KOPHS, KQXABINA 13 KOTOPBIX MEHbIIIE 4.

9. a) HaiiguTe Bce 3Ha4eHUA IIapaMeTpa a, IIpU KaXXJOM K3 KOTOPBIX
ypaBHeHUe (a — 3)x2—2(a+3)x — 2a — 3 =0 umeerT gBa PpasIUYHBIX KOp-
Hf, IpUHAAJIeXallux uHTeppany (—2; 1).

6) HaiizuTe Bce 3HaUeHUs MapaMeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHue (a — 5)x? + 2(a + 1)x — 2a + 1 =0 uMeeT JABa Pa3THYHBIX
KOpHS, IpUHAaJJIeKallux nuTeppany (—1; 2).

10. a) HatiguTte Bce 3HaYeHUs IapaMeTpa d, IpU KaKJOM U3 KOTOPBIX
ypaBHeHue (a+ 6)x%+2(a — 6)x —2a + 6 =0 umeeT gBa PpasIUYHBIX KOp-
Hf, MOZY/Th KaXXZIOT'O M3 KOTOPHIX MeHbIIe 2.

6) HaiizuTe Bce 3HaUeHUs MapaMeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHue 2(a + 5)x% 4+ 2(a — 7)x —a + 4 =0 umeer gBa Pa3IUYHBIX
KOPHS, MOZYJIb KaK/IOTO M3 KOTOPBIX MeHbIIe 1.

11. a) Hatizure Bce 3HaYueHUs IapaMeTpa d, IPU KaXkKZIoOM U3 KOTOPBIX
HepaBeHCTBO x2 — (a — 5)x+a? — 4a — 5 < 0 6yzeT BLIIOTHEHO /1A 1060-
r'o 3HAYEHUS X, IpUHaAIexaiero nurepsany (—4; 0).
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6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
HepaBeHCTBO x2 + (a — 4)x + a? — 2a — 8 < 0 6yAeT BHINOTHEHO A
JI060T0 3HAYEHUA X, IpUHaIexKalero uatepsany (0; 4).

12. a) HatiguTte Bce 3HAYEHUs MapaMeTpa d, MPU KAKAOM U3 KOTOPBIX
HEPaBEHCTBO 4x% 4+ 2(a—2)x+ a’+2a—-8<0 6GyZeT BBITOIHEHO IS JTFO-
6oro 3HaYeHUA X, IPUHAAJIEXKaIIero naTepaity (0; 2).

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTODPBIX
HepaBeHCTBO 4x2 — 2(a — 1)x + a® + 4a — 5 < 0 6yAeT BLIIONIHEHO AJA
JI060T0 3HAYEHUA X, IPUHAZJIeKaIero uarepsany (—2; 0).

13. a) HatiguTre Bce 3HAYEHUs MapaMeTpa d, MPYU KAKAOM U3 KOTOPHIX
HepaBeHCTBO 4(a — 3)x% —22a+ 1x +a>0 umeer peleHus u oboe
ero pellieHue MPUHA/JIEXUT OTpe3Ky [—2; 2].

6) HalizmTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPBIX
HepaBeHCTBO 9(a — 1)x? — 3(2a + 5)x + a + 2 > 0 uMeeT pelieHUd U
J060e ero pelnieHue MPUHAAIEKUT OTPe3Ky [—3; 3].

14. a) HaiiguTe Bce 3HaYeHuUA I1apaMeTpa d, IPU KaXJOM U3 KOTOPBIX
HepaBeHCTBO (a — Hx%—2(2a - 1Dx+4a—4>0 umeer peleHus 1 Jio-
60e ero pemieHre MpUHAAIEKUT OTpe3Ky [—O0,5; 0,5].

6) HatizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
HepaBeHCTBO (a — 5)x? — (2a — 3)x +a — 2 > 0 uMeeT peleHus U a0boe
€ro pellleHue NpuHaaexuT orpesky [—0,25; 0,25].

15. a) Hatigure Bce 3HaYeHUs MapaMeTpa d, IpU KaKI0M U3 KOTOPBIX
ypaBHeHue (a + DHx%+4(a+ 1)x +2a + 2 =0 umeeT x0T 6bI OAUH KO-
peHb, GOTBIIUN —2.

6) HatizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypasHeHue (a+ 3)x2+2(a — 3)x — a+ 3 =0 umeeT x0T 6bI OAUH KOPEHb,
6ospimii —1.

16. a) HatiguTte Bce 3HaueHUs MapaMeTpa d, IPU KaKI0M U3 KOTOPBIX
ypaBHeHUe (a — 4)x?> —6(a—2)x+ 7a — 10 =0 umeeT XOTs 6B OZUH KO-
PpeHb, MeHbIINH 3.

6) HatizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHeHue (a — 2)x% —4(a+ 1)x + 2a + 2 = 0 uMeeT XOTS ObI OAUH
KOpeHb, MEeHBIIUHN 2.

§ 2.3. 3agaumn, cBOAMMbIE K HCCIEeJ0OBAaHUIO
KBa/[paTHOTr'O TPpEXWIeHa

B arom maparpade GyayT pacCMOTpEHBI 33/laud, pelleHHe KOTOPBIX
CBOJIUTCS K MICCIEZIOBAHUIO PACIIONIOKEHUS KOPHEHN KBaIpATHOTO TPEXWIEHA
OTHOCUTEJIPHO HEKOTOPBIX YMCET TOMBKO TOCTIE OMPEAETEHHBIX TPeABaAPU-
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TeJbHBIX JIEHMCTBUM: airebpandecKux peobpa3oBaHUM, 3aMeHbI lepeMeH-
HOU U T.m. CyllecTBEHHBIM IIPU pPelIeHWH 33Jad TaKOTO poja SIBIAET-
Cs1 yMeHUeE TPOBOAUTH MPABWIbHBIE PACCYKAEHUA U Je1aTh JIOTUYECKU
000CHOBAHHbIE BEIBOJHI, & KJIIIOUEBEIM MOMEHTOM — IepeOpMYIUPOBKA,
Iocjie KOTOPOM JaHHas 3ajavya CBOAUTCA K 3aZade Ha MCCIeJOBaHUE
pacroynoXKeHusA KOpHel KBaZpaTHOro TpéxwieHa. Hampumep, A7 TOro
9YTOOBI OTBETHUTH Ha BOIIPOC O CYIIECTBOBAHUM KOPHENM KBaZpaTHOI'O
OTHOCHUTEJIbHO SinX ypaBHEHUs C IapaMeTPOM, HYKHO BBECTU HOBYIO
MEpPEMEHHYIO, MOJIOXKUB €€ PaBHOHM SinX, MOMYYUTh KBAaZpaTHOE ypaB-
HEHUEe OTHOCUTENTbHO HOBOU IMEpPeMEeHHON U C YYETOM TOrO, YTO 3Ta
IlepeMeHHasA NMPUHUMAaeT 3HAUYeHUA TOJIbKO U3 oTpe3ka [—1; 1], HaliTu
3HA4YeHUs I1apaMeTpa, IPU KOTOPBIX XOTA OBl OZUH KOPEHb ITOMYIeHHOTO
KBa/IpaTHOTO YpaBHEHUsA IIPUHAAJIEXXUT oTpe3ky [—1; 1], paccMoTpeB Bce
BO3MOJKHbIE Ciydau: oba KOpHS IpHUHaAIexaT oTpe3ky [—1; 1]; Tombko
MEHBbIUINI KOPeHb MPUHAJIEKUT OTpe3Ky [—1; 1]; Tonbko 6ONbUINI KO-
peHb NpuHajIexuT oTpe3ky [—1; 1]; ypaBHeHHe MMeeT eIUHCTBEHHBIN
KOPEHb, KOTOPBIM MPUHAMJIEKUT OTpe3Ky [—1; 1]. TUIUYHOU OImmMOKON
IIpU pellleHNH IOZOOHBIX 3aZad ABIAETCS UTHOPUPOBAHUE IIPUHAJJIEX-
HOCTU KOpHEH IONy4eHHOTO KBAaZpaTHOTO ypaBHeHWs oTpe3ky [—1; 1]
Y BBIIHCHIBAHUE TOJBKO YCJIOBUS HEOTPUIATENbHOCTH JUCKPUMUIHAHTA.
[ToaToMy pellleHHEe KaXKOW TaKOU 3aJauu 1eeco06pa3Ho JeuTh Ha JBa
dTara, MepBbIi N3 KOTOPBIX COCTOUT B CBeJIEeHUH JJAHHOM 3a/jaul K 3a/iadue
Ha HCCIefloBaHUE KBAZPATHOTO TpEXwieHa (C COOTBETCTBYIOIEH Iepe-
bOpPMYIUPOBKOIL), a BTOPBIM SBJISETCS CaMO HCC/IeZ0OBAHME TTOyIeHHOTO
KBaZpaTHOTO TPEXWIEHA C IIOMOIIBIO CHOPMYIUPOBAHHEIX B IIPEABIAYIIIEM
maparpacde TeopeMm.

ITpumep 1. Haiigute Bce 3HAUeHUA IapaMeTpa d, IIPH KaKAOM U3 KO-

ax—a(l—a)

TOPBIX HEPaBeHCTBO — 5 — ———- > 0 BBINOJHEHO /A JIOOBIX 3HAUYEHUHN

repeMeHHOU X u3 oTpe3ka [—1; 1].

Pemrennie. [TOCKONBbKY YacTHOE /[BYX YHCEN IOJOXKUTENBHO B TOM
U TOJBKO TOM CJIydae, eClIM TIOJIOXKHUTENbHO WX IIPOM3BeZeHUe, JaHHOe
HepaBeHCTBO MOXXHO nepemnucarth B Buze (ax —a(l—a)) (a>—ax—2)>0.
[yctp f(x) = (ax —a(l — a) (@ —ax —2), X7 4 Xy (x; < Xy) — KOpHU
KBaZIpaTHOTO TpéxdieHa f(x). 3aMeTHM, YTO KoapPUIMEHT Nmpu x> B
BHIpaKeHMHU f(X) paBeH —a’ W, CeJoBaTelbHO, HeloloxuTeneH. Ecu
OH paBeH HymO (T.e. a =0), To HepaBeHCTBO puHUMaeT Buz 0 >0 u He
nmMmeet pemeHuil. Eciu a # 0, BeTBU mapaboibl, ABIAIOIIENCS rpaduKom
¢yukmu y = f(x), HampaBJeHbl BHU3, U 33/la4y MOXXHO repedopMyiu-
POBaTh TaK: HAMTU BCe 3HAYEHUS MMapaMeTpa d, P KaKA0M U3 KOTOPHIX
HepaBeHCTBO f (x) > 0 BBINONHAETCSA [JisA TI0O60TO 3HAYEHUS X U3 OTpe3Ka



90 I'maBa 2. KBazpaTHBIH TPEXWIEH B 3a/ja4ax ¢ napaMeTpoM

[—1; 1]. TlocnesHee UMeeT MECTO, TOJIBKO €CJIN
f(=1) >0, (a®>—2a)(@®*+a—2) >0,
{f(1)>0, a@—-a—-2)>0.
Periuim miepBOe HEPABEHCTBO CUCTEMBI, IIPUBEIS €T0 K BUAY

a(a—2)(a—1)(@a+2)>0

OTKyZa {

" IPUMEHUB METOJ MHTEPBaJIOB:

+ - el -1 =
-2 o 1 2 a

PemteHue mepBOro HepaBeHCTBA cUCTeMbl: (—o; —2)U(0; 1) U(2; +00).
PermiiM BTOpOe HEPABEHCTBO CUCTEMBI, IIPUBE/S €TI0 K BUAY

a?@—2)(a+1) >0

" IIPUMEHUB METOZ MHTEPBAJIOB:

-1 0 2 a

PemieHrie BTOPOTO HEPABEHCTBA CUCTEMBI: (—o0; —1) U (2; 4).

Pemenue cucrtemsl: (—oo; —2) U (2; +0)

Omsem: (—o; —2) U (2; +x).

IMpumep 2. HaliziuTe Bce 3HaYEHUs MTapaMeTpa d, MPU KaXKA0M U3 KO-
Topeix ypaBHenue x* +2(a — 1)x3 +4x% + 8(a — 1)x + 16 = 0 umeeT He
MeHee [IByX Pa3JNYHbIX OTPUIIATENbHBIX KOPHEH.

Pertenue. 3ameTuM, uyTo Yucao O He SBASETCS KOPHEM ypaBHEHUs.
TTo3TOMY MOXHO pa3Zie/IuTh 0be JacTy ypaBHeHMA Ha X2, TIocjIe 4ero Iie-

perpymmpoBaTh ciaraeMele: x> + )1(_? +2(a—-1) (x + %) +4=0. O6o3Ha-
YUM

4 _
x+ X t, D
2, 16 >
Torga x* + 5 =t - 8 ¥ ypaBHeHUe IPUHUMAET BU/

t>?+2(a—1Dt—4=0. 2)

TeM caMbIM 3aZia4y yAasoCch CBECTH K MCCAEOBAaHUIO KBAJPATHOTO TPEX-
wieHa f(t) = t2+2(a—-1Dt—4. [TonpobyeM yCTaHOBUTbH, KaKHe 3HAYEHU
MOJKET MPUHUMATh IepeMeHHas t. V3 ypaBHenus (1) JIETKO CIeAyerT,
YTO Yueia X W t OZHOTO 3Haka. Kpome Toro, ypaBHeHue (1) MOXHO
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nepemnucarh B Bufie x> — tx + 4 =0. IToc/efHee ypaBHeHe UMeeT KOPHH
TONBKO B C/Iydae HeOTPHUILATeILHOCTH €ro AMCKpUMHHAHTa D = t2 — 16,
T.e. ecnu t?> — 16 >0, oTkyza |t| >4, T.e. t € (—»; —4] U [4; +). TIpu
3TOM ecqu t € (—; —4) U (4; +%), To ypaBHeHHe X2 — tx + 4 =0 6yzeT
MMeTh [IBa PA3IUYHBIX KOPHS, a €CIu t = 4, TO eIJUHCTBEHHBIN KOPEHB.
Takum obpa3oM, eciu ypaBHeHHEe (2) MMEeT TOJNBKO IOJOKHUTEIbHBIE
KODHH, [JaHHO€ YpaBHEHUE OTPUIATENIbHBIX KOPHEH MMETb HE MOXKET.
Ecnu ypaBHeHUe (2) MMeeT XOTs Obl OAWH OTPHUIIATENbHbIN KOPEHbD, IPU-
HaJIeXkalui uHTepBany (—©; —4), To UICXOAHOE ypaBHEHUE OyZeT UMETh
[0 KpaiiHell Mepe /Ba OTPUIATEIbHBIX KOPHsI. Temeph 3aZiauy MOKHO
nepeOpMySIUPOBATh TAK: HAWTH BCe 3HAYEHUsA IapaMeTpa d, MpU Ko-
TOPBIX ypaBHeHHE (2) MMeeT XOTSA Obl OAWH OTPUIATENIbHBIA KODEHD,
MIPUHAJIEXKAIUA TPOMEXYTKY (—oo; —4). 3ameTum, uto f(0) =—4, cie-
ZIOBaTeIbHO, TIPH JIIOOOM 3HAaUYeHUH TTapaMeTpa d KBaJpaTHBIM TPEXWIEH
MMeeT KOPHU pa3HbIX 3HAKOB. [103TOMY MCXOJHOE ypaBHEHHE UMEET He
6osiee [BYX PA3IMYHBIX OTPHUIATETbHBIX KOPHEH. POBHO /ZiBa pa3JIMYHbIX
OTPUIIATENBHBIX KOPHA OHO OyZeT MMeTh B TOM CJIy4yae, €ClIM OTpHIia-
TebHBIN KOpeHb KBaZipaTHOTo TpéxwieHa f (t) 6yZeT cTporo MeHble —4.
Jlyi 3TOTO HEOOXOAMMO U JOCTATOYHO, YTOOBI BHITIONTHSIOCh HEPABEHCTBO
f(—4)<0,T.e. 16 —8(a—1) —4 <0, oTKyza a > 2,5.

Omseem: (2,5; +x).

3ameuyanue. [IpuBeEHHBIN TPUMEDP MMOKA3bIBAET, HACKOJIBKO BaXKHO
VUUTHIBATh OOJACTh 3HAUeHWI HOBOW IMepeMeHHOU. DTa 06JacTh A

4 o o
t=x+ p ObUTa Hal/leHa ¢ MTOMOIIbBI0 YCJIOBUA CYIIECTBOBAHUA KOpPHEMN

KBaJpaTHOTO ypaBHeHMs (T. e. YCJIOBUSA HEOTPHUIATETbHOCTH JUCKDU-
MHWHAHTa). AHAJIOTUYHO MOXKHO HAWTH OOJIaCTh 3HAYEHUM MepeMeHHOMN

l
t =kx+ L 1pH JIOOBIX OTIMYHBIX OT Hy/IA k u [, mmepemnmcaB paBeH-

CTBO t = kXx + % B BUJie KBaJpaTHOTO ypaBHeHMs kx? — tx + 1= 0. Jlna

TOTO 4YTOOBI 3TO YpaBHEHHWE HMeEJO XOTS OBl OAWH KOpPeHb, HeOOXOAM-
MO U [OCTaTOYHO IMOTPebGOBaTh HEOTPUIATENBHOCTH AMCKPUMHHAHTA
D = t? — 4kl, T.e. BHITIONHEHUs ycloBusA t2 > 4kl, KoTopoe NP OTpUIIa-
TeJbHOM IpousBefeHur kl OyZeT BBIIOJHEHO /I BCEX AEHCTBUTEIb-
HEIX 3HAYeHWi t, a npu kl > 0 mpuBoAUTCA K HepaBeHCTBY |t| > 2vkl,
OTKyZa t € (—o; —2Vkl] U [2Vk]; +). Takum obpasom, ecmu kl > 0,

[
To |kx + | =2V kl. TIpu momoXUTENbHBIX k U | 3TO Xe HepaBeHCTBO
a+b
MOXET OBITh IOTYy4eHO U3 HepaBeHcTBA Ko % > +ab ana cpeanHero

apI/I(i)MeTI/I‘IECKOI'O 1 Cp€JHEro reoMeTpru4YeCKoro AByX HEOTpULATEIb-
HBbIX 4YMCEJI a U b, ABJAKOIIETroCAd CJI€ACTBUEM OYE€BHUIHOI'O HEPABEHCTBA
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(Va — VD)2 >0 u MOJIyYaleroca M3 IOCAeLHEro pacKpbITUEM CKO-
OOK U IepeHOCOM ciyaraeMbiX. [lepemmcaB HepaBeHcTBO Komum B Buze
a+ b > 2+/ab, 3axiouaeM, 4TO CymMMa JBYX HEOTPUIATETbHBIX UKCET
He MeHbIlle yZIBOEHHOTO KOPHS M3 WX MPOU3BeleHUs (3HaK paBEHCTBA
BO3MOXKEH, TOTBKO €CJIM YMCJIa PaBHBI). [103TOMY IIPU TONIOKUTENbHBIX K,

l [ l
[ u x momyuum kx + — > 24/ kx- =, T.e. kx+ = > 2vkl. Ecmu ke k u [ 1io-

X x’ X
JIOKUTEJbHBI, & X OTPUIIATENBHO, TO (—X) MOJIOKUTETHHO U JJIST HETO BHI-

[
(=x)
[

Ha —1 momyuum kx + TS 2V kl. 3nauwur,

MOJTHAETCS HepaBeHCTBO k (—x) + ——= > 2+ kl, oTKyza mmociie yMHOXEHHUSA

kx+ H > 2Vkl. JlokasaHHOe

l
ABYMs criocobaMy HEpaBEHCTBO ITO3BOJIIET IIPU 3aMeHe t = kx + % cpasy

3aIMCBIBATh B CIyYae MOJOKUTENbHOCTU k 1 | obacTh 3HAaYeHUH HOBOM
mepeMeHHOM’: |t| > 2V, win t € (—oo; =2kl U [2Vk; +0).
PaccmoTpuMm elé ofyH npuMep.
IIpumep 3. HaiiguTe Bce 3HaUeHUA MapaMeTpa d, MPU KaKJAOM U3 KO-
TOPBIX YpaBHEHUE

1g%(2x* —4x+3) + (3a* + 5a+7) 1g(2x* —4x+3) —2a+3 =0

HMMeeT XOTs ObI OIUH KOPEHb.
Penrenue. BriziesivB NOTHBIE KBAZPATHI 110/, 3HAKAMU JIOTapupMOB, I1e-
penuiieM ypaBHeHUeE B BU/lE

1g2(2(x —1)*+1) + Ba®+5a+7)1g(2(x —1)?>+1) —2a+3 = 0.

Iycts t =1g(2(x — 1)? + 1). Hockonbky 2(x — 1)? + 1> 1, nmomy4yum, uTo
t > 0. Torja ZaHHOe ypaBHeHue npuMert Bug, t>+(3a®+5a+7)t—2a+3=0
Y 33/1a9y MOXKHO IepepopMy/IMpOBaTh TaK: HAUTH BCe 3HAYEHUA TTapaMeT-
pa a, IpY Ka’k/JIoM U3 KOTOPHIX ypaBHeHue t2+ (3a®+5a+7)t—2a+3=0
HMMeeT XOTs Obl OZITH HEOTPULIATENbHBIN KopeHb. OO03HAUNM Yepes t; U t,
KOPHM KBaZipaTHoro TpéxuieHa f(t) =t+ (3a®+ 5a+ 7)t — 2a + 3, cuu-
Tasd, 4To t; < t,. I'padukom PyHkumu y = f(t) aBrsgeTcsa napabona, BETBU
3a2+5a+7

—
3aMeTHM, UTO AMCKPUMMHAHT TpéxdieHa 3a’ + 5a + 7 oTpullaTesieH
(on paBeH —59). CiezmoBaTeNbHO, 3a>+5a+7>0, a to < 0 mpu ito-
60M AercTBUTENbHOM a. [loaToMy eciu f(t) MMeeT eIUHCTBEHHBIN KO-
peHb (T.e. t; =t, =t,), TO 3TOT KOpeHb oTpuuareineH. Eciu f(t) umeer
[IBa Pa3MWYHBIX KOPHS, TO MEHbBIIWA W3 HUX OyZeT OTpUIIATeNeH, IO-
CKOMBKY t; <ty < 0. CiezoBaTesbHO, [JIA TOTO YTOOBI 3ajadya HMesa
pelileHye, HEOOXOAUMO M JAOCTATOYHO, UYTOOBI BBIMOJHSIOCH YCIOBHUE

KOTOpPOU HaIpaB/IeHbl BBepX, abciycca BepIINHBI tj = —
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t; <0<ty T.e. £(0) <O0. ITockonbky f(0) =—2a+ 3, mony4aeM HepaBeH-
ctBO —2a+3 <0, oTkyza a > 1,5.

Omseem: [1,5; +x).

[Tpu ucciesoBaHUM HEPABEHCTB C MapaMeTPaMM 4YacTO MPUXOAUTCS
paccMaTpuBaTh 3HAYUTETHHO OOJbIIEe YUCI0 BO3MOXKHBIX BAPUAHTOB.

IIpumep 4. HaiizuTe Bce 3HaueHUA MapaMeTpa d, IpU KaKIOM U3 KO-
TOPBIX JIA JIIOOOT0 JEeWCTBUTENLHOTO 3HAYEHUS X BBITIOTHEHO HEpaBeH-
ctBO a(sin® x — 3)? +2a + cos? x < 4.

Pemrenue. O603HauuM sin® x yepes t. Toraa t € [0; 1], cos’x=1—twu
JaHHOe HepaBeHCTBO mpuMeT Buz a(t — 3)? +2a+ 1 —t <4, oTKyza 1o-
CJIe PacKpPBITUSA CKOOOK, ITPUBeEeHUS TOZOOHBIX C/laraeMbIX U 3aITHCH Jie-
BOM 4acTU B CTaHZAPTHOM /Il KBa/IpaTHOT'O HEPABEHCTBA BU/E MOMYyYUM
at®> — (6a+ 1)t + 11a — 3 < 0. Teneps 3a4a49y MOXKHO TIlepeOpMY/IUPOBATh
TaK: HAaUTHW BCe 3HAUEHUs MapaMmeTpa d, s KaKAO0TO U3 KOTOPBIX TPEX-
aneH f(t) =at? — (6a+ 1)t + 11a — 3 6ygeT OTpULATENLHEIM HPH JT060M
te[0;1].

PaccMOTpUM TPU OCHOBHBIX CJIydasi.

1. ITyctb a = 0. B arom ciyvae f(t) =—t—3 u f(t) <0 npu gr060M
t €[0; 1]. 3uauuT, a =0 yzOBIETBOPSET TPeOOBAHUIO 3aJa4H.

2. Ilyctb a > 0. B 3TOM ciryyae BeTBU Iapaboribl, ABJsIomelicsa rpadu-
koM ¢yHKIMK y = f(t), HampaBieHbl BBepx. CeZoBaTeNbHO, HEOOXOAU-
MBIe U JOCTAaTOYHbIE YCJIOBUSA OTPULIATENBHOCTH f (t) mpu itobom t € [0; 1]
JIaI0TCA CUCTEMOM

a>0, a>0,
f(0) <0, orkyza 1la—3 <0,
f) <o, a—6a—1+11a—-3 <0,
Y, 3HAYUT,
a>o0,
3
a<ﬁ,
a<?

. 3

V3 moceaHeit cucTeMel noyunm 0 <a < 7.

3. [lycth a < 0. B aTOM cityyae BeTBU mapaboribl, ABJsomIelicsa rpadu-

koM QyHKIUU y = f(t), HampaBJeHb BHU3 U f (t) OyzeT NpUHUMATh HA
orpeske [0; 1] TonpKO oTpUllaTe/lbHbIE 3HAUYEHUS, JIUIID eC/IU:

a) rpaduk ¢yHkIMU y = f(t) IETUKOM JIEKUT HIKE OCU abciumce,

T. €. AUCKpUMHUHAHT D =1+ 24a — 8a? orpuuaTeneH (puc. 1a);
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6) JTF0O0Y KOpeHb KBaZIpaTHOT'O TPExWwieHa f (t) MeHbIIe Hy/IA: t <ty <
<0 (puc. 16);

B) 000 KOpeHb KBaZIpaTHOTO TpéxwieHa f(t) GojbIlle eJUHUIIBL:
1<t <ty (puc. 1B).

y y

‘ b N\ ‘
0 1 t / Y 1 ¢t

a)

6)
Y
N
0 1/t ty t
B)
Puc. 1

B ciydae a) moimy4um cucremy

a<o,
1+424a—8a* < 0.

4 4

PerreHue KBaZpaTHOT'O HEPAaBEHCTBA: (—00; 6- 38) U (6+ 38; +00).
CrezloBaTeNbHO, PellleHUe CUCTEMBI: (—00; 6%;/@)

B ciydae 6) HEOOXOAUMBIE U OCTATOUYHBIE YCIOBUS JAIOTCSA CUCTEMOI

a< O’ a< 0,
f(0) <0, 11a—-3 <0,
D >0, OTKyAd 1+ 24a—8da? > 0,

6a+1
th <O
0 5 2a < 0.
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W3 AByX NMepBBIX HEPABEHCTB CUCTEMHI 3akiatodaeM, uTo a < 0. C yuértom
6a+1
2a

paTHOTO HEpaBEHCTBA ABJAETCS OTPE3OK . CpaBHUM

6—14/38 1 6—14/38 1 Vv38—6 1
— u—c. [Ipeanonoxum, 4To — < ~% Torna I > R

v/38> %, OTKyza 38 > 4—80 [TocnenHee HepaBeHCTBO HEBEPHO. 3HAYUT, U

6—+/38 1
7 > — 6 IToaTo-
6—+/38 )
— 0).
B cydae B) HEOOXOAUMBIE U IOCTATOYHBIE YCJIOBUSA AAIOTCSA CUCTEMOM

a<o, a<o,

f() <o, 6a—4<0,

D >0, OTKyAd 1+ 24a—8da? > 0,
6a+1

T2 Tt

V3 AByX IepBbIX HEPAaBEHCTB CUCTEMEBI 3akiitodaeM, uTo a < 0. [Tocnennee
4a+1

HEPaBeHCTBO CUCTEMBI IPUBOAUTCA K BUAY — —— > 0. C yuéToM TOro, 4TO

1
a<< O, 13 IIOCJEeAHEr0 HepaBeHCTBA IIOJAy4YaeM a < —Z. PemenuemMm KBaj-

6—+/38. 6+/38
4 4

6—+38 1 .

—4 > —3 U pemenuii pac-

1
9TOr'o M3 HEPABEHCTBA <0 IIOJIy4uM, 4TO a > —6. PemeHvieMm KBaj-

[6—m,6+@]
4 4

cielaHHOe JlomylieHre HeBepHo. CiieZloBaTesNbHO,

My pellleHHeM CHUCTeMBI ABJIAeTCA IPOMEXYTOK [

to>1,

paTHOTO HepaBEHCTBA ABIAETCA OTPE30K [ ] . Boiire 65110

6—+38 1
/IOKa3aHO, YT0 ———— > —¢. [TosTomy
cMaTprBaeMas cucTeMa He HMeer.
O6bennHAA Bce HalifleHHble 3HAUEHWA IapaMeTpa, MOIY4UM, YTO

3
ae (—00, ﬁ) .
Omeem: (—00' i)
> 11
3ameuyaHue. PaccMOTpeHHBIV IPUMep TOKa3bIBaeT, HACKOJIBKO pas-
BETBJIEHHOM MOKeT OKa3aThCs 33/laya, CBA3aHHas ¢ UCCIeZloBaHUEM pac-
TIOJIOXKEHUA KOPHEW KBaJpaTHOro TpéxwieHa. Kpome aToro, cieznyer

6—v38 1

— 4, aTaKke opopm-
JIEHUE TaKOT'O CPAaBHEHWs B TEKCTe peEIIeHUsd: BeJb C HeOOXOAUMOCTBHIO
CpaBHEHUA JOCTATOYHO «HENIPUATHBIX» YUCEI MPUXOAUTCA CTATKUBATHCA
He TOJbKO IIPpY peIleHWH 33Jad C IapamMeTpoM, HO U IIPU pPeELIeHUU
caMbIX pasHbIX YpaBHEHUHN U HepaBeHCTB (Hampumep, 3azauu 15 EI'D mo
MaTeMaTHKe). B HEeKOTOPBIX CiIydasx AOCTATOYHO OLEHUTh KOpeHb (W

jorapudm) ABYMs IeJBIMU UYHCIAMHU, MEXAY KOTOPBIMU OH 3aKJIIOUEH,

O6paTI/ITb BHHMAaHHE Ha CpaBHEHHE YHCEIT
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HO B JIaHHOM cJiyyae U3 Toro, 4ro 6 < +/38 < 7, cjieziyeT TOJIbKO, YTO

0<+38-6<1, otkyga 0< ‘/3_53_6<%,1/I 3HAYMT, —Z<6 ‘1/_

1A cpaBHEHUH C —% TaKOU OILIEHKU HeZI0CTaTOYHO, TIO3TOMY IIPUXOAUTCA
YeJUHATb KOPeHb U CPaBHUBATh €ro C IOJOXKUTEJIbHBIM pallliOHaJIbHBIM
YHCJIOM IIyTEM CpaBHEHM:A KBaZpaTa 3TOr0 paljMOHAJbHOI'O YMCJIa C IOJ-
KOpeHHBIM 4uciaoM. OPopMHUTh Takoe CpaBHEHHE Ha YHCTOBHKE MOXKHO
60 OT mpoTUBHOrO (KaK 3TO OBUIO cAenaHo mpu pazbope mpumepa),
mmb0 3amucaB B YMCTOBUKE IOCIENOBATENbHOCTh JEHCTBUIH, 0OPaTHYIO
IIpO/leJIaHHON B UepHOBUKE: Be/lb ZIOKa3bIBaTh HEPABEHCTBO MOXHO TOJIb-
KO onupasch Ha OYeBHJHOe BepHOe HepaBeHCTBO. B mociegHeM ciaydae
B YMCTOBUKe CjleflyeT IIPUBECTU TaKoe J0Ka3aTeIbCTBO:

38<@:>«/ < :>v 6< :>‘/_ 6<6:>6 ‘1/_>_%

IIpumep 5. Haﬁm/rre BCE€ 3HaYE€HUA I1apaMeTpa d, IIpU KaKJ0M U3 KO-
TOPBIX HepaBeHCTBO 4* —a - 2¥ —a + 3 < 0 uMeeT X0OTA OBI OZHO pelIeHHe.

Pemrenue. Ilycts t =2, t > 0. Torga JaHHOe HEPAaBEHCTBO NMPHUMET
Buz t? —at —a+ 3 <0 u 337249y MOXKHO TlepepOpMy/IUPOBATh TaK: HANUTH
BCce 3HayeHUA IlapaMeTpa d, NpPU KaXJOM U3 KOTOPBIX HEPaBEHCTBO
t? —at —a +3 <0 uMeeT X0oTa 6bI OZHO MONOKUTEIBHOE penreHue. O60-
3HAuUMM 4Yepes t; U t, KOPHH KBaJpaTHOro TpéxwieHa f (t) =t> —at —a+3,
cumTad, 4To t; < t,, yepes D — ero AUCKPUMHUHAHT: D =a’ + 4a — 12 =
=(a+6)(a—2). 'padukom pyukumu y = f (t) aABngercsa napabomna, BETBU
a
5 .
PaccmotpuM Bce Tpu ciydas, korga f(t) < O xoTda OBl IpU OZHOM IIO-
JIOXXUTEJIbHOM t.

Ciyyaii 1: t; <0 <t,. DTO ycJOBHe BBIIIOTHAETCS B TOM U TOJBKO TOM
crydae, ecd f(0) < 0. ITockobky f(0) = —a + 3, moay4aemM HEPAaBEHCTBO
—a+3<0, oTkyza a>3, T.e. a € (3;+x).

KOTOpOﬁ HallpaBJIEHbI BBEPX, a6cunccoﬁ BEPIINHBI ABIAETCA ty =

y

t; 0 t, t

Puc. 2
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Cryyait 2: 0 <t; <t,. DTO yCJIOBUE BBITIONHAETCA B TOM U TOJIBKO TOM
cilydae, eciIu

£(0) >0, —a+3>0,
D >0, T.e. (a+6)(a—2) >0,
to >0, 3 >0,

oTkyza 2 < a < 3, u, CJIeloBaTeNbHO, a € [2; 3).

y

Puc. 3

Crny4ait 3: ofvH U3 KOPHEH KBaZpaTHOro TpéxwieHa f (t) paBeH HYJIIO.
B sToM ciyyae f(0)=—a+3=0, orkyza a=3. Ho Toraa f(t) =t>—3t u
BTOPOH KOpEHBb paBeH 3, T. €. 3HaUeHUe a = 3 TaKKe YZOBIETBOPSAET yCJIO-
BUIO 3a7auu. OOGbeUHSAA PEIe s, OTYIUM, UTO d € [2; +0).

Omsem: [2; + ).

Bo Bcex pelleHusAx, paCCMOTPEHHBIX BhIIIE, TPeOOBAIOCH JIUIIb OIpe-
JeJIUTh 3HAUYeHNe MapaMeTpa, IPU KOTOPHIX 3aZladya UMEET Te WINU HUHbIe
pemrenus. CaMu pellleHUs IpYU 3TOM HaXOAUTh He TpebGoBaioch. Ilepeii-
Z€M Tellepb K pPacCMOTPEHMIO TeX 33a/ady, I7le HY)XHO He TOJIbKO oIlpefie-
JIUTH BCe 3HAUEHUA IlapaMeTpa, IPU KOTOPHIX YpaBHEHHE WIN HepaBeH-
CTBO MIMEET pellleHue, HO U YKa3aTh I HaliIeHHbIX 3HAYeHHUH apaMeT-
pa Bce oTu pelieHus. Kak y»ke 0TMeyasaoch, MHOT/A 3TU 3aZa4d KOPOTKO
bOpPMYNIUPYIOT TaK: PELIUTh YpaBHEHUE (HEPABEHCTBO, CUCTEMY) C Iapa-
MEeTPOM.

ITpumep 6. HaiiguTe Bce 3HaUeHU IMapaMeTpa d, IpX KKJIOM U3 KO-

TOpPBIX ypaBHeHUe X + V/ a? — x2 =1 umeeT X0Ta Gbl OZWUH KOPEHb, U yKa-
JKUTe KOPHU YpaBHEHUA JJIA KaKJOT0 U3 HalIeHHBIX 3Ha4eHUH d.

Pemenue. [TepenuineM ypapHeHue B Buge |/ a® — x2>=—x+ 1 u Bcriom-
HUM, YTO KBaJpaTHbIM KOPHEM M3 4rcia b Has3elBaeTCss TaKoe HEOTPUIIA-
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TeJbHOE YHCJIO ¢, KBaZipaT KoToporo paseH b. IloaToMy OT mociesHero
YpaBHEHU MOXHO MEPEUTH K crhcTeMe
a?—x?=x*-2x+1, 2x*—2x+1-a*=0,
OTKyZa
-x+12>0, x < 1.

Tenepp 3azauy MOXHO IepedbOpMYIMPOBATh TaK: HAWTU Bce 3Ha-
YeHHUs IapaMmeTpa d, IPU KaKJOM W3 KOTOPBIX KBaJpPAaTHBIM TPEXWIeH
f(x) = 2x? — 2x + 1 — a® umeeT X0TA 6bl OUH KOpPeHb, He MPEBOCXO-
JAamuii 1, U ykasaTb KOPHHU /JJid BceX TaKUX 3HAUeHUU IapamMeTpa d.
O603HaUNM Yepes X; U X, (X7 < X,) KOpHU TpéxwieHa f (x), uepe3 D — ero
JVICKDUMHHAHT, Yepe3 X, — abCIucCy BePUIMHBI Mapabosibl, sIBJSIOIIEH-
cs rpadukoM GyHKUMHM y = f(X), 3aMETHB, YTO BETBHU 3TON MapabOJbI

D
HalpasJjieHbl BBepX. Torzga 7= 2a% -1, a x, = 0,5 < 1. U3 moceaHero

CeflyeT, B YaCTHOCTH, YTO ecyd f (X) MMeeT KOPHHU, TO TI0 KpaliHel Mepe
OZIIH U3 HUX MeHbIle 1. BO3MOXHBI TpU CiIydasi.

1. PoBHO OZIMH U3 KOpHeH TpéxwieHa f(x) MeHbine 1, T.e. x; <1< X,.
JL71s1 5TOTO HEOOXOAUMO U ZOCTATOYHO, YTOOBI BBHITIONHSJIOCH HEPABEHCTBO
(1) <0.Tak xak f (1) =1 — a?, nonydaem HepaBeHCTBO 1 — a? <0, OTKyza
1-v2a2-1

2

2. Jlrobo¥i u3 KopHel TpéxwieHa f(x) MeHbIme 1, T.e. X3 < Xy < 1.

B 3TOM Ccitydae HeOOXOAMMBIE U IOCTATOYHbIE YCIOBUA AAIOTCA CUCTEMOM

la]>1, T.e. ae (—; —1) U (1; +). [Ipu 3TOM X =X; =

D >0, 2a*-1>0,
f(1) >0, orkyma { 1—-a*>0,
1
XO < 1, E < 1
V2 V2

VI3 mocieiHe cucTeMBbl TIoy4YaeM, 4To d € (—1; —7] U [7; 1). Kop-
HAMU JAaHHOTO YpaBHEHUA IpU 3TUX 3HAUEHUAX IapaMeTpa ABISAIOTCA

1++v/2a%2-1
2

3. OpuH u3 KopHel TpéxwieHa f(x) paBeH 1. B atom ciyuae f(1) =
=1-a%=0, otkyza a==+1, u BTOpoii KOpeHb paseH 0.
O6BbeAnHAS pelleHus], TOMYIUM OTBET.

1—+v/2a%2-1 1+4/2a%2-1

Omeem: —————— npu a € (—; —1) U (1; +); 5

ae [—1; —%] U [%, 1]; MIpU MMPOYUX d KOPHEH HET.
IIpumep 7. PemuTte HepaBeHCTBO 144X — 2. 12K £ a >0 Ipu BCEX
3Ha4YeHUAX d.

quciaa

npu
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Pemenue. Iycts t=12"!. TTockomeky |x|>0, momyamm, uro t>1.
JlaHHOE HepaBeHCTBO IPUMeT BUZ t2 — 2t +a > 0. O603HaYMM Yepes t; U t,
(t; <t,) KOpHU KBaZipaTHOTO TpéxwieHa f(t) = t?> — 2t +a, yepes D —ero
AVICKPDUMUHAHT, 4epe3 t, — abCIyccy BepUIMHBI Tapabosibl, ABIAIOIIENHCT
rpadukom GyHKIMY ¥ = f (t), 3aMETUB, YTO BETBU 3TOM mmapabosibl HapaB-

D
JieHHBl BBepx. Torza 7= 1—a, a ty=1. PaccmoTpuM ciefyromye cirydau.

Cryyait 1: % <0, T.e.1—a<0, orkyza a > 1. B atom cayqae f(t) >0

IIpY JIFOOOM ¢, a 3HAYUT, U TIpu t > 1. Tem cambIiM 12> 1, oTkyza |x| >0,
T.e. XE€ (—0o0; ),

Cryyaii 2: % >0, T.e. 1 —a>0, orkyza a <1. B aTtom ciydae kBazpar-
HBIM TpéxwieH f (t) UMeeT ABa Pa3IN4HbBIX KOPHA t; U t, (t; <t,) U IPUHU-
MaeT HeOTpHUIaTelbHbIE 3HAUEHUS Ha IIPOMEXKYTKAX (—oo; t1] U [ty; +0).
[TockonbKy ty, =1, ycioBue HeOTpHUIATENBHOCTH f (t) ipu t > 1, OyZeT BBI-
MIOJTHEHO, JINIIb €CU t € [ty; +). Hatigsa t, =14 v1—a u cgenas 06-
paTHyIO 3aMeHy, IPUXOAUM IIpU a < 1 K HepaBEeHCTBY 12K > 1+ V1 —aq,
otkyza |x| >log,,(1++v1—a), T.e.

x € (—o; —log;,(1+v1—-a)]U[log,,(1++/1—a); +x).

Omsgem: (—o;+0) mpu a € [1;4+x); (—wo; —log,,(1 ++v1—-a)]U
Ullog,(1++/1—a);+o) mpuac (—w; 1).

3amMeTuM, 4TO B MOCJIEeJHEM IIPUMepPEe PABEHCTBO t, = 1 MpHU yCI0BUU
t > 1 mO3BOIWIIO WCKIIIOYUTD U3 PACCMOTPEHMUS eIlE 1IN Psl CIydaes.

[MoABOAST UTOTH, OTMETUM CieAyioliee. JIFoOyI0 M3 pacCMOTPEHHBIX
3a/la4 MOJKHO OBUIO PEIINTb, HEIOCPEACTBEHHO BBIUYMCIIAS KOPHHU COOT-
BETCTBYIOIINX KBaZPaTHLIX TPEXWIeHOB. OJHAKO TOYTH BCETZa BMECTO
CUCTEMBI, CoZieprKalllell JIUIIb TUHeHHbIE U KBa[paTHble HEPABEHCTBA, [IPU
TaKOM pellleHUH IIPUIIUTOCH GBI UMETh /IeJI0 C BECbMa IPOMO3IKUMU CHCTeE-
MaM¥ MppaI[iOHaNbHBIX HEPABEHCTB, I/le BEPOATHOCTb apUPMETHIECKON
OLIMOKH JOBOJIBHO BenuKka. TeM He MeHee, M3ydeHHbIE TPUEMBI, XOTS U
SIBJIAIOTCA ZIOCTAaTOYHO YHUBEPCAIbHBIMM, B HEKOTOPBIX CIyYasx MOLYT
OKa3aThCs He CaMbIMM ONTUMAaIbHBIMU. U emé pa3 o6paTuM BHUMaHUE
Ha /iBa KJIIOYEBBIX MOMEHTa. BO-TEpBBIX, CZeiaB 3aMeHy IepeMeHHOM,
HeoOXOAMMO yKasaThb 06J1acThb 3HAYEHWN HOBOM IepeMeHHON U 06s3a-
TeJIbHO TepedOpMyIUPOBAaTh 3aa4uy ¢ YYETOM 3TOM 061acTh. BO-BTOPBIX,
[IPY PeIlleHrH 3aJa4 C IapaMeTPaMU CJIEAYET OCTEPEraThCs «ITOBOAHBIX
KaMHeli». B 3ToM cMbIcie 0co0yi0 aKKypaTHOCTh U TIATENbHOCTD C/IEAYET
MIPOBEPATb B TeX CJIydYasx, KOTZa BBHITUCHIBAEMblE HEpPaBEHCTBA MOTYT
OBITh KaK CTPOIMMH, TaK ¥ HECTPOTUMHU (HAIIPUMED, €CJIM OAUH U3 KOPHEN
KBaJIpaTHOTO TPEXWIEHA MOMKET COBIAAAThb C XapaKTEPHBIM 3HAYEHHEM
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[ vt m U3 TeopeM npezapIAyIIero naparpada). B aTux ciryyasnx, 4ToObl He
3aIyTaThCs, JIydllle MOJb30BaThCA CTPOTMMU HEPABEHCTBAMH, a CIyYaw
x;=1wu (wm) x;=m (i =1, 2) paccMaTpuBaTh OTAEIHHO, KaK 3TO OBLIO
cllelaHO TIpU pelieHuu TpuMepoB 5 u 6. VM mociegHee. Pasymeercs,
peliieHye 3a1a4 ¢ TapaMeTpaMu, TPeOYIOUX UCCIe[0BaHUI KBaZ[paTHOTO
TpéX4WwieHa, He OrPaHUYMBAETCSA TOJIHKO M3yYEHHWEM DPACIIONIOKEHUS KOP-
Hel KBaZIpaTHOT'O TPEXWIEHA OTHOCUTENbHO 3aZlaHHbIX YHCENI: 37IeCh, KaK
MBI BUZIENH, TIPUXOAUTCS IOMb30BaThCS CAMBIMU PasHbBIMU CBOMCTBaMH
u pakTamu, omupasch Kak Ha anrebpanyeckue, Tak U Ha rpadpuyueckue
mpezcTaBaeHus. JIjig YCIIENTHOTO pelleHUs TaKUX 3aZlad HYKHO IIOCTa-
paThCs HAPACTUTh ONPEJENTEHHYI0 MAaTEMAaTUIECKYIO «MyCKYJIaTypy», Ce-
JIaB TIPUBOJMMBIE HIDKE YIPaKHEHUS — JOCTATOYHO Pa3HOOOpasHble U
BMECTE C TeM CBs3aHHble MMEHHO C KB3J[PaTHBIM TPEXWIEHOM M €ro
CBOMCTBAMHU.

Yopaxuenud k §2.3

1. a) HaiizuTe Bce 3HaueHUs IapaMeTpa d, IPU KaXKJOM K3 KOTOPBIX
2ax+a(l—2a)

2a%*+2ax—1
MEHHOU X u3 oTpe3ka [—2; 2].

6) HatizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
6ax—a(2—a)
a’—6ax—8

MeHHOU Xx u3 oTrpe3ka [—3; 3].

2. a) Hailigure Bce 3HAYeHUs TapamMeTpa d, TPU KAXKJOM M3 KOTOPBIX
ypaBHEHUE 2x% + (@ —2)x3 + 2x% + (a — 2)x + 2 =0 umMeeT He MeHee JIBYX
Pa3IUYHBIX OTPULIATENbHBIX KOPHEN.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypasHeHne 2x* — (5a +2)x® + 2x? — (5a + 2)x + 2 =0 uMeeT He MeHee
ZIByX Pa3JIMYHBIX TTOJOKUTETbHBIX KOPHEH.

3. a) HatiguTre Bce 3HAYeHUs TapaMeTpa d, TPU KAXKJO0M U3 KOTOPBIX
ypaBHeHMe lg2 Bx2+6x+4)+GBa?—a+4)1gBx%2+6x+4)—a—2=0
HMMeeT XOTs ObI OIUH KOPEHb.

6) HalizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHEHUE

1g%(5x% — 10x + 6) + (3a* — 5a + 6) 1g(5x*> — 10x +6) —4a+3 =0

VMeeT XOTs OBl OZITH KOPEHb.

4. a) Haiizute Bce 3HaYeHUs IlapaMeTpa d, IpYU KaKJOM U3 KOTOPBIX
ypasHerue logl(7x? + 1) + (3a* — a + 3) - logs (7x* + 1) + 4a* —a* =0
HMeeT XOTsI OBl OZITH KOPEHb.

HEepaBeHCTBO < 0 BBINIOJIHEHO /15 JIIOOBIX 3HAYeHUH Iepe-

HEPaBEHCTBO > (0 BBIIIOJIHEHO AJIS JIIOOBIX 3HAYEHUH nepe-
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6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHUe logg (4x?>+ 1)+ (2a®> —3a +4) - logs (4x* + 1) + 9a® —a* =0
HMMeeT XOTsI ObI OIH KOPEHb.

5. a) HaliguTe Bce 3HaueHUS apaMeTpa d, IPU KaKJAOM U3 KOTOPHIX
ypaBHenue 49* + (2a2 —a +6) - 7* + 2a® + a — 6 = 0 uMeeT eJUHCTBEH-
HBII KOpeHb.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHMe 25* + (2a? — 5a + 12) - 5° + 2a® + 5a — 12 = 0 uMeeT eauH-
CTBEHHBIN KOPEHb.

6. a) HaiiguTe Bce 3HaUeHUs TMapaMeTpa d, TIPU KaXKJOM M3 KOTOPBIX
ypaBHeHHe 36 —2(a+1)-6* +a?+2a—8=0 uMeeT eUHCTBEHHbIIH KOpEHb.

6) Haiizure Bce 3HaueHHUS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHenue 9% — 2(2a + 1) - 3* + a® + 4a — 12 =0 uMeeT eJUHCTBEHHEIH
KODEHb.

7. a) HaliiuTe Bce 3HaYeHUs TapaMeTpa d, IPU KaKJOM K3 KOTOPHIX
JUIsT JIIOOOT0 IeMCTBUTENBHOTO 3HAYEHMS X BBIIIOJHEHO HEPABEHCTBO
a(cos®x —3)%2+2a+11sin® x < 44.

6) Haiizure Bce 3HaueHHUS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
IUIsT JIF060TO EeMCTBUTENBHOTO 3HAYEHMS X BBITOTHEHO HEPABEHCTBO
a(sin® x —3)%+2a + 88 > 22 cos® x.

8. a) HaiiguTe Bce 3HaYeHUA mapaMeTpa d, MPU KaKJAOM K3 KOTOPHIX
HepaBeHCTBO 9* — (a — 1) - 3* —a+4 < 0 umeeT X0Ts OBI OZHO pEIIEHHE.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
HepaBeHCTBO 49° — (a+1) - 7* —a+ 2 < 0 uMmeeT X0Ts 6bI OHO pEIIeHHE.

9. a) HaiiguTe Bce 3HaUeHUS IapaMeTpa d, MPU KaKJAOM K3 KOTOPHIX
HepaBeHCTBO 5% — (a — 5) - (0,2)* + 2 < a uMeeT XOTs GBI OHO pENIEHNUE.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
HepaBeHCTBO 4* — (a +2) - (0,25)* < a+ 5 umeet XOTs OBl OZJHO pelIeHUeE.

10. a) Pemmwre ypaBHenue x + 1/ a2 —x?2+2x —1=2.

6) PemuTe ypaBHeHMe x + v/ a® — x2+4x —4=3.

11. a) PeuruTe HepaBeHCTBO 25K — 2.5 45> 1.

6) Perute HepaBeHCTBO 36 — 2.6 +a>2.

12. a) Hatigure Bce 3Ha4eHUs apaMeTpa d, IIpU KaXXJOM U3 KOTOPBIX
ypaBHeHUe v/ 2x —a+5=x — 2a + 4 umeeT X0Ts ObI OIUH KOPEHb, U yKa-
JKUTE KOPHU YpaBHEHUS /I KaKJ0TO U3 HalIeHHBIX 3HaUeHUH d.

6) HaiizuTe Bce 3HaUYeHUs MapaMeTpa d, NMPU KaKJOM U3 KOTODPBIX
ypaBHeHHe V2Xx—a—4 = Xx — 2a — 2 uMeeT XOTsA OBl OAWH KOPEHb, U
VKQKUTE KOPHU YPaBHEHUS /I KXKJOTO U3 HalIeHHBIX 3HAaYeHUH d.

13. a) HatizuTe Bce 3HaYeHUs TapameTpa d, IPU KaXKJOM U3 KOTOPBIX
ypaBHenue 49° —2(a—1)-7* +a®—4a—5=0 uMeeT eUHCTBEHHbIil KOPEHb.
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6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
ypaBHeHne 9% —2(a —3)-3* + a?> — 8a + 7 =0 uMeeT eIWHCTBEHHbIH
KODEHb.

14. a) HaiiguTe Bce 3Ha4eHUA 1apamMeTpa d, IpU KaXKJOM U3 KOTOPBIX
JUtst TE0O0TO 3HAYEHUs X BBITIOTHEHO HEPABEHCTBO

a’®+2a—sin®> x —2acosx > 2.

6) HaiizuTe Bce 3HaUeHU MTapaMeTpa d, IPU KaXKAOM U3 KOTOPBIX AJIS
JII060TO 3HAYEHUS X BBITOJHEHO HEPABEHCTBO

cos? x+2asinx —2a < a® —4.

15. a) Hatizute Bce 3HaueHU: NapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
ZUTs TI0OOT0 3HAUEHUA X BBIIIOJIHEHO HEPABEHCTBO

1+log5(x +1) > logS(ax +4x+a).

6) HaiizuTe Bce 3HAaUeHU MTapaMeTpa d, IPU KaKAOM U3 KOTOPBIX JIS
JII060TO 3HAYEHUS X BBITOJHEHO HEPABEHCTBO

log0 9 (4x%+1) <2+ log0 9 (4ax? —40x +a).

16. a) HatiguTte Bce 3HaYueHUs MapaMeTpa d, PU KaKA0M U3 KOTOPHIX
ZU1s TI0OOT0 3HAUEHUA X BBIIIOJIHEHO HEPABEHCTBO

(a—1)-9+4(@—-2)-3"+a > 2.

6) HailiguTe Bce 3HaUeHUs MapaMeTpa d, IPU KaKIOM U3 KOTOPHBIX IS
J060T0 3HAYEeHUs X BBHIIIOTHEHO HEPABEHCTBO

(a—2)-25+4(a—1)-5+a < 1.

17. a) Haiizure Bce 3HaueHUa IlapaMeTpa a, IpU KaXXJOM U3 KOTOPBIX
ypaBHenue log; (9% +9a) = x nMeeT ABa PA3TUIHBIX KOPHS.

6) HailiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXAOM M3 KOTOPBIX
ypaBHeHHe log, (4* —a) = x nMeeT ABa pa3IUYHBEIX KOPHA.

18. a) HaiiguTe Bce 3HaUeHUs IapaMeTpa d, IIPU KaXKJOM U3 KOTOPBIX

6x 93

YpaBHEHHNE Xz +—+—+ 36 0 umeet eLLI/IHCTBEHHbII/I KOpPEHb.
Vsina cosa
6) HaHﬂI/ITe BCe 3HaquHH ImapaMeTpa a, IIpru KaXJoM N3 KOTOPBIX
2x

ypaBHeHHe X2 + +24/2=0 umeeT eAUHCTBEHHBIN KOPEHb.

++
Vsina cosa

19. a) HatiguTte Bce 3HAYeHUs MapaMeTpa d, MPU KAKAOM U3 KOTOPBIX
ypaBHeHue Xx(x + 1) (x 4+ 2)(x + 3) =a umeeT He MeHee TPEX PA3TUIHBIX
OTpULIATENbHBIX KOPHEU.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTODPHIX
ypaBHeHue a + x(x — 1) (x — 2)(x — 3) =0 umeeT He MeHee TPEX pa3INY-
HBIX TIOJIOXKUTENTbHBIX KOPHET.
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20. a) HafizuTre Bce 3HaYeHUA IIapaMeTpa d, IPU KaKAOM U3 KOTOPBIX
HepaBeHCTBO 3 — |x —a|>x? uMeeT XOTA 6bI OJHO OTPUIIATENTHHOE PelleHNe.
6) Halizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
HepaBeHCTBO 2 > |x + a| + x? uMeeT XoTs 6bI OZIHO MOJOKUTETLHOE pellle-
HUeE.
21. a) Hatizute Bce 3Ha4eHUs MapaMeTpa d, Py KaXKJO0M U3 KOTOPBIX
ypaBHenue |1 —ax|=1+ (1 — 2a)x+ ax? UMeeT eZUHCTBEHHEBIH KOPEHb.
6) Halizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
ypasHenue |(a + 1)x — 2| = (1 + a)x? — 2ax + 2 UMeeT eJUHCTBEHHbIi
KODEHb.
22. a) Hatigure Bce 3HaUeHUs ITapameTpa d, IPU KaKI0M U3 KOTOPBIX
VMeeT eZIMHCTBEHHOE pellleHNe CUCTeMa YPaBHeHUH
x+2y+xy+1=0,
axy+x—y+1,5=0.
6) HatizuTe Bce 3HaUeHUS MapaMeTpa d, IpU KaXKI0M U3 KOTOPBIX UMe-
€T eIMHCTBEHHOE pellleHNe CUCTeMa YPaBHEHUI
3y+2+xy =0,
x(y+1-a)+yR2a—-3)+a+3=0.
23. a) Hatiaure Bce 3HaueHUs ITapamMeTpa d, IPU KaKI0M U3 KOTOPBIX
VMeeT eZIMHCTBEHHOE pellleHNe CUCTeMa YPaBHeHUH
x?+y?=a,
xX—y=a.
6) HatizuTe BCce 3HAUeHUS MapaMeTpa d, IpU KaXKI0M U3 KOTOPBIX UMe-
€T eIMHCTBEHHOE pellleHNe CUCTeMa YPaBHEHUI
x>+ay =1,
3x+2y =3.
24. a) HailiauTe Bce 3HaYeHUs apaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
He UMeeT pellleH! cucTteMa ypaBHeHUN
2, _ 2
2x+a“y =a—2+a”,
x+2y =2.
6) HatizuTe BCce 3HAYeHUA TTapaMeTpa d, MPU KaXKJOM M3 KOTOPBIX He
VMeeT pellleHUH CHCcTeMa ypaBHEHUM
2x+ (9a®—2)y = 3a,
x+y=1
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25. a) HaiiiuTe Bce 3HAYeHHUsA TapaMeTpa d, IPH Kaxk/I0M U3 KOTOPBIX
MIMeeT e[MHCTBEHHOE pellleHre CHCTeMa YpaBHeHH
x+2y+3z=x2+16y2,
x+4y+9z =a.

6) HalizuTe Bce 3HaYeHUs TapaMeTpa d, MPU KaKA0M U3 KOTOPBIX KMe-
€T eIMHCTBEHHOE pellleHre CUCTeMa YPaBHEHUI

x?+4y? = 3z,
x+2y+3z=a.
26. a) HatizuTe Bce 3HaYeHUA IlapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
cregyrouiada CucreMa y‘paBHeHI/Iﬁ UMeeT XOTA OBl OAHO pEIIE€HUE:
9x2—6xy +y?+6x—13y+3 =0,
13x%+6xy +10y% +16x + 2y — 4ax — 6ay +a? —2a+3 = 0.
6) HaiizuTe Bce 3HaYeHUs TapaMeTpa d, TPU KaKJOM U3 KOTOPHIX CJie-
Ayrolgas CucteMa ypaBHEHI/Iﬁ UMeeT XOTA OBl OJHO pEIIE€HUE:
4x?—12xy +9y?+2x — 6y = 0,
5x2—16xy +13y? —6x+ 10y +2ax —4ay +a®> —2a—5 = 0.

27. a) HaliguTe Bce 3Ha4eHUA ITapaMeTpa d, IPU KaXKJOM U3 KOTOPHIX

ypaBHeHue ((2x + a)W —20x% + x) lga) lg 22_"L 36a 9a -0

MMeeT IO KpaiiHell Mepe Ba KOPHSA, OAWH U3 KOTOPBIX HeOTpHuaTeJIeH, a
JpYyToii He MPeBOCXOAUT —1.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHeHUe

A2
((4x— )V 11a—a? 18+ (* — ) Ig(Ba — 1)) 1§ 2224 = 0

MMeeT TI0 KpaliHel Mepe Ba KOPH!, OUH U3 KOTOPHIX HETIONIOXKUTENEH, a
JpyToii He MeHblIre 1.

28. a) Hatizure Bce 3HaUeHUs ITapamMeTpa d, IPU KaKI0M U3 KOTOPBIX
J000M M3 KOpHEN ypaBHEHUSA

3ax?+ (3a® —12a> —1)x—ala—4) =0

VIOBJIETBOPSIET HEPABEHCTBY | x| < 1.

6) Haiizure Bce 3HaUYEHUs TapaMeTpa d, MPU Ka’KJOM U3 KOTOPBIX JIFO-
60it u3 KopHeii ypasHeHus ax? + (3a® — 6a® — 1)x — 3a(a — 2) =0 yzoBne-
TBOPSIET HEPABEHCTBY x| < 2.



§ 2.3. 3aauun, CBOAUMBIE K UCCIEOBAHUIO KBaZipaTHOTO TpéxwieHa 105

29. a) Haiizute Bce mapsl (a;b) AeHCTBUTENBHBIX YHCeN d U b, And
KaXXZIol U3 KOTOPBIX HEpaBEHCTBO Ix2 + ax +b| > 2 He uMeeT HU OZHOIO
pemreHua Ha oTpeske [1; 5].

6) Hatigute Bce maper (a; b) eHCTBUTENbHBIX YUCEN d U b, IJIs1 KaXKA0H
13 KOTOPHIX HepaBeHCTBO |2x2 + ax + b| > 1 He UMeeT HU OJHOTO pelIeHHU
Ha otpeske [1; 3].

30. a) Hatigure Bce 3HaUeHUs ITapameTpa d, IPU KaKI0M U3 KOTOPBIX
ypaBHeHue 4(x — va-4%)x +4(4% — 1) + a =0 umeeT X0Ts OB OJUH KO-
PEeHb, ¥ OTIPEZIENINTE 3HAKU KOPHEH /I KaXKJ0T0 U3 Hali/IeHHBIX 3HaYeHU N
rmapameTpa d.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
ypaBHenue 4x2 — 4x(a-5%)%° 4+ 51 + a — 5=0 umeeT X0Ta 6B OAUH KO-
peHb, U OIpeZie/IuTe 3HaKu KOpHe i KaX0Tro U3 Hali/leHHBbIX 3HaueHU
rapameTpa d.

31. a) HatiauTe Bce 3HaUeHUs MMapaMeTpa d, MPU KaXKJO0M U3 KOTOPBIX
JIJ1S1 BCeX TMOJIOKUTEebHBIX 3HaUeHU ITepeMeHHOM X BBITTOJIHEHO HepaBeH-

CTBO
@+0Q—-vV2)a®> - B+vV2)a+3vV2)x>+2(@®—-2)x+a > —V2.

6) HatizuTre Bce 3HaUeHUs IapaMeTpa d, IIpU KaXKZOM U3 KOTOPBIX I
BCeX ITOJIOXKUTEIbHBIX 3HaUeHUH ITlepeMeHHON X BBIIIOJIHEHO HepaBeHCTBO

@+ A -vV3)a®—@4+V3)a+4vV3)x>+2(@*>—-3)x+a > —3.

32. a) Hatiaure Bce 3HaueHUs ITapameTpa d, IPU KaKI0M U3 KOTOPBIX
ypasHeHnue (x —a)?(a(x —a)? —a—1) =—1 umeeT 60/bIIe TONOKUTEND-
HBIX KOpHEH, YeM OTpUIlaTeNbHbIX.

6) HaiizuTe Bce 3HaUYeHUS MapaMeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBrenue ((x —a—1)?—2)(x —a—1)?=a? — 1 umeeT 6onblIle TONOKHU-
TeJTbHBIX KOPHEH, YeM OTPHUIIATeTbHBIX.

33. a) HaiizuTe Bce 3HaUeHUA TapaMeTpa d, IPU KaKI0M U3 KOTOPBIX
ypasHenue ((x —a)? —2a —4) (x —a)?> = —2a — 3 umeeT 6osbIlle OTPUILA-
TeJbHbIX KOPHEH, YeM TTONOKUTENbHBIX.

6) Haiizure Bce 3HaUeHHS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
ypaBrenue (x + 2a)2((x + 2a)? — a — a*) = —a® umeer Gombie oTpuIa-
TEJIbHbIX KOPHEH, YeM TTOJIOXKUTENbHBIX.

34. a) HatizuTe Bce 3HaueHWs MapaMeTpa d, IPU KaKJOM M3 KOTO-
poix ¢yHknua f(x) =sin2x — 8(a + 1) sinx + (4a® + 8a — 14)x apngeTca
BO3pacTarIlell Ha BCeW YHUCIOBON MPSIMOU U TIPU 3TOM He UMeEeT KPUTHU-
YeCKUX TOYEK.

6) Hatizure Bce 3HaUeHUs TapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX QYHK-
mua f(x)=sin2x—8(a+2) cosx — (4a>+16a+6)x ABndgeTca yOpIBaroOmei
Ha BCel YMCIOBOH MPSIMOM U MPU 3TOM HE UMEET KPUTHIECKUX TOUYEK.
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35. a) Omnpezenure 3HaK KoadpdunmenTa a, ecnu f (x) = ax’*+bx+cwu
f=D<1, f(H>-1, f(3)<—4.

6) Ompezenure 3HaK KoapduuueHTa a, ecnu f(x) =ax?>+bx+cu
f(=3)<-=5, f(-1)>0, f(1)<4.

36. a) HatizuTe Bce 3HaYeHUs ITapaMeTpa d, IPYU KayKJOM U3 KOTOPBIX

{312111(4x2 —4ax+a*—2a+2)=3.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX

r[l(l)al)]c(—xz +2ax —a*+2a—3)=-2.

37. a) HalizuTe Bce 3HaueHUA IapamMeTpa d, IpU KaXKJOM U3 KOTOPBIX
KBaZpaTuIHas GyHKINA

. cosa—sina
f(x) = (cos a)x?+ (2sina)x + B —
SIBJISIETCST KBAJpaTOM JIMHEHHOUM QYyHKIIUHU.
6) HalizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX

KBapaTuYHasA GpyHKIUA

cosa+sina

f(x) = (sin a)x?+ (2cosa)x + 5

SIBJISIETCST KBAaJpaTOM JIMHEHHOU QYyHKITUHU.
38. a) Halizure Bce 3HaueHUs mapaMmeTpa d, IPU KaXXAOM U3 KOTO-

. sinx+2(1—a)
pBIX 06acTh 3HaYeHUN GYyHKIUU Y (X) = T g —cos?x COACDXHT OTpe-
30K [1; 2].
6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTODPBIX

a—CoSXx

00j1acTh 3HAYEHUN KUK X)= ————
ymrau ¥ 2a+sin?x—1

[1. 1]
53]

39. a) Halizure Bce 3HaueHUs MapaMmeTpa d, IPU KaXXAOM U3 KOTO-
PBIX I BCeX X, IPUHAIeXalUX oTpe3Ky [2; 4], BBIIIOJIHEHO HepaBeH-
x—0,25a

—2a

6) HalizuTe Bce 3HaYeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
JUIT BCEX X, TMIPUHAZJIEXAITNX OTpe3Ky [1; 2], BBIIOIHEHO HEPaBEHCTBO
x—2a—1
—<0.

X—a

40. a) HaiizuTe Bce 3HAYeHWs TapameTpa d, MPU KaXKJOM U3 KOTO-
PBIX /I BCEX X, IPUHAIEXAINUX oTpe3Ky [1; 3], BEITOSHEHO HEepaBeH-
ctBo (x —3a)(x—a—3)<0.

6) HalizmTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTODPHIX
JUIT BCeX X, TIPUHAZJIEXAITUX OTPe3Ky [2; 3], BBHIIOIHEHO HEPaBEHCTBO
(x+3—2a)(x+3a—2)<0.

COZIEPXKUT OTPE30K

CTBO
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41. a) HaiiguTe Bce 3HaYeHuUA I1apaMeTpa d, IPU KaKJOM 13 KOTOPBIX
peleHreM CHUCTeMbl HepaBEHCTB

-1

<a
<1—4a

2x
—4x
SIBJIIETCS OTPE3OK JJIUHEI 1.

6) HaiizuTe Bce 3HaueHUs apaMeTpa d, IPYU KaXKZOM U3 KOTOPHIX pe-
IIEHUEM CHUCTEMBI HEPABEHCTB

x*24+6x+74+a<0,
X2 +4x+7 < 4a

ABJISIETCA OTPE30K JJIUHEI 1.

42. a) HaiizuTe Bce 3HaueHUs IapameTpa d, IMPU Ka)KJOM U3 KOTO-
phIX MHOrowieH P (x) =x*+ 2%%.x2 4+ (cosa + cos 2a)x + 28%~2 gpngerca
KBaZIpaTOM KBa/[paTHOTO TPEXWIEHA OT X.

6) Halizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
MHorowieH P(x) = x* 4 299 . x2 4 (sina + tga)x + 2% — 1 apnserca
KBa/IpaToOM KBa/[paTHOT'O TPEXWIEHA OT X.

43. a) HaliguTe Bce 3Ha4eHUA IlapaMeTpa d, IpY KaKJ0M 13 KOTOPBIX
ypaBHeHuMe log 57— (4x + a) =4 umeet X0TA OBl OIUH KOPEHb, U YKAXKUTE
KODHHU YpaBHEHUS I KAXX/J0T0 U3 HalIeHHbIX 3HAUeHUH d.

6) Haiizure Bce 3HaUeHHUS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHue log 5— v 2x +a =2 umeeT X0TA OBl OAMH KOPE€Hb, U YKaXKUTE
KOPHHM YpaBHEHMU I KA KJ0T'0 U3 HalIeHHbIX 3HAYeHNH d.

44. a) Haiigute Bce 3HaYeHMs ITapaMeTpa d, MPU KAKAOM U3 KOTOPBIX

HEPaBEHCTBO X +2a — 24/ 3ax+a? >0 uMeeT x0T Obl OZHO PELIEHNUE, U YKa-
JKHTe BCe pellleHnsA HepaBeHCTBa /I KaX/Joro U3 HalIeHHbIX 3Ha4eHuH a.
6) Haiigure Bce 3HaYeHUs TapaMeTpa d, IPY KaKJ0M M3 KOTOPBIX Hepa-

BEHCTBO X + 2a — 4/ 3ax + 4a? > 0 uMeeT X0TsA Gbl OJHO PELIEHNE, U YKOKH-
Te BCe pellleH!s HepaBeHCTBa A KaXKA0T0 U3 HalIeHHbIX 3Ha4eHUH d.

45. a) Hatizute Bce 3HaUYeHUA ITapaMeTpa d, IIPpY KaXXJO0M M3 KOTOPBIX
ypaBHeHUe

(x—=3)(x+1D)+3(x—3) =(a—1D(a+2)

HMeeT XOTsA OBl OMH KOPEeHb, U YKaKUTE KOPHU YPABHEHUS /IS KaXKA0TO
13 HalZIeHHbIX 3HAYEHUH d.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTODPBIX
ypaBHeHUe

(x+2)(x+4)+50(x+2) —(a+2)(a@a—3)=0
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HMMeeT XOTs ObI OZIH KOPEeHb, U YKAXKUTE KOPHU YPaBHEHUSA IS KQXKJOTO
U3 HaWIleHHbIX 3HAaYeHUH d.
46. a) HatizuTe BCe 1iesible 3HAYEHUS MTapaMeTpa d, U KaXKJ0M U3 KO-

;2 2X _
TOPBIX YpaBHeHHE 5 — 4 sin” x — 8 cos 5= 3a uMmeeT X0Ts Obl OZINH KOPEHB,

U YKa)KWUTe KOPHU ypaBHEHUSA I KaXK/JI0T0 U3 Hal/leHHbIX 3HaUYeHUH a.

6) HatizuTe Bce 1esible 3HAaYEHUA TTapaMeTpa d, PU KaKJOM U3 KOTO-
PBIX ypaBHeHHe 2 — 2cos 2x = 3a + 4 sin x nMeeT X0Ts OBl OJTH KOPeHb, U
VKaXUTe KOPHU YPaBHEHU AJI KXKAOT0 U3 HalZIeHHbIX 3HAYeHUH a.

47. a) HaiizuTe Bce 3HAYeHMs apaMeTpa d, IPU Ka)X/JOM U3 KOTOPBIX
HepaBeHCTBO a2 — 9° ™! — 8a - 3* > 0 uMeeT x0Ts GBI OAHO peleHKe, 1 yKa-
JKUTE BCe PellleHUs HepaBeHCTBA I KaXK/I0T0 U3 Hali/leHHBIX 3HAYeHUH a.

6) HaiizuTe Bce 3HaueHUA ITapaMeTpa d, IPU KaXKA0M 13 KOTOPHIX Hepa-
BeHCTBO a® — 2 - 41 — - 2°*1 > 0 umeeT x0T GBI OZIHO pellleHNE, U YKAXKH-
Te BCe pelleHNs HeEpaBeHCTBA A KaKAOTO U3 HalIeHHBbIX 3HAYeHUH d.

48. a) HaiiguTe Bce 3HaUEHUA MapaMeTpa d, P KaXXJ0M U3 KOTOPBIX

HepaBeHCTBO YV a? — x2 > x + 1 uMeeT X0Ts GBI OZIHO PEIEHWE, U YKAKUTE
BCE PellleHNs HEPABEHCTBA /IS KaXKI0TO U3 HalZIeHHbIX 3HAYEHUH a.
6) HailiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXKAOM M3 KOTOPBIX

HepaBeHCTBO Y/ 1 — x? < x + a uMeeT XOTd GBI OZJHO pPeIleHHe, U YKAXKUTE
BCe pellleHUsI HepaBeHCTBA I KXK/Or0 U3 HAal/IeHHBIX 3HAYeHUH a.



I'maBa 3. [IpuMmeHeHue cBOMCTB GYHKIIUN K pelIeHUI0
ypaBHEHMI1 U HepaBeHCTB

PemreHrie GOJBLIOTO YMC/IA CYMTAIONUIUXCA HECTAHAAPTHBIMU ypaBHe-
HUM, HEPAaBEHCTB U UX CUCTeM (C TapaMeTpoM U 6e3) CylecTBEHHBIM 00-
pa3oM onupaeTcsa Ha TaKWe CBOMCTBA leMeHTapHBIX QYHKIWH, M3ydae-
MBIX B IIKOJBHOM Kypce, KaK MOHOTOHHOCTb, OTPAHUYEHHOCTH, HEIpe-
PBIBHOCTb, YETHOCTh WIN HEYETHOCTD, IEPUOANYHOCTD, AuddepeHINpY-
€MOCTb, a TaKXKe Ha rpaduyecKre MHTEPIIpPETAlly YpaBHEHUN U Hepa-
BeHCTB. OOBIUHbIE (CTAHAAPTHBIE) IPUEMBI I METOZBI PEIlIeH!A, OCHOBAH-
Hble Ha CBe/IeHNU ypaBHeHUs (HepaBeHCTBA) K OZHOMY WIN HECKOIBKUM
IIPOCTEHIIMM C TIOMOIIBIO anrebpandeckux Mpeobpa3oBaHUM WK 3aMe-
HBI TIEPEMEHHOH, B TAKMX 3a/jauax OKa3bIBAIOTCs, KAaK MPaBUWIO, MaIoddh-
beKTUBHBIMU WM HedbPEKTUBHBIMU BOBCE U SIBJIAIOTCS JIUIIb BCIOMO-
raTeJbHBIMU, «<MTHCTPYMEHTATbHBIMI», TEXHUIECKUMHU CPEe/ICTBAMU pellle-
HUA, KOTOpble OyZyT COBEpUIEHHO OeCIIONe3HBIMH B OTCYTCTBHE KJIIOUe-
BOH neu. 3HaKOMCTBY C TaKMMU KJIIOUEBBIMU H/IeSMU U MOCBAILIEHA 3Ta
rIaBa.

§3.1. MOHOTOHHOCTH

[TpuBeséM BHa4yajle OCHOBHBIE YTBEp)KJEHHA, CBf3aHHBIE C MOHO-
TOHHBIMU OQYHKIUAMY (HAIIOMHHUM, YTO MOHOTOHHBIMHM Ha3bIBAIOTCS
BO3pacTarollye U yobIBaroye GpyHKINH), OrPAaHUYMBIINCH TEMU YTBEP-
KIEHUSIMU, KOTOPble Haubosee YacTo UCIONb3YIOTCA IIPU PEIleHNH ypaB-
HEHUI 1 HepaBeHCTB.

Yreepxkaenue 1. Eciu ¢yaKIua y = f(xX) MOHOTOHHA, TO YpaBHEHUE
f(x) =c (rme c — moboe eHCTBUTETBLHOE YHCIO) UMeeT He 6ojiee OHOTO
KODH1.

OTo yTBep:K/AEHUE JIETKO CJIeAyeT U3 ONpeeeHNsI MOHOTOHHOU QyHK-
nuu. B camom gerne, ecnu f(x;) =c, f(xy) =c u, Hapumep, x; < Xy, TO
6o f(x;) < f(x,) (Ipu MOHOTOHHOM BO3pacTaHuy GyHKUMH Y = f (X)),
mubo f(x;) > f(x,) (mIpy MOHOTOHHOM yObIBaHWHM QYHKUIUHM Yy = f(x)),
YTO MPOTUBOPEYUT YCIOBHIO f (x;) =c = f(xy).

YrBepxkaenue 2. Eciu GyHkusa y = f(X) MOHOTOHHO BO3pAacCTaeT, a
byukusa y = g(x) MOHOTOHHO yObIBaeT, To ypaBHeHue f (x) = g(x) umeet
He 6oJiee 0ZIHOTO KOPHS.

JloKa3aTesbCTBO 3TOTO YTBEPXKJAEHUA TaKKe He IpeJCTaBiafeT Tpyza
U MOXeT OBITh IPOBEAEHO pa3HBIMU criocobamMu. B camom gene, ec-
au ¢yHKIUA y = g(x) MOHOTOHHO yObIBaeT, TO yHKIUA Yy = —g(x)
MOHOTOHHO Bo3pacTaeT (OOBSICHUTE IOYEeMy), a 3HAUUT, U QYHKIHI



110 [naBa 3. [IpuMeHeHMe CBOMCTB QYHKITHI

u(x) = f(x) — g(x) sABngeTca MOHOTOHHO BoO3pacTrammeld (Kak cymMma
MOHOTOHHO BO3pacTamIInX QyHKIINK). [I03TOMY B CHIy yTBEpXKIeHUs 1
ypaBHenue u(x) =0 (T.e. ypaBHeHUe f(x) — g(x) =0) umeeT He Gosee
onHoro kopHs. CiefoBaTeNbHO, 1 ypaBHeHUe f (x) = g(x) UMeeT He Gonee
OJTHOTO KOPHSI.

YrBepxkaeHus 1 1 2 O3BOJIAIOT 0OOCHOBBIBATh €JUHCTBEHHOCTD pellle-
HUSA YpaBHEHHMS B TeX CIyJasx, KOIZla CBECTU ero K IIpocTeiineMy He yza-
&Tcs1, HO ZIOBOJIBHO MTPOCTO MOXKHO MOJ00paTh KOpeHb, KOTOPBIH, Kak Mpa-
BWJIO, SIBJISIETCS IeNbIM YrcioM. ClieZiyeT OTMETHUTh, YTO pellleHue ypas-
HEHUST «METOJIOM TIoZibopa» OyZeT 3aCYMTaHO TOJHKO MPU 0OOCHOBAaHUM
TOTO, YTO ZIPYTMX KOPHEH 3TO ypaBHeHUe He mMeeT. Takoe 060CHOBaHUE
4acTo yZaéTcs ceaTh, OMMPAsCh HA CBOMCTBA MOHOTOHHBIX (pYHKITUH.

IMpumep 1. Pemure ypaBHeHue 2~ =1g(x+11) + 1.

Pertenue. fICHO, YTO CTaHZAPTHBIM CIIOCOOOM PEIIUThH 3TO ypaBHE-
HUE He TpeACTaBIsAeTCs BO3MOXKHBIM. I[lompobyeM mogo6paTh KOPEHD,
nepebrpast HeOOJBIITHE TI0 MOAYIIIO LiesTble urciaa. Yucio x = —1 aBisgercs
KOpHeM ypaBHeHU:A. OO0CHYeM, YTO PYTUX KOPHEH ypaBHEHUE HE UMEET.
®Oyuknusa g(x) = 27 ABnAeTCd MOHOTOHHO YOBIBAaWOIIeWd, a (yHKIUA
f(x)=1g(x+ 11) + 1 MOHOTOHHO BO3pacTaeT Ha Bcell 06JacTu ompeze-
nenus. [ToaTomy ypaBHeHue f(x) = g(x) nuMeeT He 6oee OHOTO KOPHA.
Tak kak f(—1) =g(—1), To x=—1 — eAWHCTBEHHBIN KOPEHb YPABHEHU.

Omeem: —1.

[Ipumep 2. Pemute ypaBHeHue 3* + 4 =5%,

Pemrenue. Te, KTO MIOMHUT TeopeMy [ludaropa u mpocTeUIIUN eru-
METCKUI TPEYTOMbHUK, 6e3 TpyZAa MoAbepyT YnciIo, SIBIAIoIeecs KOpHEM
3TOro ypaBHeHUA: x = 2. OcTaércs mokasarh, YTO JPYTUX KOpPHEH ypas-
HeHUe He uMeeT. Ho kaxzaas u3 oyHkuui y =3+ 4 u y =5 apngercsa
BO3pacTarllell Ha Bcell YMcI0BOM IPSAMOM, ITO3TOMY B IlaHHOM CiIydae
yTBepXKJeHre 2 «He paboTaeT». YUUTHIBas, 4To 5% # 0, u pasgenuB obe

X X
YacTU YypaBHEHUA Ha 5%, MpuAéM K ypaBHEHHUIO (E) + (i) =1. Ilyctb

5 5
_ 3 X 4))(
fo=(2)+(3)"
®dyuknusa y = f (x) ABIAETCI MOHOTOHHO yOBbIBaroLel Ha BCEH YUCIOBOM
npsAMoU (Kak cyMMa MOHOTOHHO YOBIBAIOIINX QYHKIIHI), CJIeZI0BATENBHO,
ypaBHeHue f(x) =1 umeeT He 6osnee ogHOrO KOpHs. Tak Kak f(2) =1, To
X =2 — eIMHCTBEHHBIN KOPEHb YpaBHEHUA.

Omeem: 2.
IIpumep 3. Peminte ypaBHeHUE

X i x+4 + x+9 _
Vvx+1-1 «/x+5-1 +/x+10-1
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PerreHue. YMHOXUM U Pa3JenuM KQKAYIO [poOb B JIEBOU YacTH ypaB-
HEHUA Ha BEIpa)KEHUE, COIPKEHHOE e€ 3HaMeHaTeslto, T.e. Ha vx+1+1,
vVx+5+1wu vx+10+ 1 cooTBETCTBEHHO, ITOCTIE YeTo MpeobpasyeM 3Ha-
MeHarTesb KaXkI0¥ Apobu o Gopmysie pasHOCTH KBagpaToB. [Iociie cokpa-
ImeHus Apobeil MomyYnM ypaBHeHUe

Vx+1+1+4/x+5+1+4y/x+10+1=38,

otkyza vx+ 1+ v/x+54 v x+10=5. O603HauNM JIEBYIO YaCTh IIOCTIE]-
Hero ypaBHeHU: 4epe3 f(x). @yHKIUA ¥y = f(X) MOHOTOHHO BO3pacTa-
eT Ha IpoMeXxyTKe [—1; +) (kak cymMMa Bo3pacTaroumx GyHKIwmi). ITo-
ckonbKy f(—1) =5, B cluIy MOHOTOHHOCTY QYHKIINH Y = f (X) e JUHCTBEH-
HBIM KOPHEM YpaBHEHU: ABIAETCI X = —1.

Omsem: —1.

Vx+1+vVx+9+vx+25_3
VX+Vx+4+V/x+16 2

Pemtenue. [lepenuiiemM ypaBHeHYE B BUZie
2(\/x+1+ \/x+9+ \/X+25) =3(Vx++Vx+4+1/x+16),
OTKyZa
2(Vx+1— Vx4 Vx+9—v/x+4+V/x+25—1/x+16) =
= Vx+1/x+4++/x+16.

O6o03HauMM TpaByl0 YacTh ypaBHeHUs depe3 g(x), 3aMeTHB, YTO
¢yHkmsa y = g(x) MOHOTOHHO Bo3pacTaeT Ha [0; +©) (kak cymMma BO3-

IIpumep 4. Pemute ypaBHeHUE

pacraromux GyHKIMi). Jlasee, MOCKOMbKY vx+1 — /x =

Vx+14+/x’

5 9
Vx+9—Vx+d=—"—— u V/x+25-Vx+16=————
VX+9++/x+4 " VXx+25+vVx+16

JieBad 94aCTb YpaBHEHUSA IIPUMET BU/J

2( 1 n 5 + 9 )
VXFI+/x  VxF+9+VxF+4  Jx+25+Vx+16/°

O603HaYMB MOyYeHHOE BBIpakeHUe yepes f(Xx), 3aMeTuM, 4To GpyHKIUA
y = f(x) ABseTcs MOHOTOHHO yObiBatomel Ha [0; +©) (kak cymma Mo-
HOTOHHO y0ObIBatomux ¢yHkuii). CiegoBaTenbHo, ypaBHeHue f (x) =g(x)
nMeeT He 6osee ofHOTO KOpHS. OcTanock 3aMeTuTh, uto f(0) =g(0).

Omeem: 0.
ChopmynupyeM Temephb JBa YTBEPKAEHUA O MOHOTOHHBIX QYHKITHAX,
CBsI3aHHBIE C PellleHreM HePaBEHCTB.
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YrBepxkgenue 3. Eciu QyHKIUA Y = f(X) MOHOTOHHO BO3pacTaeT
Ha BCeM YMCJIIOBOH MpPsMOH, a QyHKIUA y = g(X) MOHOTOHHO yOBIBAeT
Ha BCeH YMCJIOBOM IPSMOI, TO CIPaBEJIUBEL CIeAYIOIINE YTBEPKAECHUS:
a) f(a) <f(B) B TOM U TOMbKO B TOM ciy4dae, koraa a < f3; 6) g(a) < g(f)
B TOM U TOJIBKO B TOM CJIy4ae, Korzaa o > 3.

OTO yTBEPXKZEHUE ABIAETCS, B CYIIHOCTH, IPOCTOH repedopMyInpOB-
KOU ompezieJIeHUs BO3PACTalOIIel 1 yObIBaIOIed GyHKIIMH.

YrBepikaenue 4. Eciu dyHkuusa y = f(x) MOHOTOHHO BO3pacTaeT Ha
BCel YMCIOBOM MpAMOM, GyHKITNA y = g(X) MOHOTOHHO YOBIBAEeT HA BCEH
yucaoBou mpsamont u f(x,) = g(xy), TO CIpaBeAJUBHL CIEAYIONINE YTBED-
KISHUA:

a) f(x) < g(x) B TOM U TOJBKO B TOM CJIy4ae, Korza x € (—o; xg1;

6) f(x) > g(x) B TOM U TOJIBKO B TOM CJIy4ae, Korja x € [xy; + ).

HarmiagHeli CMBICI 3TOTO YTBEPXKAEHUA OUeBUEH (CM. PUCYHOK). I1o-
mpobyiiTe 0Ka3aTh 3TO YTBEPXKAeHUe GOpPMaTbHO, OMMUPASACh HA OIpeZe-
JieHUe Bo3pacTaromieil (yobiBaromeii) GpyHKIUM.

y
y%

y=f)

- |

/ 0 Xo X

3ameTuM, YTO JaJeKo He Kaxkzasd QyHKUUA ABIAETCS MOHOTOHHOU Ha
BCEH YMCJIOBOU TIPAMOM. Bo MHOTHIX CITydassx MIPUXOAUTCS IPUMEHSTH CPOp-
MYJIMPOBaHHBIE YTBEPXKAEHUS, YIUTHIBAsA 00JIaCTb onpefeseHus GyHKIII
HE TOJIBKO ITpY 000CHOBAHUY MOHOTOHHOCTH, HO U IIPU 3aIIMCH OTBETA.
IIpumep 5. Pemnite HepaBeHCTBO

3\/ x°>—5 > logs(5—x) +2.

Pemenne. OnATh-TaKM IOHATHO, YTO CTAaHZAPTHBIE IIPe0bpa3oBaHuA
3/lecb HEIPUMeHUMEL. [lepebupas HeOombIINe 0 MOJYJIIO LiefIble YHCIa,
ZIOBOJIBHO OBICTPO MOXKHO YCTAHOBUTD, YTO JIeBas U IpaBas 4acTH JaHHO-

3
ro HEepaBeHCTBA PaBHHI U x = 2. ®yHkMA f(x) = 3/ x° —5 MOHOTOHHO
BO3pacTaeT Ha BCeH YMCIOBOH NMpAMOH, a dyHKImA g(x) =log; (5 —x) + 2
MOHOTOHHO yOBIBaeT Ha Bcell obnacTu onpezeienus. [[03ToMy HepaBeH-



§ 3.1. MOHOTOHHOCTD 113

ctBO f(x) > g(x) BBIMONMHAETCA, ecik X > 2 U x € D(g), rae D(g) — 06-
JacThb onpegeneHusa GyHKIuu y = g(x). Takum o6paszom,
x> 2, 9 s
<x<5.
5_x >0, OTKyZa x

Omsem: (2;5).
ITpumep 6. Peurnite HepaBeHCTBO

7572 +1og,(5x —1) < 72 +1log, (x +3).

Pemrennie. O6paTM BHUMAaHUE Ha «IIOXOXKECThb» JIEBOH U IIPABOH va-
creil HepaBeHcTBa. PacemoTpuMm yHkuuio f () =7° +log, (t + 1), MoHo-
TOHHO BO3pAaCTAIOIIyI0 Ha Bcel obacTu onpezeneHus. B cury Bo3pacTa-
Hus GyHkiuu y = f (t) HepaBeHcTBO f () < f(8) OyZeT BHIIOTHATHCSA TIPU
JIOTTYCTUMBIX & U 3 B TOM U TOJIbKO TOM Ciy4ae, eciu o < [3. B Hamem
crydae a=5x — 2, f =x+ 2. Takum obpazom,

5x—-2<x+2,
5x-1>0, oTkyza 0,2 < x < 1.
x+3>0,

Omsem: (0,2; 1].

3ameuaHue. Y:Ke 3T OTHOCUTETHHO HECJIOXKHBIE TPUMEPHI TOKAa3bIBa-
IOT, YTO /JIS1 YCIIEIIHOTO PelIeHus MOZO0OHBIX 33/1a4 HY>KHO XOPOIIO 3HATh
CBOMCTBa MOHOTOHHBIX QYHKIUM M yMeTh WX HCIIONb30BaTh. Tak, eciu
IIPYU IOTIYCTUMBIX 3HAUEHUAX IlepeMeHHbIX QYHKINA y = f(t) MOHOTOH-
HO Bo3pacTaeT, a ¢yHKIMA t = g(X) MOHOTOHHO YyOBIBaet, TO GpyHKIUA
y = f(g(x)) 6yzeT MOHOTOHHO YOBIBAIOIIEH; €C/IU Ke MPHU AOMyCTUMBIX
3HAYEHUAX MEPEMEHHBIX U QYHKUMA y = f(t) MOHOTOHHO BO3pacCTaeT, U
bynkus t = g(x) MOHOTOHHO Bo3pacTaeT, To GyHkIusa y = f (g(x)) Takxe
OyZeT MOHOTOHHO Bo3pacTaromieii. PakTryeckn UMEHHO 3TH yTBep)K7e-
HUfA, KOTOPbIe OBOJIBHO IIPOCTO IONTYYUTh HEIIOCPEJCTBEHHO U3 OIIpe/ie-
JIEHUs BOo3pacTaronieil u yobIBarolel GpyHKINM, ObLTH HESBHBIM 06pa3oM
HCIIO/Ib30BAHEI IIPU PEIIeHUN MTOCAEIHUX TPUMEDOB.

ITpumep 7. Pemnite cucteMy ypaBHEHUN

5sinx —4y>+3x = 5siny —4x> + 3y,
x2+y?=1.
Penienue. HepenHmeM IIEPBOE YpaBHEHNE CUCTEMBI B BUJE

5sinx+4x®+3x = 5siny +4y> + 3y
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u paccmoTpuM byHKIuIO f(t) =5sint + 4t> + 3t. [lepBoe ypaBHeHMe CH-
creMbl uMeet BUZ f (x) = f(y). Eciu 661 yHKIUA f(t) =5sint+ 4t3 4+ 3t
6bUIa MOHOTOHHOM, MOKHO OBLTO OBI CZIeIaTh BEIBOJ, O TOM, YTO PABEHCTBO
f(x) = f(y) BeImONHAETCA TONBKO MPU X =Y. OGOCHOBAHUIO MOHOTOHHO-
CTH «MellaeT» Hajnuue sint. M 37iech MOTyXIui GbUIO B3IVIAJ MaZaeT Ha
BTOpPOe ypaBHEHUE CHUCTEMBI, U3 KOTOPOTO cieAyeT, uto |x| <1 u |y| < 1.
Ho Ha oTpeske [—1; 1] ¢yHKIMA y =sint MOHOTOHHO BO3pacTaerT, a 3Ha-
YUT, MOHOTOHHO Bo3pacTaeT u ¢pyHKIusA y = f(t) (kak cymma Bo3pacTaro-
mux GyHKUui). TakuM 06pa3oM, MOTydaeM CUCTEMY YPaBHEHUHA

x=y,
’+y*=1,
y ) («E «E)
peuIeHrne KOTOpou HECJIOKHO, OHO JAa€T ABE IMapbl YUCET | ——5—; —7 nu
27 2 )
omsen: (=2 ~22); (42, 22)
meem: 55 53 )

33 =4x.

14+ /x*—8x3+16x2+1
Pemuenmue. [lepenuiieM ypaBHeHUE B BU/Zie

Ux—xH(1+V@x—x)2+1) = V3(1+V (V3)*+1)

u pacemotpuM ¢yrkumio f(t) =t(1++/t?>+ 1), Bospacraromuiyio Ha Beei
YHCTIOBOM TpsiMoii. [locyeHee MOXKHO I0Ka3aTh, 160 HaM/s TPOU3BO/-
HyI0 GYHKINH, 1160 C TIOMOIIBIO JIEMEHTAPHBIX PACCYXAeHUM. B camom
zene, ecmu t; < 0 <t,, HepaBeHCTBO f(t;) < f(t,) OYEBHIHO, TTOCKOIBKY
B aToM ciydae f(t;) <0, a f(t,) >0. Ecmu 0 < t; <t,, TO

IIpumep 8. Pemure ypaBHeHHUe X2 +

0<144/t7+1<144/t3+1,

u, cnegoBatenbHo, t1(1+/t34+1) <t,(1+4/t5+1), T.e. f(t;) < f(ty).

HakoHer, ecm t; <t, <0, 10 |t;]>[ty| >0, oTkyza t7 >t >0 u
1+4/2+1>144/t5+1>0.

Moatomy t; (1++4/t24+1) <ty (1++/t3+1) <0, a sHauur, f(t;) <f(ty) u
B 3TOM ciy4ae. TakuM 06pa3om, JOKa3aHO, YTO JJIs JIIOOOU Maphl TaKUX
yucen t; U ty, 4TO t; < t,, BBIIOJMHAETCA HepaBeHCTBO f(t;) < f(t,),

T.e. ¢yrkuua f(t) = t(1 + 4/ t>+1) aBrgerca Bospacraromei. B cury
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Bo3pacranusa ¢yHkuuu y = f(t) paBeHcTBO f(a) = f(f) OyzeTr BbIIOI-
HATHCA TOTZIA U TONBKO TOT/A, Korja a = f3. B Hamewm ciydae a=4x — x2,
B = /3. Tonyuum ypaBHeHue 4x — x> =+/3, otkyza x> —4x++/3=0wu

x=2++4—+3.
Omesem: 2+t 1/ 4 — V3.

[Ipexzie 4eM MEPEXOAUTH K pa3bopy CIeAYIOMNX 3a4a4, chOpMyIHUpy-
€M U JJOKa)KeM elllé OZHO TONe3HOe, HO MeHee OYEBUIHOE TI0 CPABHEHUIO
C TIpeAbIAYIIUMY YTBEepXKJeHNeE.

YrBepxkaenue 5. Ecmm oyHKums y = f(X) MOHOTOHHO BO3pPacTaeT, TO
ypaBHeHus f(x) =x u f(f(x)) =X UMEIOT OZHO U TO K€ MHOXKECTBO KOP-
HeW.

Jloka3zartenbcTBO. [IycTh YMCIIO X ABISAETCI KOPHEM ypaBHeHUs f(x)=
=x, T.e. f(xy) =xy. Torma f(f(xy)) = f(xy) = X, T.€. Xy, — KOpPEHb
ypaBHeHus f(f(x)) =x. Kak BuAMM, B 3TOH YacTU [JOKA3aTeTbCTBA MO-
HOTOHHOCTB Jlaxke He IoTpeboBasiack. O6paTHO, IIyCTh YUCIIO X ABIAETCS
kopHeM ypaBHeHus f(f(x)) =x, T.e. f(f(x,)) = Xx,. JlokaskeM, 4TO Torza
u f(xy) =Xy, T. €. X, — KopeHb ypaBHeHUA f (x) = x. [IpeAnonoxum, 4To
3TO HE TaK, T.e. 4To f(Xy) # Xo. Torma mmbo f(xy) > Xy, 160 f(xy) < Xp.
B crry MOHOTOHHOTO Bo3pacTaHusA QyHKIUM Y = f(Xx) U3 HepaBeHCTBa
f(xg) > xy cnepyer HepaBeHcTBO f(f(x0)) > f(xy), HO f(f(x0)) = Xy,
IIO3TOMY X, > f(X,), YTO IPOTUBOPEYUT HepaBeHCTBY f (x;) > Xx,. AHa-
JoTu4yHO ecnu f(xy) < Xg, To f(f(xg)) < f(xp), oTKyza x, < f(xg), 4TO
MIPOTUBOPEYUT HEPaBeHCTBY f (Xy) < X,. 3HAUUT, CAeJaHHOE JOIyLIeHIe
HeBepHO U f(Xy) = Xy, T.€. X, ABJAETCA KOpHEM ypaBHeHUs f(Xx) = X.
YTBepkAeHUE JOKa3aHO.

OrTcroza JIeTKO BBIBOAUTCA €Ié OZHO yTBepXKJAeHUE, KOTOpoe chopMy-
JIVpyeM KaK CJIeZICTBUE JOKa3aHHOTO.

CregcrBue. Eciiu n — HaTypaibHOE YUCII0, a GyHKIHA y = f (X) MOHO-
TOHHO BO3pacCTaeT, TO ypaBHeHUA f (x) =x u

fUCfO)..)=x
n pas
MIMEIOT OZIHO U TO K€ MHOXKECTBO KOPHeH.
TIpumep 9. Pewnte ypaBHeHue x> —7 ¥/ 7x — 6+ 6=0. .
x°+6

3
Pemrenmne. [lepenuiieM ypaBHeHUe B Bufe vV 7/x—6= =
€M B KyO 0be JacTH MOC/IeZHEr0 YpaBHEHHS U BBIIIOJIHUM ITpeobpa3oBa-

X3+6)3
(52) +¢
7
, BO3pacTalollyo Ha Bcell 4ynciIoBoi

, BO3Be-
HUA, YeAUHUB B NIpaBoi dacTu x. IlomyyuM ypaBHeHuUe =Xx.

3
PaccmorpuM QyHKIMIO f(X) = x_;—6
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npsMoi. [TorydyeHHOe ypaBHeHHe nMeeT BUZ f (f (x)) =X U B CHIY yTBeEp-

JKIEHUA 5 UMeeT TO YKe MHOXKECTBO pellleHuH, 4To U ypaBHeHue f (x) =X,
3

T. €. ypaBHEHUE =X, oTKyza x> — 7x + 6 =0. Tloc/iesiHee ypaBHeHMe
ZIOBOJILHO TIPOCTO pellaeTcs C MOMOIIBI0 Pa3oKeHNs Ha MHOXKUTENU ero
JleBOM 4acTy (MM ¢ IOMOIIbIO CTAHJAPTHBIX MPUEMOB, IIPUMEHSAIOIINX-
Cs TIPU pellleHUU YpaBHEHUH BHICOKUX CTEIEHEN C MeJbIMU KO3pPUIeH-
TaMu): x> — x — 6x + 6 =0, otyzAa x (x> — 1) — 6(x — 1) =0, u, 3Ha4uT,
x(x—1)(x+1) —6(x—1) =0. Takum o6pa3oM, MPUXOAUM K YPaBHEHHIO
(x—1D(x*+x—-6)=0, KOPHAMHU KOTOPOro ABJIAITCA yncaa —3; 1; 2.

Omeem: —3; 1; 2.
IMpumep 10. PemuTe cucTteMy ypaBHeHUN

\/x2+2+\/y+x2+2:y,
\/y2—7+\/x+y2—7:x.

Pemenne. PaccmorpuMm dyHKuno f(t) = +/t+c, TAe ¢ — HEKOTOPBII
rmapaMeTp, He 3aBUCAIIMN OT IepeMeHHOH t. DTa QyHKIUA BO3pacTaeT

Ha cBOel obsactu onpezenenus, npudém f (f (t)) =1/ c+ v/t +c. [loaTomy
B CWIy yTBepxKJeHuda 5 ypaBHeHUe f(f(t)) =t MMeeT TO jKe MHOXKECTBO
pelleHyii, 9To U ypaBHeHue f (t) =t. ITooxuB t = y, ¢ = x2 + 2, TIONy4UM,
YTO IepBOE ypaBHEHUE IaHHOM CHUCTEMBI MO)XXHO 3aMEHUTh YpaBHEHUEM

Vy+x?+2=y. [lonoxus t =x, c= y? — 7, mosy4um, 4TO BTOpOE ypaB-

HEHMeE JaHHOM CHCTEMBI MOXKHO 3aMEHUTh ypaBHEHUEM 1/ X + y2 — 7 =x.
TakyuM 06pa3oM, IPUXOJUM K CHCTEME

y+xi+2=y%
y+xi+2=y, x+y*—7=x?%
OTKyZa
Vx+y?—7=x, x =0,
y = 0.

3aMeHUB IlepBoe ypaBHEHHe IIONTy4YeHHON CHCTeMbl IOWIEHHOW CyMMOU
eé ypaBHeHUH, MTOIyIUM

y+x-5=0,
x+y?—7=x2
x>0,

y =0.
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Torza y =5 — X ¥ BTOpOe ypaBHeHMe IpuHuMaeT Bz x + (5 —x)2 — 7=x2,
OTKyZla TIOC/Ie PacKpHITHA CKOOOK U NpHBeZeHHUA MOJOOHBIX CaraeMbIX
IIOIy4uM, 4TO X = 2. CiiejoBaTeNbHO, ¥ = 3.

Omsem: (2; 3).
IIpumep 11. Pemnite ypaBHeHUE

15

1
=X
x+\/x2+\/x4+\/x8+1
Pemrenme. Ilpexze Bcero sameTum, 4TO IpU X > 1 mpaBad 4acTb
ypaBHEHUA He MeHblle 1, a jeBad yacTb MeHblIue 1. CiesoBaTeabHO, eCIu
ypaBHEHHE MMeeT KOPHH, TO JtoO0H 13 HUX MeHbie 1. Janee, mpu x <0
IIpaBas 4acTh ypaBHEHUs HEIONOKUTEIbHA, a JIeBasd 4acTb IIOJOXKUTENb-

Ha, B CHIy TOTO 4YTO \/ x2+1/x*+1/x8+1 > |x| (o6bsicHUTE MOYEMY).

3HAYUT, €CIUM ypaBHEHUE MMeeT KOPHH, TO JI060W M3 HUX 6GOosblie Hy-
sis1. TakuM o6pasoM, 060 KOpeHb ZaHHOTO ypaBHEHUs MPUHAJIEKUT
unTepBaiy (0; 1). [Toaromy Gyzem cunTaTh, uTo X € (0; 1), 1 BCce fambHeR-
e mpeobpa3oBaHUA MPOBOAUTH C YIETOM TOT'O YCIOBHS. YMHOXHUB 00e

x
YacTH JAaHHOT'O YPaBHEHUA Ha X, IOTyIUM =x1.
x+\/x2+\/x4+\/x8+1

Tenepb, pa3zenB Ha X YUCJIUTE/Ib 1 3HAMEHATE/Ib JIeBOI 49acCTH, IIOJTyYrUM

! =x'®, oTkyza 1+\/1+\/1+\/1+%:%. O603Ha-
X X
T4/ 144/ 14, /145

YUB % yepes t, rje t>0, ToIy4YruM ypaBHeHHe 1+\/1+\/ 1+ 1+ V=t

PaccMOTpHM BO3pacTaoIyl0 Ha cBoel ob6jacTu ompezeneHus GyHK-
muo () =1+ Vt. [TomydyeHHOe ypaBHEHHE MOXKHO 3alllcaTh B BH/E
FUF(f(f(t)))) =t, IO CIIEeACTBUIO YTBEPXKAEHHUSA 5 OHO IMEET TO K€ MHO-
JKECTBO pEleHUi, 9To U ypaBHeHue f(t) =t, T.e. ypaBHeHMe 1+ +/t=t,
oTKyza t — +/t — 1 = 0. EAUHCTBEHHBIM IIOJIOXUTEJbHEIM KOPHEM 3TOTO

V5+1

KBaJPaTHOTO OTHOCUTENBHO +/t YpaBHEHUA SABIAETCH — - 3HaAYUT,

_ V541 1 J/5+1 s 2 g _ v/5-1
V= 5 OTKyAa 5 =5 —, T.€. X —£+1,HHHX =7

8 —_
CiegoBaTe/bHO, X = %
8 —
Omeem: %

ITpumep 12. VizBecTHO, 4TO 4Mcia d, b, ¢ v d IOJIOKUTENTBHEL, a CyMMa
BCeX ZleHcTBUTeNbHEIX KopHelt ypaBHeruH ax®2! +bx3%® +cx1® +d=0wu
dx®?' + cx*1 4+ bx?! +a =0 pasna —2,9. HaiifuTe 5T KOPHH.
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Pemrenue. B cuny monouTeabHOCTH KoadduiueHToB a, b, ¢ u d
HU OZHO W3 JaHHBIX YpaBHEHWUM He KMMeeT IOJOKUTEeJIbHBIX KOpPHeM.
Ecin 4ncino xy— KOpeHb ypaBHEHUA ax®?! + bx3% + cx1° 4+ d =0, o0

axg21 + bxg’OO + cxéoo +d =0. Pasgennm obe 4acTH MOCJIeIHETO TOXKAECTBA

321 x
Ha .X'O 1 3allMiIeM ITIOJIy4Y€HHbIM PE3YyJabTaT B BUAE

d(x—lo)321+c(xlo)221+b(xlo)21+a =0,

1
OTKY/a CJIe/[yeT, 4TO YMCIO L~ — KOPEeHb yPaBHEHHA
0

A+ exP 4+ bx* +a=0.

Ho ¢ynkuusa y = dx®*! + cx??! + bx?! + a MOHOTOHHO Bo3pacTaeT Ha
BCe YMCJIOBOM OCH U IpUMHUMAaeT KaK OTpUllaTe/JbHble, TaK W IIOJIO-
KUTeNbHEIE 3HaYeHMsA. 3HauuT, ypaBHeHne dx>?! + cx??! +bx?!' +a=0
VMeeT eINHCTBEHHBIN [JeWCTBUTENbHBIM OTPUIIATENbHBIN KOpeHb. [lo-
S5TOMY U ypaBHEHUE ax3 + bx3% + ¢x1%° 4 d = 0 umeer eauHCTBEHHEDI
JleICTBUTENbHBIN OTpUIlaTeNbHBIN KOpeHb. [T0CKOMbKY KOPHU YpaBHEHUN
ABJISIOTCSA B3AaMMHO OOPATHBIMY OTPULIATEIbHBIMYU YHCIAMU, CyMMa KOTO-

PBIX paBHa —2,9 = —% + (—%) =—-2,54(—0,4), sTo uncia —2,5 u —0,4.

Omsem: —2,5, —0,4.

B saxiroueHue pacCMOTpPUM /JiBe 3aJadyu C IIapaMeTpoM, KI4eBOMH
njieell pelleHusa KOTOPBIX fABJAETCA IIPUMEHEHHe CBOMCTB MOHOTOHHBIX
byHKIMH.

IMpumep 13. HalizuTe Bce 3HaYeHUA MapaMmeTpa a, AJIA KaKZOro U3
KOTOpEIX ypaBHeHHe 8x° + (a — x)® + 2x? + a = x umeeT x0T 6B OAUH
KOpEHb.

Pemtenue. [lepenuiiieM ypaBHeHHE B BU/ie 8x0+2x2=(x—a)*+x—a.
PaccMoTpuM dyHKIuIO f(t) =t + t, MOHOTOHHO BO3PaCTAIOIIYyIO Ha Beeit
YUCIOBOM TIpsIMO¥ (KaK cymMMa BoapacTaroiux (yHKIMi). B cury Bo3-
pactanus ¢yHkiuu y = f (t) paBeHcTBO f(a) = f(f3) 6yAeT BLIMOTHATHCS
B TOM H TOJIbKO TOM C/ydae, ecii a=f3. B Hamewm ciydae a=2x2, f=x—a.
TaxkuM 06pa3oM, JaHHOE ypaBHEeHKe MOKHO Mepenucarh Tak: 2x2 =x —a,
OTKyZia 2x%2 —x+a=0. Jlnst Toro yToOBI OTy4YeHHOE (a 3HAYUT, U TAHHOE)
ypaBHEHMe NMeJI0o XOTs Obl OZIH KOPeHb, He0OX0ANMO U J0CTATOYHO, YTO-
6Bl ero AuCKpUMUHAHT D =1 — 8a 6bLT HeoTpullaTeseH, T.e. 1 —8a > 0,

]

OTKYyZa a < %

©|=

Omeem: (—00;
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ITpumep 14. HaiiguTe Bce 3Ha4YeHHUs apaMeTpa d, IPU KaXK/JOM U3 KO-
TOPBIX /151 JIOOOTO I€HCTBUTENBHOTO 3HAYEHHS X BBIIIOJIHEHO HEPABEHCTBO

lcosx+a®—a—1|+|2cosx+a?—6a+ 10| < 4cosx + |2a* — 7a+ 6| +4.
Pemenue. [lepenuiem HEPABEHCTBO B BUZIE
|cosx+a*—a—1|+|2cosx+a*—6a+10|—4cosx —|2a*—7a+6| -4 <0,

BBeZIEM HOBYIO IIEPEMEHHYI0 t = COSX M paccMoTpuM oOyHKIu f(t) =
=|t+a?—a—1|+|2t +a? — 6a + 10| — 4t — |2a® — 7a + 6| — 4, onpeze-
JIEHHYIO ¥ HETIPEPHIBHYIO Ha BCEH YUCIOBOU MpAMOU. ['paduk 3Toi GpyHK-
I[UU TIpeZACTaBsieT coO0M JIOMaHyI0, COCTOSIIYIO U3 OTPE3KOB IPAMBIX U
JIy4del, KaykJj0e 3B€HO KOTOPOU SIBJISIETCS YacThio IpsIMoOi Buga y =kt + 1,
rae k <O (IIOCKONBbKY NpU JII0O0M BapuaHTE «PaCKPBITUA» MOZAYJIEH KO-
a¢pounmenT npu t OyzeT orpuuarenbHbIM). CaefoBaTenbHO, (GYHKIUA
y = f(t) yosiBaeT Ha (—o; + ). Tak Kak t =cosx, To t € [—1; 1]. [TloaTomy
HepaBeHCTBO f(t) < 0 6yzeT BRINOTHATHCA A1 itoboro t € [—1; 1] B Tom 1
TOJIBKO TOM CJIyYae, eCJIu [mlaicl f(t) <0. B cuwry MOHOTOHHOTO yObIBAaHUSA

byukuu y = f (t) moay4IuM, 4TO
[rnle}i(]f(t) = f(-1) =l|a®*—a—2|+|a*—6a+8|—|2a*—7a+6|.

TaxuM 06pa3oM, IPUXOAUM K HEPABEHCTBY
la2 —a—2|+|a® —6a+8| —|2a* - 7a+6| < 0,

win |a? —a — 2|+ |a? — 6a + 8| < |2a® — 7a + 6|. TlociesHee HepaBEeHCTBO
mpeacTaBisfeT coboit HepaBeHCTBO Buza |u| + |v| < |u+v|. Ho |u|+ |v| >
> |u 4 v| anst 106BIX JeACTBUTENBHBIX U M V. 3HAYUT, |u|+ |v|=|u+v|, uTo
BO3MOXHO, TOJIBKO €C/IM YMC/IA U M V OZHOTO 3HAKa JUOO0 Kakoe-HUOyAb
U3 HYMX paBHO HYIIO, T.e. ecau uv > 0. B HameMm ciydae u=a? —a — 2,
v=a%—6a+8. 3naunr, (a®> —a —2)(a®—6a+8) > 0. PaznoXus KBajpar-
Hble TPEXUWIEHBI HA MHOXKUTE/H, TIOYYUM HEPABEHCTBO

(a+1)(a—2)*@—4) >0,
U3 KOTOPOT'O HAXOAUM, uTO a € (—oo; —1] U {2} U [4; 40).

Omseem: (—o; —11U{2}U[4; + ).

PasymeeTcs, HepaBeHCTBO |a® —a — 2|+ |a® — 6a + 8| < |2a® — 7a + 6|
MOXKET GBITH PelIeHo JIOOBIM PYTUM CIOCO6OM, B YaCTHOCTH PacCMOTpe-
HYeM HEeCKONBKUX C/Tydaes.

Yopaxxuenus k § 3.1

1. a) Pemmre ypaBHeHue 3™ =log;(x+11) + 7.
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6) Pemmite ypaBHeHue 5 * =log: (x + 6) + 4.

2. a) Pemmte ypaBHeHue 6 + 8% =10%.

6) Pemute ypaBHeHUe 5% + 12*¥ =13%,

3. a) PemuTe HEpaBeHCTBO 2 Ux+3> log,(5—x)+1.

6) Pemure HEPaBEHCTBO 3\/ 7 —x°>logs(x+6)+1.
4. a) PemTe HepaBeHCTBO 52> + logs(2x—3) > 54X 4 logs (6 —x).
6) PelnTe HEPaBEHCTBO

(0,5)°7 +1ogy 5 (4 —x) > (0,5 +1logy , (x +2).

3
5. a) PemuTe HepaBEeHCTBO Ux—=7+/x—4 <11-— )66_4

3
6) Pemite HepaBEHCTBO Vx—5++/x—-2<9— %

6. a) PemnTe HepPaBEHCTBO X° + 2x + Ux—4 >32.

6) Pemvite HepaBEHCTBO X+3x+ Vx—3 <37.
7. a) Pemte ypaBHeHUe

44/ 6—5x+|3x—2| =4x+1[3v/6—5x—2|.
6) Pemute ypaBHEHUE

5v/12—x+|4x—3| = 5x+ |44/ 12— x —3|.
8. a) PemuTe ypaBHeHUe

74/5x 4 24+ 2[3x + 4|+ 7x = 2|31/5x + 24 — 4].

6) Pemnte ypaBHEHUE
8y 7x+30+3[2x+5|+8x = 3|2y/ 7x+30—5|.
9. a) PemuTe cucTteMy ypaBHEHUH
{4sinx—3_y3 +2x = 4siny — 3x® + 2y,
9x?+16y% = 9.
6) Pemnte cucTeMy ypaBHEHUM
{ 7sinx —6y>+5x = 7siny — 6x> + 5y,
16x% 49y = 4.
10. a) PemmTe cucTeMy ypaBHEHUH
3x”+7sinx+3y’ +7siny =0,
{ x|+ 7]yl = 2.
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6) Pemrvre cucteMy ypaBHEHUN

9x° +2sinx+9y° +2siny = 0,
6lx|+4|y| =1.

11. a) PemuTe ypaBHEeHUE

Cx+DA+vVx+1)2+7D+xA+Vx2+7) =0.

6) Pemnre ypaBHeHUE

Cx+1DE2+vV2x+1)2+3)+3x(2+V9x2+3) = 0.

12. a) Pemte HEpaBEHCTBO

2
V2 +4x+11+ /1 -2x2 +1log, T4 +13 -
2x*+1
6) Pemrvre HepaBEHCTBO
2 _
Vax? —x+10+ V2 -3x2 +10gs 2202 <0,

13. a) PemuTe ypaBHeHUe x° — 4 ¥Yax—3+3=0.
6) PemuTe ypaBHeHUe X° — 5 V5x—4+4=0.
14. a) Pemurte cucTeMy ypaBHEHUN

\/x2—2+ y+x2-2=y,

\/y2—3+\/x+y2—3:x.

6) PeliiTe cUCTEMY ypaBHEHUM

\/x2—3+ y+x*-3=y,

\/y2—5+\/x+y2—5:x.

15. a) Pemure cucteMy ypaBHEHUN

x*+x+6=28y,
y3+y+6=28z,
234+ 246 = 8x.
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6) Pemnre cucTeMy ypaBHEHUU

x*=3y+2=0,
¥} —32+2=0,
z>—3x+2=0.

16. a) HatiguTre Bce 3HaUeHUA IapamMeTpa d, A KaXA0ro U3 KOTOPBIX
ypaBHEHUE 27x%+ (3a—4x)%+3x%+3a=4x umeeT XOTs 6Bl OAUH KODEHb.

6) HaiiziuTe Bce 3HaUYeHHs MapaMeTpa d, ST KaKJOTO U3 KOTOPHIX
ypaBHEHUE x104 (a— 2x)5 + x% 4 a =2x uMeer X0TA 6Bl OIVIH KOPEHB.

17. a) Haiizute Bce 3HAYeHUA MMapaMeTpa d, /Ji KaKZOTO U3 KOTO-
PBIX ypaBHEHHE sin'* x + (a — 3 sinx)” + sin? x + a = 3 sin x ¥MeeT XOTs 6B
OZIVH KOPEHb.

6) HaiiznTe Bce 3HAUYeHWs MapaMeTpa d, [JISI KaKJOTO U3 KOTOPHIX
ypasHeHMe cos'® x + (5cosx —a)? + cos® x + 5cosx = a uMeeT XOTs 6B
OZTVH KOPEHb.

18. a) Hatigure Bce 3HaUeHUd IapamMeTpa d, s KaXA0ro U3 KOTOPhIX
ypaBHeHUe

(sin®?x —a)? — (6sinx +a)® = (6sinx+a)° — (sin®x —a)®

HMMeeT XOTs ObI OIUH KOPEHb.
6) HailizuTe Bce 3HaUYeHHs IapaMeTpa d, IS KaKZOrO M3 KOTOPHIX
ypaBHEHUE

(cos®? x+a)” — (4cosx —a)® = (4cosx —a)’” — (cos® x +a)°®
HMMeeT XOTs ObI OIUH KOPEHb.

19. a) HatizuTe Bce 3HaYeHUs MapaMeTpa d, A KaXKA0TO U3 KOTOPHIX
nt06oit KopeHb ypaBHeHud 4 3/3,5x — 2,5 + 3log, (3x — 1) + 2a = 0 npu-
HaJJIeXUT OTpe3Ky [1; 3].

6) HaiizuTe Bce 3HaYeHUs TapaMeTpa d, JJIs1 KaXKA0T0 U3 KOTOPBIX JIf0-

6oit KopeHb ypaBHeHMA 3 3/6,2x — 5,2 + 4logs (4x + 1) + 5a = 0 npuHaz-
JIEXUT OTpe3Ky [1; 6].

20. a) HatizuTe Bce 3HaUeHUs MapaMeTpa d, AJIA KaXKA0TO U3 KOTOPIX
cUCTeMa ypaBHEHUI

sin x + sin® x +sin® y +sin® y = a® +2a°® +q,
sinx +sin® x +a® = sin® y +sin® y +a,
sinx-siny-sing = a2

HMMeeT XOTsI ObI OZIHO pellleHue, U YKaKUTE 3TU PeIleHus JJisd HalZie HHbIX
3HAYEeHUH a.
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6) HafizuTre Bce 3HAYeHU ITapaMeTpa d, A KaXKA0T0 U3 KOTOPhIX CHU-
cTeMa ypaBHeHUN

2 + 8%+ 8Y +32Y =a°+2a%+a,

248 4a° =8 +32Y +a,

xyz =log,a
HMMEET XOTsI OBl OIHO PEIllEeHUe, U YKAKUTE ITH PEIIEHUS /IS HalIeHHBIX
3Ha4YeHUi a.

21. a) HalizuTe Bce 3HaYeHMs ITapaMeTpa d, IPH KaXKJOM U3 KOTOPBIX
HepaBeHCTBO ||x + 2al — 3al + ||3x — a| + 4a| < 7x + 24 BeimonHAETCS AT
Bcex 3HauyeHui x € [0; 7].

6) Haiizute Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
HepaBeHCTBO ||x — 2a| + 3a| + ||3x + a| — 4a| < 5x + 24 BeiTONIHAETCS A
Bcex 3HaueHuu x € [0; 6].

22. a) HaliziuTe Bce 3HaYeHMs ITapaMeTpa d, IPU KaXJOM 13 KOTOPhIX
JUIS1 II000T0 A€ CTBUTENBHOIO 3HAYEHMs X BHIIOJIHEHO HEPABEHCTBO

|4 cosx+a+6|+|5cosx+a®+1| < 10cosx + |a® +a — 2|+ 10.

6) HatizuTre Bce 3HaUeHUs IapaMeTpa d, IIpU KaKZO0M U3 KOTOPBIX I
J060r0 eHCTBUTENBHOTO 3HAUE€HNA X BBIIIOJIHEHO HEPABEHCTBO

|3sinx +a? — 22|+ |7sinx+a+12| < 11sinx+|a®+a— 20| +11.
23. a) HatizuTe Bce 3HaueHUdA apaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
HEPaBEHCTBO
23 +9x+3lx+a—2|+2]2x—a+2|+ /2x—3 < 16

BBITIOJIHAETCA /I BCceX 3HadyeHuu x € [—2; 1].
6) Haiizute Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
HEPaABEHCTBO

3x5+11x+4|x —a+3|+2|3x+a—5|+ Y/ 4x+5 < 25

BBITIOJIHAETCA /I BCceX 3HadyeHuit x € [—4; —1].
24. a) VI3BecTHO, 4TO YMCJA d, b, ¢ U d OTPHUIIATENBHBI, 2 CyMMa BCEX
ZIeCTBUTENbHBIX KOPHEN YpaBHEHUN

AP +ex®P4+bx®+a=0 u ax®®+bx*P +cx®P+d =0

paBHa 2,05. Haiifute 5Tu KOpHU.
6) V3BecTHO, 4TO yncia a, b, ¢ ¥ d MOMOKUTENBHEL, 8 CyMMa BCeX Jleli-
CTBUTEHHBIX KOPHEN YpaBHEHUN

dx®® +cx®+bx®+a=0 u ax® +bx®° +cx¥°+d =0

paBHa —4,25. Haliute 3T KOpHHU.
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§3.2. OrpaHu4eHHOCTH

Ciefytolilyto TpyIIITy 3a/ia4, KOTOPbIE C OTIPe/ieIEHHOM CTeleHbIo ITpaB-
JIOTIOZI0OMS MOKHO Ha3BaTh HECTAHAAPTHBIMU, COCTABJISAIOT YPABHEHUS U
HepaBeHCTBa (c mapamMeTpoM U 6e3), pellieHre KOTOPhIX OCHOBAHO Ha MC-
MTOJIb30BaHUM CBOMCTB OTPaHUYEHHBIX QYHKIIUU, TIPEXK/E BCETO Ha OI[EHKE
MHO)XeCTBa 3HaueHUH GpyHKIMH. Takue 3aZja4u, KaK U 3aJja4¥ TIpebIyIie-
ro nmaparpacga, 0ObIMHO HEBO3MOXKHO CBECTH K ITPOCTEUITUM YPaBHEHUAM
(HepaBeHCTBaM) C IIOMOIIBIO airebpandecKux MpeoOpa3oBaHUM WIH 3a-
MeHBI TepEMEHHOM: KJIFOUYOM K PEIeHUIO 3/1eCh OOBIYHO SBJISETCSI UCCITe-
JIOBaHWe MHOKECTBA 3HaUYeHUH GYHKIWH WK aare6panvecKux BhIpaKe-
HUM, B pe3y/bTaTe KOTOPOTO yAAETCs YCTaHOBUTh, HAPUMED, YTO OAHA
M3 YacTell ypaBHEeHUA He OoJbllle HEKOTOPOTO JeHCTBUTENBHOIO YUCIIA C,
a ipyras — He MeHbIIIEe 3TOTO Ke YUCIa, OTKyZa CJIeAyeT, YTO YpaBHEHUE
6yZeT UMETh XOTs ObI OZIMH KOPEHDb TOJHKO B TOM CJIy4dae, eCIU €ro JeBas
U €ro ImpaBas 4acTH paBHBI YMCIY C. [Ipy 3TOM OfiHa M3 YacTell ypaBHe-
HUSI MOXeT OBITh, CKaXkeM, JorapudMoM, a Apyras— CUHYCOM, Ja eIlé
U OT PasHBbIX apTyMEHTOB, TaK YTO PELINTh TaKOE YpaBHEHHE CTaHAAPT-
HBIMU TTpPUEMaMU 3aBeZOMO HEBO3MOXKHO, a BOT ypPaBHEHHUS BHUA «JIOTaA-
pudM paBeH YHCITY» WIN «CHHYC PaBeH YHCITy» OyZyT pelraThes y:ke 6e3
0co60ro TpyZia U BIIOJIHE CTAaHAAPTHBHIMU METOJaMu. [Ipyu pellleHuu Ta-
KUX 337la4, pasyMeeTcsi, IIPUXOAUTCS MCIIONb30BaTh HE TOJBKO CBOKCTBA
OTPaHUYEHHBIX QYHKIIUH, HO U, HAIIPUMED, CBOKMCTBA MOHOTOHHBIX QYHK-
1uid. [ToaToMy OTHeceHMe 3aJa4l K TOMY WJIM UHOMY THITYy ITOPOU SABJIA-
eTcs OIpeZieJIEHHON YCIOBHOCTBIO, HO B JIFOOOM CJIydyae KJIIOYeBOU Hzeei
pelieHus OCTaéTcs MpUMEHEHNE CBOUCTB deMeHTapHBIX (GYHKIUM, U3y-
YaeMbIX B cpeZiHel MiKoje. HallOMHUM OCHOBHBIE CBOMCTBA, CBSI3aHHBIE
C OTrPaHUYEHHOCThIO QYHKIIUHA WIN anrebpanvecKuX BhIPAKEHUM, U CTaH-
JlapTHbIe HEPABEHCTBA, KOTOPBIE MMOHAO0ATCA B JaTbHEUIIIEM

1) a®+b? > 2ab anst M06BIX AEHCTBUTENbHBIX d U b, IpUYEM a?+b*=
=2ab, Tonbko ecu a =b;

2) a+b >2+vab pna mo6LX HEOTPHUIATENBHEIX d U b, mprdéM a + b =
=2+/ab, TonpKo eciu a =b;

3) a+%>2 npu a>0, npuuém a+%:2, TOJIBKO ec/ii a=1; a+%<—2

.. 1
pu a <0, npuuém a + .= —2, TOJIBKO eciu a = —1;

2 b 2 b? b? )
4) ax +bx+c=a(x+£) +C—EZC—E mpu a > 0;
bZ 2

b )2 b
2 _ .
ax +bx+c—a(x+2a) +c—4a<c—4a pu a < 0;

5) |sinx| < 1, |cos x| < 1 mpu nt06BIX A€HCTBUTENBHBIX X;
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6) |asinx + b cos x| < 4/ a?+ b? npu MOGHIX AEACTBUTENBHBIX d, b, X;

7) —g <arcsinx<§; O<arccosx < ; —g <arctgx<§; O<arcctgx<m.
Ha npuBe€HHBIX BBIIIE HEPABEHCTBAX M UX KOMOWHAIIUAX OCHOBBIBA-
eTcs pelieHHe OONMBIIMHCTBA 33a/a4 3Toro naparpagda. Kpome toro, Bech-
Ma CyIlleCTBEHHBIM 3JIEMEHTOM pellleHUs O6yeT OUeBUAHOE YTBEPKAECHUE,
0 KOTOPOM YIIOMHUHAJIOCH BbIIle. CHOpMYyIHUPyeM ero B SBHOM BU/JE.
YrBepkgenme 1. Eciu max f(x) = ¢ u ming(x) = ¢, TO ypaBHeHUe

f(x) =g(x) uMeeT TO Ke MHOXKECTBO PEIlleHHH, YTO U CHUCTEMA

fx)=c,
glx) =c.

Jlnist pellleHusT HEKOTOPBIX HEPABEHCTB IIPUMEHSIETCS TOYTH aHAIOT Y-
HOE YTBEPKAEHHE.

YrBepxkgenme 2. Eciu max f(x) =c¢ u min g(x) =c¢, To HEpaBEHCTBO
f(x) > g(x) uMmeeT TO Xe MHOXKECTBO PEIIEHUH, YTO U CUCTEMaA

f) =c,
glx) =c.

OTH yTBEP)KAEHUS, pa3yMeeTCsI, OCTAaHYTCSA B CUJIE U B TOM CJIy4ae, ec-
v f u g 6yayT GYHKIUIMU He OZJHOTO, a Pa3HbIX apTyMEHTOB.

Bo MHOTMX c/ly4yasx MpU pelleHWU HeCTaHJapTHBIX HEPAaBEHCTB OKa-
3BIBAETCA TIOJIE3HBIM CJIEIVIOIIEE CTOJb JKe OUeBUAHOE YTBEPXKAEHUE.

YrBepxkaenne 3. /s Toro yToObl HepaBeHCTBO f(x) > g(x) umesno
XOTs OBl OZTHO pellleHne, HeoOX0AMMO (HO He JOCTaTOYHO), YTOOBI BBITION-
HAJIOCH yCIoBHe max f (x) > ming(x).

[Mepe#izéM K TpuMepaM, HauaB C OTHOCUTENbHO HECTOXKHBIX TPUTOHO-
MeTpUYEeCKUX YpaBHEHUH.

ITpumep 1. Pemiute ypaBHeHUe cos(27x) + cos(2 V2mx) =2.

Pemienue. Tak Kak cos(27x) < 1 u cos(2+v/2mx) < 1, eBast 4acTh JaH-
HOTO YpaBHEHUS He MPeBOCXOAUT 2. PaBHOM 2 0HA MOXKET OBITh B TOM U
TOJIKO TOM CJIy4ae, eCiiu

cos(2mx) =1, 21x = 27N,
cos(2v2mx) =1, oTEyAd 2V2nx = 27k,
Y, 3HAYUT,
X =n,
V2x =k,

rae k€Z,neZ. Ecmun=k =0, To x =0 — pelteHue cucteMmbl. Eci n #0,
TO X 70 ¥ MOXHO BTOPO€e YpaBHEHUE MOCTEeHEN CUCTEMBI TOWIEHHO pas-
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k
JenuTh Ha mepsoe. [Tomydum 2= - Tockombky V2 —u4ucno uppatuo-
k k
HaJIbHOE, A - — THCIIO PALMOHATBHOE, PABEHCTEO V2= — HE MOXET BBI-
TIOMHATBCA HY MPH KaKKX Heabix k u n. ClesoBaTebHO, X = 0 ABIAeTCA

€IMHCTBEHHBIM PELIEHUEM CHCTEMBI
x =n,
V2x =k,
a BMecTe C Hell ¥ JaHHOI'O ypaBHEHMUS.

Omeem: 0.

PaccMOTpeHHBIN IprUMep JIIOOOIBITEH HECKOIBKO HEOXUAAHHBIM I
MHOTHUX IIKOJTBHUKOB pe3y/lbTaTOM: TPUTOHOMeTpHUYecKoe ypaBHeHHe 1Me-
€T €JMHCTBEHHBbI KOPEHBb, a HE «IIPUBBIYHOE» OECKOHEYHOE YHCIO pe-
ImeHUi. DTO OOBACHAETCA HECOM3MEPUMOCTBHIO apryMEHTOB CJIaraeMbIX
B JIEBOU YacTH ypaBHEHU.

ITpumep 2. Pemnue ypaBHEHUE Sin (g sin(g sin(g (sin gx) ) ) ) =0.

Ea) =0, To a =2k, k € Z. Ecu nipu 3TOM emé

2
la| <1, To k=0, a =0. [TosToMy ZlaHHOEe ypaBHEHNE PAaBHOCUIBHO ypaB-
T
2

Omeem: 2n, n€Z.

IMpumep 3. Pemute ypaBHeHUe 4sin3x + 3 cos4x =7.

Pentenue. Tak kak sin 3x < 1 u cos4x < 1, ieBad 4yacThb JAHHOT'O ypaB-
HEHUS He TIPEBOCXOAUT 7. PaBHOM 7 0HA MOXKET OBITh B TOM U TOJBKO TOM
cay4ae, eciuv

Pemenne. Eciu sin(

HEHUIO sin( x) =0, oTkyZa x=2n, n €Z.

sin3x =1, X = %
OTKyZa d

cos4x =1, x

rae k € Z, n € Z. OcTaércsi yCTaHOBUTD, CYIIECTBYIOT JIU TaKUe IieJIble K U N,

IIPY KOTOPBIX MOC/IeJHAA cucTeMa UMeeT pelleHud. [y 5TOro mpupas-
HfAeM IIpaBble 4acTU YpaBHEHHI 3TOM CHCTEMBI: % + 23ﬂ = %k, OTKyZa
IOCJIe YMHOXKEHUS 00erX JacTell IoMy4IeHHOTO paBeHCTBa Ha 6 U IeIeHHs
Ha 7 nonyduM 1+ 4n = 3k. CyuiecTByeT CTaHZAPTHBIN CrIocob pelleHws
[IOJIy4eHHOT'O YpaBHEHMU B I[eJIbIX YMC/IaX, KOTOPBIM He BXOAUT B IIPOTrpaM-
My cpefHel mKombl. TeM He MeHee, TOJ00OHBIE 33/ja4H TIOIIAZIAI0TCA U B 9K-
3aMeHallMOHHBIX BapUaHTax, ¥ Ha OJMMIIMaZax pasHoro ypoBH:A. JIia ux
pellleHys1, KaK IPaBWIo, JOCTATOYHO UCIIONb30BaTh dJIeMeHTapHbIe CO06-

PaXXeHud, CBA3aHHbIE C ZEJTMMOCTBIO LIE/JIbIX YNCEII, 160 BOCIIO/Nb30BATHCSA
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€/IJVHUYHOU OKPY>KHOCThIO, OTMETHB Ha Hell TOuKaMu pelleHus KaxJoro
13 YpaBHEHUH U BRIOPAB COBIABIIME TOYKU. [TocaeHM criocob yacTo Be-
JIET K He0OXO[UMOCTH OTMEeYaTh OOJBIIIOE YHUCIO TOUEK, TTOITOMY BOCITOJb-
3yeMcsi cOOOpaskeHUsIMU IeTuMOCTH. V3 paBeHcTBa 1+ 4n = 3k cieayer,
yron=3k—3n—1=3(k—n) —1, T.e. n—uucio Buza n=3l — 1, rae
leZ. Ho torma 3k=1+4n=1+4+4(3l—1) =121 — 3, otkyza k=41 — 1.
Takum oOpa3oM, HakIeHbI Heyibie k ¥ n, IPU KOTOPBIX BHITIOTHAETCS CH-
crema

>

_m , 27n
X=6*t73
T

ook
==
OcTasoch IpaByo YacTh JII0O0T0 U3 YPaBHEHUI 3TOM CUCTEMBI BRIPA3UTh

yepes [. TTonyunm x = —g +2nl, l€Z.

Omeem: —% +27nl, l€Z.

ITpumep 4. Pemnite ypaBHeHUe Sin 7x - cos 6x = —1.
Pemrenwe. Tak kak |sin 7x| <1 u |cos6x| < 1, meBast 4acThb ypaBHEHUsI
OyZieT paBHOR —1 B TOM M TOJIBKO TOM CJIy4ae, eCIr

sin7x =1, sin7x = —1,
Wi
cosbx = —1 cosb6x = 1.

BMeCTO /IByX CHCTEM MOXKHO IMOTYyYUTb OJHY, €CJIU CHavYasa BOCIIOIb30-

oo . 1, . . o
BaThcs GopMysioi sina - cosff = E(sm(a + ) +sin(a — 3)) u nepeiitu
K ypaBHEHHUIO sin 13x + sin x = —2, oTkyza

sin13x = —1, x=—%+21%,
. Y, 3HAYWT, 2
sinx = —1, x=-3 + 27k,

rae k € Z, n € Z. OcTaércsl yCTaHOBUTD, CYIIECTBYIOT JIU TaKUe IieJIble K U N,

IIPpY KOTOPBIX ITOCJIEAHAA CUCTEMA NMEECT PEIICHUA. ,Z[JIH 9TOrO IMpUpaBHA-

o o .. m ,2nn_ 0w 2k
€M [PABbIE YaCTH YPABHEHUH 9TOU CUCTEMBL: — 52 + 55 =—7% + 27k, OT-

KyZa IIocje yrpolleHuit nonyduMm —1+ 4n=—13 + 52k. CiegoBartesbHoO,
n=13k — 3, ¥ pelIeHUAMYU CUCTEMBI ABJISIOTCSI KOPHHU €€ BTOPOI'o ypaBHe-

HUA, T. €. x:—%+2nk, keZ.

Omeem: —% + 27k, k€.

[Ipumep 5. PemuTe ypaBHenwue sin’ x +cos'® x =1.
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Pemenne. 13 HepaBeHcTB 0 < [sinx| <1 u 0 < |cosx| < 1 cruexyer,
gTo sin’ x < sin? x, cos'® x < cos? x. [ToaToMy J1eBad YacTh ypaBHEHHUA He
npeBocxoguT sin? x + cos® x, T. e. He peBocxoAuT 1. PaBHOI 1 oHa 6yzeT
B TOM M TOJIBKO TOM CJIydae, ecIu

7 2

X = sin” x, sin? x(sin°x —1) = 0,
OTKyZa
cos'® x = cos? x, cos? x(cos'' x—1) = 0.

sin

V13 mepBoro ypaBHEHUS [TOCAe[HEN CUCTEMBI ITOJydaeM, 4To sinx =1 nim
sinx = 0. Ecm sinx =1, To cosx =0 U BTOpoe ypaBHEHUE CHUCTEMBI

T .
BBITIONTHEHO. CrefoBaTeIbHO, X = 5 + 2k, k € Z, Eciu sinx = 0, TO

cosx ==1, HO BTOPOMY YPaBHEHHUIO TIOCJIEAHEN CUCTEMBI y/ZIOBIETBOPSIET
TOJIBKO cOs x = 1. 3HauuT, X =27n, n €Z.

Omeem: % + 27k, k€Z; 2nn, n€Z.

PaccmoTprM Tenepb ypaBHEHNE, B KOTOPOM JieBast 1 IIpaBas 4acTH 3a-
BHCAT OT Pa3HbIX apTyMEHTOB, T. €., II0 CYIECTBY, YPaBHEHHE C BYM Iie-
PEMEHHBIMU.

IMpumep 6. HatizuTe Bce mapsl (x; y) AeMCTBUTENbHBIX YHCET X U Y,
U1 Kakz0i 13 KoTophix 2! =cos y.

Pemenue. 13 HepaBencTBa |x| > 0 creayet, uro 2% > 1, u, mockonpky
cosy < 1, ;aHHOE paBeHCTBO BO3MOXKHO B TOM U TOJIbKO TOM CJIydae, eCIi

2k =1, x =0, Les
OTKyZa e .
cosy =1, VA y =27k, A

Omeem: (0; 2mk), k € Z.

AHaJIOTUYHbIE UZIEH, KaK Y)Ke OTMeYaioCh, UCIIOIb3YIOTCS U MIPH pellie-
HUU HEPaBEHCTB.

IIpumep 7. Penmite HepaBeHCTBO log, (8x2 —24x +27) <|sin(mx)| + 1.

Pemennie. Cpasy IOHATHO, YTO CTaHJZAPTHBIE IPUEMBI U METOIBI
37ecb He IMOMOryYT. IlompoOyeM HCIIONb30BaTh OIPAHWUYEHHOCTb CHHY-
ca u moxymsa: O < |sin7tx| < 1. [MosToMy mpaByio 4YacThb HepaBeHCTBa
MOXKHO OIeHUTh Tak: 1 < |sin7tx| 4+ 1 < 2. Yto Kacaercsa JIeBOM 4acTHU
HEPaBEHCTBA, TO 3/leCb CHavaja HY)KHO BBIJEJUTH IOJHBIA KBajpaT:

8x2—24x+27—8(x—§)2+9 [TOCKOJIBK 8(x—§)2+9>9 OJTy-

2
gumM, uto log,(8x2 — 24x + 27) =log, (8 (x — %) + 9) >log,; 9, oTkyza
logs (8x2% — 24x + 27) > 2. Takum ob6pa3om, JieBas 4yacThb HEPABEHCTBA HE
MeHblIle 2, a MpaBas ero 4actb He Gosbire 2. [TosToMy ZaHHOE Hepa-
BEHCTBO OyZIeT BBIITOJIHEHO, TOJBKO €CJIIU W JIeBasi, U MpaBas ero 4acTu
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PaBHBI 2, YTO BO3MOXXHO B TOM U TOJIBKO TOM CjIy4ae, Korza
[sintx| =1,
log, (8x% — 24x +27) = 2.

EZAvHCTBEHHBIM KOPHEM BTOPOI'O ypaBHEHHUA CUCTEMBI ABJAETCA, KaK Cle-
AyeT U3 IpeAbIayIero, x = 1,5. [IpoBepKoii 1Ierko yoeJUThC s, YTO STO YKC-
JIO ABJIAETCA ¥ KOPHEM IIepBOTr'0 ypaBHEHNUs CUCTEMBL.

Omseem: 1,5.
ITpumep 8. HatizuTe Bce mapsl (x; y) AeMCTBUTENbHBIX YHCET X U Y,

JUI KaXkZoH 13 KoTopbix 30y +3 > 25_)/2 +9x2 + %

Penrenue. [TepenuimeM HepaBeHCTBO B Buzie 30y +3—25y2>9x2+ % .

BbieM B JIEBOM YacTH ITOJyYE€HHOTO HepaBeHCTBA ITONMHBIN KBazpart:
30y + 3 — 25y% =12 — (5y — 3)2. CrnegopatenbHo, 30y + 3 — 25y2 <
< 12. OneHuM IpaBylo YacTh HEPABEHCTBA, BOCIOIb30BABIINCH TEM, YTO

a®? + b? > 2ab. B Hamewm ciydae a = 3|x|, b = =. I[Tostomy 9x? + % >

2
x|
>2-3|x|- %, oTkyza 9x? + % > 12. Takum 06pa3om, JeBas 4acTh Hepa-
BeHCTBa He Gosbille 12, a mpaBas ero 4acThb He MeHble 12. [ToaToMy
JlaHHOE HEPABEHCTBO OyZeT BHIIOIHEHO, TOIBKO €CJIU U JieBasd, U MpaBas
€ro 4acTU paBHBI 12, YTO BO3MOXXHO B TOM UM TOJIBKO TOM CJlIy4ae, KOrzAa

3
12— (5y—3)2 =12, y=

-3,
2 U, 3HAYUT,
3l = 1%, x=1y/2,

Omesem: (\/? E)' (_\/? §)_
3°5)° 3’5

AHayToTUYHbIe TPUEMBI TPUMEHSIIOTCS U TPU pellieHny 60Jiee CII0KHBIX
3aza4. Bo3HMKaeT eCTeCTBEHHBIN BOMPOC: KAaK OMO3HATh TAKYIO 33a7ady?
KoHe4yHO, MOMOTYT B 3TOM IIpeX/ie BCero HaBBbIKU, IOJIYYeHHbIe MpU ca-
MOCTOATEJBHOM peIIeHUH MOJ00HbIX 33/1a4u. He mocieHIO0 pOJb Ur'paeT
U TO 0OCTOSITENBCTBO, O KOTOPOM YK€ He pa3 yIIOMUHAIOCh: TPAKTHYECKHU
HU OJJHA U3 3TUX 3a/la4 HE MOXKET ObITh pellleHa ¢ TOMOIIbIO CTaHAAPTHBIX
pHUéMOB: TTpeobpa3oBaHUi, 3aMeHbl MTeEPEMEHHOM U T.II., XOTA C HUMH
TIPUXOAUTCS UMETD ZIeJIO U TIPU PEIIeHUH Takux 3aza4. Kpome Toro, Ha-
BOZIUT Ha MBICJIb O TOM, YTO Ta WJIW WHAas 33/laya OTHOCUTCA K paccMart-
pUBaeMoOMy TUILY, e€ «BHEITHUU BW/l»: HAJUYKe KBa/IpaTHBIX TPEXUIEHOB,
CYMMBI IByX B3aUMHO OOpPaTHBIX BEJIMYNH, CHHYCOB, KOCUHYCOB U IPYTHX
OTpaHUYeHHBIX PYHKIHI. PacCMOTpUM elllé HeCKOJIbKO MPUMEPOB.
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IMpumep 9. Pemurte ypaBHeHUE

(4x*+12x+11) logg, z (cos2 (11x)+6 sin? %—8 sin* §+cos 2Xx—CoS x+2) =
= —4.
T_

4
rapudma, mocje HeCJIOXKHBIX TPeoOpa3oBaHUI MTOMyYUM ypPaBHEHHE

. _1 o
Pentenue. YauTsisad, 4To sin 272, yiepensd K OCHOBAQHUIO 2 Y JIO-

((2x+3)%+2) log, (cosz(nx)+6 sin? 5—8 sin* §+cos 2x—cosx+2) =2.

Janee,
6sin2§—85in4§+c052x—cosx =
= 6sin2§—8sin4§+c052x—1+23in2§ =
= SSinzg—Ssin“g—ZSinzx.

Ho BSinzg — 83in4§ = 8sin2§(1 — sin? %) = 8Sin2§C052§ = 2sin’x.

[TosTomy
cos?(7tx) + 6 sin? % —8sin* % +c0s2x — cosx +2 = cos?(rx) + 2.

Takum 06pa3oM, JaHHOe YpaBHEHUe TIPUBOAUTCA K BUAY
((2x+3)%2+2) logz(cosz(nx) +2) =2.

meeM cos®(11x) +2>2, moatomy log, (cos?(x)+2) >1. Ho (2x+3)*+2>
>2. ClefioBaTeIbHO, IeBad YacTh YPaBHEHM He MEHbIIe 2, U ypaBHEHHe
MIMeeT KOPHH, TOIBKO €CJIM OHA PaBHA 2, T. €. eC/I

{ log, (cos?(mx) +2) =1,

oTkyza x = —1,5.
@x+3)2+2=2, o

Omseem: —1,5.

OTMeTHM, YTO UMEHHO «BHEIIHUHN BUZ» 3TOTO YypaBHEHUA ABWICA IIO-
OyAUTETHPHON TPUYUHOM JI OLEHKU €T0 JIEBOHM YaCcTU: C IEPBOTO B3IVIAAA
FICHO, YTO CTaHZAapTHbIe IIPUEMBI U METO/bl HUYEro PaZloCTHOT'O 3/eCh He
CYJIAT.

IMpumep 10. Haiigute Bce mapsl (x; y) AeMCTBUTEIbHBIX YHCENI X U Y,

AT KaXKI0M M3 KOTOPBIX cosx — y2 > /y —x? — 1.
Pemrenue. [lepenuiieM JaHHOE HEPABEHCTBO B BUJE

cosx = y*+1/y—x2-1
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U IIOIBITaeMCs OLIEHUTD JIEBYIO U IIPaBYyIO0 YaCTHU IIOJy4eHHOr'o HepaBeH-
ctBa. C ymeBoi yacThio mpobiem HeT: —1 < cosx < 1. [ mpaBOH 4acTu
eZIMHCTBEHHOU 3allelIKoN fABJAETCA TO, YTO OHA OIlpe/iesieHa TOJMbKO IIPU
yenosuu y — x? —1 >0, otkyaa y > x? + 1 u, cregoBaTenbHo, y > 1. Ho
Torza u y2 > 1. BoT 0HO, HeloCTaroIee 3BeHO: TIpaBas YacTh HepaBeHCTBA
He MeHbIe 1, a seBas — He 6osbine 1. [ToaToMy HepaBeHCTBO OyZEeT BBI-
IIOJIHATHCSA, TOIBKO €CJIU U JIeBasd, ¥ IIpaBas ero 4acTu pasHHL 1. /lyig aToro
He0OXOANMO U IOCTaTOYHO, YTOOBI BRIIONHSIACH CUCTEMA

cosx =1,

y =1, OTKyzia {
y—x2-1=0,

x=0,
y=1

Omsem: (0; 1).
IIpumep 11. Penute ypaBHeHNe

\/2x(x—2)+3+2%/3x(x—2)+4+...+(n—1) an(x—2)+n+1 =
1 2 n—1

= + +...+ .
\/2x(x—2)+3 %/3x(x—2)+4 Vnx(x—2)+n+1

Pemenue. HecmoTpsi Ha Iyrarouuii BUj, A pellleHus 3TOro ypaBHe-
HUA OKAa3bIBAeTCs JOCTATOYHBIM BBHIIOJHUTDH CTaHZAPTHOE IIpeobpa3oBa-
HUe: BbIIeJIeHYe NIOJIHOT'O KBaZpaTa B KaXA0M U3 ITIOAKOPEHHBIX KBaApaT-
HBIX TPEXWIEHOB. B camoM fere,

nx(x—2)+n+1=nx’—2nx+n+1=n(kx—-1>2+1,

Y, 3HAYWT, an(x— 2)+n+1>1.
[ToaTOMY JIeBas 4acTh YpaBHEHUS He MEHbIIIE
nn—1)
1+2+...+n—-1= —a
(kaK cyMMa HECKOJIbKHUX MEPBBIX WIEHOB apUPpMETHIECKOM IIPOTPECCUN),
a rmpaBasi 4acThb He OoJbIle
1,2 n—1 _ nn-1)
TS =
11 1 2
n
CrnemoBaTeNbHO, JIEBasA U MpaBas YacTH YPaBHEHUsS PaBHBI
BO3MOKHO, JUIIb ecIn X = 1.
Omeem: 1.
IMpumep 12. Hatigure Bce maps! (X; y) AeMCTBUTENbHBIX YHUCENT X U Y,
JUTS KQKJJOM M3 KOTOPBIX

¥+ y3+2x% = y/xy — x2y2,
4xy®+y3+0,5 > 2x2+4/1+ Qx—y)%
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Pemienue. IlepBoe 3HAKOMCTBO C 33/layaMK TaKOTO POAa BhI3bIBA-
eT OOBIYHO YyBCTBO IIyOOKOHM O6€3BICXOAHOCTH. fICHO, YTO BO3BeAeHHE
B KBaJ[paT B JJaHHOM CJIydae MOTYT MO3BOMMUTH ce6e TOMLKO JIOGHUTeNH
«OYeHb OCTPHIX 6m0f». MEI jKe HOIBITaeMCcA CZelaTh KAKHUe-TO OLEHKH
7eBOi M TIpaBOil yacTeil ypaBHEeHMSA U HepaBeHCTBA, BIIPOYEM, OLITH
MoxeT, 6e3 0co60i HafeX/bl Ha ycrex. MTak, pacCMOTPUM ypaBHEHHe
JIaHHOM CHCTeMBI. BBIZIEIMM MOMHBINA KBajpaT B MOJAKOPEHHOM BhIpaske-
HUU B NpaBoii wactu: xy — x2y? = 0,25 — (xy — 0,5)2. CiemoBaresbHo,

Vxy—x2y2<,/0,25, T.e. 3/ xy—x2y2<0,5. 3uaunt, u y°+y>+2x><0,5.

[TepelizéM K HepaBEHCTBY aHHOM cucTeMbl. [Tockonbky v/ 1+(2x—y)2>1,
umeeM 4xy> + y> +0,5 — 2x% > 1, otkyza 2x2 — 4xy> — y° < —0,5. Croxus
IIOWIEHHO II0CIeAHee HEPABEHCTBO C HEPaBEHCTBOM y6 + y3 +2x%2<0,5,
nomyaum, uto ¥y — 4xy® + 4x% < 0. U 31€ch ¢ pajloCTHBIM U3yMIEHHEM
MBI 3aMedaeM B JIeBOi yacTu monHk kBagpat: (y° — 2x)2 <0. AcHo, uTo
HepaBeHCTBO (¥ — 2x)? < 0 BO3MOXHO, TOMBKO eciii y° = 2x. SICHO U To,
YTO IOJIHBIM KBaZpaT IOABWICA He CIy4aliHO, a 3HAYWT, Mbl HA BEDHOM
nytu. Ilockomeky y° = 2x, mepaBenctBo y°® + y® + 2x? < 0,5 mpumer
Buz 6x% + 2x < 0,5, a HepaBeHcTBO 2x2 — 4xy® — y° < —0,5 nmpuMeT BuZ
—6x? —2x < —0,5, oTkyza 6x% + 2x >0,5. TakuM o6pasom, 6x2 +2x < 0,5
u 6x> + 2x > 0,5, 4To, KaK JIerko J0raJaThcsi, BO3MOXKHO, JIUIIb €CIH
6x2+ 2x =0,5. KOpHAMU MOTy4eHHOTO KBa/[paTHOTO yPaBHEHHUs ABJAIOT-

1 1 1
cAYUCTa X = —5 (tormay=—1)ux= 3 (Torma y = 3_¢§)' CiemoBaTesbHO,
JlaHHas CUCTeMa MOXEeT UMETh B Ka4eCTBe peleHui Tonbko (—0,5; —1) u

(% ; 3%@) . OcTaérea caenarh IPOBEPKY U YCTAHOBUTD, UTO €JUHCTBEHHBIM
peureHneM cucremsl sapiagercs (—0,5; —1).

Omsem: (—0,5; —1).

[Tepeiizém K 3azlagaM ¢ IapaMeTpPOM.

IMpumep 13. HalizuTe Bce 3HaueHUA IapaMeTpa d, IPU KaXJOM U3

KOTOPBIX CHCTEMA YPaBHEHUN
|y|+a = 6sinx,
y*+22 = 6a,
(a—3)? = |22+ 62| +sin®2x+9
HMEET XOTs OBl OHO PEIIeHUE, U YKAKUTE PEIIEHUS CUCTEMBI /I KaXK/0-
ro 13 HalleHHbIX 3HaYeHUH d.
Pemenue. ITockonbKy |y| > 0 u sinx < 1, U3 epBOTO ypaBHEHUA CH-

cTeMBI ciefiyeT, 9To a < 6. TTockombky y* +22 > 0, U3 BTOPOro ypaBHEHUs
CHCTeMBI ciefyeT, 4To a > 0. Takum o6pazom, 0 < a < 6. TpeThbe ypaBHEHUE
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CUCTEMBI, PACKpbIBasg CKOOKM B €ro JIEeBOM 4YacTU W TPUBOAA IMOA00-
HEIe CIaraeMble, MOXHO IepeIucaTh Tak: a’ — 6a = |22 + 6z| + sin? 2x.
TlockonbKy |22 + 62| + sin®2x > 0, U3 MOCAeAHEr0 ypaBHEHHUS CIeAyeT,
uto a® — 6a >0, oTkyzAa a € (—»; 0] U [6; +). Y4uTLIBasA HepaBeHCTBO
0 < a < 6, nony4aem, 4TO AOIMYyCTUMBIMU 3HAYEHUAMU MTapaMeTpa a ABJA-
10TcA Tonbko O u 6.

[Tycts a =0. Torza us BTOporo ypaBHeHU: AaHHOU CUCTEMBI I1OIy4UM
y =2=0. IToaToMy nlepBOe ypaBHEHUE CUCTEMBI IIpUMeT BUZ sin x =0, OT-
kyga x=nn,n€Z.llpua=0, x=7n, n€Z, y =z =0 TpeTbe ypaBHeHUE
CUCTEMBI, OUeBHZHO, BHIIIOJHEHO.

[Tyctb a = 6. Torga jieBas 4yacTh II€PBOrO YpaBHEHUA JAHHON CUCTEMBI
He MeHblIe 6, a mpaBasgi— He 6osbie 6. PABEHCTBO BO3MOXKHO, TOJBKO

. T
ectn |y|=0wu sinx=1, otkyza y =0, x = 5+ 2mk, k € Z. Torga BTOpOE
ypaBHeHHe JJaHHON CHCTEMBI IPUHUMAET BUJ, 22 = 36, U, 3HAYUT, 2 = +6.
7 .
[lpua=6ux= 5t 2nk, k € Z, mocnesiHee ypaBHeHUE JaHHON CUCTEMBI

npuHuMaeT Buz |22 + 6z| = 0. V3 AByX 3HaueHMit z = £6 TOABKO 2= —6
AB/IAETCA KOPHEM ypaBHeHus |22 + 62| =0.

Omeem: (1tn;0;0), n € Z, npu a = 0; (% + 27tk; O; —6), k €7, npu
a=06; IpU IPOYUX a pelIeHNu HeT.

PemeHre BYyX C/IeAIOUIMX 33Ja4 OCHOBBIBAeTCA KaK Ha CBOMCTBax
OTpaHUYEHHBIX QpYHKI[UN, TaK ¥ HA CBOMCTBAaX MOHOTOHHBIX (pYHKIUI, YTO
IIOKA3bIBAET OIpeZle/IEHHYIO YCJIOBHOCTh OTHECEHUs HEKOTOPBIX HeCTaH-
JApTHBIX 33/1a4 K TOMY WIM UHOMY Tumy. [IOCKOTBKY B 3THX IpHUMepPax
MOHOTOHHOCTb UTPAeT XOTs U BEChbMa CYIIeCTBEHHY0, HO BCIIOMOTaTe h-
HYIO POJIb (C €€ MOMOIIIBIO JOKA3bIBAETCA OTPAHUYEHHOCTD QYHKIIMN), OHU
BKJIFOYEHBI UMEHHO B 3TOT, a He B NpeAbIAyIuii maparpad.

ITpumep 14. Haiisure Bce 3Ha4eHHA IlapaMeTpa d, IIPU KaXJAOM U3
KOTOPBIX ypaBHeHue a” + 7|x| + 49 log, (2x? + 7) = 7a + 3|2x — 7a| umeer
XOTs OBbI OVH KOPEHb.

Pemienue. [lepenuiiem ypaBHeHUE B BUZie

a?—7a+49 10g7(2x2 +7) = 3|2x — 7a| — 7|x]|
U paccMoTpuM GyHKIUH f(X) = a® — 7a + 49 10g7(2x2 +7) u glx) =
= 3|2x — 7a| — 7|x|, omnpezenéHHble ¥ HENPEPHIBHBIE Ha BCEM YMCIOBOM
mpsaMoii. I'paduk byHkuuu y = g(x) mpeacTaBiseT cobo¥ JOMaHYyIo,
COCTOSAIIYIO M3 OTPE3KOB MPAMBIX U Jjydeil. IIpu x > 0 Kaxzg0e 3BEHO
JIOMaHOH SIBJISIETCS YacThio MpsMou Buzaa y =kb + 1, rae k <0 (mmockomb-
Ky BHE 3aBHUCUMOCTH OT «PAaCKpBITUS» JPYroro MOAY/ISA KO3(OHUIMEHT
mpu x OyzeT orpuiatenbHbIM). CleoBaTeNbHO, HA IPOMeXyTKe [0; +-o0)
oyukiua y = g(x) yosBaer ot g(0) o —c. CoOBepIIEHHO AHAJOTUYHO
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MOXXHO ITOKa3aTh, YTO Ha IpoMexyTke (—oo; 0] ¢yHkumsa y = g(x) BO3-
pacraet ot —o0 710 g(0). [ToaToMy B Touke x =0 3Ta GYHKUIUSA AOCTUTAET
cBOero Haubosblnero 3HaveHwus, T.e. maxg(x) = g(0) = 21|al. fcHo,
gto min f(x) = f(0) = a® — 7a + 49, npuuéMm Ha HpoMexyTke [0; +o)
¢bynkiua y = f (x) Bo3pacraert ot f(0) 10 +, a Ha poMexyTKe (—o; 0]
byaxuua y = f(x) y6sBaer or +o go f(0). ITosaToMy A1 paccMar-
puBaeMbIX QYHKUMHM ypaBHeHHE f(x) = g(x) mMeeT XOTS OB OAMH KO-
PeHb B TOM U TOJIBKO TOM cjiydae, ecau min f(x) < max g(x), T.e. ecnu
a’> —7a+49 < 21|al. TIpu a > 0 mocteZiHee HEPABEHCTBO IIPUBOAUTCS
K Buzy a® — 28a + 49 <0, oTkyza a € [14 — 74/3; 14+ 74/3]. IMpr a <0
HepaBeHCTBO a’ — 7a + 49 < 21|a| npuBoauTea k Bugy a’ + 14a +49 <0,
T.e. (a+7)?<0, oTkyza a=—7.

Omeem: {—7}U[14—7+/3; 14+ 7/3].

3ameuanue. YciroBre min f (x) < max g(x) sBisgeTcs, BooOIle roBo-
P, TOMIbKO HEOOXOMMBIM yCIOBHEM CYIECTBOBAHUS KOPHEN YpaBHEHUS
f(x) = g(x). BrllloJTHEHNE 3TOTO YCJIOBUS €€ He O3Ha4yaeT 00s3aTeshb-
HOTO CYIECTBOBAHUA KOPHEW TaKOTO ypaBHeHMs (CM. pUCYHOK). JlocTa-
TOYHOCTH HY)XZaeTcs B Oojiee TOoAPOOHBIX 000CHOBaHUAX (aHAJIOTHYHBIX
CZIeJIaHHBIM TIPU pellleHru mpuMepa 14), 0OBIMHO OCHOBAHHBIX Ha MO-
HOTOHHOM BO3paCTaHWM OFHOW W3 JAHHBIX GYHKUMHA W MOHOTOHHOM
yOBIBAaHUHU ZIPyTOM Ha COOTBETCTBYIONIHX MMPOMEXYTKAX.

y

y=8)

y=fx

[Ipu pellleHUU MOCAEAHETO IPUMeEpa ITOTO maparpada HUCIOoIb3yIOTCS
CXOXKUE U/IeV, TOJIBKO BMECTO YPAaBHEHUS PaCCMaTPUBAETCS HEPABEHCTRO,
a YHCJIO TIEPEMEHHBIX YBEJTMYEHO /10 /IBYX.

IMpumep 15. HaiizuTe Bce 3HaueHUsA MapaMeTpa d, IIpU KaXIOM U3
KOTOPBIX ZJIsA IFOOOU maps! (U; V) AeACTBUTETbHBIX YUCEN U U V BBITIOTHEHO
HePaBEHCTBO

13sinu — 7|sinu+v — 2a|+3|sinu —2v —a — 1| < 16.
Pemenue. [TlepenunieM HepaBeHCTBO B BUJE
13sinu — 7|sinu+v — 2a|+3|sinu—2v —a—1|—16 < 0,
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BBEZIEM HOBYIO TIEPEMEHHYIO t = Sinu W paccMoTpuM GyHKUuio f(t) =
=13t —7|t+v —2a|+ 3|t —2v —a — 1| — 16, onpefe€HHYIO U HEIIPEPHIB-
HYI0 Ha BCell YMCIOBOM mpsiMoii. I'paduk 3ToM OYHKIMU TpeACTaBIsIET
co0601i IOMaHy10, COCTOSIIIYIO U3 OTPE3KOB MIPSIMBIX U JIYIel, KaXK/10€e 3BeHO
KOTOPOH SIBJISIETCS YacThIO MPsIMOM Buzia y =kt + [, rae k > 0 (TIOCKOMBKY
BHE 3aBHCHUMOCTH OT «PACKPBITHS» MOAYJIeH KO3pPUIMEHT ph t OyaeT
moJIoXKUTENbHBIM). CrefoBaTenbHo, GyHKUMA Yy = f(t) Bo3pacraer Ha
(—o;+o). Ho t =sinu, moatomy t € [—1; 1]. HepaBenctBo f(t) <O
OyZeT BBITOTHATHCA A 106oro t € [—1; 1] B TOM U TOIBKO TOM CIIyYae,
eciamn [rnlai(] f () <0. B cuty MOHOTOHHOTO Bo3pacTaHus GyHKIMU y = f(t)

IIOJIy9rM, 4YTO

[rnlz:}ﬁf(t) =f(1)=-7]14+v—2a|+3|2v+a|—-3.

TakuM 06pa3oM, IPUXOAUM K HEPABEHCTBY
—7|11+v—2al+3|2v+a|—-3 <0,

KOTOPOE ZIOJDKHO BBIOTHATHCA IIPU JI060M JeHCTBUTETHHOM V.

PaccmoTpum Teneps ¢yHKImi0 g(v) =—7|1+v —2a|+ 3|2v +a| — 3,
OTIpeZIe/IEHHYIO U HEMpPEPBHIBHYIO Ha BCell YMCIOBOM mpsiMoii. I'padux
¢dyuknmu y = g(v) npeacrasiseT cob0i JOMaHYIO, COCTOAIIYIO U3 OTPE3-
KOB NIPAMBIX U Jydelt. [Ipu v > 2a — 1 kaxzo0e 3BeHO JIOMaHOU ABJsAeTCs
YacThIO IPAMOM BUga y =myv + p, rae m < 0 (II0CKOJIbKY BHE 3aBUCUMOCTH
OT «PaCKPHITUA» BTOPOTO MOZAY/IA K03OUIMEHT NIPU V OyAEeT OTpULIATETh-
HbeiM). CrezioBaTenbHO, Ipu v > 2a — 1 ¢yHKuua yosBaeT. CoBepIIEHHO
AHAJIOTUYHO MOXKHO ITOKa3aTh, YTO NPH V < 2a — 1 QyHKIMA BO3pacTaer.
[ToaTomy B Touke Vv = 2a — 1 3Ta GYyHKIUA JOCTUTAET CBOEr0 HAMOOJb-
IIero 3HavyeHus, T.e. max g(v) = g(2a — 1) = 3|5a — 2| — 3. HepaBeHCTBO
g(v) < 0 GyzeT BBIIOTHATHCA IPU JIOOOM [EHCTBUTETHPHOM V B TOM U
TOJIBKO TOM ciydae, ecad maxg(v) <0, T.e. 3|5a — 2| — 3 <0, oTkyza
|Sa — 2| < 1. Pemas mocjiegHee HEpaBeHCTBO, moaydnM —1 < 5a —2 < 1,
otkyza 0,2<a<0,6.

Omsem: [0,2; 0,6].

B 3akioueHue cZiesiaeM HECKOJIBKO 3aMe4aHUN. YBU/eB 3aJady, B KO-
TOPOU YMCJIO HEM3BECTHBIX OOJIBbIE YMC/Ia YpaBHEHUM (HEpaBEHCTB), HE
cnenyeT myratbeA. Kak mpaBuiio, Bce He TaK CTPallHO U HeZoCTaloliee
ypaBHEHUe WM HepaBeHCTBO MOMYYUTh He Tak cJI0kHO. Kpome Toro, fa-
’Ke He BCeJIAIolYe IIoOHaYaly ONTMMU3Ma ypaBHEHUA, HepaBeHCTBA U CU-
CTeMBI IIyTéM Oosiee WIN MeHee OYeBHJHBIX OIIEHOK MOTYT OBITh CBeZie-
HBI K IPOCTEUININM YpaBHeHUAM WIH HepaBeHcTBaM. U nocieznHee. bonb-
IIMHCTBO 3a/lay 3TOTO TUIA He TpeOyeT JJIUTENbHBIX BBIYUCIEHUH, [IPU
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WX pEelIeHUH caMoe IVIaBHOE — JIeJIaTh JIOTHYeCKH Oe3ylpeyHbie BBIBOZBI
(BmpoyeM, Kak M NpU pelIeHUH 00U HeCcTaHAZAPTHOU 3aja4yu). Yciex
B 3TOM cJiy4ae Oy/ZieT TapaHTUPOBaH.

Yopaxuenusd k § 3.2

1. a) PemuTe ypaBHeHUe 2 cos(2+/37x) + 3 cos(27mx) =5.

6) Pemute ypasHeHue 5 cos(3+v/57x) + 2 cos(4mx) ="7.

2. a) Pemute ypaBHeHUe 5cos4x —4sin5x=9.

6) Pemure ypaBHeHUe 6sin 5x + 5 cos 6x=—11.

3. a) Pemute ypaBHeHuUe sin 9x - cos 8x=—1.

6) Pemmite ypaBHeHue cos 11x-cos13x=1.

4. a) Pemure ypasHeHue sin’ x + cos'! x=1.

6) Perute ypaBHEHUE sin® x +cos” x=1.

5. a) Pemnre ypaBHeHue 1+ cos® x = log, (x2+4).

6) PemuTe ypaBHeHue 3 + 2 sin® x =log, (27 — x?).

6. a) Haiizute Bce mapel (x; y) ZeWCTBUTENbHBIX YHCENT X U Y, AJs
Kax0#t 13 Kotopsix 3X 22 =5sin y + 4.

6) Haiigute Bce maphl (X; y) A€HACTBUTETbHBIX YUCET X U Y, JJIS KaK-
70#t 13 KoTophix 5P 32 =13 — 12 cosx.

7. a) Halizute Bce 3HaueHUs IIapaMeTpa a, IPU KaXKJOM K3 KOTOPBIX
cylefyrolnee ypaBHEHUE UMeET XOTs OBl OZJMH KOPEHb:

V/7cos(8x+9) +16 = 8a —a? — 13.

6) HalizmTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPBIX

ypaBHEHUE \/ 5sin(4x+3) +86 =5 + 4a — a®> uMeeT XOTs 6Bl OAUH KO-
PEHB.

8. a) HaiiguTe Bce 3HaYeHUs MapaMeTpa d, IPU KaKJOM U3 KOTOPHIX
creziyroliee HEpaBeHCTBO UMEET XOTA ObI OZHO pelleHMe:

15sin?(14x — 13) > 25a® 4+ 60a + 51.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPBIX
HepaBeHCTBO 4cos?(5x — 6) > 16a? — 24a + 13 uMeeT x0T 6B OJHO
peleHue.

9. a) HaiiguTe Bce 3HaYeHUS MapaMeTpa d, IPU KaKJOM U3 KOTOPHIX
ypasHeHue a*+ 12a + 34 + 3255 ~60x+37 — ¢o5(107x) uMeeT XOTs GBI OAUH
KOPEHb, ¥ YKAKUTE KOPHU YPaBHEHUS JJI KAK/IOTO U3 HaWJIeHHBIX 3HaYe-
HHUH a.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPBIX

ypasHeHue 16a + 40a + 20 + (100" ~60x+10 sin(57tx) = 0 umeeT XOTA OBI
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OZIH KOPEeHb, U YKAKUTe KOPHU YPaBHEHU JJI KOK/Or0 U3 HaleHHBIX
3Ha4YeHUH a.

10. a) HaiiguTe Bce 3HaueHUsA IapaMmeTpa d, IPU KaXKAOM K3 KOTO-
phix ypaBHeHuMe (4a® —17a+4)8 + (4x2_x — 4a)® =0 umeeT x0T 6B OAUH
KODPeHb, Y YKaXXUTe KOPHU YPaBHEHU /71 KOK/OT0 U3 Hal/[eHHBIX 3Hade-
HUU a.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypasrenue (5a% — 26a + 5)° + (55 — 5a)* = 0 umeer xoTst 6Bl OFUH
KOPEHb, U YKOKUTE KOPHU YPaBHEHUS I KOKJOTO M3 HalIEHHBIX 3Ha-
YeHU! a.

11. a) Hatizure Bce 3HaYyeHUs IapaMeTpa d, IPU KaXkKZlOM U3 KOTOPBIX
BHIp@KEHUE X + y IPUHUMAaET HauMeHbIllee BO3MOXXHOEe 3HaUeHUe, eCIi
(x; y) — pelieHre CUCTEMBI YpPaBHEHUH

12 4117 = 12949 4114764,
12% 4114760 = 129°+9 1 117,

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
BBIpa)KEHME X + y IpUHMMaeT HauMeHblllee BO3MO)KHOe 3HaueHUe, eCIu
(x; y) — pelieHre CUCTEMBI YpPaBHEHUI

x — Qa*+100 5—-20a
8°+3V =8 +3 ,
8% 4 35-20a — ga®+00 4 3y
12. a) Hatigure Bce 3HaueHUs apaMeTpa d, IpU KaXXJOM U3 KOTOPBIX

ypaBHEHUE Y lg?x—3lgx+a+ |a® — 5a + 6| = 0 umeeT x0T GBI OAUH

KOPEHb, U YKOKUTE KOPHU YPaBHEHUS I KOKJOTO M3 HalIeHHBbIX 3Ha-
YeHU! a.
6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX

4
aBHeHUe 1/ a’—2a-— x —lgx + a|] = 0 umeer x0T OB OAUH
2_2a-8+ |Ig? lgx + 0 6
KOPEHb, Y YKOKUTE KOPHU YPaBHEHUSA JJIA KaXKJOTO M3 HalJIeHHBbIX 3Ha-
YeHUH a.

13. a) Hatigure Bce 3HaYeHUs MapaMeTpa d, IpU KaXKJO0M U3 KOTOPBIX

ypaBHeHue log, ﬁ =2(x +a—3)%+4a® —20a + 26 umeer xo-

T OBl OZIUH KOPEHb, M YKAKUTE KOPHU yPaBHEHUSA JJIA KOKJOro U3 Ha-
JeHHBIX 3HaYeHUH d.

6) Halizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX

ypaBHeHHe log, m =3(x —a+3)*+4a* — 12a + 11 umeer

XOTs1 OBl OJJUH KOPeHb, M YKaKUTE KOPHU YpaBHEHUS [T KaKJOTO U3
HaliIeHHBIX 3HAaYEeHU d.
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14. a) HaiiguTe Bce 3HaYeHuUA I1apaMeTpa d, IPU KaXJOM U3 KOTOPBIX
cucTeMa ypaBHeHUH

sin’®(x — 1) +cos?®P(x — 1) = m—i- Vz—3+a®—4a+5,

sin®®(y —2) +cos*(y —2) = Vz—3++vx—1+a%—4a+5,

sin®®(z —3) +cos®P(z —3) = Vx— 1+ \/ﬁ+a2 —4a+5
MMeeT XOTA 6bI OZHO PellleHHe, U YKKHUTe PelleHHs CUCTEMBI I KaXK/0-
IO U3 Hal/IleHHbIX 3HAYeHUH a.

6) HaiiguTe Bce 3HaUeHUA MapaMeTpa d, IPU Ka)XJOM U3 KOTOPBIX CH-
cTeMa ypaBHeHUN

sin®® (x 4+ 3) +c0s®®(x+3) = \/y +2+ vz + 1 +a®+6a+ 10,
sin*®(y +2) +cos®®(y +2) = vz + 1+ v/x+3+a+6a+10,
sin®(z+1) +cos’®(z+1) = Vx+3++/y+2+a®+6a+10

HMeeT XOTs OBl OZIHO PellleHre, U YKAKUTE PEIIeHUS CUCTEMBI JJIS KaXK/0-
ro U3 HalileHHbIX 3HaYeHUH d.

15. a) HatiguTe Bce 3HaUeHUS MapaMeTpa d, TIPU KaKJOM U3 KOTOPHIX
cUCTEMa ypaBHEHU

cos®(x—10) = \/y —20+|a+6|+a+7,
cos®(y —20) = v/2—30+|a+6|+a+7,
c0s®%(z—30) = v/x—10+|a+6|+a+7

HMeeT XOTs ObI OZJHO pellleHre, U YKaKUTE PEIIeHUsI CUCTEMBI AJI KaXKA0-
ro 13 HalileHHbIX 3HaYeHUH d.

6) HaliznTe Bce 3HaYeHUA ITapaMeTpa d, IPU KAKJOM U3 KOTOPBIX CH-
cTeMa ypaBHeHUN

cos®(x+40) = y/y+50+|a—7|+a—6,
cos®®(y +50) = vVz+60+|a—7|+a—6,
c0s®(z24+60) = Vx+40+|a—7|+a—6

HMMeeT XOTsS ObI OZIHO pellleHre, U YKKUTE PEIIeHUS CUCTEMBI /1T KaXK/0-
r'o 13 Hali/leHHbIX 3HAYEeHUH d.
16. a) HaiiguTe Bce 3HaUYeHUs IapaMeTpa d, TPU KaXAOM U3 KOTOPBIX
ypaBHeHue x+2|x —3|—3|x—a—4|=7|x—a| umeeT X0Ts 6B OAUH KOPEHB.
6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
ypaBHenue 11|x + a| + 2x + 3|x — 5| =5|x + a — 4| umeeT x0T GBI OAUH
KODEHb.



§ 3.2. OrpaHUYEHHOCTD 139

17. a) HaiiguTe Bce 3HaYeHus napaMeTpa d, Ipy KaXJA0M U3 KOTOPBIX
ypaBHeHue x + 1+ 2|x — 2| =8|x —a+ 2|+ 3|x —a — 2| umeeT eqUHCTBEH-
HBI KOPEHb.

6) HatizuTe Bce 3HaueHUs MapaMeTpa d, MPU KaXXJOM U3 KOTOPBIX
ypaBuenue 13|x —a+ 1|+ 3|x + 7| =2x + 5|x —a + 5| + 4 umeer equH-
CTBEHHBIN KOpEHb.

18. a) HatiguTre Bce 3HaYeHUs IapaMeTpa d, IpU KaXXJO0M U3 KOTOPBIX
ypaBHeHue 4|x +a| + 2|x —a| + 2= x+ 9|x — 2| + 2|3a + 2| umeeT aBa
Pa3JIMYHBIX KOPHA.

6) Halizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
ypaBHenue 3|x —al + 4|x +a|=x+ 13|x + 1| + |7a — 1| + 1 umeeT gBa
Pa3INYHBIX KOPHA.

19. a) HalizuTe Bce 3HaUYeHUA NapaMeTpa a, IPYU KaXKZ0M U3 KOTOPBIX
ypaBHEHUE

17|x—a|+|a® = 7x+12|+|a®4+2x—15| = |2a® —6a+x — 3|+ |4|x| — |x+3a||
HMMeeT XOTsI ObI OZIH KOPEHb.

6) HaiizuTe Bce 3HaUYeHUs MapaMeTpa d, NMPU KaKJOM U3 KOTOPHIX
ypaBHEHUE
18|x+a|+|a® +8x+12|+|a® —x — 6| = |2a® —8a — x + 6| +|5|x| — |x —4a|
HMMeeT XOTsI ObI OIH KOPEHb.

20. a) HatizuTe Bce Touku (X; y) KOOPAMHATHOU IIocKoCcTH OXY, A
KaXKIoW U3 KOTOPHIX 5|x — 3|+ 3|x +2|=24/49 — y2 + 1.

6) HatiguTe Bce Touku (X; ¥) KOOPAUHATHOU TUIOCKOCTH OXY, I KaXK-
AOit U3 KOTOpBIX 9|x — 1| +4|x + 4] <34/25— y2 +5.

21. a) HatizuTe Bce 3HAUYEHMS MTapaMeTpa d, TIPU KaKJOM M3 KOTOPHIX
CylIecTBYeT XOTA ObI 0fjHA Takas mapa (x; y) 4ucesn AeHCTBUTENbHBIX Y-
cenxuy,dro 5|x —2|+3|x+a| <\/4—y>+7.

6) HaliznTe Bce 3HaYEHUs MTapaMeTpa d, PYU KaXKJOM U3 KOTOPBIX CY-
IeCTByeT XOTA Obl OfIHA Takas mapa (x; y) Yucen AefCTBUTENbHBIX YKMCET

xuYy,uro 5|x —al+3|x+2]</9—y2+6.
22. a) HatizuTe Bce 3HaueHUA lapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
cucTeMa ypaBHeHUH
a+y? = 4cos2x,

JY+z2=a,
(a—2)? = |22 — 22|+ |sin4x| + 4

HMMeeT XOTsS ObI OZIHO PellleHUe, U YKKUTE PEIIEHUS CUCTEMBI /I KaXK/0-
ro U3 HalleHHBIX 3HAYeHUH d.
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6) HaiizuTe Bce 3HaUeHUA rapaMmeTpa d, IpU KaX/JOM U3 KOTOPBIX CU-
cTeMa ypaBHeHUN
a+,/y = 2sin3x,
lyl+2z* = 8a,
(a—1)2 = |22 +2z| +|sin6x| + 1
VMeeT XOTs ObI OJHO pellleHNe, U YKaKUTE PEIleHUsT CUCTEMBI AJI KaKA0-
T'0 U3 HaW/JIeHHBIX 3HAYEeHUH d.
23. a) Hatiaure Bce 3HaueHUA apaMeTpa d, IpU KaKJI0M U3 KOTOPBIX

JUTs TF000M maphl (u; v) JeHWCTBUTENbHBIX YHCEI U U V BBIIOJHEHO Hepa-
BEHCTBO

13sinu —9|sinu —v +2a— 1|+ 2|sinu + 3v +4a — 1| < 15.

6) HaliguTe Bce 3HaYeHHs MapaMeTpa d, IPU KaKAOM U3 KOTOPBIX I
J000H Tapsl (u; V) AeWCTBUTENbHBIX YHCENT U Y V BHIIIOTHEHO HEPABEHCTBO

23cosu —17|cosu+v —3a—1|+4|cosu—3v+7a—1| < 31.
24. a) HaiizuTe Bce 3HaYeHUs MapaMeTpa a, JjA KaXJ0ro U3 KOTOPBIX

clleziyrolas cucTeMa ypaBHEHUH NMeeT XOTs OBl OZJHO pellleHue:

x?+y? = (a—2)?
—a?)(g? —
\/m = log, @-a)a’ -6 )4(a 6).

6) HaiiguTe Bce 3HaUYeHUS TapaMeTpa d, JJIs1 KaXKI0TO U3 KOTOPHIX CJie-
JyIolas CUCTeMa ypaBHEHUM UMeEET XOTs ObI OZTHO pellleHuE:

x*+3x+5=a+y,
— ) (-
/y—x—azloggw.

25. a) Hatizure Bce 3HaueHUs MapaMeTpa d, IPU KaXXAOM U3 KOTO-
PBIX CyIIeCTBYeT XOTsI ObI 0fiHa Takas mapa (Xx; y) AeHCTBUTENIbHBIX YHCET
X ¥y, 9TO

7 9+\/16—y2
V7 =5l +4kx+al -1 < V7+V16-y2+lg 7lx—5]+4lx+al+1°

6) HatizuTe Bce 3HaUeHUS MapaMeTpa d, IPU KaKJOM U3 KOTOPHIX Cy-
IIECTBYeT XOTS OBbI OfHA Takas mapa (x; y) AeHCTBUTENbHBIX YUCENT X U Y,
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4qTo

s 5+ 4/36—y?
Vsl +4l+2lx—al-2 < {2+ V36— ytHn g o T

26. a) Pemmre HepaBeHCTBO cos?(x +1)1g(9 — 2x —x?) > 1.
6) Pemute HepaBeHcTBO (4x — x* — 3) log, (cos® mx+1) > 1.
27. a) Pemute HepaBeHCTBO |v/2|x| — 1|log, (2 — 2x?) > 1.
6) PelriTe HEpaBEHCTBO 2 =2l log, (4x — x2—=2)>1.

28. a) PemuTe HepaBeHCTBO

(x%2—4x+3) log% (cos2 7x + cos x + 2 sin? %) > 2.
2

6) Pemmute HepaBeHCTBO

(x—x2 - %) logﬁ(2+2c052x —cos2x+3cos® x) > —2.

29. a) Pemute ypaBHeHUE

tg? m(x+y) +etg? m(x+y) = xzzil +1.
6) PemuTe ypaBHeHMe

2
sin®(x+y) —2sin(x+y)+2°

log,; [3x|+1ogps, © =

30. a) Hatigure Bce Tpoiiku (x; y; z) AeHCTBUTENIBHBIX YUCET X, Y, Z,

2 . -
4Cos4x) (5+1tg*5y)(6+sin62) =25.
6) HaiiauTe Bce Tpoiiku (X; y; 2) AeHCTBUTENBHBIX YHCEI X, Y, Z, /A

1
Sin4x) (3+-ctg?3y) (24 cos2z) =12.

31. a) Hatigure Bce Tpoiiku (x; y; 2) AeWCTBUTENbHBIX YUCET X, Y, Z,
JUTST K&KJOM M3 KOTOPHIX
tgx+3ctgx = 2¢/3siny,
siny+2cosz = 1.

JUIST KQXKZI0W U3 KOTOPBIX (cos 4x +

KaXZIo¥ 13 KOTOPBIX (4 sin4x +

6) Hatigute Bce Tpoliku (X; y; 2) AeWCTBUTENbHBIX YUCEN X, ¥, Z, AJIA
Ka)KIOM 13 KOTOPBIX

3tgx+ctgx = 2v/3cosy,
cosy+4sing = 1.

32. a) Hatigure Bce mapsl (Xx; y) AEWCTBUTEIbHBIX YUCET X U Y, JJIA

KaXkK/IoM M3 KOTOPHIX |x| > /1 —x2— y2+|y|+1.
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6) Haiizure Bce mapsl (X; y) AeHCTBUTEIbHBIX YUCENT X U Y, JJIA KaXK-

101 U3 KoTophix |x|+y?+4/x2—y2—1<1.

33. a) HatiguTe Bce mapsl (Xx;y) AeHUCTBUTENBHBIX YUCET X U Y, s
KaXZIo¥ U3 KOTOPBIX

V0,50 — )2 — (x — y)* = y* —2x?,
y = 4x*+4yx*+0,5.

6) Haiizure Bce mapsl (X; y) A€HCTBUTETbHBIX YUCENT X U Y, JJIA KaXK-
JIOM 13 KOTOPBIX

4y —2x% = /2(x +2y)% — (x +2y)%,
x*+2 <4y(®-1).

34. a) HalizuTe Bce 3HAYeHUS MapaMeTpa d, A KaXXAOTO M3 KOTO-
PBIX 7151 TI060TO AeMCTBUTENBHOTO 3HAUEHUS X BBIMTOJHEHO HEPABEHCTBO
|3 sin® x + a sin 2x + cos® x +a| < 3.

6) HaiizuTte Bce 3HaUeHU MapaMeTpa d, A KOKJOTO U3 KOTOPBIX AJIS
J060T0 eACTBUTELHOTO 3HAYEHUS X BBIIIOJTHEHO HEPABEHCTBO

|5sin x +asin2x +cos?x+a+1| < 6.
35. a) Hatizure Bce mapsl (Xx; y) AeUCTBUTENBHBIX YUCET X U Y, IS

Ka)KL[OfI 13 KOTOPbBIX
2

V/2—1y|(5sin® y —3sin2y —9 cos® y+3 ¥33)= arcsin2x+arccoszx—5%.

6) Haiizure Bce mapsl (X; y) AeHCTBUTEIbHBIX YUCET X U Y, JJIA KaXK-
ZIOW U3 KOTOPBIX

v/ x2 — 4(3sin x + 5sin 2x + 11 cos? x — 2 ¥/301) =
= 57t — 4arcsin® y — 4 arccos® y.

36. a) HaiiauTe Bce mapsl (X; y) TOTOXKUTENbHBIX I€HCTBUTETbHBIX YU~

Cesl X U Y, i KOKJ0N U3 KOTOPBIX % = %
X+—
1
X+ —F
v+l
o o y o
6) Haiizute Bce TpOUKU (X; y; Z) MOJOKUTENbHBIX A€HCTBUTENIbHBIX
yuces X, Y, 2, AJis KOKJ0N U3 KOTOPBIX 1 = %
X+
1
X+
1
Y1
yt—v

z-f—1
z
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37. a) HatizuTe Bce HabOPHI (X;; Xy; ...; X,,) TOTOKUTEIbHBIX J€HUCTBU-
1 n
TeJIbHBIX YHCEeTl Xq, Xy, ..., Xp, AJII KOTOPBIX =
1 n+1
X, + 1
X, + 1
.+ 1
X+ —
X1
(kakzas mepeMeHHas B JIEBOM YaCTH PaBEHCTBA HAlMCAaHa POBHO 2 pa3a).
6) Haiigute Bce HaGOPHI (X7; Xo; ...; X,;) OTPUIIATENbHBIX €HCTBUTEh-
1 1
HBIX YMCEeJT X1, Xg; +++; Xp, 1A KOTOPBIX X + ————75—— + - +1=0
S
.o + —1
X+ —
X1

(kaxzas mepeMeHHasi B JIEBOM YacTH paBEeHCTBa HallMcaHa POBHO 2 pas3a).
38. a) Haiizute Bce mapsl (a;b) AeHCTBUTENBHBIX YHCeN d U b, And
Ka)K/IOM M3 KOTOPBIX CJIEAyIOlee YypaBHEHNE UMEET XOTsI OBl OZNH KOPEHb:

(3x% —2b%+ab)?+ (3b% —ab+2a® — 12x)*+ 4 = 4x — x>.

6) Hatigute Bce mapsr (a; b) eHCTBUTENbHBIX YUCEN d U b, IJIs1 KaXKA0H
13 KOTOPBIX CJIeyIolllee YypaBHEHNE UMEET XOTsI ObI OWH KOPEHb:

(Bx—a®+ab—b*?+ (6x—a®—ab)? +x*>+9 = 6x.

39. a) Haiizure Hanbonbllee 3HaYeHHE MapaMeTpa d, IIPU KOTOPOM
cileziyrolliee HepaBeHCTBO UMeeT XOTs ObI OZIHO pelleHue:

a5 Ry — v2 va 2
a’(8x—x 16)+8x—x2—16> 3a|cos7'cx|.

6) Haiizute Haubosblee 3HaueHNE TTapaMeTpa d, IIPU KOTOPOM CJIeZy-
I0lllee HEPAaBEHCTBO UMEET XOTs ObI OHO pelleHue:

a\/a(xz—2x+1)+L < ‘t/}

sin =X
x2—2x+1

2

40. a) HaiiguTe Bce 3HaYeHUs IIapaMeTpa d, AJI KaKA0T0 U3 KOTOPhIX
ceZiyrolias CcTeMa HePAaBEHCTB UMEET XOTs ObI OZHO pellleHue:

x?+42ax+3a*+3a+3 < 3siny —4cosy,
0<y<2m.

6) HalizuTe Bce 3HaUeHUs MapamMeTpa d, Jis KaK/J0T0 U3 KOTOPHIX CJie-
JyIoIas CUCTEMA HEPABEHCTB UMEET XOTs ObI OZIHO PellleHHe:

x?+42ax+4a*+2a+4 < 4siny+3cosy,
0<y<2m.
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41. a) HaliguTe Bce 3Ha4eHUA NTapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
ypaBHeHUe

A+ @+2)?» log; (2x — )+ 1+@Ba+1? log;, (1 - x—;) =

2
= log,(2x — x*) +logy, (1 - %)

HIMeeT XOTsI OBl OVH KOPEHb, U YKAXKUTe KOPHU YPaBHEHU AJIST KQXKZOTO
13 Hal/IeHHbIX 3HAYEHUH d.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHeHUe

(1+ Ba+4)) logy (~2x —x) + (14 (a -2 logy (1- %) =
= log, (1 — %2) +log, (—2x —x?)

HMMeeT XOTsI ObI OZIMH KOPEeHb, U YKaXXUTE KOPHU YpaBHEHUS JJIsT KaXKOTO
Y3 Hali/leHHbIX 3HaYEeHUH d.

42. a) Hatizute Bce 3HAYeHUs ITapaMeTpa d, IPU KaXXJ0M U3 KOTOPHIX
ypaBHeHUe 4 cosx sina +2sinxcosa —3cosa= 2+/7 uMeeT XOTs 6bI OAUH
KOpeHb, U YKaKUTEe KOPHU YpaBHEHUA /JI KaXKJ0To U3 HalileHHbIX 3Have-
HUMH a.

6) HalizuTe Bce 3HaYeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHeHHe 3 cosXxsina — sinx cosa — 4 cosa = 3v/3 uMeeT XoTA 6bl OZIUH
KOpeHb, U YKaXKUTe KOPHU YpaBHEHMU JJid KaXKJ0ro M3 Hal/JeHHBIX 3Ha-
YeHUH d.

43. a) Haiizute Bce Tpoliku (x; y; 2) AeWCTBUTEIbHBIX YUCEI X, Y, Z,
JUIST KQXKZI0M M3 KOTOPBIX

\/%x2—2y2+222+102+6y+gx—17+

+ \/3x2 —2+/3x(cos(my) +cos(nz)) +4 = 0.

6) Haiigute Bce Tpoiiku (X; y; 2) AeUCTBUTENbHBIX YUCET X, Y, Z, AJIA
Ka)KIOM 13 KOTOPBIX

\/15x2+2y2—222—3\/§x—2y+102—4+

+ \/53{2 —2+/5xcos(my) cos(nz) +1 = 0.
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44. a) Haiizure Bce 3HaUYeHUS ITapaMeTpa d, MPU KaXKA0M U3 KOTOPBIX
clefyrolnee ypaBHEHHE UMeEeT XOTs Obl OZIMH IeJIBIN KOPEHb:

\/(x+3a—3n—4)(|x+n|+a—2n+2)+

+lo n’+a*+4 _
g“2(a m)|x+2|—x>—4x+2an

6) HaiizyTe Bce 3HaUeHU IapaMeTpa d, IpU KaKJOM U3 KOTOPHIX CJle-
Aylolllee ypaBHEHNE NMeeT XOTsA OBl OANH LIeJbIH KOpeHb:

a®+4n*+4 _
T 4x—x%2—2(a—2n)|x—2|+4na

—\/(x—5a+10n—34)(|71—x|—a+rt+2):

log 1

45. a) HaliguTe Bce 3HaueHUA IIapaMeTpa d, IpY KaXJ0M U3 KOTOPBIX
clleiyrolnas cucTeMa ypaBHEHUH NMeeT XOTs OBl OZJHO pelleHue:

’12\/cos%—5 — 12\/cos%—7‘+’24\/cos%+13‘ =

202+ (y—a)?) -1 =2\/x2+(y—a)2—%.

6) Haiizute Bce 3HaYeHUs IapaMeTpa d, IIPU KaXKI0M U3 KOTOPBIX CJie-
JyIoIiasi CUCTeMa YpaBHEHUM UMEET XOTs GBI OHO pelleHUe:

‘61/cos——5’ ‘1 6\/cos—’ ‘121/cos—+1’

ny 2x)

10 —9(x?2 +(y—a)2) :3\/x +(y—a)2—§.

46. a) HaiiguTe Bce 3HaueHU: ITapaMeTpa d, IPpY KaXXJOM M3 KOTOPBIX

ypaBHenue a2+ 5|x|+ 74/ 2x2 4+ 49 = 2x + 2|x — 7a| uMeeT x0T 6Bl OZUH
KODEHb.
6) Haiigute Bce 3HaueHUs mapaMeTpa d, IIPU KaXXAOM U3 KOTOPBIX

ypaBHenue a’ + 6|x|+ 54/ 3x2 4+ 25 =3x + 2|x — 5a| uMeeT x0T 6Bl OZUH
KODEHb.
47. a) HaiiznTte Bce 3HAYeHMs IapaMeTpa d, IIPYU KakJOM U3 KOTOPBIX

ypasHeHUe a? + 7|x — 4|+ 34/ x2 — 8x + 25+ 16 =4x + 2|x — 3a — 4| ume-
eT XOTA GBI OUH KOPEeHb.
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6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX

ypaBHeHMe a’ + 8|x — 5| + 21/x2—10x+29 + 25 = 5x + 2|x — 2a — 5|
UMEET XOTs1 ObI OTUH KOPEHb.

48. a) HaiiguTe Bce 3HaUYeHUA ITapaMeTpa d, IpU KaKJOM U3 KOTOPBIX
ypaBHenue a® + 8|x| + 4log,(5x% + 2) = 5x + 2|x — 2a| umeeT XoTA 6l
O/IH KOPEHb.

6) HaiiguTe Bce 3HavYeHUs MmapameTpa d, MPU KAKAOM U3 KOTOPBIX
ypasHeHue a” + 4|x| + 16log,(x* + 4) = x + 2|x — 4a| umeer xoTA GbI
O/IH KOPEHb.

49. a) HaliguTe Bce 3HaUYeHUA ITapaMeTpa d, IpU KaKJOM U3 KOTOPBIX
ypaBHeHue a”+ 8|x — 5|+ 361logg (x* — 10x +31) +25=5x +2|x — 6a — 5|
UMEET XOTs1 ObI OTUH KOPEHb.

6) HaiiguTe Bce 3HavYeHUs mapameTpa d, MPU KAKAOM U3 KOTOPBIX
ypasHenue a® + 8|x — 5|+ 9log, (x? — 10x + 28) + 25 =5x + 2|x — 3a — 5|
HMEET XOTs ObI OVH KOPEHb.

50. a) Hatizure Bce 3HaueHUA ITapameTpa d, IPU KaKI0M U3 KOTOPBIX
ypaBHenue a? + 5|x — 2| + 7 6 4 4 = 2x 4 2|x — 7a — 2| umeer x0T
OBl OJUH KOPEHb.

6) HaiiguTe Bce 3HavYeHUs mapameTpa d, MPU KAKAOM U3 KOTOPBIX
ypasHeHue a> + 8|x — 5| 4 3* 710v+27 4 95 — 5x 4 2|x — 3a — 5| umeer
XOTs1 GBI OTUH KOPEHb.

51. a) HaiizuTe Bce 3HaUeHUs MapaMeTpa a, IpU Ka’kKJJOM U3 KOTOPBIX

ypasHeHue a’ + 10|x| + 54/3x2+25 = 5a + 3|3x — 5a| umeeT xX0Ta 6B
OZITH KOPEHB.
6) HalizmTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTODPHIX

ypaBHenue a’ + 13|x| + 34/ 4x2 + 9 =3a + 3|4x — 3a| umeeT x0T 6bI OAUH
KOPEHb.
52. a) HalizuTe Bce 3HaUYEHMsA NMapaMeTpa d, IIPU KaXKAOM U3 KOTOPHIX

ypaBHenue a® + 8|x — 5| + 24/ x2 — 10x +29 = 2a + 3|x — 2a — 5| umeer
XOTs1 ObI OZVH KOPEHb.
6) HaiiguTe Bce 3Ha4YeHMs IapaMeTpa d, IIPU KaKIOM M3 KOTOPBIX

ypaBHenue a’ + 7|x — 4| + 5v/ x2—8x+41 = 5a + 3|x — 5a — 4| umeer
XOT# GBI OIH KOPEHb.

53. a) HalizuTe Bce 3HaUYeHUa IapaMeTpa d, IIPU KaXJOM U3 KOTOPBIX
ypasHenue a” + 13|x| + 91logs(4x? + 3) = 3a + 3|4x — 3a| umeet xoTs 6bI
O/IVH KOPEHb.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
ypasHenue a*+ 16|x|+361og. (5x2 + 6) = 6a + 3|5x — 6a| umeeT x0Ts GBI
OZIVH KODEHb.
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54. a) HalizuTe Bce 3HaueHUsA lapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
ypasHenue a® + 10|x — 7| + 16log, (x? — 14x + 53) =4a + 3|x — 4a — 7|
HIMeeT XOTs OBl OZITH KOPEHb.

6) Halizute Bce 3HaueHUs MapaMeTpa d, MPYU KaXXJOM U3 KOTOPBIX
ypaBHenue a* + 6|x — 3| + 16log,(x* — 6x + 13) = 4a + 3|x — 4a — 3|
VMeeT XOTs OBl OZITH KOPEHb.

55. a) HaiizuTe Bce 3HaueHUA NMapaMeTpa d, pU KaKJOM U3 KOTOPBIX
ypasHeHue a®+ 10|x — 3|4 4 ~6*+11 = 4q + 3|3x — 4a — 9| uMeeT x0T 6bL
OJIIH KOPEHB.

6) Haiizute Bce 3HaueHHS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
ypasHeHue a + 13|x — 4| + 55 8 +18 = 54 4 3|4x — 5q — 16| umMeet x0T
OBl OJVH KOPEHb.

56. a) HatizuTte Bce 3HaYeHUs apaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
ypaBHEHUE

a*+5a+ 6|x — 5a| +2510g; 5 (2x* — 20ax + 50a* + 15) = 2x + 3|x — 10q|

HIMeeT XOTsI OBl OZITH KOPEHb.
6) Haiizute Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHUe

a®+2a+16|x — 2a| + 41og, (7x* — 28ax +28a* + 6) = 7x + 8|x — 4a|

MMeeT XOTs Obl OAVH KOPEHDb.

§ 3.3. lHBapuaHTHOCTb

B stom maparpade OyayT paccMOTpPEHBI 3aZla4d, KJIIOYEBBIM IPH-
3HAKOM KOTODPBIX fBJSETCA HHBApUAHTHOCTH (T.e. HEM3MEHIEMOCTb)
YPaBHEHUS WIM HEPABEHCTBA OTHOCUTENbHO 3aMEHBI MEPEMEHHOU Ka-
KUM-T100 anrebpanyecKrM BhIpaXKEHUEM OT 3TOM IepeMeHHOoH. [IpocTeii-
MMM TIPUMEPOM WHBAPUAHTHOCTU SABJIAETCA YETHOCTD: eciu ¥ = f(x) —
4yéTtHasg QyHKUUA, TO ypaBHeHHe f(x) =0 MHBApUAHTHO OTHOCUTEIHHO
3aMeHBI X Ha —X, MOCKONbKY f(—x) = f(x) = 0. Anrebpandeckue BbIpa-
JKEHUsI, KOTOpble HE MEHSIOTCS MPU TMOACTAHOBKE BMECTO TepEMEHHOMN
KaKoro-1nbo ajare6panvyecKoro BHIPAKEHUS OT ITOU MEPEMEHHOMU, TaKKe
GyzeM Ha3blBaTh WHBAPUAHTHBIMU OTHOCUTEIHHO TAKOU MOACTAHOBKH,
WCIOb3yss 0062 —B JaHHOM C/ly4ae CHHOHMMHYECKUX — TepMHUHA: 3a-
MeHa U TIOACTaHOBKa. Tak, BepaxkeHue f(x)+ f(c —x) (34ech u ganee
¢ — MPOU3BOIBHOE [IEMCTBUTENBHOE YUCIO, OTIMYHOE OT Hy/IsI) He Me-
HSIETCsI TIPU 3aM€He X Ha ¢ — X W, 3HAYUT, UHBAPUAHTHO OTHOCHUTETbHO

o C
TakoM 3aMeHBI; BelpaxkeHue f(x) + f (;) IIpY JOIYCTUMBIX 3HAYEHUAX
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o C
IIEepEMEHHON HE MEHAETCA IIPU IIOACTaHOBKE ; BMECTO X, T.€. ABJIAETCA

MHBapHUaHTHBIM OTHOCUTENBHO TaKOM MOACTAHOBKU. 3aZjauM, B pelleHUU
KOTOPBIX MHBAapUaHTHOCTb UTpaeT KJIIYEBYIO POJIb, MOXKHO pa3JeluTb
Ha /IBe OCHOBHBIe Tpymmbl. K mepBoil — Hambosee MHOTOYHCIEHHON —
OTHOCATCA 3a/la4¥, CBA3aHHBIE C IIOUCKOM BCeX 3HaUeHUH lapaMeTpa, Ipu
KOTOPHIX ypaBHeHHe, HepaBeHCTBO WIM CHUCTeMa MMeeT eJUHCTBEHHOe
pemreHve (eAVMHCTBEHHBIN KOopeHb). CII0BO «eJUHCTBEHHOE» B GOPMYIIH-
POBKe TakoH 3azauy ABJAETCA KIIYEBBIM; ero HajJudyue CIyXKUAT CBOEero
poja CUTHaJIOM JJiA IIPOBEPKU ypaBHEHWs, HepaBeHCTBA WJIM CUCTEMBI
Ha MHBapUaHTHOCTb: €CJIM, HalpuMep, ypaBHeHUe He MeHsAeTcd IIpU
3aMeHe X Ha ¢ — X U JIOJDKHO UMETh eJAUHCTBEHHBI KOPeHb X;, 9TO

C
O3Ha4aeT, YTo Xy = ¢ — X, (OTKyZa X, = 5), Beb B IIPOTUBHOM CJIydae

BMECTE C YUCJIOM X, KOPDHEM ypaBHEHUs OYZET U YKCIO C — X, U, 3HAUUT,
ypaBHEHHE 3aBEOMO UMeeT Oojiee OfHOTO KOPHSA JHMOO BOBCE HE MMEET
KopHel. TakuM 06pa3oM, ecii TaKoe ypaBHEHHE MMeeT eIWHCTBEHHBIH

C C
KOPEHb, TO UM MOXXET OBITh TOJBKO X, = 3 IToxcTaBUB 5 B YPaBHEHHeE
C
2
6yZeT KOpHEM YpaBHEHMSI, ITOC/IE YETO OCTAHETCS TIPOBEPUTD, TIPU KaKUX
Y3 HaWJeHHBIX 3HAYEHWH TNapaMeTpa 3TO YHMCIO OyZeT eIUHCTBEHHBIM

KOpHeM, a IIPU KaKWUX ypaBHeHUe OyZieT MMeTb U Jpyrre KOpHU. AHa-

BMECTO X, MOKHO HalTH BCe 3HaYeHUsI TapaMeTpa, IIPU KOTOPBIX YHUCIIO

C
JIOTUYHO €C/JIM YypaBHEHUE HE MEHAETCA IIPU IMOACTAHOBKE ; BMECTO X U
o C
AO/DKHO UMETb €IMHCTBEHHBIN KOPEHDb Xy, 3TO O3HAYAET, YTO Xy = X_ (OT-
0

KyZAa x,==£+/c mpu ¢ > 0; npu ¢ <0 eAMHCTBEHHOCTh HEBO3MOXKHA) ; €CIIH
ypaBHeHME He MeHSeTCs IPU 3aMeHe X Ha —X, U JOJDKHO MUMETh eUH-
CTBEHHBIN KOPEHbB X, 3TO 03HAYAET, UTO Xy = —X, (0TKyza x,=0). UTax,
Korza B GopMyIupoOBKe 3azauu TpebyeTcs HANTH 3HAUeHUs ITapaMeTpa,
IIPU KOTOPHIX pellleHHe eJNHCTBEHHO, Hy>KHO IIPOBepUTh, He obiajaer
JU ypaBHeHHe (HEpaBEHCTBO, CHUCTEMa) CBOMCTBOM WHBAapUAHTHOCTH.
[Ipy MONOXKUTETHHOM OTBETE CJEAYET UCIIOIb30BATh AJTOPUTM, CXOXKHI
C IpUBeZIEHHBIM BBIIIE:

1) ycTaHOBUTH, KAKO€ YHCIO MOXKET OBITh €ZIMHCTBEHHBIM pelleHNeM;

2) NOACTaBUTH €ro B JJaHHOe ypaBHeHUe (HepaBeHCTBO, CUCTEMY) U
HaWTU COOTBETCTBYIOIINE 3HAUEHU TapaMeTpa;

3) ompezenuTh, IPU KaKUX U3 HaWJeHHBIX 3HAYEHU! IapameTpa 3TO
YUCJIO SIBJISIETCSA €JUHCTBEHHBIM pEIIeHUeM, a IPU KaKUX — HeT.

[Ipy oTpuIlaTebHOM OTBeTe HYXKHO ITOMCKaTh APyroi crocob perre-
HuA 3a7auu. O BTOPOU — Ky/la MeHee MHOTOUYMC/IEHHON — I'pyIIe 3a/ady,
KOTOpBIE MPUHATO Ha3bIBaTh (GYHKIMOHATBHBIMU ypPaBHEHUAMU, Dedb
MOMAET HIDKE, TIOCJIE PELIeHNs PsAa IPUMEPOB.
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ITpumep 1. HatizuTe Bce 3HaYeHUs IapaMeTpa d, IpU KaKJoM U3 KOTO-
PBIX ypaBHeHMe x2 — 2a sin(cos x) +a? =0 uMeeT e[MHCTBEHHbI KOpeHb.

PemeHue. 3aMeTHM, YTO €CJIU X, — KOPEHb YPAaBHEHUA, TO U —Xy—
€ro KopeHb. JIJig e JUHCTBEHHOCTU pellleHus He0OXOAUMO, YTOObI BBITIOJ-
HSJIOCh YCJIOBHE Xg = —Xg, T. €. Xg = 0. 3Ha4uT, ecu JaHHOe ypaBHEHUE
VMeeT eINHCTBEHHBIM KOPEHb, TO 3TUM KOPHEM MOXKeT OBITh TOJIBKO YHC-
g0 0. Haiiziém Bce 3HaueHUsA TapaMeTpa, IpU KaXKJ0M U3 KOTOPBIX uunciio 0
ABJIAETCA KOPHEM JlaHHOTO ypaBHeHus. [Ipu x = 0 ypaBHeHUe IPUMET BUJ,
—2asin1+a?=0, otkyza a =0 u6o a =2sin 1. Takum o6pa3om, cyIie-
CTBYIOT TOJIBKO /IBa 3HAa4€HUA ITapaMeTpa, IIPU KaXJOM U3 KOTOPBIX YUC-
J0 O ABeTCA KOPHEM JJaHHOTO ypaBHeHUs. OcTaéTcs MpoBepUTh, OyzeT
a1 x =0 eZAMHCTBEHHBIM KOPHEM YpPaBHEHMA NIpY Hal/IeHHBIX 3HaUYeHUAX
rapaMeTpa WU HeT.

IIycth a = 0. B 3ToM c/Tydae JaHHOE ypaBHeHMe TIpUMeT BUA x> =0 u
€ro eJUHCTBEHHBIM KOpHeM ABjAeTca X = 0. 3Hauut, a =0 y0BIeTBOpSAET
YCJIOBUIO 3a/,a4M.

[Tycth a=2sin 1. B aToM ciiyyae faHHOE YpaBHEHMe MIpUMeT BU/J

x%2—4sin1-sin(cosx)+4sin>1 =0,

oTkyzaa x>+ 4sin?1=4sin1-sin(cosx). ITony4nm ypaBHeHHe, KOTOPOe
CTaHZAPTHBIMU METOJaMU HE PENIUTh. [lompobyeM MPUMEHUTb CBOMCTBA
MOHOTOHHBIX M OTPaHUYEHHBIX QYHKIUM, 3aMeTUB, 4To —1 <cosx <1, a
Ha oTpe3ke [—1; 1] dyHKIMA y =sint MOHOTOHHO BO3pacTaeT U MPUHU-
MaeT cBOé Hambosbllee 3HaYeHHe npu t = 1. [ToaTomy sin(cosx) < sin1,
a 4sin1 - sin(cosx) < 4sin®1. Ho seBast wacth x% + 4sin®1 YpaBHEHUA
x%? +4sin?1=4sin1 - sin(cosx) He MeHbIue 4sin? 1. 3Hauwur, ypaBHeHUe
MMeeT KOPHU B TOM U TOJBKO TOM CJIydae, eClu

x%2+4sin?1 = 4sin’1,
4sin1-sin(cosx) = 4sin? 1,

oTtkyza x =0. CiegoBaTenbHO, a =2sin 1 Takke yOBIETBOPSET YCIOBUIO
3aZa4ym.

Omsem: 0; 2sin 1.

YKe 3TOT NMpUMep MOKA3bIBAET, YTO B IOZOOHBIX 33/a4aX IOTydYeHUEe
JOTIYCTUMBIX 3HaUeHWH MapaMeTpa— ZajleKo He caMasl CJIOXKHas 4acTb
pentenusa. Haubonee CIOXXKHOMN SBJISETCS MPOBEpPKa JAOCTATOYHOCTH, T. €.
[TIOKa3aTeIhCTBO WU ONIPOBEPIKEHHE TOTO, YTO MIPU HaliZIeHHOM 3HaUeHU N
rmapaMeTpa ypaBHEHUE JIeHCTBUTENbHO MMeEEeT eIWHCTBEHHBIH KODEHb.
B Tex ciryyasx, KOrzja Takoe ZI0Ka3aTelbCTBO IIPOBECTH He YAAETCHA, CIIeay-
€T TIoZ[yMaThb O TOM, He OyZeT JIu UMETh 3a/ja4a ellé Kakoe-T1ubo pelleHue.
Kak mpaBuio, Takoe pelieHrue MOKHO TOBOJBHO MPOCTO HANTH MOA60POM.
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ITpumep 2. HaiiguTe Bce 3HaUEHUA ITapaMeTpa a, IPU KKJAOM U3 KO-
TOPBIX CUCTEMA YpaBHEHUH

3-2M 4 5|y|+3x+4 = 5y2+3aq,
x2+y?=1
VMeeT eIMHCTBEHHOE PelleHue.
Pemenue. 3ameTruM, 4To eciu (Xy; Yp) — pelleHUe CHUCTEeMBl, TO U
(x9; —Yp) — pemieHre cucteMbl. CieZoBaTeNbHO, [ €JUHCTBEHHOCTHU

pereHyss Heo6X0AUMO, 9TOOBI BEIIIOTHSIOCH YCIOBHE — Yo =Y, T. €. Yo =0.
IIpu y =0 cucTeMa IpUMeET BUJ,

7+ 3x = 3a,
{xz =1.
Ecmmx=1,Toa= 13—0; eccmx=—1,Toa= % Utak, f0NyCTUMBIMU 3Ha4e-
HUAMU ITapaMeTpa ABJIAIOTCA JUIIb 3HAYEHUA d = % nua= 13—0

Ilycth a = g Torza gaHHad cucremMa IpUMeT BUJ

3-2M 4 5]y = —3x + 5y,
x2+y?=1

[ToHATHO, YTO CTaHZAPTHBIE METOABI PEellleHNs 3/[eCh OIIATh He paboTaroT.
[TonpiTaeMcA OLIEHUTDH JIEBYIO U IIPABYIO YACTU IEPBOr'O YpaBHEHUA IIO-
JIy4eHHOUN CHCTEMBI ¢ y4ETOM eé BTOpPOro ypaBHeHus. [Tockonbky |y| >0,
umeem 271 >1,a3-2V1 >3, 13 BTOPOT'0 YpaBHEHU: IIOTy4eHHON CUCTEMBI
cnenyer, uro |x| <1, |y| <1. Torma |y| > y?, 3 > —3x. Takum obpazom,
3.2V >3> —3x, 5|y| >5y% CregoarensHo, 3-2P!+5]y| > —3x +5y2,
NIpUYEM 3HAK paBEHCTBA BO3MOXKEH TOJIBKO B clydae, Korza 3 - 2 =3=
=—3x u 5|y|=5y?. lony4aem cucremy

3.2 =3

—3x =3, {x =-1,
OTKyZa

5|y| = 5y?, y =0.

x*+y?=1,

3Ha‘lI/IT, npu a = % AaHHaA CuUCTEMa HMMEET €AMHCTBEHHOE PEIICHUE
(-1;0).
Hy'CTb TEIEPb a = % Toma AaHHadA CUCTEMaA IIPUMET BUJ
32V +5]y|+3x =5y +6,
x2+y?=1.



§ 3.3. IHBapHaHTHOCTh 151

37ech MPOBECTU OLIEHKY aHAJOTMYHO TOMY, KaK 3TO OBUIO CAENTAHO JJIs
4
CIy4as a = g3, yKe He MOMy4uTCA. [MonpobyeM Zi0Ka3aTh, YTO MOCTEIHSST

cucTeMa UMeeT Oosiee OJHOTO pellleHus. JIJig 3TOro JZOCTAaTOYHO 3TH pe-
IIEeHUS YKa3aThb, HAlsA UX, Hanmpumep, moabopoM. OZHO U3 peleHUH To-
JIyYUTh ZIOBOJIBHO TMPOCTO, /JI HETO, Kak u3BecTHO, Yy = 0. V3 mepBoro
YpaBHEHUS TIOJYYUM, YTO B 3TOM CJIydae X = 1, HO TOr/la U BTOPOE ypaB-
HeHHe oOpamnaeTcs B BEpHOE PaBEHCTBO, T. €. (1; 0) — pellleHre CUCTEMBI.
OcraéTca 3aMeTuTh, yTo U napa uucesn (0; 1) sBiasdeTcs e€ pemeHueM. Ta-

10
KUM 00pa3om, Ipu d = 3 CHCTeMa MMeeT 6oJsiee OHOTO pEIIeHMUS.

Omeem: i.

Kak BuZMM, B pacCMOTPEHHBIX 33/ladyax IPU /JI0Ka3aTeJbCTBE €JUH-
CTBEHHOCTH PpeENIEHUs CYIIeCTBEHHBIM OOpa3oM WCIIONb3YeTCs OIleHKa
MHO)XeCTBa 3HaYeHWH QYHKIIUM W CBOMCTBA OrPAHUYEHHBIX (GYHKIIMIA.
A B cremyromieM npumepe TPU /JOKA3aTETbCTBE €UHCTBEHHOCTH MOTYT
BO3HUKHYTH YK€ U JIOTUIECKUE TPYAHOCTH.

IMpumep 3. Haiigute Bce mapsl (a; b) AeHCTBUTENbHBIX YMCET d U b,
JUIS1 KaXK/ZI0M 13 KOTOPBIX UMeeT eINHCTBEHHBIN KOpeHb YpaBHEeHHe

2sin?(7tx) + 3 sin? (thx) = 5sin?(7a).

PerteHue. 3aMeTUM, YTO €CJIU X, — KOPEHb PaBHEHUS, TO U —Xy —
ero KopeHb. JIJid eJUHCTBEHHOCTU pelleHUs HeOOXOAWMO, YTOOBI BBI-
MIOJHAJIOCh YCJIOBUE Xy = —X,, T.€. Xy = 0. 3HA4UT, ecyid JaHHOE ypaB-
HEeHHe WMeeT eJUHCTBEHHBI KOpPeHb, TO 3TUM KODHEM MOXKET OBITh
Tosbko yncio 0. Hatiziém Bce 3HaYeHUs TTapaMeTPOB d U b, IPU KOTOPHIX
yucio 0 ABAAETCS KOPHEM JaHHOTO ypaBHeHus. [Ipu x = 0 ypaBHeHUE
npumetr Buzg 0 =15 sin®(ma), oTKyZa ma = nk, T.e. a =k, k € Z. Takum
obpasom, umcio O ABIsETCA KOPHEM /JAHHOT'O YPaBHEHWS, €CIU d —
MIPOW3BOJIBHOE II€JIOE YUCJIO. B 3TOM ciydyae ypaBHEHHWE TPHUMET BHUJ,
2sin?(7tx) + 3sin®(7bx) =0, u, TTOCKOJTBKY KaXKZIOe CjlaraeMoe B JIEBOM
YaCTU HEOTPUIIATETHHO, TIOTyYeHHOE PABEHCTBO BO3MOKHO B TOM U TOJBKO
TOM CJIy4ae, eciiu

2sin®(ntx) = 0, X = 7N, X =n,
OTKYyZa T. €.
3sin?(thx) = 0, VA

bx = mm, bx =m,
n €z, meZ. Ocraérea ucciaefoBaTh MOMTydeHHYIO CUCTEMY Ha eIUHCTBEH-
HOCTb pemeHud. Eciu n =0, To x =0, u, ciegoBarenpHo, m = 0. 3HA4UT,
x =0 gaBngeTcd pellleHrueM CUCTeMBbI
X =n,
bx=m
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pu JIF0O0M 3Ha4eHUH mapameTpa b. [ljig Toro 4ToObl JaHHOE YpaBHEHUE
HMeJIO eIMHCTBEHHBII KOpeHb, [TOCAeIHAA CucTeMa Jo/DKHA UMeTh e/JUH-
ctBeHHOe pemtenne x = 0. [Iycts Temepb n 7# 0. B aToM ciayyae x #0 u
MOXXHO IIOWIEHHO PasZielluTh BTOPOe ypaBHEHME 3TOU CUCTEeMEI Ha Iiep-

m
Boe. [Momyunm b = ~,+ EC/IM 3TO PaBEHCTBO BBHINONHACTCA, CHCTEMA Oyznet
HMMeTb U Apyrue pellleHus, OTIMYHble OT X = 0. 3HauuT, Hy>KHO HaliTu Ta-
m
KUe 3HaueHus mapameTpa b, /i1 KOTOPHIX PaBEeHCTBO b = o> TAe nE€Z,

m € Z, n #0, HeBO3MOXHO. [IpaBas 4acTh 3TOr0 paBeHCTBA SABJSETCA pa-
I[MOHAJIBHBIM YHCJIOM, 3allCAaHHLIM B o0IieM Buze. [loaTomy eciu b —
OTINYHOE OT HyJI PAIlIOHAIBHOE YKCJIO, TO BCETZA MOXKHO ITOA06paTh Ta-

m
KHe IeJble M U N, i KOTOPBIX b = ~, - Bom b — mpousBonbHOE HWppa-

m
OUOHAJbHOE Y1CJIO0, paBEHCTBO b= F HEBO3MOXHO. CJIEAOBaTeJIbHO, b—
IIPOM3BOJIPHOE MPPAallMOHAJIbHOE YHCIIO.

Omeem: a — IPOM3BOJILHOE I]eJI0e YN0, b — IIpOoM3BOIbHOE UppaLy-
OHAJIbHOE YHCIIO.
IIpumep 4. HaiiguTe Bce 3HaUeHUs MapaMeTpa d, IPU KaKJOM U3 KO-

TOPBIX YpaBHEHME \/(x+ N4+ (a—5*=|x+a+2|+|x —a+ 12| umeer
€/IJVHCTBEHHBIN KOPEHb.

Pentenue. YpaBHeHUE He MeHAETCA IIPU 3aMeHe x Ha —x — 14. Ilo-
3TOMY €CJIM YUCJIO X, ABIAETCA KOPHEM ypaBHEHUs, TO U YUCIO —X, — 14
ABJIAETCA €ro KopHeM. Iy Toro 4toObl ypaBHEHUE HUMeJIO €JIUHCTBEH-
HBII KOpeHb, HEOOXOAMMO BBINTOTHEHHUE YCJIOBUA X, = —X, — 14, OTKyZa
Xo=—7. Takum o6pa3omM, eciu JaHHOe YpaBHeHNe UMeeT eJMHCTBEHHBIN
KOPeHb, TO 3TUM KODHEM MOXET OBITh TOJIBKO Yucio —7. IlofcTaBuB
X = —7 B JJaHHOe ypaBHeHUe, HahAEM, IpU KaKWUX 3HAYEeHUAX [TapaMeT-
pa uucio —7 ABIAETCA KOpPHEM ypaBHeHuA. [Ipn x = —7 ypaBHeHUe
npumet Buz (a — 5)2 = 2|a — 5|. Hockoneky (a — 5)% = |a — 5|2, momy-
4yuM ypaBHeHMe |a — 5| = 2|a — 5|, oTkyza |a — 5| =0 wm |a — 5| = 2.
KopHAME AByX mociefHUX ypaBHEHUH ABIAIOTCA a =15, a=3, a="7.
[Tpy 5TUX 3HAUEHMUAX IapaMeTpa 4YWCIO0 —7 ABJIAETCA KOPHEM YypaB-
HeHusA. Ho u3 aToro emé He cieayer, 4To —7 OyZeT eZUMHCTBEHHBIM
kopHeM. IToaToMy HY>KHO pacCMOTpPeTh AAaHHOE ypaBHEHME IIPU BCeX J0-
IIyCTUMBIX 3HaYeHHUAX ITapaMeTpa U YCTAaHOBUTDH B KAXKAOM ciIydae, OyzeT
JIX YUCI0 —7 €IUHCTBEHHBIM KOpHEM ypaBHeHUA WX HeT. [Ipy a =5
ypaBHeHue npuMmeT Buz (x + 7)? = 2|x + 7|. AHanoruyHoe ypaBHEHHe,
TOJIBKO OTHOCUTEJNBHO IIEepPeMEHHOH a, OpUIo pelieHO paHee. KopHamu
STOr0 ypaBHEHUsA ABIAKOTCA uuciaa —9, —7, —5. 3Hauut, npu a = —7
ypaBHeHMe uMeeT 6osblile OfHOTO KOpHA. IIpm a =3 u a = 7 ypaBHe-

e npuHuMaer Buz 4/ (x+7)*+16 = |x + 5| + |x + 9. TIpu x > —5
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ypaBHEHHE CBOAWTCA K ypaBHeHMIo 4/ (x+7)*+16 = 2(x + 7), oTKyza
(x+7)* —4(x+7)? +16 =0. [locneanee ypaBHEHUE, KBa/[paTHOE OTHO-
cutenbHO (x + 7)?, He UMeeT KOpHeli B CITy OTPUIIATeIbHOCTHU AUCKPUMHU-

HauTa. [Ipy — 9 < x < —5 ypaBHeHue npuHuMaeT Buf 4/ (x + 7N*+16=4
U UMeeT eIUHCTBEHHBIN KOpeHb X = —7. IIpu x < —9 monydaeM ypaBHe-

e \/ (x+7)*+16=—2(x +7), otkyza (x + 7)* —4(x+7)?2 +16=0.
Tloc/eziHee ypaBHeHMe, KaK ObUIO MOKAa3aHO BhIIeE, He MMeeT KOpHeH.
3Ha4yuT, IpU a =3 ¥ a = 7 JaHHOe ypaBHEeHHe MMeeT eJUHCTBEeHHbIH
KODEHb.

Omsem: {3; 7}.

3aMeTuM, YTO pellleHUe MPEABIAYIIETO MPUMepa MOXKHO cZienaTh 60-
Jiee OYEBUAHBIM B CMBIC/IE TTOMCKA TIOACTAHOBKU, OTHOCUTENBHO KOTOPOM
ypaBHEHHE MHBAPUAHTHO, BBITIOJTHUB 3aMeHy t =X + 7, b=a — 5 u npuBe-

451 ypaBHeHue K Bugy 4/ t* +b* =t +b| + |t — b|, uHBapUaHTHOMY OTHOCH-
TEeIBHO 3aMeHBI ¢t Ha —t.

Ipumep 5. HaiiziuTe Bce 3HAUYEHWS TTapaMeTpa d, i KaX/I0To U3 KO-
TOPBIX CYIIECTBYET €IMHCTBEHHAS TPOMKa (X; y; %) AeHCTBUTENbHBIX UU-
cen X, Y, %, YIOBJIETBOPAIONIAst CUCTEME YpaBHEHUN

x"+@4-x) =2y,
(x—2)2%4+(y—2)2+2°+a*>=09,
6yz?>—(a—3)y?*z+6 = 2a.

Pemenue. CucreMa He U3SMEHUTCA IIPU 3aMeHe x Ha 4 — x. [TosaTtomy
eciy Tpouika uucen (x;Yy;2) ABIAAETCA pelleHUeM CHUCTEMBI, TO U TPOU-
Ka uucen (4 — x;y;z) Oyzer eé pemenueMm. CirefoBaTeNbHO, AN €UH-
CTBEHHOCTHU pelleHUsT He0OXOAUMO BBHIIIOTHEHHE YCIOBUA X =4 — X, OTKY-
Ja x =2. IIpu x =2 mepBoe ypaBHeHHe CUCTeMbl IpuMeT Buz 2 -2/ =2y,
oTkyza y =2. Ilpyu x =2, y =2 cucteMa IpuMeT BUJ,

z2+a* =9,

62> —2(a—3)z+3—a=0.

13 IepBOro ypaBHEHHUA 3TOH CHCTEMBI ClIeAyeT, uto a’ < 9. Bropoe ypas-
HeHHe TI0y4eHHO} CHCTeMbl, KBaJpaTHOE OTHOCHTEIBHO IIepeMeHHO 2,
MMeeT XOTA GBI OZHO pellleHHe B TOM M TONBKO TOM C/Iydae, eCd ero
JUCKPUMHHAHT D HeoTpHIaTeseH, oTKyAa a> — 9 >0, wiu a? > 9. Takum
06pa3oM, MOCAeAHAA CHCTEMa MMeeT XOTA Obl OfHO pelIeHHe, TOIb-
Ko ecmu a’ =9, oTkyga a = +3. OcTaéTca MPOBEPUTH, TIPU KAKUX U3
Haii/leHHBIX JOIYCTUMBIX 3HAYeHMil IapaMeTpa JaHHAasA CUCTeMa OyzeT



154 I'maBa 3. IIlppMeHeHHe CBOMCTB QYHKIUI

UMeTh eJUHCTBeHHOe pelleHue. [Ipu a = £3 BTOpoe ypaBHeHUe JaHHOU
CUCTEMBI IPUHUMAET BUZ (X — 2)% + (y — 22+ 22 =0, OTKyZIa X = 2,
y =2, 2=0. 1 HalileHHbIX 3HaUYeHU} ITlepeMeHHBIX IIepBOe ypaBHEHHe
JIaHHOU cHCTeMBI BBITIONIHEHO, a TPeThe ypaBHeHUe NIPpUHKUMaeT BUZ, 6 = 2a
Y BBIIIOJIHAETCSA TOJIBKO IIpU a = 3.

Omsem: 3.

VHorza pu loKa3aTeNbCTBe eJMHCTBEHHOCTH IIPUXOAUTCS TIPOSABIIATH
KyZia OOJBIIyI0 M300peTaTebHOCTh M KCIIONb30BaTh HECKOIBKO MeHee
OYEBU/IHbIE TIPUEMBI I METOZBI.

IMpumep 6. HatiguTe Bce 3HAUeHUA TTapaMeTpa d, JJis KQKA0Tro U3 KO-
TOPBIX CyIECTBYEeT eIMHCTBEHHAsI TpouKa (X; Y; %) AeNCTBUTENbHBIX YU-
cel X, ¥, 2, yAOBIeTBOPAIOLas CUCTEMe YPaBHEHNUHN

3437 = (@—-1)2+y2+6,
lylz*+ 222 — 4a’z+a+3 = 0.

1
Pemenue. CucreMa He M3MEHMTCA NpPU 3aMeHe X Ha . Iloaromy
eciu TpouKa umcen (x;y; %) ABIAETCS pPelIeHUeM CHUCTEMbBI, TO U TPOU-

1 ..
Ka 4Ymucen (;;y;z 6YL[6T €€ pEIIeHUEM. CHCL{OBaTeJ’IbHO, AJaAd €IrH-

1
CTBEHHOCTH pelleHUs HeoOXOANMO BBHIIOTHEHUE YCIOBUA X = > OTKyZa
x>=1, T.e. x==%1. [Ipu x = —1 mepBoe ypaBHEHHE CHCTEMbI ITPHUMET
2
BUJ 5 = (a®> — 1)* + y? + 6. IIpaBass yacTh MOMYy4EHHOTO PABEHCTBA HE

MeHbIe 6 (0OBACHUTE MMOYEMY). SHAYHUT, ITO PABEHCTBO HE BBHITOIHAETCS
HU IIPY KaKUX d U Y U TpoiKa uucen (—1; y; 2) He MOXeT OBbITh pellieHHeM
JaHHOW cucreMbl. IlycTh Temeph x = 1. IlepBoe ypaBHEHHWE CHUCTEMBI
npumert Buz 6 = (a® — 1)%2 + y? + 6, otxyza (a> — 1)? + y? =0. IonyueHHOE
PaBEeHCTBO BO3MOKHO, TOJIBKO €CI1

(@-1)?2=0, a==+1,

¥ =o, OTKyZa —o.
PaccmorpuMm 06a atux ciayvas: a=1, y=0u a=—1, y=0. [Ipu a=1, y=0
BTOpOE ypaBHeHHe JaHHON CHCTeMBI TIPUBOAUTCA K BUAY 22 — 2z +2=0.
JIMCKpUMUHAHT TIOJYYEHHOT'O KBA/J[PATHOT'O YPAaBHEHWS OTPUIATEJIEH,
cefloBaTeNbHO, KOPHEN OHO He mMeeT. [Ipu a = —1, y =0 BTOpOe ypas-
HeHYe JJaHHOM CHCTeMBl NIPUBOAUTCA K BUAY z° — 2z + 1 =0, oTKyza
(z—1)2=0wu z=1. Takum 06pa3oM, e[MHCTBEHHBIM /IOITyCTUMBIM 3Have-
HUeM napamMeTpa ABjsaeTcs a = —1. Ho 3To TosbKo IlepBas 4acTh pelleHus.
HykxHO eIé mpoBepuTh, OyZeT Ju AaHHasg CUCTEMa MpU d = —1 UMeTh
€ZIMHCTBEHHOE peIlleHre WIKN PeNIeHU OKayKeTcs: O0JIbIlle OHOTO.
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[Tycte a =—1. [laHHadA cucTteMa B 3TOM cjIydae IIpUMeT BU/

3°+3% = y2+6,
lylz*+222 —42+2=0.

BTopoe ypaBHeHUE MOMy4eHHOU CUCTEMBI MOXKHO, BBIZIEIVB TIOJTHBIN KBAZ-
par, 3anucaTh TaK: | y|z4 +2(z—1)? =0. Kaxxzoe U3 cjaraeMbIX B JI€BOM
YaCTU IIOCJIeHEr0 pPaBeHCTBA HEOTPULIATeIbHO, I03TOMY 3TO PaBEHCTBO
BBINOJIHAETCA B TOM U TOJIBKO TOM CJIy4ae, eCyIu KaXK/Joe ciaraeMoe paBHO
HYJIIO, T. €. €CIU

lylz* =0, y =0,
OTKVaa

2(z—1)%2 =0, YA 1=

OcTanoch pacCMOTPETh [IEPBOE YPABHEHUE CHCTEMBI

3435 = y2 46,
lylz* +222—424+2=0

mpu ycioBuu y =0, T.e. ypaBHeHHe 3* + 3% =6. Eom x < 0, xaxgoe u3
cylaraeMBbIX JIEBOM YaCTU 3TOTO ypaBHEHUs 3aB€JOMO MEHBIIIE 1, TO3TOMY
OTpUILIATENbHBIX KOPHEH 3TO ypaBHeHUe He uMeeT. [IycTs x > 0. OeHuM
JIeByI0 4acTh ypaBHeHMA. Bocmonb3yeMcs HepaBeHCTBOM da + b > 2vab
(OHO cIIpaBeZAJIMBO /I BCeX HEOTPHUIATENbHBIX Yucen a U b u obpaia-
eTcs B PaBEHCTBO NpHU a = b; cM. mpegwiayimuii naparpad). [Nomydaum

3431 >2V/3%.35 Ho 3537 =3, ax+ 2 >2\/x 1, me x4 = >2

1 1

(B cwuty TOTO K€ HepaBeHCTBa). TaKUM 06pa3om, 3 > 32, T.e. 3" x>0,

1 1
3uaumT, 3* + 3* > 249, orkyza 3* + 3> > 6 npu sobom x > 0. Crezno-

1
BaTe/NbHO, ypaBHeHUEe 3% 4 3¥ =6 GyZeT UMeTb pelleHus TOJAbKO B TOM
cay4ae, KOrjja Kaxkioe U3 JIByX HepaBeHCTB, MCIIONIb30BAHHBIX /I OLIeHKHU
JIEBOU YaCTH 3TOTO ypaBHeHUsA, obpalaeTcss B paBEHCTBO, T. €. B C/Iy4ae,
1 1

KOrZa X = U 3*=3%. EIMHCTBEHHBIM MTOJIOXKUTETHHBIM KOPHEM KaXKZOT0
U3 3TUX ypaBHeHUU sBisdercsa x = 1. Urak, npu a = —1 gaHHaa cucreMma
nMeeT efUHCTBeHHOE pemrenue (1;0; 1).

Omeem: —1.
IMpumep 7. Haiiiute Bce 3HAYEHUS MapaMeTpa d, AJid KaKI0Tro U3 KO-
TOPBIX CYIIECTBYET €ANHCTBEHHAs TpouKa (X; Y; z) AeHCTBUTENbHBIX YU-
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cen X, Y, 2, yAOBJIETBOPSAIOIIASA CUCTEME YPaBHEHUHA

z-cos(x—y)+2+xy)-sin(x+y)—z=0,
2+ (y—1)2+2% =a+2x,
(x+y+a-sin?z)((1—a)ln(l—xy)+1) = 0.

Pemtenue. Ha mepBbIfi B3IVIA/ 3Ta cUCTeMa He 00J1aZjlaeT CBOKCTBOM
nHBapuaHTHOCTU. OHaKO, IPUBeEZs €€ BTOpoe YpaBHEeHME K BULY

x—1D’+(y—-1D>*+z>=a+1,

3aMedaeM, 4TO eC/IU Tpoiika uncen (Xg; Yo; 2o) ABIAeTCA pelleHneM CHUcTe-
MBI, TO U TpoliKa uncesn (yy; Xo; Zo) ABAsAeTCA e€ pelteHreM. CiieZiloBaTesb-
HO, /IJIs1 €JUHCTBEHHOCTH PelleHNs He0OX0AMMO, YTOOB! BBITOTHIOCH Pa-
BEHCTBO X, = Y. [IpU X =y cucTeMa IpUMeT BUJ

(x?+2)sin2x = 0,
20— 1)?+22 =a+1,
2x+a-sin’2)(1—-a)In(1—-x*)+1) =0.

Teneps 3aMeTUM, YTO ecau Hapa uucen (Xy; 2,) ABIAETCA pelleHrueM IIo-
cnesHel cucTeMHl (a ciefioBaTeNbHO, TPOMKA dncen (Xq; Xg; 2o) — pellle-
HHUEM JaHHOU CUCTEMBI), TO U Mmapa aucesn (Xy; —32,) ABIAETCA e€ pelleHu-
eM (M COOTBETCTBEHHO Tpoiika uucen (Xy; Xo; —32,) — pellleHrneM JaHHOU
CUCTeMbI). 3HAYUT, /U1 eJUHCTBEHHOCTH PelleHNs HeOOXOANMO, ITOObI
BBIIOJIHAJNIOCh PABEHCTBO %oy = —2Zg, T.€. 2y = 0. [Ipu z =0 cucrema eme
6OJIbIIIEe YIIPOCTUTCS U IPUMET BUZ

(x%>+2)sin2x = 0,
2(x—1?=a+1,
2x((1—a) In(1—x%)+1) =0.

TpeTbe ypaBHeHUE IOIYyYeHHOU CHUCTEMBI pacrnazaeTcda Ha ABa: x =0 u
(1 —a)In(1 — x?) = —1. PaccmoTpum 06a 3THX cay4das. [Ipu x =0 mepBoe
ypaBHEHUE TIONTyYeHHOH CUCTEMBI BHITIOMHAETCS, & BTOPOE IPUHUMAET BUZ

2=a+1, orkysa a =1. Bo BTOpoM cjlydae K3 NePBOr'0 YPaBHEHUA CHU-
nk
27 .
1—x2>0, otkyza |x| < 1. Ho u3 uucen x = %, k € Z, Tonbko x =0 yzo-

CTEMBI HAaXOJUM X = k €Z, a u3 mociegHero ypaBHEHUSA CJIEAYET, YTO

BrIeTBOpAeT ycaoBuio |x| < 1. IIpu x = 0 ypasrenue (1 —a) In(1 —x2)=-1
npuHuMaet Buz 0 = —1, 4yTo HeBO3MOXXHO. UTak, Toabko a =1 aBiaAerca
JOTIYCTUMBIM 3HaUYeHHeM mapaMeTpa. [IpoBepuM, OyZIET I B TOM CJIydae
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pellleHre JaHHOW CUCTEMBI €JUHCTBEHHBIM WK HeT. [Ipu a =1 oHa mpu-
MeT BU/,
z-cos(x—y)+2+xy)-sin(x+y)—z=0,
x—1D2+(y—-1)2+2%2 =2,
x+y+sin?z =0,
xy < L
2

VI3 TpeThero ypaBHEHUs ITOU CHUCTEMBI MOIy4YaeM, 4To X + y = —sin“z,
oTKyZa X + y < 0. /I3 BTOpOro ypaBHEHUS IOCJIE PACKPHITUS CKOOOK U
HeCTIOKHBIX Ipeobpa3oBaHuii HaxoauM, uTo 2(x + y) = x2 + y? + 22,
oTkyzZa x + y > 0. Takum obpasom, x + y <0 u x + y > 0, 9yTO BO3-
MOXXHO, TOJMIBKO ecnd X + y = 0. Ho Torza BTOpoe ypaBHEHHE CHCTEMBI
2(x + y) = x? + y? + 2% npunumaer Buz x2 + y? + 22 =0, otkyza x =0,
y =0, 2=0. JIerko IpOBEPUTb, YTO OCTATHHBIE YPABHEHUS U HEPABEHCTBO
CHCTEeMBI B 3TOM CJIydae BBIMOTHAIOTCA. UTak, mpu a =1 cucreMa uMeeT
enuHcTBeHHOe pelierue (0; 0; 0).

Omeem: 1.

Bropyto rpymmy 3azad, NpU pelleHUN KOTOPBIX UCIONb3yeTcs MHBA-
PUAHTHOCTb OTHOCUTENBHO KaKOM-TMOO IOACTAaHOBKH, COCTABJIAIOT, KaK
YK€ OTMevasloch, TaK Has3biBaeMble QYHKIMOHATIbHBIE YPAaBHEHUSA, B KO-
TOPBIX HAPAAY C KOHKPETHBIM, BIIOJIHE OIPEeAENEHHBIM ajrebpandecKuM
BBIpa)KeHHEM p(X) OT IMepeMeHHOH X eCThb U Iapa HEU3BECTHBIX ajireo-
panyecKux BHIPAKEHWH OT 3TOW INepeMeHHOU. Ilapy asre6GpamdecKux
BBIpa)KeHHWH OyzleM Ha3blBaTh WHBAaPUAHTHOW OTHOCHUTEIBHO HEKOTOPOM
3aMeHbl IeEpeMEeHHOM (TT0/ICTAHOBKMY), €CJTU TaKas 3aMeHa (T10/ICTaHOBKA)
He TPUBOAUT K M3MEHEHUIO 3TOH mapel. Haubosnee 4acTo BCTpedaro-
MUMUCSA TIPUMEpaMU TaKux map AiAoTes f(x) u f(c — x) (mapa He

C
MeHSIeTCs TIpU 3aMeHe X Ha ¢ —Xx), f(x) u f (;) (mapa He MeHseTCs pu

3aMeHe X Ha %). [Tpu aToM anrebpandyeckoe BhIpaXKEHHUE, COCTABIEHHOE
13 TaKOU Maphl, CAMO MOKET He OBITh MHBAaPUAHTHBIM OTHOCUTETBHO STOM
3aMeHbI (1I0ACTaHOBKHU). [ToaToMy QyHKIIMOHAJIbHBIE YPAaBHEHHUS, CTPOTO
TOBOpsi, HEJb35 Ha3BaTh WHBAPUAHTHBIMU, XOTA WSl MHBAPUAHTHOCTH
SIBJISIETCS KJIFOUEBOUW W TIPU WX pelleHWU. TUIMMYHBIM MPUMEDPOM TaKOT'O
ypaBHeHus sBisgercsa cieaytommii: rf(x) + qf (c — x) = p(x) (3mecsw r,
g, C— OTINYHBIE OT Hy/JsA AeHWCTBUTENbHbIE 4mcia; |r| # |q]). [as Toro
yTOOBI PENIUTh TaKyl0 3aJady, HY)KHO CHadasa Hautu f(x) (a uHorga
TOJMIBKO 3TO U TpebyeTcs ycioBrueM). [IOCKONBbKY Iapa aareGpandecKux
BeIpaskeHW# f(x) U f(c — x) MHBapHaHTHA OTHOCHUTEIHHO 3aMeHBI X Ha
€ — X, 3TO TIO3BOJIAIET, BBHITIOJTHUB TaKyIO 3aMeHY, TIOJIYYUTD €I1l€ OJJHO yPaB-
Henue rf (c — x) + gf (x) = p(c — x). PaccmaTpuBas nmosy4eHHOE U JaHHOE
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VpaBHEHME KaK CHCTEMY ypaBHEHUU OTHocuTenbHO f(x) u f(c — x),
MOXXHO M3 3TOM CHCTEMBI JOCTAaTOYHO MPOCTO HauTH f(x). s 3TOTrO
HY)KHO YMHO)XUTh 00e dacTtu ypaBHeHUs rf (x) + gf (c —x) =p(x) Ha 1,
0be vactu ypaBHeHus rf (c — x) + gf (x) = p(c — x) —Ha g ¥ TOIYyIUTH
IIOWIEHHYIO PasHOCTb ypaBHeHMir: r2f(x) — q2f (x) =rp(x) — qp(c — x),

oTKyza f(x) = %

ITpumep 8. Haiizure kopHu ypaBHeHusd f(x) =31, ecmtu x #0 u

2f(x)+f(§) = 6x.

PemeHne. 3aMeTHM, YTO Iapa aire6GpandecKux BhIpaXeHUH f(x) u

4 4 4
f| 5 ) nHBapUaHTHA OTHOCHTEILHO 3aMEHbl X Ha . 3aMEHNB X Ha - B
paBeHcTBe 2f (X) +f(%) = 6x, nonyaum 2f (%) +fx)= 2x—4 YMHOXUB

obe yacTu ZaHHOTO paBeHcTBaA 2f (x) + f (%) = 6X Ha YUCJIO 2 U BBIYTS U3
MIOJTyYEHHOT'O PaBEHCTBA MTOWIEHHO PaBeHCTBO 2 f (%) + )= %, Haxo-
aum 3f(x) =12x — %, oTkyza f(x)=4x— % Termepp ocTasoCh peuIuThb
ypaBHeHHUE 4x — % =31, otkyza 4x? — 31x — 8 =0. KopHAMU TIOCTIeIHETO
ypaBHEHUA ABIAKTCA ynueia x =—0,25 u x =8.

Omeem: —0,25; 8.

ITpumep 9. HalizinTe Bce 3HaYEHUs MTapaMeTpa d, MPU KaXKAOM U3 KO-
TOPBIX ypaBHeHUE f (X) =a uMeeT XOTs ObI OAWH KOPEHb, €CIIN

2f(x)+3f(g—x):coszx+851nx+12cosx+2 D

JUTs1 TE0O0TO ZIEICTBUTETPHOTO 3HAYEHUS X.
TT
Pemrenune. 3ameruM, uto mapa f(x) u f (5 - x) WHBapUaHTHA OT-

TT T
HOCHTE/IPHO 3aMEHEBI X Ha 5 — X. 3aMeHUM X Ha 3 — X B PaBeHCTBe .
[Tonyynm
Zf(g—x)+3f(x)=sin2x+8cosx+125inx+2. 2

YMHOXUM Ha 3 00e yacTu paBeHcTBa (2), a 0b6e yactu paBeHcTBa (1)
YMHOXXMM Ha 2 ¥ PaCCMOTPUM MX MOWIEHHYIO pa3HOCTb. Ilocie ympoiie-
HUM momyyuM 51 (x) =5 sin® x + 20sinx, oTKyza f(x) = sin® x + 4sinx.
CocTaBHM ypaBHEHHe IO YCIOBHIO 3aja4u: sin® x + 4 sinx = a, wim

sin?x+4sinx—a = 0.

[Tycts t =sin x. Torga t?+4t—a=0mute[-1;1]. Temeps 3a7a4y MOXXHO
nmepedbopMyIUpPOBaTh TaK: HAaWTH Bce 3HAUEHWS MapaMeTpa d, IPU Kax-
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JIOM U3 KOTODBIX ypaBHeHHUe t2 + 4t —a =0 uMeeT XOTsA 6bl OIUH KOPEHb,
mpuHaIexXamut otpesky [—1; 1]. Ilycts f(t) = t2 + 4t — a. O603HAYUM
4yepes t; U t, KOPHU KBaZIpaTHOTO TpéxwieHa f (t), cumrasd, uro t; < ty, a
yepes t, — abcIyccy BepUIMHEL Tapaborsl, ABAoLIeiics rpadukoM GyHK-
quu y = f(t). 3amMeTuM, 4TO BETBU I1apabosbl HANpaBJIeHBl BBEPX U YTO
to=—2. CiieoBaTeNIbHO, t; < ty < —1 ¥ TOJIBKO OOJBIINI KOPEHb TPEXUIIe-
Ha f (t) MoXkeT mpUHAaIeXKaTh OTpe3Ky [—1; 1]. 1 aToro Heo6XoAMMO 1
ZIOCTATOYHO, YTOOBI BHITIOMHAINCH YCIOBUSA

f() >0, l4+4_aq>o OTYARA-3<a<ss.
Omsem: [—3; 5].

ITpumep 10. Haiizure Bce 3HaUeHHUA IIapaMeTpa d, IPU KaXZOM U3
KOTOpBIX ypaBHeHMe h(x) =a — a® uMmeeT X0oTs 6Ll OZIUH KOpPeHb, eCIIH

h(x)+3h(—x) = 4a+16|x|+16V x2+16—6|x+4a|—2|x—4a|+2x (1)

JLJIS JIFOOOTO ZIEMCTBUTEILHOTO 3HAYEHHUS X.

Pemrenue. 3ametum, uTo mapa h(x) u h(—x) MHBapraHTHa OTHOCH-
TEJIbHO 3aMeHBI X Ha —X. 3aMEHMB X Ha —X W BOCIIOJb30BaBIINCH CBOM-
ctBoM Moy (|—x| = |x|, a sHaumt, |—x + 4a| = |x — 4al|, |—x — 4a| =
=|x+4a|), monyuum

h(=x)+3h(x) = 4a+16|x|+16V x2+16—6|x—4a|—2|x+4a|—2x. (2)

YMHOXKUM Ha 3 obe wacTu paBeHCTBa (2) U BBIUTEM U3 pe3yjbTaTa
mowieHHo paBeHcTBO (1). [Tocie mpuBeZeHUA MOJOOHBIX C/IaraeMbIX IIO-

ayaum 8h(x) =8a + 32|x|+ 32/ x%+ 16 — 16|x — 4a| — 8x, oTkyza
h(x) = a+4|x|+4V x*+16 — 2|x —4a| — x.

CoCTaBUM ypaBHEHHE II0 YCJIOBUIO 3aa4Mn:
a+4|x|+4Vx2+16 —2|x —4a| —x = a—a?,

W, 3HAUHT, a’ + 4/ x2+16=x +2|x — 4a| — 4|x|.

Tenepb 3az1aua obpeTaeT Gosiee MPUBBIYHBIE YEepPTHI: TpebyeTcs Hau-
TU BCe 3HaueHHUA IapaMeTpa d, IPU KaXXJOM U3 KOTOPBIX ypaBHEHUeE
a? + 44/ x%2+16=x + 2|x — 4a| — 4|x| umeeT x0T 6B OAUH KOpeHb. Pac-

emorpuM GyHKIMH f(x) =a? +44/x2+16 u g(x) =x + 2|x — 4a| — 4|x|,
OIpeZieIéHHBIE W HENPEPHIBHBIE HA BCEH YMCIOBOM IpaMoi. I'paduk
¢ynkuu y = g(x) mpezacTasigeT cob60i JIOMAHyI0, COCTOAINYI) M3 OT-
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pe3KoB MpAMBIX U aydeit. Ilpu x > 0 kaxzoe 3BE€HO JIOMaHOM SBJAETCA
yacTelo npaAMoOu Buzaa y = kb + [, tae k < 0 (IIOCKOJMBKY BHE 3aBHUCH-
MOCTH OT «PaCKpPBITHS» JAPYroro Mozayas KoadpduimeHT mnpu x OyaeT
oTputiaTebHbIM). ClieloBaTeNbHO, Ipu X > 0 GyHKIUA y = g(Xx) yObIBaeT.
CoBepIIIeHHO aHAJOTUYHO MOXKHO TIOKaszaTh, uTo mpu x < 0 ¢yHKIuA
y = g(x) Bospacraer. I[ToaToMy B Touke x = 0 3Ta QYHKIUA AOCTHUTAET
CBOero HauboJbllero sHayenus, T.e. max g(x) = g(0) = 8|a|. [TockonbKy
min f (x) = £(0) = a? + 16, ypaBHeHUe UMeeT XOTd Ol OZUH KOPeHb B TOM
U TOZBKO TOM ciIydae, eciy min f(x) < maxg(x), T.e. ecimu a® + 16 < 8|al,
otkyza (la| —4)?<0u a==4.

Omsem: {—4; 4}.

B 3aK/ItoueHre 3aMeTHUM, YTO HEKOTOPhIE — OOBIYHO CaMble MTPOCThIE —
3a/lauu, CBsI3aHHbIE C UHBAPUAHTHOCTHIO, MHOT/IA MOXXHO PEIIUTh U Gosee
TPaJUIIMOHHBIMY CITOCO6AaMU, HaTIPUMeD, BBITIOJTHUB 3aMeHY TlepeMeHHON
Y CBe/id ypaBHEHHE K KBaJpaTHOMY WJIH UCIIONb3ysd IpaduvecKue UHTEP-
nmpeTtanuy. HecKoIbKO TakKWX 3a/iad IPUBEJEHO B yIpaKHeHUsX. TeM He
MeHee, ToCTapalTeCch PEIUTh 3TH 3aJa4d (YIpaskHeHUs 1—3), UCITOb3Yst
MMeHHO UHBapUAHTHOCTb.

YropaxxueHnus k § 3.3

1. a) HaiiauTe Bce 3HAYeHUA MapaMeTpa d, A7 KaKAOTO U3 KOTOPHIX
MMeeT e/IMHCTBeHHEIH KopeHb ypaBHeHMe 3° +32 ¥ =qa? — 6a +11.

6) HalizuTe Bce 3HaYeHHs IapaMeTpa d, IS KaKZOrO M3 KOTOPBIX
MMeeT e/IMHCTBeHHEIH KopeHb ypaBHeHue 2° + 24 =a? — 3a + 10.

2. a) HaiiauTe Bce 3HaUeHUs MapaMeTpa d, /1A KKAOTO U3 KOTOPHIX

. 43
UMeeT eJJMHCTBeHHbI KOpeHb ypaBHeHHe X° + (; +16=2ad>.

6) HaiijuTte Bce 3HaYeHUA napaMeTpa a, AJs1 KaKZOoro N3 KOTOPBIX
9 3
=) +54= 3a2.
3. a) HatizuTe Bce 3HaueHUs MapaMeTpa d, JJI KaK/I0ro M3 KOTOPBIX
UMeeT eJUHCTBEHHBIM KOpeHb YpaBHEHUE

x>+ (@—3)?=|x—a+3|+|x+a-3|
6) HaliziuTe Bce 3HAUYeHHs MapaMeTpa d, ST KaKJOTO U3 KOTOPHIX
nMeeT eﬂHHCTBEHHbeI KOpPpE€Hb YpaBHE€HUE
’+@—4>=|x—a+4/+|x+a—4.

4. a) Haiizute Bce 3HaYeHUs MapameTpa a, AJis KaXA0ro U3 KOTOPIX
MMeeT eIMHCTBeHHLIH KopeHb ypaBHeHHe x2 — 4a sin(cos x) +a=0.

6) HaiiznTe Bce 3HAUYeHHs MapaMeTpa d, [JIsI KaKJOTO U3 KOTOPHIX
UMeeT eJMHCTBeHHbIH KopeHb ypaBHeHHe 2x2 — atg(cosx) +a?=0.

MIMeeT e/[MHCTBEHHbBIN KOpPeHb YpaBHeHMe X° + (
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5. a) HalizuTe Bce 3HaYeHUA IapaMeTpa d, A KaXJ0ro U3 KOTOPHIX
MIMeeT e/IMHCTBEHHEIH KOpeHb ypaBHeHue a® +a+v/3 + 6 +sin® ax = 6 cos x.

6) Hatizure Bce 3HaueHUs mapaMeTpa d, JJI KaKAOTO U3 KOTOPBIX
MIMeeT eZIMHCTBeHHLIH KOpeHb ypaBHeHue a> + av/2 + 4 +sin® ax =4 cos x.

6. a) HaliguTe Bce 3HaueHUA MmapameTpa d, [Jid KaXJOTO U3 KOTOPBIX
VMeeT eZIMHCTBEHHBIN KOpeHb YpaBHEHUE

—x2 . TTX X
27 -4X+smT+cosT =a®—3a®+2a+2+ V2.
6) Hatizure Bce 3HaueHUs mapaMeTpa d, JJI KaKAOTO U3 KOTOPBIX

VIMeeT eIMHCTBEHHbII1 KOPEHb yPaBHEHME
9173 4¢3 —5¢% + 4a+ V2 = sin%—l—cos%—l—&

7. a) HaiizuTe Bce 3HaYeHUSA mapaMeTpa d, A KaKJOTO U3 KOTOPHIX
MMeeT eJMHCTBEHHHIH KOpeHb ypaBHeHHe 2 + 3 sin ax = 2 cos x.

6) Haiizure Bce 3HAYeHUs TMapaMeTpa d, JJis KaXKAOTO U3 KOTOPBIX
VMeeT eZIMHCTBEHHBIN KopeHb ypaBHeHue 3 + 2|sin ax| =3 cos 2x.

8. a) HatizuTe Bce maphl (a; b) eACTBUTETbHBIX YUCE d U b, 1T Kak-
[IOY M3 KOTOPBIX UMeET eIMHCTBEHHBIN KOPeHb YpaBHEHHE

sin? (7tx) + sin? (ax) = sin?(7th).

6) HatiguTe Bce mapel (a; b) eHACTBUTENBHBIX YUCEN d U b, IS KaXX10H
13 KOTOPBIX UMeeT eZIMHCTBEHHbIN KOpeHb ypaBHEHUE

cos(27x) 4+ cos(2mtbx) = |al.

9. a) HatizuTe Bce maphl (a; b) AeHCTBUTENBHBIX YUCE d U b, 1T Kak-
[TOY M3 KOTOPBIX UMeET eIMHCTBEHHBIN KOPeHb YpaBHEHHE

4 cos(27x) + cos(2bmtx) = a.

6) Hatigure Bce mapel (a; b) eHACTBUTEbHBIX YHUCEN d U b, IS KaXK10H
13 KOTOPBIX UMeeT eZIMHCTBEHHbIN KOpeHb ypaBHEHNE

cos(27x) + 3 cos(2bmtx) = a.

10. a) HatizuTe Bce 3HaUeHUA TTapamMeTpa d, AJIs KaKA0T0 U3 KOTOPhIX
UMeeT e[UHCTBEHHOE pellleHre crucTeMa YpaBHeHUM

a(x*+1) = y—|x|+2,
x*+y*=4.
6) Haiizure Bce 3HaueHWs MapaMeTpa d, A KaKIOrO M3 KOTOPBIX
HMMEET €/IMHCTBEHHOE PEIEHNE CUCTEMA YPaBHEHUH
a(x*+1) =y—|x|+3,
x*+y*=09.
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11. a) HatizuTe Bce 3HAYEHMS MMapaMeTpa d, i KaKJ0T0 U3 KOTOPHIX
HMMeeT eJMHCTBEHHOE PellleHWe CHUCTeMAa YPaBHEHUH

ax’+a+2lsinx| = y+1,
tg?x+y? =1
6) HaliznTe Bce 3HaYeHHs IapaMeTpa d, IS KaKAOTO M3 KOTOPHIX
HMMeeT eJMHCTBEHHOE PellleHWe CHUCTeMa YPaBHEHUH
ax’+a+3lsinx| = y+2,
sin®x +y? = 4.
12. a) HatizuTe Bce 3HaYEHUA apaMeTpa d, JI1 KaK/I0TO U3 KOTOPHIX
HMMeeT eJMHCTBEHHOE PellleHWe CHUCTeMa YPaBHEHUH

2M x| +4=y+x2+a,
*+yr=1.
6) HaiiiuTe Bce sHa4YeHWs TapaMeTpa d, AJiA KaXJOrO M3 KOTOPBIX
MMeET eJMHCTBEHHOE PEllIeHHe CUCTeMA YPaBHEHU
a(|x|+1) = y +cosx,
sin®x+y? = 1.
13. a) HaiiziuTe Bce 3HaYeHMsA apaMeTpa d, AJsA KaKAOTO U3 KOTOPBIX
HMeET eJMHCTBEHHOE PEllleHHe CUCTeMA YPaBHEHU

5.2 4 3|x| —2 = 5y +3x%—5aq,
x> +y?=1.

6) HaiiziuTe Bce 3HAUYeHHS MapaMeTpa d, [JIsT KaKJOTO U3 KOTOPHIX
VMeeT eIUHCTBEHHOE PellleHre CUCTeEMa YPaBHEHUHN

3.2 £ 2|x| -1 =3y +2x*—3q,
x?2+y*=1.
14. a) HatiguTe Bce 3HaUeHUs MapamMeTpa d, Ajsl KaXKZ0Tro U3 KOTOPHIX
UMEET €AMHCTBEHHOE PEIICHUE CUCTEMA y‘paBHeHI/Iﬁ
x?—2(a+1x+a®>-12 =2y,
y*—2(a+1)y+a*—-12 = 2x.

6) HailiznTe Bce 3HAUYeHHs MapaMeTpa d, ST KaKAOTO U3 KOTOPHIX
VMeeT eIUHCTBEHHOE PellleHre CUCTEMa YPaBHEHUHN

x2—2a+1x+a>-3=y,
y2—(Qa+1)y+a?-3=x.
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15. a) HaiizuTre Bce 3HAYeHUA MapaMeTpa d, s KaKJOT0 U3 KOTOPHIX

HMMeeT eIMHCTBEHHOE PellleHWe CHCTeMA
(B—-2vV2)Y +(3+2v2)Y —3a = x*>+6x+5,
y2—(a®-5a+6)x% =0,
—-6<x<0.

6) Haiizure Bce 3HAYeHWs TapaMeTpa d, JJis KaXKAOTO U3 KOTOPBIX

MMeeT eIMHCTBEHHOE PellleHUe CHCTeMA
2-V3)*+ 2+ V3 —5=a+2y+y?
x’+(2—-a—-a?y?=0,
-2<y<0.

16. a) HatizuTe Bce 3HaueHWs MapameTpa d, [Jis KaXKAOTO M3 KOTO-
PBIX CyIIeCTBYeT eAMHCTBEHHAs TpoiKa (X; y; 2) AeHCTBUTENbHbIX YHCET
X, ¥, %, IOBJIETBOPSIOIIAsA CUCTEME YpaBHEHUH

x°+(6—x)° = 2y°,
(x—3)2+(y—3)2+22+a®> =4,
12yz? —2(a—2)y*z+18 = 9a.

6) HaiizinTe Bce 3HAaYeHUs TapaMeTpa d, A/ KaKJOTO U3 KOTOPHIX CY-
IIeCTBYeT eJUHCTBeHHas Tpouka (X; y; 2) AeHCTBUTENbHBIX YUCEI X, ¥, Z,
VZIOBJIETBOPAIOIIAS CHCTEME YPaBHEHUH

x4 (8—x)!1 =2y,
(x—D*+ (y—4*+z*+a* =25,
20yz?— (a—5)y%z+40 = 8a.
17. a) Hatigure Bce 3HayeHUs IapameTpa d, JJs KaKAOro U3 KOTO-

PBIX CyllecTByeT eANMHCTBEHHAdA Tpolka (X; y; z) JelCTBUTEIbHbIX YHCes
X, ¥, 3, YAOBIETBOPAIOLIAA CUCTEMe YpaBHeHUN

4
25427 = (a®>— 4>+ y2+8,
lylz*+22%2 —a?z+a+4 = 0.

6) HaiiznTe Bce 3HaYeHUs TapaMeTpa a, JJIs KaKJOro M3 KOTOPBIX CY-
IIeCTBYeT eJUHCTBEeHHas Tpouka (X; y; 2) AeHCTBUTENbHBIX YUCEI X, ¥, Z,
VZOBJIETBOPAIOIIAS CHCTEME YPaBHEHUH

1
3435 = (@®>—9)?%+y?+6,
y2z*+22—2a’z+a+84 = 0.
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18. a) HatiguTe Bce 3HaUYeHUs apaMeTpa d, JJIA KaKA0TO U3 KOTOPHIX
HMMeeT eJMHCTBEHHOE PellleHWe CHUCTeMa YPaBHEHUH

(x+2)24+2(a+2y)+y*+2z*> =0,
(2+xyz?(a+2)4/1—2xy)(asin’z+x+y) =0,
(xy+1Dtglx+y)+cos(x—y) =1.

6) HaiiziuTe Bce 3HAUYeHHUs MapaMeTpa d, ST KaKJOTO U3 KOTOPHIX
VMeeT eIUHCTBEHHOE PelleHre CUCTeEMa YPaBHEHUHN

(xy —2)-sin(y —x)+2z = z-cos(x+y),
(x—1)?*+y*+2y+2z°4+a =0,
(a-sin’z+y—x)((a+1D1gbey+1)+1) = 0.

19. a) Hatigure Bce 3HauyeHUs MapaMmeTpa d, AJs Ka)KJoro U3 KOTo-

PBIX CylllecTByeT eMHCTBEHHas TpouKa (X; y; 2) AeNWCTBUTEIbHbIX YKCes
X, Y, 2, VAOBIETBOPAIOIIAsA CUCTEME YPaBHEHUHN

x?+y* =4z,
x+y+2z = 2a.
6) HalizuTe Bce 3HaUeHUs TapaMeTpa d, AJIA KaXKI0TO U3 KOTOPBIX Cy-

IIeCTBYeT eJUHCTBEeHHas Tpouka (X; y; 2) AeHCTBUTENbHBIX YUCEI X, ¥, Z,
VAOBIETBOPSIOIIAsI CUCTEME YpaBHEHUH

x?+y? =9z,
x+y =3a+3z.

20. a) Hatizute Bce mapsl (a; b) AelCTBUTENBHBIX YHceN a U b, aud
Ka)KZIOM 13 KOTOPBIX UMEET €IMHCTBEHHOE peIlleHUe CUCTeMa YpaBHEHU N

Xyz+z=a,
xyz2+z =0,
x*+y 4z =4

6) HaiiguTe Bce maphl (a; b) AeliCTBUTENbHBIX YHCE d U b, A1 KaXKA0MH
13 KOTOPBIX UMEET €ZIMHCTBEHHOE pellleHre CUCTeEMa YpaBHEHU M

4xyz+x =a,

8x%yz+b = x,
*+yr+z2=1.



§ 3.3. IHBapUaHTHOCTh 165

21. a) Haiizute KopHu ypaBHeHus f (x) =6, eciu
3f(x) —2f(4—x) = 2x*+27x —56

JUTs1 TF0OOTO ZIECTBUTETPHOTO 3HAYEHUS X.
6) Hatizute KopHu ypaBHeHus f(x) =14, eciu

4f(2—x) — f(x) = 6x> —47x+56

JUIA JII000T0 Z€UCTBUTEILHOTO 3HAYEHUS X.
22. a) HatizuTe KOpHU ypaBHeHHs f(x) =6, ecmu X #0 u

Bf(%) — f(x) = 8x.

6) Haiizute KopHU ypaBHeHUA f(x) =—8, e x #0 u

af(4) - roo = 15x.
23. a) Havizure xopHu ypaBHeHus f (x) =10, ecnu
2f(x) + f(—x) = 221 +3.2*"1 4 (0,25)* + 3 (0,5)*
JUTs1 JII0OO0TO IEWCTBUTENBHOTO 3HAYEHUS X.
6) Haiizute KopHU ypaBHeHus f(x) =15, eciu
FO)+5f(—x) =25 —2-5+(0,04)*%° —2.(0,2)*"!
JUIsT JII00OTO JIeHiICTBUTENBHOTO 3HAYEHUS X.

24. a) HaliguTe Bce 3HauYeHUA ITapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
ypaBHeHUe f(Xx)=a uMeeT XOTs Obl OZIJUH KOPEHb, ECIIU

2f(x)+f(37n—x) = 3cos®x+7sinx —14cosx+3

ZU1s1 TI0O0TO ZIeHCTBUTEIPHOTO 3HAYEHUA X.
6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHUe f(Xx)=a uMeeT XOTs Obl OZJUH KOPEHb, €CIIU

f(x)+2f(37n—x) = 4cos’x+9cosx —18sinx+4

JLJIS JIFOOOTO ZIEUCTBUTEILHOTO 3HAYEHHUS X.

25. a) HatizuTe Bce 3HaueHUA apaMeTpa d, IPU KaKI0M U3 KOTOPBIX
HepaBeHCTBO f (x) < 0 cripaBeIUBO /Jis1 TI060TO ZIeHCTBUTETHHOTO 3Have-
HUSA X, €CJIN

2f(x) — f(—x) = 21x+11|x+a—5|—19|x —a+5| —8a+28.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
HepaBeHCTBO f(x) > 0 crnpaBeAIUBO AJiA JTIOOOTO ZIeHCTBUTEIHPHOTO 3HAa-
YEeHHUS X, €CJIU

2f(x)+ f(—x) =3x+12|x+a—4|+21|x —a+4|—12a+ 30.
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BaKHOI 9aCThbIO MaTeMaTUIeCKON KYJIbTYphl, HEOOXOAUMOH /I OBJIa-
JeHUS MeTOoJaM{ pelIeHWs HeCTaH/JApTHBIX YpaBHEHWM M HepaBeHCTB
(B TOM umCIIe U 337124 C TAaPaMeTPOM), ABJIAETCS YMEHNE CTPOUTD IpadpuKu
MIEMEHTAPHBIX QYHKIMI U UCIONb30BaTh IpaduuecKye MHTEPIIPETAIH
VPaBHEHMI W HepaBeHCTB. 3a/aud, B PELIEHUU KOTOPHIX rpaduieckue
VHTEPIIPeTAlUY UTPAIOT KIIOUYEBYIO POJIb, MOXKHO C OIIpe/IeIEHHOM CTele-
HBIO YCIIOBHOCTH Pa3/ieIuTh HAa TPYU OCHOBHBIE I'pyIIbL. K mepBoii oTHecéM
3a7lau¥, B KOTOPHIX rpadudeckrie MHTEPIPEeTAlNY IT03BOJNAIOT HAIVIAZHO
IIPeJCTaBUTh pellleHNe U 3alKcaTh OTBET, a IOMCK OTBETA C ITOMOIIBIO
TOJTBPKO AHAIUTUYECKUX CPEJCTB MPUBOAUT K OI[YTUMBIM JIOTHYECKUM
TPYAHOCTSAM. B TakuX 3a/iagax CTeleHb mapaMeTpa 0ObIYHO paBHa 1, a 1o
THUITY 3TH 33Ja4U NPECTABIAIOT cOO0M cHCTEeMBl HEPaBEHCTB JHO0 CBO-
JATCA K TAaKUM crcTeMaM. IlociefHee T03BossgeT n306pasuTh MHOXKECTBO
Bcex TodeK IutockocTu Oxa (37ech a — mapaMeTp), VZOBIETBOPAIOUINX
VCJIOBUIO 33/]a4H, B BU/IE HEKOTOPOU GUTYpEI (MHOTZIA TOBOPAT «00IaCTh»,
a caM MeTO/i pPellleHHsI HasbIBAIOT «METOZOM obJacTeii»). ITocie aToro,
paccMaTpuBas pasjUYHBIE ITOJIOKEHUS TOPU3OHTAJIbHON MPAMOH a = ¢
(Takyto TpAMYIO 4YacTO Ha3bIBAIOT «CYUTHIBAIOIIEN»; 3/leCh € — YUCIIO)
OTHOCHTEBHO M300paXEHHOU 00I1aCTH, MOXKHO JOBOJTBHO ITPOCTO HAUTH
OTBET Ha BoIpoc 3azaun. Ko BTOpOW rpymie oTHeCEM 3aJauu, AOIyCKa-
I0IIKe TPAMYyI0 IpadUyecKylo WHTepIpeTaluio, T.e. IpeANoararolme
mocTpoeHue (B TOM YHCIIE C TIOMOIIBIO M3BECTHBIX 3l€MEHTapHBIX IIPe06-
pa3oBaHMI) U, BOSMOXKHO, HcciefoBaHue rpadpuka dyHkunn. K TpeTheit
I'pyIe OTHeCEM 3a/lauy, pellleHre KOTOPHIX OCHOBBIBAETCS Ha MCCIe/I0Ba-
HUY B3aUMHOTO PACIIONIOXKEeHUs U3BECTHBIX QUIyp — IIPSIMBIX, OTPE3KOB,
VIJIOB, OKPY)KHOCTEM — TOCJIE COOTBETCTBYIoMIel (rpaduyuecKoi niu reo-
MeTPUYECKOM) UHTePIpeTalNU JaHHBIX YPAaBHEHUH WM HEPABEHCTB (T. €.
3/lecb, B OTIMYME OT 33aiad IPeABIAYIINX TPYIII, PAacCMaTPUBAIOTCA He
TONMBKO rpaduku PyHKIUNA, HO M reoMeTpudeckue (UTypHI, 3aJaHHbBIE
YpaBHEHUAMH WIN HepaBeHCTBAMMU).

§4.1. MeTopz, obJiacTeit

HaunéMm c 3a71a4 TepBOM I'PYIIIH, T. €. € 33/1a4, PeNIaeMbIX C TOMOIIBIO
«MeToza obyacTei», HO CHavyaja BCIIOMHUM, KAKMMM OTHOIIEHUSIMU CBS-
3aHbl TOYKK rpadrKa JaHHOU GYHKIIUM U BCE APYTUE TOYKU KOOPAUHAT-
HO¥ TVIOCKOCTH.
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Ecmm mana ¢yHkiusa y = f(x), To Bce Touku (x; f (X)) KOOpAUHATHOU
IWIOCKOCTH OXYy W TOJBKO OHHM IPUHAJJIEKAT rpaduKy 3TOU GYHKIMH.
OueBUZHO, YTO BCE TOYKHU, OPAUHATHI KOTOPHIX 60sblie ueM f (x), T. . TO4-
ku (X;y), OPAVHATEI KOTOPHIX VZIOBJIETBOPSIOT HEPABEHCTBY Y > f(x),
HaxoAATCA Haj rpaduroM OGYHKIMU; TOYKU (X; y), OPAUHATE KOTOPBIX
VZIOBJIETBOPSAIOT HEPABEHCTBY ¥ < f(Xx), HaxoAaTcs moA rpapukomM QyHK-
uum (cM. puc. 1).

y
y=f)
y>fx) /
/ y<f)
0 X
Puc. 1

Paccyxxziass aHaJIOTUYHO, MOXKHO JIETKO H300pasuTh HA KOODAMHAT-
HOU IUTOCKOCTH BCE TOYKH, YAOBIETBOPSIOINE, HATIPUMED, HEPABEHCTBY
a <y <b upu ycioBuu a < b: 3To ropu3oHTaIbHAs TIOI0CA, OTPAHUYEHHAS
MpSAMBIMUA Y =a U ¥ =b (cM. puc. 2).

Y Y
y=b
(8} =
Il Il
asy<b o] esx<(d o
0 X 0 X
y=a
Puc. 2 Puc. 3

MHOxXecTBOM BceX TO4YeK KOOPAWHATHON IJIOCKOCTH, YZOBJIETBOPAIO-
WX HEPABEHCTBY ¢ < X < d MpU yCIoBUU ¢ < d, ABIAETCSI BEpPTUKATIbHAA
M0JI0Ca, OTpaHUYeHHAasA IPAMBIMU X =c U X =d (cM. puc. 3).

Hatiném Terepb MHOXeCTBO BceX Touek (x; y) miockocTu OXy, KOop-
JVHATHI KOKJOU M3 KOTOPHIX YAOBJIETBOPAIOT HEPABEHCTBY

Qy—-x—-Dy+x—-4) <O0.
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TTpousBe/ieHye [IByX YKCesl HEMIONOKUTEBHO, €CTU STH YMC/Ia UMEIOT Pas-
Hble 3HAKK WM XOTs 6bI O/IHO M3 HUX PaBHO Hymo. [T03TOMY ZlaHHOE Hepa-
BEHCTBO BBIIOTHAETCA TOMBKO B CIydae, eciu

2y —x—4<0, 2y —x—420,

y+x—4>0 e y+x—4<0.

[TepBas cucTeMa JIerkKo NPUBOAUTCA K BUAY

y <0,5x+2
y > 4-—x,

BTOpas — K BUAY

OTO O3HayuaeT, YTO JaHHOMY HEepaBEHCTBY y/OBJIETBOPAIOT BCE TOUYKU KO-
OPZAWHATHOH IUIOCKOCTH, KOTOPBIE PACIIONIOXKEHB! He BBIIIEe OFHOM U3 Imps-
MbIX y =0,5x +2 wim y =4 — x U He HWXe APYrod U3 3TUX IPAMBIX.
TakyuM 06pa3oM, ICKOMOe MHOKECTBO OTPAaHUYEHO IIapoii BEPTUKAIbHBIX
yIJIOB, 06pa30BaHHBIX STUMH NMPSAMBIMU (Ha pUC. 4 3TU YIVIbI 3aIUTPUXO-
BaHbl). KoopAnHATH 060 TOYKU, MPUHAZJIEKAIIENH YaCTU IIOCKOCTH,
OTpaHUYEHHOU APYroii Mapoil BepTUKAIbHBIX YIJIOB, 00pa30BaHHBIX 3TH-
MU IpAMBIMHU (Ha pUC. 4 3TU yIIbI He 3alITPUXOBaHEBI), YAOBIETBOPAIOT,
Kak JIeTKO IOHATh, HepaBeHCTBY (2y —x —4)(y+x—4) >0.

y
X{L

Puc. 4

BoobIrie, MHOXXECTBOM BceX To4eK (x;y) miockoctu OXy, yAOBIe-
TBOPSIOIIUX HepaBeHCTBY f(x)g(x) <0, ABIAOTCA Bce Te TOYKU (X; Y)
3TOM TUIOCKOCTH, JJIs1 KOTOPBIX yncia f(x) u g(Xx) UMeroT pa3Hble 3HAKH,
T. €. BCE Te TOYKH, KOTOPBIE JIEXKAT BBIIIIE OAHOTO M3 IPAadUKOB GYHKIIHI
y = f(x) wiu y = g(x), HO HIKe IPyTOro; MHOKECTBOM BCeX TOYEK (X; ¥)
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IWIOCKOCTH OXY, YAOBJIETBOPSIOMINX HepaBeHCTBY f (x)g(x) > 0, ABnsAtoTCA
BCE Te TOYKH 3TOU IUIOCKOCTH, JJIT KOTOPhIX ymciaa f(x) u g(x) ogHOTO
3HaKa, T.€. BCE T€ TOYKH, KOTOPHIE JIEXKAT BHIIIE KaXKJAOTO M3 rpadUKoB
y=f(x) u y=g(x) i HIKe KOKJ0Tro U3 HUX (CM. puc. 5).

e

y

fO)gx) <0

0
\/ Fx)g(x) >0

Puc. 5

Jlanee, ecnu gauel rpaduku GyHKIUA ¥y = f(x), y =g(x), y = h(x),
MOXXHO 6€e3 TpyZa n306pa3uTh MHOXKECTBO BCEX TAKUX TOYEK (X; y) IIoc-
koctu OXxy, 4TO, HaNIpUMep,

£,
g(), (cm. puc. 6).
h(x)

A\YARR\VARV/AN

Y
y
y

y

QY

é’CF) = h(}d
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Chopmymupyem s GyHKIUN, TpadUKH KOTOPHIX HM300pakeHbl Ha
puc. 6, HOByIO 3a/jauy: HaWTH BCe 3HAUEHUs IapaMeTpa d, IPU KaKAOM
13 KOTOPBIX CHCTEMA HEPABEHCTB

£,
g(x),
h(x)

a
a
a

A\YARR\VARV/AN

HMeeT XOTs OBl OZIHO pellleHre, ¥ YKa3aTh PEIIeHUs CUCTEMBI JJI KaXK0T0
M3 HaWJeHHbIX 3HAYEeHWH mMapaMmeTpa a. Takad (popMyJIMpoBKa Moze-
JIUPYeT B JOCTAaTOYHO OOIIEM BH/E TMOYTH JIOOYI0 3aJady Ha «METOJ
obsacTeti». JIisi OTBEeTa Ha MMOCTaBJIeHHbIE BOIIPOCH YI0OHO HUCTIONTh30BaTh
WIocKocTh Oxa, n306pa3sMB Ha HeEW MHOMKECTBO BCEX TOYEK, KOOPAU-
HaThl KOTOPBIX Y/IOBJIETBOPSIOT JAHHOW CHCTEMe, WM TaK Ha3bIBAEMYIO
«CYUTBHIBAIOLIYIO TPSAMYIO» (KaBBIYKUA B JajbHelIIeM OyzeM OITyCKaTh),
T. €. IPAMYIO a = ¢ (3/1eCh ¢ — YHCJIO), MAapauIeJbHYy0 ocu abcrucc. C mo-
MOIIIbIO MTapaIJIebHOTO TIepeHoca 3TON MPSIMOM ZIOBOJIBHO TIPOCTO OTIpe-
JIEMNTh, KaKue 3HauYeHUs MOMKET IMPUHUMAaTh MapaMeTp d, W BBIIHACATh
pellleHus CUCTEMBI I KaKZOro M3 3TUX 3HauyeHWi. Ha puc. 7 u3006-
pa’keHO OZHO M3 BO3MOXKHBIX IOJIOXKEHUM cuWThIBatolel npsamom. /s

a

o

/|

Puc. 7

COOTBETCTBYIOIETO 3HAYEHUSA IMapaMeTpa pellleHHeM CHUCTEMBI SBJIAET-
€1 MHOXECTBO [Xx7; Xo] U [x3; X4], Ile 4MCIO X; HAXOAUTCA Kak KOpPeHb
ypaBHeHus h(x) =a, 4ucia X, U X3 — KaK KOpPHHU ypaBHeHUA f(x) =da,
YHCII0 X4 — KaK KOpeHb ypaBHeHUA g(x) =da.

[MepeiiiéM K KOHKPETHBIM ITPUMEpPaM.
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ITpumep 1. Haiigure Bce 3HaYeHWs MapaMeTpa d, TPY KaKJIOM U3 KOTO-
PBIX HepaBeHCTBO arccos(3ax + 1) < arccos(2x + 3a — 1) umeer XoTs ObI O
HO pellleHre, ¥ YKKUTE PEIIeHs] HepaBEHCTBA I KK0TO 3HAYEHUS d.

Pernrenue. HepaBeHCTBO arccos! < arccos g BBITIOTHAETCS B TOM U TOJb-
KO TOM CJIy4ae, eCiu

l
q
l

q,
-1,
1

N v WV

(mepBoe M3 HEpPaBEHCTB CUCTEMBI CJeAyeT U3 TOTO, YTO GYHKUMA Yy =
= arccost MOHOTOHHO yOBbIBaeT Ha 0OJIaCTU OIpeJeseHus, [Ba MOCIe-
HUX — U3 TOTO, 4TO 3Ta GyHKUUA omnpezesneHa mpu t € [—1; 1], u mepBoro
HepaBeHCTBA CUCTeMbI). TakuM 06pasom,

3ax+1>2x+3a—-1, (Ba—2)x >3a-2,
2x+3a—1> -1, oTkyna 1 x > _%a,
ax+1<1, ax < 0.

306pa3uM MHOXeCTBO BceX Touek (X;a) IutockocTw Oxa, YZAOBJIETBO-
pAOmMUX NoclefHed cucreMe. /[ljiA 3TOro 3aMeTHM, 4YTO IIpU a>% nep-
BOE€ HEepPaBEeHCTBO CHUCTEMBI IIPUBOAWTCA K BUAY X > 1; pu a = 3 Tepsoe
HepaBeHCTBO cucTeMbl IpuBoAuTca K BuAy O0-x>0 (U ero pemieHueM

o 2
ABJIAETCA JII0b0e AEUCTBUTE/IBHOE lII/ICJ'IO); npu a < § II€pBO€ HEPABEHCTBO

CHCTeMbI IPUBOAUTCA K BUAY X < 1. FickoMoe MHO)XeCTBO IIOKa3aHO IITPU-
XOBKOH Ha puc. 8. [lJIf 3amucy 0TBeTa yA0OHO pacCMaTPUBATh PAa3TUIHBIE

Q. a
\\\9
St
2
I 3 a=c
| 1
-1 0 X
T .
3
+
\\\\3
2@

Puc. 8
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TIOJIOXKEHHUSA CUUTHIBaOIIe npaMoi a = c¢ (c — AeNCTBUTEIbHOE YUCTIO),

o 2 2
napaJuienbHOM ocu aberuce. [Tpu a < —3 WM a > 3 3Ta NpAMas He UMeeT

o o o 2
C 3alITPUXOBAaHHOH 00JIACThIO HU OZHOM 00Ielt Touku. Ilpu a = —73 oTa

mpsMasi MMeeT C 3aIlTPUXOBAHHOU OO6JIACTHIO €AWHCTBEHHYIO OOIIYIO
TOUKY, JIeXKalllylo Ha IpAMOU a = —%x (mpuatom x=1).Ilpua e (—%; 0]
9Ta MpsMas mepeceKaeT 3alITPUXOBAHHYIO 00JACTh IO OTPE3KY, JIeBBIi
KOHel] KOTOPOTo JIeXXUT Ha MpsAMOM a = —%x (u, 3HAUUT, X = —%a), a
npaBeli — Ha nipsAaMon x = 1. [Ipu a € (0; %] oTa mIpAMad Iepecekaer

3alITPUXOBAHHYIO 06JIACTb II0 OTPE3KY, JIEBBIH KOHEI] KOTOPOT'O JIEKUT Ha

psAMON a = —%x (u, 3HAUUT, X = —%a), a paBbIli — Ha ocu opAuHAT (U,
3Ha4yuT, X =0).
o 2 2 2
Omeem: pellileHU} HET IpU A€ | —; -3 Ul 3; o0 |; {1} mpu a=-3;

[—%a; 1] Ipu a € (—%; 0] ; [—%a; 0] pu a € (0; %] .

3aMeTHM, 4TO B IOZOOHBIX 3a/1a4ax /JIA YIIPOIEHUS 3alMCH pelleHUN
yI0OHO BRIpa)kaTh IEpEMEHHYIO Yepe3 TapaMeTp U yKa3blBaTh HalIeHHOe
BhIpa)KEHHME Ha COOTBETCTBYIOIIEM rpadrKe, KaK 3TO CAENaHO B HIDKHEH
4JacTu puc. 8.

IMpumep 2. Haligute Bce 3HaYeHUsA IMapaMeTpa d, IIpU KaXKJOM U3 KO-
TOPBIX CUCTEMA HepaBEeHCTB

VMeeT XOTs ObI OZTHO pellleHye, U YKaKUTe PeIleHNs CUCTeMBI AJIA KaXKA0-
ro 3Ha4YeHu d.
Pemrenue. [IpuBeziém JaHHYIO CUCTEMY K BUZLY

a<12-3x,
a > x%—4x,
a<x

Y MOCTPOUM B cHcTeMe KoopawHAT Oxa rpaduku GyHKIUK a = 12 — 3x
(mpsamas, npoxogamas yepe3 Touku (4;0) u (3;3)), a= x? —4x (mapa-
60s1a, BETBU KOTOPOI HalpaBIeHbl BBEPX, C BEPIINHON B Touke (2; —4),
mepecekaroiias och abeice B Toukax (0;0) u (4;0)), a = x (mpsmas,
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npoxozsmasn yepe3 Touku (0; 0) u (3; 3)). MHOXkecTBO Bcex Touek (x; a)
wiockocTy Oxda, YZAOBIETBOPAIOUIMX JAHHOW CUCTeMe, IIOKaXeM CephIM
nBeroM (cM. puc. 9). [lna 3anucy oTBera OyzeM paccMaTpuBaTh pas-
JIVYHBIe TIOJIOXKEHUA CYUTBIBalollell NpAMOM (IBa TaKUX IIOMOXKEHUA:
a=a; U a=a, nokasaHsl Ha puc. 9). IIpu a < —4 unu a > 3 cuUuTHBa-
Ioas npsiMas He UMeeT C 3alITPUXOBAHHOU 00IacThi0 HU OZHOU OOIIei
Touku. [lpu a = —4 cuuThBalolasd NpsAMasd MMeeT C 3allTPUXOBAaHHOM
006J1aCThIO0 €IMHCTBEHHYIO OOIIYIO0 TOYKY — BepIIMHY mapaborsl (T.e. pe-
IIeHreM JaHHOW CHCTeMBI ABIAeTc X = 2), IpU a =3 3Ta IpsAMasd UMeeT
C 3aIUTPUXOBAHHON OOJIACTHIO TAKKE E€JUHCTBEHHYIO OOLIYI0 TOYKY —
TOUKY IlepecedeHusa NpAMBIX a =12 — 3x u a = x (T.e. pelleHHeM JaH-
HOM cucteMbl aBiseTcsa X = 3). [Ipu a € (—4; 0] cuutsBaronjas npsamas
IepecekaeT 3alITPUXOBAHHYIO 00JACTh 110 OTPE3KY, KOHI[BI KOTOPOTO
nexkar Ha mapabone a = x? — 4x. B 3ToM ciy4ae JIeBbIi KOHel| OTpe3sKa
ABJIAETCA MEHBIIUM KOPHEeM ypaBHeHMs x° — 4x —a =0 (3TOT KOopeHb
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paBeH 2 — va+4), a mpaBelii — OOJIBIINM KOPHEM 3TOr'0 yYpaBHeHU: (OH
paBeHd 2 + va+4). IIpu a € (0; 3] cuuThiBaromias npsiMas IepecekaeT
3alITPUXOBAHHYIO 06J1aCTh TI0 OTPE3KY, JIEBBIN KOHEI KOTOPOTO JIEXKUT Ha
npsaMon a =x (¥, 3HA4UT, X =a), a MpaBbIi — Ha npsamMon a =12 — 3x (u,
12—a

3 ).

Omeem: perieHUH HeT IpU a € (—o; —4) U (3; +); x =2 npu a = —4;
x=3 npu a=3; x€[2—+va+4; 24+ +a+4] npu ae(—4;0]; x [a; 12T—a]
mpu a € (0; 3].

IMpumep 3. HaiiznTe Bce 3HaYeHUs TTapaMeTpa d, IPU KaXkAOM U3 KO-
TOPBIX XOTA OBl OHO pellleHre HepaBEHCTBA x’+a+|x—a—1]+1<3x
NIpUHaJIEXXUT oTpesky [0; 1].

Pemenue. [TepenunieM HepaBeHCTBO B BUie [x—a—1|<3x—x%—a—1
U BOCIIOJIb3yEMCS TeM, YTO |p| < ¢ B TOM W TOJBKO TOM C/Iy4ae, eCId

3HA4YUT, X =

P<gq,
—q<p<gmeecmy " TlOIyunM CHCTEMY HEPABEHCTB
x—a—-1<3x—x*—a—1, x(x—2) <0,
OTKyZIa 2
x—a—1>-3x+x2+a+1, A a<—%+2x—1.

MHoxecTBOM Bcex Todek (X;a) miockocTu Oxa, KOOpAUHATHL KOTOPBIX
VZOBJIETBOPAIOT HepaBeHCTBY X (x — 2) < 0, AByiAeTcd mosnoca, 3aKI04eH-
Had MexAy npAMbIMU X =0 1 x = 2 (BKJIIOYasd 3TU npaAMble). MHO)XXecTBOM
Bcex Touek (x; a) mwiockocTu Oxa, KOOPAWHATHI KOTOPBIX YOBIETBOPAIOT
2 2
X X
HEPABEHCTBY a < -5 + 2x — 1, aBnserca napabona a = -5 +2x—1m
4acTh IUIOCKOCTH, PACIIONIOKEHHAsA HIDKe 3TOH mapabossl (cM. puc. 10).

a

0,5"777 """ L

Puc. 10
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Cucrema HepaBEHCTB {x (x—2) <0,

X2
a< -3 +2x—1
HMMeeT XOTA Obl OZHO pellleHMe Ha orpe3ke [0; 1] TONMBKO B TOM ciydae,
ecmn a <0,5.
Omseem: a€ (—x;0,5].
IIpumep 4. HaiiznTe Bce 3HaUEeHUA TapaMeTpa d, IPU KaKIOM U3 KO-
TOPBIX MHOXXECTBOM pellleHUY HepaBeHCTBa

a®?—22x+7a— (2 —2x+7)(x*—6x—7) <0
ABIsAeTCA 00beANHEHNE POBHO JBYX HeNepeCceKaIoUXCsl MTPOMEKYTKOB
YUCJIOBOU MPAMOM.
Pemenue. PaccMOTprM HEpaBEHCTBO KaK KBa/IpaTHOE OTHOCHUTENIBHO
a ¥ TepemuIneM ero B Buze
a®— (4x+14)a+ (x*—2x+7)(—x*+6x+7) < 0.

3amerumM, 4to (X2 —2x +7) + (—x? + 6x + 7) = 4x + 14. IlosTOMY cornac-
HO dopMynaM BueTa KOpDHAMM KBaJpaTHOIO TPEXWIEHA B JIEBOH YacTH
HepaBeHCTBa ABAATCA X2 — 2x + 7 U —x2 + 6x + 7. Vcronb3ysa dpopmyity
PasoKeHUs KBaJpPaTHOrO TPEXWIeHA Ha MHOXHTENH, JaHHOe HepaBeH-
CTBO TeIleph MOXKHO 3aIIUCaTh TAK:

(a—(x%=2x+7)(a— (—x*+6x+7)) <O.

a=Xx

7
/6 ”
Za’=’const

X A+7,

N
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MHoKecTBO Bcex Todek (X; a) IWIocKocTH Oxd, KOOPAUHATHI KOTOPBIX YAOBIIE-
TBODPAIOT NOJMyIeHHOMY HEpPaBEHCTBY, JIEKUT He BBIIIEe OFHOTO M3 rpaduKoB
dynrxmit a =x*—2x+7 wm a=—x*+ 6x+ 7 u He Hwke Apyroro. I'padu-
KoM QyHKIMM a = x% — 2x + 7 ABiseTca nmapabosa, BETBUM KOTOPOW HaIpas-
JIeHBl BBepX, ¢ BeplIMHOU B Touke (1; 6), mepecekatomas ocb Oa B TOYKe
(0; 7). Tpadukom dyHkimu a = —x?+ 6x + 7 ABnserca napabona, BETBU KO-
TOpOY HaIlpaBJieHbl BHU3, C BepIIMHON B Touke (3; 16), mepecekaroriasi och
Ox B Touxax (—1;0) u (7;0), a ocb Oa— B Touke (0; 7). Haiigzém obuime
TOYKU JIBYX 3TUX napabosn (3aMeTUM, YTO OZHA M3 HUX yXKe HalzeHa: 3TO
touka (0; 7). /I 3TOro peluM ypaBHeHHe x2 — 2x + 7 = —x? + 6x + 7,
oTkyza x =0 win x =4 (u torga a =15). Hapucyem 3cku3bl rpadpukoB 1
OTMETHUM HITPUXOBKOM MCKOMOEe MHOKECTBO ToueK (Xx; a) miockocTu Oxda.

YenoBue 3aauu GyzieT BBIIIOTHEHO, ECTTH ITlepecedeHue IPSMOH a = const
Y 3alUTPUXOBAHHON 06JaCTU COCTOUT W3 JBYX IIPOMEXXYTKOB, HEe MMEIO-
IIUX OOIIMX TOYEK, T. €. ecnu a € (—o; 6) U{7; 15} U (16; +x).

Omseem: (—o; 6) U{7; 15} U (16; + ).

Ynpaxuenusd k §4.1

1. a) HaiiznTe Bce 3HaUYeHUs MapaMeTpa d, P KAKJOM U3 KOTOPBIX
crcTeMa HepaBeHCTB
a<x+3,
a+2x > 12,

3a>x+1

HMeeT XOTs OBl OZIHO PellleHre, U YKAKUTE PEIIeHU CUCTEMBI JIs KaXK/0-
r'o 3HAYEeHU d.
6) HatiznTe Bce 3HaYeHUs TapaMeTpa d, IIPU KaKJOM U3 KOTOPHIX CH-
cTeMa HepPaBEHCTB
2a+x <15,
3a > 2x+5,

a<3x+18

HMeeT XOTs OBl OZIHO PellleHre, U YKAKUTE PEIIeHUS CUCTEMBI JJIsT KaXK/0-
r'o 3HA4YeHu d.

2. a) HaiiguTe Bce 3HaYeHUS MMapaMeTpa d, IPU KaKJOM U3 KOTOPHIX
HepaBeHCTBO arccos(ax —a + 1) < arccos(2x + a — 3) uMeeT XOTs ObI OJHO
pellleHre, U YKa)KUTe pellleHrs HEPAaBEHCTBA AJIA KaXKI0Tr0 3HAYEHHUS d.

6) HalizmTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX
HepaBeHCTBO arcsin(ax +a+ 1) > arcsin(2x + a+ 1) uMeeT X0Ts GBI OJHO
pellieHre, U yKaKUTe PellleHrs] HeEpaBeHCTBA JIA KaXXI0Tro 3HAUYEeHUS d.
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3. a) Haiigute Bce 3HaYeHWs IapaMeTpa d, TPU KaXJOM U3 KOTOPHIX

. T
HepaBeHCTBO arcsin(ax+2a+1)+arccos(2x+a+3) > 5 MMeeT XOTA OBL Of-
HO pellleHHe, U YKOKUTE PellleHrs HePaBeHCTBA U KaXK[0T0 3HAUYE€HUS d.

6) HatizuTe Bce 3HaUeHUsA TapaMeTpa d, TIPU Ka)X/JJ0M U3 KOTOPBIX Hepa-

BeHcTBO arccos(ax—2a-+1)+arcsin(2x+a—>5) < g “MeeT XOTd ObI OZHO
pellieHue, U YKaKUTE PellleHns HePaBeHCTBA IS KaXK[0r0 3HAYEHU d.

4. a) HaliiuTe Bce 3HAYEHUs MMapaMeTpa d, IPU KaKJOM M3 KOTOPBIX
crcTeMa HEpAaBEHCTB

nMeeT XO0TA 6]:1 OAHO pEIIEHUE, U YKAXKUTE PEHIEHNA CUCTEMBI JJI KaXKA0-
'O 3HA4YE€HUA d.
6) HaiizinTe Bce 3HAYeHUs TTapaMeTpa d, TIPYU KaKJOM U3 KOTOPBIX CH-
cTeMa HepaBEHCTB
a+x <12,

9a+12x > x?,
3a<x

VMeeT XOTs ObI OJHO pellleHue, U YKaKUTE PEIleHUsT CUCTEMBI JJI KaXKA0-
ro 3HA4YeHU d.

5. a) Hatligure Bce 3HaYeHUs IapameTpa d, IPU KaXKJOM M3 KOTOPBIX
XOTs OBl OZHO pellleHre HepaBeHCTBA

X2+ |x+a—-3|+5<5x+a

MIpUHAJJIEXXUT OTpe3Ky [1; 2].

6) HatizuTe Bce 3HaYeHUs TapaMeTpa d, TP Ka’KJOM U3 KOTOPBIX XOTS
OBl OZIHO pellleHe HEPABEHCTBA 6X > 2x%+a+ |2x —a — 2| + 2 mpunage-
SKUT oTpesky [—1; 0].

6. a) HaiiguTe Bce 3HaYeHUA IapaMeTpa d, IpU KaXKJOM K3 KOTOPBIX
CYLIECTBYeT XOTs OBl OHO 4Mcio X € (1;2), He ABJIAIONIEeCs pelleHrueM

HepaBeHCTBa
a+Va?—2ax+x? < 3x—x2.

6) HailiguTe Bce 3HaUeHUs MapaMeTpa d, IPU KaKJOM U3 KOTOPBIX Cy-
IIECTBYeT XOTsI OBl OZ/HO YUCIO X € (—2; 1), He ABJISIONIeecs pelleHueM

HepaBeHCTBa
2x2 4+ 6x+a+ v a?+4ax+4x2 <0.
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7. a) HaiiauTe Bce 3HaueHMs mapaMeTpa d, IPH KaXAOM M3 KOTOPHIX
cHCTeMa HepaBeHCTB
7a+6x > x?,

a < vx,
3a+x <10

VMeeT XOTs ObI OJHO pellleHre, U YKaKUTE PEIleHUsT CUCTEMBI AJI KaXKA0-
r'O 3HAYEeHUS d.
6) HaliznTe Bce 3HaYeHUsA TapaMeTpa d, IIPU KAKJOM U3 KOTOPBIX CH-
cTeMa HepaBeHCTB
3a+2x > x?,

a < 24/x,
2a+x <5

HMeeT XOTs ObI OJHO pellleHNe, U YKKUTE PEIleHUsI CUCTEMBI AJI KaXKA0-
r'O 3HAYeHUs d.
8. a) Haiigure Bce 3HaYeHUs mapameTpa d, IPU KaXKJOM U3 KOTOPBIX
cucTeMa HepaBeHCTB
2x —al < 4,
a+4>x?

MMeeT XOTs ObI OIHO pelIeHNEe, 1 YKaXKUTE PEHICHUA CUCTEMBI AJIA KaXKJ0-
'O 3HA4YEHHUA d.
6) HatiznTe Bce 3HaYeHUs TTapaMeTpa d, IIPU KaKJOM U3 KOTOPHIX CH-
CT€éMa HEPABEHCTB
[3x+al <9,
a+x*<9

HMeeT XOTs OBl OZIHO PellleHre, U YKAKUTE PEIIeHU CUCTEMBI JJIs KaXK/0-
r'o 3HA4YEeHU d.

9. a) HaiiguTre Bce 3HaYeHUA IlapaMeTpa d, IPpU KaKJOM U3 KOTOPBIX
HepaBeHCTBO (a + 4x — x?)(a — x) <0 uMeeT x0T 6bI OZHO pelleHue, U
VKa)KUTE pelleHusT HepaBeHCTBA IS K&KJ0ro 3HAaYeHU d.

6) HatizuTe Bce 3Ha4YeHUs MapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
HepaBeHCTBO (a + 6x + x?)(a + x) <0 umeeT XOTsS OGbI OAHO peleHue, u
VKQKUTE pelleHusI HepaBEHCTBA IS KK/JOro 3HaYeHUA d.

10. a) Haiizute Bce 3HaUeHUA TapaMeTpa d, MPU KAKAOM U3 KOTOPHBIX

crCcTeMa HEpaBEHCTB
a < 4/ 25-x2,
(4a—3x)(Ba+4x) >0

MIMeeT XOTA Obl OAHO pEUIEHNE, U YKAXKUTE PEHIEHNA CUCTEMBbI AJIA KaXKA0-
'O 3HA4YEHHUA a.
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6) HaiiznTe Bce 3HaYeHUs TapaMeTpa a, IPU KaXKJOM U3 KOTOPBIX CH-
cTeMa HepaBeHCTB

a+4/169—x2 >0,

(5a—12x)(12a+5x) <0
nmMeeT XO0TA 6]:1 OAHO pEIIEHUE, U YKAXKUTE PEHIECHNA CUCTEMBI JJI KaXKA0-
I'O 3BHAYEHUAI a.

11. a) Hatizure Bce 3HaYueHUs IapaMeTpa d, IPU KaXkKJOM U3 KOTOPBIX
MHOXECTBOM peIlleHU! CUCTeMbl HePaBEHCTB

ax > 2,

x—1>a,
3x <2a+11
SIBJIIETCS OTPE30K YMCJIOBOU MPSIMOM, /IJTMHA KOTOPOTO PaBHA 2.

6) Halizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
MHO)XeCTBOM pelLlIeHN CHCTeMbl HeEpaBeHCTB

ax > 8,

vx—4>2a,
3x < 8a+44
ABJIIETCA OTPE30K YMCIOBOM IIPSAMOM, AJMHA KOTOPOT'O paBHa 4.
12. a) Hatigure Bce 3Ha4eHUs apaMeTpa d, Py KaXKJOM U3 KOTOPBIX
CucTeMa HepaBeHCTB
a < log, x,
2a+x > 4,
a+2x <10

HIMeeT XOTsI OBl OIHO pellleHUe, U YKaKUTE MHOXKECTBO PELIeHUI CUCTEMBI
JUIA KOKJI0T'0 TaKOTo 3HaYeHUd IlapamMerpa d.
6) Haiizure Bce 3HaUYeHHs IapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
cucTeMa HepaBeHCTB
a < log, x,
at+x>1,
at+4x <9

MIMEEeT XOTS OBl OJHO pEHI€HNE, U YKAXKUTE MHOXECTBO peH.IeHI/Iﬁ CHCTEMBbI
AJIA KQKA0r0 TaKOTIo 3HAYE€HUA ITapaMeTpa a.
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13. a) HatiguTre Bce 3HaYeHUs ImapaMeTpa d, pU KaKI0M M3 KOTOPBIX
MHOXECTBOM peIlleHU! CICTeMbl HepaBEeHCTB

a < 3log; x,
ax > 9,
|x—9|+|x—27| <18
ABJIAETCA OTPE30K YMCIOBOM IPAMOM, JIMHA KOTOporo paBHa 15.

6) Haiizure Bce 3HAYeHUA NapaMeTpa d, IPU KaXKJOM M3 KOTOPBIX
MHOXXECTBOM peIlleHU! CICTeMbl HepaBEHCTB

a < logs x,
ax > 3,
|x—9|+|x—27| <18
ABJIAAETCA OTPE30K YMCJIOBOM IIPAMOM, AJKMHA KOTOPOro paBHa 9.

14. a) HaiiguTe Bce 3HaYeHuUA I1apaMeTpa d, IPU KaXJOM U3 KOTOPBIX
CUCTeMa HepaBeHCTB

(ax —8)(a—log, x) <
X
|[x—2|+|x—8| <6

0,

VIMeeT XOTsI OBl OHO pellleHue, U YKaKUTe MHOXKECTBO PellleHUI CUCTeMbI
ZUTS KQKJ0T'0 TaKOTo 3HAYeHUs IlapameTpa d.

6) Haiizure Bce 3HAYeHUA NAapaMeTpa d, IPU KaXKJOM M3 KOTOPBIX
CHCTeMa HepaBeHCTB

(ax—4)(a;log2x—1) <o,

Ix—1]+|x—4] < 3

VIMeeT XOTsI OBl OHO pellleHHe, U YKaKUTe MHOXKECTBO PellleHUI CUCTeMbI
ZUTS KQKJOT'0 TaKOTo 3HAYeHMs IapameTpa d.

15. a) Hatigure Bce 3HaYeHUs MapaMeTpa d, IpU KaKI0M M3 KOTOPBIX
CUCTeMa HepaBEeHCTB

|x|+2a < 4,

Vix=1<a

MIMeEeT XOTS OBl OAHO pEHIEHHNE, U YKAXKUTE MHOXECTBO peH.IeHI/Iﬁ CHCTEMBbI
AJIA KQKA0r'0 TaKOIo 3HAYE€HUA ITapaMeTpa a.
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6) Haiizure Bce 3HaUYeHHs IapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
cuCTeMa HepaBeHCTB

|x|+a <2,

VI2x—1| <a

VIMeeT XOTsI OBl OHO pellleHte, U YKAKUTe MHOXKECTBO PellleHUH CUCTeMbI
JUIA KOKJI0T'0 TaKOTo 3HaYeHHd IlapamMerpa d.
16. a) Hatizute Bce 3HaueHU: NapaMeTpa a, IpU KaXKZOM U3 KOTOPBIX

HEPaBEHCTBO
(a+|x—11-2)(@a—+/[2x—3)) <0

HMeeT XOTs ObI OZJHO pellleHre, U YKAXKUTe MHOXKECTBO pellleHN HepaBeH-
CTBA /JIs KaXK/IOTO TAKOT'O 3HAYEHUs IapaMeTpa d.
6) Haiizure Bce 3HaUYeHHs IapaMeTpa d, MPU KaKJOM U3 KOTOPBIX

HepaBEeHCTBO
(a+|x+1]-2)(a—+/|2x+1)) <0

rMeeT XOTA ObI OZJHO pellleHre, U YKaXXKUTe MHOXKECTBO pellleHH HepaBeH-
CTBA /IS KXK/IOTO TAKOr'0 3HAYEHUA ITapaMeTpa d.

17. a) HaiiguTe Bce 3HaYeHus napaMeTpa d, IpU KaXJ0M U3 KOTOPBIX
cuCTeMa HepaBeHCTB

x’+a< 3x,

a+3>2,5|x|
HMMeeT XOTsI ObI OTHO pellleHue, U YKaKUTE MHOXKECTBO PEIleHUH CHCTEMbI
JUIA KaXXZ0T0 TaKOr'o 3HaYeHud IlapaMeTpa d.

6) Halizure Bce 3HaueHUs mapaMmeTpa d, MPU KAXKJOM U3 KOTOPBIX
CUCTeMa HepaBeHCTB

4x%+a < 6x,

a+3 > 5|x|
UMeeT XOTs 6bI OHO PellleHHe, U YKAKUTE MHOXKECTBO PEIeHUH CUCTEMBI
JUISl KaK/IOTO TaKOTO 3HAYEHUsA TTapaMeTpa d.

18. a) HatiguTre Bce 3HaYeHUs MapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
MHOXXECTBOM pEIIeHU CUCTeMBI HEPABEHCTB

a+3x <12,

a+4x > x?,
a<x

ABJIAETCA OTPE3OK YUCTOBOM HpHMOﬁ, AJINHA KOTOPOTr'o paBHa 2.
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6) Haiizure Bce 3HAYeHUA NapaMeTpa d, IPU KaXKJOM M3 KOTOPHIX
MHOXECTBOM peIlleHU! CICTeMbl HepaBEeHCTB

a+6x < 24,

~
a—+8x > 2x2,
a < 2x

ABJIIETCA OTPE30K YMCJIOBOM MPAMOH, AJMHA KOTOPOT'o paBHa 2.
19. a) HatliguTe Bce 3HaueHUA IapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
MHO)XeCTBOM pelLlIeHU cHCTeMbl HEPaBeHCTB

x2—8x+a<0,
x)—6x—a<0

ABJIAETCA OTPE30K YMCJIOBOM MPAMOH, AJKMHA KOTOPOTr'o paBHa 6.
6) Hatizure Bce 3HaAUeHMs MapaMeTpa d, IPU KaXXJOM U3 KOTOPBIX
MHO)XeCTBOM pelLlIeHHUI CHCTeMbl HEPAaBeHCTB

x> —6x+a< 0,
x2—4x—-a<0

SIBJIAETCS OTPE30K YUCIOBOU MPSIMOH, JIMHA KOTOPOTO paBHa 4.

20. a) HaiiguTe Bce 3HaYeHUs MMapaMeTpa d, IpU KaKJOM U3 KOTOPBIX
HepaBeHCTBO |x + 1| — a|x — 3| =4 umeeT x0Ts 6bI OAHO pellleHue, U YKa-
JKUTE MHOKECTBO PelleHUi HepaBeHCTBA I KaKA0T0 TAaKOTO 3HAYEHUA
mapameTpa d.

6) Hatizure Bce 3HaUeHMs MapaMeTpa d, IPU KaXXJOM U3 KOTOPBIX
HEPABEHCTBO alx — 2|+ 2|x — 1| =2 umeeT X0Ts1 GBI OZHO PEIIeHUE, U YKa-
JKHUTE MHOXXECTBO PelIeHUi HepaBeHCTBA I KaXKA0T0 TaKOTO 3HAYEHUS
mapameTpa d.

21. a) Hatiaute Bce 3HaYeHUs MapaMeTpa d, IpU KaXKJO0M U3 KOTOPBIX
MHOXXECTBOM peIlleHUI HepaBeHCTBA

(2 —4x+a)(a—4|x|+9) <0

ABIsgeTcss 00beANHEHNE POBHO JBYX HeIlepeceKaIoIIUXCs MPOMEXYTKOB
YUCJIOBOU MPAMOM.

6) Haiizure Bce 3HAYeHUA NapaMeTpa d, IPU KaXKJOM U3 KOTOPHIX
MHOXECTBOM pellleHNII HepaBeHCTBA

(x2—6x+4a)(a—>5|x|+12) <0

ABIsgeTcss 0O0beANHEHNE POBHO JIBYX HeIlepeCceKaIoIIUXCsl MPOMEXYTKOB
YUCJIOBOU MPAMOM.
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22. a) Hatigure Bce 3HaUeHUs ITapameTpa d, IPU KaKI0M U3 KOTOPBIX
MHOXXECTBOM peIleHUI CUCTeMbl HEPABEHCTB

4x|+lal < 4,
x24+2x <a+3
ABJIAETCA OTpeSOK ‘IHCJIOBOfI HpHMOﬁ, AJIMHA KOTOpOI‘O paBHa 1.

6) Haiizure Bce 3HaUYeHHs IapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
MHOXECTBOM peIlleHU! CUCTeMbl HEPABEHCTB

2|x| +lal < 4,
X2 4+4x < 4a+12
ABJIAETCA OTPCSOK ‘{I/ICJIOBOﬁ HPHMOﬁ, AJIMHA KOTOPOFO paBHa 2.

23. a) HatizuTe Bce 3HaueHUdA IapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
CUCTeMa HepaBeHCTB

a+2x+8 < x?,
a+9 > 4{x|
VMeeT e[UHCTBEHHOE PElIeHNeE.

6) Haiizure Bce 3HaUYeHHs IapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
cuCcTeMa HepaBeHCTB

a+2x+3 < xz,
a+4 > 4|x|
UMeeT e[UHCTBEHHOE pellleHue.

24. a) Hatizute Bce 3HaUYeHUA TapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
MHOXXeCTBO pelleHUl CUCTEMbI HEPaBEHCTB

a+2x+7 > x?

a+8 < 4lx|
COCTOUT M3 OTPe3Ka YUCIOBOM NMPSAMON U He MpUHAAJIEKALIEH eMy TOUKH
3TOM MPAMOH.

6) Haiizure Bce 3HaUYeHHs IapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
MHOKECTBO pellleHNI CCTeMbl HepaBEHCTB

a+2x+4> xz,
a+5 < 4|x|,

COCTOUT W3 YMCJIOBOM TPSMOUN U He TIPUHAIEXKAIEH eMy TOYKW 3TOU TIps-
MOM.
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25. a) HatizuTe Bce 3HAUEHUA apaMeTpa d, IIPU KaXkJOM U3 KOTOPBIX
crcTeMa HEpaBEHCTB

(a+7x+4)(a—2x+4) <0,
a+3x > x?

VMeeT eINHCTBEHHOE pPelleHHue.
6) Haiizure Bce 3HAYeHUSA NapaMeTpa d, IPU KaXKJOM M3 KOTOPBIX
cuCTeMa HepaBeHCTB

(a+13x+9)(@a—3x+9) <0,
a+7x > x?

HUMeeT eJUHCTBEHHOe pellleHUe.
26. a) HatizuTe Bce 3HaUYeHUA IIapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
CUCTeMa HepaBeHCTB

a®>+6(2x+3)a—28x*+108x+81 <0,
x2—8x—a<0

VMeeT eINHCTBEHHOE pPelleHHue.
6) Haiizure Bce 3HAYeHUA NapaMeTpa d, IPU KaXKJOM M3 KOTOPBIX
CUCTeMa HepaBeHCTB

a’+ (7x+8)a—8x*+28x+16 < 0,
x’—4x—-a<0

UMEET €AMHCTBEHHOE PEIICHUE.

27. a) HaliguTe Bce 3Ha4eHUA apameTpa d, IPU KaXJOM U3 KOTOPBIX
(ax—6)(x—a—-1)
X

MHO)XECTBOM pellleHUH HepaBeHCTBa > 0 aABIAETCA POB-

HO OZIH IIPOMEXXYTOK YMCJIOBOM IIPAMOH.

6) Hatizure Bce 3HAUeHMs MapaMeTpa d, IPU KaXXJOM U3 KOTOPBIX

. (ax—10)(x—a—3)
MHOXXECTBOM pELIeHUUM HepaBeHCTBA X > 0 gBiasgeTcd

POBHO OZIH ITPOMEKYTOK YHUCIOBON IPAMOM.
28. a) Hatizure Bce 3HaUeHUs ITapamMeTpa d, IPU KasKI0M U3 KOTOPBIX

. ax?—(a®>+2a+8)x+8a+16
MHOKECTBOM pellleHUi HepaBeHCTBa P >0 aB-

JIAeTCS POBHO OJMH IIPOMEXYTOK YHUCJIOBON MPAMOH.
6) Hatizure Bce 3HAUeHMs MapaMeTpa d, IPU KaXXJOM U3 KOTOPBIX

. ax?—(a®>+2a+3)x+3a+6
MHOKECTBOM pEIeHUI HepaBeHCTBa T > 0 aBd-

eTcs POBHO OZWH IIPOMEXXYTOK YMCIOBOM IPAMOM.
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29. a) HalizuTe Bce 3HaueHUs lapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
MHOXECTBOM pellleHNII HepaBeHCTBA

?—a—d0*4+a—-2x) >0

ABIsAeTcA 00beANHEHNE POBHO JBYX HeNepEeCeKaIoIUXCsl MTPOMEKYTKOB
YUCJIOBOU MPAMOM.

6) Haiizure Bce 3HaUYeHHs IapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
MHOXECTBOM pellleHNII HepaBeHCTBA

x?—a—9%+a—3x)>0

ABIsgeTcA 00beANHEHNe POBHO JIByX HeIlepeceKaloIUXcs IPOMEXYTKOB
YUCJIOBOU MPAMOM.

30. a) HatizuTe Bce 3HaueHUA lapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
MHOXECTBOM pellleHNII HepaBeHCTBA

a®+2ax +4x® < x*+3x?

ABIsgeTcA 00beANHEHNEe POBHO TPEX HelepeceKaIoIUXCcs IPOMEXYTKOB
YHCJIOBOM MPAMOH.

6) Halizure Bce 3HaueHUs mapaMmeTpa d, MPU KaXKJOM U3 KOTOPBIX
MHOXKECTBOM peIlleHUII HepaBeHCTBA

a®+2ax+6x3 < x*+8x?

ABIsgeTcA 00beANHEHNEe POBHO TPEX HelepeceKaIoIUXCs IPOMEXYTKOB
YHCJIOBOM MPAMOH.

31. a) Hatiaure Bce 3HaUeHUA MapaMeTpa a, IpU KaXXJO0M U3 KOTOPBIX
HEPaABEHCTBO

(2 —4x)?—(@®-30)(x*—4x)+a®—4a* <0

VMMeeT POBHO /[BA PA3JUYHBIX PelIeHUs.
6) Haiizure Bce 3HaUYeHHs TapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
HEPaBEHCTBO

(x? —6x)% — (@®>—5a)(x*—6x)+a®—6a%> <0

HMMeeT POBHO /IBa Pa3JWYHBIX pelleHus.
32. a) HatizuTe Bce 3HaueHUdA IapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
CuCTeMa HepaBeHCTB

(a+4x)(a—2x+9) >0,
x> —4x—a >0

UMEET €ANHCTBEHHOE PEIICHUE.
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6) Haiizure Bce 3HAYeHUA NapaMeTpa d, IPU KaXKJOM M3 KOTOPHIX
cuCTeMa HepaBeHCTB

(a—6x)(a+4x—25) >0,
x2—6x+a>=0

VMeET eZIMHCTBEHHOE pPeIleHue.
33. a) HatiznTe Bce 3HAUEHUA MapaMeTpa d, IIPU KaXKJOM U3 KOTOPBIX
cricTeMa HEPABEHCTB

|[2a —4x—3]| > 9,
x?+a<4x+5

VMeeT eINHCTBEHHOE pPelleHHue.
6) Haiizure Bce 3HAYeHUA NapaMeTpa d, IPU KaXKJOM M3 KOTOPBIX
cHCTeMa HepaBeHCTB

la —4x+5| > 18,
x*4+a<8x+9

VMeeT eIMHCTBEHHOE pelleHue.
34. a) HalizuTe Bce 3HaueHUs IlapaMeTpa d, IIPpU KaXKJOM U3 KOTOPBIX
MHOXECTBOM pellleHNII HepaBeHCTBA

(6x%—36x+48—a)(x>*—4x—a) <0

ABJIAeTCsA 06beIUHEHNE POBHO IBYX HEIlEPeCEKAIOIIUXCS OTPE3KOB YK CIIO-
BOMU TIPSIMOA.

6) Hatizure Bce 3HAUeHMs MapaMeTpa d, IPU KaXXJOM U3 KOTOPBIX
MHOXECTBOM pellleHHII HepaBeHCTBA

(12x%2 —36x+24—a)(2x*—2x—a) <0

ABJIsgeTCA 06beIHEeHNe POBHO /IBYyX HellepeCceKaroIUXCs OTPE3KOB YHCIIO-
BOMU TIPSIMOA.

35. a) HaiizuTte Bce 3HaYeHUdA IapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
HEPaBEHCTBO

2x% — 4x® — 3ax?® + 2ax + a> <0

HMeeT XOTs ObI OZJHO pellleHre, U YKAXKUTe MHOKECTBO pellleHN HepaBeH-
CTBA /IS KXK/IOTO TAKOr'0 3HAYeHHs ITapaMmeTpa d.

6) Haiizure Bce 3HAYeHUA NapaMeTpa d, IPU KaXKJOM M3 KOTOPBIX
HEPaABEHCTBO

2x* —4x® —3ax®+4ax+a*> <0

MIMeEeT XOTs ObI OAHO pEIIE€HUE, U YKAXKUTE MHOXECTBO peH.IeHI/Iﬁ HEpaBE€H-
CTBa JJIA KaXXJ0ro TaKOoro 3Ha4€HUA ImapaMeTpa da.
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§4.2. IIpeo6pa3oBanus rpadpuKoB

[lepeiifém Temepp K 3a/a9aM, CylleCTBEHHON YaCcThIO PelIeHUsT KOTO-
PBIX SBJISETCS IOCTpOeHue rpaduKa HEKOTOPOU (YHKIMH, B TOM UYHCIE
IIPY IIOMOIIIM 3JIEMEHTAPHBIX PeoOpa3oBaHui rpaduka U3BECTHOU QYyHK-
1uu. Jlaxke eciv mpeobpaszoBaHus rpadpUKOB paHee He U3yYalnCh, TIOHATh,
KaK OHU «yCTPOEHBI» U «pab0Tal0T», MOXKHO, 3a/1aBast cebe JOBOIBHO OvYe-
BUZIHBIE BOTIPOCHI ¥ OTBEYas HA HUX.

Hampumep, kak u3 rpaduka ¢yHKiuuu y = f(x) momyuutb rpaduk
¢dyaKIMN ¥y = f(x) +b? OTBET Ha 3TOT BOIPOC JOCTATOYHO IIPOCT: €CIN
abCIycchl TOYeK 3THX I'PadUKOB OJMHAKOBBL, TO COOTBETCTBYIOIINE MM
OpAWHATHI OTINYAIOTCs Ha |b|. [ToaTomy

e epadux ¢ynkuyuu y = f(x) + b nonyuaemcs us epaguxa @dyHkyuu
y = f(x) napanenvHbim nepeHocom 0aHHO20 epaguxa e0onsb ocu Oy
Ha |b| eduruy esepx (ecau b>0) wiu enu3 (ecau b <0) (cm. puc. 1).

Y y=fG)+b,b>0
Ib| y=fx
0 X
/%y=f(x)+b,b<0
Puc. 1

A kak u3 rpa¢uka ¢yHKIuU y = f(x) monyduTh rpaduk PyHKIUU

y = f(x —a)? OTBeT Ha 3TOT BOIIPOC TAK)Ke HE CJIUIIKOM CJIOXKEH: €CJIU

OpZAMHATHI TOYEK ITUX padUKOB OAMHAKOBHI, TO COOTBETCTBYIOIIHE MM
abcrcchl oTMyaoTes Ha |a|. [TosTomy

* epagux ¢pyHkyuu y = f(x — a) nonyuaemcs us zpaguka @GyHKyuu

y = f(x) napannenvHsvim neperocom 0aHHoz0 2paguxa 8donb ocu Ox

Ha |a| edunuy enpaso (npu a>0), wiu exeso (npu a <0) (cm. puc. 2).

SR
VARV RV;

y=f(x—a),a<0 y=f) y=f(x—a),a>0

Puc. 2
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Teriepp MOXKHO CZeNaTh CIEAYIOUUNA BBIBOA: Tpaduk PyHKIUU Y =
= f(x — a) + b nony4yaeTcs mocief0BaTENbHBIMH ITapalIeIbHBIMU IIepe-
Hocamu rpaduka ¢yHkiuu y = f(x) Ha |a| egunur; Bgonb ocu Ox U Ha
|b| eannutr Booms ocu Ox. 3aMETUM, YTO TaKoe MpeobpasoBaHUe MOXKHO
omucaTh Kopode: rpaduk ¢yHKiuu y = f (x —a) + b monydaetcs ciBUrom
(mapajutenbHBIM TepeHOcOM) Tpaduka PyHKIUU y = f(X) Ha BEKTOP
T(a; b) (cm. puc. 3a; 3geck a >0 u b > 0). [lna gajbHENIIETO BaYKHO, YTO
u rpaduk ypaBHeHus f(x —a; y —b) =0 momydyaerca caBurom (mapai-
JIeJTbHBIM TIepeHocoM) rpaduka ypaBHeHud f (x; y) =0 Ha BeKTOp [(a; b)
(cMm. puc. 36; 3geck a >0 u b >0). HamomHuUM, 4TO rpadUKOM YpaBHEHHUS
f(x; y) =0 Ha3bIBAatOT MHOXECTBO BCeX ToueK (X; y) mwiockoctu Oxy, A
KaXxZol 13 KoTopeIxX f(x; y)=0.

y

y=f(x—a)+b

y=£0)

a)
Y flx—a,y—b)=0

6)
Puc. 3
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OTBeTUM Teleph Ha CJIEAYIOUMH BOIMpOC: Kak U3 rpadpura ¢QyHK-

1 y = f(x) HonMyduTh, HampuMmep, rpaduk GyHKIUU y = f (%x) Wwin
y = f(2x)? U 37ech HaM MOMOTYT [OCTATOYHO IIPOCTHIE PACCYKAEHUA.
B camom gzene, ecnu opauHATH TOo4YeK rpa¢ukoB QyHKIuN y = f(x),
y=f (%x) u y = f(2x) 0MHAKOBHI, TO COOTBETCTBYIOIIHE UM aOCIIUCCHI
Touek rpaduka y = f (%x) BABOE OoJbllle, a Touek rpaduka y = f(2x)
BZIBOE MeEHbIIe, YeM abcuucchl Toyek rpaduka y = f(x). [Toaromy ajst
TOTO, 4yTOOBI U3 rpaduka QyHKIUK Y = f(X) MOTydUTh TPAPUK GYHKIIHI
y=f (%x), HY)KHO JaHHBIN rpaduK «pacTIHYTh» B /IBa pa3a BAOJb OCU
abcruce (MHOTZIA B TaKWX CJIyYasX TOBOPAT O PACTSKEHUM I'paduKa OT
ocu Oy). AHaJIOTUYHO MJI1 TOTO, YTOOBI U3 rpadmka GyHKIuU y = f(x)
MoNyYuTh Tpaduk ¢yHKIMM y = f(2x), HY)KHO JaHHBIN TpapUK «CIKATb»
B [IBa pa3a BAOJIb ocH abcryce (MHOTZA B TAKUX CTydasix TOBOPST O CXKATHH
rpaduka x ocu Oy).
Boobie,

* Jns nocmpoerus epaguxa Pynxkuyuu y = f(kx) npu k>0, k # 1 Hado
pacmsaxyms epagux gynxyuu y = f(x) 8 % pas 80oab ocu abcyucc.
[Tpu aToM ecut k > 1, TO 9aCTO FOBOPST HE O PACTKEHUH, a O CXKATUHU
rpaduka (cM. puc. 4a, 46).

y

é>1;~
7

y = f(kx),
0<k<1

y = fkx),
k>1

6)
Puc. 4
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AHasornyHo, paccMaTpuBas rpaduku QyHKIu y = f(x) u y =c- f (x),
MOXKHO CZleIaTh CIeYIOIUN BBIBOJ:

* dnst nocmpoenus epaduxa gyrkuuu y =c- f(x) npu ¢ >0, c#1 nado
pacmsaxyms epaduk dynkuyuu y = f(x) 6 ¢ pa3 80oab ocu opouHam.
I[Tpu 3TOM €ecyu ¢ < 1, TO YaCTO TOBOPSAT He O PACTIKEHUU, a O CXKATHHU
rpaduka (cMm. puc. 5a, 56).

y=£09

O0<cx1
a)
Y
y=fx)
[ 0 \ Tx
y=cf(x),
c>1
6)
Puc. 5

[Tpu u3y4eHUU ABYX MOCIEIHUX MPe0Opa3soBaHU IpaduKOB QYHKITUN
KO3bOUIIMEHTHI pacTKeHUsI (B HEKOTOPBIX yUeOHUKAX U MOCOOUSIX BCE
Takue IMpeobpa3oBaHUA HA3BIBAIOT CXKATHUEM) Kk U ¢ CUUTAIHUCH ITOJIOXKH-
TeJbHBIMU. /IJI1 TOTO YTOOBI YMETh CTPOUTH I'PadUKU U B TOM CJIy4ae, ec-
JIU 3TU KO3GOUITMEHTH! OTPULIATEIbHBI, PACCMOTPHM, C TIOMOIIBIO KaKUX
mpeobpa3oBaHUi MOXKHO U3 rpaduka GyHKUMHM Yy = f(X) MOMY4IUTH Tpa-
¢buku dyukuit y = f(—x) u y = —f(x). Ecmu abenuccer Touek rpadu-
KOB GyHKIMH y = f(x) U ¥ = f(—Xx) paBHBI IO abCOMIOTHON BETUYUHE
Y UMEIOT MPOTUBOIIOIOXKHBIE 3HAKH, TO COOTBETCTBYIOIINE UM OPAUHATHI
OZITHAKOBHBL. 3HAYUT, IPaPUKU 3TUX PYHKINI CUMMeTPUYIHBI OTHOCUTEh-
HO ocu opauHar. Eciu aberycchl Toyek rpadukoB GyHKUME ¥ = f(x) U
y = —f(x) paBHBI, TO COOTBETCTBYIOIINE UM OPAMHATH PaBHBI IO abCo-
JIIOTHOU BeJTMYMHE U UMEIOT MPOTUBOIONIOKHbIE 3HAKU. 3HAYUT, rpaduKu
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3TUX GYHKUIUN CHMMETPUYHBI OTHOCUTEIHHO ocH abcriuce. Ternepb MOKHO
chopMyIMpPOBaTh MPABUIIO:

* Jna nocmpoeHus epaguxa ¢gyHkyuu y = f(—x) Haoo 3epKanbHO om-
pasums 2padux @ynkyuu y = f(x) omHocumenbHO ocu opouHam
(cMm. puc. 6a); dns nocmpoeHus epaguxa gynkuyuu y = —f(x) Hado
3epKanbHO ompasums 2padux gyHxkyuu y = f (x) omHocumensHo ocu
abcyucc (cM. puc. 60).

y y
y=f(=x)

\ 0 / \/O
X ﬁ
y=f00 y=f00) y=-f0)

a) 6)
Puc. 6

.
A

C moMoIIpio TOCTeI0BaTENbHBIX TIpeobpa3oBaHuil rpadUKOB MOXK-
HO u3 rpaduka ¢yHKOUU y = f(x) monyduTh Tpaduk GyHKIUU y =
=c- f(kx+1) +b. PaccMOTpUM BO3MOXKHYIO ITOCJIEZAOBATENBHOCTD TAKHUX
peo6pa3oBaHUM.

1. TlpeacTasisieM uckomyto yHkiuio B Buge y=c- f (k(x+a))+b. Jlna

3TOTO HY)KHO BbIHECTH KO3 PUITHEHT k 3a CKOOKU: y=c- f (k (x+ %)) +b

l
1 0003HAYUTD % depes a.

2. Crpoum rpaduk dyHkumnu y = p;(x), rae p;(x) = f (kx).
3. CrpouM rpadpux GyHKINU Y = py(x), Tae
p2() = p1(x+a) = f(k(x+a)).
4. Crpoum rpaduk GyHKIMM y = p;(x), TIe
p3(x) = c-py(x) = ¢ f(k(x+a)).
5. Crpoum rpadux GyHKIUH y = p,(X), Tae
P4(x) = p3(x)+b=c- f(k(x+a))+b.

O6paTuM BHHUMAaHHe HA TO, YTO IIYHKTH 2, 3, 4 JaHHOTO aaropuTMa
MOXXHO BBITIOJIHATD B JIFOOOM MTOCIe[0BaTENbHOCTU. KpoMe TOro, eciiu Ko-
3bOUIMEHTH! PaCTKEHUA k U ¢ OTPULIATENIBHEI, TO B IIYHKTAaX 2 U 4 HYXXHO
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CHavaJsia BBIIIOJIHUTD pacTsykeHue B |k| win B |c| pas BAOIb COOTBETCTBYIO-
el ocy, a 3aTeM 3epKaJbHO OTPa3UTh OTHOCUTEIBHO JPYTO OCHU IOIy-
YEeHHBI [TOC/IE PACTSIKEHUS TPaduK.

JIOTIONTHUM CUCOK Tpeobpa3zoBanuil TpaduKoB GYyHKIMI elné AByMs
mpeobpa3soBaHUAMHE, CBSI3aHHBIMU C MOCTPOeHHMeM rpadpukoB GyHKINI
y=|f)| u y = f(x]) mpu ycioBuu, yro rpadpux ¢yukuuu y = f(x)
3azan. PaccmoTpum mocTpoenue rpaduka ¢yukiuuu y = f(|x|). Ilpu
x > 0 rpaduk aTol PyHKUMM coBmagaeT ¢ rpadpuxkoM GyHkumu y = f(x),
MIOCKOMIBbKY B 3TOM ciy4ae |x|=x. [Ipu x < 0 uckombiii rpaduK COBIagaeT
¢ rpadpukom ¢yHKIUKU Yy = f(—X), IOCKOJBKY B 3TOM CiIy4ae |x|= —x.
[ToaToMy /ISl TIOCTPOEHUA UCKOMOTo rpaduka npu x < 0 HY)KHO 3€pKaJlb-
HO OTpa3uTh OTHOCHUTEIBbHO OCH OPAWHAT Ty YacTh rpaduka GyHKIUU
y = f(x), ana koropoii x >0 (cMm. puc. 7a, 76).

Yy
Y
: / \ m /
X
ol VAR VA
y=fUxD
a) 6)

Puc. 7

Jlnst moctpoenust rpaduka oyHKiuU y =|f (X)| ZOCTATOYHO 3aMETUTD,
yTo 1IpH f (x) > 0 oH coBmagaer ¢ rpa¢pukoM GyHKIUHU ¥ = f (x) (ITOCKOIb-
Ky B aToM cay4ae | f (x)| = f(x)), a mpu f (x) < 0 opaguHaTh TOUEK rpadrka
y =|f(x)| paBHBI OpAMHATaM COOTBETCTBYIOIIUX TOYeK rpaduka y = f(x)
10 a6CONMIOTHO! BeJIMYKHE, HO IIPOTHUBOIIONIOKHEI II0 3HaKYy. I1oaToMy rpa-

y
y
O /
X
ol X
y=f@) y=1fe0
a) 6)

Puc. 8
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buk dynxnyu y = | f (x)| MOXkHO TOTy4uTh U3 rpaduka yHkumu y = f(x),
3epPKaJbHO OTPA3HUB OTHOCUTENIBHO OCH aOCITHCC T€ €r0 YacTH, KOTOPhIE
PACITONIOKEHBI HIKE 3TOM OCH, U OCTABUB 6€3 M3MeHEeHUsI YacTH, Paciio-
JIOJKEHHBIe Bhilie ocu (cM. puc. 8a, 86).

[TpuBeZéM CBOAHYIO Tabiuily Mpeobpa3oBaHuii rpadHUKOB.

y=fx)+b [MapastenbHbIi TepeHoc rpaduka GyHKIUU ¥y = f(x)
Baoab ocu Oy Ha |b| eaunur BBepx (pu b > 0) win
BHU3 (pu b < 0).

y=f(lx—a) [MapastenbHbIi TepeHoc rpaduka GyHKIUU ¥y = f(x)
Bzosb ocu Ox Ha |a| egunun Bupaso (mipu a > 0) win
BJyeBo (1ipu a < 0).

y=f(kx), k>0 Pactsokenue (ckatue) rpaduka ¢yHkuuu y = f(x)

1
B E pa3 BAOJIb OCU Ox.

y=c-f(x), ¢>0 | Pactoxenue (cxkarue) rpaduxa oyHkumu y = f(x)
B ¢ pa3 Bzosb ocu Oy.

y = f(=x) CummeTtpus rpaduka GyHKIuu y = f(X) OTHOCHUTEb-
Ho ocu Oy.

y=—f(x) CummeTtpus rpadpuka GyHKIMU ¥y = f(X) OTHOCUTEb-
Ho ocu Ox.

y = f(x CumMeTpusa oTHocuTenbHO ocu Oy dYacTu rpaduka

byukuuu y = f(x), pacrnonoXeHHOH B MpaBO¥M KOOP-
JVHATHOM IOJNYIUIOCKOCTH: IIPU 3TOM 4YacTh Ipaduka
byukuuu y = f(x), pacronokeHHass B TPaBOi KOOP-
JUHATHOM MOJYTUIOCKOCTH, COXPAHAETCA, a €ro 4acTb,
pacronoXkeHHas B JIeBOM KOOPAWHATHON IOJIYIUIOCKO-
cTU, 0TOPACHIBAETCA.

y=f)] CUMMeTpHs OTHOCHUTENBbHO ocu Ox dacTu rpaduka
¢byukuun y = f(x), pacrnoloKeHHON B HIDKHEN KOOp-
JUHATHOM MOMYIUIOCKOCTH: IIPU 3TOM 4YacTh rpaduka
byukuun y = f(x), pacrojiokeHHasi B BepXHEH KOoop-
JVHATHOM IOJYIUIOCKOCTH, COXpaHAETCs, a ero 4acTb,
pacIonoykeHHas B HI)KHEN KOOPAUHATHOM MOMYILIOC-
KOCTH, OTOpachIBaeTcs.

TTosb3ysach 3TOM TabuIeil, MOXKHO CTPOUTH TpadUKy Gojee CIOKHBIX
bynkiuil. Tak, 17151 moctpoenus rpaduka Gyukiuu y = | f (|x|)| Hy»kHO mo-
cTpouTh cHavasa rpadpuk ¢yHkiuu y = f(|x|), a 3aTeM Ty ero 4acTh, KO-
TOpast JIEKUT HIKe oc OX, OTPa3UTh CAMMETPUYHO OTHOCUTENBHO 3TOM
OCH.

PaccMOTpUM HECKOIBKO XapaKTEPHBIX 3a/1a4 STOM IPYIIIHL.
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IMpumep 1. HaiizuTe Bce 3HaYeHUA IIapaMeTpa d, IPU KaKJOoM U3 KOTO-
PBIX ypaBHeHHe ax + \/ 3 — 2x — x* =4a + 2 nMeeT e[UHCTBEHHbII KOPEHb.
Penrenue. [lepenuiuem ypaBHeHUe B Buze v/ 3—2x—x*=—ax+4a+2
u paccMoTpuM rpadukn GyHKIMA y =1/ 3 —2x —x? u y = —ax +4a+ 2.

T[TocKoIbKy TpaBast 9acTb GopMysibl y = 4/ 3 — 2x — x? HeoTpULaTelbHa,
JieBas eé 4acTb TOXKe He MOXKET ObITh OTPUIIATENbHOU. [ToaTOMY

y?=3-2x—x% oy (x+1)2+y> =4,
y >0, A )

3HauuT, rpadpukoM GyHKIUK ¥ = 4/ 3 — 2x — x? ABJIAETCS Ta YaCTh OKPYK-
Hoctu (x + 1) + _y2 =4, opAUHAThl TOYEK KOTOPON HEOTpUIlaTeNbHHI,

T. €. TTOJIyOKPY>KHOCTbh pajuyca 2 ¢ ieHTpoM B Touke (—1; 0), pacmosnoxeH-
Has He HIDKe OcH abciyce. JTa MOMyOKPYKHOCTh UMEET C OChI0 abcIuce
obmue Touku A(—3; 0) u B(1;0). I'padpukom dyHKIMU ¥y = —ax + 4a + 2
ABJIAETCA MpsAMasg. 3aMeTuM, 4To ¥y = —a(x —4) +2 u e x =4, TO
Y = 2 BHe 3aBHUCHMMOCTH OT 3HaueHWUM mnapamerpa. IlosTomy mnpsamasn
y=—ax+4a+2 npu mo60M 3HaUeHUH ITapaMeTpa IPOXOAUT Yepe3 TOUKY
M (4; 2). laHHOe ypaBHeHHe UMeeT eIMHCTBEHHbIN KOpeHb TOJIbKO B TOM
clydae, KOrjila oTa NpAMasd UMeEET C IONTYyOKPYKHOCTbIO €ANHCTBEHHYIO
obmyro Touky. [lociezHee BO3MOXXHO, €CJIM 3Ta MpsAMas KacaeTcs IOJy-
OKPY>KHOCTH 16O pacronoxkeHa Mexay npamMeiMu MA u MB (cM. puc. 9)
TaK, 4To e€ ymIoBOH KoadouimeHT —a € (a;; a,], Tae a; u a, — yrio-
Bble KO03GOUIMEHTH TPAMbIX MA U MB COOTBETCTBEHHO. [IOCKOIBKY
Haubosee yaanéHHas OT OCH abCIUCC TOYKA MOTYyOKPYKHOCTU C MMeeT
Ty Xe OpZAWHATY, 4YTO M To4yka M, mpsamas MC, mapamienpHas ocu abc-

y
C %
M(4;2)
1
A B
_— 0_"1 X

Puc. 9
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ucce, OyzieT KacaTeabHOU K TOTyOKPYKHOCTH. B aToM cirydae a = 0. Haii-
JIEM Temepb d; U d,. [Tockonbky Touka A(—3; 0) IpUHAAJEXUT IPAMOU
y=—ax+4a+ 2, eé KOOPAUHATHI YIOBIETBOPAIOT YPaBHEHUIO 3TOU IpA-

Moi. IToatomy 0=3a+4a+2, oTkyza a=—%. Takum o6pazom, a1=%. ITo-

cKosbKy Touka B(1; 0) mpruHaIexuT npsamont y =—ax-+4a+2, e€ koopau-
HaTHI YZIOBJIETBOPAIOT YpaBHEHHUIO 3ToU npsAMo. [ToaTromy 0=—a+4a+2,

2 2
OTKyZia a = —3. Takum obpasom, a, = 3 3Hauut, —a € (a;; a,], ecau
%<—a<%, OTKyZa —%<a<—%.

Omsem: {0} U [—%; —%)

3ameyanue. O6paTM BHUMaHUE HAa TO, YTO IPU BbIOOpe GYHKIIMHA B
TaKUX 3aflayax Ieecoo6pasHO PYKOBOZCTBOBATHCSA CIIEAYIOMINM IIPABH-
oM (pasymeeTcs, B TeX 3aJayax, IZle 3TO BO3MOXKHO): rpaduK OZHOMU
13 OYHKIMH He JO/DKEH 3aBUCETh OT mapameTrpa. Kpome Toro, gacto
B pEIIeHUM TaKUX 3aZad yAaéTcs CYIECTBEHHO MPOABUHYTHCHA, MPOAaHa-
MU3UpoBaB (YHKINIO, 3aBUCALIYIO OT IapaMeTpa, W HailAd KaKoe-TOo
eé obmiee /s BcexX 3HAUEHUI IIapameTpa CBOMCTBO. B paccMoTpeHHOM
IpUMepe TaKWM CBOMCTBOM fABJAIAch MPUHAJJIEKHOCTh TOUku M (4;2)
rpaduky OyHKIMM mpu 1060M 3HAaUeHUU INapaMmerpa. B cieayromeit
3a7lade TaKUM CBOMCTBOM SBJAETCS MPUHAAJEKHOCTh BEPUIMHBI YIJIa
HEKOTOPOU (PUKCHPOBAHHON MPSMOM.

ITpumep 2. HaiiguTe Bce 3HaUeHNA ITapaMeTpa d, IpY KKJAOM U3 KO-
TOphIX ypaBHeHMe |x2 + 2x — 3| — 2a = |x — a| + 3 ¥uMeeT poBHO TpuU pas-
JIMYHBIX KOPHSI.

Pemrenne. [lepenuiieM JaHHOE YPaBHEHUE B BU/E

|x?+2x—3| = |x—a|+2a+3

1 pacecMoTpuM rpaduxu GyHKImi y = |x*+2x — 3| u y =|x —a|+2a +3.
I'paduk dynkmuu y = |x> + 2x — 3| monyyaerca us rpadpuka GyHKIUHU
y =x?+ 2x — 3 (sT0 mapabona, BeTBU KOTOPOW HaIlpaBJeHbl BBEpX,
BeplIMHa KHMeeT KoopauHaThl (—1; —4), ToukaMu IlepecedeHus Iapa-
60sbI ¢ ociMu KoopawHaT sBisAroTea (1;0), (—=3;0), (0; —3)) ¢ momo-
IIbIO 3€PKAJBHOTO OTPaKEHUA (CHMMETPHUM) OTHOCUTENTBHO OCU abCIuce
yacTH mMapabosbl, PACHONIOKEHHON HIDKe 3TOM ocu. I'paduk QyHKIMH
¥y = |x — a| + 2a + 3 nonyvaerca u3 rpadpuka ¢yHkiuu y = |x| (3TOT
rpaduK IpezCTaBAseT cOOOU MPsAMON yroa ¢ BepumHOU B Touke (0;0)
¥ CTOpPOHAMHU, JIeKAUIMMHU Ha IPAMBIX Yy =X U Yy = —X BBIlIe ocH abc-
1ycc) MapauiesbHBIM ITepeHOCOM Ha BEKTOp T(a; 2a + 3). Takum obpa-
30M, rpadpuxom QyHKIUU Yy = |x — a| + 2a + 3 sBAfeTcs mpsAMON yrom
C BEepUIMHOU B Touke (X; Yy), e Xg=4a, Yy = 2a + 3. VI3 aByx mociez-
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HUX GopMys ciefyeT, 9To Y, = 2x, + 3. CiegoBaTeNbHO, BEpIIMHA YIIa
y =|x—a|+ 2a + 3 nexxur Ha npAMoN y = 2x + 3, a He ABJSAETCS IIPO-
WU3BOJBHOM TOYKOM IUIOCKOCTH. JlaHHOe ypaBHEeHHe UMeeT POBHO TPU
Pa3JIMYHBIX KOPHSA, eciau rpaduku OyHKIUHA MMEIOT POBHO TPU OOIIue
TOYKH, YTO BO3MOXXHO TOJBKO B JBYX CJIy4YasX: COOTBETCTBYIOIIME IIO-
JIOXKeHUA yma y = |x —a| + 2a + 3 A atux ciydaeB 0603HAUYEHBI Ha
puc. 10 nudpamu (1) u (2). B caygae (1) cropona ymia y = |x —a|+2a+3

Puc. 10

KacaeTcsa mapabosnbl y = |x? + 2x — 3| B Touke, Jiexalell Ha OTPAKEHHOM
yuacTke mapa6onsl y = x% +2x — 3 (orcroga |x? + 2x — 3| = —x? — 2x +3)
JieBee BEPIIWHBI yIJa, T.€. B TOYKe, abciycca KOTOpoW MeHbIne a (OT-
cooza |x —a| = —x+a). Kacanue o3HayaeT, 4TO KBa/[paTHOE ypaBHEHUE
—x? —2x+3=—x+a+ 2a+ 3 UMeeT eJUHCTBEHHELII KOPEHbD, T. €. YTO
€ro AUCKpUMUHAHT paBeH Hyiio. [IpuBeséM ypaBHeHUEe K CTaHZAPTHOMY
Buzly X2 + x + 3a =0 u, IpUpaBHAB AUCKPUMHUHAHT D = 1 — 12a K HyIo,
HaliziéM a = % B cny4ae (2) cTropoHa yriia, pacronoXeHHas cjIeBa OT ero
BepiuHbl (0TCI0fa |Xx —al=—x+a u y = —x + 3a+ 3), Ipoxoaut yepes
Touky (—3;0). [Toatomy 0 =—(—3) +3a + 3, otkyza a = —2.

Omeem: 1—12; —2.
IMpumep 3. Hatigute Bce 3HAYEHUs IMapaMeTpa d, IPU KAKJOM U3 KO-
1

o +4

JKUTE YKCIO KOPHEH ypaBHEHHUs U1 KaXK/[OT0 3HAYEHUA d.

TOPBIX ypaBHEHUeE ax + =2a uMeeT X0Ts ObI OUH KOPEHb, U YKa-

1
Pewenwue. [lepenuieM faHHOEe ypaBHEHME B BUJE T 4|=2a—axmu

paccmoTpuM rpaduku GyHKIUN y = ‘% + 4‘ u y =2a—ax. I'padpuk dyHk-
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1
WA Y = ’; + 4’ [IoJIy4aeTcs ¢ IIOMOIIBIO IapaslleJIbHOTO IlepeHoca T'd-

nepbosbl y = % BZOJIb OCU OPAWHAT Ha 4 €AVHUIBI BBEPX U MOCIEAYIO-
ITero 3epKaJbHOIO OTPaKeHUs (CUMMeTPUM) OTHOCUTENBHO OCH abcIuce
YacTH IOJIYYEHHOTO II0CjIe TapajulelbHOro IepeHoca rpaduka GyHKINH
y= % + 4, nexxamelt Hike ocu abenucce. I'padrkom QyHKIMN y = 2a —ax
ABJIAETCA IpsiMasa. 3aMeTuM, 4yTo y = —a(x —2) uecnmu x =2, To y =0 BHe
3aBUCHMOCTH OT 3HaYeHUH mapameTtpa. [losToMy npamas y = 2a — ax IIpu

M060M 3HAUEHUM MTapaMeTpa MPOXOAUT depe3 TOUKy A(2; 0). Ha puc. 11
[IOKa3aHbI TPU MOJIOXKEHUA MIpsAMOHN ¥y =2a — ax: AB u AC — KacaTreJibHble

(OHI/I KacarwTCAa HeOTpa)KéHHOﬁ qJacTHu

K rpaduKy OYHKIUU y = ‘% +4

atoro rpaduka, T.e. rpadpuka QyHKIUU Yy = % +4), AD CcOOTBEeTCTByeT

3HaueHUIo a =0, COBIaZaeT C OChI0 abCIHCC U UMeeT ¢ TpadUKOM e/I1H-
1

CTBEHHYIO OOIIYIO TOUKY P -7 0 ). [Ipamaa AE Ha TOM e pUCYHKe Iep-

TIEHJUKYJISIPHA OCU abCIKCC.
Haiizém koopauHatel Touek B u C. [l 3TOTO OCTAaTOYHO HAUTHU OT-
1
TUYHBIE OT HYJIA 3HAYEHHUA MapaMeTpa, IPU KOTOPHIX ypaBHeHHe — +4=

=2da — ax uMeeT eIMHCTBEHHbI! KOpeHb. DTO YpaBHEHMNE MOXXHO IIepernu-
catb B Buzie ax® —2(a —2)x+1=0. Eciu a #0, MoJTlydYeHHOe ypaBHeHUe

o a—2
MMEeT eJMHCTBEHHBIM KOPEHb X = —_— TOJIbKO B C/ly4ae PaBeHCTBA HY/HO

ero JMCKpUMUHAHTA % =(a—2)?—a, otkyia a> —5a+4=0ua=1

wii a=4. Ectm a=1, to x=—1 (Touka B); ecmu a=4, To x = % (Touka

C). CienoBarenbHO, ypaBHEHUAMHU NPAMBIX AB 1 AC ABJIAIOTCA COOTBET-
CTBEHHO y =2 —x U y =8 — 4x.
Yucno KopHeH JaHHOTO YpaBHEHHA PaBHO IIPU KaXKOM 3HAYeHUU I1a-

U TIpsIMOM

pameTpa a 4HcIy o6mux Todek rpaduka GyHKIUM y = ‘% +4

y =2a — ax, yrioBoi Kod$pPUIIEHT KOTOPOH paBeH —d.

JlaHHOe ypaBHeHUe uMeeT eJUHCTBeHHBIH KOpeHb, eC/Iu

1) npamasa y = 2a — ax JeXUT BHYTPU Iaphbl BepTUKAJIbHBIX VIJIOB,
OAVH M3 KOTOPHIX — yronl BAC, T.e. kye < —a < kup, € kyg=—1 n
ko = —4 — yrnoBele k03bdunyieHTs TPAMBIX AB 1 AC COOTBETCTBEHHO,
oTKyza a € (1; 4);

2) mpsamas y = 2a — ax COBIaZaeT ¢ IpsAMod AD WU JIEKUT BHYTPHU
Iapbl BEPTUKAJIBHBIX YIJIOB, OAWH U3 KOTOPbIX — yron EAD, T.e. —a >0,
oTkyza a € (—o; 0].
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JlaHHOe ypaBHeHMe NMeeT POBHO /IBa KOPHSA, €CIU ITpsAMas y = 2a — ax
coBIIaZiaeT c npsAMor AB miu c npamoil AC, oTkyza a =1 wiu a=4.

JlaHHOe ypaBHEHUE UMeET TPU KOPHSI, €CTU

1) mpsamas y = 2a — ax JIeXXUT BHYTPU ITaphl BEPTUKATbHBIX YIJIOB, OAUH
13 KOTOpbIX — yroin B; AB (cMm. puc. 11), T. e. k.5 <—a <0, otkyza a € (0; 1);

y

N
%
\
%

Puc. 11
2) mpsaMas y = 2a — ax JIEXUT BHYTPU Tapbl BEPTUKAJbHBIX YIJIOB,
OJVH U3 KOTOpBIX — yron CAE, T.e. —a <k,c, OTKyZa a € (4; +x).
Omeem: onuH KopeHb, ecimu a € (—o; 0] U (1;4); aABa KOpHA, eciau

a€{1; 4}; tpu KopH4, ecu a € (0; 1) U (4; ).
6 1+log,(x +2)

ITpumep 4. Pemiite HepaBEHCTBO %1 "
Peurenue. [Ipu x > 0 faHHOE HEpaBEHCTBO NIPUBOJUTCA K BUAY
6x

—1>log,(x+2),

2x+1
OTKyZa

4x—1
w1 log, (x+2).
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4x—1
2x+1

[Tpu x < 0 aHAJIOTUYHO TIOTYYUM HEPABEHCTBO <log,(x+2). Pac-
cvotpuM GyHKIMM ¥y = f(x) u y =g(x), rae

_4x—-1 _ 2(2x+1)-3 1,5 _
f(x)_2X+1 B 2x+1 _2_x+0’5’ g(x) = log,(x+2),

1 octpouM ux rpadpuku. I'paduk dyHkuu y = f(x) (onpenenéHHON Tpu
Bcex X # —0,5) momyyaeTcsa IpU ITOMOIIM ONMCAHHBIX paHee CTaHAApT-
HBIX 3JIEMEHTApHBIX Npeobpa3oBaHuii (pacTsokeHus B 1,5 paza oT ocm

abcryice ¥ mapaielbHOTO MepeHoca Ha BEKTOP T(—O,S; 2)) rumep6oIbl,
. 1

saBJstomedics TpadpukoM QYHKIUU y = -3 I'padpuk oyuxnmu y = g(x)
(ompezenéHHOM MpHU Beex X > —2) NoIyvyaeTcs apasiebHbIM IepeHOCOM
rpaduxa ¢yHkunu y =log, x Ha ABE eANHUIIBI BIEBO BAOJIb OCH abcIuce
(cM. puc. 12). TpebyeTcss HaiiTu Bce x > 0, AJMA KaKAOTO W3 KOTOPBIX
f(x) > g(x), u Bce x <0 (c yuétom TOTO, UTO X > —2, X # —0,5), ANA
KaXXZoro 13 KOTopsixX f(x) < g(x).

Puc. 12

ITpu x € (—2; —0,5) HepaBeHCcTBO f(x) < g(x) (a 3HAUUT, U AAHHOE
HEepPaBEHCTBO) peIIeHUl He UMeET, TaK Kak f(x) >2,a g(x) <2.

ITpu x € (—0,5; 0) HepaBeHCTBO f(x) < g(x) (a 3HAUUT, U AAHHOE
HEePaBEHCTBO) BHIMONHAETCS, Tak Kak f(x) <0, a g(x) > 0 gnsa Bcex
x€(—0,5;0).
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I[Tpu x € (0; 1) HepaBeHCTBO f (x) > g(x) (a 3HAYUT, ¥ JAHHOE HEPABEH-
CTBO) pellleHul He UMeeT, Tak Kak f(x) <1, a g(x)>1.

[Tpu x € (2; + ) HepaBeHCTBO f (x) > g(x) (a 3HaUUT, U JaHHOE Hepa-
BEHCTBO) PEIIeHUH He UMeeT, Tak Kak f(x) <2, a g(x) > 2.

Ocranock paccMoTpeTh OTpe3ok [1;2]. 3zaech [0Ka3aTeNbCTBO HE
CTOJb OYEBHUAHO (IIPeJbIAYINUE JIETKO CJIEAYIOT U3 CBOHCTB (QyHKIUN
y=f(x) u y=g(x) 1 mpocTelIINX HepaBEHCTB), HO PUCYHOK «IIOZCKa-
3bIBaeT» U/IEI0 ZI0KA3aTeNbCTBa: Kaxkaas u3 QyHKiui y = f(x) u y = g(x)
BO3pacTaeT Ha 3TOM OTpPEe3Ke, JOCTUTAs CBOET0 HAaUMEHBIIIETO 3HAYEHUs
B JIEBOM KOHIIE OTpe3Ka, a HaubOJIbIIIETO — B TIPaBOM, HO TTOXOXKE, UYTO

T[Tll;ag](f(x) =f@2) < gl;izr]lg(x) =g(D).

Ecnu aT0 Tak, TO M Ha oTpe3ke [1;2] maHHOe HEpaBEHCTBO He OyZeT
uMeTh pemneHuii. CpaBHUM f(2) = % u g(1) =log, 3. IIpeAnonoXuM, 4TO
f(2)>¢g(). Torma % > log, 3 u, ciegoBaTesnbHO, 25 >3, otkyza 27 > 3°,

T.e. 128 > 729, 4T0 HeBO3MOXHO. 3HAYUT, AOIylleHrue HeBepHO. [loaToMy
U Ha oTpe3ke [1; 2] JaHHOe HEpaBEeHCTBO He UMeeT pellleHUH.

Omsem: (—0,5; 0).
YrnpaxxueHus k §4.2

1. a) TTocTpotiTe rpadpuk GYHKIUU y = %
3HaueHUsX k mpsMast y = kx umeeT ¢ TpadrUKOM POBHO O/IHY OOIIYIO TOUKY.

" OIIPpEAECINTE, IIPU KaK1UX

. x—2
6) ITocTpotiTe rpaduk GYHKIUU Y = py— U OIIpeJeINTE, IIPU KaKUX

3HaYeHUsX k psAMas y = kx UMeeT ¢ rpadpiKoM POBHO OZIHY OOIIIYIO TOYKY.

2. a) IMocTpoiiTe rpaduk PyHkimuu y = x* — 2x — 4|x| u onpezenure,
[IpU KaKUX 3HAYEHUAX ¢ TpsAMasi y = ¢ — 2 UMeeT ¢ rpapuKoM He MeHee
OJTHOM, HO He 6osiee TPEX OOIINX TOUEK.

6) Tocrpoiite rpaduk dynxiuu y = 3|x|+ x — x? u onpeaenute, npu
KaKHMX 3HaYeHUsAX ¢ TIpsAMas y = c — 3 uMeeT ¢ rpadUKOM He MeHee OZHOM,
HO He 6osiee IBYX OOIINX TOYEK.

3. a) Haiigute Bce 3HaYeHUsI TapaMeTpa d, AJST K&KAOTO U3 KOTOPBIX
MMeET eZIMHCTBEHHBIN KOPEHb ypaBHEHME

3a+V-3—-4x—x*=ax+1.

6) HaiizuTe Bce 3HAUYeHHs MapaMeTpa d, ST KaKJOTO U3 KOTOPHIX
VMeeT eJUHCTBEHHBIN KOPEeHb YPaBHEHUE

ax+1+v —5—6x—x2=5a+2.
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4. a) Haiizute Bce 3HaUeHUs MapaMeTpa d, A KaXA0ro U3 KOTOPbIX
HMMeeT eIMHCTBEHHBIN KOPeHb YpaBHEHUE

ax+2a+3=+v—-7+8x—x2

6) Haiizure Bce 3HAYeHUs TapaMeTpa d, JJis KaXKAOrO U3 KOTOPBIX
HMMeeT eIMHCTBEHHBIN KOPeHb YpaBHEHUE

6a++vV —24—10x—x% =ax+1.

5. a) HatiguTe Bce 3HaueHMUA IapaMeTpa a, IIPU KaXKJOM K3 KOTOPBIX
ypaBHeHUe

12|x? — 4| = 2a+|la—12x+ 12|+ 36

HMMeeT POBHO TPHU Pa3IUYHBIX KOPHA.
6) Haiizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
ypaBHeHUe

6|x> —4| = 2a+|a+6x+6|+18

VMMeeT POBHO TPU PA3IMYHBIX KOPHS.
6. a) Haligure Bce 3HaueHUs mapameTpa d, IPpU KaXKJOM U3 KOTOPBIX

1
YPaBHEHHE 5aX +

Y1CJIO KOPHel ypaBHeHUA JJId KaX/A0ro 3Ha4eHu d.
6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaXKJOM U3 KOTOPBIX
1 1
ypaBHeHHe Fax + |-+ 1
4Y1CJI0O KOPHel ypaBHeHUA JJId KaX/A0ro 3Ha4eHu d.
7. a) Halizute Bce 3HaueHUdA IapameTpa d, IpU KaKZOM K3 KOTOPBIX
ypaBHeHue ax|x|+|3x+ 2| =2a|x| iMeeT pOBHO OZIIH KOPEH.
6) Haiizute Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX

ypaBHeHue ax|x|+|5x + 2| = 6alx| uMeeT pOBHO TpU pa3IUIHBIX KOPH.
log,(x+8)—1

1
T 2| =2a umeeT X0TA ObI OJH KOPEHb, U YKAKUTE

=a uMeeT XOTS Obl OZINH KOPEeHb, U YKAKHUTE

8. a) PemuTe HepaBeHCTBO

x+2 X
6) p 3 log,(x+16) —2
) Pemite HepaBeHCTBO Y14 " .
9. a) Haiigure Bce 3HAYeHWs MapameTpa d, IPU KAKJOM U3 KOTOPBIX

53
X

6) Halizute Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX

ypaBHeHUe 2+ = ax uMeeT 6osiee JBYX MONOXKUTENbHBIX KOPHEH.

= 2ax uMmeet bosee ABYX ITOJIOXXUTEIbHDBIX KOpHeﬁ.

5
ypaBHeHUe 4 + ‘; -6
10. a) HaiiguTe Bce 3HaYeHUs TTapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX

5 o
ypaBHeHHE a|x — 3| = o Ameer 6oJee IByX HEOTPHUILIATENbHBIX KOPHEH.
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6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPHIX

10 .
aBHeHUe a|x — 6| = —— umeer OoJee [ByX HeOTpULATeIbHLIX KOPHEH.
x+4

11. a) HatiguTre Bce 3HaueHUA IapameTpa d, IPU KaXKJOM U3 KOTOPBIX
VMeeT eINHCTBEHHOE pellleHNe CUCTeMa YPaBHeHUH

Yy =V5+4x—x>+2,

y =v9—a®+2ax—x*+a.

6) HaiizuTe Bce 3HaYeHUs TapaMeTpa d, IPU KaKJOM 13 KOTOPHIX Me-
eT e/IJMHCTBEHHOE pellleHre CUcTeMa ypaBHeHU!

Yy =4v5-8x—4x2+2,
y+2a = v/9—4a® + 8ax — 4x>.

12. a) HaiiguTe Bce 3HaUeHUs TapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
ypaBHeHue |x + 3| —a|x — 1| =4 umeeT XOTs1 ObI OZIH KOPEHb, U YKAXKUTE
KOPHHU YpaBHEHHUA [ KA XKJ0T0 3HAUYeHU d.

6) HalizmTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM K3 KOTOPBIX
ypaBHeHue a|x + 3|+ 2|x + 4| =2 umeeT x0T 6Bl OZIH KOPEHb, U YKAXKUTE
KODHHU YpaBHEHWUS IS KQXX/J0T0 3HAYEHUs d.

13. a) Hatizute Bce 3HaueHU:A apameTpa d, IPU KaXKJOM U3 KOTOPHIX

ypaBHeHue ax = 12a + 4/ 6|x|+ 2x — x?> uMeeT HEUYETHOE YMCIIO PaA3IUY-
HBIX KOpHEH.
6) HailiguTe Bce 3Ha4YeHMs IapaMeTpa d, NPU KaXAOM M3 KOTOPBIX

ypaBHeHue ax = 24a + 1/ 12|x| + 4x — x? uMeeT OTIMYHOE OT HyJ/IsA YETHOE
YHCJIO PA3IMYHBIX KOpHEeH.

14. a) a) Haiizute Bce 3HaueHHUA mapameTpa d, IpU KaXKJoM U3 KOTO-
PBIX cucTeMa YpaBHeHUH

Y=+ V20| - x2 =Dy + (x* -4/ 2]x| —x% =0,
at+2x=y,

VMMeeT HEUETHOE YHCJIO PA3IUYHBIX PENIEHUH.
6) HaiiguTe Bce 3HaUeHUA apaMeTpa d, IpYU KaXJOM U3 KOTOPBIX CH-
cTeMa ypaBHeHUNU

¥2— (2 +V/4lx| —x2=16)y + (x> —16)/ 4|x| - x2 = 0,
at+4x =y,

MMeeT HeYETHOE YKCJIO PA3JIMYHBIX pemeHHﬁ.
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15. a) Hatiaure Bce 3HaUeHUA MapaMeTpa a, IIpU KaXXJO0M U3 KOTOPBIX
ypaBHeHUe

(5x+a)? — (x| + v/ 6]x] = x2 = 6) (5x+a) + (|x| —6)V/6|x| —x2 =0

rMeeT OTIMYHOE OT HyJ/Is YETHOE YHCJIO PAa3/INIHBIX KOPHEeN.
6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHeHUe

(Bx+a)?—(|x|++/10|x|—x2—10) (3x+a) +(|x| —=10)y/ 10|x| —x2 = 0

MMeeT HEYETHOE YHCIIO PAa3TIMYHBIX KOPHEMH.
16. a) a) HaiizuTe Bce 3HaYeHUs IapaMeTpa d, IPpU Ka)KJOM U3 KOTO-
PBIX CHCTeMa YpaBHEHUH

(V’—xy+3x—y—6)Vx+2 _
V6 —x N
xX+y=a

0,

VIMeeT POBHO /[BA PA3JINYHBIX PelleHUs.
6) HailizuTe Bce 3HaYeHUs MapaMeTpa d, IPU KaKJOM U3 KOTOPBIX CHU-
cTeMa ypaBHEHUU
(VP —xy+2x—4y+DVx+4
S-y

0,

xX+y=a

UMeeT e[UHCTBEHHOE pellleHue.
17. a) a) HatizuTe Bce 3HaUYeHUs MapaMeTpa d, MPYU KaKJOM U3 KOTO-
PBIX cHUCTeMa YpaBHEHUN

xy>—2xy—4y+8
Vx+4

y =ax

0,

HMMeeT POBHO /[BAa PA3JUYHbBIX PelIeHUs.
6) HailizuTe Bce 3HaYeHUs MapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX CHU-
cTeMa ypaBHeHUN

xy?—=3xy—3y+9
Vx+3

y =ax

0,

HUMEET POBHO [BA PA3JIMYHBIX PEIICHUA.
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§4.3. TeomeTpHuUYecKue ujaeun

OtoT maparpad MOCBAIMIEH 337a4aM, B KOTOPBIX rpadudeckrie UHTED-
IIpeTalliy OCHOBBIBAIOTCA ell€ U Ha reoMeTpPHUYeCKUX IIpe/CTaBIeHUAX.
MHorue 13 Takux 3a/a4 CBA3aHBI C YPaBHEHUEM OKPY>KHOCTH, GOPMYyIOi
paccToAaHuA MeXAy JByMs TOYKaMH, ypaBHEHHeM IpsAMOM, T.e., B Cyll-
HOCTH, C PAacCTOSSHUAMU U MeTOZOM KOOpAUHAT. JleHCTBUTEIbHO, MEXIY
reOMeTPUYEeCKUMHU U alrebpandecKiMU 3a1a9aMu, MeXXy sI3bIKOM are6-
pbl («sI3bIKOM (GOPMYJ») U SI3LIKOM TeOMETPUU («SI3bIKOM PACCTOSHUE»)
CylllecTByeT HeocllopuMas CBf3b, CTaBllasd co BpeMEH /[lexapTa o4eBUA-
HOI Jaxe JiA He CIMIIKOM HCKYIIEHHOIO B3IVIAZa. PellleHWe MHOTUX
reOMeTPUYECKUX 33Zayd CBOAUTCA K PELIEHHIO CHUCTEM airebpandecKux
ypaBHeHUH U TpebyeT yMeHUs IPUMEHATh COOTBETCTBYIOIIUII aire6-
panvecKuil MHCTpyMeHTapuii. MeHee 3aMeTHbI (0COOEHHO INKOJbHUKY)
reoMeTpuyeckue HAeU, ABJAIOIIMEcd OCHOBaHWEM JJId pelleHusd paga
anrebpandeckyx 3a/a4: ypaBHEHUH, HepABeHCTB, BRIUUCIEHN Haubomb-
IIMX ¥ HauMEHBIINX 3HAayeHUN HEeKOTOpBHIX BbIpakeHWi. CBA3aHO 3TO,
BEpPOSITHEE BCETO, C TEM, UTO ajarebpandecKuil sI3bIK SBSETCS CBOETO
poZJa MepBBIM MaTeMaTUYeCKUM A3bIKOM IIKOJIbHUKA, a FeOMEeTPUYeCcKui
SI3bIK — BTOPBIM. VI3yueHUe si3bIKa HEBO3MOXKHO HAUMHATh 0e3 CIoBaps
WY XOTA OBl pa3roBOpPHUKA. B HamieMm cirydae c0Baph ZOBOJBHO IIPOCT:
B HEM BCETO TPU CTPOUKH. /I y100CTBA IPUBEAEM €0 B BHZle TAOMUIIBL.

Anrebpanydeckuii s3biK (361K Gpopmyin) | leoMeTprUIecKuil A3bIK (SI3BIK PACCTOSHUE)

Yucna v 6yKBbI PaccTosHUA 710 KOOpAMHATHBIX ocel (Ko-
Op/ITHATBI)
Mozysib pPasHOCTH JIByX YHCET PaccTosiHME MeX/Y ABYMS TOYKaMH KOOD-

JVHATHOU IpAMOM

CymMa KBa/[paToOB JIBYX YHCEJl KBazpar paccTosHuA MeXAy ABYMA TOY-
KaMH KOOPJMHATHON IJIOCKOCTHU

[TonpITaeMcs Tenmepb C IIOMOILIBIO 3TOI'O CJIOBAPS 3aHATHCA «II€PEBO-
ZIOM» C T€OMETPUYECKOTO A3bIKa Ha alreOpandecKuil, HalMcaB IePeBOoAbI
HECKOJIbKUX JOBOJIBHO YIIOTPeOUTENbHBIX «(bpa3» — OCHOBY HAIIIero «pas-
TOBOPHUKA». [Ipy 3TOM B JIEBOI KOJIOHKE TabIUITEI GyAyT 3amucaHbl Gppasbl
Ha SI3bIKE PACCTOSTHUM, a B MIPAaBOU — UX «IIE€PEBOAbI» HA A3BIK GOPMYII,
cHabXE€HHBIE B HEKOTOPBIX CIy4asX KOMMEHTApUAMHU.

Paccrosaue Mexzay durypamu A u B (3TO MOTYT OBITh TOYKU, TIPSIMBIE,
IUIOCKOCTH U T.11.) 6yzem o6o3HavaTh r(A; B). HamoMHuM, 4TO paccros-
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HUe MeXIy AByMs GurypaMy — KparJaiiiiee 13 BceX BO3MO)XHBIX pacCcTo-
STHUM OT TOYKU OZHOU QUTYPHI ZI0 TOYKH APYTOMU.

SI3BIK pacCTOSHUMN

[TepeBog Ha A3bIK GOPMYIT

1. PaccTosiHHME OT TOYKH t YHCIOBOM
OCH 10 TOYKU —22 MeHbIIe 5.

|t + 22| < 5. Kommenmapuil. PaccrosiHue MeXIy
TOYKaMU d ¥ b 4MCIOBOM OCH PaBHO MOZYJIIO pas-
HocTh yncena u b, T.e. r(a; b) =|a—b|.

2. CymMMa pacCTOSTHUHN OT TOYKU X YHUC-
JIOBOM ocu 10 Touek —3 1 5 paBHa 12.

[x+3|+|x—5|=12

3. Touka 5 4MCIOBOM OCH paBHOyzase-
Ha oT Touek x — 1 u x% —16.

|x—6]=|x?—21|

4. PaccTossHUE OT TOYKH, JIeXKallel Ha
npaMoi y = 3x — 2, 0 ocu abcrpcc
B 5 pas Gosiblile pacCTOSTHUS ZI0 OCH OP-
JIVHAT.

|3x — 2| =5|x|. Kommermapuii. PaccTosiHue OT TOY-
ku (x; y) rpaduka oyukmu y = f(x) go ocu abe-
nuce paBHo | f (x)|, a 10 ocu opaguHAT paBHO |x|.

5. Touka M (a;b) mpuHAANIERKUT OK-
PY’KHOCTH C LIEHTPOM B Havajie KOOp-
JUHAT U pajuycom 3.

a®+b%=9

6. Cymma paccTosHub oT Touku M (x; y)
1o touek P(3;4) u K(—2;5) He 60/b-
e 6.

V=32 (=42 +/(x+2%+(y—5)2<6

7. Paccrosiiue ot Touku M (m;n) emu-
HUYHOU OKPYKHOCTH ZI0 TO9KU P (—4; 1)
paBHO 3.

{m2+n2:1,

(m+4*+n-1*=3

8. PaccrosHue ot Touku M(p;q) OK-
PY>KHOCTH C LleHTpoM (—2; —4) u pa-
auycoM 2 710 Touku P(a;b) OKpy»KHO-
CTHU C TEM JKe IIeHTPOM U pafuycoM 6
paBHo 8.

(p+2)%+(q+4)3>*=4,
(a+2)%+ (b+4)? =36,
(p—a)?>+(g—b)>=8

9. Cymma paccToAgHUl OT To4ku M, se-
JKamed Ha mpsaMou y =2x — 1, g0 To-
yek P(3;4) u K(—1; 1) paBHa 5.

V (x=3)24(2x—=5)241/ (x+1)2+(2x—2)2=5.
Kommenmapuii. Eciu Todka JIEXUT Ha MPSIMOM
y=2x—1, To eé xoopauHATHL: (Xx;2x —1).

10. PaccTosiHMe OT TOYKU M, jexkaliei
Ha MpSIMOU Yy = X, 0 TOYKHU P, jmexa-
melt Ha mpaAMoM y = 2x — 3, He MeHb-
me 9.

\/(a—b)2+(a—2b+3)2 >9. Kommenmapuii. B cury
TIPUHA/JIEKHOCTU TOYEK JAHHBIM TPSIMBIM UX KOOP/H-
HaThI B OOIIIEM BHie MOMKHO 3ammcarh Tak: M (a; a),
P(b; 2b—3), tme a ¥ b — NpPOU3BOJIbHBIE JIEHCTBU-
TeJIbHBIE YHUCIIa.

O6paTuM BHUMaHHE Ha TO, YTO YCJIOBHE IIPUHA/JIEKHOCTH HEKOTOPOU
TOYKU M TOU WM MHOU Qurype (Hampumep, IPsIMON WIN OKPYKHOCTH),
3a/laHHON ypaBHEHHEM, MOXKET OBITh 3aIIHCAHO C MOMOINBIO PA3IUYHBIX
OyKB, a He TOJIbKO C ITOMOIIBIO OYKB X U Y. Tak, paBeHCTBa

(p—32+@+2>=16 u (M—-3*+n+2*=16
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03HAyaloT, YTO U Touka (p; q), ¥ Touka (m; n) MpUHAJJIEeKAT OKPY>KHOCTU
¢ neHTpoM (3; —2) u paguycoMm 4, T. €. OKPY>KHOCTHU

x=3)2%+(+2?2%=16

KOOPAMHATHOH ITOCKOCTU OXY .
Temneps cZes1aeM HECKOTIBKO «IIEPEBOZIOB» C aIre6pandecKoro A3bIKa Ha
reoMeTpUYecKUii, 0pOPMUB U UX B BUZE TAOIUIIBL.

fA3pik dopmyn

[TepeBoj Ha A3BIK PACCTOSHUH

1. Pemuth ypaBHeHUE
[x—5[=2|x+3|.

HaiiTy Bce TOUKY X YUCIOBOM OCH, PACCTOSHHUE OT
KaKZIOM M3 KOTOPBIX /I0 TOYKH 5 B ZIBa pa3a Gosblire
PaCCTOSIHUA IO TOYKU —3.

2. Nlmeert i1 cucTemMa ypaBHEHUN
p*+q¢*=16,
r? 4+t2 =25,
(p—r?+(@-1>=100

X0Ts1 OBl O/HO pelieHue?

MOXXHO /I Ha Ka)X/J0W U3 KOHIIEHTPUYECKUX
OKPY>XKHOCTeH ¢ IIeHTPOM B Hauaje KOOpJuHar,
PaAnyCHl KOTOPBIX PABHHI 4 U 5, HAUTH II0 TOYKe,
paccTossHUE MeX/Jy KOTOPbIMU paBHO 107

3. HaliTu HauMeHblllee 3HaYeHue
dyHKIMN
y=v (x=124+9+/(x+3)2+16.

Ha ocu aberpice HaliTH TOYKY, CyMMa PaCcCTOSTHUM OT
koTopoii o Touek (1; 3) u (—3; —4) MUHUMaIbHA.

Kommenmapuii. Yncno 4/ (x — 1) +9 pasHo
paccrossHHIO Mexay Toukamu (x; 0) u (1; 3); uucio

(x+3)? + 16 paBHO PaCCTOAHUIO MEK/Y TOYKAMH
(c; 0) 1 (=3; —4).

4. HaliTu HauMeHblllee 3HaueHue
dyHKIIIIN
y=v(x+2)2+2x+1)%+

+1/ (x—3)2+(2x —5)2.

Ha npsamoii y =2x HalTH TOUKY, CyMMa pacCTOSHUN
OT KOTOPOH 710 Touek (—2; —1) u (3; 5) MUHUMaIBHA.
Kommenmapuii. Yucmo 1/ (x +2)2 + (2x + 1)% pasHo
PacCTOAHUIO MeXAy ToukaMu (x; 2x) u (—2; —1);
ynceno v/ (x — 3)2 + (2x — 5)% paBHO pacCTOAHUIO
MeXay ToukaMmu (x; 2x) u (3; 5).

5. PemiuTh HepaBEHCTBO
(z—0)2+(z—3t+5)*<18.

HaiiTu Bce Takue TOYKU Ha NPSAMOM Y =X U BCe TaKue
TOYKH Ha IpsAMON y =3x — 5, 4TO KBaZpaT paccTos-
HUA OT TOYKH HA NMPAMOH Y = X /IO TOYKH Ha NPAMOK
y =3x —5 He npeBocxoauT 18. Kommenmapuii. Cymma
(z—t)>+ (z —3t+5)> paBHa KBa/paTy PacCTOAHUA
MeXAy Toukamu (z; z) u (t; 3t —5).

6. PemuTh ypaBHeHHe C TapaMeT-
pom |x|=5]ax—3|.

Ha rpaduke yHKIMM y =ax — 3 HAWUTH BCE TOUKH,
PacCTOsIHUE OT KaXK0M U3 KOTOPHIX 10 OCH OpAWUHAT
B 5 pa3 Goblile paccTOSHUSA Z0 ocu abCiucc.

7. HaliTu Bce 3HaYeHUA

rnapameTpa a, Ipy KaXKI0M 13

KOTOPBIX MMEET e[UHCTBEHHOE

pellleHye crucTeMa ypaBHEeHUM
(m-3)2+mn-4H%=a?
m?+n?=4.

Haiitu pasuyc okpy»XHOCTH C IIeHTPOM B Touke (3; 4),
€CJTM U3BECTHO, YTO 3Ta OKPY)KHOCTDb KacaeTcs
OKPY>KHOCTH, PaZiilyC KOTOPOY paBeH 2, a LEHTPOM
SABJIIETCS HavaIo KoopauHaT. Kommenmapuil.
Hatigennsiit paguyc 6yzer paBeH |al.
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CrefiyeT TOJYEPKHYTb, YTO INPaBUJIbHBIE «II€PEBO/BI» Y Pa3TUYHBIX
«TIEPEBOJYMKOB» MOTYT OTIMYATHCA (3TO ABJISAETCA OCOOEHHOCTBIO «IIepe-
BOJOB» B MareMaTuKe). Tak B 3asanuu 3 BMecTo TOYKH (1; 3) MOXKHO ObUIO
B3ATh TOUKy (1; —3), a BmecTto Touku (—3; —4) paccMaTpuUBaTb TOYKY
(—3;4). B 3aganuu 5 cymma (z — )% + (z — 3t + 5)? MoxeT 03HAyYaTh
KBaZIpaT pacCTOSHUA MeXAy Toukamu (z;z) u (t; 3t —5) (T.e. KkBagpaT
paccToAHUA MeXJy TOYKOM Ha NpsIMOM Yy = X U TOYKOM Ha IpAMOHN
y =3x —5), a MOXXeT 03HAYaTh M KBAZIPAT PACCTOSHUA MEXAY TOUYKAMU
(z;2+5) u (t; 3t) (T.e. KBagpaT pacCTOSTHUSA MEXK/TY TOYKOU Ha MPAMOU
¥y =x+5 u Toukoil Ha mpaMo# y = 3x). BmpoueMm, 3Ta 0cOOEHHOCTH
TpUcylia U MepeBojaM XyAOoKeCTBEHHOU JINTepaTyphl: MIPU COXpaHEHUU
cmbicia U Gabyabl HEKOTOPbIE IPEAJIOKEHUA B PA3JIMYHBIX IEePeBOAaX
MOTYT OTJINYaThCsS BecbMa CyIleCTBEHHO. B HalleM ciy4yae BaXXHO TOJIBKO,
YTOOBI «ITePEBO» OBUT afIeKBAaTEH «OPUTHHAITY»: 3TO TIO3BOJIUT BEPHO WH-
TepIIPETUPOBATD U PENTIUTH 33/Ia4uy MIPH JI0O0M ITPAaBUIBHOM «IIEPEBOJIE.

Teneps, 11ociie oBazieHNs ONpeeIEHHBIMU «I3bIKOBBIMU HaBBIKAMU»,
MOXKHO TTepeiTH K pelleHuno 3a1ay.

ITpumep 1. Haiigure HanMeHbIIee 3HaYeHUe GYHKIIUA

y= \/X2—2x+5+ \/x2—16x+89.

Pemrenue. PelileHre 3TOHM 3a/jaul ¢ TIOMOIIbBIO TPOU3BOJHON IpUBe-
JET, OYEBU/IHO, K TPOMO3/IKIUM BBIYMCIEHUSM, /Ia U HE BO BCEX IIKOIbHBIX
y4eOHUKAX MOXXHO HaWTHU GOPMYJTy TPOU3BOAHOU CJIOKHOU PpyHKITHHU. [10-
npobyeM MepeBeCTH YCJIOBUE 3aa4yu C A3bIKa GpOPMYJ Ha A3BIK PacCTosi-
HuU. JIJIs1 3TOTO BBIIEIUM IIOMHBIE KBa/IPAThI B TOJKOPEHHBIX BBIPAXKEHU-

ax: y = \/(x —-12+4+ \/(x —8)2+25. Kaxkz10e 13 caaraeMbix MpaBoii
YacTU IOC/IeZIHETO PAaBEHCTBA NIPEeACTaBIAeT cOO0H PacCTOAHNE OT TOUKH
A(x; 0) ocm aberuce 10 HEKOTOPOU TOYKY ¢ GUKCHPOBAHHBIMY KOOPAHUHA-
TaMU, He 3aBUCAIINMU OT lepeMeHHOH x. TakuM 06pa3oM, peuruTs 3aa-
Yy — 3HAYUT HAUTU TaKyl0 TOYKYy A ocHu abcuucc, cyMMa pacCTOSHUN OT
KOTOPOH /IO IByX JaHHBIX ToYeK MUHUMasbHa. Eciu gaHHble Touku B u C
JIeKaT IO pasHBle CTOPOHHBI OT OCH abCIyce, TO UCKOMas TOYKA, OYeBH/-
HO, eCTb TOYKa IepecedeHys nNpsAMoii BC ¢ ockio abcIyice, TOCKONMbKY /I
060 pyToii TOUKU A; OCH abCcuyce cyMMa pacCTOSTHUM OT Heé 10 ToUek
B u C Oyzet 6onblile B CHTy HepaBeHCTBaA TpeyroibHuka: AB + AC = BC,
AB+ A,C > BC (cm. puc. 1). Abcuuccel TodeKk B u C HU3BECTHBI — 3TO
1 u 8, a KBazipaTHl UX OpPAVHAT PABHBI COOTBETCTBEHHO 4 U 25. BribepeM
3HaKU OpAMHAT Touek B u C TaK, YTOOBI 3T TOYKU OKA3JINCh JIEKAITIMHI
IO pasHble CTOPOHEBI OT ocH abcernucc: B(1; —2) u C(8;5). Hatitu ypaBHe-
Hue npsAMoi BC He mpezcTaBideT TpyZa (3TO MOXKHO cZelaTh pa3HBIMU
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ciocobamm): ¥y = x — 3. Torma abcrucca Toyku A paBHA 3, a MCKOMBIN
MMHHMYM PaBeH \/(3 —12+4+ \/(3 —8)2425, T.e. 74/2.
Yy
5<

Omeem: 7v/2.

3ameuyanue 1. Halitu pacctosiHue BC MOXXHO U KaK TUIIOTEHY3y Ips-
MOYTOIBHOrO TpeyronbHuKa BCD c katetamu BD = CD = 7. A6cuuccy To4-
KU A MOXXHO BBIYMCJIUTB, HE COCTaBJAA ypaBHeHuUA npamoil BC, a Boc-

MOJTh30BABLINCH TTOZ00MEM TpeyronbHUKOB AB{B u AC;C, U3 KOTOPOTO
AB, BB, 2

HaX0oAUM AC,—CC,— 5 U, TIOCKONbKY B;Cy; =7, monydyaeM AB; =2, a
rcKoMas abcrycea paBHa 3.

3ameuanue 2. B 3ajauax Ha BBIYHMCIEHME HAWOONBLIETO WIN Hau-
MEHBIIEro 3HaUeHUA QYHKIIUU 0053aTebHBIM SBISETCA YKa3aHUEe TOYKH,
B KOTOPOH 3TO 3HayeHue gocturaercda. CBA3aHO 3TO C TeM, YTO B TaKUX
3a7lagax 4acTo UCIONb3yeTCs YCIOBHUe 0OpalleHs HEKOTOPOr'o HECTPOTo-
ro HEpaBeHCTBa B PaBEHCTBO, YTO BO3MOXXHO JaJeKo He Bcerza. M xorsa
B OTBET 3aIMKCHIBAETCS UMEHHO HAauboJblllee WIM HaMeHbIlee 3HaYeHUe
byHKIIUY, TeM He MeHee 6e3 000CHOBAHUS TOTO, YTO 3TO 3HAYEHUE JOCTH-
raeTcs, pelieHue He MOXKeT OBITb IIPU3HAHO IIOJMHBIM U 3aCYUTaHO. J[yis
TAKOro 0OOCHOBAHMA B OOJIBIIMHCTBE CIyYaeB ZOCTATOUYHO HAWTH TOUKY,
B KOTOPOH 3TO 3HAYEHHE [IOCTUTAETCSA, YTO U OBUIO CZeaHo IIPY PelIeHN!
npumepa 1.

IMpumep 2. PemuTe cucteMy ypaBHEHUHN

V=62 132+ /2t (y - 4% =2V13,
Vx =92+ y2+/x2+ (y —3)? = 3/10.

Peritenne. PaccMOTpUM Ha KOOPAMHATHOW IUIOCKOCTH OXYy TOYKU
A(6;0), B(0;4), C(9;0), D(0; 3). PermuTh crucTeMy O3HAYaeT HAWUTU BCE
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Touku M (x; y), A7 Kaxkaoh u3 kotopbix MA + MB=2+/13, MC + MD =
=34/10. Ho AB=1/6%+4%2=2+/13, CD =1/ 9%+ 32=3+/10 (cM. puc. 2).

CnepgoBatenbHo, MA + MB = AB (T.e. Touka M NOpUHAJEXUT OTpe3-
Ky AB), MC + MD = CD (t.e. Touka M mnpuHaznexuT oTpe3ky CD).
[TosTomy Touky M MOXHO HaWTH KaK TOYKYy IlepecedeHusd OTPEe3KOB
AB u CD. YpaBHeHUs NpaAMbIX AB u CD, KOOpAUHATHL BYX TOYEK KaKAOH

13 KOTOPBIX U3BECTHHI, HAXOAATCA 6e3 Tpyza: y = —%x + 4 — ypaBHeHUe
npsamoun AB; y = —%x + 3 —ypaBHeHue npamo# CD. [lna BeIMUCIEHUA
abcrycchl TOYKU M OCTasoch PelluTh YpaBHEHHE —%x +4= —%x +3,

oTkyza x = 3. OpauHaTa TOYKU M HaXOAUTCS TMOACTAaHOBKOU MOy4YEHHOU

abcrucchl B ypaBHeHe 110601 13 psMbIX AB wiu CD: y = —% -3+4=2.

Puc. 2

Omsem: (3; 2).
3ameuanue 3. HaliTu ypaBHeHue npAMOU AB MOXHO, B 4YaCTHOCTH,
BOCITOJIb30BABIIUCH TEM, UTO YIIIOBOM KO3QPUIMEHT 3TOM MPAMOM OTPH-

OB 2
1jaTeseH U paBeH —ﬁ, T.e. —3, @ Ha4a/lbHadA OpAMHATA (opaunaTa TOY-
o 2
KM IlepecedyeHUs IPAMOU ¢ OCbI0 OpAUHAT) paBHa 4, OTKyZa y = —3X+ 4.

AHanorMYHO HaXOAWTCA U ypaBHeHUe NpsMoit CD.

B HEKOTOpBIX CIydasx IpU ONpeseéHHOM HaBBIKe pelleHHs MoZ06-
HBIX 33/la4 MOXXHO OOOUTHCh U 6€3 PUCYHKOB, 0COOEHHO KOI7Ia HCITONb3Y-
eMble reoMeTprudeckre GaKThl XOPOIIO U3BECTHHI U He HYXXAAIOTCSA B TIPA-
MBIX WLTIOCTPAIUAX. PACCMOTPUM TPU TAKUX IPUMeEpPA.

ITpumep 3. HaiiguTe Bce 3HaUeHUs MapaMeTpa d, IPU KKJAOM U3 KO-
TOPHIX MOZY/Ib Pa3HOCTH KOpHel ypaBHeHHud x2 — 6x +12+a?—4a=0
IIPUHUMAaeT Haubosblilee BO3MOXXHOE 3HAYeHHeE.

Pemenne. PemyMm 3azaqy AByMs criocob6amu. [IycTh X U Xy — KOPHHU
JAHHOTO ypaBHeHUs. TpaZUIIOHHOE PellleHre 33Ja9ll COCTOUT B BBIYKC-
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JieHuy Hanbosnbliero 3HaveHusa GyHkuuu f(a) =|x; — x|, T. e. yHKIUM

f(a)=2\/m, wim  f(a) =2v1—(a—2)?

PaBHOTO, OYEBUHO, 2 TpU a = 2. DTO pelileHue TpebyeT onpeieéHHOM
KyJIbTYPBI BBIUMCIEHUH. K TOMYy jKe 3HauWTeNbHAas YacTh yYalluXcs, CKO-
pee Bcero, MONBITAETCSA MPOBECTU UCCIeloBaHre QYHKIIUKA Ha HauboJIbIee
3HAYEHUE 110 TPAAUIMOHHOMY aJITOPUTMY, TPeOyroleMy TpUMeHEeHUs IIpo-
M3BOZHOM, U CTOJIKHETCS HAa 3TOM ITyTH C HEM3OEKHBIMU M JIOBOJILHO 3HA-
YUTENbHBIMU TPYAHOCTSIMU, CBA3AaHHBIMU C AuddepeHITMPOBaHUEM CIOXK-
HOM QyHKIMH U TpeobpazoBaHUEM UPPaAIlOHANbHBIX BHIpaXKEHUH. BTopoit
CIIoCco6 3aKTI0YaeTCs B «IIEPEBO/IE» YCIOBUS JaHHOM 3a/ja4u ¢ ajrebpande-
CKOTO sI3bIKA Ha reOMeTPUYECKUI. JIJIs 3TOTO BBIZIEIUM ITOJHBIE KBaZPAThI
B JIEBOU YaCTU ypaBHEHUS U NlepelullieM ero B BU/e (x—3)%+(a—2)*=1.
[MonyyeHHOE ypaBHEHUE SIBISAETCS ypaBHEHUEM OKPY)XHOCTU B CHCTEME
koopzuHaT Oxd, a KOPHU JaHHOTO ypaBHEHUs paBHBI abcCIlpccaM TOYEK
mmepecevyeHusT OKPY)KHOCTH M TIPSIMOM, TapasulebHON ocu aberucc. Pac-
CTOSTHHE MEX/y STUMHU TOYKaMU MaKCHMaJIbHO, €CJT OHM SIBJISTIOTCS KOH-
[[aM¥ HaMeTpa OKPY>KHOCTH, PaBHOTO 2.

Omeem: 2.
IMpumep 4. HatizuTe HanbobIllee U HaMeHbIIIee 3HAYEHUs BhIpaKe-
aus (a—d)?+ (b+p)?+ (c—q)? eciu uncna a, b, ¢, d, p, ¢ TAKOBEL, 4TO

a?+b*+c* =9,
d*+p?+q* = 16.

Pemrenue. [lepeBesiéM ycioBue 3aa4U Ha A3BIK PACCTOSHUN: BhIpaKe-
aue (a —d)?+ (b+ p)? + (c — q)? npezcrasngeT coboit KBaJpaT paccTos-
HUs Mexay Toukamu (a; b; ¢) u (d; —p; q), epBas U3 KOTOPHIX JIEKUT Ha
cdepe c IIeHTPOM B Hayajie KOOPAUHAT U paZuycoM 3, BTopas — Ha cdepe
C TEM Ke I[EHTPOM U paguycoM 4. Haubosbliee pacCcTOsHIE MEXIY TOUKa-
MU 3TUX chep paBHO CyMMe paInycoB, T. €. 7, a HAUMeHbIIIee PacCTOSHIE
PaBHO pasHOCTU PAaAUyCcoB, T.e. 1. [T03TOMy HCKOMBIE 3HAYEHUA PAaBHBI
49 u 1. 3Havyenue 49 gocturaetcs, Hanpumep, mpu a=d=c=q=0,b=3,
p =4. 3HaueHue 1 pocturaercs, Hampumep, npu a=d=c=q =0, b=3,
p=—4

Omsem: 49; 1.

IMpumep 5. Hatigure Bce 3HaYeHUs IapaMeTpa d, TPy KaXKJOM U3 KO-
TOPBIX UMeeT eIMHCTBEHHOE pellieHHe chcTeMa YPaBHeHUH

(x+2a—1)*+(y+5a—2)* =4,
(x—3a-|—1)2+(y—6a-|—5)2 =0.
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Pemenue. Ha reomeTpryeckoM A3bIKE YCJIOBHE 3aJayd O3HAYaerT,
4yTO TpebyeTcs HAMTU Bce 3HA4YEHWs NapaMeTpa d, IPU KaXKAOM U3 KO-
TOPBIX OKPY)KHOCTh C IleHTpoM B Touke (—2a + 1; —5a + 2) u pazawm-
ycoM 2 KacaeTcs OKPYKHOCTU C IleHTpoM B Touke (3a — 1;6a —5) u
pazuycoMm 3. DTO BO3MOXKHO B TOM U TOJBKO TOM CJy4yae, €CIH PaccTo-
SHUE MeXJy LIeHTpaMH OKpPY)KHOCTell paBHO CyMMe paJiuycoB (BHeLI-
Hee KacaHMWe) WIM PasHOCTU PaZiNycoB (BHyTpeHHee KacaHUe). Takum

o6pasom, IMojlyyaeM /iBa ypaBHEHUS: \/(Sa —2)24+(11la—-7)%=5 wmn

\/ (5a—2)?>+ (11a—7)?> = 1. KopHAMM TI€PBOTO ypPaBHEHHUA SABJIAIOTCH

14 "
4HCIA o W 1, @ BTOPOE ypaBHEHHE He MMeeT KOPHEH.

14

Omeem: 735 1.

B 3akimoueHue maparpada pacCMOTPUM HECKOIBKO 6oJiee CI0KHBIX 3a-
Jlay, CBI3aHHBIX C TEOMETPUYECKUMH WHTEPIIPETALIUSIMY, TIPeIaraBIIX-
cs B pasHble TOZAB Ha EJMHOM TOCyZapCTBEHHOM 3K3aMeHe TI0 MaTeMa-
THKE.

IIpumep 6. HaliziiTe Bce 3HaueHUA MapaMeTpa, IPU KaXKJ0M U3 KOTO-
PBIX UMeEeT eIUHCTBEHHOE PEIIeHNEe CUCTEMAa YPaBHEHUHN

X2+ (y—4?* =16,

VX2 +(y—12)24+/(x—a)2+y2 = \/a® + 144.

Pemrenue. [TlepBoe ypaBHEHUE CUCTEMEI ABISETCSA YypABHEHUEM OKPYXK-
HocTH ¢ neHTpoM C(0; 4) u pazuycom 4. JleBad yacTb BTOPOr'O ypaBHe-
HUA paBHaA CyMMe pacCTOSAHUN OT TOUYKU M (x; y) KOOpAMHATHOM ILIOC-
koctu Oxy zmo Touek A(0; 12) u B(a; 0) 3TOM IJIOCKOCTH. 3aMEeTUM, YTO

AJMHa oTpeska AB paBHa \/ 0—a)2+(12-0)2= \/ a’?+ 144, 1.e. paBHa
IIpaBol YacTU BTOPOTro ypaBHeHUs cucreMbl. [losromy MA + MB = AB,
OTKyZla ciiefyet, 9yTo Touka M (x; y) mpuHazamexxut otpe3ky AB. Temepsb
yCJIOBHE 33Jjaudl MOXKHO IIEPEBECTH C sI3bIKa GOPMYJ Ha fA3BIK PACCTOS-
HUM: pellUTh 3aady — 3HAYUT HalTU Bce 3HAUYeHM:A lapaMmeTpa a, Ipu
KaXZIoM M3 KOTOPBIX CYIIECTBYeT eJUHCTBeHHas Touka M (x; y) Koopzau-
HaTHOM IutockocTu OXy, KOTOpas IPUHA/JIEKUT KaK OKPYKHOCTHU C LieH-
tpoMm C(0; 4) u paauycom 4, Tak u oTpe3ky ¢ koHamu A(0; 12) u B(a; 0).
Takum ob6pa3om, TpebyeTcs HAWTU Takoe TonoXeHUe Touku B(a; 0) Ha
ocu abcruce, MpU KOTOPOM mIpsaMasi AB KacaeTcs OKPYKHOCTU B TOYKE
M (x; y). llocnenHee BO3MOXHO B JIBYX ciydasax (CcM. puc. 3), IpU 3TOM
COOTBETCTBEHHBIE 3HAUEHUS ITapaMeTpa PaBHBI 10 aOCOMOTHON BETUYHHE
Y MPOTUBOIIOJIOXKHEI MO 3HAaKy. B mo6oM ciydae oTpe3ok CM sABIseTC
paznycoM, MpoBeAEHHBIM B TOUKY KacaHud, T.e. CM =4. Ho CA =8, 3Ha-
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yuT, yron CAM =30°. IToatomy OB=0A -tg30°=12- % =4+/3 (rae Tou-

ka O — Hayano koopauHar). C1egoBaTenbHo, a = +£4+/3.

y

Puc. 3

Omeem: a==+4+/3.
IMpumep 7. HalizuTe Bce 3HaUeHUA IIapaMeTpa d, IIPU KaXA0M U3 KO-
TOPBIX UMeeT eIMHCTBEHHOe PellleHHe chcTeMa YpaBHEeHUHI

(x| = 6)*+(y —12)* = 4,
(x+1)%+y? =da?

Pemenue. IIpu x > 0 ypasHenue (|x| — 6)2 + (y — 12)? =4 apnsercs

ypaBHEHUEM OKPYKHOCTH wq € LIeHTpoM B Touke C; (6; 12) u paguycom 2.

[Tpu x < 0 3TO ypaBHEHUe ABIAETCA YpaBHEHHUEM OKPY:KHOCTHU ., C ILIeH-
TpoM B Touke C,(—6; 12) u TeM ke pazuycoM (cM. puc. 4).
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Eciu a = 0, BTOpoe ypaBHeHUe [aHHON CHCTeMBl IIDUHHMAaeT BUZ
(x+1)?+y?=0, orkyna x =—1, y =0. DT 4ucIa He ABJIAKOTCA pe-
IIeHWeM IEePBOro ypaBHEHU: cucTeMbl. Eciu a 7# 0, BTopoe ypaBHeHUE
JAHHOM CUCTEMBI ABJIAeTCA ypaBHEHNEM OKPYKHOCTHU  C IIEHTPOM B TOY-
ke C(—1;0) u paguycom r = |a|. Takum ob6pasom, TpebyeTcss HAUTH BCe
OTJIIMYHBIE OT HyJAd 3Ha4eHUA NapaMeTpa d, NPU KaKAOM U3 KOTOPBIX
OKPY)KHOCTb (W MMEET €JUHCTBEHHYIO OOIIyI0 TOYKYy C OOBbeAMHEHWEM
OKPY)KHOCTEN wq U 5.

V3 Touku C mpoBeném ayd CC; u ob6o3HaunM uepe3 A; u B, Touku
€ro IepecedyeHus C OKPY>KHOCTbIO w1q, IAe A; yexur Mmexzay C u Cj.

Tak kak CC; =4/ (6+ 1)%+ 122 = /193, nonyuaem, uto CA; = +/193 — 2,
CB; =+/193+2.

IIpu r <CA; win r > CB; OKPY>KHOCTU w U w; HE IIePeCeKaroTCA.

[Tpu CA; <r < CB; OKPYXHOCTH ) U »; UMEIOT /IB€ OOIIIHE TOUKHU.

[Ipyu r=CA; wiu r = CB; OKPY>KHOCTU w U w; KacaroTcs.

N3 Touku C mpoBezném yiyd CC, U 0003HAUUM uepe3 A, U B, TOYKHU
€ro IepeceyeHusa ¢ OKPY>XHOCTBIO o, Ie A, nexut Mmexay C u C,. Tak

kak CC, = 4/ (—6+1)2+122 = 13, nony4aem, uro CA, =13 — 2 =11,
CB,=13+2=15.

[Ipu r < CA, wiu r > CB, OKPY>KHOCTU w U W, HE NIepPeCceKaroTCA.

ITpu CA, <r < CB, OKPY)XHOCTH & U W, UMEIOT ZIBe OOIIIYe TOYKH.

[Ipu r = CA, vnu r = CB, OKPY’XHOCTU w U w, KacaroTCA.

JlanHas cucTreMa UMeeT eIMHCTBEHHOE DeIlleHUe TOrZa U TOJIbKO TO-
I/la, KOIZla OKPY>KHOCTb (v KacaeTCs POBHO OJHOM M3 /IByX OKDPYKHOCTeH
W, U W, U HE UMEEeT HU OFHOU OOIIel TOYKU C JPYrod OKPYKHOCTBIO.
Tax xax CA, < CA; <CB, < CB;, yCJIOBUIO 3a[ja4H YZOBIETBOPAIOT TOIbKO
ypcnar=11ur=+193+2, otkyza a=+11 wmu a==+(v/193 +2).

Omeem: —v/193 —2; —11; 11; V193 + 2.

ITpumep 8. HaiiguTe Bce 3HaUYeHUA NTapaMeTpa d, IPU KaXK/JOM U3 KO-
TOPBIX UMEET POBHO TPH Pa3JIMYHBIX PEleHUA CUCTeMa ypaBHEHUN

=D+ -9*=9,
y=|x—a|l+1.

Perrenne. [lepBoe ypaBHEHME CUCTEMBI SIBISIETCS YPABHEHUEM OKPYXK-
HOCTHU C LIEHTpOM B Touke (4;4) u paguycom 3. I'paduk PyHKumm y =
=|x —a| + 1 momydaeTca mapajebHBIM IIepEHOCOM Ha BekTop L(a; 1)
rpaduka pyukuuu y = |x|. [TockonbKy rpaduk GyHKIMHU y = |x| mpeacTas-
JisieT cobo¥ MpAMOM yroi ¢ BepmnHoH B Touke (0; 0) ¥ CTOpOHAMU, JiexkKa-
MIMMU Ha TMPSIMBIX Y =X U y = —X BhIllle 0CH abcrce, rpadpux GyHKIUN
y =|x —a|+ 1 taxxe npeacrasisieT cO60# TIPAMOIL yros, HO C BEPUIMHON
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B Touke (a; 1) ¥ cTopoHaMy, MapaIeNbHBIMU NPSAMBIM Yy =X U Y = —X
(cm. puc. 5). Cpasy ke 3aMeTuM, YTo MpaAMas y = 1, Ha KOTOPOH JIEXKUT
BepIIMHA yIJIa, IBISAETCA KacaTeIbHOU K OKPY’KHOCTH.

y |

Puc. 5

PoBHO Tpu 061He TOYKH GUTYPHI UMEIOT B CJIEAYIOMIMX CIYJasaX.

1. BepuirHa mpAMOro yIja JeXWT B Touke M KacaHusA OKPY>KHOCTHU U
mpsAMoON y =1, a ero CTOpOHBI IlepeceKaloT OKPY>KHOCTh B JIBYX TOYKax
(mepBeIii ciIy4aii). OTO BO3MOXKHO, TOJMBKO ey a = 4.

2. OpgHa W3 CTOPOH MPAMOrO yIla IlepeceKaeT OKPYKHOCTb B /JIByX
TOYKaX, a Apyras KacaeTcs OKPY>KHOCTU B Touke A (BTopoil ciydail) wiam
B Touke B (Tpetuii ciydait). Haligém 3HayeHUs mapameTpa [AJsg 3THUX
IBYX ciay4daeB. IIOCKONBKY pafulyc OKPY:KHOCTH, IPOBEAEHHBIM B TOUKY
KacaHUA OKPY)KHOCTH U IIPAMOM, MepleHJUKYAApeH IPAMOM, YeThIpEx-
yronsauK BQAC ABNAETCA KBaJpaTOM CO CTOPOHOM 3 U AMaroHambio 3v/2.
Torma MD = MC =QC — QM = 3v2 - 3. CrnemoBaTesbHO, AJIA Clydas
KacaHus B Touke B monyyaem a =3v2 — 3 +4 =1+ 3+/2. Jlna xacanus
CTOPOHBI yIJIa U OKPY>KHOCTH B TOUKE A aHAJIOTMYHO IOJIyYaeM eIllé OfHO
3HaveHMe mapamerpa: a=4— (3v2—-3)=7-3v2.

Ilpu a <7 — 3+v/2 unu a > 1+ 3+/2 npamoit yron uMeeT He 6onee AByX
00IINX TOYEK C OKPYKHOCTBIO.

Ipu 7 — 3v2<a<4 w4 < a <1+ 3+/2 npsamMoii yron uMeeT YeThipe
o0111e TOYKH C OKPYKHOCTBIO.

Omsem: 7 —3+/2; 4; 1+3+/2.
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Ipumep 9. HaiifuTe Bce 3HaUEHUA MapaMeTpa d, TPU KaXKIOM M3 KO-
TOPHIX C/IeyIoIas cHCTeMa YpaBHEHHH MMeeT XOTA OBl OJHO pelleHHe
(s y;2):

(x—4sinz)?+ (y +4cosz)? =1,
x|+ |yl = a.

Pemenwne. [Ipu 110060M [€HCTBUTETPHOM 3HAYEHUU % MEPBOE ypaB-
HEHUe JaHHOW CHUCTEMBI SBJIAETCS YpaBHEHHUEM OKPYKHOCTH (0 ILIOC-
koctu Oxy c paghycoM, paBHBIM 1, U IIEHTPOM B TOuKe (Xg; Vo), e
Xo=4sinz, y, = —4cosz. [IockonbKy xg + _yo2 =16, LIeHTp OKPY>KHOCTH
B CBOIO Ouepesb JIEXKUT HAa OKPYKHOCTU C I[€HTPOM B Hadaje KOODPZH-
HaT U pazauycoM 4. TakuM o6pa3oM, MHOKECTBOM BcexX Todek (X;Yy)
IwiockocTy OXy, KOOpAUHATHl KOTOPHIX YZAOBJIETBOPAIOT IEPBOMY ypas-
HEHUIO JJAHHOM CUCTEMBI, ABJIIETCS KOJBIO, 3aKII0YEHHOE MEXKIY AByMs
KOHIIEHTPUYECKMMM OKPYKHOCTAMU (BKJIFOYas CaMH 3TU OKPYKHOCTH)
C IIeHTPOM B Havaje KoopAuHaT U paguycamu 3 u 5 (puc. 6). Eciu a <0,

y

Puc. 6

JlaHHasA CUCTeMAa, OYEBUIHO, PellleHN He uMeeT. Ecu a > 0, MHOXXeCTBOM
Bcex Touek (Xx; y) miockocTu OXy, KOOPAUHATHI KOTOPHIX yZIOBIETBOPSIOT
BTOPOMY YpaBHEHMIO JaHHOM CHUCTEMBI, ABJsAeTCA KBaJpaT C JuaroHa-
JIbI0 2a ¥ CTOPOHOM a+/2, OrpaHUYeHHBIN TPAMBIMU Y =a — X (1pu x >0,
y20), y=a+x (mpu x<0, y>0), y=—a—x (mpu x <0, y<0) u
y=—a+x (mpu x >0, y <0). lanHasag cucTeMa UMeeT XOTs OBl OZHO
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pellleHre B Te€X M TOJBKO TeX CAydasX, KOrZa KBaZpaT JubOo BIMCaH

B MEHBIIYI0 OKPYXHOCTb, OIPaHWUYMBAIOLIYIO KOJABIO (B STOM CiIydae

a = 3), 1mb0o omMcaH OKOJO OOJbIIEH OKPY>KHOCTH, OrpaHUYMBAIOLIEi
av2

KOJbI[O (B 3TOM cCiy4ae = 5, oTkyza a = 54/2), 1ubo 3aHUMAaeT

TIPOMEXKYTOYHOE MOIOKEHHEe MEXY ABYMs STUMH HONOKEHUAMH (B 3TOM
cydae 3<a<2+/5).

Omeem: [3; 5v2].

Ynpaxuenud k §4.3

1. a) HatiguTe HauMeHbIIlee 3HaYeHNe GYHKITUN

y=vV(x—22+16++/(x—10)2+4.

6) HalizuTe HavMeHblllee 3HaYeHHEe QyHKIUU

y=Vx+32+4+/(x—9)2+9.

2. a) Hatiute HauMeHbIllee 3HaYeHNEe GYHKITUN

y= \/x2+9+ \/x2—8x+20.

6) HalizuTe HavMeHblllee 3HaYeHHEe QyHKIUU

y = Vx2+1+V/x2—24x+153.

3. a) Hatiiute HauMeHbIIlee 3HaYeHE PYHKITUU

y= \/x2+6x+25+\/x2—10x+29.

6) HatizuTe HavMeHbIllee 3HaYeHEe GYHKIUU

y = Vx?+8x+20+/x%— 16x +73.

4. a) Haiizure HauMeHblllee 3Ha4eHUE QYHKIIIHU

y =V (x=32+ =72+ (x— 152+ (x — 2)2.

6) HatizuTe HavMeHbIllee 3HaYeHEe GYHKIUU

y= V=D + =22+ (x—= 72+ (x +6)2.

5. a) Pemute ypaBHEHUE \/x2 —6x+58+ \/x2 +10x+89=17.
6) PemuTte ypaBHEHUE \/x2 +8x+20+ \/x2 —10x+125=15.
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6. a) PemuTe HEPaBEHCTBO \/x2 —20x+ 109 + \/x2 —2x+82<15.

6) Pemire HepaBeHCTBO \/x2 +6x+58+ \/x2 —4x+29<13.
7. a) Pemnte HepaBeHCTBO

V@2x =12+ (x—7)2+ 1/ (2x — 13)2 + (x — 2) < 13.

6) Pemute HepaBeHCTBO

Ve =2)2+ Bx =724+ (x—8)2+ (3x+ 12 < 10.
8. a) Hailigure Haubosblllee ¥ HAUMeHbIIIee 3HAYEHUA BBIPAKEHUSA
(@a—c)*+(b—-d)?

ecs unciia a, b, ¢, d TakoBBI, YTO

a’+b> =4,
{ c2+d? = 36.
6) HaiiguTe HanGosbllee ¥ HANMEHBIIIEE 3SHAYEHUS BBIPAKEHIIS
(@a+u)?+b+v)?
€CJIM Yucia d, b, U, Vv TaKOBBIL, 4TO
a’?+b? = 64,
{ u?+v? =25.

9. a) HaiiguTe HaubosbIllee ¥ HaMeHblIlee 3HAUEeHUsI BBIPAYKEHUS
(a+d)*+ B -p)+(c+q)?
ey 9ucna a, b, ¢, d, p, ¢ TaKOBBI, 9YTO
a’+b*>+c% =4,
{d2+p2 +q% =121
6) HatiguTe Haubosblliee ¥ HaMeHblilee 3HAYE€HUsI BRIPAKEHUS
(@+d*+ b +p)*+(c—q)?,
ecny yucnia a, b, ¢, d, p, ¢ TaKOBHI, YTO
a’+b*+c* =25,
{d2+p2+q2 =81
10. a) PemuTe cucteMy ypaBHEHUH
Vx4 (y =152 44/ (x—8)2+y2 =17,
{ VX2 4+ (y =122+ 4/ (x—16)2+ y2 = 20.
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6) Pemnre cucTeMy ypaBHEHUU
VX + (= 82+ (x—6)%+y% =10,
V (x =502+ y2+/x2+(y —12)2 = 13.

11. a) HatiguTe Bce 3HaYeHUA nlapaMeTpa d, IpYU KaXKZOM U3 KOTOPBIX
HMeeT eJUHCTBEHHOe pellleHHe ChCcTeMa ypaBHEeHUH

x*+y? = 6x—16+8y,
(x—6)*+(y—8)* =da*.

6) HalizuTe Bce 3HaYeHUs TapaMeTpa d, MPU KaKA0M U3 KOTOPBIX KMe-
€T eIMHCTBEHHOE pellleHre CUCTeMa YPaBHEHMI

x?+y? =8x—-37+10y,
x=72+(—-9*=d

12. a) HatiguTe Bce 3HaueHUA IapamMeTpa d, IPU KaXKJOM U3 KOTOPBIX
HMeeT eJUHCTBEHHOe pellleHHe ChCcTeMa ypaBHEeHUH

(x—2a—3)%>+ (y —3a—5)? = 100,
(x—3a—8)*+(y—4a—3)*=09.

6) HalizuTe Bce 3HaYeHUs TapaMeTpa d, MPU KaKA0M U3 KOTOPBIX KMe-
€T eIMHCTBEHHOE pellleHre CUCTeMa YPaBHEHUI

(x—5a—6)*+(y —4a+5)* = 36,
(x—6a—5)*+(y —5a+8)* = 16.

13. a) Hatizute Bce 3HaueHU:A apamMeTpa d, IpU KaXKJOM U3 KOTOPBIX
HMeeT eJUHCTBEHHOe pellleHHe ChCcTeMa ypaBHEeHUH

(x—a—2)+(y—a—4)?%= (2a—1)?
(x—2a+1)%+(y—2a—3)? = (a—1)2

6) HalizuTe Bce 3HaYeHUS TapaMeTpa d, MPU KaKA0M U3 KOTOPBIX KMe-
€T eIMHCTBEHHOE pellleHre CUCTeMAa YPaBHEHUI

(x—a—-1)2+(y—a—3)?= (2a—3)?,
(x—2a+3)%+(y—2a—-1)?= (a—2)>2

14. a) HaiiguTe Bce 3Ha4eHUA 1apamMeTpa d, IpU KaXKJOM U3 KOTOPBIX
HMeeT eJUHCTBEHHOe pellleHHe ChCcTeMa ypaBHEeHUH

x?2+(y—6)% = 36,
Vi + (=182 +/(x—a)2 +y2 = Va2 +324.
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6) HatizuTe Bce 3HAaUeHUS MapamMeTpa d, IpU KaXK[0M U3 KOTOPBIX UMe-
€T eIMHCTBEHHOE pellleHNe CUCTeMa YPaBHEeHUH

x?+(y—5)? =25,
VX2 + (y =152 4/ (x —a)> + y2 = v/ a® 4 225.

15. a) Hatiaure Bce 3HaUeHUA MapaMeTpa d, IIPU KaXXJO0M U3 KOTOPBIX
VMMeeT POBHO /IBa PEIleHUs CUCTEMA YPaBHEHUH

(x+a—8)%+(y—a)? =32,
VxP+(y—8)2+/(x—8)%+y% =8v2.

6) HatizuTe BCce 3HAUeHUS MapaMeTpa d, IPU KaXKI0M U3 KOTOPBIX UMe-
€T POBHO /IBa pellleHUs CUCTeMAa YPaBHEHUI

(x+a—10)2+(y—a)? =50,
V24 (r =102 +/(x—10)2+ y2 = 10V/2.

16. a) Hatigure Bce 3HaYeHUs MapaMeTpa d, IpU KaXKJO0M U3 KOTOPBIX
VMeeT eIMHCTBEHHOE pellleHHe CUCTeEMA YPaBHEHMH

y*—Qa+1y+a*+a—-2=0,
\/(x—a)2+y2+ \/(x—a)2+(y—3)2 = 3.

6) HatizuTe Bce 3HAUeHUS MapaMeTpa d, IpU KaXK[0M U3 KOTOPBIX UMe-
€T eIMHCTBEHHOE pellleHNe CUCTeMa YPaBHEHUH

{y2+(2a+5)y+a2+5a+4= 0,

Vo +a)?2+ Gy +32+/(x+a)2+y%=3.

17. a) HaiiguTe Bce 3HaYeHUA apaMeTpa d, IpX Ka)ZOM U3 KOTOPBIX
HMeeT eJUHCTBEHHOE pellleHHe chCcTeMa YPaBHeHUH

(x| =5+ —-H*=9,
(x+2)*+y* =d>
6) HatizuTe Bce 3HaUeHUS MapaMeTpa d, IPH KayKJIOM U3 KOTOPHIX UMe-
€T €eJUHCTBEHHOE pEH.IEHI/Ie cucremMma ypaBHeHI/Iﬁ
(x| —10)*+ (y = 5)? = 16,
(x+2)*+y*=d>
18. a) Hatizute Bce 3HaueHU: apaMeTpa a, IpU KaXKZAOM U3 KOTOPBIX
MMeeT POBHO TPU Pa3JIMYHBIX pellleHUs chucTeMa ypaBHeHUM

(x—3)%+ (y —6)* = 25,
y=|x—al+1.
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6) Halizue Bce 3HaYeHUs TapaMeTpa d, MPU KaKA0M U3 KOTOPBIX KMe-
€T POBHO TPU PA3JIMYHBIX PEIlleHNs CUCTeMa YPaBHEHUH

(x=2)*+(y—5)*=09,
y=|x—al+2.

19. a) HaliguTe Bce 3Ha4eHUA NapamMeTpa d, IPU KaKJOM U3 KOTOPBIX
VMMeeT POBHO TPU PeIeHUs CUCTeMAa YPaBHEHUH

y+a=|x|+5,
x2+(y—2a+5)*=4.

6) HalizuTe Bce 3HaYeHUs TapaMeTpa d, MPU KaKA0M U3 KOTOPBIX KMe-
€T POBHO TPU PeLIeHNs CUCTeMa YPaBHEHUH

y+6=|x|+a,
x>+ (y+3a—13)? =09.
20. a) HaliauTe Bce 3HAYeHUA ITapaMeTpa d, IPU KasKAOM U3 KOTOPHIX
HMeeT eJMHCTBEHHOE PEeIleHNe CUCTEMa YpPaBHEHUN
y =alx|+a+2,
x?+ (y —a®)? = 16.
6) Haiiaure Bce 3HaUYEHM IIApaMeTPa d, TPH KaX[OM U3 KOTOPBIX MMe-
€T eIMHCTBEHHOE PELIeHNE CUCTEMA YPABHEHUIA
y=alx|+a+1,
x4+ (y+a*)?=09.
21. a) HalizuTe Bce 3HAYEHUA IapaMeTpa d, IPY KaXJOM U3 KOTOPHIX
CHCTeMa ypaBHEHUI
y = V3|x|+4a+5,
x>+ (y—5a—4)% =36
HMeET XOTs 6Bl OZHO PEIlEHHE, M YKAKNUTE YUC/IO PEIIeHNH CHUCTEMBI I
KaX/JJOr0 3HAYEHUS d.

6) HaiizuTe Bce 3HaUeHUA rapaMmeTpa d, IpU KaX/JOM U3 KOTOPBIX CU-
cTeMa ypaBHEeHUN

y = V3|x|+5a+4,
x>+ (y—6a—5)% =49

MIMEEeT XOTs ObI OAHO pEIIE€HNE, 1 YKAXKUTE YUCIO0 pemeHI/Iﬁ CHCTEMEI AJIA
KaXX/0ro 3Ha4€HHUA a.
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22. a) Hatigure Bce 3HaUeHUs ITapameTpa d, IPU KaKI0M U3 KOTOPBIX
HMMeeT XOTs ObI OZHO peleHue (X; y; 2) CUCTEMA ypaBHEHUU

(x+3sinz)2+ (y +3cosz)? = 4,
x|+ |yl = a.

6) HaliguTe Bce 3HaUeHUA TapaMeTpa d, IPU KaKAOM U3 KOTOPHIX CJie-
JyIoIas CUCTeEMa ypaBHEHUUA MMeeT XOTs Obl OZIHO pelieHue (X; y; 2):

(x—5sinz)?+ (y —5co0s2)? =9,
x|+ |yl = a.

23. a) Hatiaure Bce 3HaueHUA ITapameTpa d, IPU KaKI0M U3 KOTOPBIX
cylefyrolnas CUCTeMa ypaBHEHUN UMeeT XOTs Obl OZIHO pelneHue (X; y; 2):

(x+V25-2)*+ (y—V2)* =9,
atx=Yy.

6) HaliguTe Bce 3HaUeHUS TapaMeTpa d, TPU KaKJAOM 13 KOTOPHIX CJie-
JyIoIIas CUCTEMa ypaBHEHUA MMeeT XOTs Obl OZHO pelieHue (X; y; 2):

(x— V2’ +(y—V16-2)* =4,
xX+y=a.

24. a) Hatizute Bce 3HaUYeHUA IapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
HMeeT POBHO /iBa pellleHUs CUCTeMa HepaBeHCTB

16y? > 9x?,
(x—6a+1)%+y? < 9>

6) HaiiguTe Bce 3HaUeHUs TapaMeTpa d, IPU KaXKZO0M 13 KOTOPHIX UMe-
€T POBHO /IBa pelleHusA cucTeMa HepaBeHCTB

9y? > 16x2,
(x—7a+4)*+y? < 16a°.

25. a) HaiizuTte Bce 3HaYeHUdA IIapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
HMMeeT KOHEYHOe YMCJIO PellleHUH crcTeMa HepaBeHCTB

(y—3x)@By—x) <0,
(x—a)?+ (y+a)? < 16a.

6) HaiiguTe Bce 3HaUeHUs TapaMeTpa d, IPU KaXKA0M 13 KOTOPHIX UMe-
eT KOHeYHOe YUCJIO pelleHUH cucTeMa HepaBeHCTB

(y—4x)(4y —x) <0,
(x—a)?+ (y +a)? < 25a.
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26. a) Hatizure Bce 3HaUeHUs ITapamMeTpa d, IPU KaKI0M U3 KOTOPBIX
cucTeMa ypaBHeHUH
x?—2x+y*—4y = 2|x+2y—5|,
2x—y=a
r“MeeT 6oJee IBYX pelleHu .
6) HaiizuTe Bce 3HaUeHUA rapaMmeTpa d, IpU KaX/JOM U3 KOTOPBIX CU-
cTeMa ypaBHEeHUN
x?—8x+y?+4y+15=4|2x —y — 10|,
x+2y =a
r“MeeT HoJiee IBYX pelIeHu .

27. a) HaliguTe Bce 3Ha4eHUA ITapamMeTpa d, IPU KaXKJOM U3 KOTOPHIX
cucrema

(x—=3a)*+ (y—i-a)2 =3a+4
HMMEET €JIMHCTBEHHOE PEIleHHE,
6) HaiizuTe Bce sHAUeHHUA IapaMeTpa d, IPY KaXKIOM M3 KOTOPBIX CHU-
cTeMa

{ISx—y—I—ZI <12,

(x—a)?+ (y—2a)2 =a+2
VMeeT eINHCTBEHHOE pPelleHHue.
28. a) Hatizure Bce 3HaUeHUs TapamMeTpa d, IPU KaKI0M U3 KOTOPBIX
cucTeMa ypaBHeHUH

2x% +2y? = 5xy,
(x—a)’+ (y —a)? = 5q*
MMeeT POBHO /IBa pellleHuUs.

6) HaiiguTe Bce 3HaUeHUA apaMeTpa d, IpU KaXJOM U3 KOTOPBIX CH-
cTeMa ypaBHeHUN

{|x+2y+1|<11,

3x?+3y? = 10xy,
(x—a)?+ (y—a)? = 10a*
HNMEET POBHO JBa PEIICHUA.

29. a) HatizuTe Bce 3HaueHUA IlapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
cucTeMa ypaBHeHUN

Vo= 92+ -+ (x=7+(y-a)? =3,
V=32 +(-22=5

MIMEET XOTs OBl OAHO pEIIEHUE.
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6) HaiiznTe Bce 3HaYeHUs TapaMeTpa a, IPU KaXKJOM U3 KOTOPBIX CH-
cTeMa ypaBHeHUNU

{\/(x—6)2+(y—a)2+ Vx =102+ (y—a)? = 4,

V-9 +(y-3?2=10
VMeeT eZINHCTBEHHOE PelleHue.
30. a) Hatizute Bce 3HaYeHU MapaMeTpa d, IPU KaXKJOM U3 KOTOPBIX
cucTeMa ypaBHeHUH

y=alx—-1)

nMeeT 6osiee IBYX pelleHH.
6) HaiinguTe Bce 3HaUeHUs TapaMeTpa d, IPYU KaKJOM U3 KOTOPHIX CH-
cTeMa ypaBHEHUM

{2x—2y—2: Ix2+y%—1],

4x—4y -8 =|x*+y*—4]
y=alx—-2)
nMeetT 6osee IBYX pelIeHH.

31. a) HatiauTe Bce 3HaUeHUA MapaMeTpa a, IIPU KaXKJOM U3 KOTOPBIX
cucTeMa ypaBHeHUH

x*+5x+y*—y—|x—5y+5/ =52,
y—2=a(x-5)
HUMEET POBHO [Ba PEIIECHUA.

6) HailizuTe Bce 3HaYeHUs MapaMeTpa d, IPU KaKJOM U3 KOTOPBIX CHU-
cTeMa ypaBHeHUN

X*+7x+y*+y —|x =5y +1| = 46,
y—1l=alx—4)
HMMEET POBHO /IBa PEIIEHUS.

32. a) HatizuTe Bce 3HaueHUdA lapaMeTpa d, IPU KaKJOM U3 KOTOPBIX
cucTeMa ypaBHeHU!

X+ Ix? = 2x| = y2 +1y* -2y,
X+y=a
rMeetT 6osee ABYX pelIeHHH.

6) HaiiznTe Bce 3HaYeHHUs TapaMeTpa a, IPYU KaXKJAOM U3 KOTOPBIX CH-
cTeMa ypaBHeHUN

X+ |xt—x| =y + |y -yl
2x+2y =a

r“MeeT 6oJiee IBYyX pelleHuH.
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33. a) HatizuTe Bce 3HAYeHUs IIapaMeTpa d, IIPY KaXKJOM U3 KOTOPBIX
cucTeMa ypaBHeHUH

yi—x—-2=|x*-x-2]|,

xX—y=a
nMeeT Gosiee ABYX peIIeHHH.

6) HaiizuTe Bce 3HaUeHUA rapaMmeTpa d, IpU KaX/JOM U3 KOTOPBIX CU-
cTeMa ypaBHEHUH

2y —x—-1=]2x*—x—1],
2x—2y =a
nMeeT Gosiee ABYX pelleHHH.

34. a) HalizuTe Bce 3HaueHUs IlapaMeTpa d, IIpU KaKJOM U3 KOTOPBIX
cuCTeMa ypaBHEHUI

x?+20x +y? =20y +75 = |x*+y* — 25|,
X—y=a

rMeeT Gosiee OHOTO PeIleHus .
6) HaiiguTe Bce 3HAaYEHUA IMapaMeTpa d, IIPYU KaXkJOM M3 KOTOPBIX CH-
cTeMa ypaBHEHUH

x*+ax+y?—4y+3=|x2+y*-1|,
Sx—35y =a

nMeeT bosee OAHOTO pEIIECHHA.
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Ora ry1aBa nocBsIeHa MeHee OOLIMM 110 CPAaBHEHUIO C PACCMOTPEHHHI-
MU paHee MeToZaM pelleHHs HeCTaHZAPTHBIX ypaBHEHUN 1 HEPABEHCTB
(B ToM uMciie ypaBHEHUH U HepaBEHCTB C IapaMeTpoM). 3HAKOMCTBO
C 3TUMM METOAAMH U OBJIaJleHHe MMM IIOMOTYT Oojiee yBEpPEeHHO UyB-
CTBOBATh cebs Ha K3aMeHe M0 MaTeMaTHKe JII000T0 YPOBHS CIOXKHOCTH,
B YaCTHOCTYU IIPU PeLIeHUH 3aJjaHuii yacTu 2 EAMHOTrO rocyapcTBeHHOTO
dK3aMeHa [0 MaTeMaTHKe.

§5.1. MeToz ympoiijaoiiero 3HadeHusI

B aTom maparpade 6yayT pacCMOTpEHBI 33/1a4yd, KIIOYEBBIM NPU3HA-
KOM Ka)K/[OM M3 KOTOPBIX SBJISIETCS HAJMYHE CJIOBA «JIF0O0M» WU ero mpo-
M3BOZHBIX (KaK IIPAaBUJIO, OTHOCSIINXCA K TapaMeTpy, HO MHOI/A U K IIepe-
MeHHOU) B popmynupoBke. K HEKOTOPBIM (fajieKo He KO BceM!) U3 TaKuX
3a7la4y IpUMEeHMMa CJeyIommas uaes peuleHusa. [IoCKONbKy IapaMeTp Mo-
JKET IPUHUMATB JII0Oble 3HaUYEHUA U3 HEKOTOPOT'O MHOXXECTBA, MOXKHO TI0-
IIBITATHCA [TOZI00pATh TaKOe ero 3HaYeHHe M3 3TOI'0 MHOXECTBA, YTO IIPU
IIO/ICTAHOBKE 3TOT'0 3HAYEeHU B JaHHOE ypaBHEHNeE WIN HEpaBeHCTBO y/ia-
éTcsa YyIPOCTUTD 3a7ia4y, CBeAsA eé K CTaHAAPTHOMY YPaBHEHUIO WIN Hepa-
BEHCTBY. B cury aToro 6yzeM Ha3bIBaTbh paccMaTpPUBAEMBIH MeTOZ (YCTO-
SIBIIEIiCS TEPMUHOIOTUY HET) MeTOJOM YIIPOIIAIOIIEr0 3HAUEeHMU .

ITpumep 1. HatizuTte Bce 3HAYEHUS X, VOBJIETBOPSIOLINE YPABHEHUIO

log, (@x® —5a*x*+1/6—x) = log,2 ,(3—4/x—1)
IIpy JI060M 3HAYeHUH IapameTpa d.

Pemrenue. [TOHATHO, YTO CTAHAAPTHBIMH CIIOCOOAMU PEIIUTh 3TO
ypaBHEHME HEBO3MOXKHO: OCHOBAHUS JIOTapUPMOB pPa3lIUYHBI, MIPUUEM
OZIHO W3 HUX SIBJSIETCA YHCJIOBBIM, a APYyroe 3aBUCUT OT IapaMeTpa, a
mepexo/; K OZIHOMY OCHOBAHHUIO ellé OoJbllle YCIOKHUT 3a7a4y. Ilonpoby-
€M NIPUMEeHUTD WJel0, U3JI0KEeHHYIO BhIlle. [T0CKOMbKY HYXKHO HaliTu Bce
3HA4YEHUA X, YOBJIETBOPAIONIME JAHHOMY YPaBHEHUIO IIPH JIFOOOM 3Hade-
HUU TTapaMeTpa d, ocTapaeMcs MoZobpaTh Takoe 3HaUYEHUe IMapaMeTpa,
IIPU KOTOPOM pellleHre YpaBHEHUsS CTaHZAPTHBIMU criocobaMu He OyzeT
MIPEJCTABIAT OCOOBIX CJIOKHOCTEH. B aHHOM Ciydae Takoe yIpoliaro-
1jee 3HayeHue J0CTaTOYHO o4yeBHAHO: 3T0 a = 0. IIpu a =0 ypaBHeHue
npumet Bug log, v6—x =log,(3 — v/x—1). OcHoBaHuA jsoraprdpMoB
OZITHAKOBHI, TIO3TOMY YHCJIA 110/, 3HAKAMU JIOTapu(MOB PaBHBI, IIPUIEM
KaXKZi0e U3 HUX JODKHO OBITh MOJIOXKUTENTbHBIM. B CIUTy paBeHCTBa ymcesn
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yCJIOBHE TIONOXXUTENbHOCTH JOCTAaTOYHO 3allucaTh TOMBKO JJI OZHOIO U3
HUX. TakuM 06pa3oM, IoIydaeM CHCTEMY

Ve—x=3—+/x—1, 6—x=3—-+vVx—1)3
OTKyZa
3-yx—1>0, o JiTT<3.
ITocne O4YEeBUAHBIX Hpeo6pa3013aHHﬁ nmociegHAd CUCTEMA IIPUMET BU/

3Vx—1=x+1,
1<x<1o0.

[TockonbKy 0be YacTH ypaBHEHUA CHCTEMBl HEOTPULIATEIbHEI (JieBast — B
CIWIY HEOTPUIATENbHOCTH apUPpMETHYECKOT0 KBAZPATHOTO KOPHs, IMpa-
Basg—B CWIy HepPaBeHCTBA CHUCTEMEBI), MOXXHO 00Oe YacTU ypaBHEHUs
BO3BECTHU B KBaJpar:
Ox—9=x>+2x+1, x?—7x+10=0,
OTKyZa
1 <x <10, 1 <x<10.

KopHaAMEU KBazipaTHOrO ypaBHEHHS SABJAIOTCA YMCIa 2 M 5, KaXA0e U3
KOTODPHBIX YZOBJIETBOPSIET HEPABEHCTBY CUCTEMBL. VTaK, mpu a =0 ZaHHOe
ypaBHEHHME MOXKET UMETh TOJMBKO [Ba KOpHA: X =2 U X = 5. OcTaéres
MpOBepUTh (M 2Ta 4YacThb peLIeHUs SBIAETCS He MeHee BaKHOM, 4eM
npeAblAyInan), Kakue U3 HaWleHHBIX 3HAUYeHUN X ABJIAIOTCA KOPHAMU
JAHHOTO YpaBHEHHUA He TONbKO Ipu a = 0, HO U TIpU JIHOOBIX APYTUX
3HauyeHUAxX napamerpa a. [lycte x = 2. Torga ypaBHeHUe IpUMeT BUJ
log, (2 — 12a%) =log,2,, 2. fIcHO, YTO OHO BBINONHAETCA HE MPU JHOGOM
3HAYEHUU d — XOTs OBl TOTOMY, UTO €r'0 JIeBast YacCTh OIpe/eieHa He MpU
mo6oM 3HaueHUHU mapaMmetpa. [Iycts x = 5. Torza faHHOe ypaBHEHUE MIPU-
Mmet Bug log, 1 =1og,_, 1. [TomyueHHOe PaBeHCTBO ABJALTCA TOXKAECTBOM
Y BBHITIOJIHAETCS IIPU BCeX 3HAUEHUSX ITapaMeTpa d, OCKOJIbKY 0be JYacTu
3TOTrO PaBEHCTBA TOXKAECTBEHHO PAaBHBI HYJIIO IIPU JIIOOOM d.

Omeem: 5.

IIpumep 2. Hatizute Bce 3HaYeHUs apaMeTpa d, s KaXXJ0T0 U3 KO-
TOPBIX IpHU JIFOOOM 3HAaUEeHWU MMapameTpa b ciefyromas cucTeMa ypaBHe-
HU MMeeT XOTs OBl OZTHO pelleHue:

2(1+|yD*+ (b*> —2b+2)* = 3,
zy(z+b—1) = 2a%—3a+1.
Pertenue. 37ech mogobpaTh yIpolialiee 3HaYeHe TTapaMeTpa Hec-
KOJIbKO CJIOXKHEH, YeM B MpeAbIAyIeM MpuMepe. BbiiesiuB MOTHBIN KBaJ-
paT, BTOpOe cjiaraeMoe B JIEBOM YaCTH IePBOT'0 ypaBHEHMUsI CUCTEMbI MOXK-

Ho mpuBecTu K BuAy ((b— 1) + 1)*. Haubonee mpocToii BUZ 3TO ciarae-
Moe 6yzeT uMmeTh Ipu b = 1. Tak KaK cucTeMa JOKHA UMETh PellleHue TIPU
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JmoboM 3HaYeHWH napaMmeTtpa b, oHa Jo/pKHa UMeTh pemeHye u npu b= 1.
[Tpu b =1, KaK JIeTKO BUJETh, BCA CUCTEMA CYI[ECTBEHHO YIIPOILIAETCI U
MPUHUMAET BUJ

A+lyD* =1,

22y = 2a®>—3a+1.

Tak kak |y| > 0 mpu sro60oM y, momydaem, uro 1+ |y| > 1 npu go6om y.
[Toatomy ecit y #0 nua >0, To (1+|yP?*>1; e y #0 u a <0, TO
(1+1|yD*<1. Otcioma crexyet, uto (1+ |y[)* =1 Tombko npu a =0 wiu
y =0. Eczim y =0, To U3 BTOPOro ypaBHEHU: IOCIeLHeN CUCTEMBI MOJy-
gaeM, 4To 2a® —3a+1=0, T.e. a=1 m60 a =0,5. Takum obpaszom, Ipu
b =1 cucrema MOXXeT UMETH XOTs OBI OHO PEIIeHIE JIUIIb B TPEX CIyYasix:
a=0,a=1,a=0,5. [IpoBepum, AeiCTBUTEIbHO JIV IIPU 3TUX 3HAYEHUAX A
CUCTEMA UMEET XOTs ObI OZHO pellleHue IPH JI0O0M 3HaYeHUH b.
ITycte a =0. Torga cucrema npuMeT BUJ,

(b?2—2b+2)* =1, (b-12+1)* =1,
zy(z+b—1) =1, i zy(z+b—1) =1.

[ToHATHO, YTO IIEPBOE YpaBHEHME IOTydeHHO! CUCTEMEI Oy/leT BEIIIOTHEHO
IIpU JIIOOBIX 3HAYEHUAX IapameTrpa b Tonbko B ciayvae z = 0. Ho Torza
JieBas 4acTh BTOPOTO YpaBHEHUs o6paniaeTcs B Hy/Ib, a IpaBasi ero 4acThb
oTInyHa OT HysA. CleZoBaTeIbHO, BTOPOE YpaBHEHUE CUCTEMEI (@ 3HAYNT,
U BCA CHCTeMa) pellleHU He uMeeT. UTtak, npu a =0 gaHHasA cucTeMa
HMMeeT pellleHUe He IIPU JIIOOBIX 3HaUeHUAX mapameTpa b.

[Tycte a=1 wnu a=0,5. Torza ganHasa cucreMa IpUMeT BUJ

2(1+yDe+ @®*—2b+2)* =3,
zy(z+b—1) =0.

fAcHo, yTo mapa yucen y =0, g =0 ABIsAETCS pelleHreM CUCTEMBI TIPU JIIO-
60M 3HayeHuu b.

Omseem: 0,5; 1.

OTH fBa IpUMeEpa eMOHCTPUPYIOT OCHOBHYIO UZIE0, UCIIONb3YIOIIYFO-
s TIpU pellleHuH MOoA0OHbBIX 3a7a4. [lapaMeTp MOXKeT TPUHHUMATh JI00ObIe
3HaAYeHMs, TI03TOMY, ITOJ00paB Takoe 3HaUYeHHE TapaMeTpa, KOTOpoe Cy-
IIECTBEHHO YIIPOIIAET 3a/la4uy, Mbl TEM CaMbIM OTPDaHUYHMBAEM YUCJIO BO3-
MOXKHBIX pellieHul. ITocie 3Toro ocTaéTcs MoKas3aTh, AeHCTBUTENBHO JTU
3TH pellleHus OyAyT pelleHUus MU 3alauy MIPH JIOOBIX AOMyCTUMBIX 3Haye-
HUAX [TApaMeTpa, a He TOJMBKO MPHU YIIPOIIAIIUX. [locie/HUHN ATam B pe-
IIEHWH ABJISETCA 00s3aTebHBIM, TaK KaK M3 TOr'0, YTO 33a/ladya UMeeT pe-
IIeHUe MPYU HEKOTOPOM KOHKPETHOM 3HaUeHUH TapaMeTpa, ené He ceay-
€T, YTO OHa OyZleT UMeTh pellleHUe U TIPU JIOObIX IPYTUX 3HAUEHUSIX STOTO
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mapameTpa. PaccMoTpuM emé ofHy 3a/ady, B KOTOPOH YKa3aHHYIO W/El0
MIPUXOAUTCS IPUMEHATH JIUIIb TI0C/Ie HEKOTOPHIX IIPeobpa3oBaHui.

IIpumep 3. HaiiguTe Bce 3HaUeHUs mapaMeTpa b, Mpu KaXXZOM U3 KO-
TOPBIX /JIs1 TI0OOT0 3HAUEeHU ITapaMeTpa d cJeiylolilee HEpaBEHCTBO UMe-
€T XOTs OBI OZIHO pelleHue:

log41x W > —49a* +21a—1‘ <

< log, 22 - 7810 =21,2 1 5(7q — 1)x +490> —35a+3.

PelteHue. 371ech He cpasy MOKHO CKAa3aTh, KAKOE 3HAYEHME IapameT-

pa a asnaercs yupomammmmM. [Tockombky |f(x)| < g(x) B TOM U TOIBKO
TOM CJIy4ae, ey

JlaHHOE HEePaBEHCTBO MOCIe IPeo6pa3oBaHuil IPUBOJUTCA K CUCTEME
log, x < x*+ (7a— Dx+ (7a—2)?,
W *—(7a—=1x+7a-1<0.

Ter[epb IIOHATHO, KaKO€ 3Ha4Y€HHE IMapaMeTpa ABJAECTCA YIIPOINArOIIM:

3TO a = % O6o3HauuM 7a — 1 4yepe3 p, YTOOHI ellé OOJbIle YIPOCTUTH

crctemy. [TOCKOJIBKY a IPUHUMAET JIFOObIe 3HAYEHUS, P TOXKE IMPUHUMA-
eT JifoOble 3HaYeHus, U Hao6opoT. [103TOMY B JanbHEHNIIEM O MapaMer-
Pe a MOXXKHO «3a0bITh». C y4ETOM HOBOTO 0003HAYEHHUSA TIOCTIEHAS CUCTe-
Ma IPUBOJUTCS K BUAY

log, x < x>+ px+(p—1)?,
+10b—15
pT 2—px+p<0.
Tak Kak p MOXeT IIPUHUMATD JTIo6ble 3HaYeHHUs, HoNoKuB p=0 (T.e. a=
= %), TIOIy4UM, YTO BTOPOE HEPABEHCTBO TIOC/IeAHEeH CHCTEeME! TIPUMeT

Buz (2b — 3)x% <0. [Tockonbky log4x ompeziesiéH JAUlb Ipu x > 0, aaa
BBHITIOJTHEHUS HepaBeHCTBA (2b — 3)x? < 0 HeO6XOAUMO, YTOOB! BHITIOMHSI-
Jock HepaBeHCTBO 2b —3 <0, T.e. b < 1,5. ITompobyeM Z0Ka3aTh, 9YTO 3TO
YCJIOBUE SIBJIETCA JOCTATOYHBIM, T. €. 4TO IpH b < 1,5 cucrema

log, x < x*+px+ (p—1)?,
p+10b-15 ,

=%’ —px+p <
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(a cremoBarenbHO, M JJAHHOE HEPABEHCTBO) HMMEET XOTs ObI OJHO pe-
IIeHue TMpu JIoO0M 3HaUYeHWH TnapaMmeTpa p (a caefoBaTeNbHO, W TIPU
J060M 3HAYEHWM TapaMeTpa d). BTopoe HepaBEHCTBO CHCTEMBI MOJK-

HO IepenucaTh B BHeE % - (x? — 5x + 5) + (2b — 3)x> < 0. Ksazgpat-
545

HbI TpéxwieH x2 — 5x + 5 obpamaeTca B Hylb MU X = 5 > U, TIO-
ckonbKy b < 1,5, aTM ABa 4Mcla SABJIAIOTCA PEIIEHUSMU HepaBEHCTBA
E - (x* = 5x +5) 4+ (2b — 3)x?* < 0 npu mobom p. Jlanee, log, x < x mpu

X > 0 (moxaxwure!), a x%+ px + (p — 1)? > x npu MOGEIX p U JIOOLIX X.
[Tocneanee cienyeT U3 TOTO, YTO AUCKPUMUHAHT D = —3(p — 1)2 KBaZlpaT-
HOT'O TPEXWIeHa x>+ (p—Dx+(p— 1)? HeMoMOXKUTeNIeH, a 3HAYUT, Hepa-
BeHCTBO x2 + (p — 1)x + (p — 1)? > 0 BHINONHAETCA HpU JT060M 3Haye-
HUU X, OTKyZa U c/leflyeT BhIIOHeHNe HepaBeHeTBa X2 + px+ (p —1)2 > x
npu 11060M 3Ha9eHnH X. UTak, log, x <x <x*+px+(p—1)% T.e.log, x <
< X2+ px+(p— 1)2 MIPY JTFOOBIX ITOJIOKUTENbHBIX 3HAYEeHHAX X U, B 4acT-

5++5 5+ 45

HOCTH, IIPH X = ——5—. TeM caMbIM J0Ka3aHO, 4TO YKCIA X = 5
SIBJISTFOTCS PEIEHUAMU CUCTEMBI

log, x < x>+ px+(p—1)?,
p+10b-15 ,

5 x“—px+p<O0

mpu 06X p u b < 1,5. Utak, npu b < 1,5 3Ta cuctema (a 3HaYUT, U JaH-
HOE HEPaBEHCTBO) UMEET pelleHKe IIPU JI000M 3HAYeHUM [TapaMeTpa p
(a 3HA4MT, U TapamMeTpa a).

Omsem: (—; 1,5].

3ameuanue. B npumMepe 3, B OT/IMYKE OT MPEAbIAYIINX, AOIYCTAMBI-
MU 3HAYEHUSMU TapaMeTpa SBWINCh He OTAeNbHbIE YKCIa, a TPOMEXKY-
TOK. JIOCTATOYHO YaCTO B TAKUX CIydasx UMEHHO HaWZIeHHBIN [TPOMEKY-
TOK W SIBJIIETCA PEIIEHNEM 3a/Ia49M, YTO, B CBOIO OYepeib, TPeBYET CTPOro-
ro 060CHOBaHWMS, TaK KaK HaXOAUTCS STOT IIPOMEKYTOK UCXO/IsI U3 HEOOXO-
JUMBIX YCJIOBUM CYIIeCTBOBAHUS PENIEeHUs, a JOCTaTOYHOCTh, €CTECTBEH-
HO, TpeOyeT JAOMOMHUTETbHBIX 0O0CHOBAHUH.

IMpumep 4. HalizinTe Bce 3HaYeHUs MapaMeTpa d, Ajis1 K&KIO0T0 U3 KO-
TOPBIX MPH JI060M 3HAYEHHH ITapaMeTpa b ypaBHeHHE

—4|x|—7|b—a|+3|b—3|—2b+5a—15=0
VMIMEET POBHO /IBa KOPHS.

Pemennie. OGo3uauum —7|b — a| + 3|b — 3| 2b+ 5a — 15 yepe3 c u
paccMoTpuM Tpaduk yéTHOM yHKIMU y = x2 — 4|x| + ¢, cocToAmuit U3
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ABYX 4acTeit mapa6on y =x2 —4x +c (mpu x >0) u y = x>+ 4x + ¢ (npu
Xx < 0) c BepmHaMu B Toukax (2;¢c —4) u (—2;c —4) COOTBETCTBEHHO.
[Ipu ¢ < 0 rpaduk mepecekaeT ochb abCIUCC B ABYX TOYKax; Mpu ¢ =0 —
B TpE€X Toukax, npu 0 < c <4 —B 4YeTBIpEX TOUYKaX; IIpU c =4 —B JIByX
TOYKax; MpH ¢ > 4 rpaduk He UMeEeT C OChI0 abCIUCC HU OFHOU 06Iei
TOYKHU.

y

c y=x%—4|x|+c

JlaHHOe ypaBHeHMe NMeeT POBHO /IBa KOPHs, eC/IN rpaduK IepeceKaeT
och abcIyce B BYX TOYKAX, T.e. ecyu ¢ =4 wiu ¢ < 0. PaccMoTpuM o6a
3TUX CIIydasd.

[lycte ¢ =4, T.e. =7|b —al + 3|b — 3| — 2b + 5a — 15 = 4, oTkyza
7|b —a| — 3|b — 3|+ 2b — 5a + 19 = 0. TowrenHee PaBEHCTBO [OIKHO
BBITIOJIHATHCA MPHU JIIOOOM 3HaYeHUW b, B wacTHocTH mpu b = 3. B aTom
ciygae nonydaem 7|3 —a|l+ 6 —5a + 19 =0, win 7|a — 3| = 5a — 25.
B cuty HeoTpHUIATETbHOCTH MOZAYJIS KOPHU ITOC/IEIHETO YPABHEHU JO/DKHBI
YZAOBJIETBOPATb HEPaBEeHCTBY Sa —25>0, T.e. HepaBeHCTBY a > 5. Ho

Torna 7a—21=5a—25u a=—2 mbo 7a —21=25—5a u a=%. Hu
OZTHO M3 Hali/IeHHBIX 3HAYeHWH a He YZOBIEeTBOPSET HepaBeHCTBY a > 5.
CieoBaTe/NbHO, B 3TOM CJIy4dae pelleHUi HeT.

[lycts ¢ <0, T.e. —7|b —a|+ 3|b— 3| —2b+ 5a — 15 < 0. O6o3HaYUM
g(b)=-7|b—al+3|b— 3| — 2b+ 5a — 15. I'paduk HempeprIBHOM GyHK-
nuu y = g(b) mpezcraBisgeT coO60H JIOMaHYIO, COCTOSIIYIO M3 OTPE3KOB
IPAMBIX U Jiydeid. IIpu b > a KaxJoe 3BeHO JIOMaHOU SIBJISIETCA YaCThIO
npsaMoir Buza y = kb + [, rae k < 0 (IIOCKONMBKY BHE 3aBHCHUMOCTH OT
«PaCKPBITUS» BTOPOTO MOAY/ISA KoddduumeHT npu b GyAeT OTpHUIATENb-
HbiM). CrezioBaTesnbHO, TIpu b > a ¢yukiusa y = g(b) ybriBaeT. CoBep-
IIEHHO aHAJIOTMYHO MOXKHO IIOKa3aTh, 4TO NpHU b < a ¢yukuusa y = g(b)
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Bo3pacraet. [loaToMy B Touke b = a 3Ta (QYHKUMS JOCTUTAET CBOETO
HaubosblIero 3HayeHus, T.e. maxg(b) = g(a). [loaToMy HepaBeHCTBO
—7|b —al+3|b—3| —2b+ 5a — 15 < 0 GyzeT BHIIOIHATHCA IPU JI0GOM
3HaYeHUU b B TOM U TOJBKO TOM ciydae, ecau maxg(b) <0, T.e. ecimu
g(a) <0. Ho g(a) =3|a — 3| + 3a — 15. OcTtaéTcs peuruTb HEPaBEHCTBO
3la—3|+3a—15<0. IIpeobpasyem HepaBeHCTBO K Buay |[a —3|<5—au
repeiiéM K cucTeMe

a—3<5—a,
a—3>a—>5.

Bropoe HepaBeHCTBO CHCTEeMBI BEIIOTHAETCSA NIPU JII0O0M 3HAUEHUU d; U3
IIEPBOT'O HepaBeHCTBA NoIydaeM da < 4.

Omsem: (—o; 4).

Ynpaxuenusd k §5.1

1. a) HatizuTe Bce 3HaYeHUA X, YAOBIETBOPAIOIINE YPAaBHEHUIO

2log,2,5(4—1/7+2x) =108, 42,2 (4 —3x)

IpH JT060M 3HaYEeHUH TTapaMeTpa d.
6) HaiiznTe Bce 3HaYEHUA X, VIOBJIETBOPSIOIINE YPABHEHUIO

210g3,2,9(7 — v/ 34+ x) = logy,2,3(3 —x)
Ipy JIF0OOM 3HaYEeHUH TTapaMeTpa d.

2. a) Hatizure Bce 3HaUeHUd MapaMeTpa d, A KaXXA0ro U3 KOTOPBIX
IIpH JIF0O0M 3HaYEHUU TTapaMeTpa b ciefyrolast cicTeMa ypaBHeHU nMe-
€T XOTsI OBl OZTHO pelleHuE:

(1+3x)224 (b2 —4b+5)" =2,
x?y?—(2-b)xy+a®+2a = 3.
6) HaliguTe Bce 3Ha4eHHs ITapaMeTpa d, AJIs KaXKA0T0 U3 KOTOPBIX MTPU

Jm000M 3HAYEHUM TapaMmeTpa b ciezyromas cucreMa ypaBHEHUN MMeeT
XOTs1 GBI OJHO PeIleHue:

21+ 2%+ (b2 —2b+2)Y = 3,
zy(y+b—2) =2a®—7a+3.

3. a) HalizuTe Bce 3HaYeHUA IapaMeTpa d, A KaXJ0ro U3 KOTOPHIX
pu JII060M 3HAUeHUU TapaMeTpa b ciieayroas cucteMa ypaBHEHUN Me-
€T XOTs OBI OZIHO pelleHue:

2+ D4+ B2 +1)Y =2,
a+bxy+x%y=1.
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6) Haiizure Bce 3HaYeHUA TapaMeTpa a, AJIA KOKIO0T0 U3 KOTOPBIX MPU
J000M 3HAYEHUM TapaMmeTpa b ciexyrooujas cucTeMa ypaBHEHUH MMeeT
XOTs1 OBl OZTHO pelleHue:

25X 4 (a+ Dby? = a?,
(@a—Dx?+y*=1.
4. a) Hatizure Bce 3HaueHUA mapaMmeTpa b, Mpu KaXJoM K3 KOTOPBIX
JUTs JIF0O0T0 3HAYeHUA ITapaMeTpa d cileAylolliee HepaBeHCTBO UMeeT XOTs
OBI OZIHO pelleHue:

x , 10b+3a+31 »

log x?—9a*—9a—1| <

086 36 5

36

10b+3 1
<10g6 x + +3a+41 -

= x*—2(3a+1)x+9a*+15a+3.

6) HaiizuTe Bce 3HaUeHU IapaMeTpa b, IIpU KaKAOM U3 KOTOPBIX JIS
JI060r0 3HAYEeHUs TTapaMeTpa a CeAyiollee HEPAaBEHCTBO UMeeT XOTs Obl
O/IHO pelIeHue:

+5b—11 o 2
logsi—aix —a“+3a—-1| <
25 5 =
<log5—2xs—7a+52_21x2+2(a—1)x+a2—5a+3.

5. a) Haligure Bce 3HaYeHUs apaMeTpa d, AJIs KaKAOTO U3 KOTOPBIX
IIpu JIF0OOM 3HaYeHUH NTapaMeTpa b ypaBHeHHE

x*>—4|x|—7la+b+1|+3|b—1|—2b—5a—14=0
MMeeT POBHO /Ba KOPH:.

6) Haiizure Bce 3HaYeHUA TapaMeTpa d, AJIA KOKIO0T0 U3 KOTOPBIX MPU
JM060M 3HaYeHUU MapameTpa b ypaBHeHUe

x?—4|x|—7la+2b—1|+3|2b+3| —4b+5a—20 =0

HMeeT POBHO /iBa KOPHA.
6. a) HaiiguTe Bce 3Ha4eHUA ITapaMeTpa d, IPU KaKJOM U3 KOTOPHIX
JUts TE0O0TO 3HAYEHUs X BBITIOJIHEHO HEPABEHCTBO

a(4—sinx)*—3+cos’?x+a > 0.

6) HailiguTe Bce 3HaUeHUs MapaMeTpa d, IPU KaXKIOM U3 KOTOPHBIX IS
J060T0 3HAUEeHUs X BBHIIIOJTHEHO HEPABEHCTBO

2a —4+a(3—sin®x)?>+cos’x < 0.

7. a) HaliznTe Bce 3HaYeHUs TapaMeTpa d, IPU KaKJAOM U3 KOTOPHIX
A7 Mo6Oro 3HAYEHUA X CIIPaBeIUBO HepaBeHCTBO logan (x% +3) > 1.
a+2
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6) Haiizure Bce 3HaUYEHUs TapaMeTpa d, IIPYU KaXKI0OM U3 KOTOPBIX JJIf
J0060r0 3HAYEHUS X CIIPABEAJIMBO HEPABEHCTBO logai_1 x%2+2)>1.

8. a) Haiigure Bce 3HaueHUs mapameTpa d, IPpU KaKJOM U3 KOTOPBIX
BO3pACTaeT U He MMeeT KPUTHYECKHUX TOYEK Ha BCel MpsAMON (PyHKIUA
y(x) =8ax—asin 6x — 7x —sin 5x.

6) HaiizuTe Bce 3HaUYeHUs MapaMeTpa d, NMPU KaKJOM U3 KOTOPBIX
yOBIBaeT M He WMEET KPUTHUYECKUX TOUYEK Ha BCEH MpAMOU (GyHKIUA
y(x) =asin7x+ 8ax + sin4x — 5x.

§5.2. I[IapameTp Kak nepeMeHHas

OtoT maparpa¢ MOCBAIIEH 331a4aM JIBYX TUIIOB, KIFOUYEBOU Hzeel pe-
IIEHUS AJIT KaKJ0TO U3 KOTOPBIX SBISETCS PaCCMOTPEHUE ITapaMeTpa Kak
nmepeMeHHOU. 3alauy MeEPBOTO TUIIA MPEACTABISIOT CO60M, KaK MPaBuUiIo,
I[eJTble pallOHAJIIbHBIE YpaBHeHUsA (HEepaBEHCTBA), IPUYEM CTEIEHU ITe-
PEMEHHBIX B 3THUX YPAaBHEHUSIX W HEPABEHCTBAX OTHOCHUTENBHO BBICOKH,
a CcTeleHb MapaMeTpa He BBIIe BTOPOW. PaccmarpuBas wid peas Io-
mobHoe ypaBHeHUe (HEpaBEHCTBO) KaK JUHEWHOE WK KBaJpaTHOE OTHO-
CUTEbHO MapaMeTpa, 4acTo yAaéTCs OTBETUTh Ha BOIMPOC 3aJauu. TaKou
MeToZ (Ha30BEM €TI0 METOOM PeIlleHUsI OTHOCUTENIBHO MTapaMeTpa) CXOXK
C METO/ZIOM pellleHUs YpaBHEHUN WV HEPABEHCTB C HECKOJIBKUMH IIepe-
MEeHHBIMH, PAaCCMaTPUBAEMbIX KaK JIMHEHHbIE WIN KBaZpAaTHBIE OTHOCHU-
TesbHO ofHOM 13 HUX (cM. § 2.1). Ko BTopoMy TuIy OTHECEM 3a7au, B KO-
TOPBIX TpebyeTcsa HaWTH HauMeHbIIlee WK HaubosbIllee 3HAUeHHE HEKO-
TOPOTO BHIPA)KEHWUSI, 3aBUCAINETO (B OOJBINMHCTBE CIyYaeB JUHEHNHO) OT
HECKOJIbKUX TIeEPEMEHHBIX, ITPU OIpeeIEHHON CBA3U MEXAy HUMU. B Ta-
KX 3aJja4aX Hy>KHO 0003HAaUYUTh NCKOMOE BBIpaKEHHE KaKOW-TO OYKBOMA,
BBeZiA e€ B KavyecTBe MapaMeTpa. 3aTeM CJIe[yeT BbIPA3UTh OAHY W3 Iie-
PEMEHHBIX Yepe3 OCTajbHbIe U BBEJEHHBIN MapaMeTp, MOJCTAaBUTh ITOJY-
YeHHOE BhIpa)keHHe B ypaBHEHUE (HEPaBEHCTBO) CBS3U U, pacCMaTpUBas
MOJIy9YeHHOE YpaBHEHHE KaK, HAllpUMep, KBaZIpaTHOE OTHOCHUTEIBHO Of-
HOW M3 OCTaBIIUXCS TIEPEMEHHBIX, OTBETUTh HAa BOIPOC 33/a4H, UCCIEN0-
BaB JMCKPUMHWHAHT ypaBHeHUA. Takoi mMeTo/ OyzeM Ha3bIBaTh METOJOM
BBeZleHUs mapaMmeTpa. OH CXOXK C METOJOM pelleHUs] OTHOCUTENbHO Ma-
paMmeTpa, HO TpeOyeT elé OZHOTO MpeABapUTENIbHOTO IIara — BBeIEHUS
mapaMeTpa. DTOT METOZ MOXKHO C yCIIEXOM MCIIONIb30BATh MIPH PeIeHUH
HEKOTOPBIX TUIIOB 33/1a4 C SKOHOMHUYECKUM COZepKaHueM. [lepeigém K
IpyUMepaMm, HavaB C 3aJa4 [epBOro THIIA.

IMpumep 1. HatizuTe Bce 3HaUYEeHUS MapaMeTpa d, IPU KayKJOM U3 KO-
TOpHIX ypaBHeHUe 2x° — (a + 2)x? — ax + a® = 0 uMeeT X0Ts 651 OAUH KO-
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PeHb, U YKaXUTe KOPHU ypaBHEHUA JJII KaXKAOro U3 HalifleHHBbIX 3Hade-
HUU a.

Pemenue. PaccMOTpUM ZlaHHOE ypaBHEHHE KaK KBaJpaTHOE OTHOCH-
TeJILHO apaMeTpa d, Hepemnucas ero B uge a® — x(x +1)a—2x%+2x>=0.
Hatizém auckpuMuHaHT D 3TOro ypaBHEHUS:

D = x?(x+1)2—8(x%—x?) = x*—6x%4+9x? = x%(x — 3)2.
,Z[aJIee, HOCKOJIbe Z[I/ICKPI/IMI/IHaHT ABJIAETCA ITOJITHBIM KBaL[paTOM, HOJIy-
YUM, UCITONB3Ys GOPMY/Ty KOpHEH KBaZpaTHOTO YpaBHEHUSI, UTO

a=2x, X =z

OTKyZa
a=x%—x, Ky x2—x—a=0.

YpasHenue x> — x —a =0 UMeeT XoTsA 6bl OZIMH KOPEHb B TOM U TOJIbKO
TOM CJIy4ae, ec/id ero AUCKPUMUHAHT 4a + 1 HeoTpulaTesieH. B aTom ciy-

1+ 1
Jae x = i. Omnpezpennm, Ipy KaKUX 3HAYEHUAX d > —% qurciia %
1 1+v4a+1 4a +1

paBHBI. /IJ1s 3TOTO paccCMOTPUM paBeHCTBO a=1=x+v4a+1

Wi a — 1 = ++/4a+1. Tlocime Bo3BeAeHUd 0beMX YacTeH IOCIESHErO
paBeHCTBa B KBaZipaT U YIPOIIeHUH HoTyduM, 9To a? — 6a = 0. MTtak, a =0

o 1
nnu a = 6. Oba HalIeHHbIX 3HAUYEHUA YZOBIETBOPSAIOT YCJIOBUIO d > -7
[TockonpKy IIpY BO3BeJEHUU B KBaJpaT MOLYT HMOABUTHCA IIOCTOPOHHUE
KOPDHH, HY)XHO cZejiaTh IpoBepky. IlogcTraHoBkoll a = 0 B ypaBHeHUe

a=1% v4a+1 ybexzgaeMcs, 4YTO NPU 3TOM 3HAYEHUH I1apaMeTpa BbI-

ToJHAETCA paBeHCcTBO a =1 — v/4a + 1, wim % —l-vdatl “;aﬂ

KoM a =6 B ypaBHeHHe a = 1 £ v/4a+1 ybexxzaeMcs, 4TO IPU 3TOM
3HaYeHUM IapaMeTpa BBHINOJIHAETCA paBeHCTBO a = 1 + v4a+1, win

. IlogcTanos-

%:H— »24a+1' Takum o6pa3om, eciiu a€ (—%; O) U(0; 6)U(6; +x), nan-
HOe ypaBHEHHe MMeeT TPU KOPHA: X = 5, x— — “§a+1, x= 1+ y;la+1;
ecnu a =0, JaHHOe ypaBHeHHe MMeeT JiBa KOpHA: x =0 u x = 1; ecnu
a =6, JaHHOe ypaBHeHMe UMeeT ZIBa KOPHA: X =—2 U X =3; ecin a = —%,
JlaHHOE ypaBHEHHE MMeeT [Ba KOPHA: X = —% ux= %, ectn a < —%,
JlaHHOe ypaBHeHUe UMeeT OAUH KOPeHb X = %.
Omeem: eciu ae(—%, )U(O 6)U(6; +»), TO X_E’ x=1——;la+1’
1+ 4a+ semma=0,tox=0ux=1;ecmma=6,Tox=—2ux=3;
ecm/Ia——1 TO x——1 UxX= 1 ecm/Iae( '—1) 0 x=2
T T T » T4 )T
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ITpumep 2. HalizuTe Bce Ijesible 3HAUEHUA ITapaMeTpa d, IIPU KaxXA0M
13 KOTOPBIX YpaBHEHUeE

2x7 —4x% +11x° — 18x* +25x% —2(a + 16)x*> +25x —5a — 23 = 0

HIMeeT XOTsI ObI OZIVH IIeJIbI KOPEHb.
Pemenue. 3aMeTUM, 9YTO OTHOCUTENBHO TTapaMeTpa YPaBHEHUE SIBJISA-
eTcsd IMHEWHBIM M €r0 MOXKHO TePeIrcaTh B BU/E

(2x% +5)a = 2x7 —4x% 4+ 11x° — 18x* + 25x% — 32x% + 25x — 23,

OTKyZ:a

a= 2x7 —4x® +11x> — 18x* +25x% — 32x% + 25x — 23
2x2+5 ’
Jlens «yroikoM» YUCJAUTENb MPaBOM 4YacTW Ha 3HaMeHaTesb, IOIYIuM
45 4 3 2 7
a=x>—2x x° —4x X — .
+3 4x“+5 6+ X215
YW YHcla d U X ABIAIOTCA LEJIBIMU, YHCIIO

HOCKOJIBKY I10 YCJIOBHUIO 3aJa-

x5 TOXKe AOMKHO OBITH
HeAbIM, 9TO (C YYETOM IOMOMKUTENBHOCTH 4ncia 2x2 + 5) BO3MOMKHO,
ToNbKO ecu 2x% +5=1 wm 2x> + 5= 7. IlepBoe ypaBHeHHe KOpHei
He uMeeT. KOpHAMM BTOpPOro ypaBHEHMA ABIAOTCA X = —1 u x = 1.
Ecm x=-1, Toa=-1-2—-3-4-5—-6+1=-20; ecyiu x=1, TO
a=1-2+3-4+5-6+1=-2.

Omeem: —20; —2.

IMpumep 3. [lna KaX0ro HEOTPUIATEJBHOIO 3HAUEHUA MapameTpa d
HalIiTe MHOXECTBO pellleHui HepaBeHcTBa a°x* + 6a®x? — x +9a+3 > 0.

Pemrenue. Eciu a =0, To x < 3. [Iycts Teneps a > 0. B aToMm ciyuae,
YMHOXXUB 00e JacTh HepaBeHCTBA Ha MOJIOXKUTEIbHOE YUCIIO d, TOIYIUM
a*x*+6a®x? — ax + 9a® + 3a > 0. BpeMeHHO 0603HAYMB aX Yepes3 p, pac-
cMOTpUM HepaBeHCTBO p* + 6ap? — p + 9a* 4 3a > 0 kak KBazpaTHOE OT-
HOCHTEJIbHO a, lepenucas ero B uze 9a® + 3(2p% + 1)a + p* — p > 0. Haii-
ZEM JVICKPUMUHAHT D KBaZ[paTHOT'O TPEXWIEHA B JIEBOM 4acTU II0CIeHEro
HepaBeHcTBa: D = 9(4p* +4p? +1) — 36(p* — p) = (6p + 3)%. Cneznosa-
TebHO, KOPHAMMU KBazipaTHOro TpéxwieHa 9a® +3(2p%+1)a+ p* — p ss-

_p—p* _ p’tp+1

TATCA A= =73~ HaA=—"3. Teneps, UcHonb3ysd GOPMYITy pasiio-
’KeHUA KBaZIpaTHOTO TPEXWIeHa Ha MHOXUTEIN, MOXXHO NIPUBECTU Hepa-
BeHcTBO 9a® 4+ 3(2p% + 1)a+ p* — p >0 k Buay

-p’ >4+ p+1
9(a—%)(a+%) > 0.

pi+p+1
3
uneH p? + p + 1 monoXuUTeNIeH IpU JI060M p B CUIY IONOXKUTEIbHOCTH

cTapurero koadgduiirieHTa U OTPULIATETFHOCTH AUCKPUMUHAHTA. [ToaTOMY

3ameTuM, 4TO a + > 0, nmockonbKy a > 0 ¥ KBaJIpaTHBIN TPEX-
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2
P 3p >0, otkyaa p? — p + 3a > 0. BosBpamasach K MPeXHUM 060-
3HAYeHUSAM U ey obe JacTH HepaBeHCTBA Ha a (YTO MOXKHO CZeaTh
B CHIy TIONIOKUTENbHOCTH @), TIOMydaeM HepaBeHCTBO ax? — x + 3 > 0.
JIMCKpYMUHAHT KBaJpaTHOro TpéxdieHa ax’ — x + 3 (BeTBu rpaduka

KOTOPOT'O HaIlpaBJieHbI BBEPX, TaK Kak a > 0) paBeH 1 — 12a. Takum 06-

a—

1
pasoM, ecn 0 <a < 75, TO pellleHreM HEPaBEHCTBA ABJIAETCA MHOXKECTBO

(_oo' 1—\/1—12a] U [1+\/1—12a.
? 2a 2a ’
BBITIOJTHAETCS TIPU BCEX IEUCTBUTENBHBIX X.

. 1
+oo |; ecnu a > 15> TO HEPaBEHCTBO

Omseem: ecmi a=0, To x € (—; 3];
1-vI—12a 1++/I1—12a

2a ] U [ 2a ;+oo)
1—12; +00), TO X € (—0; 40).

IMpumep 4. HaliyiTe Bce 3HaUeHUA MapaMeTpa d, TPy KOTOPBIX cpeau
peleHui HepaBeHcTBa (a — x2)(a+ 2x — 8) <0 HET HU OFHOTO peleHna
HepaBeHCTBA X2 < 4.

Pemenue. Vickath 3HaYeHUs MMapaMeTpa, IPU KOTOPBIX HEPABEHCTBO
HMMeeT pelleHusI, OOBIYHO TPUBBIYHEH U TIPOIIe, YeM UCKATh 3HAYEHUs Ma-
pameTpa, Ipu KOTOPHIX HEPaBEHCTBO He UMeeT pellleHUi. B Takux ciyda-
SIX YCJIOBHE 33/1a4H 1IeJieco06pasHo nepedopMyIUPOBATh B «[TO3UTUBHOM»
kaove. He ABngeTca uckirodyeHUueM U JaHHad 3azadva. E€ MoxHO mepe-
dbopMyIMpoBaTh Tak: HAWTU BCe 3HAYEHWS MapaMeTpa d, MPU KOTOPBIX
HepaBeHCTBO (a — x2)(a — (—2x + 8)) > 0 BHIIOJHEHO HpH JT060M 3Hade-
HUH X, VOB TBOPAIONIEM YCIOBUIO X2 < 4, T. €. IpH Mo6oM X € (—2; +2).
PaccmarpuBas HepaBeHCTBO (a — x?)(a— (—2x +8)) >0 kax KBa/IpaTHOE
OTHOCUTEIbHO ITapaMeTpa d, 3aKJI0YaeM, YTO ero peleHueM OTHOCUTEb-
HO a OyzieT BcA YHCIOBas MpsMast 32 UCKITIOYeHNEM WHTepBaja, KOHIIAaMU
KOTOPOTO ABJAITCA uucaa x2 u —2x + 8. Ecm x € (—2; +2), To x2 € [0; 4),
(—2x) € (—4;4), a (—2x + 8) € (4; 12). Takum 06pa3oM, x> MPUHUMAET
3HavyeHus otT 0 70 4, a (—2x + 8) mpuHUMaeT 3HayeHus oT 4 fjo 12. 3Ha-
YUT, U3 pellleHUss HepaBeHcTBa (a — x2)(a — (—2x + 8)) < 0 1o/KeH BBITH
uckitouéH uarepsai (0; 12). TakuMm o6pasom, a € (—oo; 0] U [12; +o0).

Omsem: (—o0; 0]U[12; + ).

[Tpexxzie yeM MePeXOUTh K 33/la4aM BTOPOTO THUIIA, €IIE Pa3 OTMETUM,
YTO PACCMOTPEHHBIA METO/J MOXKHO C YCIEXOM HCIIOIb30BaTh HE TOIBKO
TIpU pellleHnY ypaBHEHWM M HEPABEHCTB C ITapaMeTpaM¥, HO U TIPU pe-
IIEHUW ypaBHEHUUM U HepaBEHCTB C HECKOJIbKUMU MepeMeHHBIMU. DTOT
MeTOZ OKa3biBaeTcss Haubosee 3PpPpeKTUBHBIM B TeX CIydYasX, KOrja pe-
IIraeMoe ypaBHeHVe (HEPAaBEHCTBO) SBJSETCA KBAaJPATHBIM OTHOCUTETHHO
OJTHOM W3 TIepeMEHHBIX WM MOXET ObITh CBEIEHO K KBaZ[paTHOMY TIOCTIE

>

1
ecm a € (O, E)’ TO X € (—00,

ecjan ac I:
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HEKOTOPBIX Mpeobpa3oBaHui (Kak 3To ObUIO cAenmaHo B mpuMepe 3). Pac-
CMOTPUM Tellepb HEeCKOJIBKO 3aZlayd, KOTOPbIe PelllaioTcs ¢ IOMOIBIO Me-
TOZa BBeZleHus llapaMeTpa.

[pumep 5. Yucna X, y, z TaKOBHI, 4To X2 + 3y? + 2% = 2. Kakoe Hau-
Gosblilee 3HaUEHNE MOXKET IPUHUMATh BRIpDAYKEHUE 2X + Y — 2?

Pemenne. O6o3HaunM 2x + y — z 4epe3 a. Torza z =2x + y —a. Iloa-
CTaBUB BMECTO Z B YpaBHEHHUE x?+3 y2 +22=2 MOJIy4eHHOE BRIpQ)KEHUE,
npuaéM K ypasHeHUIo x> + 3y? + 4x% + y? 4+ a® + 4xy — 2ay — 4ax = 2.
PaccMmoTpyM monydyeHHOe ypaBHEHHe KaK KBaJpaTHOE OTHOCUTEIBHHO X,
nepenucas ero B Buge 5x% + 4(y —a)x +4y? — 2ay +a® — 2=0. Teneps
3a71a4y MOXKHO IlepepOopMyaHpoBaTh TakK: HaWTH Haubosbllee 3HAYEHHE
IapaMmeTpa d, Ip¥ KOTOPOM ypaBHeHuUe

5x*+4(y —a)x+4y*—2ay+a*—2=0

MIMEEeT XOTA ObI OAVH KOPE€Hb. ,Z[JIH TOT'O YTOOBI 3TO YpaBHEHHNE NMEJIO XOTA
OBI OAVH KOPEHb, HeO6XOZ[I/IMO 1 JOCTAaTO4YHO, YTOOBI EI'0 AVCKPpUMMWHAHT D

6bUT HeOTPHULIATENEH, N % >0.Ho % =4(y —a)*—5(4y*—2ay +a*—2),
OTKyZa % = —16y? + 2ay — a® + 10. PaccmMoTpuM BepaxkeHne —16y2 +

+ 2ay — a® + 10 kak KBaZpaTHBIM TPEXWIeH OTHOCUTENILHO Y. [ TOTo
YTOOBI 3TOT KBAJPATHBIM TPEXWIEH, CTAPIIMN KO3GOUIMEHT KOTOPOTO
oTpHIlaTesIeH, NMPUHUMaJI HeOoTpUllaTelbHblEe 3HAYeHUs, HeOOXOAMMO U
ZIOCTATOYHO, YTOOBI €T0 JUCKPUMUHAHT D, ObLT 60JIbIIE TUOO0 PaBEH HYIIO,

Dy Di_ » 2 _
WJIH, YTO TO XK€ Camoe, — > 0. ITockonbKy 2 — @ 4+ 16(—a“ 4+ 10) =

=—15a%+ 160, ocraéTca pemuTth HepaBeHCTBO —15a% + 160 > 0, oTKyza

32 32
a’ < S u la] < 3 - TakuM 06pasom, HaUOOMBIINM 3HAYEHUEM d SIBJIS-

€TCA V 2
3"

Omesem: 3;)—2

3ameyaHue. B jaHHOM cilyyae He HY)XHO HaXOAUTb 3HAUYEHUA Iiepe-
MEHHBIX, TaK KaK OTBET [TOJIy4YeH MCXO/s U3 HEOOXOUMBIX U ZIOCTATOYHBIX
YCJIOBUH CYIIECTBOBAaHUM KOPHEN YpaBHEHUN.

ITpumep 6. HaliziuTe HauMeHblIee BO3MOXXHOe 3HaYeHUe BRIpaKeHUA
2sinx +3siny, ecmm 2sin® x + 3sin® y = 4.

Pemrenne. O603HaunM 2sinx + 3siny uepe3 a. Torga 3siny =a —
— 2sinx. YMHO)MM 06e 4yacTu paBeHcTBa 2sin’x + 3sin’y =4 Ha 3 u
3aMeHuM 3siny Ha a — 2 sin x. [ToayyuM ypaBHeHUe

6sin®x + (a —2sinx)? = 12,
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oTkyza 10 sin® x —4asinx+a%—12=0. [MycTs t =sinx, t € [—1; 1]. Ypas-
HeHue npumet By 10t? — 4at +a? — 12 =0, u 3aga4y MoxHO epedopMy-
JIMPOBATh TaK: HAWTH HauMeHblllee 3HaYeHHe [TapaMeTpa d, IIpU KOTOPOM
ypaBHenue 10t? — 4at + a? — 12 = 0 uMeeT XOTA 6Bl OAMH KOPEHb, MPHU-
Hautexamuii otpesky [—1; 1]. [lia Toro 4ToOB ONTy4YeHHOe YpaBHEHUE
HMeJIo XOTs ObI OZIMH KOpeHb (He 00si3aTesIbHO Ha oTpeske [—1; 1]), Heob-
XOAUIMO U JJOCTATOYHO, YTOOBI €ro JUCKPUMHUHAHT OBUI HeOTpUIlaTeNeH.
YcioBue HEOTPHUIIATENBHOCTH JUCKPUMUHAHTA TIOC/IE HECTIOXKHBIX IPeob-
pasoBaHUii MOXKHO npHBecTH K BuAy a’ — 20 < 0, oTkyzaa |a| < 2+/5. Hau-

MEeHBIIMM pellleHHeM HepaBeHcTBa |a| < 2v/5 apnserca a = —2+/5. Ipu
5TOM 3HAYeHMH d JUCKPUMMHAHT ypasHeHus 10t2 —4at +a% —12=0 pa-
a 2v5

BEH HYJIO U ero eZIMHCTBEHHBIM KOpHEM OyZeT t,= g=—"g - Torma

. a—2sinx _a—2t, _a __ 25

Sy =" T 73 T57 75

25
3amMeTuM, 4TO -5 € [—1; 1]. TosToMy 3HauUeHUA X U Y, IPU KOTOPBIX
a=—2+/5, cyIecTByioT.

Omeem: —2+/5.

Creyromuii IpuMep NPeACTABIsAET COO0M TUMUYHYIO 33/ady C KO-
HOMHYECKUM CoZepKaHueM. B Takux 3aauax OOBIYHO 3aJaHBI OIpeZe-
JIEHHBIE YCJIOBUS IIPOM3BOACTBA KAaKOH-T1O0 MPOAYKIIUN WK YCIyTH (3TO
MOTYT OBITh JIIOOBIe M3/IeNNA, CeNTbXO3IPOAYKTHI, II0Te3Hble NCKOIIaeMBIE,
TPAHCIIOPTHBIE TEPEBO3KW W T.[. W T.II.) M HYXHO HAWUTH 3HAYEHUs
HEKOTOPBIX BEJIMYUH C LETbI0 MAKCUMH3AUUU NMPUOBUIA WIM MUHUMHU-
3anu pacxofoB. CBsI3W MeXKZAy JaHHBIMH BeJIUYMHAMHU 33JalOTCS JIH-
HeWHBIMM YpaBHEHUAMHU U HepaBeHCTBAMHU (II03TOMY 3TH 33Ja4d 4acTo
OTHOCAT K 33/ja4aM JIMHEHHOTO IpPOTpaMMUpOBaHUA). BBoas B kade-
CTBE IIapaMeTpa BeJNYMHY, MaKCUMyM WIM MUHUMYM KOTOpPOH Hazo
HaliTU W KOTOPYIO OOBIYHO HA3bIBAIOT IeeBON (YHKIMEH, MBI IMpH-
A€M K TPaJUIMOHHOW C TOYKU 3PEHMs JIEMEHTApHOU MaTeMaTHUKU —
Y TIPUTOM OJZHOHM M3 Hambosiee MPOCThIX — 3aJa4e Ha MeToZ obJacTel,
IIOCKOJIBKY OyAyT ZaHBI CHCTeMa JMHEHHBIX HEPaBEHCTB U YPaBHEHUH,
3a/Iaf0INX YCIOBUA IIPOU3BOJCTBA MPOAYKIINH WIN YCIYTU, U JIWHEeHHAsA
bYHKIUA ¢ TapaMeTpoM, HauboJblllee WIK HauMeHblllee 3HaUeHe KOTO-
poro Hazo HaiiTH. Ha KOOpAMHATHOM IUIOCKOCTH TaKas CHUCTEMA 33/IaéT
MHOTOYTOJIbHUK, PACIIONIOXKEHHBIN B IMEPBOM KOOPAWHATHOU YETBEPTH
(TTOCKOMBKY B MOAZOOGHBIX 3aZiadyax pedb WAET O HEOTPUIIATENbHBIX BeJIU-
YWHAaX), a TPapUKOM JTUHEWHOU QYHKIIUU ABISETCA IIPsAMasi, C TOMOIIBIO
IapaJule/IbHBIX TIEPEHOCOB KOTOPOU U MOXXHO HalTH TpebyeMoe 3HaYeHHe
mapaMeTpa — HalmpuMep, MaKCUMajgbHOe 3HaueHue, IPU KOTOPOM 3Ta
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npsMasi OyZieT MMeTh C IIOCTPOEHHOM 06JIaCThI0 XOTS OB OZHY OOIIyIO
TOUKy. VIHOTZIA IPUXOAUTCA YIUTHIBATh U TO, YTO OOINAs TOYKa IPAMOMN
Y MHOTOYTOJIbHUKA ZIOMKHA UMETh Iesible KOOpAUHATEL. OTMETUM, YTO B
TaKUX 33/]a9aXx IIOPOI HCIOMb3YIOTCS abCTPAKTHBIE [EHEXKHbBIE eMHUIIEI
(o6o3HaueHue: . €e.) OTO MOTYT ObITb PyOJIH, THICSYN, MULINOHEI py6iieit
WY eIUHUL] IPYTUX BaJIOT.

IIpumep 7. Manoe OpeAnpUATHE BBIITYCKAET U3ZJEIUA [BYX TUIIOB.
JLJ1s1 U3rOTOBIEHUS U3/IeNVs TIEPBOT0 THUIla TPpebyeTcs MATh 4acoB pabOThI
cTaHKa A U Tpu 4aca paboThl cTaHKa b, a I U3TOTOBJIEHUS U3/E/INs BTO-
poro Tuna TpebyeTcs ABa yaca paboOTHl cTaHKA A U YeThIpe Jaca paboThl
craHka b (ctaHku MoryT paboTaTh B Jit0OOH IMOC/IeZoBaTeNbHOCTH). T10
TeXHUYECKUM TIPUYMHAM CTaHOK A MoxkeT paboTaTh He 6osnee 150 yacoB
B MeCsIIl, a cTaHOK b — He 6osee 132 vacoB B mecsl. Kaxzoe uzzenve nep-
BOT'O TUIIA TPUHOCUT IpeAnpusaTuio 300 A. e. mpUObLIH, a KaXX/J0€e U3ZeTre
BTOporo tuma — 200 g. e. npubsui. HaliuTe HAaMOOIBIIYIO BO3MOXKHYIO
eXXeMeCAYHYI0 IPUObLTh NPEAIPUATUS U ONpesenTe, CKOIbKO U3ZeIi
IIEPBOTO TUIIA U CKOIBKO M3/IeJUI BTOPOTO TUIA CJIeAyeT BBIIYCKaTh /I
MTOJIyYeHUSA 3TOU TPUOBUIH.

Pemennie. O603HaUYMM Yepe3 X YKCIO U3JENUH MEPBOTO THUIIA, de-
pe3 y —4UHCIO U3JAeNWi BTOPOTO THIIA, a qepe3 a— HpI/I6bIJIb mpes-

npuarud. Toraa a = 300x + 200y, oTtkyza y = x + 555 200, a yclIoBUA
IIPOU3BOZCTBA JAIOTCs CUCTEMOH

Sx+2y < 150,

3x+4y <132,

x>0,

y =0,

Ije x U y —uenble yuciaa. Ha xoopauHaTHOM miockoctu Oxy cucre-
Ma HEpPaBEHCTB 33aZa€T 4YeThIpéxyronbHUK OABC ¢ BHyTpeHHeHd obia-

" 5
CTBIO, OTPAHUYEHHBIA OCAMM KOODAMHAT M HPAMBIMU Yy = —5X + 75 1
3 o
y=—zx+ 33 (cM. PUCYHOK); TPU Pa3JIMYHBIX IIOJIOXKEHUA IPAMON Yy =

3 a
=-—3X + 300 o603HaueHbl Ha pUCyHKe: mosokeHue (1) COOTBETCTBYET

3HaueHuio a = 0, nonoxkeHue (3) COOTBETCTBYeT HAMOOIBIIEMY BO3MOXK-
HOMY 3Ha4yeHUIO a, IonoxkeHue (2) COOTBeTCTByeT IIPOMEXXYTOYHOMY

3HavyeHUIo a. [Ipu a > 0 mpsamas y = ——x + % nepecekaeT och abc-

. a o
HHCC B TOYKE C a6CHI/ICCOI/I m, a OCb OpAWHAT — B TOYKE C a6CHI/ICCOI/I
200 Haubosbiliee 3HaueHUe Ka)K,ZIOI/I "3 3THUX BEJIUYHUH COOTBETCTBYET
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75

(3)

2)
-
200
\
€3]
3 a
Y="2% 200
MaKCUMaJIbHOM IPUOBLTH @ U LOCTUTAETCS, €CJIU MpAMai y = —%x + ZLOO
IIPOXOAUT 4Yepe3 TOYKY B — TOUKY IlepecedeHus IPAMBIX Yy = —%x +75
ny= —%x + 33, abcuucca ¥ opAMHATa KOTOPOHM HAXOAATCS U3 CUCTEMBI
ypaBHEHUM
5
Yy =—5x+75,
y= —%x +33

U paBHBI COOTBETCTBEHHO 24 u 15. [ToAcTaBUB 3T abCIUCCY U OPAUHATY
a
200°

Omeem: 24 uzzenud nepBoro Tuna; 15 u3zgenuii BTOporo Tuiia; MaKCH-
MasbHas mpubbsUth paBHa 10200 z. e.

B ypaBHeHUe NPSIMOU y = — %x + HaxozuMm a = 10 200.
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3ameTHuM, 4TO /JI YIPOIIEeHN BEIYMCIEHUH MOXKHO OBLIO B PacCMOT-
PEHHOH 3azia4e MOJNIOKUTh a = 3X + 2y, a [10cJe BEIYUCAeHNA MaKCUMalb-
HOTO 3HAYEeHU d YMHOXUTH pe3ynbTaT Ha 100. B 6osee CI0XKHBIX CITydasax
KOOPZAWHATHI TOYKU B MOT'YT OKa3aThCsA APOOHBIMU YUCIaMU. B Takux ciry-
Yasgx MOXKHO HaWTU Oirpkaiumme K B Touku yeTeipéxyrombHuka OABC u
ero BHyTpeHHeH ob6sacTy (pasymeeTcs, 3TO CIPaBeJIMBO U I JI0O0TO
ZPyroro MHOTOYTONBHUKA), UMEOIIHe IleJible KOOPAUHATH, 1 BBIOPATh Ty

3 a o
M3 HUX, /11 KOTOPBIX MpAMAsd y = —5 X + 300 (wnu aHasoru4yHasaA ei) 1e-

pecekaeT och abciuce (WM OCh OPJIMHAT) B TOUKe, Haubosee yAaaéHHON
OT Hayasa KOOpAWHAT.

YonpaxHeHud k §5.2

1. a) HaiiguTe Bce 3HaYeHUA MapaMeTpa d, IPU Ka)XZOM U3 KOTOPBIX
ypaBHeHMe x° — (a+ 2)x2 — 2ax + 4a® =0 umeeT X0Ta 6bl OAUH KOPEHb, U
YKaXWUTe KOPHU YpaBHEHUA /I KaKJOT0 U3 HalIeHHBIX 3HAa4eHuH a.

6) Haiizure Bce 3HaueHHS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypaBHenue 4x° —2(a+ 1)x? — ax +a? =0 umeeT X0Ta 6B OMH KOPEHb, U
VKa)KUTe KOPHU YpaBHEHUA JJIA KayKJOT0 U3 HalIeHHBIX 3Ha4eHUH a.

2. a) HaifguTe Bce 3HaueHHA IapaMeTpa d, IpU KaXKJOM U3 KOTOPBIX
ypasrenue x* — 4x® — 8ax? + 36ax — 9a® = 0 uMeeT X0TA 6bI OAUH KOPEHb,
U YKa)KWUTe KOPHU ypaBHEHUS I KQXK/I0T0 U3 Hal/leHHbIX 3HaUYeHUH a.

6) Haiizure Bce 3HaueHHWS MapaMmeTpa d, NMPU KaKJOM U3 KOTOPBIX
ypasHeHne x* — 2x3 — 17ax? + 32ax + 16a® = 0 umeeT x0T 6bl OAUH
KOpEHb, U YKa)KUTe KOPHU YpaBHEHUA AJiA KaXKJOTO U3 Hal/leHHbIX 3Ha-
yeHuH a.

3. a) Hatigure Bce 3HaYeHUs mapameTpa d, IPU KaXKJOM 13 KOTOPBIX
ypasHenue x* — 6x° — 5ax? + 24ax + 4a* = 0 uMeeT POBHO TPH pasIny-
HBIX KODHA.

6) Haliznte Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX
ypaBHenue x* — 8x® — 10ax? + 72ax + 9a® =0 umeeT POBHO TpU Pa3IUy-
HBIX KODHA.

4. a) HaiizuTe Bce 1iesble 3HaUeHUA MapaMeTpa d, Py KaXkKJioM 13 KO-
TOPBIX ypaBHEHUE 10x3 4+ x2 — (2a + 21)x — 3a + 5 =0 umeeT XOTs GBI
OJIVH IIeJIBI KOPEHb.

6) HaiiguTe Bce Iesible 3HAUEHUs TapaMeTpa d, MPU KaXXA0M U3 KOTO-
PbIX ypaBHEHUE 6x% 4 25x2% — (2a — 25)x — 5a + 7 =0 uMeeT XOTs OBl OFUH
LIeJIbI KOpeHb.

5. a) HatizuTe Bce 1esble 3Ha4eHUs ITapaMeTpa a, IpU KakoM U3 KO-
TophiX ypaBHeHHe 6x° + 8x*+ 13x® — 3ax? — 2(2a +5)x —2a —13=0
VIMeeT XOTsI OBl OZIVH LIeJIBIH KOPEHb.
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6) HatizuTe Bce 1esible 3HAaYEHUA TTapaMeTpa d, PU KaKJOM U3 KOTO-
peix ypaBHenue 8x° + 2x* —11x% —2(2a— 1)x?+5(a+1)x—2a+1=0
HMMeeT XOTs ObI OUH IIeJbIF KOPEHb.

6. a) [lna KaXXZ0T0 HEOTPUIIATETHFHOTO 3HAUeHUA TTapaMeTpa a HalAn-
Te MHOKeCTBO pelneHuit HepaseHcTBa 4a’x* +4ax? +32x+a+8>0.

6) Jln KaXXZ0oro HEOTPUIIATENBHOI'O 3HAYEHU TTapaMeTpa a HauauTe
MHOYECTBO pelneHuii HepaBeHcTBa a’x* +2a%x? —8x +a+4>0.

7. a) HatiguTe Bce 3HaYeHUd TapaMeTpa d, IPYU KOTOPBIX CPEU Pellle-
HMit HepaBeHcTBa (a — x2)(a+ x — 2) < 0 HeT HU OJHOTO pellleHUs Hepa-
BeHCTBa X2 < 1.

6) HaiizuTe Bce 3Ha4YEHU MTapaMeTpa d, IPYU KOTOPBIX CPeU pelleHU
HepaBeHcTBa (9a — 4x%)(3a + 4x — 24) <0 HeT HU OZHOTO peleHus Hepa-
BeHCTBA X2 < 9.

8. a) Haiigure Bce 3HAYeHUs mapameTpa d, IPU KAXKJOM M3 KOTOPBIX
HepaBeHCTBO Xx° — 2(a + 4)x? + 12ax + 8a? < 0 uMeeT x0T 6bI OAHO pe-
IIeHUe, U YKa)KHUTe pellleHus HEpaBeHCTBA /I KaXK/I0ro 3HaYeHU d.

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPBIX
HepaBeHCTBO x3 + 2(a + 6)x® + 28ax + 8a® < 0 uMeeT XOTA 6B OFHO
pellleHue, U YKOKUTE PENIeHNs HepaBEeHCTBA /I KaXKJ0T0 3HAYeHU d.

9. a) Yncna x, ¥,  TaKoOBHL, uTo x2 + 3y? + 422 = 2. Kakoe HauMeHbIIee
3HQUYEHUE MOXKET IPUHUMATh BBIpaXeHue 2x +y — 2z?

6) Yucna a, b, ¢ TakoBsl, uTo 2a® + b? + ¢ = 3. Kaxoe Haubosblee
3HaYeHHe MOXKET IPUHUMATh BhIpakeHue a — 2b +c?

10. a) HatiznTe HavMeHbIIIee BO3MOXKHOE 3HAUYE€HUE BBIPAKEHUS

cosx+3cosy, ecau sin2x+35in2y = 2.
6) HatiznTe HaubobIlllee BO3MOXKHOE 3HAaUYE€HHE BhIPAYKEHUS
4sinx+siny, ecau 4coszx+coszy =3.

11. a) IIpeanpusTvie HEMPEPHIBHOTO ITUKJIA 3aHUMAETCS UCIBITAaHUEM
TOTOBBIX U3/IEINH IByX TUIOB. EXXEMeCSYHO TIpeAnpUATHE TIONydaeT JJisd
vcrbeITaHuH He 6osee 600 u3zenuii mepBoro tuia 1 He 6oree 300 uagenui
BTOpOro tuma. KauecTtBo KaXoro MsZenns NpoBepAeTCcA Ha JABYX CTEH-
fax A u b (cTeHABI MOTYT UCIOIb30BAThCA /JI UCIIBITAHUA KaXK/JOTO U3-
JeMUs B JII000U ToCae0BaTeNbHOCTH). [l IPOBEPKU OJHOTO U3ZETUs
mepBoro Tuma tpebyeTcsa 20 MUHYT UCIBITAHUN Ha CTeHZE A U 6 MUHYT
WCIIBITAHUYN Ha cTeH/e B; i TPOBEPKU OJHOTO U3/eUs BTOPOTO THUIIA
TpebyeTcsa 24 MUHYTHI MCIIBITAaHUH Ha cTeHze A 11 20 MUHYT UCIIBITAHUH Ha
crenzie b. ITo TeXHUYECKUM MTPUYMHAM CTEHZ A MOXKeT paboTarh He Oosee
240 yacoB B Mecsll, a cTeH b — He 6onee 120 yacoB B MecsIl. [IpoBepka
OJTHOTO U3/IETUS TTEPBOT0 TUIIA TPUHOCUT TIPEATIPUATHIO 50 /1. €. TPUOBLIH,
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a MpoBepKa OFHOI'0 u3zenus Broporo tuma — 90 1. e. mpubsutyi. HatizuTe
HanOOJBIIYIO BO3MOXKHYIO €KEMEeCTYHYIO TPUOBUTH MPEATIPUATHSA U OTIpe-
JleJIUTe, CKOJTbKO M3/IeJTUHA TTeEPBOTO TUTIA U CKOJIbKO U3ZeJINI BTOPOT'O TUTIA
cleflyeT eXKeMeCSTIYHO MTPOBEPATD AJIS MOMYIeHUS 3TON TPUOBUIH.

6) [IpeanpuATHe HEMIPEPHIBHOTO ITUKJIA 3aHUMAETCS UCIIBITAHUEM TO-
TOBBIX U3ZIeJIUH IByX TUIOB. ExkeMecaYHO NpeAnpusaTHe ToayJaeT JJIsd Uc-
neITaHUK He 6oee 300 m3genuii mepBoro Tuia U He 6oee 600 magenuit
BTOpOro Tuna. KauecTBo KaXk[oro u3zenus poBepaeTcd Ha ByX CTeHAaX
A u b (CTEHZBI MOTYT UCIIONB30BATHCS /JIT UCTIBITAHUSA KaXK/0TO U3ZENUs
B JII06OM MOC/IeIOBAaTETHHOCTH). [l MPOBEPKU OZHOTO U3/IEUs TIEPBOTO
Thra TpebyeTca 36 MUHYT UCIIBITAHUA Ha cTeHge A U 30 MUHYT UCITBITA-
HUU Ha cTeHzie b; 1151 MPOBEPKH OJHOTO U3/eJTUSA BTOPOTO TUIIA TpebyeTcs
30 MUHYT UCOBITAaHUM Ha cTeH/Jle A 1 9 MUHYT UCIBITAaHUU Ha cTeHze b.
[To TeXHUYECKUM NPUIMHAM CTeHZ A MoXeT paborath He Gonee 360 ya-
COB B MecsI], a cTeHg b — He 6onee 180 yacoB B Mecsil. IIpoBepka ofiHO-
T'0 U3/IeJIHsA TIEPBOTO TUIIA IIPUHOCUT NIpeANnpuAaTHio 135 1. e. mpubbuiu, a
MIPOBEPKA OZHOT'O M3ZENHs BTOPOro Tuma— 75 7. e. mpubbutu. Hatigure
HanOOJBIIYIO BO3MOXKHYIO €KEeMEeCTYHYIO TPUOBUTb MPEATIPUATHSA U OTIpe-
JleJIUTe, CKOJTbKO M3/IeJTUH TTePBOTO TUTIA U CKOJIbKO U3ZIeJIUi BTOPOT'O TUTIA
clefiyeT eXKeMeCSTYHO MTPOBEPATD AJIS MOMyIeHUS 3TON TPUOBUIH.

12. a) [IpeanpuATHE HEMPEPHIBHOTO ITUKJIA BHIMYCKAET WU3ZENUS ABYX
TUTOB. /IJIA M3TOTOBJIEHUSA U3JENHs IepBoro Tuma Tpebyercs 15 dacos
paboTsl 11exa A 1 10 yacoB paboTs iexa b, a 11 U3rOTOBIEHUS U3/JeTHUs
BTOpOTO Tuma TpebyeTcss 5 wacoB pabothl mexa A u 20 4acoB pabOTHI
1exa b (11exa MoryT paboTaTh HaZ U3JeNreM B J0O0H MOC/Ie0BaTENb-
HOCTH). IT0 TEXHUYECKUM MpUYMHAM Iiex A MOXeT paboTaTh He Gojee
150 4gacoB B Hezelto, a 1iex b — He 6osee 100 yacoB B Hezemo. Kaxkzaoe
H37ere TepBOro TUIA MPUHOCUT mpeanpusatuo 5000 g.e. mpubbuiu, a
Kaxxz0e uszenre Broporo tuma — 4000 7. e. mpubsuti. HatizmTe Hanbosb-
IIYI0 BO3MOXKHYIO €XeHeleNbHYI0 IPUObUTb TIPEAIPUATHS U ONPEAEUTE,
CKOJIBKO U3/IeJIUH ITePBOTO TUTIA U CKOJIBKO U3/IeJIUU BTOPOTO TUTIA CIEAYET
eXeHeZIeJIbHO BBIITyCKATh JJIS TTOJYIeHU 3TOU TPUOBUIH.

6) [IpeAnpUATHE HEMPEPHIBHOTO LIUKJIA BBITYCKAET U3ZENUA ABYX TH-
1oB. JIJ11 U3rOTOBJIEHUA U3/eUs TIepBoro Tuma Tpebyercs 30 yacoB pabo-
THI 1lexa A ¥ 20 9acoB paboThI 11exa b, a /ijisf U3TOTOBJIEHUs U3JEIUS BTO-
poro Tuna Tpebyetcs 10 yacoB paboTs 1iexa A u 40 yacoB paboThI 1iexa b
(11exa MoryT paboTaTh HaJ U3ZeIMeM B JIFOOOM MOCIeZA0BaTENbHOCTH). [0
TeXHUYECKUM IIPUYMHAM LieX A MOXKeT paborath He 6osee 600 4acoB B Me-
caw, a uex b5 —He 6omee 400 yacoB B Mecsn. Kaxzoe uszgenve mepBoro
TUIIA TIPUHOCUT mpeanpuATyio 15000 z.e. mpubbUIH, a KaXJoe usjenve
BTOporo Tuma — 12000 fg.e. npubsutu. Haligure HaubGONBUIYIO BO3MOXK-
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HYIO €XXeMeCIYHYI0 IPUOBUTb IPEAIPUATUA U OIIpe/IeIUTe, CKOIbKO U3/e-
JIMY TIepBOTO TUIIA U CKOJIBKO U3ZIe/IMU BTOPOI'o TUIIA CJIeZyeT eXeMeCAIHO
BBIITYCKATh JJIS OTyYeHUA 3TON MPUOBLIH.

§5.3. TpuroHoMeTpUYECKHE MOACTAHOBKH

Psag 3aza4, CYMTAIOIIMXCA HECTAHZAPTHBIMU, MOXKET OBITh JOCTATOY-
HO TIPOCTO PEIEH C MCIIONb30BAHUEM HEKOTOPHIX CIIEIUaIbHBIX 3aMeH
IepeMeHHBIX, B YaCTHOCTH TPUTOHOMETPHUYECKUX MOACTAHOBOK. KX HcC-
MIOJIb30BaHUE 11eecO00pPa3HO B OCHOBHOM B JIBYX CJIEAYIOUIUX CIyYasax:
1) ecsi KCKOMBIE pelleHUs IpUHaAIexXaT MHOXKecTBY [—1; 1] niu Heko-
TOPOMY €ro IMOJMHOXXECTBY; 2) eC/IU JJaHHble YPaBHEHUS U HEpPaBEHCTBa
cofiep:KaT aqreOpanvecKue BHIDAKEHUS, «ITOXO)KME» HA M3BECTHHIE TPU-
roHoMetpudeckrie ¢Gpopmyabl. CKazaHHOE OTHOCUTCS MPEUMYIIECTBEHHO
K palMOHaJbHBIM W HpPpaIlMOHATBHBIM ypaBHEHUAM (cHCTeMaM ypas-
HEHWI), pelleHHe KOTOPBIX OOBIYHBIMU IMPUEMAMHU 3aTPYAHUTENBHO M
KOTOpHIEe TOCJIE BBEAEHUS TPUTOHOMETPHUYECKHUX MOJCTAHOBOK CBOZAATCS
K HECJIO)XHBIM TPUTOHOMETPHUYECKHUM YpaBHEHUSIM (CHUCTeMaM ypaBHe-
HUM). PacCCMOTPUM HECKOJIBKO XapaKTEePHBIX TPUMEPOB.

Ipumep 1. Pemure ypaBHeHue 1 —x =2x% — 1+ 2x4/1—x2.

Pemenne. OueBHJHO, BCe X JO/DKHBL YAOBJIETBOPATb HEPaBEHCTBY
1-x2>0, T.e. |x| <1. To, uTo |x| < 1, HABOZUT Ha MHICIb O IpPHUMeHe-
HUW TPUTOHOMETPUYECKOU MOJACTAHOBKH X = COSt MO0 X =sint. [IycTs,
Hampumep, x =cost, t € [0; w] (IpesnoYTUTENbHOCTh UMEHHO 3TOH IOZ-
CTAaHOBKM CTaHeT IMOHATHA M3 JajbHeimiero). To, YTO t NpUHAAIEKUT
mpoMexyTKy [0; 1], oObsAcCHAeTCA TeM, YTO IPU STOM COSt, a 3HAYUT
U X, IpUHUMAaeT Bce 3HAYeHusA U3 NpoMexyTka [—1; 1], u npuroM oauH
pa3. Takum o6paszoM, KaKAOMY ¢t COOTBETCTBYET eJMHCTBEHHOe 3Hadue-
HUe X, U HaobOpoOT, T.e. yKa3aHHas 3aMeHa YCTaHABIUBAET B3aWMHO
OJHO3HAYHOE COOTBETCTBUE MeXZAy IIepeMeHHbIMU X M t, a 3HA4uT, U
MeX/ly MHOXXeCTBOM KOpPHell JJaHHOTO ypaBHEHUA U ypaBHEHUA, KOTOpoe
OyZieT MOTy4eHo U3 JaHHOT'O C IOMOINBIO YKa3aHHOM 3aMeHbI TlepeMeHHH.

UTak, mycTb x =cost, t € [0; 7]. Torza faHHOE ypaBHEeHUeE NIpUMeT BU/,

V1—cost=2cos*t —1+2costy/1—cos?t. [Tocsie ympoleHuii ¢ IpumMe-
HeHUeM GOPMyJI YZABOEHHOTO apryMeHTa U OCHOBHOTO TPUTOHOMETpUYe-

CKOTO TOXZIeCTBA TIOMy4UM ypaBHeHHe /2

sin%‘ = cos 2t + 2 cost|sint|.

Ha sTOM 111are 11e/1ec006pa3HOCTb MMOACTAHOBKYU X = cost, t € [0; 7], cTaHo-

. . .t
BUTCSI OYEBUIHOMN: Beab Tipu t € [0; 7t] ducia sint u sin 5 HEOTpPUIATe/b-
HBI, B CWIy Yero 3HaKU MOZYJIS B ITOCIETHEM yPaBHEHUU MOXKHO OITyCTUTb.
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ot .
B pesyibTaTe MOMy4UM ypaBHeHHe +/2sin = cos2t + 2costsint, OTKy-

2
.t 1 1 . .t . s
a sin 5 = —= cos 2t + —= sin 2t, Wiu sin 5 =sin (Zt + —). W3 nociegHero
AdSe = /2 2 4 A
ypaBHEHUSI HAXOJIUM, YTO
Tt
2t + 73 +2nn,

T t
2t+Z —7T—§+27Tk,

rae n €7, k € 7. Tenepb yKe COBCEM MPOCTO MOIYIUTh, UTO

f__m 4mn
~s 43 K
_ 37 | 4=
2t=70+t75 >

rae n €7, k € Z. Ocraérca U3 HalWJJeHHbIX 3HAYEHUH ¢t 0TOOpATh Te, KO-
TOpble MpUHaZIEXaT IpoMexyTKy [0; 7w]. TakuM 3HaYeHHEM, KakK JIETKO

31 3n
YCTAaHOBUTbD, ABJAETCA JIUIIb t = 10" Ho Torma x =cos 10

3
Omesem: cos 10

3
3ameuyaHHe. KOHC‘{HO MO>KHO OBLIO BbIPpa3UThb X = COS 7~ 0 4Jepes3 paau-

1
KaJTbl, HO YCJIOBHE 3a/[a4M 9TOTO BOBCe He TpebyeT. [l03TOMy Hac HU B KOei
Mepe He ZIOMKEH CMYIIaTh TOT GaKT, YTO IPHU PEIIeHUN UPPAI[IOHATBHOIO
YPaBHEHMS MBI MOJYYWIN OTBET, ABJSIOIIMICA 3HAYEHHEM TPUTOHOMET-
pUYeCKOi GpYHKIMM B HEKOTOPOM TOuke. MIHOIZA TaKue OTBETHI OBIBAIOT
emié 6osee «CTPAITHBIMU».

IIpumep 2. Peminte ypaBHeHUE

438xV1—=x244x2—-2) =5(y/1—x+V/1+x).

Pemrenue. OcTaBiAd B CTOPOHE BCE pacCyKAeHU:dA, KOTOpble aHaso-
TUYHBI PACCYKIEHUAM B IPEJBIAYIeM IIPUMepe, MOI0XKUM Cpa3y X = Cost,
t € [0; m]. Torga ypaBHEHUeE IOCJIE YIIPOIIEHUH ¢ IpUMeHeHHeM GpopMyIT
VIBOEHHOT'O apryMeHTa ¥ OCHOBHOTO TPUT'OHOMETPHYECKOTO TOXIECTBA

npuMeT BuZ 6sin2t + 8cos2t = 5\/§(sin£ + cos 5). B nonyquHOM

t

CoS 5

2 ? 2
HeoTpuuareabHel IIpu t € [0; 7r]. [locniesHee ypaBHeHue pellaeTcs CTaH-
JapTHBIM 00pa3oM: BBeZeHUEM BCIIOMOTATENbHOTO yIvia. [l 3Toro mpu-

4 .t 2 t V2
§—Sm§ —+ os— 2,0TKyz[a

sin(2t + f8) = sin(% + %), rae sinff = g, cosf3 = § (T.e., Hampumep,

YpaBHEHHNH OIIYIIE€HBI 3HAKW MOZYJIA, IIOCKOJJbKY 4YHCIa smt sin =

BeZIEM ero K BUZY sin 2t - % + cos 2t -
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3
3 =arccos E)' V3 mocieIHero ypaBHEHUs HAXOAUM

_n_2 3 4ﬂ
t—6 3 arccos ¢ +
—3——garccos—+4—ﬂk
~ 10 5

rae n €7, k € Z. Orbepém U3 HaliZieHHBIX 3HAYEHUH t Te, KOTOPBIE IPUHA-
nexar npoMexxyTky [0; 7t]. O4eBUAHO, 9YTO HUKAKUE IIeJIble N, MEHBIITNE

o 2 .
HyJIA, He JJaioT pemeHHH. Tak xak % < g (B 4éM JIeTKO yOeauThCs), UMe-

3 2 3
€M arccos = > Z, a 3HA4MT, g - § arccos g < 0. Takum 06p330M, 3Ha4YEHHE

. o 3 1 3 s

n =0 Takxe He AaeT pEUIEHUU. Taxk kak g > 5, nmMmeemM arccos§ < §,
b 2 3 41 ..

HO Torza 5 3 arccos 5 + 3 > 7T. 3HAuUuT, n = 1 TakKe He JA€T pe-

neHuid. fICHO, YTO MpU MLENbIXx n, O6OIbIUX 1, 3HaUYEHWE BBIPAKEHUS

n 2 3 4nn
§ ~ jarccos + 3 OyZeT ¥ TOJAaBHO OOJIbIIE TT.

CiefioBaTe/IbHO, IIepBas cepys He JaéT pellleHUH JaHHOT'O ypaBHeHUA
HU IIPU KaKuX Lesablx n. ITyTéMm paccyXAeHui, aHaJOTUYHBIX TOJbKO YTO
MIPOBEEHHEIM, MOXKHO yOeAUTbes (CAenaiiTe 3TO CaMOCTOATENBHO!), UTO
BTOpas cepud JaéT pelleHus, IpUHaIexKalye IpoMexxyTKy [0; 7], 1ummb
mpu k=0 u k =1. Takum 06pa3oM, pelIeHUIMU JaHHOTO YPaBHEHUS SB-

IOTC. C aX_COS(Sﬂ: garccosg) x—cos(lln—garccosg)
JIAKOTCA YUCIT 10 5 5 u 10 5 5 )

Omseem: cos ( 3% _ 2 arecos E)' cos(11—7T — 2 arccos 3)
10 5 5)’ 10 5 5
B 060uxX pacCMOTPEHHBIX IpUMepax Ha MPUMEHEHNUE TPUTOHOMETPU-
YeCKOM IIOACTAaHOBKU yKa3bIBaJIO eCTeCTBEHHOEe OrpaHMuYeHMe Ha Iepe-
MeHHyI0 X. VIHorza mozo6HOe orpaHHYeHNEe OrOBapUBAETCS B YCJIOBUH
3a/lau, XOTs caMO YpaBHEHUE TaKOI'O OTPAaHUYEHUS He JaéT.

IMpumep 3. HaiizuTte yncio KopHel ypaBHeHUA
8x(1—2xH)(8x*—8x*+1) =1,

NpuHajIexxamux orpesky [0; 1].

Pemrenue. To, 4TO HEOOXOAUMO HAUTHU YUCJIO KOPHEH JaHHOTO ypaB-
HeHUs MMeHHO Ha orpe3ke [0; 1], omsATh HABOAWT HA MBICJIb O TPUTO-
HOMETPUYECKOU IOACTAHOBKEe X = cost. 3ameTuMm, 4To X =0 u x =1
He SABJIAIOTCA KOPHAMH ypaBHEHUSA (3TO JIETKO IIPOBEPHUTH HEIMOCPEa-
CTBEHHO), TIO3TOMY MOXXHO paccMaTpuBaTh TOJMbKO 3HaueHusd x € (0; 1).

T .
Ho Torma t € (O; 5). [Momo6HOe «OTCeueHre» TPAHWUYHBIX 3HAYEHUU
YaCTO OKasbIBAeTCs MOJNE3HBIM, B YéM MBI yOoeauMcs Hipke. Tak, MmoJio-

T
JKUB X = COSt, te (0, 5), MOXHO IIPpUBECTHU JAaHHOE YpaBHEHUE K BUAY
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8cost - cos2t - cos4t = —1 (chenaiiTe 3TO CaMOCTOATENbHO). Tak Kak
t #0, obe JacTu 3TOro ypaBHEHHS MOXXHO YMHOXHTH Ha sint. [loryuyum
8sintcost - cos2t-cos4t =—sint, win 8sint cost - cos 2t - cos 4t = sin(—t)

(BOT TZle TIPUTOAUIOCH «OTCEUeHUe» 3HAaYeHUsI t = 0 — MHave MPUIILIOCh
OBl OTIOMHUTENBHO paccMaTpuBaTh ciydait sint = 0). ITocienHee ypas-
HEHHe C MTOMOIIbI0 TPEXKPATHOTO NMpHUMeHEeHUA GOPMYJIBI CUHYyCA YZABO-
€HHOTO apryMeHTa K JIeBOM 4YacTu MpUBOAUTCA K BUAY sin 8t =sin(—t),
OTKyZia

=~

_ T, 2nk
t=7+="

rae n € Z, k € Z. HalizeHHble 3HAYEHUsA t TPUHAAJIEKAT UHTEPBATY (0 ; g)

quitb pu n =1, n=2, k=0, k=1. Takum 06pa3om, ]aHHOEe ypaBHEHE
Ha otpeske [0; 1] nmeeT poBHO 4 KOpHS.

Omeem: 4.

B 3akiroyeHHe pacCMOTPUM ZBe 33/1a4M, B KOTOPBIX IPUMEHEHUEe TPU-
TOHOMETPUYECKOH IIO[ICTAHOBKU He BIIOJIHe o4yeBHAHO. [JomMoub B pelle-
HUU TaKUX 33Ja4 MOXKET XOopolllee 3HaHUe pOPMYyJ TPUTOHOMETPHUH U Ha-
BBIKY, IIOJIyYeHHBIE IIPYU CaMOCTOATEIbHOM pellleHUH yNpaKHeHUH apa-
rpada.

ITpumep 4. Pemnte cucTteMy ypaBHEeHUN

x=1-yz,
2z
Y= z22+1°
 Axy(2x*-1)
2T Bt -8+ 1

Pemnienue. BaMeTI/IM, YTO U3 CUCTEMBI HE CJIEAYET HUKAKHNX €CTECTBEH-
HBIX OI‘paHI/I‘{eHI/Iﬁ Ha MEepeMEHHYI0 Z M €C/JU IIOJNIOXKUTh Z = tgt, r7e

T.T
te (—5; 5) (06BsicHUTE TTOYEMY), TO U3 BTOPOTO YPABHEHUS MOTYyIUM

y =sin 2t, HO Tor/ja U3 IIePBOI'0 YpaBHEHU HaMIEM, 4yTO X = cos 2t. Takum
06pa3oM, JaHHYIO CUCTeMY MOXKHO CBECTH K CJIeZyIOIei:

7 = tgt,
X = cos2t,
y =sin2t,

__ 4sin2t-cos2t(2cos*2t — 1)
T 8cos*2t—8cos22t+1
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OTKYy/Zia II0CjIe YIIPOIIeHUH OoIyIuM

7 = tgt,
X = cos 2t,
y =sin2t,
tgt = tg 8t.

Jlanee, U3 ypaBHeHUA tg 8t = tgt HAXOAUM t = %,

TOro, 4TO t € (—g; %), nonmydaeM n = £3; £2; +1; 0. Takum ob6paszom,

rae n € Z. C yuétom

o 2nn . 2mn
peleHus IaHHON CUCTEMBI ZatoTCsT GOPMYyJIaMU X = COS =, y=sin=-,
z=tg %, rae n==x3; £2; +1; 0 (Bcero ceMb Tpoek pelIeHuit).

Omsem: (cos 2—77m; sin 2%; tg %), rme n==+3; £2; £1; 0.

IMpumep 5. Haiigure HanboIbIlllee BO3MOKHOE 3HAUEHHE BBIPAXKEHUSA
x+3y+3z+2t, rme (x; y; z; t) — pellleHHe CUCTeMBbl ypaBHEHUN

x> +y? =4,
224+t2 =09,

yZIOBJIETBOPSIOIIee YCIOBUIO Xt + yz > 6.

Pemienue. VI3 mepBoro ypaBHeHHUA [JAaHHOM CHCTEMBl CjefyeT, 4TO
|x| <2, u ectu ONOXUTEL X = 2cosu, u € [0; ], To y? = 4sin®u, OTKyZa
¢ yuétom ycinoBua u € [0; ] momydum, 4To Yy = 2sinu. AHaJOTHUYHO,
IIOJIOKMB BO BTOPOM ypaBHeHUM gz = 3cosv, Vv € [0; ], Halizém, 4To
t=3sinv. Torga JaHHOE HEPABEHCTBO Xt + Yz > 6 IpUMeT B/,

6sinvcosu+6cosvsinu > 6,

oTkyza sin(u +v) > 1, 9To BO3MOXXHO B TOM UM TOJBKO TOM CJIy4ae, eCIv
. T

sin(u +v) =1. Takum obpasom, u+v = 5 + 27mn, n€Z. Ho u € [0; ],

v € [0; ], moatomy O < u + v < 27, u, caegoBaTenbHo, n = 0. Utak,

u+v= g, OTKyZa vV = % — u. 3HAYuT, z:3cos(§ —u) =3sinu, t =
T

=351n(§ - u) =3 cosu. JlanHoe BeIpakeHUe s =X + 3y + 3z + 2t ¢ yué-

TOM IIOJy4eHHBIX GOpMyT IpuUMeT BUZ s = 8 cosu + 15sinu. HamomHNM,
YTO HauboJblllee U HAaUMEHbBIIee 3HAUEHUs BhIpAXKEHUs acosu + bsinu
MOXXHO HaMTH, HalpuUMep, MpeoO6pa3oBaB 3TO BHIPAKEHUE C ITOMOIIBIO

bopMyJIbl BCIIOMOTaTeIbHOTo yIvia: a cosu + bsinu =1/ a? + b? sin(u + ¢).
Oty dopmyny mpu a > 0, b > 0 JIETKO HNOTYyYUTh, UCIONb3Ys reOMeTpUde-
CKyI0 MHTeprpeTanuto. Jsi BeiBoAa GOPMYJIBI IOCTATOYHO PACCMOTPETh
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MIPSAMOYTONBHBIN TpeyronbHUK ABC ¢ karetamu BC =a, AC =b u rumnore-

Hy30# AB=1/a?+b? (cm. pucyHOK). Eciiu 0603HaunTh 9epes ¢ yron BAC

B

. a
[ 2 12 singp = ——
a?+b ¥ f2 1 b2
b

v a? + b2

cosp =

A b Cc

3TOr0 TPEYroJbHUKA, TO Sinp = [TosTomy

a b
—, COSpY = —/——.
Jair VT Jaim

BhIpaKeHHe a cos U + b sin u MO3KHO IIpeo6pa3oBaTh CIEAYIOMINM 06pa3oM:

acosu+bsinu=\/a2+b2( cosu+Lsinu)
v/ a?+b? \/ a®+b?

= v a®+b?(sinp cosu+cospsinu) = v a®+b?sin(u + ).

B cuny Toro uto sin(u + ¢) < 1, oTcioza U ciefiyeT HepaBeHCTBO

acosu+bsinu < V a%+b2.

B HameMm ciiyyae a=8, b=15, 1/ 82+152=17. [TosTomy max s=1/ 82+152=
=17. 3HaueHue s =17 gocruraercs, eciau sin(u+ ¢) =1, oTkyza u+ ¢ =

Y 7'C .
=5+ 2nk, k € Z. Takum obpasoMm, u = - — ¢ + 21k, rae sinp = 17
15
17 OcraéTca mokasaTh, YTO pellleHHe CHUCTeMBI, I KOTOPOro
BrIpakeHue x + 3y + 3z + 2t gocTuraeT HauboONbIIEro 3HaYeHNs, PaBHO-
ro 17, cymecTByeT. DTO pellleHHe JIeTKO HalTU:

cosp =

T . 16 30
XZZCOS(E_(«P):ZSIH(PZW; y = 2811’1( (10):2COS(10:1_7;

z=33in(%—gp) =3cosp = ‘1}—;; t—3cos(

Nl:l NI:\

. 24
cp) =3siny = 7

Omeem: 17.

PasymeeTcsi, pacCMOTpeHHbIE IIOZICTAHOBKM He HCYepPIIbIBAIOT BCETO
MHO>KeCTBA BO3MOXKHBIX TPUT'OHOMETPUYECKUX MOCTAHOBOK. [1pu perire-
HUY HEKOTOPBIX UPPAITMOHAIBHBIX YPaBHEHUN (HEPABEHCTB U T. 11.) MOTYT

1
OKa3aTbCA IMOJIE3BHBIMHW M TaKHe IIOACTaHOBKH, KaK X = E, X = acost,
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x=atgt (rae a — HEKOTOpOe JJaHHOE YMCJIO) U Ap. Heckombko mprMepoB
Ha IIpUMeHeHYe TIOZ0OHBIX MTOCTAHOBOK COZEPKATCS CPEAU YITPAKHEHUHI
JUUIST CAMOCTOSITEJThHOTO PENIeHNs.

YnpaxueHus k §5.3

1. a) Pemure ypasHenue \/ 1 —x2=4x3 —3x.

6) Pemmre ypaBHeHue y/ 8x3 —6x=1.

2. a) PemuTe ypaBHeHMe |2x — 4/ 1 —4x2| = +/2(8x? —1).
6) PemuTe ypaBHenue |x + v/ 1 —x2|=+v/2(2x%?—1).

1+2x4y/1—x2?

3. a) Pemure ypaBHeHUe 5 +2x2=1.
1—|x| 2
6) Pemnte ypaBHEHUE — = 2x*—1.
4. a) PemuTe ypaBHeHUe X + X = %
x2—1
6) Pemnte ypaBHEHUE X + L= %
x2—1
5. a) Pemmre ypaBHeHHUE X + 2 . /x +1.
24/ x%2+1
6) Pemnre ypaBHeHue x + 1/ x2+ 1= > .
x2+1

6. a) Pemute ypasHeHue x(2x% —1)y/1—x2=0,125v2.

6) PemuTe ypasrenue x (1 —2x%)y/1—x2=0,125v3.
7. a) Haiigute 4mciio KOpHel ypaBHeHU:A

8x(2x%—1)(8x*—8x%+1) =1,
puHazexauux orpesky [0; 1].
6) HaliinTe 91CI0 KOpHEN ypaBHEHUS
x(x*=2)(x* —4x*+2) = -1,
NpuHaZIexxamux orpesky [0; 2].
8. a) Haiigure Bce 3HaYeHUs mapameTpa d, IPU KaXKJOM U3 KOTOPBIX
S _ /2
=0,2a4/ x>+ 25 umeet X0Ts OBl OZJUH KOPEHB.

v/ x%2+425

6) HalizuTe Bce 3Ha4YeHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
=0,5a4/ x% + 4 uMeeT x0T O6bI OJUH KODEHb.

ypaBHeHUe 3x +

ypaBHeHUe 5x +
x*+4
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9. Pemnte cucTeMbl ypaBHEHUI:

Y=

Y
2x=—;
1’
a){ rE

10. Peutuite cucTeMbl ypaBHEHUN:

x?y =y +2x,
a) { 2y +y*z=gz,
2z +x=2%x.

11. Pemnte cucTeMbl ypaBHEHUHN:

x*+y*=1,
4xy(2x*—1)=1.

2x+x%y=y,
6) { yiz=2+2y,

0)

22+ x=2zx.

. 2yz . 2y
s X_y22+1’
1—x 4
a = 6 = -
) Y=1 +x2’ AR 22—-1’
ye 2x g2 x?
T 14x% T 1—x%
12. PemuTe cucTeMbl ypaBHEHUM:
2 2_
x+yz=1, x*+y =1,
2 2 _ Yy _ 2z
a) X +y —1; 6) ;—22_1,
2 _ Y 2xy
1—22 1—2)('2. z:2x2_1'
13. a) Haiizure Hamnbosblee BO3MOXKHOE 3HAYEHNE BBIPAKEHUSA
x4+ 2y + 3z +4t,
rae (x; y; 2; t) — pellleHre CUCTeMbl YpaBHEHUHN
x*+y*=1,
22+t =4,

YZAOBIETBOPAOILIEEe YCIOBUIO Xt + yz > 2.
6) HaiiznTe HanboIbIllee BO3MOXXKHOE 3HAYEHNE BBIPAKEHUSA

4x+3y+2z+t,
rae (x; y; 2; t) — pellleHre CUCTEMBI YpaBHEHUN
x*+y*=1,
{ 22 4+t2 =9,

YZAOBIETBOPAOIIee YCIOBUIO Xt + yz > 3.
14. a) Hatizute Haubombllee BO3MOXKHOE 3HAYEHUE BhIPAKEHUS

2x+3y +3z42t,
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rze (x; y; z; t) — pellleHre CUCTEMbI YpaBHEHUHN
x>+ y2 =9,
22 +t2 =49,

YZO0BJIETBOPAIOLIEE YCIOBUIO Xt + Yz > 21.
6) HatiznTe Hauboblllee BO3MOXKHOE 3HAaYEeHHE BbIPAYKEHUS

3x+2y+2z+3t,
rae (x; y; z; t) — pellleHre CUCTEMBI YPaBHEHUHN
x>+ y? =16,
22 4t2 = 25,

YZOBIETBOPAOIIee yCJIOBUIO Xt + yz > 20.

§5.4. BekTOpHbIE UHTEPIIPETAIUU B ajaredpe

HexoTopble anrebpanyeckue 3azauu (ypaBHEHUSA, HEPABEHCTBA, BbI-
YyicjeHre HaubGONbIIMX Y HAaMMEHBIINX 3HAUEHUN BBIPAKEHUI), KaxKy-
IIMEeCs] HA MEPBbIM B3MIAZ JOBOJBHO CJIOXKHBIMU, MOT'YT OBITH C YCIIEXOM
PEIIEHBI C ITOMOIIBIO Cpe,Z[CTB BEKTOpHOI/I ‘anre6pEl, Mpesk/ie BCEro Hepa-
BEHCTB |a|+|b|> |d + b| ud-b<|dl |b| U YCJIOBUH 06palleHus dTUX
HEPABEHCTB B PAaBEHCTBA. BHaqaﬂe pPacCMOTPUM, KaK MOXXHO IIPUMEHUTh
HEPaABEHCTBO |E|+|F|> |d+ T;I K pellleHuo psiZia anrebpandeckux 3a1a4.
Hepasenctso |d |+ |§| >|d+ T;| npezicTaBsieT coOO0 IO CYIeCTBY HE UTO
MHOE, KaK HEpaBeHCTBO TPeyrolbHUKa (CyMMa AJWH ABYX BEKTOPOB He
MEHBbIIIE JJIMHBI BEKTOPAa, PABHOTO CYMME STHX BEKTOPOB; CM. PUCYHOK).

B AB=1d],
BC=1b|,
a b AC=|d+Db|,
AC < AB+ BC.
A T+b ¢

3HAaK paBeHCTBA AOCTUIAETCA TOTA U TOIBKO TOIZA, KOIZa BEKTOPHL d
u b COHATpaByIeHbl, T. €. KOT/la OTHOIIEHUS UX COOTBETCTBYIOIIMX KOOP-
JVHAT PaBHBI MEX/y COO0M U paBHBI OTHOIIEHUIO UX JAJUH (MOZYyIEH).

IMpumep 1. Haiiaute HaviMeHblllee 3HaUEHNE TTApaMeTpa d, IPU KOTOPOM

ypaBHEHUE \/ x2—6x+10+ \/ x2—4x+8=a vmeeT x0T 6bI OIUH KOPEHb.
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Pemenue. PemuTh 3a3/jlaqy — 3HAQUUT HaWTHU HauMeHblllee 3HAYeHUeE
byHKIIMH

a= \/x2—6x+10+ \/x2—4x+8,
WIN

a= \/(x—3)2+1+ \/(x—2)2+4.

BBeziéM BekTOpHl p{3 — x;1} u ¢{x —2;2}. Torga |p|=1/(x—3)>+1,
I'q]=+/(x—2)2+4, BexkTop p + ¢ umeer koopauHatel {1;3} u |p + | =

=1/12+432 = /10. [TosTomy B cuny HepaBeHcTBa |p|+|q|>|p + | u
Toro, uTo a=|p|+|q/|, moxysaem a > +/10. [TocneHee HEPaBEHCTBO 06-
palaeTcs B paBEHCTBO, TOMBKO €C/IM BEKTOPhI p U ( COHAmpasieHbl. Ho
D || ¢ B ToM 1 TONbKO TOM Cily4ae, €Cii OTHOIIEHUSI UX COOTBETCTBYIO-
IMX KOOPAMHAT PaBHBI MEX/y COGOM ¥ PaBHBI OTHOIIEHUIO WX JJIUH, OT-
Kyza i_T)zc = % (3aMeTUM, YTO TIPH X = 2 BEKTOPHI HE ABJIAIOTCI COHa-
MIpaBJIEHHBIMY, CJIEZIOBAaTENbHO, X # 2 U JleJieHue Ha X — 2 BO3MOXKHO).

8
KopHem mocyieiHero ypaBHeHUsA ABNACTCA X = 5. SHAYMT, HAMMeHbIIee

3HauYeHHe GYHKINU a = \/ x2—6x+10+ \/ x2 — 4x+ 8 mocturaercs npu
x= % u paBHO v 10.

Omeem: V10.

3aMeTHM, 4TO, BBOJSA BEKTOPHL P U (, CIeJyeT BEIOUPATh MX KOOP/H-
HAaTBI TAKUM 06Pa30M, 9TOGHE KOOPAMHATH BEKTOPA P + § He 3aBHCEIH OT
TlepeMeHHOI x. KpoMe TOro, eciii KBaZpaThl KAKUX-TO COOTBETCTBYIONIUX
KOOPZIMHAT BEKTOPOB p U ¢ ABJIAIOTCA YHCIAMH, TO UIA TOTO, YTO6HI GBIIO
BHITIOIHEHO YCJIOBHE COHAMPABIEHHOCTH BEKTOPOB P M  , 3HAKU 3TUX KO-
OpAMHAT I0/KHEI BBIOGMPATHCA OMHAKOBBIMHU. B Go/Tee CIOKHBIX CIydasx,
Kor/ia Ji06as 13 KOOPAMHAT BEKTOPOB p M ( 3aBHCUT OT MepeMeHHOI,
C/le/IyeT HaJIOKUTh OTPaHIYEeHHA Ha OTHOMIEHHA COOTBETCTBYIOLINX KOOP-
AVHAT: 5TU OTHOLIEHUS JO/DKHBI OBITH TOIOKUTETbHBIMH.

[Ipumep 2. Haiizute HauMeHblee 3HaUeHKe ITapaMeTpa d, TIPU KOTo-
POM cJleZiylolliee ypaBHEHHe UMeeT XOTA GBI OJUH KOPEHb:

V=124 (x— 62+ (x— 42+ (x—2)% = a.
Pertenue. PaccMoTpuM QYHKITHIO
a=V0x—1D2+x—6)2+/ (x— 4%+ (x—2)2

U HalgéM e€ HavMeHbIee 3HayeHue. BBeZém BekTOphl p{x — 1;6 — x}
u §{4—x;x—2}. Torna a=|p|+|q|, Bektop P + ¢ HmMeeT KOOpAH-

Hatel {3;4} u |p + | = 1/3%2+4%=5. [looTOMy B CIIy HEpaBEHCTBA
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|P1+1q1>|P + ¢| nonydaem, 4ro a > 5, npu4éM 3HaK PaBEHCTBA JOCTH-
raercs, TOJbKO ecd p 11 ¢, oTKyzaa

x—1 6—x
4—31c T ox—-2
X—
a—x 0

o 22
Pemenuem YpaBHEHUA U BCEU CHUCTEMBI ABJIAECTCA X = 7 (SaMETI/IM, 4qTo

HU TIPY X = 4, HU [IPU X = 2 BEKTOPbI P U ¢ He ABIAIOTCA COHANpPaB/IeHHBI-
MH, CJIeJOBATENbHO, X # 2, X #4 U JieJieHre Ha X — 2 U X — 4 BO3MOXKHO).
3HaYUT, HAaUMeHbIIlee 3HaUeHe GYHKIINU

a=+ =12+ x—6)2+ v (x— 4%+ (x—2)2

22
AOCTUTaeTCA TIPU X = =~ 1 PaBHO 5.

Omsem: 5.

Ob6e paccMOTpeHHbBIE 33/]aYM MOTJIM OBITh PEIIEHBI U C TOMOIIbIO T€O0-
MeTpUYeCcKUX uHTepmpetaiuii (cMm. §4.3). Kakoii MmeTo BbIOpaTh s pe-
IIeHUS TOW WM WHOU 3a7a4y¥ (2 HEKOTOPBIE M3 HUX MOTYT OBITh PellleHbI
HECKOJIbKUMHU CII0cO0aMM), 3aBUCUT OT Pa3HbIX (aKTOPOB: TOTO, KAKOU
METOZ YCBOEH JIydllle, KaXKeTcsl Oojiee MPOCTHIM WM TIEPBBIM ITPUXOAUT
B rOJIOBY Ha dK3aMeHe U T. II.

PaccMOTpUM Temeph HECKOIBKO MPHUMEPOB Ha MPUMEHEHNE HePaBEH-

ctBa d - b <|d|-|b|. D10 HepaBeHCTBO (€r0 HA3HIBAIOT HEPABEHCTBOM
Komu—ByHAKOBCKOro) JIETKO C/IeZlyeT U3 ONpeJeeHHs CKaIAPHOTO IPOo-

U3BeJIeHNsI BEKTOPOB: d - b=|d|-|b|-cos(d, b)<|d|-|b|. 3uax paBeH-

CTBA IOCTUTaeTCA TOTA U TONBKO TOrza, Koraa cos(d, b) =1, T.e. korza
YrOJI MEXK/Y BEKTOpaM# d ¥ b paBeH HYJIIO W, ciefoBaTebHo, d 11 b.
IIpumep 3. Haijaure Hanbonblliee 3HAYEHKE TIApAMETPa d, TIPH KOTOPOM

ypaBHeHHe X ( \/ 1-9x%2+43 \/ 4 — x%) = a uMeeT X0TA 6bI OAUH KOpEHb.

Pertenue. PaccMoTpuM QyHKITUIO d = x(\/l —9x2+3 \/4 —x2) ¢ 06-

11 o . .
Jacteio omnpezenenusa D(a) = [_§ ; §] U HalgéM eé Haubojbliee 3Ha-

deHue. BBenéM BexTophl p{x; V4 —x2} u ¢{1/1—9x2%; 3x}. Torna a=
=7 ¢, |Pl=Vx®?+4—x2=2,|q|=1/1-9x*>+9x>=1. B cuny Hepa-

BeHCTBa P - < |P|-|q| monyyaem, uto a < 2, mpu4éM 3HAK paBEHCTBa
JoCTUraeTcs, TOMbKO eciu p 11 q. 3amerum, uTo mpu X = O BEKTOPHI

P ¥ ¢ He SBIAIOTCI COHATPABIEHHBIMU, TO3TOMY C y4ETOM O6IACTH
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OIpeJe/IEHUA YCJI0OBUE COHAIIPABJI€HHOCTHU UMEET BU/

1—9x2 3x

x \/4—x2’

0<x<

W=

>

OTKyZa
(1-9x2) (4 — x> = 9x4,
1
0<x< 3>
Y TIOCJTEe PACKPBITHA CKOOOK ¥ IIPHBEIEHU MTOI00HBIX CIaraeMbIX MOTy4aeM
2_ 4
- 37’1
0<x< 3
2
[TonoxureabHBIM KOpHeM ypaBHEHI/IH CUCTEMEBI ABJIAETCA X — \/?7’ a

2 2 1 2
. Iloatomy x = —=. CiezoBaTenbHO, HauboOsbIIee 3Ha-

—_— ==
V37 V36 3 V37

yeHre GyHKIUM a = x(\/ 1-9x%2+43 \/ 4 — x?) pocTUTaeTcA IpH X = %
U paBHO 2. 7

X

Omeem: 2.

O6GpaTvM BHMMAaHHWE Ha TO, YTO MPU WCIOIb30BAHUU HEPABEHCTBA
P-4 <|P|'|q| BexTOp®I P M q cieayeT BBOAUTH TAKUM 06Pa3soM, 4TOOHI
160 VX JJIMHBI HE 3aBUCEIH OT TEPEMEHHOI, TUOO0 OTHOLIEHHE JAJIMH 3TUX
BEKTOPOB GBUIO BEJIMYMHOM MOCTOSHHOM. B TPOTUBHOM Cily4ae M3BJI€Yb
U3 YCJIOBUSI COHANPABIEHHOCTH KAaKOe-TO COZEeP)KATeNbHOe ypaBHEHUE
GyZeT 3aTPyAHUTENbLHO WM HEBO3MOKHO. KpoMe Toro, cielyeT OTMETUTD,
9TO ecv B yCJIOBMM (WIH B YCJIOBHAX) COHATIPABIEHHOCTH MPUXOQMUTCS
BBITIOJIHATD /IeJIEHVE Ha BbhIPAKEHHUE, COfeprKalllee HEM3BECTHYIO, HY)KHO
[IPOBEPUTD, HE SIBJISIOTCA JIM BEKTOPBI P M  COHATPABJIEHHBIMHU U B TOM
clydae, KOT/Ia 3TO BhIpakeHHe obpalaercss B Hyab. ECIU 9TOTO He cle-
JIaTh, TO B HEKOTOPBIX 3a/la4yaX MOYKHO TIPOCTO MOTEPATD PEIIeHHE.

Ipumep 4. Haiiaure Hanbosbliee 3HaYEHUE TTApaMeTPa d, IIPU KOTO-
POM ypaBHEHUe

ax? = 2x—1|V/2x =1+ |x =1/ 4x—1,

VMeeT XOTs OBl OJWH KOpEeHb, U YKAaXKUTe KOPHU YPaBHEHUA JJI 3TOTO

3HAYEHUs d. .
Pertenue. IIpaBast YacTh ypaBHEHHUS OTIpe/ieieHa PU X > 5> TI0ATOMY

[2x —1|vV2x—1+|x—1|v4x—1
> .

X

Pac-

€ro MOXXHO IIepenuvcaTb B BUJE d =
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2x —1|vV2x —1+|x—1|v4x—1

x2

cMOTpUM (QYHKIUIO a = ¢ obJacTeio orpe-

1 o . . .
genenusa D(a) = 35 4o | 1 HaWgéM eé HaubosblIee 3HaYeHUe. Bpegém

BeKTOpHl p{|2x —1|; vV4x —1} u ¢{v2x—1; |x —1|}. Torga
Pl = \/|2x—1|2+(\/ 4x —1)? = v 4x2% = 2|x| = 2x,
Iq| = \/(\/Zx—1)2+|x—1|2 =vVx?=Ix|=x.

pP-q =y —
[TocKoOMbKY a = 3 » B CWIY HEPABEHCTBA P - < |p|-|q| monyuaem, uTo
2
X .
a< 2 T.e. a < 2, IpUYEM 3HAaK pPaBEHCTBA JOCTUTAeTCs, TOJIbKO €CIU

—an— 1 - —
p 11 ¢. 3ameTnm, 4TO TIpU X = 5 BEKTODEI D M ( ABJIAIOTCA COHANPaB-

_ 1
JIEHHBIMU, a Tpu X = 1 He ABaA0TCA. Ecmu x # 5 X # 2, TO yCJIOBUE COHa-
MIpaBJIEHHOCTH (C YUETOM 06JIaCTH OTIpEe/ieIeHNs) UMeET B/

2x—1] _ 2x (2x—1)* —4

V2x—-1  x’ 2x—1 — 7

Vi4x—1 2x OTK 4x—1

Yy = - 22 aa =

|x —1] x’ v (x—1)2 4
L x>1

X>§, 3

EayHCTBEHHBIM KOPpHEM II€PBOTO YypaBHEHUA W PEIICHHUEM BCEM cucTe-
5
MBI ABJIAETCA X = 5 CJICLLOBaTeJIbHO, HauboJblIee 3HAYEHUE (by’HKHI/II/I

[2x —1|vV2x —1+|x—1|v4x—1 1
a= 2 , paBHOE 2, OCTUraeTcA MpU X = 5 H

X = E .

Omeem: a=2, x = %, ng.

[ToHATHO, YTO BCE pacCMOTPEHHBIE 3a/la4U ABJIAIOTCA 11O CYIIECTBY 3a-
JlayaM¥ Ha BBIUMC/IeHVe HAaUMEHBIINX U HAauOOJbIINX 3HAUeHUH QYHKIUH
Wi anrebpanvecKyux BBIpAKEHUN. B HEKOTOPBIX 33/ayax MmapaMeTp He
BBOZUTCA U C CAMOI'0 Hayasa pedb UAET O IIOUCKe TaKUX 3HAYeHUH.

IMpumep 5. HaliyTe HavMeHblllee 3HaYeHUE BBIPpAXKEHUA

2= |x+2y|+ v/ (x—3)2+ (y — 4)2.
Pemenune. Beném BekTopnl p{x+2y;0} u {3 — x;y — 4}. Torga
151 =lx+2yl, |71 = (x—3)2+(y—4? z=|F| +|q]|. Bexrop 5 + ¢
nMeeT KOOpAUHATH {2y +3; y —4}, u

P+71=vVQ2y+3)2+( —492 = /5y2+4y +25.
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B cuny HepaBeHcTBa | p |+| ¢ | >| P + ¢ | mony4yaem, uto z>4/5y2+4y+25,
NpyuYéM 3HAK PABEHCTBA JOCTUTAETCA, TONbKO ecu p 11 . KBagpaTHbIN
TpéxwieH 5y + 4y + 25 MONOKUTeNEeH PH JI060M Y B CUITy OTPULIATENb-
HOCTH IMCKPUMUHAHTA U TIOIOKUTENIbHOCTH KoapdunuenTa npu y2. Hau-

2
MEHbIIIETr0 3HAYCHHUA OH JIOCTUTAeT IPH y = —¢. DTO HauMeHbIllee 3Haye-
121 11 .
HHe, KaK JIETKO MOACINTATh, PABHO —Z-. [Moatomy z > E’ MpUYEM 3HAK
2 A —
PaBeHCTBA IOCTUTACTCA, JIMIIIb €CIIH Y = —= U P 11 q, otkyma x+2y =0,
4
U, CJIe/I0BATENbHO, X = .
Omsem: minz—z(i' —2) _ 1L
: =25 75) = &

ITpumep 6. Haiizute Hanbosblllee 3Ha4eHUE BBHIPAYKEHUS

z =y\/1—x2+X\/3+2y—2y2.

Peumtenue. Beezém BekTopsl p{y; v/3+2y —2y2} u ¢{v1—x?; x}.

Tormaz=7p-q,

Bl=vVy*+3+2y-2y>=/4-(1-»?2 [|§l=Vi-2+x>=1

B cuny HepaBeHcTBa p - § < |p|-|q| monyuaem, uro 2 < /4—(1—y)?<
< V/4=2, npuuém 3HaK paBeHCTBA [IOCTUrAETCA, TOJMbKO eciu y =1 (mpu
V3

I/IXZT.

— e n— 1—x2 1
aToM |p|=2) u p 11 ¢, oTKyza 1 =52

Omeem: maxz =g (@, 1) =2.

B 3axroueHre OTMETHM, YTO B HEKOTOPHIX 33/ladyaX BMECTO HepaBeH-
CTBa TPEYTONbHUKA MOXET MCIOMb30BATHCA aHANOTMYHOE €My HepaBeH-
CTBO MHOTOyroJbHMKa. KpoMme Toro, HepaBeHCTBa | d | + |b|>|d+b|u
@-b<|d|l-|b| CIIpaBeINBEI, pa3yMeeTcs, U B TPEXMEPHOM IIPOCTPaH-
cTBe. HeckonbKo 3aja4, TpeGyIOIUX IPUMEHEHVsI HEPABEHCTBA MHOTO-
YTOMBHUKA WM PACCMOTPEHUsI BEKTOPOB B TPEXMEPHOM MPOCTPAHCTBE,
COZIePIKATCS CPeZIN YIIPAKHEHUH /1T CAMOCTOSITENEHOTO PELIeHUs.

YnpaxxueHus k § 5.4

1. a) HatizuTe HauMeHblIIee 3HaUeHUe ITapaMeTpa d, Py KOTOPOM cJie-
Aylolllee ypaBHEHUE UMeeT XOTs OBl OANH KOPEHb:

V4x2 +20x + 29+ v/ 4x% — 28x + 58 = a.
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6) Haiizure HauMeHblllee 3HaUYeHHE IMapaMeTpa d, IIPU KOTOPOM cJie-
Aylolllee ypaBHEHHE MMeeT XOTA OBl OZIH KOPEHb:

\/9x2—6x+17+ \/9x2—54x+85 =a.

2. a) Haiizute HavMeHblllee 3HaYeHNe ITapaMeTpa d, IpXU KOTOPOM cJie-
Aylolllee ypaBHEHHE NMeeT XOTA OBl OZIH KOPEHb:

VGx+1)24 5x+2)2+ v (5x +7)2+ (5x — 6)% = a.

6) HalizuTe HauMeHbIllee 3HAUEHNE TTapaMeTpa d, IIPU KOTOPOM CJie-
Aylolllee ypaBHEHUE UMeeT XOTA OBl ONH KOPEHb:

VA1x+3)2+ A1x+ 72+ v/ A1x +15)2+ (11x+2)2 = a.

3. a) HatiguTe Hanbosblllee 3HaYeHNe [TapaMeTpa d, IIpU KOTOPOM cJle-
Aylolllee ypaBHEHUE MMeeT XOTA OBl OZINH KOPEHb:

x(61/64 —49x2 +71/25 — 36x2) = a.

6) Hatizure HaubosbIIee 3HAUEHYE TTapaMeTpa d, IIPYU KOTOPOM CJIeZy-
I0lllee YpaBHEHUE UMeeT XOTsI OBl OZNH KOPEHb:

x(4V/81 —25x2 4+ 5/49 — 16x2) = a.

4. a) Haiizure Haubosblllee 3HaYEHUE TTApAMETPa d, IPU KOTOPOM CJIe-
Jylolllee ypaBHEHHE MMeeT XOTA OBl OZIH KOPEHb:

ax? = |5x—1|y/6x —1+|3x —1]|y/10x — 1.

6) Hatizure HaubosbIIee 3HAUEHYE TTapaMeTpa d, IIPYU KOTOPOM CJIeZy-
Iolllee YpaBHEHNE UMeeT XOTsI OBl OZNH KOPEHb:

ax? = |7x —1|v/8x —1+|4x — 1|/ 14x — 1.

5. a) Hatiziute HauMeHblIlee 3HaYeHUE BhIPaXKEHU

2= |5x—6y|+1/(5x—3)2+ (3y +4)2.

6) HaliznTe HavMeHblllee 3HAYEHUE BBIPAKEHUSA

7z = |7x+10y|+ \/(7x+3)2+ Gy +4)2.

6. a) Haiigure Haubosblllee 3HaYEHNE BBIPAXKEHUA

z2=yV36—x2+x77+4y —2y2.
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6) HaiizuTe HanboIbIllee 3HaYEHUE BBHIPAYKEHUS

z2=yV 144 —x2+x4/55+6y —2y2.

7. a) PemmTe cucteMy ypaBHeHUN
xX+y+z=+13,
Va2 +1+/y2+a+/22+9=7.

6) Pemrvre cucteMy ypaBHEHUN
x+y+z=+19,
{ Va2 +14/y?+9+ /22425 = 10.
8. a) Pemure cucteMy ypaBHeHUHN

x+y+z=1,
VAXF 1+ 4y +1+ 3z +1 = V21

6) PeliiTe CUCTEMY ypaBHEHUM

x+y+z=2,
V3x+2+4/3y+2++v/3z+2=6.

9. a) PemnTe HepaBeHCTBO v X + 14 v/2x — 3+ /50 —3x < 12.

6) PemmTe HepaBeHCTBO vx — 14+ v/3x+2+ /17 —4x < 3/6.

10. a) PemuTe cucteMy ypaBHEHUH
x*+4y?* 49z =09,
{ V21442 +1+4/922+1 =6.
6) PeliiTe cUCTEMY ypaBHEHUM
x?+2y?+32> =4,
{ Vx2+144/2y2+3+1/322+4=6.




JluarHocTuyeckasa pabora 1

Bapuanr 1

1. [Tpu KaXZIOM 3HAYEHUH [TapaMeTpa d pelIuTe HEPaBEHCTBO
xa?—(5x+2)a+4x+2 > 0.

2. Haiiiute Bce 3HAueHUWs MapameTpa d, IPU KaXJOM U3 KOTOPBIX
ypaBHEHUEe 2x% — (a+3)x%>+2(a— 1)x =0 umeer POBHO ABa pasJINYHbBIX
KOpHS.

3. Haiigute Bce 3HauyeHWs MapaMeTpa d, /Jf KaXXKJOTO U3 KOTOPBIX
GonbIIuii KopeHb ypasHeHHsA X2 — (2a + 1)x + a®> + a=0 B nATh pas
60oJIbIlle, YEM €TI0 MEHBIIUHN KOPEHb.

4. HaiiziuTe BCce 3HAUYeHUs IapaMeTpa d, NMPU KAXKJOM M3 KOTOPBIX
HepaBeHCTBO (a — DHx%—-2(a+3)x+a+2>0 umeer peleHus U a0boe
ero pellieHue MpUHa/JIeXUT oTpe3ky [—1; 1].

5. Haligjure Bce 3HauyeHUs NapaMeTpa d, IPU KaKAOM U3 KOTOPBIX
HepaBeHCTBO 36" — (a — 2) - 6 —a + 5 < 0 uMeeT X0TsI ObI OZHO pellleHHUe.

6. Haiiiute Bce 3HAaYeHWs MapaMeTpa d, /JIA KaXKJOTO W3 KOTOPBIX
ypaBHEHUE 8x°+ (a+x+1)°+2x%+a+x+1=0 umeer X0Ts1 6B OAUH
KOpEHb.

BapuaHT 2

1. Ilpu kax[0M 3Ha4eHUY IIapaMeTpa d pellnuTe HepaBeHCTBO
2xa? — (5x+4)a+2x+2>0.

2. HaiiTu Bce 3Ha4eHUsA ITapaMeTpa d, TPY KaKAOM 13 KOTOPBIX ypaBHe-
Hyre 2x° — (a+9)x?+4(a + 1)x = 0 uMeeT POBHO /[Ba PA3TUYHEIX KOPHS.

3. HaliziuTe Bce 3Ha4YeHUs IapaMeTpa d, AAT KaKJOTO U3 KOTOPHIX
MeHbIINH KOpeHb ypaBHeHus x2 — (2a + 3)x +a?+3a+2=0 B naTh pa3
MeHblIIle, YeM ero GOIbUINI KOPEHb.

4. HatizuTe Bce 3HAYEHMs MapaMeTpa d, TIPU KaKJAOM M3 KOTOPBIX
HepaBeHCTBO (a — 8)x? — 2(a + 6)x +a +4 > 0 uMeeT pelteHus u aoboe
€ro pelleHne MPUHALIEKUT 0Tpe3Ky [—1; 1].

5. Haligure Bce 3HauyeHUs IapaMeTpa d, IPU KaKAOM U3 KOTOPBIX
HepaBeHCTBO 81° — (a+4) - 9* —a — 1 <0 umeeT X0Ts ObI OZHO pEIleHHUE.

6. Haiifute Bce 3HauyeHUs MapaMeTpa d, /A KaXKJOTO U3 KOTOPBIX
ypaBHenue x° + (2a — x — 2)% + 4x? + 8a = 4x + 8 umeeT x0T 6B OZUH
KODEHb.
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BapuanT 1

1. HajizuTe Bce 3HaueHMs MapaMeTpa d, TIPH KaXKAOM M3 KOTOPBIX
ypasHeHue a’ —9a+ 8+ 7|x — 1| +491og, (2x* — 4x +9) =3|2x — 7a + 5|
YIMeeT XOTs GBI OIH KOPEHb.

2. HaiiauTe Bce 3HAaueHWs mapaMeTpa d, NPU KaXJIOM H3 KOTOPHIX

ypaBHEHHE \/(x -4+ (a—8)*=|x —a+1|+|x +a— 15| umeer egun-
CTBEHHBIA KODEHb.

3. HaiiguTe Bce 3HaYeHMs TapaMeTpa d, IPYU KaXKIOM M3 KOTOPHIX CHU-
cTeMa HEPaBEHCTB

a+12x <48,
a+16x > 4x?,
a < 4x

HIMeET XOTs OBl OHO PElIeHNE, U YKAXKUTE PEIIEHUS CUCTEMBI I KaXK/0-
ro 3HaYEeHU d.
4. HaiizuTe Bce 3HaueHUs NapaMeTpa d, MPU KaXJOM K3 KOTOPBIX

ypaBHeHUe ax + \/ 4 — x? =Xx+ 5a — 3 UMeeT e[JMHCTBEHHbINA KOPEHb.
5. Hatligure Bce 3HaueHMA IapamMeTpa, IPU KaXK/JOM U3 KOTOPBIX UMeeT
eZIMHCTBEHHOe pellleHre CUCTeMa ypaBHeHU!

{(x—1)2+(y—3)2 =16,

V=124 (=112 4/ (x—2a — 1)+ (y + 1)? = 24/a® + 36.

6. HatizuTe Bce 3HaYeHUs IapaMeTpa d, I KaKJOro U3 KOTOPBIX IIPU
Jm060M 3HAYeHUU mapameTrpa b mmeeT XOTs OBl OZJHO pellleHue CHUCTEMA
ypaBHEHUMN

2(1+2[y D% + (96> — 6b +2)* = 3,
4zy(z+3b—1) = a®? —3a+2.

Bapuaut 2

1. HaiiiuTe Bce 3HaYeHUA MapaMeTpa d, IPHU KaKAOM M3 KOTOPHIX
ypaBHenue a’ —5a+ 7|x + 1| +491ogs (2x* 4+ 4x + 7) =6+ 3|2x — 7a — 5|
MMeeT XOTs Obl OUH KOPEHb.

2. HaliziuTe Bce 3HayeHMs IapaMeTpa d, IPU KaXIOM U3 KOTOPBIX
ypaBHeHue \/(x +8)*+ (a+5)*=|x —a+3|+|x+a+ 13| umeer eguH-
CTBEHHBII KOPEHb.
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3. HaiiguTe Bce 3HaueHUs MapaMeTpa d, MPU KaXKJOM U3 KOTOPBIX CH-

cTeMa HepaBEHCTB
a+x <4,

3a+4x > x?,
3a<x

HMEET XOTs OBl O[HO PEIIeHUE, U YKAXKUTE PEIIEHUS CUCTEMBI I KaXK/0-
ro 3HaYeHud d.
4. HaliiuTe Bce 3HaueHUs IapaMmeTpa d, IPU KaXJOM U3 KOTOPBIX

ypaBHeHue ax + x + y/ —4x — x?2 =3a+ 5 uMeeT eJUHCTBEHHBIN KOPEHb.
5. HatiguTe Bce 3HaueHUA TapamMeTpa, IPU KaXK/JOM U3 KOTOPBIX UMeeT
€[IMHCTBEHHOE pellleHre CUcTeMa ypaBHeHU!

(x+1)*+(y—5)* =16,
VE+1D2+(y =132+ (x—4a+ 1%+ (y — D2 = 4/ a>+9.

6. HaliguTe Bce 3HaYeHUs MapaMeTpa d, Ji KaXX/J0r0 U3 KOTOPHIX IIPU
Jm000M 3HAYEeHUU TapameTpa b mMeeT XOTs OBl OHO pelleHHe CHUCTEMA
ypaBHEHUM

2(1+ 3]y %% + (4b% — 4b +2)* = 3,
24zy(z+2b—1) = a®> —6a+8.
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BapuanrT 1

1. HaiiguTe Bce 3HaYeHUs MMapaMeTpa d, AJsS KaKAOro M3 KOTOPBIX
MMeeT He MEHEE CEMHM PEIIeHU CHCTeMa YpaBHEHUI

(a®>—13a)x +24y = a® — 16a — 24,
Sx+4y = 2.

2. Haiiiite Bce 3HAYeHWs IapaMeTpa d, MPH KaKIOM U3 KOTOPBIX
ypaBHEHUE COS2X — (3a® — 8a + 2) sinx = 1 uMmeeT Ha oTtpe3ke [0; 27]
POBHO 4 KOpH1.

3. Haiigute Bce 3HaueHWs IapaMeTpa d, IPU KaK[IOM H3 KOTOPBIX
ypasHeHne 25* + (3a% — 7a + 8) - 5* — 5a + 3 =0 uMeeT eJMHCTBEHHbIi
KODEHB.

4. HaiiguTe Bce 3HAUeHHWs IapaMeTpa d, MPH KaXKJOM U3 KOTOPBIX
ypaBHenue 162x> — 9(a + 18)x? — 9ax + a? = 0 uMeeT x0T 6bl OAUH
KOpEeHb, U YKaKUTE KOPHM YPABHEHMS [JIs KaKAOrO W3 HaMIEHHBIX 3Ha-
YeHUH d.

5. HaiiguTe Bce 3HaYeHMs ITapaMeTpa d, IIPYU KaXKIOM M3 KOTOPHIX CH-
CTeMa HEPABEHCTB

(@a+14x+9)(a—2x+9) <0,
a+8x > xz,

VMMeeT eZIMHCTBEHHOE PelleHue.
6. HaliguTe HaMeHblllee 3Ha4eHUe TTapaMeTpa d, TPy KOTOPOM ypaB-

HeHUe \/(X+ 8)2+ (x+2)2+ \/(x+ 14)2 + (x + 3)2 = 13a uMeeT x0T 65
OZIVIH KOPEHb.

Bapuaut 2
1. HaﬁﬂHTe BCE 3HAYE€HUA IlapaMeTpa a, AJAd KaXJZO0ro M3 KOTOPbIX
MeEeeT HE MeHee ceMUu pe]J_IeHI/Iﬁ cucreMa y‘paBHeHI/Iﬁ
4x + (6a®+13a)y = 6a*+ 16a — 4,
4x+5y = 2.
2. Haligure Bce 3HaueHMWs MapaMeTpa d, NMPU KaXKZOM K3 KOTOPBIX

ypaBHeHUe 4 cos 2x — (3a? — 16a + 8) sinx =4 umMeeT Ha oTpeske [0; 27]
POBHO 4 KOpHS.
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3. HaliguTe Bce 3HaueHUs MMapaMeTpa d, MPU KaXKAOM U3 KOTOPHIX
ypaBHenue 49* + (3a2 + 5a + 6) - 7* — 5a — 7 = 0 uMeeT eJUHCTBEHHEIH
KODEHb.

4. HaiiguTe Bce 3HAYeHWs IapaMeTpa d, IPYU KakJOM M3 KOTODBIX
ypaBHenue 32x> — 4(a + 8)x? — 4ax + a? = 0 uMeeT X0TA 6bI OMH KOPEHb,
Y YKaKUTE KOPHU YPaBHEHUs [JIs KAKIOT0 U3 HaMAeHHBIX 3HAYEHUH d.

5. Hatigure Bce 3HaueHUs ITapameTpa d, IPU KaXkZ0M U3 KOTOPBIX CHU-
cTeMa HEPaBEHCTB

(@a+8x+4)(a—x+4) <0,
a+4x > x?,

HMMeeT eJUHCTBEHHOEe pellleHUe.
6. HaiizuTe HauMeHblllee 3HaYeHUe ITapaMeTpa d, IpU KOTOPOM ypaB-

HeHUe \/(x — 724+ (x—3)2%2+ \/(x —11)24 (x — 1)2=10a umeeT X0OTs 6B
OZVH KODEHb.
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BapuanT 1

1. HatiguTe Bce 3HaYeHUs MapaMeTpa d, MPU KaKJOM U3 KOTOPBIX
ypaBHeHue (a — 10)x? — 2(a — 4)x — a + 4 =0 umeeT XOTA OBl OJUH
KOpeHb, MeHbIIUH 1.

2. Haiizure Bce 3HaUYEHUs TapaMeTpa d, IIPYU KaXKI0OM U3 KOTOPBIX JJIS
JI060TO JIeHCTBUTENLHOTO 3HAYEHUS X BHITIOTHEHO HEPaBEHCTBO

a(cos® x —3)?+2a+2sin’x < 8.
3. HalizuTe Bce 3HaYE€HUA MMapaMeTpa d, P KaXkOM U3 KOTOPBIX JJIs
JIF060Tr0 IEACTBUTEBHOTO 3HAYEHUS X BHIITOTHEHO HEPABEHCTBO
|sinx +a®+3a+1|+|2sinx +a® —2a+2| < 5sinx + |2a +a| +5.
4. HaiizuTe Bce 3HAYEHMs NTAPAMETPA d, IIPU KAXKAOM U3 KOTODHIX CH-
cTemMa ypaBHEHUI
|y|+2a = 65sinx,
y*+42% = 12a,
(2a —3)? = 4|z% + 32| +sin*2x + 9
UMeeT XOTA 6Bl OZIHO PellleHNe, M YKAKUTE PEIIeHHs CUCTEMBI IJIS KaXK/j0-

ro U3 HalleHHbIX 3HAYeHUH d.
5. HaiifuTe Bce 3HaueHUs IapaMeTpa d, MPU KaKJAOM M3 KOTOPBIX

T
ypaBHeHUe f (5 — x) = 3a uMeeT XOTs OBl OUH KOPEHb, €CTU

Zf(g—x) +3f(x) = sin® x + 8 cos x + 12 sin x + 2

ZU1s1 TI0OOTO ZIeCTBUTEIPHOTO 3HAYEHU X.

6. Hatigure Bce 3HaueHUs TapaMeTpa d, TP KaXKJJoM U3 KOTOPBIX XOTs
OBl OJHO pellleHre HepAaBEHCTBA X+x+a+ |x —a+ 2| < 2 npuHaAIeXUT
oTpesky [—2; —1].

BapuaHT 2

1. HaliguTe Bce 3HayeHUs MMapameTpa d, MPU KaKJOM U3 KOTOPBIX
ypaBHeHuUe (a + 2)x? —2(a+ 8)x —a — 8 =0 umeeT XOTs GBI OUH KOpEHb,
MeHbIINUH 1.

2. HaiizuTe Bce 3HaUEHUS TTapaMeTpa d, IIPYU KaXKA0M U3 KOTOPBIX JJI
J060T0 IeACTBUTENLHOTO 3HAYEHUS X BBITIOJTHEHO HEPABEHCTBO

3a(cos® x +2)% +6a < 3 +sin? x.
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3. HaiiguTe Bce 3Ha4YeHHUs mapaMeTpa d, IPYU KaXK/IO0M U3 KOTOPBIX IS
JI060T0 IEACTBUTENBHOTO 3HAYEHUSA X BBIIIOIHEHO HEPABEHCTBO

|cosx+a®—3a+1|+|2cosx+a?—8a+17| < 7cosx+|2a®—11a+15|+7.

4. HatizuTe Bce 3HaUYeHUA ITapaMeTpa d, IPU KakJOM K3 KOTOPBIX CU-
cTeMa ypaBHEeHUN

ly|+a = 2sinx,
81y*+2% = 18aq,
9(a—1)% = |2% — 62| +sin?2x +9

VMeeT XOTs ObI OZTHO pellleHye, U YKaKUTe PeIleHNs CUCTeMBI AJIA KaXKA0-
ro U3 HalileHHbIX 3HaYeHUH d.

5. Hafizute Bce 3Ha4YeHWs MapaMeTpa d, MPU KaKAOM U3 KOTOPBIX
ypaBHenue f (1 —x) =0,5a umeeT XOTA OBl OAUH KOPEHb, €CIIH

2f(n—x)+3f(x—§) = cos® x +8sinx — 12 cosx + 2

ZU1s1 TI0OO0TO ZIeCTBUTEIPHOTO 3HAYEHUA X.

6. HaiifuTte Bce 3HaUeHUA ITapaMeTpa a, IPU KaKJOM U3 KOTOPBIX XOTS
6BI OZHO pellleHHe HepaBeHCTBa X2+ a + |x —a — 3| + 6 < 5x npuHaze-
JKUT OTpesKy [1; 2].



JuarHoctuyeckas pabora 5

BapuanrT 1

1. HaiizinTe Bce 3HaYeHMs TTApaMeTPa d, IPU KaXKOM U3 KOTOPBIX ypaB-
Henue 2|x%+2x —3|—2a=|2x —a|+6 uMeeT POBHO TPU Pa3TUYHBIX KOPHS.

2. HatiuTe Bce 3HaueHWs MapaMeTpa d, MPU KaKJOM U3 KOTODBIX
HUMeeT POBHO TPU PA3/IMYHBIX PELIeHUs CUCTEMA YPaBHEHMIA

(x—=52+y—-7?*=09,
y=|x—a-3|+4.

3. Haiizure Bce 3HaUeHHUA IapaMeTpa a, A1 KaXKZ0ro U3 KOTOPBIX IIpU
m060M 3HaYeHUH apaMeTpa b ypaBHeHUe

2x%—8|x|—7|b—2a—4|+3|b—6|—2b+10a = 10

“MeeT POBHO /iBa KOPH.
4. Jlna xaxA0ro HeoTpUllaTeJbHOI'O 3HaYeHusA IlapaMeTpa a Haizaurte

MHOECTBO pelneHuii HepaBeHcTBa a’x* + 18a%x? —27x +81a +81 > 0.
5. Haligure Bce 3HaueHMWs MapaMmeTpa d, MPU KaXKZOM K3 KOTOPBIX

—32 g y/ x? 4+ 16 umeeT XOTA GBI OUH KOPEHb.
Vx2+16

6. Haiizure Hamnbosbllee 3Ha4eHUE TTapaMeTpa d, TPU KOTOPOM ypaB-
Henne ax? =2|x — 1|v/x—1+ |x — 2|+v/2x — 1 umeeT x0T 6bI OZUH KO-
PEHb, U YKOKUTE KOPHU YPAaBHEHUS JJI STOrO 3HAYEHUS d.

ypaBHeHue 40x +

Bapuant 2

1. HaiizinTe Bce 3HaYeHMs TTapaMeTpa d, IIPY KaXKOM U3 KOTOPBIX ypaB-
nenue 3|x%+2x—3|—2a=|3x—a|+9 uMeeT POBHO TPU PA3TUIHBIX KOPHS.

2. HatiguTe BCce 3HaueHWs MapaMeTpa d, MPU KaXKJOM U3 KOTODPBIX
MMeeT POBHO TPU PA3IUYHBIX PENIEHUS CUCTEMA YPaBHEHWIA

(x=3)+(y-6)*=9,
{y =|x—a+2|+3.
3. HaiiguTe Bce 3HaYeHUsI IapaMeTpa d, ZJIs KaXKA0T0 U3 KOTOPBIX IpU
Jm000M 3HAaYeHUHU apameTrpa b ypaBHeHuUe
3x?—12|x|—7|b—3a+6|+3|b—9|—2b+15a = 75

MMeeT POBHO /IBa KOPH.
4. Jlng KaXZOoTo HeoTpHLIaTeJbHOIO 3HaYeHUA IlapaMeTpa a HaizauTte
MHOeCTBO pellleHuit HepaBeHcTBa a°x* + 12a%x? — x +36a + 6> 0.
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5. Haligure Bce 3HauyeHMs IapaMeTpa d, NPU KaKAOM U3 KOTOPBIX
18
=a4/ x?+ 36 umeeT X0TA Obl OAVH KOPEHb.

Vx2+36

6. Haiizute HanboIIbIllee 3HAYEHUE ITApaMeTpa d, IIPU KOTOPOM YpaB-
HeHue ax?=2|x—2[4/0,5x —1+|x—4|v/x—1 uMeeT X0Ta 6Ll OAUH KOPEHb,
Y YKQKUTE KOPHU YPaBHEHUS JJI 3TOr0 3HAYEHU d.

ypaBHeHue 5x +
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I'maBa 1. Jloruyeckuii mepe6Gop B 3aZiayax ¢ mapameTpom
§1.1

1 o
1.a) [Ipua= 5 YPaBHEHHE nmeeT 6EeCKOHEYHO MHOT'O KOpDHEH;
6 o
TPY 4= < yPaBHeHHe He MMeeT KOpHeii;

1 16 6
npu a e (—00; 6) ] (6; g) U (E; +00) ypaBHEHHE MMEET OJIMH KOPEHD;

1 o
6) mpu a= - YpaBHeHUe umeer 6eCKOHEYHO MHOT'O KOpHel;
3 o
TPY 4 = 5 ypaBHeHHe He HMeeT KopHei;

1 13 3
npu a e (—00; ;) U (;; 5) U (E; +00) YPaBHEHNHE NMEET OAH KODEHb.

2. a) [a e +00) mpu a € (—o; 0,25) U (4; +©); (—o; +) npu a=0,25;
(—00; ﬁ] nipu a € (0,25; 4); pelnenuit HeT ipu a =4;
0) (— S Sq ! ] mpu a € (—; 0,2) U (5; +=); pemrenuii HeT ipu a =0,2;

1
[Sa 1’ oo) npu a € (0,2; 5); (—o; +) npu a=>5.

563 305 7 4
3. ) 51 5 )_T 4. a) 0,9, 6) g 5. a) —2,5, 6) 6

6. a) (0,25;0,25) npu a=1; (—1,36; 0,48) ipu a=—3,6;
HeT pelleHNu Npy NMpoYUX a;

6) (1;1) npu a=1, (g, 1—96) npu a:—g, HeT pelleHNuH pu Npoyux d.

7.0 (-2 3)u(53)u(G+2):0 (= 55) (5 35) v (555 +).
8.a) 5; 6)%. 9. )BZ 191} 6) [10,5;11]. 10.a) —1,6; 6) —2.
11. 2) (—o; —6) U[—4; —11; 6) (—0; 2) U[3; 41.

12. a) (—oo; —2] U{1}U[4; +0); 6) (—e0; —1,5]U{2} U[4,5; +c0).

§1.2
14 7 8

1.2) =5:0:6) 0:3. 2.a) 16,4; 6) 54 3.2) (o;g); 6) (o; 6)'

4.a) —0,5;6) 2. 5. a) 1;6) —1. 6.a) (—w;—4);6) (—w; —1).

7.a) (=5;—=3);6) (—4;6).
8.a) (—w;a—{—g)u(a; +) npu a<0; (0; +) mpu a=0; (a;a—f—%) pu a>0;

0) (—00' 2a+i)u(2a; +0) pu a<0; (0; +o0) pu a =0; (2a; 2a+i) mipu a>0.
9. a) ( +— —2) npu a <0; pemeHuit Het npu a=0; (—2; —2+175) mipu a>0;

. _3 : . —0:(—3-—34+2
6) (— ﬂ’ )npna<0,pemeHI/mHeTana—0,( 3; 3+2a) pu a > 0.
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10. a) (2,5;4,5);6) (—0,8;1,6). 11. a) a— moboe yncio; 6) a — ar0b60e YnciIo.
12.2) 2:6) 2. 13.2) [4;+%); 6) [-1; +2).

14.2) (—e; =310 - 3; 0| U{-2vZ; 23}; 6) (—s; —5]u[—§;0}u{—«/6; J6}.
15.a) [-1;+=); 6) [—0,5;+). 16.a) —13; —8; —5;0;6) —2; 0; 2; 4.

17.a) (—4; —1)U{0}u{2}; 6) (—14; —5)u{—2}Yu{4}.

18.a) (—5;—-4]U[-3;—-2);6) (—=1;0]U[7;8). 19.a) [-1;1];6) [—1;2].
20.a) [-1;1];6) [-1;1]. 21.a) (5;9);6) (—4;13).

22.a)a:§;{2;3};6)a:%;{1;3}. 23.2)7:6) 2. 24 a) [3;13]; 6) [8;9].

25. a) (—; —2]U[2; +2); 6) (—»; —v/3]U[V3; +=).

26.a) [0; 1) U{3;4}U(5; +=); 6) {41U(5; +x=).

27.a) a=—4, b— moboe uncio; a=4, b=2;

6) a —moboe uncno, b=2;a=1,b=—-2;a=-1,b=-2.

28. a) (—2,5; —0,75)U(-0,75;1); 6) (—2;0,5)U(0,5; 3).

29. a) (—oo; =2)U(=2; —0,5) U (1; +); 6) (—»; =3)U(1,5; 6) U (6; +=).
30. ) (=23 3 ) UL +); 6) (—; 0,5)U(0,75; +0).

31.a) (—; —0,5)U{0; 1} U (2,5; +%); 6) {—2; 0} U (1; +).

§1.3

3.a) (=3;-1); (=1;-3); (1;3); (3; 1); 6) (1; —2); (2; —1); (—=1;2); (—2; 1).
4.2) (-1;1); (1;3); 6) (=1;4); (1;6).

5.a) (1;1); (2;2); (=1;5); (=2;4); 6) (1; =1); (3; 1); (=1;5); (—3; 3).
6.a) (7n—2;5n),n€Z; 6) (11n—3;7n), n€Z.

7.a) (11n—2;2-5n),n€%Z; 6) (6+13n;1+7n), n€Z.

8.a) (0;0);6) (=1;-1). 9.a) (1;-2); (=1;-2);6) (=3;—-1); (=3; 1).
10.a) (3; —1); (1; 1); (=3;1); (=1;=1); 6) (1; —1); (1;0); (—1;1); (—=1;0).
11.a) (11;1); (3; —1); 6) (8;1); (2; —1).

12.a) (1;1); (1;2); (=1; =1); (=1;=2); 6) (1;1); (1;3); (=1;=1); (—=1;=3).
13.a) (-1;5); (1; 1); 6) (1;1); (—=1; =5).

14. a) (0; —1); (0; 1); (2;1); 6) (2; 1).

15.a) (1;1); (=1;-3); 6) (1; 1); (—=1; —2).

16.a) —5;-3;—-2;0;1;3;6) —7; —2; —1; 4.

17.a) —1;6) —11; —1. 18. a) [Ipo6s HecokpaTuma; 6) 2. 19. a) 7; 6) 23.
20. a) 210;6) 330. 21.a)2)1;1;5;6)2) 1;1;2;3.

22.a) 1) 4131;2)1;6)1) 1045;2) 1. 23.a)1) 3;2) 72;6)1) 3;2) 96.

24. a) 1) Ja, natipumep, b, =216, ¢, = %; 2) HeT;

6) 1) na, Harpumep, b; =512, ¢, = %; 2) HeT.

25. a) 1) Her; 2) HeT; 3) na, HanpuMep, 1,2, 4,6, 8, ..., 2046;

6) 1) uert; 2) HeT; 3) Aa, Hatpumep, 1, 2,4, 6,8, ..., 2076.

26. a) 1) Het; 2) ma; 3) 549; 6) 1) Het; 2) ga; 3) 477.

27. a) 1) 44; 2) orpunarenbhbix; 3) 17; 6) 1) 36; 2) orpunarenbHbix; 3) 16.
28.a)1) —8,—5,7;2) 7;3) met; 6) 1) —6, —3, 5; 2) 5; 3) HeT.
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29. a) 1) Hert; 2) HeT; 3) ma; 6) 1) "Het; 2) HeT; 3) za.

30. a) 1) Hampumep, (1+1+1)-(1+1+1D)-1+14+1D)-1+1+1D)-A+1);
2) nampumep, (1+4+1)-(4+14+4)-(1+4+1)-(4+1+4)-1-4;

6) 1) mampumep, (1+14+1)-(A1+1+1)-A+1+D-A1+1)-(A+1);

2) manpumep, (1+7+1)-(7+1+7)-(1+7+1)-(7+1)-(7+1).

31.a) 1) 160; 2) ga; 3) 20; 6) 1) 120; 2) za; 3) 20.

32.a) 1) Her; 2) 2a; 3) 3 6) 1 wer; 2) za; 3) 2.

33. ) 1) Her; 2) 1a; 3) 22, 6) 1) ner; 2) za; 3) @

34.a) D Ja; 2) 13; 3) 70,6) D za; 2) 11; 3)

35. a) B uncie 16,9 ruzposnor mpomycTuI 3armTon, a B uucie 15,9 BMecTo
3aTSITON MMOCTABUI HYJIb;

6) B umcie 25,9 MeTeopoJIOr IIPOIYCTIII 3aIIATYIO, a B Yucie 23,9 BMeCTo
3aTsITON MMOCTABUJI HYJIb.

36. a) 1) [la, HarpuMep, ecyiv TepBOHAYAIBHO Ha ZIOCKe OBUTO 24 Yncia,
paBHBIX 1, u 6 ymcesn, paBHbIX 31; 2) HeT; 3) 18,5;

6) 1) ;a, HapuMep, eIy MepBOHAYAIBHO Ha Z0cKe 6bUTO 19 unces, paBHbIX 10,

.. 1
Y OZTHO YKCJIO, PaBHOE 1, KOTOpPOe IIOTOM CTEPJIH; 2) HeT; 3) 38;.

I'maBa 2. KBasgpaTHbIii TPEXWIeH B 3aZjladax ¢ MapaMeTpoM
U HeCcTaH/AAapTHHIX 3aja4ax
§2.1

1.a) g; 6) g 2.a) (—=;3,2);6) (—»;—0,5). 3.a)1;6) —
4.a) —4;6) —2. 5.a)5;6) —8. 6.a) (—1;0)U(0;4);6) (—1;0)U(0;9).
7.a) (—o; —=5]U[—3,2; 0]U{—4; 4}; 6) (—x; —4]U[—2,25;0]U{-3; 3}.
8.a) [1;4+x);6) [—2;0). 9.a)2;06) 3.
10.a) (—6;—-1);6) (—o; —1)U(7; +). 11.a) (—w; —0,5)U(0; 3);
6) (—2;—-1)u(;2). 12.a)[2,5;3,5];6) [-1,5;—0,5].
13. a) +arccos va+ 3+ nn, n€Z, upu a € [—3; —2]; Ipu Ipouux a KOpHel HeT;
6) £arcsinv2—a+mn, n€Z, npu a € [1; 2]; Ipu MPOYMX a KOPHEH HET.
14. a) [0,2;0,6]; 6) [3; 41.
15. a) *arccos(a+3) +27tn, n €Z, npu a € [—4; —2]; Ipu Ipouux a KOpHeH HeT;
6) (—1)"arcsin(a+2) + nn, n€Z, npu a € [—3; —1]; Ipu MpoYUX a KOPHEH HET.

16.2) {ﬁ 1} pu a € (—; 01U (2; +o0); {1} npu a € (0; 21;
6) {3 1} npu a € (—o; —2]U(2; +); {1} mpu a € (—2; 2].

o [0 . 100 (2] [ 00 [,
19. a) (—oo;—z]u[garoo) 6) (—o0; —2]U [ 23+
20. a) (1,5;+x); 6) (—2; +«). 21.a) (—0,25;0,5]; 6) (—1,75;0,5].

22.2)5:6)3. 23.a) —7;—0,6;6)0,75;3. 24.a) —%; 6) —g.
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25.2) —2;6) 3. 26.a) —o,3;6)—§. 27.a)[ ; ﬂ 6) [—%;ﬂ.

28.2) v/7;6) —v3. 29.a) 2n+0,5,n€Z; 6) n+0,25, n€Z.
30.a) (2;2);6) (—25;—1). 31.a) (8;3;0);6) (0;81;4).

32.a) —0,5; 6) — 17 33.a) (4: —3:0); (2; —1:2): 6) (0; 1;0); (—1;2; 2).

§2.2

.a) (1;2);6) (—2;3).  2.a) (—»; —3)U(—=3;3);6) (—5;5) U (5; +x).
.a) (—;—-0,5U(0;3); 6) (—2; —1)U(1;2).

.a) (=1;0)U(1:4); 6) (=3; —2)U(2,5;3). 5. a) (
. a) (=0,25;0,5); 6) (—1; —0,7).

. a) (—00; —%)U(O; %)U(l;—{—w); 6) (—w;—g)U(O; %)U(Z;—{—w).
.a) (—o; —1)U (—%;O) U(%;—f—w); 6) (—oo; —2)U (—%; —1) U(—%;—f—w).
.a) (—4;—-1)U(0;0,5);6) (—2; 1)U (2;2,5).

0.a) (—1;0)U(2;27);6) (0;1)u(3;28). 11.a)[-1;3];6) [—2;2].

12. ) [~4;0]; 6) [=5; —1]. 13.2) (—1—16;%];6)( 16,034]

15 247, 31 49
14. ) (E’ 25}’ 6) (16’ 25]
15. a) (—o0; —1]U[2; +%); 6) (—o; 0]U[3; +).
16. a) (—o; —2]U[1; +%); 6) (—; —4]U[—1; + ).

13 17

=52 ):6) (2:2.8),

=\ 0 N O A~ W

§2.3

.a)( : 22‘/—)u(25 F0): 6) (—m; —9 — v/B9) U (20; +00).

.a) (5;4=);6) (0,2;+x). 3.a) [—2;+x); 6) [0,75;+x).
. a) (—oo; —2]U{0}U[2; +0); 6) (—o; —3]U{0} U [3; +).
.a) (—2;1,5);6) (—4;1,5). 6.a) (—4;2];6) (—6;2].

.a) (—2;3);6) (—6;+). 8.a)[3;+2);6) [1;+x).

. a) [4; +=); 6) [ 3; +).

3— \/

10.a) ——— HpI/I a€(—o; —1)U(1; +);

3++4/2a%2-1 V2 V2

) IIpU a € [—1; —7] U [7; 1]; IIPY TIPOYUX a KOPHEHN HET;

5—+2a%—-1
6) —

ONNUAN =

npu a € (—w; —1) U (1; +);

54+4/2a%-1

+ npu a € [—1; —g] U [?, 1]; IIpY IIPOYUX a KOpHEU HeT.
11. a) (—; +) npu a € [2; +x);

(—o0; —logs(1++v/2—a)]U[logs(14++v/2—a); +) npu a € (—x; 2);

6) (—o; +o) npu a € [3; +x);

(—o0; —loge(1+v3—a)]U[log(1++/3 —a); +) npu a € (—x; 3).
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12. ) 2a—3+v3a—2 npu ac (1; +); 2a—3+v/3a—2npuac [%;1};
IIpY IIPOYUX a KOpHe HeT;
6) 2a+3++v3a+1upuae(0; +=); 2a+3++v/3a+1nupuac [—%;O];
IpU IIPOYUX d KOPHEH HET.
13.a) (—1;5];6) (1;7].
14. a) (—»; —2—V/6) U (V2; +2); 6) (—00; —2—24/2) U (2; +0).
15.a) (2;3]; 6) (10;15]. 16.a) [2;+»); 6) (—o; 1].

1
17. a) (o, %) 6) (~0,25;0).

137

18. a) 5%+2nn,neZ — + 271k, k€Z; —+21'cl lez;

0) 3%+27‘cn nez; —+27'ck keZ.
13 9
19. a)( ’16) 6) (_16’1) 20. ) (_T’ ) 6) (1__ )
21.a)0;1;6) —1;1. 22.a) 35:i:2x/— -0,5;1; 6) 12,1 3.
23.2)0;2;6) 5. 24.2) -2;6) 2. 25.a) - }‘Z 6) —0,5.
2 3f 2+3v2 5-6V7.54+6V7
26'3)[32 R e [P
27. a){ }u[z 4);6) {2;2,5}U[4;9).
2° 3 3 3
28. a) {0}U 2+ v3; 2+ V5); 6) {0}U ( +v3, +3¢_)
29. a) (—6;7);6) (—8;7).
30. a) x=0 mpu a =0; o6a KOpHs MOJIOKUTENbHEI TIPU a > 4;
KOpHEHN HeT MpU MPOYNX 3HAYEHUAX d;
6) x =0 mpu a =0; 06a KOPHs TOJIOKUTENbHBI TP ad > 5;
KOpHEHN HET IMpU MPOYNX 3HAYEHUAX d.
31.a) [-V2; DU[V2; +); 6) [—v/3; DUV3; +).
32.a) [1;+®); 6) [0; +x). 33.a) (—w; —1];6) (0; +).
34.a) (—»; —2— V5 U(V/5; +®); 6) (—»; =3 —v3)U (V3 —1; +).
35.2)a<0;6)a<0. 36.a)1—+/2;5++/10;6) 0,5;2+ 2.
37. a) —E +2mn, n€Z; arctg(0,5) +2nk, ke Z;
6) — +21'm nezZ; t—arctg2+2nk, k€Z.
1 3 3 33 4
38. a) [g’f)u(z’ 32] ?[ 2 O)u( ,3} 39.a) (2;8); 6) (0,5;1).
40. 2) (o;g);a) ( o ——)u(s +).  41.a) {0,25;1}; 6) {1;1,75}.
42.a) t+2nn,n€”Z; 6) 2nn, n€”Z.
43.a) 4—+va+12mpuae(—8; —=3)U(—3; +=); mpu IpoUUX a KOpHEH HeT;
6) 3—+va+5npuae(—4; —1)U(—1; +«); mIpu IpOYUX a KOPHEN HET.
44. a) (0; +) mpu a =0; [—g; O) U (8a; +) mpu a € (0; +);
peleHu HeT TIpu a € (—o0; 0);
6) (0; +o) mpu a=0; [—L;—a; —a) U (0; +) npu a € (0; +);
peleHu HeT Ipu a € (—0; 0).
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45.2) {1—v/a>—2a+5; 1+ Va?+4a+8} npu a € (—w; —2);
{1-+va*—2a+5;1—Va*+4a+8} mpu ae[—2; 1];
{1++va?—2a+5;1— v/ a®+4a+8} npu ac (1; +);

6) {-3++va’+4a+5;-3—+va>—6a+10} npu a € (—x; —2);
{-3—-+va*+4a+5;-3—+va?>—6a+10} mpu ac[-2;3];
{—3—\/a2+4a+5'—3+\/ a?—6a+10} mpu a € (3; +x).

46. a) — +1'm 2nm,n€Z, mEZ, upu a=— 1;i%+2nl,l€Z, mpu a =0;

V7 + 27k, k €Z, npu a =1; Ipu IPOYMX LENbIX d KOPHEI HET;

1 —
=+
arccos —

6) — +21'm mm,n€Z, meZ, npu a=0; (=1 TE—H'CZ leZ, npu a=1;

(—1)’“rl arcsin V7=
47.a) (—o; —2+log; a) npu a € (0; +); (—w; log,(—a)) npu a € (—=; 0);
npu a =0 peleHU HeT;

6) (—o; —2+log, a) mpu a € (0; +»); (—w; —1+4log,(—a)) npu a € (—»; 0);
npu a =0 pelieHU HeT.

-1-y2a*-1 —1+\/2a2—1)npnae[_ ﬁ)u(ﬁ ]

48.a)( 2 ; 3 1;—7 7;1 ;

—-1++v2d%2-1 .
(—|a|; f) npu a € (—oo; —1) U (1; 4 0); mpu IPOYUX a PEIIEHHH HET;

o (/I VI (eI

) ;1] mpuac (—1;1]; [—1, ) )
mpu a € (1; V21; [-1;1] Tpu a € (V2; +0); TIPU TIPOYUX d PEIEeHUN HET.

+ nk, k €Z, npu a =2; Ipy IPOYUX LEJbIX d KOPHEH HET.

I'naBa 3. [IpuMeHeHUe CBOHCTB QYHKIIHI K PELIEHUIO
ypaBHEHUH U HEPaBEeHCTB

§3.1

1l.a) -2;6) —-1. 2.a)2;6)2. 3.a)(—2;5);6) (—6;—1).
4.a) [3;6);6) [1;4). 5.a) [4;8];6) [2;6). 6.a) [3;+); 6) (—o;2];
7.a)1;6) 3. 8.a) —3;6) —3.

9. a) (—0,6; —0,6); (0,6;0,6); 6) (—0,4; —0,4); (0,4;0,4).

10. a) (-0,2;0,2); (0,2; —0,2); 6) (—0,1;0,1); (0,1;—0,1). 11.a) _%; 6) _%_
12.a) [-2; 6]; 6) (—o; —4]U[3; +»). 13.a) H:Zx/_ 1.6) 1ﬂ:2\/1_7; 1

22 23 59 61
149 (555 )i 0 (55 )
15.a) (1; 1, 1); (25 2; 2); (=3; =3; =3); 6) (1515 1); (=2; —2; —2).
16.0) (=, Sho 11 17,2 1452056 [-4; 61,
18. a) [-2,5;3,5]; 6) [-2,5;1,5]. 19.a) [-8,5;—3,5]; 6) [-2,8; —1,4].
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20. a) (nn; nk;c), k€Z,n€Z, ceR, npu a=0;
((—1)"‘ arcsina + m; (—1)! arcsina + nl; §+27'cr), mez,l€Z, rez,

npu a €[—1; 0) U (0; 1]; mpu Ipouux a pelieHUl HeT;

6) (0;0;¢), ceR, npu a=1; (log, a; log, a; log, 2) npu a <€ (0; 1) U (1; +);
MIPU TIPOYUX A PEIIeHUH HeT.

21.a) [—3;4];6) [-4;3]. 22.a) {—2}U[2;+x); 6) {—5}U[5; +x).

23. a) 1; 6) [—%; %} 24. a) 0,8; 1,25; 6) —4; —0,25.

§3.2
L) 0;6)0. 2.2) —7 +2nl,1€Z; 6) 7 +27l, €Z.
-a) =5 +2nl, €% 6) 7il, l€Z.
. a) g-{—ZTCk, ke€Z; 2nn,n€Z; 6) g—{—nk, keZ;2nn,n€Z. 5.a)0;6)0.

. a) (2; §+2nk), kez; 6) (n+2nk; -3), keZ.

.a)4;6)2. 8.a)—1,2;6)0,75.

. a) 1,2 mpu a = —6; npu IpoYMNX a KOpHeH Her;

6) 0,3 npu a =—1,25; Ipu IPOYMX a KOPHEH HET.

10. a) {—1; 2} npu a=4; {0; 1} mpu a =0,25; 11py MPOINX a KOpHEU HeT;
6) {—1;2} mpu a=5; {0; 1} npu a =0,2; TIpu MPOYKX a KOPHEH HET.
11. a) 3; 6) 10.

12. a) 10; 100 mpu a = 2; pu IpoYMX d KOPHEH HeT;

6) 0,1; 100 mpu a = —2; pu MPOYUX a KOPHEN HeT.

13. a) 0,5 npu a =2,5; Ipu IPOYUX a KOpHeH HeT;

6) —1,5 npu a=1,5; Ipu IpOYUX a KOPHEH HeT.

14. a) (1; 2; 3) npu a =2; IpU [IPOYMX d PEIIeHUH HeT;

6) (—3; —2; —1) npu a = —3; Ipu IPOYMX d PEIIEHUN HeT.

15. a) (10; 20; 30) mpu a < —6; puU MPOYUX d PEIIEeHUN HET;

6) (—40; —50; —60) mpu a < 7; Ipu MPOYUX a PEIIEHUH HeT.

16.a) (—o; —6]U[6; +»); 6) [-7;5]. 17.a) —5;7;6) —8; 4.
18.a) (—2;2);6) (—1;1).

19. a) (—o0; =5]U{3}U[4; +); 6) (—oo; —3]U{2} U [3; +).
20.a) (3;0)6) (1;0). 21.a)[-5;1];6) [-5;1].

22. a) (ntk; 0;2) mpua=4, keZ;

(% + %; 0; O), n€Z, npu a =0; Ipu IPOYNX d PEeUIeHUI HET;

ON & » W =

n 21k nn
6) (£+55750;-2), kez, mpu a=2; (540;0), nez, npn a=0;
IIpY MIPOYUX a pelIeHUu HeT.
23.a) [-0,1;0,1]; 6) [—1;1]. 24.a) —2;6) 2. 25.a)[—8;—2];6) [—9;1].
26.a) —1;6) 2. 27.a)0;6)2. 28.a)2;6)0,5.

2n—3 T T T 57
29. a) (1, 7 ),neZ, 6) (§’ €+27'm), (—g,?+2ﬂ:m),n€Z, meZ.
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nn mk T m

o5 ?,—E-FT),TIEZ,I(EZ,TTIEZ,
_qp.®mm o nk )

6) (( 1 ataigt3igtmm nezZ, ke, mel.

30. a) (il—”z +

31.a) (g—f—rm; §+2nk; g—f—nm), nezZ, kezZ, mez;
(—g + 7r; —§+27'Ct; 2111), rez,tez,l€Z; 6) (g + 1tn; 27k; nm), nez,

keZ, meZ; (—g—f—nr; T+ 27t; (—1)1‘%—{—751), rez, tez,lez.

32.a) (1;0); (—1;0); 6) (1;0); (—1;0).

33. a) (0;0,5); (—1; —1,5); 6) (—2;1,5); (0; —0,5).

34.a) [-2,4;0];6) [-4,8;0]. 35.a) (—1;2); (—1;—2);6) (—2;—1); (2; —1).

36. a) (0,5; 1); 6) (% %;1). 37.2) x,=1,kEN; 6) x, ==, keN.
38. ) (2;-2), (-2;2), (v2;2v2), (=v2; —2v2);

6) (3;3), (=3; —3), (2V3; V3), (—2v/3; —V3).

39. a) %; 6) . 40.a) [-2;0,5]; 6) [-1 %}

4l.a) x=1npua= —%; TIpY TIPOYUX d KOPHEH HET;

6) x =—1 1pu a =2; Ipu NPOYUX ad KOPHEH HET.

s .2 s
42. a) x=-¢ +2rk, k €Z, npu a—arcsmﬁ +§+2ﬂ:n, nez;

571 .2 s
X——?+2T5k, keZ, npu a——arcsmﬁ—§+2nn,n€Z,

IIpY IIPOYUX a KOpHeN HeT;

6)x=%+2nk,k€Z, npu az%—i—Zrm,nEZ;

x=%+2nk, k €Z, nipu az—% +2nn,n€Z;

IIpy IpovYux a KOpHeﬁ HET.

43. a) (—?; 7; —9); (—23£; 1; 1); 6) (?;2;0); (?, -1; 5).
44.a) m; m+1; ©1+3;6) 2n—8; 2m; 2w — 1.

45.a) 6n—1; 6n;6n+2;6n+3,n€%; 6) 12n—2; 12n+2, n€Z.
46. a) {—7;7}; 6) {—5;5}. 47.a) {-3;3};6) {—2;2}.

48.a) {—2;2};6) {—4;4}. 49.a) {—6;6};6) {—3;3}.

50.a) {—7;7}; 6) {—3;3}.

51.a) {-5}U[10—5+/3;10+5+3]; 6) {-3}U[6—3+3;6+3+/3].
52.a) {—2}U[4—2v3;4+2+/3];6) {-5YU[10—5+/3; 10+5+/3].
53.a) {—3}U[6—3v3;6+3+/3];6) {—6}U[12—6+/3; 12+ 6+/3].
54. a) {—4}U[8—4+/3;8+4+3]; 6) {—4}U[8—4+/3;8+4+/3].
55.a) {—4}U[8—4+v3;8+4+4+/3];6) {—5}U[10—5+/3;10+5+3].
56.a) {—5}U[10—5+/3;10+5v3]; 6) {—2}U[14—8+/3; 14+ 8+/3].

§3.3
1.a)1;5;6)1;2. 2.a)—4;0;4;6) —6;0;6. 3.a)1;5;6)2;6.
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4.2) 0;4sin1;6) 0;tgl. 5.a) —v/3;6) —v2. 6.a)0;1;2;6)0;1;4.

7. a) a — IPOU3BOIbHOE UPPALMOHATBHOE YUCIIO;

6) a — IPOU3BOIBHOE UPPALNOHATBHOE YUCIIO.

8. a) a — TIPOM3BONILHOE MPPALOHAIBHOE YKCIIO, b — IIPOM3BOIBHOE IIEJI0e YHCIIO;
6) a==2, b — IpoU3BOIbHOE UPPALMOHATBHOE YUCIIO.

9. a) a=>5, b — npousBoIbHOE UPPAIMOHAIBHOE YHCIIO;

6) a=4, b — IpoU3BOIbHOE UPPALKOHAIBHOE YHUCIIO.

10.a)4;6)6. 11.a)2;6)4. 12.a)4;6)2. 13.a)0,4;6) %
14.a) —4;6) —2. 15.a) —1;2;6) —3; —2. 16.a) 2;6) 5.
17.a) —2;6) —3. 18.a) —2;6) —1. 19.a) —0,5;6) 0,5.
20.a) (—-2;-2);6) (1;1). 21.a) —1,5;2;6) —3,5; 2.
22.a)3;6) —4. 23.a)1;6)1. 24.a)[—4;10];6) [-9;9].
25.a) [1;17]; 6) (—oo; 21U[10; +).

I'naBa 4. I'paduyeckue HHTEpPIpETALNU
§4.1
1. a) Pemenuii HeT Ipu @ € (—; 2); x=5Tpu a=2;

X € [122_a;3a—1} npuac(2;6]; x€la—3;3a—1] npuac (6;+x);

6) peureHui HeT 1pH a € (—oo; —3) U (9; +);

a—18 3a-5
3 7 2

x=—-7npua=-3; x=—-3npua=09; xe[ }npnae(—S;S];

X € [a_318;15—2a} mpu a € (5;9).

2. a) Pemenuii HeT Ipu a € (—o0; —2) U (2; +); {2} npua= —2;
[2%;2} npu a € (—2; 0]; [221;1] npu a € (0; 2];
6) pemeHul HeT Ipu a € (—oo; —2) U (2; +); {0} npua= —2;
[—%;O] mpu a € (—2; 0]; [—G;Z;—l] nipu a € (0; 2].
3. a) Pemenuii HeT Tpu a € (—o0; —2) U (2; +);
a+4

{-1} mpu a= —-2; [— 2 ;—1] npu a € (—2; 0]; [— ;—2] npu a € (0; 2];
6) pemeHul HeT IpHU a € (—oo; —2) U (2; +); {3} npu a= —2;
|:4—a 4—a

T;S} npu a € (—2; 0]; [T;Z] npu a € (0; 2].
4. a) Pemenuti HeT npu a € (—oo; —8) U (3; +); x=4 npu a=—38;
x=6mnpua=3; x€[4—+v2a+16;4++/2a+16] npu a < (—8;0];
xe [Za; 24;2‘1] npu a € (0; 3);
6) pemieHuii HeT TIpU a € (—w; —4) U (3; +»); x=6 ipu a=—4; x =9 npu a =3;
xe€[6—-3va+4;6+3vVa+4] npuac(—4;0]; xe [Sa; 12—a} mpu a € (0; 3).
5.a) [0; +); 6) (—o; —2]. 6. a) (1,5; +); 6) (4; +).

7. a) pelleHUY HeT Ipu a € (—oo; —g) U (2; +); x=3 npu a:—g;

a+4
2
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x=4npua=2;x€[3—-+v7a+9;3++v7a+9] npu ae(—g;O];
x€[a?;3++/7a+9] npu a< (0; 1]; x €[a?; 10— 3a] npu a € (1; 2);

6) pellieHui HeT TpU a € (—oo; —%) U(2; +); x=1 npu az—% na=2;

xell—+v3aFL:1+v/3a+1] anae(—%;O];

(12 (12
xe [Z; 1+x/3a+1} npuac (0;1]; xe [Z;S—Za] npu a € (1; 2).
8. a) Pemenuii HeT Tipu a € (—oo; —4) U (12; +); x =0 npu a = —4;
x=4mnpua=12;x€ [—\/a+4; #] pu a € (—4; 0];
xe [?, \/a+4] mpu a € (0; 12);
6) peuieHui HeT TIpH a € (—oo; —27) U (9; +©); x =6 npu a =—27;

a-:;-9; \/9—a} pu a € (—27; 0];

xe [—m; ‘93;(1} npu a € (0; 9).

9.a) xe(—w;alupu ac (—w; —4); x€(—w; —4]U{2} npua=—4;
x€(—=w;alU[2—+va+4;24+va+4] npuac(—4;0);
x€(—w;4]npua=0; x€(—x;2—+va+4]U[a; 2+ va+4] npuac(0;5);
x€(—o; —=1]U{5} mpu a=5;

x€(—=w;2—va+4]U[24+Va+4;a] npu ae(5;+x);

6) x€(—w; —3—+/9—alU[-3++v9—a; —a] npu a € (—x»; 0);

x € (—o; —6]U{0} mpu a=0;

x€(—=w; =3—-+v/9—alul[—a; =3+ +v/9—a] npu a<(0;5);

x€(—o; —1] mpu a=5;

x€(—w; —al]u[-3—+v9—a; -3+ +v9—a] npu a < (5;9);

x€(—ow; —9]U{-3}mpua=9; x&(—w;—a] npuac(9;+x).

10.a) x€[-5;5] mpuae (—oo; —@]; xe [_5; _%a} npua e (_@. _E};

x=0npua=9; x€ [—

3 3’7 4
xe[%a;—%] HpPIaE(—%;O); x=0mnpu a=0;
x€ [—374(1; %a] npu a<€(0;3]; xe€ [—%a; \/25—a2} mpu a € (3; 41;

xe€[—4/25—a? \/25—a?] npua<€(4;5); x=0mpu a=5;

pelieHui HeT npu a € (5; +);

6) peuieHui HeT Mpu a € (—; —12) U ( 1%6; +00); x=-5npua=-12;

xe[—\/169—a2;i—§] U a € (—12; —5); xe[—lZ;—%]U{lZ}HpHaz—S;
x€ [—\/ 169 —a?; i—;] U [—%; v/ 169—a2} npu a € (—5; 0);

x€[-13;13] npu a=0; x€ [—13; —%] U [5—a~ 13} IpU a € (O; %);

12°
325 65
xe{-13}u 3313 mpua=33;
5a 65 156 156
xe [ﬁ, 13] nmpuac (ﬁ, ?), x=13 npu a—?.
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11. 2) \/7+1; m—s;@ T2 5

3 4 3
12. a) Peutenuii HeT pu ae(—w;—g)u(2;+oo);
x=%6 anaz—%;x=4ana:2;

x€[4—2a;5—0,5a] npn ae(—%;l};xe[Z“;S—O,Sa] pu a € (1; 2);

6) pelLleHUH HET IIpU a € (—00; —g) U((; +«); ng Ipu a:—g;
x=2mpua=1; xe[1—a; 2,25 —0,25a] mpu ae(—g;o];

x €[2%;2,25-0,25a] npu a€ (0; 1).

13. a) 0,75; 3log; 12; 6) %; log, 18.

14. a) Pemenuii HeT pu a € (—; 1)U (4; +); x€{2; 8} npua=1;

x€[2;2“]u[§;8] npu a € (1;2); x€[2; 8] npua=2;
8 a. . 2y. .8 —a.
xe [2, ﬂ U[29; 8] mpu a € (2;3); x€ [2, 3] U{8} ip1 a=3;

x€ [2; g} npuac(3;4); x=2mnpu a=4;
6) pemeHuii HeT Ipu a € (—; 1)U (4; +»); x€{1; 4y npua=1;
xe[1;2¢7 U [4 4} npu a € (1;2); xe[1; 4] npu a=2;

xe [1; ﬂ U[2“fl1;4] npuac(2;3); x€ [1; g} U{4} npu a=3;

X e [1; ﬂ npua € (3;4); x=1mpu a=4.
15. a) Pemenuii HeT pu a € (—; 0) U (2; +); x =1 nnpu a=0;
x€[l—a*;1+a*lnpuac(0;1]; xe[1l—a?*;4—2al mpuac (1; vV/6—11;
x€[2a—4;4—2a] HpHaE(\/g—l;Z);XZOHpI/IGZZ;
6) pemeHui HeT TIpu a € (—o; 0) U (2; +); x=0,5 npu a =0;

- 2 _ 2
1 Za ;12(1 :| npu a € (0; 1];x€[1 Za ;2—a} anae(l;\/g—l];
x€la—2;2—a] Hpnae(x/g—l;2);x:0npna:2.
16.a) xe(—w;a—1]U[3—a; +x) mpu a € (—x; 0);
x€(—o; —=1JU{1,5}U[3; +) mpu a=0;

_ 2 2
xE(—OO;a—l]U[3 za ;3-;a ]U[S—a;—l—oo) npu a € (0; 1);
x€(—w;0]U[1l; +) npua=1;

—q? 2
xE(—OO;a—l]U[3 2a ;3—a}u[3-;a ;+0°) Hpnae(l;x/g—l);
x€(—0;4—V6]U[5—V6;+») mpua=+6—1;
2 2
xe(—oo; }U[a—l;S—a]U[g%;—f—oo) HpHaE(\/g—l;Z);
x € (—; —0,5]U{1}U[3,5; +») npu a=2;
3—a?

2
xe(—oo, 5 }U[Bza;-koo)npnae(z;-koo);

6) x€(—w;a—3]U[1—a;+) npu a < (—x; 0);

v

3—a
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x€(—o0; =3]U{-0,5}U[1; +c0) npu a=0;

2 2_
x€(—»;a—3]u [_a ;1; a4 5 1] U[1l—a; +%) mpu a € (0; 1);
x€(—o; =2]U[-1;+») mpu a=1;

x€(—w;a—3]U [—a2+1'1—a} u [a2_1;+oo) npu ac (1; V6 —1);

2 2
xe(—w;Z—x/g] U[3—1/6;+°°) mpu a=+6—1;
2 2_
xe (e~ ula=3;1-au [T+ ) mpu ae (V6 —1;2);

x€(—o; —2,5]U{—1}U[1,5; + ) npu a=2;
xe(—w;—azgl] U [a22—1;+w) npy a € (2; +).

17. a) Pemenuti HeT npu a € (—o; —3) U (2,25; +»); x=0 npu a=—3;
x€[-0,4a—1,2;0,4a+1,2] npu a € (—-3; —1,75];

xe [w;0,4a+1,2] npu a € (—1,75; 2];

xe [3_ ”;’_4“; 3+ ”29"4“] mpu a € (2; 2,25); x = 1,5 mpu a =2,25;

6) peureHui HeT 1pH a € (—oo; —3) U (2,25; +»); x =0 mpu a = —3;
x€[-0,2a—0,6;0,2a+0,6] pu a € (—3; —1,75];

xe [3_7 f"‘m;o,za+o,6] npu a € (—1,75; 21;
xe 3_V9_4‘1~3+V9_4a] Iy a € (2; 2,25); x=0,75 npH a=2,25.

4 b

18.a) —3;1,5;6) —6;3. 19.a) 0;7;6) 0;5.
20.2) {3} npua€(—»; —1)U(1; +); [-1;3] mpu a=—1;
{Saa_+15; 3} npu a € (—1; 1); [3; +) npu a=1.
6) [1; 2] mpu a =2; [2; +) npu a=—2; {2} npu a € (—o; —2) U (2; +=);

2a
{2, m} npu a € (—2; 2).
21.a) (—o; =N U{=5;3tU4; +); 6) (—o; —12)U{-7; 81U (9; +=).
22.a) 12—-8+/3;2;6) 12—8+/3;2. 23.a) —9; —5;6) —4;0. 24.a) —4;6) —1.
25.a) —2,25;4;10; 6) —12,25;18;30. 26.a) —16;9;33;6) —4;0; 12.
27.a) —3; —1;0;2;6) —5; —3;0;2. 28.a) —4;—2;0;2;6) —3; —2;0; 1.
29. a) (—»; =4)U{—=3; 03U (1; +); 6) (—o; —9) U{—6,75; 0} U (2,25; +0).
30. a) (—2,25; —2)U(=2; 0)U(0; 0,25); 6) (—4; —=3)U(=3;0)U(0; 1).
31.a)0;5;6)0;7. 32.a) —6;0;6) 0;15. 33.a)5;8;6)9;21.
34. a) (—4; —3,84)U(—3,84; 0) U (0; +); 6) (—0,5;0) U (0; 6,72) U (6,72; + o).
35. a) Pemenuii HeT ipu a € (—o0; —1); x=1npua=—1;
x€[l-va+1;14++va+1] npuaes(—1;0];
x€[—4/0,5a;1—+va+1]U[+/0,5a; 1+ va+1] npu a € (0; 8);
x€{-2}U[2; 4] npu a=8§;
x€[1—va+1;—4/0,5a]1U[1/0,5a; 1+ va+ 1] npu a € (8; +);

6) pelieHui HeT Ipyu a € (—o; —2); x =1 mpu a = —2;
X € [1—\/1—1—%;1—1—\/1—1—%] npu a € (—2; 0];
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X € [—\/5;1—1/14—%] U [\/5;14—,/14-%} npu a € (0; 16);

xe[—4; —-2]U{4} npu a=16;
X € [—\/5;1—1/14—%] U [14—,/1—!—%; \/E} npu a € (16; +).

§4.2
1.a) 4;6) —0,25. 2.a) [—7;1]U[2;4+2);6) (—;3)U(4; 7].
3.) (00053 )50 [-5:-5 ) uior.
4. a) [—1;—%)u{0}; 6) {0}u(i L
6.

i35). 5 —241,6) —12; 0,5,

a) OauH KopeHb, ecyu a € (—o; 0] U (0,5; 2); ABa kopHA, ecnu a €{0,5; 2};
TPpHU KOPHs, eC/Id a € (O; %) U (2; +);
6) ofiH KOpeHb, ecu a € (—o; 0]U (%, 3); ZIBa KOPHA, eciik ae{%; 3};
TPU KOPHS, €Ciu a € (O; %) U (3; ).
7.2) a€ (~; 01U (0,5;4,5); 6) a€ (0 0,5) U ( 203 + ).

ﬁ;
8.a) (—2;0);6) (—4;0). 9.a) (1,2;1,25);6) (2,4;2,5).
4 5 2 5
10.) (5 6}; 6) (g; E} 11.2) [-1;2)U(2;51; 6) [-2,5; ~1)U(—1;0,5].
12.a) [1; +») npua=1; [-3; 1] npu a=—1;
{%Z; 1} mpuac(—1;1); {1} npuae(—ow; —1)U(1; +);
6) [—4; —3]lnpua=2; [-3;+x) npua=—2; {—-3} npuac(—w; —2)U(2; +x);

3a+10
{—3,— ) }HpHaE(—Z,Z).

1 1 1 1 1
13.0) ~—5 — =105 6) (—ﬁ,—4ﬁ)u(—4ﬁ,0).
14.a) —5;0; V5—2; V/5+2; 6) —20; 0; 2(vV17 —4); 2(V/17 +4).
15. a) (—30;0) U (0; 3(+/26—5)) U(3(v/26 —5); 3(+/26+5));
6) —30;0; 5(v/10—3); 5(+/10+3).
16. a) (—6; 11U{8}YU[9; 10); 6) (—oo; —6]U{2} U [8; +).

17. a) (0; 0,25]U{1}; 6) (o; %] U{3).

§4.3
1.a) 10;6) 13. 2.a) v/41;6) 44/10. 3.a) 10;6) 13. 4.a) 13;6) 10.
11 1 1 3
5. a) _E’6) —2,5. 6. a) 7,75, 6) —ﬁ. 7. a) 45, 6) ZE

8. a) 64; 16;6) 169;9. 9. a) 169; 81; 6) 196; 16.
10. a) (2%; 10); 6) (3,75;3). 11.a) —8;—2;2;8;6) —7; —3;3; 7.

12.a) —10; —5;2;7;6) —5;1;3;9. 13.a) Zi;/%; 44+/6; 6) 9*;/%; 5+ /6.
14. a) £6+/3; 6) £5+/3. 15.a) 4;6) 5.
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16.
17.
18.
20.
21.

a) [-2; 1D)u(1;4];6) [-4; —1DuU(-1;2].

a) —v65—3; —2; 2; vV/65+3; 6) —17; 4—+/89; /89 —4; 17.

a) 8—5+v2;3;5v2-2;6)5-3v2;2;3v/2—1. 19.a) 4;6) 4.

a) —2;6) 1.

a) OzHo perieHue, eciu a = —5; Ba pemrenus, eciu a € (—5; 7) U{13};

TPU pelleHus, eciiy a = 7; 4eTsIpe pelienusd, ety a € (7; 13);

HET peuleHui npu a € (—oo; —5) U (13; +);

6) ofiHO pellleHue, eciu a = —8; /1Ba pelenus, ectu a € (—8; 6) U{13};
TPU pelleHus, eciu a = 6; 4eTsIpe pelieHus, ey a € (6; 13);

HeT pelleHnuH npu a € (—oo; —8) U (13; +o0).

22.
24.
26.
27.

29.
30.
32.
34.

a) [1;5v2]; 6) [2;8v2].  23.a) [5—3V2;8V2]; 6) [4—2V2;6V2].
a) %; 1;6) %; 2. 25.a)0;10;6)0; 17.

a) (=5v2; —=5]1U[5; 5v2); 6) (—5v/5; —5]U[5; 5V5).

a) —g; 2:6) —2:3. 28.a) —0,2:0,2: 6) —0,2; 0,2.

a) [2—2v6; —1]U[5;2+2v6];6) [3—4v6; —5] U[11;3+46].

a) (1;2); 6) (1;2). 31.a) [-1,75;8]; 6) [-1,75; 8].

a) (0;11; 6) (0;1]. 33.a) (1—+10; —2)U{0}; 6) (1 —+/10; —2) U{0}.
a) [-5;5v2—10); 6) [-5;5v2—10).

I'maBa 5. [lpyrue MeTo/ bl
§5.1

1.a)1;6)2. 2.a)—-3;1;6)0,5;3. 3.a)1;6) —1.
4.a) [—3,5;42);6) (—»;3]. 5.a) (—3;+x);6) (—x;2,5).

6. a)(

3

o536 (—oosx ). 7.2) (—05=2,5); 6) (—o0; —2).

8.2) (6;+%); 6) (—oo; 12 ).

§5.2

1. a) Eum ae(—%;O)U(O; 6)U(6;+»), Tox=a,x=1%£+v4a+1;
ecma=0,Tox=0ux=2; ecmma=6,Tox=—4ux=6;

1 1 1
eMa=—-,ToxX=—-ux=1; eumac|—w;—= |, T0x=a,

6) ecmua e (—%; O) U(0;3)u(3; +), To x= a

4’ 4 4

_1£4/8a+1

20X 4

ecomma=0,Tox=0ux=0,5; ecmma=3, Tox=—1ux=1,5;

1 1
e a=—,,TOX=—7-UX=

1
eciu a € (—00; _§)’ TO X =

NSRS

1
8’ 16 4’

2.a) Ecma€ (4; +»), o x=%3/a; ecma=4, 10 x<€{—6;2;6};
e a € (0;1,44) U (1,44;4), To x=+3/a, x=2++/4—aq;

ecmu a=1,44, o x€{-3,6;0,4; 3,6}; ecmua=0, To x<{0;4};
ecmi a€ (—;0), To x=2++v/4—aqa;

6) eciu ae(O' ﬁ)U(ﬁ +w),Tox:i4ﬁ,x:1i«/a_4—1;

> 925 225°
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32 2 32
LT E}’ ecm a=0, To x €{0; 2};
ecmmac(—1;0), tox=1x+va+1; ecma=-—1,T0ox=1;
ecnu a € (—o; —1), To KOpHEH HeT.
3.a)16;6)9. 4.a)—1;17;29;107;6) 5;9;77. 5.a) —14;6) 7.
6. a) Ecmu a=0, To x € [—0,25; +);
2++v/4-2a —2+v/4-2a
Jul )
2a 2a

ectn a €[2; +), To x € (—0; +);
6) ec a=0, To x € (—; 0,5];

1—«2@} U [HF;“");

ey a 64 OXE{
Had=555T

e ae (0;2), To xe (—00; -

ecmnac(0;1), To xe (—oo;

et a€[1;4+), To x € (—o; +©).

7.a) (=»;0]U[3; +); 6) (—o; 0]U[12; +0).

8.a) xe(—w;2a]l npu a€(—w; —4); x&(—w; —8]U{4} mpu a=—4;
x€(—w;2alU[4—-2va+4;4+2va+4] npu a<(—4;0);
x€(—w;8]lmpua=0; xe(—w;4—2vVa+4]U[2a;4+2+va+4] npuac(0;5);
x € (—ow; —2]U{10} mpu a=5;
x€(—w;4—-2v/a+4]U[4+2va+4; 2a] npu a € (5; +»);

6) xe(—ow; —6—-2v9—al]U[-6+2v9—a; —2a] npu a € (—x; 0);
x€(—w; —12]U{0} mpu a=0;

x€(—w; —=6—-24/9—al]U[—2a; —64+2v9—a] npu a<(0;5);
x€(—w; =2] npu a=>5;

x€(—w; —2a]U[-6—-2V9—a; —6+2vV9—a] npuac(5;9);
x€(—o; —=18]JU{—-6} mpua=9; x&(—w; —2a] npuac(9;+x).

9.a)—\/§;6) % 10. a) —2+/2; 6) +/10.

11. a) 450 uzgenuit nepBoro Tuma; 225 U3zenuil BTOpOro TUNa;
MaKcuMasibHast IpUbUTh paBHa 42750 7. e.;

6) 225 uzzenuii nepBoro tuma; 450 U3gennil BTOpPOTo THIIA;

MaKCHUMaJIbHasA NpUOBUIb paBHA 64 125 7. e.

12. a) 10 uzzgenuii mepBoro tumna; 0 u3Jeauii BTOPOTroO TUIA; MaKCUMaIbHAas
mpubbsUIb paBHa 50000 7. e.;

6) 20 uzgenuii nepBoro tumna; 0 U3eanuil BTOpOro THIIA;

MakKcuUMasbHasA npu6sUts paBHa 300000 7. e.

§5.3
V2, 5T, n 57 T
1.a) — 5 5€0s =5 cos } 6) {cos g > C0s g ,cosg}
V2, 117, V2 T
2. a) cos—}, 6){ 5 ,cosﬁ}

%o D) an {330 (2:2)
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9n r, V3, 511
6.2) {COS 16 > 976> © 16’ } 6){ 12° 29713 2}'
7.2)3;6) 4. 8. a)( 15;15); 6)( 10; 10).
9. a) (0;0);

T . T 57 . 5m 51 . 571

6) (cosE,smS) g—cos§4 —smg), (cos g n?), (—cos?,—sm?).

mn mn
10.a)( tg gty ) e n=+3; £2; +1;0;

6)( tg — > ,—tgzﬂ tg%) rae n==43; £2; £1; 0.

=
11. a) (0;1;0); («/_, % %) (—ﬁ;—%;—?);

6) (O'O-O)' (ﬁ,«/_ «/_) ( g ﬁ;—ﬁ);(—sing;—tg%;tgg);
(nsedia)

12. a) (1; 0; 0); (1 B ) (522 (-5 2 va):;

> 20 /3 2’ /3 2> 2
(-3:-55-3):
6) (1;0;0); (—1;0;0); (cosE,sm— tg — = ) (cosg;—sing;—tgz?ﬁ);
( T . T 27 ;i T 27 21t . 27 T
—cos g'—smg;tg?); ( cos = 5, g;—tg?); (cos?;sm?;—tgg);
( 27 27 27 . 21 T T 27 T
cos —- ,sm— tg— ); (cos o> —sin—; gg ;(—cos o> —sin—/; tgg)
13. a) v/145; 6) ¢130. 14. a) 10/13; 6) 94/13.
§5.4
1.a) 13;6) 10. 2.a)10;6) 13. 3.a)40;6) 63. 4.a) 15;6) 28.
2\ _ 11 4 2 11
5.a) ming= 2(2 —5)—‘/3 6)m1nz-z( 35 25) 7
6. a) maxzzz(ZT,2)=54 6) maxz=2z(1,5v/55; 3) =96.
V13 V13 V1 5
7-2) (TI;IT’TZ)’Z )Z(g:g:g—g) .
8.9 (5:3:5):0 (553) sa[HFo 7]
10. a) (:l:f :l:? ; ;5) (co BceMH BO3MOKHBIMU KOMOMHALIMAMU 3HAKOB —

Bcero 8 penreHuit);

V2
) (:I:ﬁ; :l:7 ; 0) (co BceMH BO3MOKHBIMU KOMOWHAI[UAMY 3HAKOB — BCETO
4 pemeHus).

JluarHoctudeckas pa6ora 1

Bapuanm 1. 1. [ﬁ; +00} npu a < (—o; 1)U (4; +); (—wo; +o) npua=1;

(—00; aE‘J pu a € (1; 4); HeT pelleHU IIpu a =4.
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2.1;5. 3.025. 4. (—%;—1] 5. [4;+®). 6. (—oo;—g].

2
Bapuaum 2. 1. [E’ Foo

(—00; é] nipu a € (0,5; 2); HeT pemieHudt Ipu a =2.

) npu a€(—; 0,5)U(2; +); (—o; +o) mpu a=0,5;

2.-1;7. 3.-0,75. 4. (—H —2] 5.[—2; +). 6. (—oo;g]

JuarHoctudeckas pabora 2

Bapuanm 1. 1. {—6}U [15—7+/3;15+7v3]. 2. {6;10}.
3. Pemenuti HeT npu a € (—o; —16) U (12; +00); x=2 nipu a = —16;
4—+a+16. 4+¢a+16] pi a € (—16: 0];

2 ’ 2
xe[f-“sl—;“] mpuac(0;12). 4. [1 5)u{1} 5.42v3. 6.1;2.

4’ 3’7
Bapuarnm 2. 1. {—8}U [13—-7+/3;13+7+3]. 2.{-7;-3}.
3. Pemenuii HeT Ipu a € (—oo; —g) U(l;4o); x=2n1pua=—

x =3 npu a=12;xe[

4-
3’
x:3HpHa:1;xe[2—\/3a+4;2+\/3a+4]npnae(—g;o};
x€[3a;4—almpuac(0;1). 4. [——'——)U{—l}. 5.+3. 6.2;4.

Jlmarsoctudeckas pa6ora 3

Bapuarm 1. 1. —=2. 2. 0; 2.2,8 (0,65 +).

,31 13
+
4. Ecmu ae(—%;O)U(O; 54)U (54; +x), Tole%,x:%;

ema=0,Tox=0ux=1; euma=54,Tox=—2ux=3;

9 1 1 9 a
EUIM A=—7,TOX=—¢7, X=73; eomae(—oo,—z),Tox—ﬁ.
5.-16;9;33. 6.1.

Bapuanm 2. 1. % 2. 0; 5,4 = 3. (=14 +=).

4. Ecmnae(—1;0)U(0;24) U (24; +x), Toxz% xX=
ema=0,Tox=0ux=1; euma=24,Tox=—2ux=3;

1+va+1,

ECHI/I(IZ—].,TOX:—%,XZ%; e a€ (—ow; —1), To x =
5.—4;0;12. 6.1.

Juarsoctudeckas pa6orta 4
Bapuanm 1. 1. (—; 4]JU[7; +x). 2. (—00; %) 3. (—oo; =3JU{0}U[2; 4+).
4. (ntn; 0;0), n€Z npu a=0; (g +27k; 0; —3), keZ npu a=3;

IIpY IIPOYUX a pellleHui HeT. 5. [—1; g] . 6.ae(—»;1,5].
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1

Q0 —
> 11
4. (ntn;0;0), n€Z npu a =0; (g-{—Zﬂk; 0; 6), keZ npua=2;

IIPY NIPOYMX a pemreHud HeT. 5. [—6;10]. 6. a&(—w; —0,5].

Bapuarm 2. 1. (—w; —8]U[—5; +). 2. (— ). 3. (=5 01UE3}UIS; +20).

JlwarHoctu4deckas pabora 5

Bapuanm 1. 1.—4;%. 2.5-3v2;2;3V2-1. 3.(—;2).
4. Ecm a=0, To x € (—x; 3];
‘3—3\/1—4a:|U|:3+3\/1—4a.+oo).

1
eanae(O,Z),Toxe(—oo, oa %a ;

eCHI/Ia€|:%;+°O),TOX€(—OO;+°°). 5.a) (—40;40). 6.a=1,x=1,x=5.

Bapuaxm 2. 1.—6;%. 2.8-3v2;5;2+3v2. 3. (—»;6).

4. Ecmu a=0, To x€(—x; 6];

1—+v1—24a 14++v1—-24a
2a }U[ 2a ;+°o);

+oo), To X € (—o; +). 5. (=5:5). 6. a:%, x=2,x=10.

ewtn a € (0' i) TO X € (—oo-
) 24 ) b
1

ectn a e [2—4;
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