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2015-2016 yue6mbIii TO |

MynuunassHelil ran 42-it Becepoceniickoil oTmMIna sl o Ma-
TeMaTHKe Cpeau IMKOJIbHUKOB Pecnybiuku Tarapcran cocrosiics 23
HostOpst 2015 1. B cocrapmennn 3aad MYHHUITUTAIBLHON OJIMITAATHI
IIPUHUMAJIN yYacTue npernogasaTean Ka3zanckoro yHusepcurera:

U. C. I'puzopvesa, M. H. Kundep,
B. A. Counesa, M. B. ®aruneesa.

Pernonaspubtit aran 31oit ommmnua st nporéna B hespase 2016 r.

B ampene aToro ke roja cocrosiiach 6-g OTKpbITas MaTeMaTH-
qeckast onummuaia namsatu B. P. @putenaepa. [lo Tpagumnun na neé
MIPUTJIAIIAIOTCS, B OCHOBHOM, y4yeHUKH 7-11 Kaccos ropona Kazamm.
OrnuaurenbHas 0COOEHHOCTD TOH OJUMIINAILI B TOM, UTO IIpPEIJIa-
TaBINIIeCS 3391 OBLIN OOIMMH JI/TsT BCEX YIACTHUKOB. VIMEHHO Tak
MIPOXO/IUJIN TIEPBBIE MOSBUBIIKMECS €IE B TPUANATHIE TOIbI MPOIILIO-
ro BeKa MaTeMaTUYIeCKNe COPEBHOBAHUS ITKOJLHUKOB T. Kasanu. B
COCTaBJIEHUU 33J[a9 ITOU OJIMMIINAbI IPUHUMAJIA yIaCTHE:

U. C. I'puezopvesa, M. U. Kundep,
B. A. Counesa, M. JI. Bponwmetn.

24-ro anpena 2016 r. IncturyT MmaTeMaTuku n Mexanuku KOY
coBmecTHO ¢ jnrieem umenu H. U. Jlobadesckoro KOV u IT-mumeem
K®Y opranuzosan Typrup onbix matemarukos um. H. U. Jlobaues-
CKOTO sl YYEHUKOB 5-7 KJAcCOB. B osmmMmmnmnajie IPUHSIN ydacTue
6osee 1200 mkosbaukoB Pecrybuimku Tartapcran. CocraBuresb 3a-
naqa Typuupa oubix MaTematukoB — M. . Kundep.

Hinxke npecraBiieHsl yeioBust U 0 IpOOHBIE PEIIEHUS 38181 BCEX
[IEPEYINCIICHHBIX OJTMMINa . B ckoOKax 1mocsie ycaoBus 3a1a49u yKa3a-
Ha pamMumsa eé aBTopa.



4 MyHunumaapHbIA 3Tam

MyHununaJbHbI 3Tarn

8 kJacc

1. Ha nmocke mamucansl nBa wucsaa. OJHO M3 HAX YBEJIUYUIN
B 6 pa3, a spyroe ymenbmmian Ha 2015, nmpu 3TOM cyMMa YuceJs He
n3MeHms1ack. Haliimre XoTst ObI OHY APy TAKUX JHCEJI.

2. Uzsectro,aro a? + b = 3ab u a # b. BeraucanTe 3nadenue

Bpra?KeHI/IH
a+b

a—b’

3. OKpy>KHOCTb KATUTCS CHAPYXKM 10 KBaJIPaTy, AJIUHA CTOPO-
HBI KOTOPOI'O PaBHa JjnHe OKpyKHoCTH. CKOJIBKO MOJIHBIX 000POTOB
c/leJIaeT 3Ta OKPYKHOCTh BOKPYT CBOErO IEHTPa K MOMEHTY BO3Bpa-
[IEHUs B UCXOJHOE IOJIOZKEHMe?

4. lano yucyio 2015. Pazperraercst 3a ouH X011 JinOO BBIYECTH
U3 4Yuciaa cyMMmy ero nudp, jgubo mepecTaBUTh €ro Iudpsl B JTI000M
nopsiike. Hampumep, u3 uuciia 13 MO2KHO 3a OJ[IH XO/JL TIOJIYIUTh JINOO
quciio 9, ymbo yucso 31. Kakoe HanMeHbIee mooKUTEIbHOE IUCIIO
MOXKHO TIOJIyIUTh, IEHCTBYsI TAKAM 00pa3om? (M. Kundep)

5. I3 6ymaru BBIpe3aH MPABUILHBINA MECTUYTOJILHUK, TO €CTh
BBIIIYKJIBIA MIECTUYIOJBbHUK, ¥ KOTOPOI'O BCE CTOPOHLI PABHBI U BCE
yIJIBI paBHBI. MOXKHO JTH, CKJIAJIBIBAsT €r0 M0 MPSIMBIM JIMTHUSM, TTOJIY-
YUTH IPABUJIBHBIN MIECTUYTOJBHUK, Y KOTOPOT'O IVIOMIA b B TPU Pa3a
MEHBbIIIE ILJIOMIA/IM UCXOIHOTO IECTUYTOJbHIKA ! (M. @anruneesa)

9 kJacc

6. Haiiinre nanMeHbIee HATYpaabHOE YHCIO0, 715 KoToporo 20%
u 75% OT Hero SBJISIOTCA IEJIBLIMI IUCTAMH.

7. Cymma 65 gucen pasna 2015. Korma camoe 6oibiiioe u3 HIX
YBEJIMUWJIK B TPU pasa, a JApyroe yMeHbIIWIu Ha 62, cymMMa Bcex
quces He u3MeHuIach. Hailjiure HanMeHbIllee Cpe/i STUX TUCEJI.
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8. Ksajparueiit tpéxunen f(z) = 2% + ax + b ¢ neiwivu Ko-

s dunuentamu yaosiersopsier HepaseHcTBy f(z) > 0,2 upu Beex .
Hoxkaxure, aro f(x) > 0,75 npu jo6oM .

(ITo momusam 3adawu C. Bepaosa)

9. BuIyK/IbIlii MHOTOYTOJIBHHK, y KOTOPoro n? cropo (n > 2),

pa3pe3ayim Ha N TATUYTOJBHUKOB. /lokaxkure, 1To n = 3.

10. Yersipéxyronpank ABCD Brnucan B OKPY>KHOCTh. Buccek-
tpucsl AA;, BBy, CC1 u DD; ero yriioB nepecekaroT OKpYKHOCTh
B Toukax Ai, By, C; u Dy coorBercrBenHo. /lokakure, 9T0 CyMMa
JUIH OucceKTpuC 60JIbIIe mepuMerpa deTbipéxyrosbauka ABCD.

(C. ¥Ymazanos)

10 xknacc

11. Orpesok jymnbl 1 pasgenniu Ha 2015 orpeskos (He 06si3a-
TeJIbHO PaBHBIX). Ha KaxKJI0M U3 HuX, KaK Ha Juamerpe, IOCTPOMIIN
[TOJIYOKPY>KHOCTb. DTy K€ OIEPAIINIO TTOBTOPWIIN, PAa3/eJINB UCXOJI-
HBII 0TPe30K Ha 2016 uacreit. Haitiure oTHOIIEHNE CYMMBI JIJTUH T10-
JIYOKPY2KHOCT€e#l B IIEPBOM CJIydae K CyMMe JIJINH IIOJIyOKPY2KHOCTEN
BO BTOPOM.

12. Haiijure Bce dyHKIUU f, yI0BJIETBOPSIONIE IIPH BCEX T
YPaBHEHUIO

4. f(x)+ f(2015 — x) = x.

13. Haiiymure Bce jieificTBUTE/IBHBIE YUCIA G1, A2, ..., A2015 Ta-
KHe, 9TO a1 + ag + ... + ago15 = 2015 u

|a1 7CLQ| = |a2 —a3| =...= |CL2015 7CL1|.

14. PaccmotpuM 2n + 1 1efiCTBUTEILHBIX YUCET B ITPOMEKYTKE
(1; 2™). Jokazkure, 9TO U3 HUX MOXKHO BBIOPATH TPH YHCJIA, KOTOPHIE
OyIayT JJIMHAMA CTOPOH HEKOTOPOTO TPEYTOJIbHUKA.

15. Bayrpu yria 60° ¢ Bepmmnoii A nposenén ayd AB. B kax-
JbIl 13 0OPA30BABIIUXCS OCTPHIX YIJIOB BIUCAHA OKPY?KHOCTH, IIPH-
uéMm 00e oHU Kacatorces yda AB B Touke B. Hadinure nuny orpeska
AB, eciu paJnychl OKpyKHOCTeH paBubl 1 u 3.
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11 Kunacc

16. Orpesok gymubt 1 pasgenmmm na 2015 orpeskos (He o6s3a-
TeJIbHO PaBHBIX). Ha KaxKI0M U3 HUX, KaK Ha JUaMeTpe, IOCTPOUIN
MTOJIYOKPY2KHOCTb. DTy K€ OIEPAINIO MOBTOPUJIN, PA3IEIUB HUCXO/I-
Hblil oTpe3ok Ha 2016 wacreit. Haiinure oTHOIIEHNE CyMMBI JIUINH TI0-
JIVOKPY?KHOCTEI B TIEPBOM CJIydae K CyMMe JIJIMH TOJIYOKPYKHOCTEIt
BO BTOPOM.

17. Haitnure nanmenbliee (He 06g3aTeIbHO [EJI0€) TIOJIOKUTE b
HOe 4uco, g Kotoporo 35% m 77% OT HEro ABIAIOTCA HEIbIMU
YUCJIaAMU. (C. Ymaearos)

18. ®yukiusa f HenmpepblBHA Ha BCeil umcyioBoit ocu. VI3BecTHO,
uro ypasuerue f(x + f(y + f(2))) = = + y + z uMeer XoTsd GBI OIHO
pemienue. Jokaxkure uro ypasaenue f(r) = & Takzke UMeeT PelIeHUe.

(M. Kundep)

19. Cymma ToJTOKUTENbHBIX uuces a,b u ¢ pasua 1. {okaxkure

HEPABEHCTBO:

2ab 2b 2
a4 + ¢ + ca < 3(ab+ be+ ca).
a+b b+4+c cHa

(M. Kunoep)

20. Y BbIIyKJI0r0 MHOroyrojibHuka 500 CTOPOH, ero mepuMerp
paser 700. Jlokaxkure, 9TO KaKWe-TO TPHU €r0 BEPIIUHBI 0Opa3yoT
TPEYTOJBHUK, IJIONAIbh KOTOPOTO MeHbIe 1. (M. Kunoep)
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Omavmmana mvenn JI. Jitnepa

8 kJacc

21. Yucna 1, 2, 3, 4, 5, 6, 7 3anucaju 1Mo Kpyry B HEKOTOPOM T10-
panke. Hazoém 3ammcanHoe 9UCIO TOPOWUM, €CTII OHO PABHO CyMMe
JBYX UUCEJI, 3AIMCAHHBIX PAIOM ¢ HUM. KaKoBO HAnbOJIbIIIee BO3MOXK-
HOE KOJINYECTBO XOPOIINX YUCE]I CPEIU 3aIlUCAHHbBIX ! (E. Baxaes)

22. B kaxknoit kiaerke Tadauinsl 100 X 100 3ammrcaHo oHO U3 Yn-
cesr 1 mnu —1. Moryio m okazaThbes, 9TO POBHO B 99 CTpOKax CyMMBbI
qrCesT OTPUIATEbHBI, & POBHO B 99 cTOIOMAX — MTOJIOKUTETHHBI!

(. Henawes)

23. B mpanemuu ABCD Touka M — cepenuna ocHoBanus AD.
WzBectho, uro ZABD = 90° u BC' = CD. Ha orpe3ke BD Boibpana
touka F' takas, aro ZBCF = 90°. Hokaxwure, uro MF 1CD.

(H. Yepneea)

24. Ilers BoiOpas 10 moc/ie10BaTEILHBIX HATYPAJBHBIX YHCE]T U
KazKJI0e 3a1mcall JInb0 KPACHbIM, MO0 CHHUM KapaHjanoM (0ba nse-
Ta IPUCYTCTBYIOT). MoXKeT i1 cyMMa HAMMEHbIIEro ObIIero KpaTHo-
I'0 BCeX KPACHBIX YMCEJI U HAMMEHBIIIEro 00IIEro KPATHOIO BCEX CUHUX
quces OKaHIuBaThesa Ha 20167 (0. Admumpues, P. 2Kenodapos)

25. Tpu croprcMena mpobeXkain JACTAHINIO B 3 KIJIOMETPA.
IlepBorit kuToMeTp OHEU O€KaJIM C TOCTOAHHBIMEA CKOPOCTSIMU V1, Ug
U U3 COOTBETCTBEHHO, TAKUMHM, 9TO U1 > Vg > v3. llocae ormerku B 1
KUJIOMETD KaxKJAbIil 13 HUX U3MEHUJI CKOPOCTL: IIEPBLIA — € U1 Ha V2,
BTOPO#l — C vy Ha V3, & TpeTuit — ¢ vy Ha v;. KTO M3 crioprcmMeHoB
npuies K GUHUIILY TOCTETHIM ! (H. Yepreza)

26. Haitimure Bce HaTypasbHBbIE UHUCIa, KOTOPbIE MOXKHO TPE/I-
Ty+yz+zz

CTABHTH B BUJE — -2=2=, [Je &, Y M 2 — TPH Pa3/IMIHBIX HATYDAJIb-

HBIX YUCJTA. (. Xpamuyos)

27. B pan soutoxkeno 100 momer. Brerie Bce MOHETBI OTMHAKO-

BbI, HO TJIe-TO CPeH HUX JiexKaT nopsi st 50 (asbiuBbiX (a ocTaJIbHbIe

- HaCTOHH_[I/Ie). Bce HacTOdIIMe MOHETBI BeCAT OJNHaKOBO, Cl)aJIbLHI/I—



8 Ommmvnuana nuvenn JI. Ditmepa

BbIe MOTYT BECUTDH IIO-PA3HOMY, HO KazK 1as (haJIbIITUBas Jierde HaCTO-
dmeir. MOXXHO JIM ¢ ITOMOIIBIO OJHOTO B3BEIIMBAHUS HA YalICYHBIX
Becax 6e3 rupb HaiTH XOTs ObI 34 HACTOSIIUE MOHETHI?

(0. Amumpues, P. 2Kernodapos)

28. Touku M u N — cepeaunsbl buccekrpuc AK u C'L TpeyroJib-
uuka ABC coorBercrBenHO. Jlokaxkure, uro yron ABC npsimoii To-
IIa U TOJBKO Torda, korma /M BN = 45°.

(A. Kysneyos, memodkomuccus)
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PermonanHbI 3Tan

9 kJxacc

29. JTanel KBajpaTHble TpéxuneHsl fi(x), fa(x),..., fioo(x) c
OIMHAKOBBIMI KO3(MQPUITHEHTAME TIPH T2, OJHHAKOBEIME KO3 DUII-
€HTAMU TIPU &, HO PA3JUIHBIMA CBOOOJHBIMU TWIEHAMU; ¥ KaXKJIOTO
U3 HHUX €CTb II0 JBa KOPHsd. Y KaxKJIoro rpéxwiena f;(x) Boibpasin
OIMH KOpEHb M ODO3HAYMIM ero uepe3 x;. Kakuwe 3HaAUEHUST MOXKET
upurEMaTh cymMma fa(z1) + f3(z2) + ... + fio0(e9) + f1(2100)?

(H. Azazanos)

30. Jlan pasuobGenpenusiii Tpeyroabank ABC, AB = BC. B
OKPY2KHOCTH §), OIMCAHHOI 0KO0J10 Tpeyroiabanka A BC , mpoBejieH j1ua-
metp C'C’. Ilpsimas, npoxonamias depes Touky C’ mapasrensao BC,
nepecekaer orpesku AB nu AC B Toukax M u P CcOOTBETCTBEHHO.
Joxaxkure, ato M — cepenmna orpeska C'P. (B. O6yzxos)

31. Ilera BoiOpas 10 moc/ie10BATEILHBIX HATYPAJTBHBIX TUCES U
KaxKJI0€ 3aImcaJl Tub0 KPACHbIM, JTU00 CHHAM KapaHaammoM (00a mse-
Ta HpUCYTCTBYIOT). MoXKeT i cyMMa HAMMEHbIIEro OBIIero KpaTHo-
r'0 BCEX KPACHBIX UNCEJI U HAMMEHBIIIETO ODOIIEro KPATHOIO BCEX CHHUX
9HCeJI ABIATbCA CTEIICHBIO ABOMKM (0. Amumpues, P. 2Kernodapos)

32. Y napst ['mepona ectb 11 MeTaJINIECKUX CJIMTKOB, HEPA3JIN-
YUMBIX Ha BHJ; IAPh 3HAET, 4TO UX Beca (B HEKOTOPOM IIODSIJIKE) PaB-
vl 1,2, ...,11 kr. Emé y #Hero ectb MeIok, KOTOPBIil MOPBETCS, €CIu
B HEro MOJIOKUTH Gosibiiie 11 Kr. Apxumest y3HaI Beca BCEX CIIUTKOB
U XOdUeT JI0Ka3aTh ['mepoHy, UTO MEpBBIi CANTOK nMeeT Bec 1 Kr. 3a
OJIMH TIIar OH MOKET 3arpy3UTh HECKOJHKO CJAUTKOB B MEIIOK W ITPO-
JIEMOHCTPUPOBATL ['HEPOHY, UTO MEIIOK He IOPBaJICs (PBATh MENIOK
Hesb3s!). 3a Kakoe HauMeHbIlee YMCJIO 3arpy30K Menika Apxumer
MOXKET JOOUTHCS TPeOyeMoro? (H. Bozdanos, K. Kron)

33. B kacce yuurcs 23 deoBeka. B Teuenne rojia KaXKabIit yae-
HUK 9TOr0 KJIacCa OJUH pa3 IIpa3THOBAJI JIeHb POXKJIEHUsI, Ha, KOTOPBI
[PUILIY HEKOTOPbIe (X0Tst ObI OJMH, HO HE BCE) €r0 OJHOKJIACCHUKH.
Morio i 0OKa3aThCs, 9TO KazK/Ible ABa YICHNKA ITOTO KJIacCa BCTpe-
TUINCh HA TAKUX [IPa3HOBAHUSX OJMHAaKOBoe uncyio pa3? (Cunra-
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eTCsl, UTO Ha KarKJIOM MPAa3/IHUKE BCTPETHUIUCH JIOOBbIE JIBa TOCT, a
TaK>Ke UMEHUHHUK BCTPETHJICS CO BCEMU TOCTSIMU. ) (4. Bozdanos)

34. Hazosém Hemycroe (KOHETHOE HITH GECKOHETHOE) MHOXKECTBO

A, cocrositiee U3 HATYPAJIBHBIX YHUCET, NOAHIM, €CIIA JIJIs JIIOOBIX

HATYDAJIBHBIX @ U b (He 00sI3aTesIbHO PA3IMIHBIX U HE 00sI3aTesIbHO

Jexamux B A) Takux, 9ro a + b jgexur B A, 4uciIo ab TakiKe JEKUT
B A. Haiinure Bce mOIHBIE MHOXKECTBA HATYPAJBHBIX UHCEIT.

(H. Aeazaros)

35. B 6esoit Tabsnne 2016 x 2016 HEKOTOPBIE KJIETKH OKPACHIIN
qépubiM. HazoséMm HaTypasibHOe unciio k ydaunvim, eciu k < 2016, u
B KaXK/IOM M3 KJIETYAThIX KBAJPATOB CO CTOPOHOM K, PACIIOTIOKEHHBIX
B TabJiuile, OKpaIieHo posHo k Kierok. (Hampumep, eciu Bee KieTku
4YEpHBIE, TO YJIAUHBIM SIBJIsIeTCs TOJIBKO uuncio 1.) Kakoe nanbosbiiee
KOJIMIECTBO 9UCEI MOTYT OBITH YAATHBIMU ! (E. Baxaes)

36. Jau BwImyKJBIH deTbipexyrosbauk ABCD, B KOTOpOM
/ZDAB = 90°. Ilycte M — cepenuna croponst BC. Oka3aioch, 9To
LADC = /BAM. Hoxkaxure, uto LZADB = /ZCAM. (E. Baxaes)

10 xyacc

37. Haubl kBajparabie Tpéxwiennt f1(x), fa(x),. .., fioo(z) ¢
OIMHAKOBBIMI KO(bQUIIHEHTAME IPH 2, OIHHAKOBBIME KO3 DUII-
€HTaMHU IIPU T, HO PA3JIMYHBIMU CBOOOITHBIME HJIEHAMH; ¥ KaKJIOTO
U3 HAX €CTh 110 JIBa KOPHs. Y KaxkKJ0ro TpéxuieHa f;(x) BbOpain
OJIMH KOPEHb U 0003HAYMIN ero ueped ;. Kakue 3HaUEHUST MOXKET
npuHIMaTh cymMma fa(x1) + f3(z2) + ... + fioo(xee) + f1(100)?

(H. Aeazaros)

38. Ilers BeIOpas 10 mocsenoBaTe/IbHBIX HATYPAJIBHBIX YUCEN U
KaxKJI0€ 3aImcaJt Inb0 KPACHbIM, JIU00 CHHAM KapaHaaoM (00a mse-
Ta IpUCyTCTBYIOT). MoXKeT i1 cyMMa HAMMEHbIIEro OBIIero KpaTHo-
T'0 BCE€X KPAaCHBIX YUCEJI 1 HANMEHbLIIETO 06H16I‘0 KPaTHOI'O BCEX CHHUX
quces OKaHuuBaThea Ha 20167 (0. Amumpues, P. 2Kenodapos)

39. Ha cropore A B Brimykitoro dersipexyrosnbanka ABC D B3si-
o1 Toukun K u L (rouka K sexur mexay A u L), a Ha cropone
CD Baarer toukn M u N (rouka M wmexzay C un N). U3secrno,
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uro AK = KN = DN u BL = BC = CM. [lokaxure, 94TO €CJIu
BCN K — BuucaHHbIi 9eThIpexyTrojbHuK, To 1 AD M L ToXe Brincas.

(T. Bumanos, II. Koosicesnuros)

40. Tana xiergaras tadsauna 100 x 100, KireTku KoTopoit moKkpa-
MeHbI B Y€pHBIH 1 OesbIit 11BeTa. [Ipu 3TOM BO BCex cTOJIONAX TOPOBHY
JEpHBIX KJIETOK, B TO BpEMsI KaK BO BCEX CTPOKAX Pa3HbIE KOJUIECTBA,
9EpHBIX KJIeTOK. KaKOBO MakCHMaJIbHOE BO3MOXKHOE KOJIMIECTBO Iap
COCEJTHUX TI0 CTOPOHE PA3HOIBETHBIX KJIETOK ! (HA. Bozdanos)

41. HazoséM Hemycroe (KOHEUHOE miii GECKOHETHOE) MHOKECTBO

A, cocrosiliee U3 HATYPAJIBHBIX UHCEN, NOAHGIM, €CJIU JJIS JIIOOBIX

HATYPaJbHBIX @ U b (He 00s3aTeIbHO PA3JIMYHBIX U He 00sS3aTeIbHO

Jexamux B A) Takux, 9ro a + b jgexur B A, 9ucyio ab TakiKe JEKAT
B A. Haiiure Bce HO/IHBIE MHOXKECTBA JIEHCTBUTEIBHBIX THCEIL.

(H. Azazanos)

42. Buyrpu pasuobokoit rpanenun ABCD ¢ ocaoBanusivu BC
u AD pacrnosiokeHa OKPYKHOCTb W € MEHTPOM [, Kacaronasicst OTpe3-
koB AB, CD u DA. OKpy>KHOCTbH, OIICAHHAS OKOJIO TPEYTOJbLHUKA
BIC, Bropuuno niepecekaer cropony AB B Touke F. Jlokazkure, 410
npsimasi CE Kacaercst OKPY>KHOCTH W. (B. O6yzos)

43. Ilo kpyry crogaT n MaJbIMKOB U N JIeBodeK. Hazosem mapy

73 MAJIBIUKA U JIEBOYKU TOPpowet, €CJIM HA OJTHOM U3 JIyT MEK/Ly HIMHI
CTOUT IIOPOBHY MaJIbYMKOB 1 JIEBOYEK (B JaCTHOCTH, CTOAIINE PAJTOM
MaJIBIMK U JIEBOYKa 00pa3yIoT XOpouryio mapy). OKasaaoch, 94To eCTh
JeBOYKa, KOTOpas y4acTByeT poBHO B 10 xopormux napax. lokaxure,
9TO €CTh U MAJIBIUK, KOTOPBI yIacTByeT pOBHO B 10 XOpoIux mapax.
(H. Baacosa)

44. Haf/’IﬂI/ITe BCe ITapbl Pa3JIMIYHbIX ILGI‘/’ICTBI/ITQJIBHBIX quceJIl r u
y taKme, 4To 100 — 100 = 999 (5 _ 4y 3200 _ 4200 _ 9199(5 4
(M. Bozdanos)
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11 Kunacc

45. Kpaaparueiit Tpéxunen f(x) = ax? + bx + ¢, He nmMetonuit
KOpHeil, TakoB, 4T0 KO3 uiineHT b parnroHasieH, a Cpeu Yucesa ¢ u
f(¢) poBrHO omHO WpparmoHaAILHO. MOXKET JI JUCKPUMUHAHT TPEX-
wieHa f(x) ObITH PAIMOHAILHBIM ! (I XKyros)

46. TTonmoxxuTeNbHBIE YUCTA T, Y U 2 YAOBJIETBOPSIIOT YCIOBUIO
ryz > xy + yz + zx. Jlokaxkure HepaBeHCTBO

VIYZ 2NV + Y +Vz.

(A. Xpabpos)

47. B Tpeyronsauke ABC nposesena buccekrpuca BL. Ha or-
peske C'L Boibpana Touka M. Kacaresnbaast B Touke B K OKpy2KHOCTH
), onmcannoit okoJio Tpeyronabauka ABC, nepecekaer jiya C'A B Tou-
ke P. Kacarenpubie B Toukax B u M k okpyzkuoctu I, onmcanHoit
0KOJI0 TpeyrojibHuka BLM , mnepecekatorcss B Touke (. loxkaxkure,
qro npsimble PQ u BL mapaJuie/ibHbI. (A. Kysneyos)

48. Ectp riteruaras mocka 2015 x 2015. duma crasur B k Kite-

TOK 110 JieTekTopy. 3areM Kousi pacmosiaraer Ha JIOCKe KJIeTIaTHIA

Kopabsb B dopme kBazpara 1500 x 1500. HerekTop B KJI€TKEe CO00-

maer /Iume, HakpbITa 3Ta KJE€TKa KOpabiéMm wiau Her. llpu Kakom

HamMmenbieM k /luma MOXKeT pacloJioKUTh JIETEKTOPHI Tak, ITOOBI
rapaHTHPOBAHHO BOCCTAHOBUTH PACIOJIOXKEHUE KOpabiisi?

(0. Amumpues, P. 2Kenodapos)

49. HazoBéM HemycToe (KOHEUHOE Ml GECKOHETHOE) MHOKECTBO

A, cocrositliee M3 HATYDPAJBHBIX YUCET, NOAHbLM, €CJIHA IS JIOOBIX

HATYPAJIbHBIX ¢ U b (He 0043aTe/IbHO PA3IMYHBIX U HE 00A3aTeILHO

Jiexkanmx B A) Takux, 9ro a + b jgexur B A, 4uciao ab Takxe JIeKUT
B A. Haiiyure Bce OTHBIE MHOXKECTBA JEHCTBUTEIBHBIX IUCET.

(H. Azazanos)

50. B mpocrpancTse pacmosiozkens: 2016 cdhep, HuKakue a8e U3
HUX He coBagaoT. Hekoropsie n3 cep — KpacHOro 1sera, a oCTajb-
Hble — 3ej1eHor0. Kazk 1y1o ToUKy KacaHus KpacHoil i 3eeHo# cepbl
nokpacusiu B curuii ser. Haiiyiure Hanbosibiliee BO3MOXKHOE KOJIMYe-
CTBO CUHUX TOYEK. (A. Kysneuyos)
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51. Ilo kpyry cToaT n MaJBIUKOB U N JAeBouek. Hazosem mapy

13 MAJIBIUKA U JIEBOYKU TOPOWetl, eCJIM Ha OJTHON U3 JIyT MeXK Iy HUMUI
CTOUT IIOPOBHY MAJIGYUKOB U JEBOYEK (B YACTHOCTHU, CTOSIIUE PSAIOM
MAJIBIMK ¥ JIEBOYKa 00pa3yloT Xopouryio mapy). OKazaaoch, 94To ecThb
JIeBOYKA, KOTOpas y4JacTByeT poBHO B 10 xoporux mapax. Jokaxmure,
9TO €CTh U MAJIBIUK, KOTOPBIH y4acTByeT POBHO B 10 XOpoIux rnapax.
(H. Baacosa)

52. Harypasbaoe ancio N mpezacrasnsercss B Bume N = a; —
g = b1 — b2 = C1 — Cy = d1 — dg, rae a; U az — KBaJpaThbl, bl u bQ
— KyOBI, ¢1 U Ccy — TATHIE CTeNeHn, a di u dy — CeIbMbIE CTEIeHU
HaTypaJibHbIX unces. O0sg3aTeIbHO JIM CPejyu Yuces ai, by, ¢ u dy
HafyTCsl 1B PABHBIX ! (A. I'onosaros)

Oymmimana
umenn B. P. ®puajieniepa

53. Yucao 2016 menurcst Ha 9, 8, 7, 6, 4, 3, 2 u 1 6e3 ocraTka.
He 6yner jin cirygaitio ciemyronuit rojt, 00J1aIar0IIil TOYHO TAKIMEI
JKe CBOMCTBaMU, JEJIUTHCS W Ha 5 TOXKe?!

54. Jluma 3ayMas TPU 9uCIa @, b U ¢ 1 OOHAPYKUJI, ITO KBa/I-
paTHBIl TpéxuIeH ax’? + br + ¢ UMeeT JBa PA3IMUHBIX HEHYJIEBBIX
kopasi: 1 u k. Carmra u3aMeHu 1 3HaYeHUEe OJHOrO U3 KO3(pDUIMEHTOB
a, b wu c. B pe3ysbrare mosydnsics TPEXUIICH, Y KOTOPOrO TOXKE IBa
pasmmanabix KopHs: 2 u 3k. Uemy moxker ObITh paBHO k7

55. JIBa myTerecTBEHHIKA HA PACCBETE BBIIILIM HABCTPEUY JAPYT
JpYry U3 MyHKTOB A u B, BCTPETW/INCH B TOJJIEHb U TPOIOJIZKUIIH
KaXKJblii CBOH HyTh (KaXKIblil ¢ MOCTOSHHON CKOPOCTBIO). IlepBbiit
[y TeIecTBEHHUK npuiies B B B 9 wacos, a Bropoit B A — B 4 gaca
BEYepOM TOIO Ke JIHA. BO CKOJIBKO B 3TOT JIeHb ObLI PaccBer?

56. Ha mtockocTu 3amannbl paziuanbie Touku My, Mo, Ms, My.
Tpebyercss TOCTPOUTH OKPY?KHOCTH TaK, YTOOBI €€ IEHTD COBIAJ C
OJTHOW M3 TOYEK, & OCTAJIbHBbIE TPH TOYKHU JIEYKATH HA OKPYKHOCTH.
CKOJIBKO TAKUX OKPYKHOCTEH MOYKeT ObITh?



14 Ommvnuana umenn B. P. ®pugnennepa

57. CyIiecTByIOT JIn TaKWe JECATh HMOMAPHO PA3JIMIHBIX HATY-
PAJIBHBIX YHUCEJI, 9TO UX CpejHee apudMeTrndeckoe DOJbINe UX HaW-
GOJILIIErO ODIIEro JAEIUTE A @) POBHO B IIECTh pa3; 6) POBHO B MSTh
pas?

58. B TpeyrosibHUK BIIMCcaHa OKPYKHOCTH pajuyca r. Kacarean-
HBIE K 3TOW OKPYXKHOCTH, apaJijiebHble CTOPOHAM TPEyroJIbHUKA,
OTCEKAIT OT Hero TPU MaJIEHbKHUX TpeyrojbHuKa. Ilycrs 11,179,173 —
PaJInyChl BIMCAHHBIX B 3TU TPEYTOJHLHUKYN OKPYKHOCTEIA.

a) Jokazkure, 9ro 1 = 11 + 13 + T3.

6) yere 71 = 2, 79 = 3, r3 = 10. dBastercss u UCXOMHBIIA
TPEYroJIbHUK OCTPOYTOJIBHBIM, IIPSMOYTOJIbHBIM UJIU TYIIOYTOJIbHBIM !

59. @unancuct M.A.Bpoje ocHoBas (BUHAHCOBYIO THPAMUILY.
Kaxprit, kro npunecér emy 1000 py6ieit, uepe3 30 mHeil BeuepoM B
KoHIle jiHdA 3abepér 1300 py6iieit. Cunrast, uro M.A.Bpoje jgepzkur
BCe JIEHbI'U B KECTSIHON DaHKe, HaiiuTe JeHb, KOra JeHer Ha BhIILia-
ThI HE XBATUT, B MPEJIIIOJIOKEHUN, UTO €¥KEJHEBHO MpuxXoauT Ha M
qesioBeK Godibine, yeM Buepa. (B mepsbiit nenp, 1 susaps 2016 roxa,
HE IPUINES HUKTO. )

60. Yro 6omsime: logy 10 mimu log 117

61. ITycro A, B, C u D — qerbipe (pa3judHble) TOYKH B IIPO-
crpancTse, jus Koropeix AB%?+CD? = BC? + AD?. Jlokaxure, 910
npsimble AC' 1 BD nieprieH K yJIsipHBL.

62. Mama u /lama wamum Oycer u3 30 OycuHoK, u3 Hux 12 Kpac-
HbIX u 18 Gesbix. OHE XOTAT paspe3aTh OyChl Ha HECKOJIBKO JacTeit
TaK, ITOOBI KarKJI0H JeBOYKeE JI0CTAJIOCH 6 KPACHBIX U 9 Oesrbix Oycu-
HOK. Kakoro HamMeHbIIEro 9uciia pa3pe3oB XBATUT JJIsl Pa3pe3aHust
[IPOU3BOJIBHBIX OyC?
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TypHUP I0HBEIX MaT€MaTHKOB
uMm. H. . JIobaueBcKkoro

9 KJ1acc
63. Pazpexbre Tabsuily Ha pucyske 1 1mo Jiu- EREAE
HUSIM KJIETOK HA [TATh MPSAMOYTOJIBHUKOB TaK, 9TO-
OBl CyMMBI YHCeJ B KayKJ0M U3 HUX OBLIU PABHBI? Lj1]3]1
Vkaxknure Bce criocoObl B 00bICHUTE, MOYeMy HeT 111])7]4
JApyrux. 1/1]5(3
64. YV 3mes [opoiabraa x romos. Kaxmapim Puc. 1

ymapom Mmeda Usan-Ilapesna orpybaer omaHy r0-

JsioBy 3mero T'opeiabray. [Tocsie KaxKipIx 4eThIpex oTpyOJIEHHBIX TOJIOB
y 3mest ['opbiabida mosiBisieTcst ojiHa HoBast. [locse 555 yimapos 3meit
ocraJicst 6e3 rosios. Haitaure x.

65. YV 3maiiku ecTh 5 BHEITHE OJIMHAKOBBIX rUpek BecoMm 10 1,
30r, 501, 70 r u 90 r. OH IOMHWT, KaKas U3 T'MPEK CKOJIbKO BECHUT,
onnako Hesnaiika emy He Beputr. CMmoxkeT i 3HallKa IPOBECTH O/I-
HO B3BEIIMBAHNE HA YAIEYHBIX BecaxX, B pe3yJbraTe KOTOPOro oymer
OJTHO3HAYHO YCTAHOBJIEH BEC XOTs ObI OTHON U3 TUPb?!

66. Muma u Mamra KUByT B JIOMe C OJHUM TObe3goM. Ha
KaxkJIoM dtaxke joma 9 kBaptup. Homep sTaxka Mummu paBeH Homepy
KBapTupbl Mammu, a cyMMa HOMEepOB X KBapTup pasHa 444. Kakos
momep kBaptupbl Mumm? Otser obocHyiiTe.

67. Byker cunraercst kpacugbim, €CIi OH COCTOUT M3 TPEX pas-
HBIX [IBETKOB. Kakoe HanboJIbIIee KOJIMIeCTBO KPACUBBIX OYKETOB MO-
2KHO COCTaBHUTDL, nMed 15 TBO3IUK, 25 jmanpieil, 35 po3 u 45 TIoIb-
nanoB? OTBer obocHyiiTe.

6 kJacc

68. JlecsaTU3HATHOE YUCTIO HA3OBEM UHIMEPECHDIM, €CTTU KAXK Tast
u3 10 mudp ot 0 70 9 BXOAUT B HENO POBHO OJIMH Pa3 U CyMMa, JIFOOBIX
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JIBYX PSJIOM CTOSIIIIHX T p — mpoctoe dncio. Haitiure nanbosbiee
WHTEPECHOE THCJIO.

69. V¥V 3maiiku ecTb 5 BHeIIHE OIMHAKOBBIX I'MpeK BecoMm 10 T,
30T, 501, 70 r 1 90 r. OH MOMHUT, KaKasi U3 TUPEK CKOJIbKO BECHUT,
onHako Hesnaiika emy He Beputr. CMoxkeT jin 3HalKa IIPOBECTH O/I-
HO B3BEIIIMBAHNE HA JAIlEYHBIX BecaxX, B pe3yJibraTe KOTOpOoro oyjaer
OJIHO3HAYHO YCTAHOBJIEH BeC XOTs ObI OJHON U3 IUpb?!

70. Y 49eThIpEX3HAYHOIO YHCJ/Ia BBIYEPKHYJIN KPANHIOO CIIpaBa
1udpy, TP 3TOM HOJYyIEHHOE TUCJIO OKA3AJIOCH JIEJTUTEJIEM HCXO/IHO-
ro. CKOJIBKO TaKuX 4YeThIpéx3HadHbix yncesn! OTBer oOOCHYIITE.

71. Ha mocke 10 x 10 pacmosoxkern KOpabJsib B BUJIE TPEXKJIE-
TOYHOrO yroJyika. Kakoe HamMeHbIIee YHCJIO BBICTPEJIOB TPedyeTcs,
9TOOBI HABEPHSKA €r0 PAHUTH !

72. Byker cuuTaeTcs kpacuévim, €CIM OH COCTOUT U3 TPEX pas-
HBIX 1IBeTKOB. Kakoe HamboIbIiee KOJTMIECTBO KPACUBBIX OYKETOB MO-
2KHO COCTaBUTDL, uMes 15 rBo3auk, 25 jgansimeii, 35 po3 u 45 TIOIb-
nanoB? OTBer obocHyiiTe.

7 KJ1acc

73. eBsTHU3HATHOE YUCIIO HA3OBEM UHMEPECHBIM, ECITH KAXKIAsT
u3 9 mudp ot 0 10 8 BXOAUT B HETO POBHO OJWH Pa3 U CyMMa JIIOOBIX
JBYX PSIIOM CTOAIMNX I p — mpocToe uncio. Haitanre HamMeHbInee
MHTEPECHOE YUCJIO.

74. B ps Belliucasm Bce HATYpaJibHbIE Yucya oT 1 710 12 B Heko-
TopoM TopsiKe. Kakoe HamMmenbiniee 3HaMeHne MOXKET IPHHIMATH MaK-
cUMaJIbHast CyMMa JIByX cocennux uuces? OrBer obocHyTE.

75. B dyrbonbHOM TypHEUpPE ydacTtBoBasu 12 komani. Copes-
HOBAaHUS TPOXOJIMIA B OJUH KPYT, TO €CTh KaXKJIasd KOMaHJIa ChIIPAJIa
C KaXKJIoil M0 OJTHOMY pa3y, U B KaXKJOM Type UTPAJIU BCe KOMAHJIBI.
MorJio sz TaK CIIy9IUTHCs, ITO mocje 6 TypoB poBHO y 6 KOMAaHT ObLIO
posHo 110 6 06Gex? Ecym Moryto, puBeuTe IpUMEp TAKOTO TYPHUPA.

76. Orpesku AB u CD mepecekaiorcss B Touke N. M3BecTHO,
qaro Tpeyrojbauk AN D — paBHOcTOpOHHUIA, a Tpeyroibauk BC'D —
pasuobenpennsiit (BC = BD). Hokaxure, yro AB = CN.
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77. Y 30/10TOl PHLIOKHU €CTH 3aICHAsI KHIKKA, B KOTOPOil mmepe-
YUCJIEHBI BCE €€ 3HAKOMBIE — Kapacu, OKYHU, €PIIU U MOPCKUE KOHb-
ku. OKa3a/10Ch, 9TO MOJIOBUHA 3HAKOMBIX — KapacH, TPeTh — OKYHH,
O/IHA BOCbMagd — €PIIU, & KaXKJIbIi MECTHAJAIATHIA B 3alIUCHON KHUK-
Ke — MOPCKOil KOHEK. CKOJIbKO 3HAKOMBIX y 30JI0TON pHIOKN?
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| 2016-2017 yuebubIii T0J |

Mynurunatbubiit stan 43-it Beepoccniickoit otuMnua bl o Ma-
TeMaTuKe Cpeju MKOJbHUKOB PecrnyOsumku Tarapcran cocrosuics 15
vosi6pst 2016 1. B cocraBiiennn 3a7ad MyHUITUIAIBHON OJIMMITHATHI
MIPUHUMAJIN y9acTue mnpernogasarean Ka3zanckoro yHuBepcurTera:

U. C. I'puzopvesa, M. U. Kundep,
B. A. Counesa, M. B. ®aruncesa.

Pernonasnbubrit sran Beepocceniickoit osmmMnra bl MIIKOJIBHIKOB
110 MaTeMaTHKe IIPOMIEN B KOHIle gHBaps 2017 1.

8 ampesist TOTO K€ rojia COCTOAIACh 7-s1 €2KErofHasi TOPOJCKas
MaTeMaTUYIecKasl OJTUMITNAIA, oCBAMEHHasd maMatu B. P. Opuen-
nepa. Ilo Tpajuiun Ha Heé ObLIM TpuUrIalienbl yueHuku 8-11 kiac-
coB ropoja Kazamu. OrimanrebHast 0CODEHHOCTD 9TOW OJIMMITHATHI
B TOM, 9TO IPEJIAraBIINecs 3a/1a9u ObLIN OOIIUMU I BCEX yIacT-
HukoB. [lobenuTesn omuMIMa bl TOIYYUIA IPUTJIAIIIEHIE B JIETHIOIO
mkoisy «KBanTs. B cocrasiiennn 3a/1a4 oMMIINa 16l IPUHUMAIIHN yYa-
crue:

U. C. I'puzopvesa, M. U. Kundep,
B. A. Counesa, M. JI. Bponwmetin.

9-ro ampensa 2017 roga THCTUTYT MaTEMATHKN U MEXAHUKU UM.
H. U. Jlobagesckoro, Mex 1yHapoaHbIit Hay 9HO-00pa30BATEILHBIN Ma-
temarndecknit eHTp KOV coBmecrno ¢ smmeem mmenu H. U. Jlo-
6aueBckoro KOV u IT-muneem KOV nposesn Typuup oHbIX MaTe-
matukoB umenu H. U. JlobadeBckoro st y4eHUKOB 5-7 Kjaccos. B
osmmMInaie npuHsim ydactue 6osee 1500 mkonpHukoB Pecrybiimkn
Tarapcran. CocraBuresnn 3a/a41 TypHUpaA IOHBIX MATEMATHKOB:

M. U. Kundep, M. B. @asuneesa.

Huwuxe npejictaBiieHbl yCJIOBHs U HOAPOOHBIE PENIEHHs 331449 BCEX
[I€PEYINCICHHBIX OJIUMIINA. B CKOOKax 1ocie yC/IOBHs 33/1a491 yKa3a-
Ha daMmims e€ aBTopa.
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MyHununaJ bHbI 3Tar

8 kJjacc

78. Tpu nakera MoJioKa croaT Ha 4% memesse, 4eM GaHOYKA
kode. Ha cKOJIBKO IIPOLIEHTOB JBe TAKUX 2Ke 0aHOYKU KOode JOpoxKe
(nm jerieBiie) 5 nakeToB MOJIOKA?

79. HarypaJsibHOE YUCIIO N HA3BIBAETCH MOAYCOBEPULEHHDIM, €C-

JIN CyMMa BCeX WJIM HEKOTOPBIX JeJIUTejieil, MEHBIIUX 7, COBIIAJIAET
¢ UM uncjoMm. Hampumep, duciio 12 — mosrycoBepiiieHHOe, TaK Kak
€r0 MOYKHO IIPEJICTABUTD B BHJE CYMMbI HEKOTOPBIX (HE BCEX) €ro Jie-
gureneit: 12 = 142+ 3+6. Byzger s qucio 2016 mosrycoBepIiieHHbIM !
(Kundep M.)

80. MoxkHo i 3anucaTh B KjeTkax radbiaunsl 20 X 16 uucia 5
u 9 Tak, 9TOOBI B KAaXKJO# CTPOKE M KAXKJIOM CTOJIOIE CyMMa, UUCEs
Jeyiach Ha 217

81. YV Mamu ectb GyMarXHbIi IIPSIMOYTOJIBHBIA TPEYrOJbHUK
ABC'. Ona cjioxuia ero 1o npsMoii JIMHAA TaK, YTO BEPIITHHBI OCT-
pbix yriioB A u B coBmaJjiu, Ipu 9TOM JIMHUS CPUOA TIEPECEeKJIa CTOPOHY
B Touke K, a cropony — B Touke M. Jlama pa3BepHY/Ia TPEYTOJbHIK
U CJIOXKUJIA €ro 3aHOBO TakK, YTO BepIuHa npsiMoro yria C coBmasa ¢
toukoit K. IIpu 3ToM 0Ka3aj10Ch, 9TO MOJIyYeHHAs JINHUS CIuba 1mepe-
cekita cropony AC B Trouke M. [Jokaxkure, 9ro junus cruba y Jdamm
MIPOXOIUJIA depe3 BepimHy B. (M. @anruneesa)

82. Ha mpsimoit oT™MedeHbl HECKOTBKO TOYeK. JIj1st JTI0OBIX JIBYX
U3 HUX HafiJIeTcst TpeThbst (TOXKe OTMeYeHHasl) TaKasl, YTO OJHA U3 ITUX
TPEX TOYEK SIBJISIETCS CEPEJINHON OTPE3Ka MEXKJIY JABYMs JPYTUMHU.

a) MOKHO JI1 TaK OTMETHTBb Ha IPSMOil 5 ToYeK?

6) TTokaxkure, 4TO OTMEYEHHBIX TOYEK HE MOXKET ObITH POBHO 4.
Pemrenne obocuyiire.

9 kJacc

83. Maima BeiOpajia HATYpAJIbHOE YUCTI0. ARPAT CJIOKUI OIUH
73 €ro JIeJUTeJIeN ¢ YUCJIOM H, TOJyIeHHOe UNCJIO yBeandua B 6 pa3
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U pe3ysIbTaT BbIUeJ U3 JYucJa, npeiokennoro Marreit. [losryamiocs
qucyo 7. Kakoe unciio Beibpasia Mara?

84. Ilycts a — kopenb ypasmenus z° — 2 — 1 = 0. Haiimure

ypaBHEHHE TpPeThell CTeneHu C IeJIbIMU Ko dUImeHTaMu, KOpHeM
KOTOPOT'O ABJISIETCS YHUCIIO a°.

- Paspemaercs

85. Ha nocke zammcannl gyucia 1, %, ~evy T00-
cTepeTh JIIObIE J[Ba YNUCIa a,b W HANMCATH BMECTO HUX OJHO YUCJIO
aanb' Tak mocTymaioT JIo TexX mop, MOoKa Ha JOCKEe HE OCTAHETCsl OJHO
YUCJIO. KaKI/Ie 3HaYCHUA MOXKET IIPUHUMATDb 3TO LII/IC.HO?

86. Touka M BHyTpH BBIIYKJIOTO 4YeTbipexyrojbauka ABC D
TaKOBa, 4TO IIomau Tpeyronsaukos ABM, BCM, CDM uw DAM
pasubl. Bepuo s, uro ABC' D — napajutesiorpamm, a Touka M —

TOYKa Iepecevennst ero auaronaneit? Pemrerue obocuyiire.

87. B kBazpare 8 X 8 pacmosioxkeHbl deTbipe TOYKHU. Jlokaxku-
Te, YTO CPEeIU HUX MOXKHO BBIODATDH JIBE TOYKHU, PACCTOSHUE MEXKILY
KOTOPBIMHU He IIPEBOCXOTUT V/ 65.

10 xkunacc

88. Beerna s u3 2016 oTpe3KOB MOXKHO BBIOPATH 3 OTPE3Ka, U3
KOTOPBIX MOYKHO CJIOKUTH TPEYTOJIHHUK !

89. Yucso a — xopens ypasnenns ' +27 +23 = 1. IIpu xaxux
HATYPAIbHBIX 3HAYCHUAX 7 BBIIOJIHACTCA paBeHcTso at+a = a™+17

90. U3BecTHO, 9TO B OCTPOYroJibHOM Tpeyrosbuuke ABC men-
aHa, IpoBejieHHas u3 BepIuHbl A, paBHa 3, a BbICOTA, OIIYIICHHA U3
Bepiuabl B, pasua 4. Moxer nn cropona AC umers pjuny 57

91. Ha nocke sammcanbl gucia 1, %7 R ﬁ Pazpermmaercsa

cTepeTh JioOble JIBa YUC/Ia a,b U HAKUCATh BMECTO HUX OJIHO YUUCJIO
ab+ a + b. Tak mocTynarmT 10 TEX MOP, ITOKA Ha, JIOCKE HE OCTaHETCS
omHo uncyio. Kakne 3HAUIEHNS MOXKET IPUHUMATD 9TO IHUCIO?

92. Pacrosio:kumM Ha IJI0CKOCTH BBIITYKJIble MHOTOYTOJIbHUKH TaK,
9TOOBI KarKJIble J[Ba M3 HUX MMeJIH OOIIMYI0 CTOPOHY.

a) ITpuBeauTe npuMep YeTHIPEX TAKUX MHOIOYTOJIHHUKOB.

6) Hokazkure, 910 GOJIbIIE YETHIPEX MHOIOYIOJIbHUKOB TAK PAC-
IIOJIO?KUTH HE YyJIaCTCH.
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11 kJacc

93. Pemmute cucreMy ypaBHEHNUI:

e+t +y=4
1z +1/y = —2.

94. Yro Gosemre: (2016!)2°% wmm (2015!)2016'? (Yepes n! o6o-
3HavaeTCs POU3BE/ICHNE MePBBIX 7 HATYPAIbLHBIX YHCEN, TO eCThb 1 -
2. om)

95. Haiimure Bce IpOCThIE YUCTIA P U ¢, YAOBIETBOPSIOIINE YPaB-
HeHuio 2?7 — 2P + 1 =gq.

96. B ocroBanuu Tpeyrosbuoit nmupamuysl ABCD jrexkut mpa-
BwiIbHBINH Tpeyrosbauk ABC, kpome toro, AD = BC'. Bcee mrockue
yIJIBI TTpHU BepinuHe D paBHbI MeXK/ Ty coboii. Hemy MOryT OBITH PABHDI
9TU yIJIbI!

97. Ilycte x, y, 2 — mosoxKuTeabHBIE YuCaa, U ryz = 1. Jloka-
JKUTe HEPABEHCTBO:

T Yy  Z
r+y+z<=+S+ 2
y = (Kundep M.)
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98. 10 GeryHOB CTApTYIOT OJHOBPEMEHHO: TSITEPO B CHHUX Maii-
KaX C OJIHOI'O KOHIIA OEroBOM JIOPOXKKH, ISITEPO B KPACHBIX MAaKax —
¢ apyroro. VIX cKOpOCTH MOCTOSTHHBI U PA3JINYIHBI, TPUIEM CKOPOCTh
KaxKJI0ro Geryna Gosbine 9 xm/ 4, Ho Menbine 12 xm/4. Jlobexas 10
KOHIIA JIOPOXKKH, KaXK/IbIil OeTyH cpa3y OeKuT Ha3a/Jl, a, BEPHYBIINCH
K MECTY CBOETO CTapTa, 3aKaHIuBaeT Oer. TpeHep craBuT B GJIOKHOTE
rajIouKy KazKJplil pa3, KOrua BCTPEYaloTCst (JIMIOM K JIUILY UJIA OJUH
JIOTOHSIET JIPYIOro) JBoe GeryHOB B PA3HONBETHBIX Maiikax (6osbiie
ZIByX GErYHOB B OJIHOI TOUYKe 3a BpeMs Oera He BCTpedasuch). CKOJb-
KO TaJI0ueK IIOCTABUT TPEHEDP K MOMEHTY, KOI/la 3aKOHYHUT Oer camblil
OBICTPBII U3 OeryHOB? (M. Py6aros)

99. [IpuBeauTe pUMEp MIECTH PAIMIHBIX HATYPATBHBIX TUCETT
TaKUX, YTO POU3BEIEHNE JIIOOBIX IBYX U3 HUAX HE JIEJIATCS HA CyMMY
BCeX YHCeJI, & IPOU3BE/IEHNE JIIOOBIX TPEX U3 HUX — JEJIUTCS.

(C. Boawénros)

100. Ha 6okoBbix croponax AB u AC paBHOOEIPEHHOTO Tpe-
yronbuauka ABC BeiOpanbl Touku P u () COOTBETCTBEHHO TAaK, UTO
PQ || BC. Ha 6uccekrpucax tpeyroasankos ABC u APQ, ncxons-
mux u3 BepiuH B u ), BbiOpanbl Touku X U Y COOTBETCTBEHHO TaK,

gro XY || BC. Hokaxure, uro PX = CY.
(A. Kysmneuyos, 6 pedarxyuu C. Bepaosa u U. Boedarosa)

101. Mex 1y ropojsaMu CTpaHbI OPraHU30BAHbBI JBYCTOPOHHUE
Gecrioca/I04YHbIE aBHAPEICHl TAKUM 00pPa3oM, UTO OT KaKJOr'o ropojia
JI0 KaXKJI0T0 JAPYroro MOXKHO 100paThcs (BO3MOXKHO, C IEPECATKAMMY).
Bosee toro, s kaxkjoro ropojga A cymectByer ropoj, B Takoif,
9T0 JII0OO0M U3 OCTAJBHBIX TOPOJIOB COEIMHEH HAIPAMYIO ¢ A wau ¢
B. Jlokaxkute, 9TO OT JIIOOOTO TOPOJIa MOKHO J0OpPAThCs JI0 JI0O0T0
Japyroro He 6oJjiee, YeM C JBYMs IlepecaKaMu. (M. Boedanos)

102. Ha octpoBe KUBYT TOJBKO PBINApU, KOTOPBIE BCETIa TO-
BODPSAT TPaB/Ly, U JIKEIbl, KOTOpble Beerja JryT. OaHaXKpl BCe OHU
CeJu 10 KPYTY, W KaxKblil ckazar: «Cpean IByX MOUX COCesel ecTh
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Jeken!». 3aTeM OHU CeJId 110 KPYT'y B JAPYTOM IOPSJIKE, U KaXKIblii CKa-
zai: «Cpeu 1ByX MOUX cocejieil HeT phirapst!». Morio i Ha ocTpoBe
6nITh 2017 genoBex? (/. Camotinos)

103. B Beimyksom dersipéxyronasauke ABC D buccekTpuca yr-
Jia B mpoxouut udepes cepemauny cropoubl AD, a /C = LA+ /D.
Haiinure yron ACD. (C. Bepaos)

104. meerca kierdaras Jocka pasmepom 2n X 2n. Ilers mo-
crasu Ha Hed (n + 1)? dbmmek. KoT MOkKeT OJHIM B3MaxoM JIaIbl
CMaxXHYTh Ha I10J1 JI0OYI0 O/Hy (QUIIKY UM JBe (PUIIKHU, CTOAINE
B COCEJIHMX II0 CTOPOHE WJIM YIVIy KJIeTKaX. 3a KaKOoe HauMeHbIee
KOJIMYECTBO B3MaX0OB KOT 3aBEJOMO CMOYKET CMaXHyTh Ha II0JI BCE I10-
crassenubie [lereit bumrn? (C. Bepaos, H. Baacosa)

105. Ha mocke namucano 100 HATYpabHBIX YHUCEN, CPEIN KOTO-
pbIX poBHO 33 HedeTHBIX. KaXKIyro MUHYTY Ha JOCKY JIOMUCHLIBAETCS
CyMMa BCEX TMOTAPHBIX TPOU3BEJEHUN BCEX TUCETT, Y2KE HAXOIATTIXCS
Ha Heil (HanmpuMmep, ecju Ha JIOCKe ObLIM 3anucanbl yucia 1, 2, 3, 3,
TO CJIEIYIONINM XO/IOM OBLIO Jomucano ducao 1-2+1-3+1-3+2-
-3+4+2-343-3). MoxKHO JIn yTBEPK/JATH, ITO PAHO WU MO3HO HA
JIOCKE IIOABUTCA YUCIIO, JIeJIAIIeecs Ha 2100000007 (M. Bozdanos)
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PermonanHbIil 3Tan

9 kJacc

106. B mpowmsBenennn TpEX HATYPAJTBHBIX UHCEN KayKIbIi CO-
MHOXKHTEIb yMeHbInmin Ha 3. Morjio jim npousBeneHne mnpu 3TOM
YBeJINUNThCS poBHO Ha 20167 (H. Azazanos, 1. Bozdanos)

107. Baca 3amgyman 8 KJIETOK MIAXMaTHOW JOCKW, HUKAKUE JIBE
13 KOTOPBIX HE JIEXKAT B OJJHON CTPOKE WJIU B OJHOM CTOJIOINE. 3a X0/
[lers BoICTABIISET HA JIOCKY 8 J1aJiell, He ObIOIMUX APYT JIPYyTa, a 3aTeM
Bacs ykasbiBaeT Bce JiaJibu, CTOSINME Ha 38 [yMaHHBIX KIeTKax. Eciu
KOJIMYECTBO Jiajiell, yKazanubix Baceii Ha sToM x0ze, uérHo (T.e. 0, 2,
4, 6 wiu 8), To Ilerst BeUrpbIBaeT; nHade Bee (BUIYPbl CHUMAIOTCS €
nocku u llers nemaer cieayronmuit xo. 3a KaAKoe HAMMEHBITEE IUCI0
xon0B IleTst cMOXKeT rapaHTHPOBAHHO BBIUIPATH ! (M. Bozdanos)

108. CyriecTByeT i TPEYTOJBHUK CO CTOPOHAMMY T, i M 2 TAKOM,
aro 3 +y3 + 23 = (2 + y)(y + 2)(z + )7 (B. Cendepos)

109. PasrocToponnuii rpeyrosibauk A BC BlucaH B OKPY>KHOCTb
Q u onmcan BOKpyr okpyxkHocT w. Ha croponax AC u AB BbiOpa-
HBI TOUYKH P 1 () COOTBETCTBEHHO TaK, 9TO OTpe30K P() Kacaercs w.
OxpyzxuOCTB () € TIeaTpOoM P mpoxomuT depe3 B, a OKpyKHOCTB ),
¢ neaTpoM () mpoxonut depe3 C. Jlokaxkure, aTo oKpyzkHOCTH €2, ()
u ). UMEIOT ODIIYIO0 TOUKY. (A. Axonan, II. Koowcesruros)

110. Oser napucosas mycryro Tadsuity 50 x50 1 Hauca  cBepxy
OT KasKJIOr0 CTOJIOMA W CJeBa OT KasKIoit cTpok:u 1o umcry. Oxaza-
Joch, 910 Bce 100 HaNMCAHHBIX YHCes] Pa3JIndHbl, TpuiéM H0 13 HUX
panuoHajbHbIe, & OocTajbHble 50 — UppaIMoOHAIbHBIE. 3aTeM B KarK-
JIYIO KJIETKY TaOJIMIBI OH 3aIlCajl CYMMY YHCeJI, HAIIMCAHHBIX OKOJIO
eé cTpoku u eé cronbia («rabuia cioxenusy ). Kakoe nanbosbiiee
KOJIMYECTBO CYMM B 9TO# TAOJIUIE MOTVIN OKA3aThCs PAIMOHAJBHBIMEI
qucaaMu’ (0. Hodnuncrui)

111. B ocrpoyrosibHOoM TpeyroJibauke ABC npoBejieHbl Mema-
Ha AM u Boicota BH. Ileprnenukysisip, BOCCTAHOBJIEHHBIH B TOYKE
M x upsimoit AM , nepecekaer jiya HB B Touke K. Jlokaxkure, 910
ecn ZMAC = 30°, to AK = BC. (B. O6yxos)
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112. BoInyKJiblif MHOTOYTOJIBHUK Pa3pe3aH HeIlePeCeKaAIOTNMU-

Csl IMAaroHaJIsIMU Ha, PABHOOEIpEHHBIE TPEYTOJILHUKH. JloKazKuTe, ITO
B 9TOM MHOTOYTOJIbHUKE HAMIYTCS JBE€ PABHLIE CTOPOHDI.

(A. I'pubanro)

113. Uznaganbao Ha ctos mosoxkuan 100 KapTodek, Ha KaxK-
JIOIl M3 KOTOPBIX 3aIIUCAHO 110 HATYPAJBbHOMY YHCJIY; IIPU 9TOM OBLIO
poBHO 43 KapTOYKMU C HEYETHBIMU YUCJIAMU. 3aT€M KaXKIyI0 MUHYTY
IPOBOJIMJIACH CJIEYIONIasi mporeaypa. s KaxkIblx TPEX KapTOUek,
JIEZKAIUX HA CTOJIE, BBIYHUCIISAIOCH TPOU3BEIEHNE 3ANCAHHBIX HA HUX
quCcesI, BCE ITU IIPOU3BEJIEHUS CKJIAJBIBAJINCH, U TOJyIEHHOE UHCJIO
3alICHIBAJIOCh HA HOBYIO KapTOYKY, KOTOpas J00aBJIAIach K JIeyKa-
muM Ha cTojie. Yepes rof mocse Hadasa IMPOIECca BBIICHUIIOCH, ITO
Ha CTOJIe eCTh KapTOoUKa ¢ ImcioM, menammmes Ha 210000 TTokaskmure,
gro unco, gensmeeca na 21990 Gruro ma ommoit M3 KapTouek yike
gepes JeHb II0cje HadaJla. (M. Bozdanos)

10 kJacc

114. B mpousBeeHNN TATH HATYPAJIBHBIX UHACET KaXKIBIH CO-
MHOXKHTEIb yMeHbIImin Ha 3. Morjo jim npousBesieHne IIpu 3TOM
YBEJINUAThCS POBHO B 15 pas? (H. Azazanos, 1. Bozdanos)

115. OKpy?KHOCTH C MEHTPOM B TOYKe [ BIOUCAHA B YETHIPEX-
yroneauk ABCD. JIyau BA u C'D nepecekatorcs B Touke P, a jty4an
AD u BC nepecekaiorcst B Touke (). M3BecTHO, uT0 TOuKa P Jiexkur
Ha OKPY?KHOCTH W, OIIMCAHHOM 0KoJ10 Tpeyroybunka AIC. JTokaxkure,
910 TOYKa () TOXKE JIEYKUT HA OKPYZKHOCTU W. (A. Kysneyos)

116. ITama Buibpas 2017 (He 06g3aTEIBHO PA3JIMYHBIX) HATY-
PaJIbHBIX YUCEJI A1, A2, - - . , G2017 U UTPAET CaM C CODOI B CJIELYIOILY IO
urpy. VI3HavyaJibHO y HETrO eCTh HeOrpaHNYeHHbII 3amnac kKaMmueit u 2017
6OJIBIIIX TYCTHIX KOPOOOK. 3a ommu xo lama mobasisier B Jir00yT0
KOpOOKyY (110 cBOeMy BBIOODY) a1 KaMHell, B JH00YI0 U3 OCTABIIUXCS
KOPOOOK (110 cBOEMy BBIOODY) — Go KAMHEIH, . . . , HAKOHEII, B OCTaBIILYy-
10CsT KOPOOKY — ao017 Kamueit. [lamuna 1neib — 100UTHCS TOTO, 9TO-
OBI 110CJIe HEKOTOPOT'O X0/Ia BO BCEX KOPOOKaX CTAJI0 IOPOBHY KaMHEIA.
Mor jiz oH BBIOpaTH UMCIIa TaK, YTOOBI [IEJIA MOXKHO OBLIO JOOUTHCS
3a 43 x0/1a, HO HEJIb3sT — 3a MEHBIIIEe HEHYJIEBOE YUCJIO XOIO0B?

(M. Bozdanos)
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117. Yuautenb cobupaeTrcs JaTh JETIM 33129y CJIE/IYIONEro BU-
na. OH coobumT nM, 9To OH 3aayMas MHOorowieH P(z) crenenn 2017
¢ neabiMu Ko DUImeHTaMu, crapimii KoagUImeHT KOToporo pa-
BeH 1. 3aTeM OH COOOIUT UM K TEJIBIX YUCENT Ni,MN3, ..., Mk, U OT-
JIeJIbHO coobmuT 3HavYeHue Bbipaxkenus P(ni) - P(ng) - ... P(ng).
[To sTUM JAHHBIM JIETH JOJKHBI HAWTH MHOTOWIEH, KOTOPBI MOT
OBl 3ayMaTh yInTeIb. [Ipn KaKOM HAUMEHBIIEM k YIUTEIh CMOXKET
COCTABUTH 3aJIa9y TAKOI'O BUJA TaK, YTOOBI MHOTOYJIEH, HANCHHBIH
JeTbMU, 00s13aTEJILHO COBIAJ OBl C 33,y MaHHBIM ] (I 2XKywos)

118. Ouer napucosas mycryio Tabauiyy 50 X 50 u Hammca cBep-
Xy OT KaXKJIOT'0 CTOJIONA M CJIeBa OT KaXKJOW CTPOKH 1O HEHYJIEBOMY
qucity. Okazanock, aro Bce 100 HAMCAHHBIX JUCEJT PA3JIMIHBI, [IPU-
qéM 50 U3 HUX paIlMoOHAJIbHBIE, & OCTAJIbHBIE H() — WppAIMOHAJBHEIE.
3areM B KaxK IyI0 KJIETKY TaOJIUIIbl OH 3aIicaj IPOU3BeIeHIe THhCeT,
HATIMCAHHBIX OKOJIO €8 CTPOKH 1 €€ CTOJIONA («TabInIa yMHOKEHUST» ).
Kaxkoe mHanboJtbIiee KOINIeCTBO MPOU3BEJCHU B 9TOI TaOJIUIE MOTJIH
0Ka3aThCs PAIlMOHAJILHBIMY IHCIAME ] (0. Iodruncruii)

119. UsnagaibHo Ha JOCKe 3AlKMCAHBI HECKOJIBKO (6OJIbIne Of-
HOI'0) HATYPAJbHBIX YUCEI. 3aTeM KaxKIyl MUHYTY HA IOCKY JIOIH-
CBIBAETCS YNCJI0, PABHOE CYMMe KBaJIDATOB BCEX YK€ 3aIlMCAHHBIX Ha
Heil yucest (Tax, ecym Obl HA JTOCKE U3HAYAJIBLHO ObLIN 3AIIUCAHBI 9UC/IA
1, 2, 2, To Ha nepBoit MuHyTe 6B1I0 ObI Jormcano "ucyio 12 + 22 4 22),
Jokaxkure, 9TO COTOE JOMICAHHOE INCI0 nMeeT x0Tst 661 100 passma-
HBIX IIPOCTBIX JIeJIATEJICH. (H. Boezdanos, II. Kooscesrukos)

120. BeImykJ/ibIii MHOTOYTOJTBHUK Pa3pe3aH HENEPECCKAIOIIMU-

Csl IMaroHAJISIMU Ha PABHODEIPEHHBbIE TPEYTroIbHUKU. JloKaXkuTe, 410
B 9TOM MHOTOYTOJIbHUKE HalyTCs JBE PABHBIE CTOPOHDI.

(A. I'pubanro)

121. OKpy2KHOCTB W OMHUCAHA OKOJIO OCTPOYTOJBHOIO TPEYTOJIb-
nuka ABC. Ha cropore AB Boibpana Touka D, a Ha cropone BC —
rouka F rak, uro AC || DE. Touku P u () na menbmeit nqyre AC
OKPY?KHOCTH W TakoBbl, uro DP || EQ. Jlyunu QA u PC uepeceka-
10T npsmyio DFE B Toukax X u Y coorBercTBeHHO. /loKaxkure, ITO
/XBY + ZPB(@ = 180°. (A. Kysneyos)
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122. B npousBeseHUN CeMU HATYPAJBHBIX YUCET KaXKJIbII CO-
MHOXKHATETb yMEHbIUIN Ha 3. Mormo i mpoussejieHre TPU 3TOM
YBEJINYUTHCA POBHO B 13 pas? (H. Aeaxanos, U. Bozdaros)

123. Bacg 3ajaymast 8 KJIETOK IMIAXMaTHON JIOCKU, HUKAKUE JTBE
13 KOTOPBIX HE JIEXKAT B OJHON CTPOKE MJIM B OJHOM CTOJIONE. 3a XO/I
Ilerst BeICTAaBIISIET HA MOCKY 8 J1afeil, He OBIOIINX APYT APYTa, & 3aTeM
Baca ykaspiBaer Bce Jsiajpu, cTosAnme Ha 33/ [y MaHHBIX KileTKax. Ken
KOJINYECTBO Jiajiell, yKazaHHbIX Baceil Ha aTOM X0z11€, uéTHO (T.€. 0, 2,
4, 6 wiu 8), To Ilerst BHIMrpBIBaET; MHAUE BCe (DUTYDPBI CHUMAIOTCS C
nocku u Ilers menaer ciemyomuit Xo/1. 3a KaKOe HaAMMEHbBIIee YUCII0
xo0B IleTst cMoxkeT rapaHTUPOBAHHO BBIUTPATH?! (HA. Bozdanos)

124. Yuaurenb cobupaercs JaTh J€TAM 3aa9Ty CJIEIYIONEro Br-
Ja. OH coobmuT UM, 9TO OH 3ayMaJ MHorowier P(z) crenenn 2017
¢ nesabiMu Ko DuImeHTaMu, crTapiimii KoagUuimeHT KOToporo pa-
BeH 1. 3aTreM OH COOOIIUT UM K IEJBIX UHUCENT 71,NM2,..., Nk, X OT-
JICJIBHO co00ImuT 3HadeHne Beipaxkenust P(ni) - P(ng) - ... P(ng).
[To sTuM JAHHBIM JIETH JOJKHBI HAWTH MHOTOWIEH, KOTOPBI MOT
OBl 3a/IyMaTh yauTesb. [Ipu KakoM HauMeHbIEM k yIUTETb CMOXKET
COCTaBUTH 33149y TAKOI'O BUJA TaK, YTOOBI MHOI'OYJIEH, HAlIEHHBII
JeTbMH, 00s13aTEJILHO COBIAJ OBl C 33/ [yMaHHBIM ] (I >Kyxoe)

125. PaBaocroponnuii rpeyronbauk A BC BrincaH B OKpy»KHOCTH
Q u onucaH BOKPYT OKpy2KHOCTHU w. Ha croponax AC u AB BbiOpaHbI
Touku P u () COOTBETCTBEHHO TaK, YTO OTPE30K P() IpoXouT depes
nenTp rpeyroiabauka ABC. Oxpyxuoctu 'y, u I', mocTpoenbl Ha oT-
peskax BP u C(@Q) xak Ha nuamerpax. Jlokaxkure, ITO OKPYKHOCTH
'y u ', mepecekaiorcst B JIByX TOYKaX, OJIHA M3 KOTOPBIX JIEXKUT Ha
Q, a gpyrasi — Ha w. (A. Axonan)

126. OJter HapucosaJ mycTyto Tabdsumiry 50x 50 u Hammcas cBepxy
OT KazKJIOr0 CTOJIOIA M CJeBa OT KazKIoit cTpokm mo udmciy. Oxaza-
Jiochk, 910 Bce 100 HaNMCAHHBIX YMCeN Pa3JIndHbl, TpuIeéM 50 13 HUX
panuoHajbHbIe, a OcTaJbHble 50 — UppAIHOHAIbHBIE. 3aTeM B KaXK-
JIYIO KJIETKY TaOJIMIThI OH 3AIMCAJI IIPOU3BEIEHNE YUCE]T, HAIIMCAHHBIX
OKOJIO €€ CTPOKHM U eé cTosibna («rabmia yMmuoKeHusi» ). Kakoe nau-
60JIbIIIEE KOJIMIECTBO IIPOU3BEICHUN B 9TOU TAOIUIE MOTJIA OKA3AThCS
PAaIMOHAIBHBIMU YUCIAMIA ! (0. Iodruncruii)
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127. Yernipéxyronbauk ABC D Buucas B OKpyKHOCTB ' ¢ 11eH-
tpom B Touke O. Ero quaronanu AC u BD nepneHuKyJIsipHbl U Tie-
pecekaiorcs B Touke P, npudaém Touka O JIEXKUT BHYTPU TPEYTOJIbHE-
ka BPC. Ha orpeske BO Boibpana Touka H tak, yro ZBHP = 90°.
OKpy»>KHOCTh W, OMMCAHHAS OKOJIO TpeyrojbHuka PH D, BropuaHO
nepecekaer orpe3ok PC' B touke Q. Jokaxure, ato AP = CQ.

(A. Kysneyos)

128. Ha mutockocTr TpOBEIEHO HECKOJIBKO MIPSIMBIX, HUKAKIE JIBE
U3 KOTOPBIX He IapaJljiesIbHbl U HUKaK1e TPU He IIPOXOJIAT Yepe3 OJIHY
Touky. JloKaxKuTe, YTO B 00JIACTAX, HA KOTOPBIE IPSIMbIE HOJETHIN
IJIOCKOCTb, MOYKHO PACCTABUTH IMOJIOKUTEJIbHBIE TUCTIA TaK, ITOOLI
CYMMBI 9HCeJI TI0 00e CTOPOHBI OTHOCUTEJIHHO JIFODOH U3 TPOBEIEHHBIX
MPSIMBIX OBLIM PABHBI. (0. Opaos)

129. Mznavanbao na ctos kiaagayT 100 kapTodek, Ha KarxKJIoit
U3 KOTOPBIX 3aIUCAHO 10 HATYPAJLHOMY YUCJIY; IIPU ITOM CPEIU HUAX
POBHO 28 KapTOYeK C HEUYETHBIMH YUCIAMHU. 3aTEM KKy MUHYTY
MIPOBOJINTCS CIIEIyIoast mporeaypa. s kaxkapix 12 KapTodek, Jie-
JKallliX Ha CTOJIe, BBIUUCJSETCS NIPOU3BeJeHNe 3alNCaHHBIX Ha HUX
qrces, BCe 3TU IIPOU3BEJIEHNUS CKJIQJIbIBAIOTCS, U IIOJIyI€HHOE UHUCJIO
3aIICHIBAETCS Ha HOBYIO KapTOYKY, KOTOpasl J100aBJIsieTCs K JieyKa-
muM Ha crosie. Moxkuo Jjin BbiOpaTh ucxomubie 100 umcesr Tak, 9To
It JIIOOOr0 HATYPAJIbHOTO d HA CTOJIE PAHO WJIN TO3HO MOSIBUTCS
KapTO4IKa C YUCIOM, JIEJISAIMIIMCA Ha 247 (HA. Bozdanos)

OimMnmaia
uMmenn B. P. ®puiienaepa

130. Unmeercs kBajgpar ABCD. Touka N — cepejuna CTOPOHBI
CD. Buyrpu xBajpara BbiOpana Touka M tak, uro AM = AB n
NM = ND. Haitnure Besmauny yria BMC.

131. Kakue 3HaU€HUs] MOKET IPUHUMATH CBOGOIHBII YWIEH MHO-
rounena P(x) ¢ neabiMu KoaddurpenTaMu, ecin U3BeCTHO, 9TO OH
[0 MOJLYJIIO MeHblIe cTa, n P(20) = P(17) = 20177
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132. NmeeTcsa KiieTdaToe moje pa3MepoM 3 X 5 U Tpu KPacKu —
uépHas, cepad u Oenasg. Hajgo packpacuTb KJIETKH Tak, 4TOOLI BCe
coceIHre KJIeTKU OLLIM Pa3Horo msera. Ho mpu 3ToM He ObLIO pe3Koii
CMEHBI 1IBEeTa, TO €CTh 3alPEIleHO COCeACTBO YEPHOH 1 6esI0i KIIETOK.
Kiierku Ha3bIBAIOTCH COCETHUMU, €CJIU Y HUX €CTh 00Ilasl CTOpPOHA.
CKOJIBKAMH CII0COOAMI 9TO MOYKHO CJIeJIATh !

133. B rpanenuu ABCD c ocnosanusimu BC' u AD nposeneHsl
muaronaaun AC u BD, nepecekaromuecs B Touke O. Ilmomanu tpe-
yroyibaukoB BCO u AOD paBHBI coorBeTCTBEHHO S 1 So. Haiigure
[LJIOIIA/Ib TPAIEIHH.

134. Jdawbr Tpu uuciaa. Ecom nx Bce yBemmuuTb Ha 1, TO mMx
Ipon3BeIeHne ToXKe yBeamanrcs Ha 1. Eciu Bce ncxommabie ancia yBe-
JINYNTH Ha 2, TO UX IIPOU3BEICHNE TOKE YBEJUINTC Ha 2. A Ha CKOJIb-
KO YBEJUYIUTCS TIPOU3BEIEHNE, €CJU BCE UCXO/IHBIE YHUCTIa YBEJTHINTH
na 37

135. Ilycts f(z) = 1 + /x. Pemmmre ypasuenus a) f(z) = x;
6) f(f(x)) =5 o) f(f(f(x))) ==

136. Jlokaxkure, 9TO BCsiKasi OECKOHETHAsI apuMeTrnIecKast Ipo-
PECCHst, COCTOSINAS U3 HATYPAJIBHBIX YUCE, COIEPKUT ODECKOHETHYTO
reoMeTPUYECKYIO IIPOI'PECCHIO.

137. /laHpl 1IeCTb OTPE3KOB, W3 JIIOOLIX TPEX M3 HUX MOXKHO
COCTaBUTH TPEYTOJHHUK. BepHO /M, UTO M3 3TUX OTPE3KOB MOZKHO
COCTAaBUTH TETPAIP?!

138. 13 Touku A Ha ILIOCKOE 3ePKaJIO IOJI YIJIOM (v [1aJaeT JIyd
cBeTa. 3epKaJio IOBOPAINBAETCs HA YToJI 3 BOKPYT IIPOEKINH JIyda Ha
3epkaJjo. Haliure yroa Mex 1y JTydamMu, OTPaKEHHBIMU OT UCXOTHOTO
U IOBEPHYTOT'O 3epKaJl.

139. Cummempuurnvim pasbueHuem HATYPAJIBHOIO YUCTIA 1 Ha-
3BIBAETCS 3aIUCh ITOTO YUCJA B BUJE CYMMBI HATYPAJbHBIX Cjarae-
MBIX N = a1+as+...+ap—1+ag (k > 1), B KOTOPOI paBHOY/IaJICHHbIE
OT KOHIIOB CJIATaeMble PABHBI, TO €CTh a1 = Ak, Uz = U1 U BOOOIIIE,
a; = agy1—; opu 1 < ¢ < k. Hanpumep, 16 = 16, 16 =2+ 12+ 2 u
16 =7+1+4+1+7 — cummerpuunbsle pa3buenns qucaa 16. Haitaure
KOJIUYIECTBO BCEX CUMMETPHUYHBIX pa3oueHuit uncsa 2017.
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TypHUpP I0HBEIX MaTeMaTHKOB
uMm. H. . JIobaueBcKkoro

5 KJacc

140. 3anosnnure KBajgpar (puc. 2) GykBamu
B, JI, O, X, A Tak, 4T06bI B KaxKJI0ll CTPOKE, KazK-
JIOM CTOJIOITE M Ka2KJI0M U3 JBYX JUAroHaJeil KBaJI-
paTa Bce 3Th OYKBBI BCTPEYAJIICh 110 OJHOMY pa3y.

141. V mponasma ectb 5 rupek maccoit 1 e,
22 32 4 2ub e Bce mokymarenau, CTOAIMME B
oUepesin K TPOJABILY, KYyIUJIA PA3HOE IEJI0e UUC-
JIO TpaMMOB ToBapa. Kakoe HaumboJibIllee 9UC/IO MOKYIIATEEeH MOIJIO
CTOSATH B odepen’

Puc. 2

142. Maprsimka, [omyrait, ¥Ynas nu CiioHEHOK yCTPOUIN KOH-
IEepT 110 cJIy4alo npuessia 6adbymku Yaasa. Ha KoHiepre ObLIO HCIIOJ-
HEHO 7 HOMEPOB, IMPUYEM KaXKIbIii HOMEp MPEeICTaBJsI coboil aIubo
[eHue BABoeM, aubo Tapen BrpoeM. Hukakme aBa HOMEpa He UCIIOJI-
HSJINCH OJHUM U TE€M YK€ COCTAaBOM. YIaB y4acTBOBaJ B MCIIOJIHEHUU
OJIHOI IeCHW U JBYX TaHIeB. MapThIllKa UCIOJHUIA OO0JIbIe HOMe-
poB, dem Cironénok. Ckosbko HOMepoB ucoHnI CiroHéHoK?

143. B mkose 300 yuenukoB u 150 mapr. YerBepTh meBodek
CHJINT 3 OJIHOM MAPTOi ¢ MaJbIMKaMu. MOXKHO JIH [TepecainTh yde-
HUKOB TaK, YTOObI YeTBEPTH MAJBYMKOB CHJIEJA 33 OJHOHN MapToil ¢
JeBouYKaMu?

144. Tlocenuton mudpy TPEXZHATHOIO HUHCJIA IIEPECTABUIN B
nadaso (Hampumep, 123 — 312) u 1OJIyYeHHOE YUCJIO CJIOKUIH C
ncxogabiM. Cymma okazasack pasaoit 1000. Hemy paBHO mMCXOHOE
qnciio? Haiiure Bce BOSMOXKHbBIE BAPUAHTHI.

6 kJacc

145. Paccrasbre 1mudpst or 1 10 9 Tak, 9TOOBI BBINOJIHSIINCH
Bce Hepasencrsa (puc. 3). Haiijure Bce ciocobbl paccranoBku mudp
U JIOKayKHATe, YTO APYTUX HET.
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146. Y mposaBiia ecTh 6 Tupek maccoit 1 2,2 2,3 2,4 2,5 2u6 2.
Bce nokymaresu, crositiiue B oYepe iy K MPOJIABILY, KYIIUJIA PA3HOE I1e-
JIOe 9uCJI0 TpaMMOB ToBapa. Kakoe HamboJiblllee 9ncIo MoKyaTeseit
MOIJIO CTOSITh B Odepein?

147. B nBysHauHOM 4ucjie A momeHsu nudpbl MECTAMU U I10-
sgyanan gucyio B. Haiiaure takoe A, arobsl cymma A + B nmenuiiach
Ha 17.

P o
P P
-0 <0<

Puc. 3 Puc. 4 Puc. 5

148. a) Kakoe naubosvuiee KOJIMIECTBO HEIIEPEKDPHIBAIONIMXCS
JIOMUHOIIEK 1 X 2 MOXKHO yMecTHTb Ha casderke (puc. 4)7?

6) Kakoe Haumenbuiee KOJMIECTBO TOMUHOIIEK NOTPEGYeTCs,
9TOOBI MMOKPBITH CaI(PETKY MEJTUKOM, €CJIU JOMUHOIIKN MOTYT IIepe-
KPBIBATHCH !

149. Henyrarsr Mamonos u IIpoHnn exXeIHEeBHO XOIAT HA TPH
win usTh 3acegannii [ocaymbr. 3a Bpemst ceccun Locaymbr MaMoHOB
nobuIBaI Ha 35 3acemannsax, a Ilponnn — Ha 53 3acemanusx. CKOIBKO
JIHEll TIPOoJI0JKajIach ceccust Locaympr?

7 KJ1acc

150. PaccraBbre 1udpsr o 1 10 9 Tak, YTOOBI BBIIOJIHAINCH
BCe HepaseHcTBa (puc. 5). Haiizure Bce criocobbl pacctanoBkE 1udp
U JOKAXKWUTE, 9TO JPYTUX HET.

151. B mkosre 500 ydenukoB u 250 mapr. YerBepTh JeBOYEK
CHJIUT 3a OJTHOM MapToil ¢ MajbaukaMu. MOXKHO JIU [TePecajinThb yde-
HUKOB TaK, YTOOBI 9eTBEPTh MAaJbUMKOB CHJIEJIA 33 OJHOI 1MapToil ¢
JeBouKaMu’?
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152. Ilocsemuioro mudpy YeTHIPEX3HATHOTO TNUC/Ia, TEPECTABUIN
B Hauaso (Hampumep, 1234 — 4123) u 1OJy9YEHHOE YHCIIO CIIOKUIN
¢ ucxogabiM. CymMma okazasiack paBHoil 3333. YeMmy paBHO MCXOIHOE
YHUCJI0, €CJIM U3BECTHO, 9TO B ero 3amucu Het nudpst 07 Haiiagure Bee
BO3MOKHBIE BAPUAHTHI.

153. Ilycte AFE u C'D — GucceKTpuchl paBHOOEIPEHHOIO Tpe-
yronbuuka ABC (AB = BC'). UsBecrHo, uro ZAED = 20°. Haiiju-
Te BemuuHy yraa BED.

154. Jleyratsr MamonoB u IIponun exkeHeBHO XOJAT Ha TPHU
win derwbipe 3acemanus Locaymbr. 3a Bpemsi ceccun [ocaymber Ma-
MOHOB ToObIBaJI Ha 31 3acemanuu, a Ilponnn — Ha 40 3acemaHusx.
CKOJIBKO JTHEl TTPOA0IKAIACH CecCrs [ 0CayMbI?
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Pemenng 3aa4

1. Omsem: nanpumep, 403 u 0.

O0603HAYNM UCKOMBIE YUC/IA Y€PEe3 T U Y. YCJIOBUE 3aJ1a9U PaB-
HOCHIIbHO paBeHCTBY 62 + (y — 2015) = x +y, orryza « = 403. Takum
00pa3oM, YCJIOBHUIO 3aJ[ad yJIOBJIETBOPsIET JI00asl rapa “ucesl BHUIA
(403;y), Tae y — IPOU3BOJILHOE YHUCIIO.

2. Omeem: +/5.

Ilycts = Z—flg, TOI/IA

2 a2+b2+2ab_ 3ab + 2ab

T a24+02—2ab 3ab—2ab

Takum o6pazom, 2 = 5, i 3Ha4unT, T = +£/5.

3. Omeem: 5 obopomos.

Korma okpy2KHOCTH IPOKATUTCS 110 OJHON CTOPOHE KBaJpara,
BCe €€ TOUKY CIEJIAIOT OJUH IIOJTHBII 000POT BOKPYT IEHTPA OKPY2KHO-
cru. [Ipu mpoxoKIeHIN IeTHIPEX CTOPOH MOy IUTCs 4 TIOJTHBIX 000PO-
Ta. Kpome Toro, OKpyzKHOCTB CJIeJIaeT YeTBepTh 060pOoTa P Bpallle-
HHY OKOJIO KayKJI0il BepIUHBI KBaJipaTa. Beero momyvaem 44-4-0, 25 =
= 5 060pOTOB.

4. Omeem: 9.

IIpeamonoxum, aro u3 2015 MOXKHO HOJYIATH YUCTO T < 9.
fcHo, 9TO TOJIBKO TepecTaHOBKAaMU (P MTOJIYyIUTh HAUMEHbIIee 13
qucia 2015 HeBO3MOXKHO. 3HAYUT, HA HEKOTOPOM ITIare 3 UMEOIEro-
Csl 9UCIA N TPUIETCH BBIIeCTh cyMMmy ero nudp. [lomygyernnoe aucito
n — S(n), tne S(n) — cymma mudp ducaa n, 00 IPU3HAKY JEJIUMO-
ctu Gyner penuThes Ha 9; cymma nudp uncaa n — S(n) Gyger Toxke
gesmthes Ha 9. JaspHeiine onepanuy mepecTaHOBKY AP U BbIUH-
TaHUs CyMMbI 1P, OUE€BUIHO, HE MEHSIOT OCTATKA OT JeJIeHns Ha 9.
TlosTomy Bce mocsemytornue dmcyia — U HAUMEHbIIIee TOXKe — OyIyT
Tak>Ke JAeauThed Ha 9. 3Hadnt, r > 9.

Yucmo 9 MOXKHO TOJIyIUTh, HanpuMmep, tak. 13 2015 mepecra-
HOBKOU 1udp cHadaja obpasyem 0152 = 152, 3arem u3 152 Bbrarem
cymmy ero mudp: 152 —8 = 144. Beraurast gyeTbipe pa3a cymmy mudp,
paBuyio 9, mpuxoaum K umciay 108. IlepecraBus 1udpsl, mosayanm
018 = 18. Eme pa3 BerauTasi cymmy ero mudp, moaydaem 9.
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5. ITycTs mmoma e ucxoaHoro mecruyronbauka ABC DEF pas-
nva S. Cioxum mecruyrobHuk BioJb npsambix AC, CE u FA, kak
moka3aHo Ha pucyHke 6. [TockobKy B TPaBUIBHOM IMECTUYTOJIbLHUKE
BCE CTOPOHBI PABHBI M BCE YTJIbI PABHBI, MMOJIYYEHHBIA TPEYrOJbHUK
ACE 6ymer npaBuiibHBIM, ero Iuoiaab — S/2. B cBowo odepeip,
tpeyroibHuK AC'E cocrout n3 9 paBHBIX MPABUIBHBIX TPEYTOIHHII-
koB (puc. 7). Cnoxum tpeyronbank ACE tak, arobel Toukn A, C
u E nepemectusiuch B TO9Ky O — IEHTDP UCXOIHOIO IIECTUYTOJIBHE-
ka. Obpaszosasruiicst mectuyrobHUK X1 Xo X3Xy X5 X6 — nCKOMBIA,
€ro IJIOA/Ib PABHA %SACE = %S.

A B A

E D E
Puc. 6 Puc. 7

6. Omeem: 20.

IIycts n — uckomoe uncio. Tak kak 0, 2n = %n u0,75n = %n —
1eJible YUCa, TO N JeJuTcd Ha 5 u Ha 4, u 3Ha4uT, Aeautca Ha 20.
OueBuHO, YTO JI0O0E HATYpAJIBHOE YUCII0, KpaTHOe 20, yI0BJIE€TBO-

psiet ycaosuio. Hanmenbinee cpean aux — 20.

7. Omeem: 31.

Ilycts x — nHambosibitiee, a Yy — YUCTI0, KOTOPOE YMEHBITUIN Ha
62. Tak Kak CyMMa BCeX Uncell He M3MEeHWIach, 1o 3x+(y—62) = z+y,
orkyma z = 31. Ho Torma Bce 65 umcen mcxomHOro HabOpa paBHBI.
Ecnu sro He Tak, x0Tt OBI OMHO M3 HUX MEHBINE T, U 3HAYUT, CYMMa,
Bcex umcesi Habopa menbine 65z, To ecrs 2015 < 65z, mm 31 < =z,
nporuBopedre. MTak, Bce umcia coBnaJaoT u pasHbl 31. 3HaUMT,
HaMMeHBIIIee YUCJI0 TOXKe paBHO 31.

8. IIEPBOE PEHIEHUE. Ilo ycimoBuio KBaJpaTHBI TPEXUIEH
22 4+ ax + b — 0,2 HpUHEMaeT HeOTPUIATEILHLIC 3HAYCHUS HA BCeil
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YHCJIOBOI OCH, IIO3TOMY €TI0 JJUCKPHUMUHaAHT HEIIOJIO2KUTEJIEH, TO €CTh
a®>—4(b—-0,2) <0, wm  a®>—4b< —0,8.

Otcroma caemyer, UTo mestoe qucyao m = a2 — 4b ve 6omsme —1. Kpo-
Me TOrO, M He MOYKET PaBHATbCA HU —1, HEm —2, u 3Ha4IuT, m < —3.
JleficTBATEILHO, KBAIPAT IIEJOT0 UHCIa a’ IpU JejeHnn Ha 4 Bce-
rma maér B octatke 0 miam 1, IO3TOMY OCTATKHU IIPU JEeJeHUU 1M Ha
4 moryT 6b1Th TOBKO 0 mym 1. CrenoBaresbHO, a? — 4b < —3. Tlo-
cJieJlHee PABHOCUJIBHO YTBEDXKIEHUIO O TOM, YTO KBaJIPATHBIN TPEX-
aren x2 4 ax + b — 0,75 nMeeT HEIOIOKUTEILHBIN IUCKPIMIHAHT,
7 3HAYUT, IPUHAMAET TOJIPKO HEOTPUIATEIbHBIE 3HAYCHUS; OTCIOIA

f(x) > 0,75.

BTOPOE PEIIEHUE. Kpajiparubriit Tpéxuen f(z) = 2% +ax+b
€ HOJIOKUTETHHBIM CTAPIIUM KO3(DMHUIUEHTOM IPUHIMACT HANMEHb-
mree 3Havenwe npu T = —a/2. [1o ycI0BUIO 3TO HANMEHDIIIEE 3HATEHIE

_ .2
f(=%) = 4b4“ ue menbire 0,2, 1 3HAYWT,

4b —a® > 0,8.

Tak Kak ¢ U b — IeJible 9uciIa, TO mesoe uuciao 4b — a? He MeHbIe
1. Kak u B IepBoM permenny, 9ucyio 4b — a? ne MOXKeT pPaBHATLCS HI
1, mu 2. Takum obpaszom, 4b — a? > 3, cremopatenvho, f(—a/2) >
> 0,75. Urak, HanMeHbIllee 3HAUEHNE KBAIPATHOIO TpéxwieHa f(z)
He MeHbIne 0,75, suaunt, f(x) > 0,75 npu Beex .

Bamevarue. Kamparneiii Tpéxuten z2 + x 4+ 1 yIoBIeTBOPSAET yCIOBHIO
3a/1a49M; €ro HauMeHbIlee 3HadeHrne paBHO 0,75, TaK YTO JOKa3aHHAs OIEHKA $IB-
JfeTcd TOYHOM.

9. CymMa BHYTPEHHHX YIUVIOB M-yTrOJbHUKA paBHa (m —2)-180°.
CyMMa BHYTPEHHHUX YIVIOB BCEX M ISITUYTOJBLHUKOB OOJIBIIE CYyMMBbI

YTJIOB MCXOIHOTO MHOTOYTOJBHUKA C 12 CTOPOHAMIH, TIOSTOMY

n-3-180° > (n® —2) - 180°.
Orciona ciesyer, uto 3n > n? — 2, 10 ectb 2 > n(n — 3), U 3HAUWT,
n = 3.

10. JIEMMA. Buccekmpuca yeaa A mpeyeorvruxa ABC nepe-
cexaem onucanHylo okpyscrocms 6 mowke Ai. Jlauna ompeska AAq
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GONLUWE NOAYCYMMBL OAUH CTROPOH MPEYLONLHUKG, MENHCIY KOMOPLL-
MU OHG BAKAIOUERQ.

JIOKA3ATENBLCTBO. (Puc. 8.) Tak kaxk yriet BAA; u CAA;
PABHBI, TO PABHBI M COOTBETCTBYIOIIHAE MM JIyTU OIIMCAHHOMN OKPYZKHO-
CTH; U3 PABEHCTBA ITHX JIyT cjrefyeT paBeHcTBO xopa A1 B u A1C. Te-
[EPb BOCIIOJIB3YEMCS TEOPEMOI KOCUHYCOB JIJIsl TPEYTOJbHUKOB BAA;

u CAA;:

AB? = AB?> + AA% —2-AB-AA; cosa,
A1C? = AC? + AA? — 2. AC - AA; cosa,

rne /BAA, = ZCAA; = a. U3 paBeHCTBA JIEBBIX YacTeil OJIydaeM
AB? + AA? —2- AB- AAjcosa = AC? + AA3 —2- AC - AA;cosa.

Orcrona

AB+ AC o AB + AC

AA =
! 2cosa 2

Sameuwarue. Vcnonb3ys teopemy IlTosiemes;, MOXKHO maTh Apyroe mOKa-
3aTeIbCTBO JIeMMBbI. JlJIsi CTOPOH M JMaroHaJieii BIIMCAHHOIO YeThIPEXYTOJIbHUKA
ABA;1C Boemonnsiercst coorHomenune AB - A1C + AC - A1B = AA; - BC, u3 xo-
TOPOTO JIErKO BbIpazkaercsi orpe3ok AAp. Tak kak A;C = A1 B, T0
(AB+ AC)-A1B

BC ’

OcTajoch BOCIIOIB30BaThCs OYeBUAHBIM HepaBeHcTBoM A1 B + A1 B > BC, u3s
KoToporo ciaeayer A B > %BC .

AA =

B

W A

Puc. 8 Puc. 9
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[TpumennM JieMMy K KaKJI0MYy U3 4eThIpEx orpe3koB AA,, BB,
CCi u DDy, Torma

AA, > L(AD + AB), BB, > 1(AB + BC),
CC, > £(BC +CD), DDy > 1(CD + AD).

CxutafipiBast 9TH HEPABEHCTBA, MOJIydIaeM TpebyeMoe yTBepKIeHNUE.

Bamevarue. AHAJIOTUYIHBIM 00pPa30M YTBEPXKJEHUE MOXKHO JIOKA3aTh JIJIsl
J1I060T0 BIIMCAHHOTO B OKPYYKHOCTH MHOT'OYT'OJIBHUKA.

11. Omeem: 1.
Iycts 14,15, . .., 12015 — JJIUHBI OTPE3KOB MEPBOrO Pa30UeHUs 1
10, 016 — JUIMHBL OTPE3KOB BTOpOro pasbuennst. CymMMa JJInH

HOJIyOKPY>KHOCTel B IePBOM U BO BTOPOM CJIydasX paBHa
i
S1 = §(l1+12+...+12015) =1,

S

T
2
T
T
2 )

i
§(l’1+l’2+...+l’2016):

u 3HaguT, S1 : So = 1.
12. Omeem: f(x) = 3(x — 403).

VcxoyiHOe paBEeHCTBO MOYKHO PACCMATPUBATH KAK yPABHEHHUE OT-
HOCUTEJBHO JBYX HemspecTHbIXx A = f(z) u B = f(2015 — x). Ilo-
CKOJIBKY OHO BEPHO IIPH BCEX 3HAYEHWSIX T, 3aMEHUM B HEM T Ha
2015 — z. Homyuanm 4 - (2015 — z) + f(z) = 2015 — z. Bmecre c

HUCXO/IHBbIM, ITIOJIyYaeM CHUCTEMY

4A + B==x
A + 4B =2015 — z.

Vckmouas u3 s1ux pasencts B, momyunm A = f(z) = £ (z — 403).

13. Omsem: a1 = az = ... = 0ag015 — 1.

HyCTb |a1 — ClQI = ‘GQ — Cl3| =...= \a2015 — al\ =k. TOI‘,ZLa
a1 —as = £k,
a2 — az — :l:k,

a2014 — Q2015 = *k,
a5 — a1 = *k.
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CkJiaJiplBasi 9TH paBeHCTBa, cjieBa mnojaydum 0, a cupasa cymmy 2015
CJIaraeMbIX

th+k+...tk=Fk-(£1+1+...£1).

Cymma 2015 ciaraembix +1 HeuérHasi, oTcioga ciaeayer, uyro k = 0.
3HaYUT, BCE YMCJA (1, A2, - .., A2015 PaBHBL. IlocKoabKy a1 + as +
+...+as015 = 2015, mosrydaem eMHCTBEHHBII HAOOP a1 = Ao = ... =
= azo15 = L.
14. Pazo6bém unTepsas (1;2") Ha n Pa3jIUIHBIX MHTEPBAJIOB
2 2. 93 -1
(1;2), [2;2%), [2%2°),..., [2"7 ;s 27).

o npunyuny Jupuz.ie waiinéres unreppan suma [28; 2871 e k €
{1,2,...,n — 1}, comepxkamuil Tpu Uuciaa U3 JAHHOIO Habopa, CKa-
xeM, a, b, c. [Tockoabky

a+b>2F 4ok = oktl 5 ¢

b+c>2k 42k =9kl 5 ¢

c+a>2F 42k =9kl S p
quciia a, b, ¢ — UCKOMBIE.

15. Omeem: 2v/3 + V/15.

(Puc. 9.) IIycts O1 u O3 — 11eHTPBI MeHbIIell 1 GoJIbIIeli OKPY K-
HOCTEH COOTBeTCTBEHHO, K1 1 K9 — TOYKHM UX KACAHUS CO CTOPOHAMU
yria, AK) = AKy = AB = z.

IIEPBOE PEMIEHUE. IIpomoskum mnpsmbie K107 u KoOy 110
nepecedenusi B Touke K. Ilpsmoyrosibabie Tpeyrosibauku AK1 K u
AK5 K pasabl: y Hux obras runorenysa AK, a karerst AK] u AKs
paBHbI 001Iel Kacarenbuoit AB. 3uaunt, /K1 AK = /K> AK = 30°,
KK = KoK = x - tg30°. o ycimosuio /K1 AKy = 60°, mosromy
tpeyroysbHuk K1 AKy — papaocroponnuit u K1 Ko = x.

B tpeyrospauke K O109 W3BECTHBI €I0 CTOPOHBI:

K01 :KKl —K101 :xtg30° - ].,
K02 :KKQ 7K202 :xtg?)()o *3,

0102 =143 u Z0: KOy = 120°. Bocronb3yeMcst TEOpEMOi KOCHHY-
COB B 9TOM TPEYTOJILHUKE:

0,02 =KO2+ KO —2-KO; - KOs - cos 120°.
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IloncraBnss yka3aHHbBIE BEJIUYUHBI U PEIas I0JIyYeHHOE KBaIPATHOE
ypaBHEHHE OTHOCUTEJIBHO T, HAXOIUM T = 2v/3 +/15.

BTOPOE PENIEHUE. Or™mernmMm, ato AO; u AOy — GUCCEKTPUCH
yrioB K1 AB u K9 AB coorBercrBenno. Tak kak Z K1 AKs = 60°, To
Z0O1AB + Z02,AB = 30°. Torua

b 30° — tg LO1AB 4+ tg L0, AB
8 T 1 e /01 AB - tg ZO2AB

Iockompky tg LO1AB = ‘?41—5 =1 utg/0,AB = ?425 = 3, nomy-

T x’?
qaeM
1 4x

Vi@
OTcroma HAXOIUM TIOJIOXKUTETbHBIN KOPEHb T = 2v/3 + V/15.

16. Cosnanaer ¢ 3agaqei 11.

17. Omesem: % .

CTb & — HMCKOMOE YHUCJIO 1 r=n r = m. Orcoga
Iy 0,35 , 0,77 Orcrop,
T = %n = %m. W3 nmocneamero paBencTsa HaxomauMm 11ln = 5m.
Yucma n 1 m — HaTypajbHbIE, TOITOMY N JEJUTCI Ha 5, a M — Ha
11. Bnaunt, n > 5, n nosromy & = ¥n > 10 (oyenra).

Jlerko mpoBepsieTcst, 9YTO YUCJIO & = %O VIAOBJIETBOPSIET yCJIO-

BUIO 3a]Ia8U.

18. IIpexnonoxnm, uro ypasHerue f(r) = x He uMeeT KOpHeit.
3uaunr, rpaduk HenpepwiBHOH dyHKIMU g(z) = f() —  neauKOM
PACTIOJIOZKEH InbO B BEPXHEIH, 60 B HUYKHEH MOJTYIIJIOCKOCTH, TO €CTh
JIJIS BCEX & BBINOJIHAETCS OJHO M3 JAByX HepaBeHCTB: f(x) > x uin
f(x) < z. B oboux ciyuasix mosydaem nporusopeune. Harnpumep,
ecan f(x) > x, TO JyIs BCEX T, Y U 2 UMEEM

f@+fly+f2)>e+fly+f)>z+y+flz) >z +y+2,

u 3Hauut, ypasaenue f(x + f(y+ f(2))) = x + y + z He umeer Kop-
Helf, 9TO MPOTHBOPEYHT YCJIOBHIO. BO BTOPOM CiIydae pacCysKIeHust
AHAJIOTHIHBIE.

19. YMHOXKUM HEPABEHCTBO Ha, 2 1 Tpeobpa3yeM UUCIUTETN KazK-
J0it JTpobu B JIeBOi 9acTH, UCHOoNb3ys ToxkaecTso 4ab = (a + b)? —
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— (a — b)?. Torga s miepBoit IPobU UMeeM

a+b+c

TockonbKy a+b+c¢ = 1, nepsas apob6sb ne npesocxomut (a+b) — (a—
—b)2. AnanormanbIe HepaBeHCTBA 3aIUIIeM JIJIs JBYX JIPYTHX Apobeit,
BXOJIAIIAX B JIEBYIO YaCTh HEPABEHCTBA!

4bc 9
< _(p—
b+C_(b+C) (b C)7

4
c_'c_aa <(c+a)—(c—a)

Tenephb CJIOKHUM TIOJTYI€HHBIE TPH HEPABEHCTBA M yUTEM, 9TO
(@a=b)2+(b—-0c)+(c—a)® =2(a+b+c) — 6(ab+ be + ca).
CHOBa HCIOJIB3YeM PaBEHCTBO @ + b+ ¢ = 1, u moc/e OveBHIHBIX
npeoOpasoBaHuil TTOMYINM HEPABEHCTBO

4ab 4b 4
a4 + ¢ + ca < 6(ab+ be+ ca),
a+b b+c cHa

PaBHOCUJIBHOE NCXOJHOMY, 9TO U Tp€6OBaJIOCb.

20. Ilycts Ay, As, ..., Asop — BEpIIMHBI UCXOJHOIO MHOI'O-
yrojibHuKa. JloKakem, 9TO Cpelu BCeX TPEyroJbHUKOB AjAsAs,
1421431447 ey 14499145001417 A500A1A2, O6paBOBa.HHbIX TpeMsd I10CJie-
JIOBATEJILHBIMU BEPITUHAMU MHOT'OYTOJIbHUKA, 00sI3aTEILHO HARIETCS
TPEYTOJHLHUK ILIOMATN MEHbIIe 1.

[IpeanosokuM MPOTUBHOE, W IJIOMIAIN BCEX ITUX TPEYTOTbHU-
KOB He MeHbIne 1. 3amMerum, 9TO JIsl TJIOMA/M TPOU3BOJILHOTO TPe-
yrosibauka ABC' cripaBejiuBO HEpaBEHCTBO

2-Sapc = AB - BC -sin ZABC < AB - BC,

13 KOTOPOTO, B YaCTHOCTH, ciieayeT 2 < 254 4,4, < A1Ag - AxAs.
Vcnonb3ys HepaBeHCTBO O cpeiHeM apudMETHIECKOM U T€OMETpUYIe-
CKOM, IIOJTy"IM:

A1 Ay + AsAs > 24/ A1 As - Ay As > 2V/2.
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AHaJjiorn4yHbIe HEPABEHCTBA 3AIIMIIEM JIJId KasKJI0# apbl IOCIe10Ba-
TEJIbHBIX CTOPOH:

Ag Az + A3Ay > 2V2,

AggoAs0 + Aso0 A1 > 2V/2,
AsooAr + A1 Ay > 2V2.

IIpocymmupyem Bce 3tu 500 HEpaBEHCTB, TOI/a B JIEBOI YACTH IIOJIY-
9UM yJIBOEHHOE 3HaYeHNEe IEPIMETPA MHOTOYTOJIBHUKA, TO €CTh YHCJIO
2-700. TTostomy 2-700 > 24/2-500, wm 1,4 > /2. Dro gaér 1,42 > 2,
nporuBopeune. Takum 0O6pa3oM, 10 KpaiiHeill Mepe, y OJIHOTO U3 Tpe-
YTOJTBHUKOB TLIOMIAIb MEHbITE 1.

21. Omeem: 3.

Ecin uucna 3anucarh, HampuMep, B nopsike 2, 7, 5, 6, 1, 4,
3, To uncyia 7, 6 u 4 okaxytcs xopormmumu. OcTajaoch MOKa3aTh, ITO
6oJIbIITe TPEX Ynces ObITh HE MOYKET.

SameTnM, 9TO XOpOoIlee YHUCI0 OOJIbIe 000UX CBOMX COCEJIEH,
3HAYNT, /IBA XOPOIIUX YUCJIA HE MOT'YT CTOATH psijoM. [losromy uwnc-
JI0, CJIEJIYIOIIee M0 YacoBOW CTPEJIKE 38 XOPOIINUM, HE JIOJIKHO OBITh
XOPOIIUM, NMPUIEM 3a Pa3HBIMHU XOPOIIMMH YHCJIAMU CJIEIYIOT pas-
uble Hexoporue. CjenoBaTe/bHO, CPEIU BCEX HAIMCAHHBIX YHCEST XO-
pormmx — He OOJIbIlle TIOJIOBAHBI, & 3HAYUT, He OOJIbIITE TPEX.

22. Omsem: Hem, He MO2.0.

IIycts nckomasi pacctaHoBKa cyriecTByeT. II0CKObKY B KaxK-
IOl CTPOKE M B KaXKJIOM CTOJIOIE TAaOJIUI[ CTOUT YETHOE KOJUIECTBO
HEYETHBIX YHUCEJI, BCE CyMMBI YHCEJ B CTPOKAX U CTOJIONAX YETHBHI.
TlosToMy B KaxKa0i CTPOKE C OTPUIATEILHON CyMMOI 9Ta CyMMa, He
6oJibiie —2. Cjie10BaTe/IbHO, CyMMa BCEX YMCE]I B TAOJIHUIIE HE TIPEBOC-
xozut 99 (—2) + 100 = —98. C apyroit CTOPOHBI, B KaXKIO0M CTOJIOIE
C TOJIOKUTEILHON CyMMOI 9Ta CyMMa He MEHbIIe 2, 1 TOTOMY CyMMa
Bcex umces B Tabsure He Meabine 99 - 2 — 100 = 98. IIporuBopedne.

23. (Puc. 10.) PaccMoTpuM npsiMOyTrosibHbIH TpeyroabHuk ABD.
B wem M — cepenuna runorenyssl, a suauut, AM = MD = BM.
Torma M mexkut Ha cepeauHHOM TepreHaukyispe k BD. C apyroit
croponsbl, tockoIbky BC = C'D, Touka C TakKe JI€KAT HA CEPEINH-
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HOM nepresuKyaspe K BD. [Tosyuaem, uto MC | BD. ITockoibKy
AD || BCu CF L BC, noay4aem, uro CFLAD. Urak, CF u DF —
BoICOTHI Tpeyrojbuuka C' M D. Suaunt, M F' — Takke BBICOTa, 9TO U
osnadgaet, uto M F L CD.

Bamenarue. MOXKHO MOKa3aTh, YTO YETHIPEXYroabHUK BC DM sBisiercs
poMGoMm.

B

Puc. 10 Puc. 11

24. Omesem: nem, He MmodHCEM.

IIpenmnonokuM IpPOTHUBHOE. 3aMETHM, UTO YHUCJIO, OKAHYNBAIO-
meecst Ha 2016, obs3aTesbHO menuTed Ha 16.

Cpeu J1ecsiTi IETUHBIX YKCEeJT eCTh JINOO OHO, JINOO JBA YUCIIA,
Jessiuxcst Ha 8. B mepBoM cirydae OIHO U3 IOJIyYEHHBIX HAUMEHb-
mmx obrmux kparabix (HOK) genurcs na 8, a BTopoe — HeT, 1 IIOTOMY
UX CyMMa He JeJuTcd Jaxke Ha 8. Bo BTopoM ke ciydae pasHOCTh
ABYX HETUHBIX YMCEJ, JEJIAIUXCsS Ha 8, paBHa 8, IOTOMY OJIHO U3
HUX JejuTcs Ha 16, a apyroe — Her. CienoBarelibHO, o0 u3 HOK
nesmrcst Ha 16, a apyroe — Her. 3HAYWAT, U B 9TOM CJIydae CyMMa
HOK penurbes na 16 He MOXKeT.

25. Omeem: 6mopoi.

Ilepssrit ciopTcMen Tpoberkat IUCTAHITUIO ObICTPee BTOPOTO, TaK
KaK ero CKOpOCThb ObLIa BBIIE CKOPOCTH BTOPOT'O KaK HA MEPBOM KH-
JIoMeTpe JUCTAaHIUW, TaK U HA ABYX MOCIENHHUX. 1'peTnit cnopTcMeH
Ha IIePBBIil KNJIOMEeTP IMOTPATUJI CTOJIBKO K€ BPEMEHH, CKOJIBKO BTO-
poit — Ha BTOpOI KMJIOMETP, & BTOPOH M TpeTuit KMJIOMETPHI OerKaJ
ObIcTpee, UeM BTOPOIl — MepBbIit U TpeTuit KujaomeTpobl. [losTomy o
TaK»Ke MPUMIES K (GDUHHUILY PaHbIEe BTOPOrO, OTKY/IA U BBITEKAET OT-
BeT.

26. Omeem: 6ce namypaasvhoe wucaia, xKpome 1.
JIroboe HATYpaIbHOE YUCIO N > 1 MOJIyYaeTcs, eCIu IMOJI0XKUTh
z=1,y=nuz=n%
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zy+yz+ze  n(l+n*+n)

T+y+z 1+n+n?

[Tokazkem, yTo umcso 1 nosyuuTts Hesrb3s. s aToro nocrarod-
HO TI0Ka3aTh, YTO €CJIX HATYpPaJbHBIE YHUCJIA T, i U 2 PA3JIMYHBI, TO
ry+yz+zx > x+y+z. B camom nene, xy > x, yz > yu 2x > z, U 3TN
HEPABEHCTBa 0OPAIAIOTCS B PABEHCTBA TOJIHKO IpU £ = Y = z = 1.

Bameuwarue. TlpuBeném apyroii crocob NpecTaBuTh JIr060e 9uciao n > 1.
BriGepeMm 151 Havasa 9ucaa T U Y Tak, 9r0 € >y u x +y =n—+ 1 (torma x > 2).
3amMeTum, 94TO

wy+yztzr (@t y) z? +zy +y° .
rt+y+z r+y+z
Buaunt, nonaras z = (x2 +xy +y2) — (4 y), MBI MoNIyYaeM TpeGyeMyto TPOHKY,
€C/IM TIPOBEpUM, UTO z OTJIHYHO OT  u Y. Tak Kax x > 2, uMeeM x2 — x > T U
y?2 —y >0, orkyna z = (22 —z) + (v —y) + 2y > x +0+y > max(z,y). Orciona
u caemyer TpebyeMoe.

27. Omeem: moocHo.

IIponymepyem MOHETHI cjieBa HampaBo uuciamMu orT 1 jo 100.
Cpasaum MoHeTbl 17 u 84. Xors Obl OfHA W3 HUX — HACTOSIIAS.
TlosTtomy, ecsiu Becbl B paBHOBecHm, TO 00€ MOHETHI — HACTOSIIIUE;
B 9TOM CJIydae HACTOAIMMHU OyayT 34 MoHeThI ¢ HOMepamu 1—17 u
84—100, tak kak 50 aJbIIUBBIX MOHET B 3THX IPOMEXYTKaX He
YMEITaoTC.

IIycts Tenepnb nepesecuia Moueta 17. Torma oHa — HaCTOAIIAL,
a MoHeTa 84 — dasbmuBas. Tak Kak HOMepa JIIOOBIX ABYX (hasIbIIu-
BBIX MOHET OTJINIAIOTCS He Oojtee geM Ha 49, B 9TOM ciryduae HAMMEHb-
muit nomep GaabIuBOil MOHETHI He Menbine 84 — 49 = 35, To ecTb
moneTwl 1—34 obsi3aTenbHO HacTosue. Ecmn ke mepeBecuia MOHETaA
84, aHAJIOTUYIHDbIE PACCYZKJIEHUS MMOKA3BIBAIOT, ITO HACTOAIIUMU SIB-
JsroTesa MoHeThl 67—100.

28. ITycrb yron ABC — upsivoit (puc. 11). Torna BM u BN —
MeJIMaHbl B IPAMOYTOJIbHBIX TpeyrosbHukax ABK u CBL, oTkyia
/MBA = /ZMAB = /BAC/2 w /ZNBC = Z/ZNCB = ZBCA)/2.
Buaunr, ZMNB = 90° — ({BAC 4+ ZBCA)/2 = 45°.

IMycrs yron ABC — rynoit (puc. 12). Oboznauum 4depes R u
T cepenunnt cropodn AB u AC coorsercrBenno. Torma Touka M je-
kuT Ha cpenneit smanun TR tpeyronsuuka ABC. Kak uzBectHO, B
TYIIOYTOJILHOM TPEYTOJBHUKE MEIUaHa TYIOro YIrjla KOpode IOJIOBH-
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HBI CTOPOHBI, K KOTOpO#l OHa mposejieHa, 10 ectb 1B < TA. Ilo-
ckoJibKy TR — memuana B Tpeyrosibauke AT B, oTcioia ciielyer, 4To
OCHOBaHUE OMCCEKTPHUCHI ITOIO TPEYrOJbHUKA, TPOBEJIEHHON U3 Bep-
muabl 1, jiexxur Ha orpe3ke RB. 3HadnTt, TOYKa mepecedeHus Ouc-
CEKTPHC TOr0 TPEYTOJIbHUKA JIeXKUT Ha oTpeske M K. Anajorndso,
TOYKa Iepecedenusi buccekTpuc tpeyrosbauka CT B jeXur Ha ot1-
peske N L. Cnenosarensuo, ZM BN = /M BT+/NBT > (LABT+
+ ZCBT)/2 = LABC/2 > 45°.

Amnayornano jokaseiBaercs, 9ro eciu yroa ABC — ocTpbiii
(puc. 13), To Touku mepecedenus: GuccekTpuc Tpeyrojbuukos AT B
u BTC nexar Ha orpeskax AM u CN coOTBETCTBEHHO, OTKYJa
/ZMBN < LABC/2 < 45°.

29. Omeem: moavro 0.
IIycts i-it Tpéxusen nmeer suf, f;(x) = ax? + bz + ¢;. Toraa

falzy) = ax% +bxy +cog = (ax% +br1+c1)+(ca—c1) =c2—a,

nockosbKy f1(z1) = 0. Arasormuso mosyuaeMm paseHCTBa f3(x2) =

=c3 —Ca, .-, f100(®99) = 100 — o9 W f1(T100) = €1 — C100-
CxuraipiBast OJIyY€HHbIE PABEHCTBA, MOJIyIaeM

fg(l‘l) + f3($2) + ...+ fl(l‘loo) = (62 — 01) + ...+ (Cl — 8100) =0.

E))HEL‘II/IT7 CIMHCTBEHHOEC BO3MOXKHO€ 3HaYCHHUE CYMMBI — HOJIb.

30. Tak kax C'C" — nuametp ), umeem ZC' AC = 90°. ITockomnn-
Ky MP || BC, nonyuaem ZMPA = /BCA = /BAC (puc. 14). 3ua-
qut, Tpeyrojbuk AM P — paBHOOEIPEHHDIH, U IO3TOMY €ro BBICOTA
MD sasnsiercst u meuanoit. Tak kak AD = DP u AC' || DM, 1o
reopeme Dajieca mosydaem, aro C'M = MP.
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Bamevarue. ECTb 1 apyrue pelieHusi, HAIPUMep, C UCIOJIb30BAHUEM IO/~
c4éTa yTJIoB B NPAMOYTOJBbHOM Tpeyroibauke PAC’; mvenno, /M AC! = 90° —
—/MAP =90°—-ZACB = 90°—~/MPA = /ZMC'A, orkyna MP = MA = MC".

31. Omeem: nem, ne mooicem.

IIpeamonoxkum  mporuBHOE. Pac-
CMOTPUM CTEIEeHH JBONKHU, Ha KOTOPBIE
JIeJTSITCsT BBIMCAHHBIE YHCIa; MycTh 2F —
HambOJIbINAas U3 HUX. Ecim XoTst OBl gBa
BBIIICAHHBIX 4HCIa fearcd Ha 2F, 1o
JB& COCETHUX TAKUX UUCIa OyIyT pas-
mmuarses Ha 2F. 3HaunT, oaHO M3 HUX
Gyer gemuthes Ha 281 a0 HeBO3MOK-
HO B cuJly BbiOOpa k. 3Ha4uT, Cpeu BbI- Puc. 14
IUCAHHBIX YHCEJ POBHO OJIHO JeuTca Ha 2K,

Haunmenbinee obuiee kparanoe (HOK) rpymubi, copepzkaieit a3ro
qncio, Gyaer memmrses ua 2F, a HOK ocrapmeiicst rpymmsr — ne Gy-
ner. Bnaunt, cymma srux HOK me gemmres ma 2F; ¢ apyroit cropomnsi,
sTa cyMMa Gosbiire, genm 2F. TTosTomy sTa cyMMa He MOMKET ObIThH CTe-
HEeHbIO JBOUKU.

32. Omeem: 3a 2 3azpysku.

ITokazkem, uro Apxume Ly JTOCTATOYHO UCIIOJIb30BATH MEIIOK JIBa~
Kjapl. [IycTh oH cHavasIa OJIOKUT B MEIIOK CJIUTKHU ¢ Becamu 1, 2, 3
u 5 Kr, a moToM — cjauTku ¢ Becamu 1, 4 u 6 kr. B oboux ciygasix
MEITOK He TTOPBETCS.

JlokarkeM, ITO 9TO MOIVIO IIPOU30NTH TOJIBKO B TOM CJIydae, eCJn
JBAXKJIbl OBLI MCIIOJIB30BaH CJUTOK Beca 1 Kr. JleficTBuTeNbHO, ecin
O6bl ApxuMmes B 9TH J(Ba pa3a BMECTO CJUTKOB C Becamu 1,...,06 Kr
HCIIOJIB30BAJI COOTBETCTBEHHO CJIUTKU C BECAMU W1, . . . , Wg KT, TO ITU
Beca yI0BJIETBOPsLINA ObI CUCTEME HEPABEHCTB w1y + wo +ws +ws < 11,
wy + wg + wg < 11. CrilagpiBasg 3T HEPABEHCTBA, IOJIydYaeM wi +
+(wrFwa+. . .+wg) < 22. B ckobKax cTOUT CyMMa. IIECTU PA3JINIHBIX
HATypaJbHBIX YHCeJ, TO €CTh OHA He MeHbInme 1 + 2+ ...+ 6 = 21.
Orcroma ciemyer, uro wy < 22 — 21 = 1. 3nauur, w; = 1, 10 ecThb
CJINTOK Beca 1 KI' OJIHOZHAYHO OMPeIesIEH.

Ocrajioch MoKa3aTh, 9TO OJHON 3arpy3KH HEJI0CTATOYHO. Fcim
Apxume 1 3arpy3uT OJIMH CJIUTOK, TO MEIIOK HE MOPBETCS B JIIOOOM
cjlydae, TO €CTh HUKAKOW CJIUTOK UJIeHTU(DUIUPOBATH HE YIACTCS.
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IIycts Apxumen 3arpy3uT OOJIbIIE OJHOIO CJINTKA, M MEIIOK HE IIO-
pBércs. Ecim ciauTok B 1 K He 3arpyskKeH B MEIOK, TO IIPH 3aMeHe
UM JIIOOOTO CJINTKA M3 MeIKa Pe3yJibTaT He M3MEHHUTCs; 3HAUUT, B
9TOM ciy4ae I'mepoH jiaxke HEe CMOYKET HMOHSATH, HAXOJUTCS JIM 9TOT
CIIUTOK B MeIKe. Ecim Ke MCKOMBIH CIUTOK B Menike, To ['mepon e
CMOYKET TIOHSITh, KaKOW 13 (XOTst GBI JIBYX) 3arpy?KEHHBIX CJIUTKOB —
TpeOyeMBbIii.

Bamevarue. Tlocme ykazaHHBIX JIBYX 3arpy30K TaKKe€ OJIHOZHAYHO OIIpe-

JleJisieTcsl TpyIna r'upb ¢ Becamu 2, 3 U 5 KI, a Tak»ke rpymnmna ¢ Becamu 4 u 6
KT

33. Omeem: da, mozn0.

IIEPBOE PEIIEHUE. [IpeabsBum npumep, Kak TaKoe MOTJIO TTPO-
n3oiitu. Beicrponm yuenukos mo kpyry. Ilpeamosoxkum, 910 K KaxK-
JOMy Ha JeHb POXKJIEHUS IPUIIN BCE OJHOKJIACCHUKU, KPOME CJie-
JIYIONIEro 3a HUM IO 9acoBOil crpesike. Torma JoOble 1Ba yYeHUKA
A m B Bcrpermwinch Ha BCeX MPA3/THOBAHUSAX, KPDOME JIBYX: TOTO, Ha
KOTOpOe He HpHUIEnl A, u TOro, Ha KOTOopoe He npuimén B. 3Hauur,
Jirobast TIapa yYeHUKOB BeTperusach 21 pas.

BTOPOE PEMIEHUE. [IpeabasuM Apyroit BO3SMOXKHBIN ITpUMED.
Boigesnm u3 kitacca asyx yuenukos A u B. Ilycrs Ha JeHb poxKie-
HUs K A IIPUIIM BCe OJHOKJIACCHUKY, KpoMe B, Ha JIeHb POXKJIEHUs
K B npumén toibko A, a Ha OCTajibHbIE JIHU POXKIEHUS TPUXOIII
tosibko B. Torma Jirobast mapa, B KOTOpoit HeT B, BCTpeTuiach TOIb-
KO Ha JiHe poxkjeHus A, a Bce mapsbl, cojepzkariue B, BCTpeYaanuch
POBHO II0 pa3y Ha OCTAJBHBIX IIPAa3MHOBAHUSAX. VITOro, Kaxkaas mapa
BCTPETUJIACH POBHO II0 Pa3y.

34. Omeem: MH02HCECMBO BCET HAMYPANOHBLL YUCEA, G MAKIHCE
mnoocecnea {1}, {1,2}, {1,2,3} w {1,2,3,4}.

Jns magama nposepum, uro muoxkectBa {1}, {1,2}, {1,2,3},
{1,2, 3,4}, a Tak:Ke MHOXKECTBO BCEX HATYPAIBHBIX THCEJ — MOJHBIE.
JLJ1s1 TIOC/I€THErO MHOXKECTBA, 9TO OYEBUJIHO; JJIsI IIEPBBIX YETHIPEX 3a-
METHM, UTO eCJIM HaTypaJibHbIe Yucia @ U b TakoBbI, uT0 a+b < 4, T0o
Jinbo oHU 00a paBHBI 2, JTUOO OHO U3 HUX PABHO 1; B JIFOOOM U3 9TUX
caydaeB umeeM ab < a + b. 3uaunt, ecniu a + b < A, To u ab € A.

IIycrs Tenepsr A — MpPOU3BOJIBHOE IIOJIHOE MHOXKECTBO. Eciau A
COJIEPXKUT HEKOTOPOE YUCJIO k > 2, TO 110 YCJIOBUIO OHO TAKXKe COJIep-
xkut qucsio 1+ (k—1) = k — 1. TIpomosrkast 3TOT IPOIECC, MOy YaeM,
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9TO BCe HATYpaJbHBIE YHCsa, He IpeBocxojdiiue k, jexar B A. B
YaCTHOCTH, eciu A He comepKuT duces, 60Jbux 4, TO MHOMKECTBO
A y¥Ke epedncseHo B OTBeTe.

[Iycts Teneps B A ectb ancisio | > 5. Sagaaum mocjie0BaTe ih-
HOCTb l1,l, ... coornomenusyu Iy = u l,11 = 2(l, — 2). Bee atn
qnca jexar B A. [eiictBurenbro, [ gexur B A 10 HaIeMy mpeji-
HOJIOXKeHNo, a econ b, =24 (1, —2) € A, o u lp41 = 2(1,, — 2) € A.
Kpowme toro, l,41 = I + (I, — 4); 10 HHAYKIME Tenephb MOoJIyYaeM,
910 lpe1 > I, > 5. 3Hauwut, g 000T0 HATYPAIBLHOTO 71 MMEEM
l, > n; U3 paccyKieHuil TpeIbIIyIero ab3ana MOHIMAEM Terepb,
aro u n € A. Utak, Bce HaTypasbHbIe YHCIa JexkKaT B A.

35. Omeem: 1008 wucean.

Paccemorpum nipounsBosibHOE oKparmBanue tadbsmiel. [lycts Ha-
[IJIOCH XOTsI OBbI IBA YIAYHBIX YNUCJIA, U G — HaUMEHbIlee U3 HuX, a b
— HaubOoJIbIIIEe.

Ilomenum b Ha a ¢ octatkom: b = qa + 7, tae 0 < r < a. Ilpen-
[TOJIOXKUM, 9TO ¢ > 2. B mpousBoJibHOM KBajipaTe b X b MOYXKHO pacIio-
JIOXKUTH 2 HelepeceKalomuxes KBaIpaToB ¢ X a. B 3Tux KBaJpaTax
6yneT posHO ¢2a aépHbIX Knetok. Oxmako ¢?a > (q+1)a > qa+r = b;
3HAYUT, B KBajipaTe b X b OyzmeT OosbIte, 4eM b IEPHBIX KJIETOK, ITO
HeBo3MoxkHo. Urtak, ¢ < 2, To ecThb b < 2a.

Ob11e€e KOJTMYECTBO YIAYHBIX YUCE]T HE TPEBOCXOIUT KOJTMIECTBA,
HATypPaJIbHBIX 9HCel OT G 10 b, TO ecTb OHO He Oojibie b —a + 1 <
<b—-b/24+1=0/2+ 1 <1009. 3HauuT, 370 KOJIUIECTBO He GOJIBIIE
1008.

OcraJjioch IpUBECTH IPUMED PACKPACKH, JIJIsI KOTOPOI Hali Ly Tcst
1008 ymaunbix dnces. Oxpacum dépHbIM Bce Kierku 1008-if crpoku
¥ TOJIBKO UX. PaccMOTpUM IIPOM3BOJIBHBIN KBaJPAT CO CTOPOHOM d >
> 1009. Ou mepecekaercs ¢ 1008-0if CTPOKOIi, 3HAYUT B HEM €CTh
resiasi CTpPOKa OTMEYEHHBIX KJIETOK, TO €éCTh UX Kak pa3 d mTyK. 3Ha-
quT, Bce yncaa or 1009 1o 2016 saBisioTcst yIa9HBIMU, U TAKAX YUCEJT
Kak pa3 1008.

36. [IEPBOE PEIIEHUE. Ha npoosrzkenun orpeska AB 3a T09-
Ky A ormerum touky K rak, uro AB = AK (cwm. puc. 15). Torma
AM — cpepnuss qunug B rpeyronbauke BCK, orkyna AM || CK.
Suaunt, /BKC = /BAM = ZADC. Orcroga cjemyer, 9TO YeThl-
péxyronbuuk AK DC' Brucan.
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Puc. 15 Puc. 16

Onsarp ke nucnosp3ys napajuieabanocts AM u CK, nonydaem
LCAM = LZACK = ZADK. Haxonen, DA — meauaHa W BBICO-
Ta B Tpeyrosibiuke BD K, mostomy DA sBisiercst U GHCCEKTPHUCOIL;
orciona ZADB = ZADK = ZCAM, aro u TpebOBAJIOCH JTOKA3ATh.

BToOPOE PEMEHUE. 3amerum, uro ZADC + ZDAM =
= /BAM + ZDAM = 90°; sto 3uagut, uro AM 1 CD. Ouycrum
neprieHuKkyJisipbl M N u BP u3 touek M u B Ha upsimyto C'D; Torma
roukn A, M u N jexar Ha oiHO# npsiMoii (cM. puc. 16).

Puc. 17

ITockombky BM = MC', no teopeme Paseca mosyuaem PN =
= NC. 3naunr, AN — BbIcOTa U Mejuana B Tpeyrojbauke APC,
orkyna ZCAM = ZMAP. Tak kak BP || AN, nonyuaem /MAP =
= /APB. Hakowren, nockoibky /BPD = /BAD = 90°, uerbipéx-
yronbauk ABPD sruucan; nostomy ZAPB = ZADB. Urak, Mbl TIO-
ayaunu, aro LZCOAM = /ZMAP = ZAPB = ZADB, aro u TpeboBa-
JIOCh.

TPETBE PEHNIEHUE. OrjioxuMm Ha jtydue AM touky () Tak, 910
AQ = 2AM (cm. puc. 17). Torga B yernipéxyronbanke ABQC nua-
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TOHAJIN JIEJISITCS TOYKOM TIepeceveHust MOIoJIaM, TO €CTh OH — IapaJi-
siejiorpamm; 3uaant, ZCAQ = LAQB.

Tak kak QC || AB, moayuaem QC L AD. Tak kaxk ZQAD =
= 90° — ZBAQ = 90° — ZADC, umeem DC 1 AQ. 3uauur, C —
TOYKa Mepecedenust BBICOT B Tpeyroibauke AQD, orkyma AC 1L QD
(u, smaunt, BQ L QD).

ITockonbky /BAD = /BQD = 90°, yerbipéxyrojibauk ABQD
puucad. 3uauut, LADB = ZAQB = ZCAQ, 4ro u tpeboBajoch
JIOKa3aTh.

37. CoBrazaer ¢ 3amadeit 29.
38. Cosmagaer ¢ 3amaueit 24.

39. B ciayuae AB || CD nmeem BC = KN, nosromy AK =
= BL = CM = DN. 3uauur, detbipéxyroabank LM D A nonydaercs
n3 BC'N K napaJuie/ibHbIM [TEPEHOCOM Ha, BeKTOp BL.

ITycts Tenepsr AB u C'D we mapajiesbab; 0603Ha9nuM depe3 P
TouKy nepecedenus MpaMbix AB u C'D. Tak Kak 4eTbIpEXyTroabHIK
BCNK snucan, rpeyroasauku PBC u PN K 1mono6Hbr; oTciona

PB PB PN PN
BL BC NK ND'
Buauur, BN || LD (cwm. puc. 18). Ananoruuno, CK || M A. Orciona
nostydaem ZALD = /ZKBN uw /KCN = ZAMD.
Taxk kak dersipéxyronbauk BC' N K — suucansblii, o /K BN =
= /ZKCN. lostomy u LZALD = ZAMD, to ectb ADM L — Takxe
BIIUCAHHBINA.

Bameuarue. Ectb u apyrue pemienusi; HanpuMep, n3 paseHcts LZAKN =
=/ZNCBu/DNK = /K BC cnenyer, uro dersipexyroabauku BCMLu NKAD
nono6usl, nodromy LBLM = ZMDA.

40. Omeem: 6-502 —5-50 + 1 = 14751 nap.

O6o3naunM JyuHy cTopoHbl Tabsmipl yepe3 2n = 100 (Tak uro
n = 50) u OpoHyMeEpyeM CTPOKHU CBEPXY BHU3, & CTOJIOLLI — CJIEBa
HAIIPaBO 4yucjgamMu oT 1 j10 2n.

B kaxmoit crpoke moxkeT ObITh OoT 0 70 2n 9EpHBIX KJIETOK.
Tak Kak KOJUYECTBA UYEPHBIX KJIETOK BO BCEX CTPOKAX PA3JIUIHBHI,
9TH KoJMYecTBa — Bee ucsa or 0 70 2n, Kpome OmHOro (CKarKeM,
kpome k). Torpa obimee ncsio 4épubix Kiaerok pasao (0+ 1+ ...+
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+2n)—k = 2n?+n—k. C 1pyroii CTOPOHLI, TAK KaK BO BCEX CTOJIONAX
KJIETOK TI0POBHY, 00IIee YUC/IO Y6PHBIX KJIETOK JIOJIZKHO JEJUThLCA Ha
2n. Buauut, k = n, 1 Bo Beex cTobnax no 2n?/(2n) = n 4EpHBIX
KJIETOK.

P B\ L 'K A
Puc. 18

OrneHuM Tenepb CBEPXY KOJIMYECTBO IIap COCEIHUX II0 CTOPOHE
PAa3HOIBETHBIX KJIETOK, CUUTAas OTEJIbHO apbl KJIETOK, COCEIHUX I10
TOPU30HTAJIA U TI0 BEPTUKAJIN.

Eciu B crpoke i < n — 1 48pHBIX KJIETOK, TO OHU MOTYT ydacT-
BOBATh He OoJiee, 9eM B 2¢ TOPU3OHTAJIbHBIX Tapax. Kciam B cTpo-
Ke i > n + 1 4€pHBIX KJIETOK, AHAJIOTUYHOE PACCYXKJEHWE MOXKHO
[IPUMEHUTH K OeJIbIM KJIETKAM, KOJIMYeCTBO KOTOPBIX PABHO 21 — 1 <
< n—1. Utoro, ropu3oHTAJILHBIX PA3HOIBETHBIX I1ap He OOJIbINe, YeM
2:(2:04+2-1+...42-(n—1)) =2n(n—1).

OrnernM Tenepb KOJIMYIECTBO BEPTUKAIBHBIX Tap. Paccmorpum
JIOOYIO CTPOKY € 48THBIM HOMepoM oT 2 o 2(n — 1); mycrb B Heil i
9EpHBIX KJIETOK. Torma jinbo B CTPOKE CBEPXY, MO0 B CTPOKE CHU3Y
OT Heé€ YUCJIO YEPHBIX KJIeTOK He paBHO 100 — ¢; 3HAaYUT, OJIHA U3 BEP-
TUKAJbHBIX T1aP, B KOTOPBIX yYACTBYIOT KJIETKU HAIEH CTPOKHU, OyaeT
onmonsernoit. toro, ectb xorst 661 7 — 1 OHOIBETHBIX BEPTUKAJIb-
HBIX Hap. Tak Kak obliee YUCI0 BEPTUKAIBHBIX ap paBHo 2n(2n—1),
TO PA3HOIBETHBIX M3 HUX — He Oosbiie, ueMm 2n(2n — 1) — (n — 1).
3HaguT, 00Ilee YNCIO PA3HOIBETHBIX IIap He OOJIbIINe, YeM

2n(n — 1) + (4n® — 3n + 1) = 60 — 5n + 1 = 14751.

Ocrajioch puBecTH IpPUMEpP, B KOTOPOM YKA3aHHOE YUCJIO Map
JOCTATAETCH.
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IIpoBeném B Harmeit Tadbauie 2n X 2n JUArOHAJL U3 BEPXHETO JIEBOTO
yIjia B HUXKHUI npaBbiii. Bce KjeTku, Jiexkallye Ha WJIM HUXKE JIia-
TOHAJIN, TIOKPACUM B YEPHBIA IIBET, €CJIM OHU JIEXKAT B YETHBIX CTPO-
Kax, u B GeJiblit — uHAYe (pacKpacka <0 CTpOKaMm»). Bce KieTkw,
JIesKallue BBIIE JUATOHAJN, TIOKPACUM B YEPHBIN I[BET, €CJIA CyMMa
HOMEPOB UX CTPOKH U CTOJIONA 46THA, ¥ B OeJiblil nHade («Imaxmar-
Hasi» packpacka). [Ipumep Takoil packpacku npu n = 4 nokas3aH Ha
puc. 19. HerpysHo npoBepuTh, 9TO B KaXKJIOM CTOJIOIE POBHO IO 7
YEPHBIX KJIETOK, B 2i-ii CTPOKE €CTh 1+ 1§ YEPHBIX KJIETOK, a B (21 —1)-
it crpoke — (n — ¢) 4épHbIX KjeToK. Kpome TOro, Bce OIEHKU BBIIIE
JIOCTUTAIOTCS.

41. Omeem: maxoe MHOHCECME0 00HO
— amo mmootcecmeo R scex deticmseumenn-

HOUT YUCEA.

I[IEPBOE PEWMIEHUE. Ilycts A — moJ-
HOE MHOXKECTBO. IIOCKOJBKY OHO HEIyCTO,
TO MOYKHO BBIOpaTh 3emenT a € A. Torma
a+0=ac¢€ A,sgaunr, a-0 =0 € A. Tax
kak (—x) +x = 0 € A, nosyyaem Tenepb,
aro (—x) -z = —2% € A upu Beex jeficTBu-
TeJIbHBIX . B CUIy MpOn3BOILHOCTH BHIOO-
pa T OTCIO/IA CJIEMLYET, YTO JIO60E OTPUIATEIHHOE YUCIO TAKIKE IIPHU-
HAJIJIEXKAT MHOYKECTBY A.

Haxkowuer, ms maro6oro b > 0 u3 Toro, ¥ro unciao (—b) + (—b) =
= —2b gexur B A, nomygaem, aro b2 = (—b) - (—=b) € A. 3nmauur, u
[IPOM3BOJIHHOE IOJIOXKHUTEJIbHOe dncso Takxke jexur B A. Urax, B A
BXOJIAT BCE JIEHCTBUTE/IbHbBIE TUCIIA.

Puc. 19

BTOPOE PEHIEHUE. Kak u B mepBoM peIreHnn, BIOEpeM Ipo-
U3BOJILHBIN 3jieMeHT s € A. Jlokaxkem, uro Jioboe ¢ > 0 jexur B A.
Paccmorpum ypasrenne 2 — sz +t = 0; ero JUCKPUMHHAHT HEOTPH-
HATeseH, TAK 9TO OHO MMeeT JBa (BO3SMOXKHO, COBIAJIAONINX ) KOPHSI
a u b. Torma o Teopeme Buera nmeem a+b =t u ab = s. [Tockoabky
a+b=s€ A, nonyuaem, uro u t € A.

Ocrajioch mokKazaTh, 4to Jioboe u > 0 Takxke jexkur B A. Tlo
JokazanHoMy Bblime, (—u) + (—1) € A; suaunt, u (—u) - (1) = u
TakxXKe JIEXKHUT B A.
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42. (Puc. 20.) Bamerum™, uro I JIe2KUT Ha OCH CUMMETDPUH TPalle-
nuu, nosromy ZICD = ZIBA. Tlonb3ysich BIUCAHHOCTHIO YETHIPEX-
yroneuuka CBEI, nonyyaem /ICD = /IBA = /IBE = ZICE.
Tak kak npsimast C'D kKacaercsi OKpyKHOCTH w, TO u npsimast C'E,
cuMMeTpuIHas et oTHocuTenpbHO Cf, TakKe KacaeTes w.

3amevarue. EcTb 1 apyrue perieHusi, HAIpUMep, C HCIOJIbL30BAHUEM pa-
Bercts LIEA = /ICB = /ZIBC = ZIEC.

43. 3ameruM cpa3sy, 9TO Ha 410000
JIyre MexKJly YJIEHAME XOPOIIei apbl Mo-
POBHY JI€BOYEK U MAaJIBIMKOB.

IIycts D — meBodka, yIacTBYIOIIA
B 10 xopomux napax. O603HAYNM BCEX Jie-
Teit o vacoBoit crpenke Kq, Ko, ..., Koy
TaK, 4T0 K1 — 310 D, 1 IPOJIOSIZKUM HY-
Mepalmio nukjandecku (Hampumep, Ko =
= KQnI/IKQn+1 = Kl)HpI/I’L = 1,2,...,2n
0603HaYINM Tepe3 d; PA3HOCTH MEXKITY KO-
JINYEeCTBAMHU JI€BOYEK U MAJIBIMKOB CPEIU
Ki,Ks,...,K;; B gactaoctu, dy = 1 — 0 = 1 u do,, = 0 (mosromy
MOXKHO IIPOJIOJIZKUTD 3TY I[IOCJIEJ0BATEILHOCTD, royaras do,+1 = di
u 1.71.). Jdesouka D obpasyer ¢ K; XOpOILyio mapy TOIJa U TOJIHKO
Torma, Korma d; = 0 u K; — mansuuk, Te. d; = 0 u d;_1 = 1. Uraxk,
HaiiyTcsa poBHO 10 MHAEKCOB ¢ ¢ TAKUMH CBOMCTBAMH.

Paccvorpum smoboro masnbuunka M = K, obpasyiomero ¢ D
xoporinyio mnapy; torjga ds = 0 u dg_1 = 1. AHaylorudHo moJIydaeM,
masbank M obpasyer xoporiyto napy ¢ K; poBHO Torma, Korja dg =
=d;—1 u K; — neBouka (1o ectb d;—1 =0 u d; = 1).

SameTum, 4TO JII0OBIE J1Ba YUCaA d; U d;y1 OTIMIAIOTCS HA €11~
Huiy. Pa306péM UX HA TPYIIBI [TOCJIEI0BATEIBHBIX YUCEN, HE MEHb-
[IUX eIUHUIBI, ¥ TPYIIIBI [TOC/IeI0BATEIbHBIX YUCe)I, He OOJIbIINX HY-
ssi. Torma mpu 00xojte Kpyra IO 9acoBOI CTPEJIKE <«IIEPEXO/IOB» U3
[IEPBBIX T'PYII BO BTOPBIE OYJET CTOJBKO K€, CKOJBKO M <«IIePEeXO-
JIOB» U3 BTOPBIX I'PYIII B IepBble. 3HAYUT, y M CTOJBKO Ke XOPOIITIX
HAIAPHMUIL, CKOJIBKO ¥y [ XOPOIUX HAIAPHUKOB. DTO U TPeOOBAIOCH
JIOKa3aTh.

D

Puc. 20

Bameuvarue 1. DTO pemeHHe MOXKHO BH3yaJM3UPOBATH, HAPHCOBAB «IPa-
duk» nocaenoBarensuoctu (d;) (cM. puc. 21). Torpa mosiBjieHHE XOPOIIEro Ha-
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napHuka y D o3Hadaetr, uro rpaduk nepecekaer npsamyio d = 1/2 cBepxy BHU3,
a TOsiBJIEHME XOpoileil HamapHuipl y M — mepecedeHre TOH »Ke IPSIMON CHUBY
BBEPX.

Sameuwarue 2. VI3 permenns ciaemyer, 9To0, €CIH AEBOUKa 00pa3yeT XOPOIILYIO
mapy ¢ JByMsI MaJIBYMKaMM, TO JI06as JeBOUKa, 00pa3ylolnasl XOPOIILYIo Iapy ¢
OJHUM U3 STUX MaJBbIUKOB, 0Opa3yeT eé u ¢ ApyruM. BoJjiee Toro, Bce getu pasdu-
BAaIOTCsI HA HEIEPECEKAIOIINECs] IPYIIIbI (B KaXK/I0# IPYIIle HOPOBHY MAaJIbYUKOB U
JIEBOYEK) TaK, UTO KaxKAbIi MaJIbIuK 0Opa3yeT XOPOIIHe Iapbl CO BCEMH JEBOYKa-
MH U3 CBOE€H IPyIIBI U TOJBKO C HUMH, U TO YK€ BEpHO i 106011 neBouku. Ilpu
3TOM, IIPU 0OXO/IE IO KPYT'y MAaJIBYUKHU U JEBOYKH U3 OJHOI IPYIIIbI Y€PETYIOTCS.

CyIecTByIOT penieHusi, JOKa3bIBaoIHe 3TOT (hakT HANPAMYIO (HAIpHUMED,
HHAYKIFEH 10 9uciy Jereit).

d;

J 1 I MMAIMMMJIIOM

Puc. 21

44. Omeem: (z,y) = (2,0) u (x,y) = (0,2).

Hnsa ymoberBa cienaem 3ameny x = 2a u y = 2b. Torma u3
yenosus umeem (2a)1%0 —(20)100 = 299 (20 —2b) u (2a)?°0 — (20)2%0 =
= 2199 . (24 — 2b). CokpaTup 0ba paBeHCTBA HA CTEIEHH JIBOWKH,
nomygaem al00 — p100 = 4200 _ p200 — o} £ (. Ilogesus BTOpOE
BBIpaskerne Ha mepsoe, momydaem al% + b9 = 1; smaumT, KaxmI0e
U3 9uces a U b 1o MOIYI0 He IPeBOCXomuT 1.

Ecim b = 0, To a'°° = q, orkyna a = 1. Amajorudso, eciu
a = 0, To b = 1; a0 npusoguT K AByM orBeraMm (x,y) = (2,0) u
(z,y) =(0,2).

ITycrs Teneps ab # 0; Torga |al, |b| < 1. Bamernm, 9ro 3HAUCHHS
byukmuu f(z) = 219 — 2 = (2% — 1) nonoxurensun npu z €
(—1,0) u orpunaresnsust npu x € (0, 1). [Tockonsky a'% -5 = q—b,
umeeM f(a) = f(b), nosromy uncia a u b UMEOT OJMHAKOBBII 3HAK.

C [pyroit CTOPOHHI,

@100 _ 3100

1= — =a” +a®+ b + ...+ 0. (*)
@ —
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Ecin a u b oTpunaTesbHbI, TO TpaBas YacTh B (%) TakyKe OTPHUIA-
TeJIbHA, 9TO HEBO3MOXKHO. Eciiu ke a u b IOJIOXKUTEIbHBI, TO BCE
cjlaraeMble B IIPABON 9acTu (*) MOJIOXKUTENLHBI, II0ITOMY OHA GOJIb-
me, weM a”? +b%?; urak, % + b < 1. C gpyroif CTOPOHEI, MOCKOIBLKY
0 < |al,|b] < 1, umeem a + 5% > al% + 100 = 1. TIporusopeuwne.

Bameuanue. Tlocne momydenus: HepaBeHCTBa (%) PEIIEHHE MOXKHO 3aBep-
IIUTH PA3HBIMHU CIIOCODAMU — HAIIPUMEP, C UCIOJIb30BaHUEM HEPABEHCTBA

(a99 +a98b+ a97b2 o+ b99)100 > (a100 _,’_13100)997

cripaBeIuBOro npu ab > 0. 9T0 HEPABEHCTBO MOXKHO JOKA3aTh, PACKPBIB CKOOKHU
¥ yCTAHOBUB, YTO KO MUIMEHT IIpH JIFOOOM OJHOYJIEHE CJIEBa HE MEHBIIE, YeM
KO3(MPUIMEHT NIPHU TaKOM K€ OJHOUJIEHE CIIPAaBa.

45. Omeem: nem, ne ModHcem.

Tak kak Tpéxuied f(x) e umeer kopueii, ro ¢ = f(0) = 0 u

f(e) = 0. Torma BeIpazkeHue @ UPPAIMOHAJIBHO KaK OTHOIIEHUE

PaIMOHAJIBLHOTO U UppaImoHaabHOro uncesa. Ho

24b
f(c):ac + C+C:ac+b+1.
c c

Tak xak b + 1 pammonanabHO, TO ac — UppaInoHaJbHO. [lomydaem,
4yro muckpuMuHanT D = b? — 4ac uppaluoHaieH KaK Pa3HOCTb pPa-
[MOHAJIBHOTO U MPPAIMOHAIBHOIO THCEJI.

46. ITo mepaBeHCTBY O CPEIHUX WMEEM

xy +xz > 2\/Ty - x2,
zy +yz > 2\/xy - yz,
rz+yz > 2\/rz - yz.

CoKuM 3TH TpH HEPABEHCTBA U pa3eauM nojrydernoe Ha 2. C yqaé-
TOM YCJIOBUS HOJIyYaeM

TYz 2 Yy + T2 +yz > T/ yz + yv/xrz + 2 /xy.

Hestst mosIydeHHOEe HEPABEHCTBO HA /TYZ, TOJIydaeM Tpebyemoe.

3amevarue. DTO penreHue Jjrerde MpUIyMaTh, €CJIM IEPENNcaTh JaHHOE U
TpebyeMoe HEPABEHCTBA B BHUIE
1 1 1
- +—-+-<1mu
r Yy =z
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47. Tak kak BL —6uccekrpuca ZABC, nmeem ZABL = ZLBC.
Iockonbky PB — xacaresbHas K 2, umeem /PBA = /BCA (cm.
puc. 22). Kpowme roro, /PBL = /PBA+/ABL = /BCA+/LBC =
= /BLP, 3uauur, ZBPM = 180° — (/PBL + Z/BLP) = 180°.

Puc. 22

Tax xkaxk ZBLM = 180° — ZBLP tynoii, Kacareabuble K [ B
toukax B u M mepecekaiorcs B TOUKe (), JiesKaIIeil 1o Ty 2Ke CTOPOHY
or BM, uro u touka L (a 3HauuT — 10 Ty Ke CTOpOHY, 4ro u P).
Hasee, umeem ZQBM = /QMB = 180°-/BLM = /BLP. 3uauur,
/BQM = 180° — 2/QBM = 180° — 2/BLP = ZBPM. Ilostomy
Touku B, M, P u Q nexat Ha omgHO okpyHOocTH. OTCIOa Ccietyer,
uro LZQPM = ZQBM = ZBLP. 9o u o3navaer, uro PQ || BL.

48. Omeem: k = 2(2015 — 1500) = 1030.

ITokaxkem, uto 1030 nerektopos JIume xBaTut. [Iycts o pacrmo-
JIOKHUT 515 jeTeKTopoB B 515 JIeBBIX KJI€TKAX CPEJIHENH CTPOKU KBaJI-
paTa, a oCTaJIbHBIE 515 JIETEKTOPOB — B 515 BEPXHUX KJIETKAX CPEJI-
HEro cTojbna. 3aMeTUuM, 9TO IPH JIIOOOM IIOJIOXKEHUH KOPabJIsd ero
JIEBBII CTOJIOEIL JIE2KAT B OJHOM 13 H16 JIeBBIX CTOJIONOB JOCKH. Ec-
JIX 9TOT CTOJIOer, — ojuH 13 515 caMbIX JIEBBIX, TO KOpabJ/ib HAKPOET
JIETEKTOP M3 ITOrO CTOJIOIA, JIeXKAaIuili B cpeJHeil CTpOKe, nHavdYe HU
OJTHOTO JIETEKTOPa U3 ITOW CTPOKU KOPADJIb HE HAKPOET. JHAYUT, 110
[TOKA3aHUIM JIETEKTOPOB M3 3TOW CTPOKU BOCCTAHABJIMBAETCS, B Ka-
KHX CTOJIOIAX JIEXKUT KOPabiib. AHAJIOTUYIHO, CTPOKH, B KOTOPBIX OH
HaXOJUTCsI, BOCCTAHABINBAIOTCS 110 TTIOKA3AHUSIM JIETEKTOPOB U3 CPE/I-
HEro croJiona.
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Paccmorpum Terrepb Ipou3BOJIBHYIO PACCTAHOBKY K J€TEKTOPOB,
VAOBJETBOPSAIOMUX TpeboBaHUsAM. PaccMOTPUM JIBa MOJIOKEHUsT KO-
pabJist, OTJIMYAONINXCST TOPU3OHTAJIBHBIM caBuroM Ha 1. ITokaszanus
KAKOT'O-TO JIETEKTOPA JIJIst HUX OYIyT Pa3JnIaThbCsl, TOJIBKO €CJITH ITOT
JETEKTOD JIE)KUT B CAMOM JIEBOM CTOJIOIIE JIEBOI'O KOPADJIS WA B Ca-
MOM TIPABOM CTOJIOTIE TTPABOT0. 3HAYNT, B JTIOOBIX JIBYX BEPTHUKAJIBHBIX
npsaMoyroabauKax 1500 X 1, oTyimyaromuxcs TOpU30HTAJIBHBIM CJIBU-
rom Ha 1500, ecTh XOTst OBI OIUH JETEKTOP. AHAJOIUYIHO, B JIFOOBIX
JBYX TOPU3O0HTAJIBHBIX MPSAMOyroiabHUKax 1 X 1500, oTamaaromuxcs
BepTuKaJbHBbIM casuroMm Ha 1500, ecTh x0oTst Ob1 ouH gerexkTop. Ha-
30BEM TaKHe Napbl IPSIMOYTOJIBHUKOB 6EPMUKGALHOMU T 20PU3OH-
MANDHDLMU, COOTBETCTBEHHO.

Brienm Bce BepTUKAJIBHBIE TIAPHI, e 1500 —
Jgexarnmue B HmKHUX 1500 m B BepxHUX
1500 crpokax mocku (Takux nap 2-515 = A B C
1030). Amnasormano, Boigesnm Bce 1030 =
FOPU30HTAJIBHBIX IIap, JIEKAIUX B Jie- T D B P =
Boix 1500 m B mpaBbix 1500 crosbrax. S
Pa306béM 10CKYy Ha 9 IPSIMOYTOABHEIX oo
obJracTeil Tak, KaKk MOKa3aHO HA puc. 23. l G H I
Brigesiennbie mapbl He TOKPBIBAIOT KJIe- T Tr00—

TOK 3 F; KaXKas ke KJIeTKa B OCTAJb-

HBIX 00JIACTSIX MTOKPBITA JIBYMsI BbIJIE/T€H- Puc. 23

upivMu napamu (B D u F — jaBymst Bep-

TUKAJIbHBIMU, B B u H — JByMsl TOPU30HTAIBHBIME, a B 001acTAX A,

C, G u I — onuoli TOPU30OHTAIBHON U OIHON BepTUKaJbHON). VTak,

KaXKJIbIil JIEeTeKTOp JIEXKUT He OoJiee, IeM B JIBYX BBIJEJIEHHBIX TIa-

pax; 3HAYUT, YTOOBI B KarK/ION BLIJIEJIEHHON Mape ObLT XOTs ObI OIUH

JiereKTop, Tpebyercst He Meree 2 - 1030/2 = 1030 meTeKTOpPOB.
Bamenanue. CylrecTByeT MHOIO APYTUX HIPUMePOB pacrosiokenus 1030 ne-

TEKTOPOB, YAOBJIETBOPSIIOIINX TPeOOBAHUSIM.

49. Cosmagaer ¢ 3agaueit 41.

50. Omeem: 10082 = 1016 064 mowuex.

IIycts cpeau cdep ectb r KpacHbix u 2016 — r 3e1éubix. Tak
KaK y JIIOOBIX IByX chep MAKCUMYM OJTHA TOUKA KACAHWSI, KOJHIECTBO
cunux Tovek He mpesocxomuT (2016 — ) = 10082 — (1008 — r)? <
< 10082.



Pemenng 3agaa 57

IIpuBeém mpumep ¢ TAKUM KOJUIECTBOM CHHUX To4ueK. [IycTh [
— HEKOTOpasl IpsiMasi, (¢ — ILJIOCKOCTh, TIepIIeHINKYJIsipHas | U 1epe-
cekaromiasi eé B Touke O, a w — OKPY2KHOCTB ¢ ieHTpoM O U pajiycom
1, mexamas B «. [Toctponm 1008 kpacHBIX cdep OINHAKOBOTO PaJIH-
yca r < 1 ¢ pazmmunbiMu neatpamu Ry, Ro, . .., Rigos, JIexKamuMu Ha
w (puc. 24).

Puc. 24
IIycts G1,Ga, ..., G10os — pa3udHble TOYKHU HA [, YIAJIEHHbBIE
or O Ha paccrositusi di,ds, ..., d1gos. Torma paccrostaue mexiay G;

u mo6oit Toukoit R; pasro /1 + d?. 3HaUMT, €M MBI OCTPOUM 3€-
nényio cdepy ¢ mentpom G; m pagmycom /1 +d? — r, ona Gyzer
KacaThbCs BceX crHuX cdep. [Ipn 3ToM Bee TOUKM KacaHust OyIyT TO-
IaPHO Pa3/IMYHBIMHE, IIOCKOJIBKY OHH JIeKaT Ha oTpe3Kax Buaa I;Gy,
KOTODBIE HE UMEIOT OOIMUX TOYEK, KpOMe KOHIIOB. 3HAUHT, B HAIIEH
KOHCTPYKIMH JeficTBUTETbHO OyayT orMedenbl 10082 curux Tovex.

Bameuarue. Bce KpacHble cdepbl B 3TOM IPUMEPE MOJIYYAIOTCA APYT U3
Ipyra BpalleHueM BOKpyr upsiMoit [. ITosromy, eciu 3esénasi cepa, meHTp Ko-
TOpOil JeKUT Ha [, KacaeTcs OIHONW KpacHON cdepbl, TO OHA KacaeTCs U BCEX
KPacHBIX cdep.

51. Cosnagaer ¢ 3amaueit 43.

52. Omeem: nem, He 00A3aMeAbHO.
IIpuBeném mpumep uncia N, 1718 KOTOPOTO BCE YKA3aHHBIE THC-
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Jia 6yayT pasnauaabiMa. [lostoxum
N — (32 _ 22)105(33 _ 23)70(35 _ 25)126(37 _ 27)120.
Torma
N = M3(3% — 2%) = M3(3% — 2%) = M2(3° — 2°) = M (3" — 27)

MIPU HEKOTOPBIX HATYPAIbHBIX Mo, M3, My u M7, He nensmmxcs HI
Ha 2, Hu Ha 3. OTcroma

N = (3My)% — (2My)? = (3M3)® — (2M3)® =

(3M5)° — (2M35)° = (3M7)" — (2M7)".

Jake Bce BoceMb YHCeJ, YIaCTBYIOMUX B MPEJICTABICHUIX, PA3JIHI-
HBI, TIOCKOJIbKY Y JIIOOBIX JABYX W3 HUX PA3HAs CTEIIEHb BXOXKIECHUS
b0 TBOMKM, TUOO TPOWKM.

Bamenarnue. TTogobHBIN TPUMEP MOXKHO IIOCTPOUTH U3 CJIEYOIINX cOOOpa-
>KeHuil (Bce yIOMMHAIOMMEC s YUCiIa — HaTypaiabHble). PaccMorpum Kakne-HUOYAb
qucsa Buga Ko = x% - x%, K3 = y:l)’ - yg, Ks = zi’ — zg u K7 = tZ - t;. YrobsI,
CKayKeM, IOJIyYUTh YHUCJIO, NPEJCTaBUMOE B BUJIE PA3HOCTU KaK TPETbHUX, TaK U
IIATBIX CTeHeHeﬁ, JOCTAaTOYHO B34ATb YUCJIO, UMEIOIIee BUJT K3A3 1 OMHOBPEMEHHO
K5 B5. 3uaunr, momoiinér uncio suna K. K g , TJIe (v JEJINTCA Ha b U Ja€T OCTATOK
1 npu penennu Ha 3, a B mesurca Ha 3 U AAET OCTATOK 1 NpH JeJIEHUN HA 5.

Amnajiornaso, 9TOOBI MOJIYYUTH 4HCJI0, Tpebyemoe B 3ajiade, JTOCTATOYHO
B3STb YHUCJIO K;Q Kg‘:’ K?SI(?”7 rje ao Ja€T OCTaTOK 1 IpH JleJieHuu Ha 2 U Je-
smTces Ha 3-5-7, a ocTaJIbHbIE [TOKA3aTe Il 00JIaJa0T aHAJOTMIHBIMY CBOCTBAMU.
JlokasaTp CyllecTBOBaHME TaKHX IIOKa3aTesell MOXKHO Pa3HbIMHU cliocobamMu — B
YaCTHOCTH, HEKOHCTPYKTUBHO, C UCIIOJIb30BAHUEM KHUTAMCKOI TeopeMbl 06 ocTaT-
KaX. HOCJIB 9TOr'0 HY>KHO eLue IIPOBEPUTH, 9TO IIOJIY9ICHHBbIC CTEIICHU PAa3JINIHBI.

53. Omeem: 6ydem.

Yucsa, koropele aessrcea va 1, 2, 3, 4, 6, 7, 8 u 9, menarcs u
Ha uX HamMeHblnee obmee kparnoe HOK(1,2,3,4,6,7,8,9) = 504.
ITocsie 2016 cienyromum TakuM uucyioM oyaer 2016 4+ 504 = 2520, u
OHO KaK pa3 JIeJIUTCS €Ie U Ha o.

54. Omeem: k = —% uau k= —%,

IIo Teopeme Buera mpousBejieHnio KOpHeil KBaJIpaTHOTO TPEX-
unena f(z) = ax®+bx + ¢ pasHO ¢/a. Jljis MCXOJHOTO U U3MEHSHHOTO
TpExiIeHa npousse/ienus 1 - k u 2 - 3k oTMYaoTcsa JIpyr OT Jpyra.
SuagnTt, Camna n3Mmenmw 3Hadenne Kodddurmenra a wim c. Paccmor-

PHUM JIBa CIydas:
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a) Cama 3aMeHn 3HaveHne Koabdunnenta a Ha A.

Tak kak KoaddunuenTs b U ¢ KBaapaTHOro TpéxwieHa f(x)
OCTAJIUCh [IPEKHUMHE, TO 110 TeopeMe Buera moaygaem, uro b = —(1+
+k)-a=—(2+3k)-A,atakke c=1-k-a=2-3k- A, orkyaa

a 2+3k  c/k

A 1+k  c/(6k) =6
3uaunrt, k = f%. B kadecTBe mcxomHoro Tpéxdiena, yIOBJIETBODsI-
IOIEro yCJIOBHIO, MOYKHO B3fATh, Hampumep, f(x) = 622 + 2z — 8,
KoTOpBIH mosrydaercss npu A = 1. Iocie 3amenbr crapirero Koad-
duruenTa Ha 1 momyuaercs TpéxuiteH 2 + 2r — 8 ¢ KOpHAME 2 U
3-(—3) =4

6) Cama 3amennn 3uadenue koabdurmenra ¢ na C.

Torna b= —(14k)-a= —(2+3k)-a, u snauut, k = —1. Bass,
HalpuMep, a = 2, HOJTy UM UCXOIHbIH Tpéxwien f(r) = 222 —x—1¢
KopHsMH 1 u —%. Ilocsie 3amenbl cBOOOIHOTO KOS(b(l)I/lIHI/IeHT% Ha —6

nosyauM Tpéxunen 22 — x — 6 ¢ kopuamu 2 u 3+ (—3) = —3.

55. Omeem: 6 6 ympa.

O603HAUYNM CKOPOCTH IIyTENECTBEHHUKOB U€Pe3 1 U Vg, & Pac-
CTOSIHUSI, TPOWIEHHBIE UMH JIO BCTPEUYU, — 4Yepe3 S; U Sy COOTBET-
crBenno. Ha myTh JI0 BCTpeYn OHU 3aTpaTU/IN OJMHAKOBOE BPEMS X,

TO €CTh
S1 5

U1 V2

C apyroii CTOpOHBI, IO YCJIOBHIO f—f =9m % = 4. Ilepemuozkas
STH PaBeHCTBa, HOIYYNM, 4To 2 = 36, TO eCTh HepBYIO0 YaCTh ITyTH
Iy TeIIeCTBeHHUKN TTponutn 3a 6 4acos. Ilocko/IbKy OHU BCTPETUINCH
B TIOJIJICHBb, 3HAYUT, BBINLJIA OHU Ha paccBeTe B 6 yTpa.

56. Omeem: ne boaee 00HO.

IIpesamonokumM, ITO BO3MOXKHO IPOBECTH JIBE OKPY2KHOCTH B CO-
OTBETCTBUHM C ycjaoBueM 3aja4un. [lycTh, s onpeaeiéHHOCTH, Ha OK-
PYKHOCTH w1 € rieHTpoM M7 Jtexkat Touku Mo, Mg, My, a HA OKpYK-
HOCTH Wy ¢ TleHToM B My — Touku My, M3, M4. 3uaqnt, Touxku M3 u
M, jexkaT Ha TMepecevIeHnr OKPYKHOCTEH w1 U Wg OJMHAKOBOTO pa-
mayca 7 = My M. Tormga touku My, Ms, My, My obpa3yioT pombd ¢
yraamu 60° u 120°, npuuém guaronass MsMy niuHHEE €ro CTOPOH.
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Ho Torma Touku My, My, M, He nexat Ha OKPY2KHOCTH C IIEHTPOM B
M3, a Touku My, Mo, M3 — Ha OKpyKHOCTH C IeHTpOoM B My. Takum
00pa30oM, yCJIOBHE 33J1a91 HE BBIIOJIHSIETCS, IPOTUBOPEYHE.

JIerko mpuBeCcTH pacIoIosKEeHNsT TOUEK, IJIsI KOTOPBHIX CYIIECTBY-
€T TOJIBKO OJTHA MCKOMAasl OKPY?KHOCTDH WMJIM HU OTHOI.

57. Omeem: a) cywecmsy-
1om; 6) ne cywecmsyrom.

a) B kauecTBe uckoMoro Ha-
6opa MO2KHO, HaTpuMep, B3ATH 10
qucen 1,2,...,9,15, ux cymma pas-
Ha 60, cpeaHee apudmerndeckoe
— 6, a HO/I pasen 1.

6) Ilycrs HO/, aecsitn qu-
celmta; < az < ... < ajp paseH d.
Tora Kaxk10e HATYPAJIBLHOE UUC-
JIO @a; TOro Habopa JIeJINTCs Ha
d, mpuuéM YacTHBIE OT JeJIeHWs ITUX 4Yucesl Ha d TakzKe 00pasyror
BO3PACTAIOIIYIO TOCIEJOBATEILHOCTh HATYPAJbHBIX YHCEJT; 3HAYUNT,
a; > d, ap > 2d,...,a19 > 10d. Ho Torma cymma 3TUX dmucesn He
menbie d + 2d + ... + 10d = 55d, a ux cpennee apudmeTndeckoe He
MeHbIe 5, 5d, To ecThb OoJbie Hd.

Puc. 25

58. Omeem: 6) mpeyzoivhur NPamoy2osvHbil.

a) (Puc. 25.) O6o3HaYMM CTOPOHBI TPEYIOJILHUKA 4YePE3 d;, a
OIyTIEHHbIE Ha HUX BBICOTHI — uepe3 h;. Vcrnonb3ys hopMysIbl st
IO/ TPEYTOIbHUKA, Oy InM, u9To 25 = a,-h; = r(a; +az+as).
W3 nomobust TpeyroIbHUKOB CJIE/LYET, YTO PAJIMYChl BIUCAHHBIX B HUX
OKPY2KHOCTEIl OTHOCSTCSI TAK K€, KAK W BBICOTHI:

T hz —2r

o _ =4y 9 %
r h; a1+ as + as

di (1<i<3).

CyMMUDY$T 9TU PABEHCTBA TIO 4, MBI TIOJIyYaeM UCKOMOE COOTHOIIIEHUE.
6) U3 nosryuennoit popmyJibl BbIpas3uM a;:
(a1 +az+a3)(r —r;)

a; = 5 =k-(r—m).

Jlpyrumu cjioBaMu, CTOPOHBI a1, G U ag Tpeyroabanka ABC npomop-
MMOHAJIBHBI YUCTIAM 7" — 11,7 — T U T —13. [IOCKOIBKY 1 = 11 + 19 +73,
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OHU OY/IyT MPOIOPIIMOHABHBL 1o +73 = 13,71 +73 = 12w r1 +719 = 5.
YHucna 5,12 u 13 cayKaT CTOPOHAMU TIPSIMOYTOJILHOTO TPEYTOJILHU-
Ka, Tak Kak 52 + 122 = 132; smaunTt, Tpeyrompuuk ABC — Taxxe
IPAMOYTOJIbHBIIL.

59. Omseem: 1 cenmsbpas.
[ToscunTaeM KOJUIECTBO JEHET, IPUHECEHHBIX K KOHILY N-T'0 JTHS
JIJIsl XPAHEHUS B YKECTSHON OaHKe:

n(n—1)

1000 - (M +2M + ...+ (n—1)M) = - 1000M.

KomugecTBo aener, orTyma ke 3ab0paHHbBIX, COCTABJISIET

(n —30)(n — 31)
2

1300 - (M +2M + ...+ (n — 31)M) = - 1300M.

Teneps Haiimem Takoe 3HaAYEHHWE N, IPU KOTOPOM BTOPasi BEIUINHA
0OJIBITIE TIEPBOIi:

(n— 30)2(" =3 130001 > @ - 10001,

IToce yrpolenuit moaydaeM HepasencTso n? — 261n 44030 > 0, xo-
Topoe He 3aBucuT oT M. IloIoKNTEeTbHBI KOPEHb 3TOT0 YPaBHEHUS
GoJbIIe %(261 +1/52001) = 244,519..., u 3uauuT, BCE pyxuer B 245-ii

JIeHb TOj1a, TO €CTh 1-ro ceHTsabpsa — B JleHb 3HaHmii.

60. Omeem: logg 10 > log, 11.
BerareM u3 naHHBIX BEJIMYHUH 10 1, TOL/a HOJIyYUM 3HAYCHH

) _ In(1+1/9) 1) _ In(1+1/10)

9

|
logy (14 >
089 ( * 9 10 In 10

n logyg (1 +

Y BTODOil APOOH YUCIAUTEH MEHBINE, YEM Yy IIEPBOI, & 3HAMEHATEb
— 60JIbIIIe, TT03TOMY BTOpas JpoOb MEHbIIIE.

61. Oycrum neprieniukyaspsl BK u DM na npamyio AC. Tlo
Teopeme [Iudaropa
BK? = AB? — AK? = BC? — K(C?,
DM? = AD* — AM? = CD* — MC?,
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win AK? — KC? = AB? — BC? u AM? — MC? = AD?> — CD?. Tlo
yesosuio pazsoct AB%2 — BC? u AD? — C'D? coBuajaioT, I03ToMy

AK? — KC? = AM? — MC?.

TTockombky AK + KC' = AM + MC = AC, orcrojia JIerkKo MoJjiydaeM,
uro AK — KC = AM — MC, umu AK — AM = KC — MC'. Tak kak
rouku A, K, M u C jnexar Ha OJHON NPSIMOi, TO OTCIONA CJIEIYET,
aro KM = —K M, u 3uaunt, Touku K u M coBmagaor.

Takum obpazom, obe mpsmble BK u DK mnepneHauKy/IsipHbI
AC. Eciiz Toukn B, D u K jiexkat Ha OJHOI IIPSIMOM, TO 3Ta IIpsi-
masi — BD u ona nepnenaukysisipaa AC. Eciu ke am1 TOUKHT J1exKaT
Ha Pa3HbIX MPAMBIX, TO mIockocTh BDK nepnenaukynsapua AC. Ho
Torga u upsamas BD, jexamas B 9TOi yKe ILIOCKOCTH, IePIIeH/INKY-
asipaa AC.

62. Omsem: docmamouno 06y paspe3os.

dcno, 9To KaXKIasd JeBOYKA JIOJYKHA MOJIYIATh 15 OyCHHOK, u3
KOTOPBIX 6 — KpacHbIX. Bribepem mpou3BOILHBIN OTPEe30K u3 15 Oy-
CHUHOK, ¥ 0DO3HAYUM €ro «KOHIIeBble» OycuHku dyepes A u B. Ilycrs
Ha oTpeske AB okaszajioch k KpacHBIX OyCHHOK, TOIJIa B OCTaBIIENCs
qactu 0yc ux 12 — k. PasHuna Mex 1y 9ucjioM KpacHbIX OYCHHOK, I10-
[ABIIUX B 9TH OTpe3Ku, pasua |k — (12 — k)| = 2|k — 6|. Ecou k = 6,
9ra pazauna paBaa 0, 1 0Tpe3Kn 6yC UCKOMBIE.

[Ipeanosoxkum Temnepnb, 9to k # 6; myctb, Hampumep, k > 6.
Bynem onHOBpeMeHHO nBUTATH TOUKK paspesa A u B Bioss Oyc (cka-
JKEM, TI0 YaCOBOI cTpesike). 3aMeTuM, 9TO IpPU CIABUTE Ha OJAHY Oy-
CHHY 9HCJIO k MOYXKeT JinhO He U3MEHUTHCs, JTUO0 yBEJIUINThCSH WU
yMenbmuThea Ha 1. Hepes 15 maroB orpe3ku Oyc MOMEHSIOTCS Me-
CTaMU: «IIEPBBIM» CTaHET TOT, B KOTOPOM 12 — k KpacHBIX OYCHHOK, a
«BTOPBIM» — TOT, B KOTOPOM HX k. Pa3HuIa MeK Iy 9ncaoM KPacHBIX
OYCHHOK Ha «BTOPOM» M <«IIEPBOM» OTpe3Kax BHadaJe Obuia 2(6 — k),
rerephb ke ona pasHa 2(k — 6). fcHo, 9TO 9TU YUCIIA TPOTUBOLOJIOK-
HOIO 3HAKa. 3HAYUT, HA KAKOM-TO IIare pa3HoCTb YUCJIa KPACHBIX OyC
6bu1a paBaa 0. DTOT MOMEHT U OTIpe/IesIsieT TOUKN pa3pe3a A u B Oyc.

63. Omeem: eduncmeernvili cnocod Yyrxasar Ha pucyrke 26.

Cymma Beex uuces1 B TabJuIe paBHa 35, I03TOMY CyMMa UHCeJI B
KaXKJIOM U3 IISATH [IPIMOYTOJIFHUKOB JTOJ2KHA ObITh paBHa 35 : 5 = 7.
Suadant, Kiaerka ¢ mudpoil 7 cocraBisger OTAe/bHYI0 JacTh. Ludpy
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5 HeJIb3sd 00BEJIUHUTL C 3, MOITOMY 5 HYKHO OOBEJIUHUTL C JIBYMS
eIMHUTIAMU. Ternephb OJHO3HAYMHO BOCCTAHABJINBAETCS YaCTb C 3 U 4.
Ecmm mudpy 1, crosityto Hagt 4, He 00bEIUHUTH C €IUHUIEN B JIEBOM
HIDKHEM YTUIy, TO MOYKHO TOJYYUTh MakcumMyM 1 4+ 3 + 1+ 1 = 6,
[IO9TOMY HY?KHO OOBEIUHUTH X BMECTE, U TOTJA K HUM OJHO3HATHO
nobasisiercss 3 u 2.

64. Omeem: 417.
ITocne KaxKApIX YeTHIPEX YAAPOB Meda, KOJIU-

211121
qeCTBO T'OJIOB y 3Mes yMeHbIHTcd Ha 4 — 1 = 3
TOJIOBBI, U 3HAYUT, 11ocje 138 -4 = 552 ynapos [o- Lj1]3]1
poiabrd jumurces 138-3 = 414 rosos. Ilociexauvmu 111(7]4
555 — 552 = 3 ymapamu WBan-IlapeBua oTpybur 111153
emé 3 rosioBbl. 3Haunt, © = 414 + 3 = 417.
Puc. 26

65. Omeem: da, cmooicem.

SHaiika MOXKET IOJIOXKUTb Ha OJHY dYalry BecoB rupbku B 10,
30 u 50 rpamMMoOB, a Ha JIpyryio — rupbky B 90 rpammos. Kombuna-
s 10 + 30 4+ 50 = 90 ompegesnisieT €IMHCTBEHHYIO Y€TBEPKY T'HPb,
B KOTOPO#l CyMMAapHBIl BEC TPEX TUPH COBIIAJIAET C BECOM YETBEPTON
rupu. (Dro ciepyer U3 TOro, Y4TO y JIOOBIX TPEX MMpb 06Ul Bec He
mensbIe 10 4 30 4+ 50 = 90 rpaMMoOB, TO €CTh HE MEHBIIIE BECA CaMOU
TSIZKEJION TUpH.) SHAYWUT, OCTABIIASCS TUDPSI OJHO3HAYHO Oy/IeT rupeit
B 70 rpaMMOB.

Bameuvarue. Kombunanuss 10 + 70 = 30 + 50 He NO3BOJISIET OIPEJIE/IUTH
OCTaBUIYIOCA TUPIO, TaK KaK €CTb U Apyrue ‘IeTBépKI/I TUpb C TAKUM CBOMCTBOM.
Hanpumep, 10 4 90 = 30 + 70 u 30 4+ 90 = 50 + 70.

66. Omeem: 399.

IIycts Muma XKuB€T Ha 3Tayke ¢ HOMEPOM X B KBapTHUPE C HO-
mepom 9z — k, tie 0 < k£ < 8. Torma Marma kuBér B KBapTupe C
HOMepoM & u 1o ycioBuio (9 — k) + x = 10z — k = 444. ITockonbKy
0 < k < 8, mosrygaeM euHCTBEHHOE perrienne r = 45, k = 6. [lostomy
Mumma kuBér B KBapTupe ¢ HOMepoMm 9r — k = 399.

67. Omeem: 37 6yxemos.

[Tokaxkem, kaxk noayantsb 30 OykeroB. OauH KpacuBBIL OyKeT
COCTAaBUM U3 TBO3/IUKH, JIAHJIBIIIA U PO3BI, IBA OYKeTa — U3 2 IBO3/INK,
2 naHapIeil u 2 TIoJbIaHoB, 12 6ykeToB — u3 12 reo3auk, 12 po3 u 12
TIOJIBIIAHOB, OCTaBIuecs 22 Oykera — u3 22 jraHjbiieit, 22 po3 u 22
TIOJIBIIAHOB, Bcero 1+ 2+ 12+ 22 = 37 kpacusbix 6ykeToB. /lokakem
Tenepb, 9To 6osiee 37 KPACUBBIX OYKETOB IOy YUTh HEJIb3S.
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IIEPBOE PEMIEHUE. IlojtesiuM 11BETHI HA JBE IPYIIILL: B IEPBYIO
BKJIFOYUM T'BO3JUKH, JIAHJBIIIN U PO3bI, & BO BTOPYK — THOJIBIIAHBI.
Bo BTOpOI rpynmne TOJIBKO OMWH BUJ IIBETKOB, IIOSTOMY B KAaXKJIbIi
KpACUBBIA OyKeT BXOJUT HE MEHee JIBYX I[BETKOB MepBoii rpytmbl. Ho
U3 IBETKOB IIEPBOIi I'DYIIIbI MOXKHO COCTaBUTHL He Gosee (15 + 25 +
35) : 2 < 38 map. 3uaunt, Gosiee 37 KpacuBbIX OYKETOB IIOJIYyYUTH
HEBO3MOKHO.

BTOPOE PEHMIEHME. Tak Kak obinee KOJHYIECTBO IIBETKOB 15 +
+25+35+445 = 120 u B KaxK10M OyKeTe TOJBKO TPH [IBETKA, TO MOYKHO
cocraButhb He Oostee 120 : 3 = 40 O6ykeroB. Ecim B kaxkaoMm u3 Hux
OyzeT Mo OIHOMY TIOJIbITaHy, TO 45 — 40 = 5 TIOJIBIIAHOB OCTAHYTCS
HEHUCII0JIb30BaHHbIMU. [loTOMY TIpU cocTaB/IeHUN OYKETOB HUCIIOJIB30-
BaHO He 6osee 120 — 5 = 115 1BeTKOB, U 3HAYNT, UMeeM He OoJiee 38
6ykeroB. Tenepp y Hac 40 TIOIBIIAHOB, W 3HAYWT, IIPU COCTABJICHUU
O6ykeToB, 1o Kpaitneii mepe 40 — 38 = 2 Tro/bIIAHA CHOBA HE OYIyT
ncrob3oBanbl. I3 ocrasimmxcs 115 — 2 = 113 1BeTKOB HeJIb3s HOJLY-
9uTh 38 OYKETOB 10 TPHU IBETKA B KAXKJIOM.

68. Omeem: 9856 743 021.

Iepsas (cuesa) nudpa duciaa x He Gosbine 9, a Bropasg — He
6ombire 8. Cremyiomast mudpa He MOKeT ObITh HU 7, HA 6, N 3HAUUT,
oHa He npepocxoaut 5. Terepb B KauecTBe 4eTBEPTOi UM PHI HEJTb3sI
HWCIOJIb30BaTh 7, HO MOXKHO B3sTh 6, Tak Kak b + 6 = 11 — mpocroe
qucio. Caenyomas udpa He OosbIie 7, nsatas — He Oosbie 4, a
3a Heit — ne Gosbie 3. Ocrasiuecs Tpu udpst 0, 2 u 1 pacmooia-
raroTCs B 9TOM ke mopsiake. VTak, HaubOJbIllee NWHTEPECHOE YUHUCIIO

9856 743 021.
69. Cosmagaer ¢ 3agadueit 65.

70. Omsem: 900. Vcaosuro zadanu ydosaemsopaom 6ce uemoi-
PET3HAUMBIE YUCAG, Komopoie deaamea na 10.

Ilycts zyzt — mckoMoe derwlpéx3HadHOe umncio. Ilo yciaosuro
OHO nenuTcs Ha Tyz. Ha 91o ke gucio jgenures u xyz0, a 3HAYUT, U
pasHocTb, Yzt —xy20. Ho 3Ta pasnocTts menbmre 10. 3nauuT, oHa pas-
Ha 0, To ectb zyzt = xy20. [Toyuaercs, 4To HAZO HAlTH BCE YEThI-
PEX3HAYHBIE YUCJIA, OKAHIMBAIOIIAECH HyjleM. TaKux 9HuCcesl CTOJIBKO
2Ke, CKOJIbKO TPEX3HAUHBIX duces, To ectb 900.
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71. Omsem: 50 svicmpenos.

Paszobbem jrocky Ha 25 KBajpaToB pasMepom 2 X 2. B kaxibrit
TaKOM KBaJIpaT HYXKHO CJIe/IaTh He MEHee JIByX BBICTDEJIOB, MHAYE B
HEM MOXKHO Pa3MeCTUTh TPEXKJIETOYHBIN yTOJIOK, B KOTOPBI He Oy1er
[IPOM3BEJEHO HU OHOTO BhICTpEsa. TakuM 00pa3oM, HyKHO CIe/IaTh
ue meree 25-2 = 50 BoicTpesioB. C JIpyroit CTOPOHBI, €CJIN PACKPACATH
KJIETKA JIOCKU B «IIAXMATHOM» TOPSJIKE U CTPEJIATEH TOJBKO 1O Uép-
HBIM KJIeTKaM, TO 3a 50 BBICTPeJIOB KOpabJib Oy/IeT HABEepHSIKA PAHEH.

72. CoBnagaer ¢ 3amageii 67.

73. Omeem: 120 347 658.

Iepsast (ciesa) mudpa uucia & He MeHbIne 1, Bropas — He
MeHbIIle 2, Tak Kak koMmOuHanus nmudp 1 u 0 gaér HempocToe 9mucyio
1. B xagecrBe Tperbeit 1udpbl MOKHO B34Th 0, Tak Kak 2+ 0 =2 —
rpocroe uyucio. Cruemayomas nudpa He MeHbIe 3, IaTas Iudpa — He
menbine 4. [lecras nudpa HEe MoxKeT ObITH HU D, HU 6, U 3HAYNAT, OHA
He MeHbIle 7, 3a Heil — He MenbIre 6. Ocrasmmecs: aBe mudpst 5 u 8
pACIOJIATalOTCs B 9TOM 2Ke mopsizike. VTak, HanMeHbIllee MHTEPECHOEe

gucyo 120347 658.

74. Omeem: 13.

CyMmMma Bcex HaTypaJbHBIX duces or 1 g0 12 pasna 78. Pa3ous
nx Ha 6 map, 3aMeTHM, UTO CyMMa XOTs Obl B OJTHON M3 HUX JIOJIK-
Ha ObITb He MeHbIIe 13, TO eCTh UCKOMOe HauMeHblllee 3HAUEHUe He
menbirne 13. Ocranoch npuBecTn IpuMep, KOrjia MaKCHMAIbHAsS CYM-
Ma paBHa 13:

12,1, 11, 2, 10, 3, 9, 4, 8, 5, 7, 6.

75. Omeem: mozno.

Pazobbem 12 xomMamH Ha JIBe TPYNILI 10 6 KOMAHJ B KaXKJIOI.
Ecin xaoicdas komania 1epBoii TPYIIBI BEIUTPAET ¥ KaoHcI0U KOMaH-
JIbI BTOPOIl IPYIIIIBI, TO MOCJe 3TuX 6 TypoB Oyjer poBHO 6 KOMaH],
KOTOPBIE BBIUTPAJIN ¥ APYTUX 6 KOMaHI.

76. (Puc. 27.) Ornoxum na ayue NC orpesok NE = NB.
Tlockombky /ZBNE = ZAND = 60° u NE = NB, 10 TpeyroJibHUK
BNE — pasrocroponHuii, u 3aaunt, BE = BN. Tak kak ZBND =
= 120°, To B Tpeyrompuuke BN D ocrtaBmmecs aBa yria B CyMMe
menbie 60°. B wacrrHoctu, yron BDN u pasubiii emy yron BCD
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Toxke Mmenbire 60°. Tak kak /BEN = 60°, to /ZBEN > /BD, n
3HaunT, Touka F jrexkur Ha orpeske NC' u Z/BEC = 120°.

B tpeyronpaukax C BE u D BN orMeTuM mapbl PABHBIX CTOPOH
BE = BN u BC = BD, a takxke napsl paBabX yrioB ZBND =
=/BFEC =120° u /BDN = /BCE, u 3nauntr, /NBD = /CBE.
3uaunt, Tpeyrosbankun CBE v DBN paBHBI 10 JByM CTOPOHAM U
yriry mexy aumu. Orciofia EC' = ND = AN, nostomy AB = AN +
+NB=EC+ NE = NC, 10 ectrb AB=CN.

Puc. 27

77. Omsem: 24.

IlycTs £ — KOJMYECTBO 3HAKOMBIX 30JI0TON PHIOKU. DTO UHCIIO
JeauTcd Ha 2, 3 U 8, U MO3TOMY & JIeJIUuTCA Ha 24, TO ecTb © = 24m.
Takum obpazom, 4mrc/Io 3HAKOMBIX Kapaceit 12m, okyneit — 8m, ep-
meit — 3m, MOPCKIX KOHBKOB —

24m — (12m + 8m + 3m) = m.

Ilo ycioBuio 1ncio m He MPeBOCXOIUT OJTHOMN MIECTHAIATON TNC/Ia, T,
[IpUYEM €CJIU 11 YBEJIMYUTh Ha, €JJUHUILY, TO MOJIyYeHHOe YHCJIO OyIeT
GOJIBbIIIe OTHOM IMIECTHAMIATON T, TO €CTh

< Am
6 ~"Th

orkyma m < 2, u 3Haqnt, m = 1. CiaemgoBaresbHo, © = 24.

78. Omeem: na 25%.

IIycts 6anouka Kode crout 100 KAKUX-TO YCIOBHDBIX JTEHEKHBIX
exuant (1.e.). Torga Tpu makera MoJsoKa oGoitayTess B 96 J.e., Tak
9T0 KazKplii crouT 32 m.e. Ilsarh makeros crosar 160 m.e., a 1Be 6aHKI

kope — 200 m.e., aro Gosbime 160 m.e. ma 40 exuHUIl, TO €CTh Ha
40/160 - 100% = 25%.
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79. Omsem: da.
Yucso 2016 = 12-168 nenmresd Ha 12, T03TOMY YMHOYXKAas JTAHHOE
B YCJIOBHH paBeHCTBO Ha 168, momywmm 2016 = 1684336+ 504 4-1008.

Bameuwarue. HecnoKHO 10Ka3aTh, 9TO JIIOOOE YUCJIO N, KPATHOE 6, SABJIsSIeT-
csl ToJrycoBepieHHbIM. JleficrBurenbHO, ecit n = 6k, TO YUCIIO M MOXKHO TPEJI-
CTaBUTH B BUJIE CYMMBbI €ro COOCTBEHHBIX jemnureneit: n = k+2k+ 3k. Yucmo 2016
KpaTHO 6, II03TOMY €ro TOXKe MOYKHO IPEJICTABUTH B BHUJE CYMMBI JEJIUTEIIEH.

80. Omeem: nem.

[IEPBOE PELIEHUE. IIpeanosoKum, 9To 3TO BO3MOXKHO. 3aMe-
TuM, 910 b 1 9 natot ocrarku 1 npu genennn Ha 4. KonudecTso uncen
B CTOJIONAX M CTPOKAX KPATHO 4, MOITOMY W CYMMbI B HUX KPaTHBI 4,
a 3HAYNAT, KPATHBI 1 84. 3aMeTUM, 9TO CyMMa B CTPOKE MOXKET IPU-
HUMATh JIMIIb 3HAYEHUs, IpuHaiexkanie orpesky [100; 180]. Toraa
OHA MOXKeT OBITh paBHa JHIb 168, a cymMma BceX 4Yuces B TaOJuIe
168 - 16 = 2688. C apyroit CTOPOHBI, CyMMa JHCEJI B CTOJIONAX MOXKET
IPUHUMATH JIAIb 3HAYEHNUsI, IPUHaJIeXKaIue orpe3ky [80; 144]. 3ua-
9uT, OHA MOXKET OBITh paBHa Jiniib 84. CymMma Bcex 1unces B TabuIe
upu dtoMm Oyzmer 84 - 20 = 1680, YTO TPOTHUBOPEYUUT yTBEPKIECHITIO
BBIIIIE.

BTOPOE PEMIEHUE. 3amojHuM CTOJIOEI] TabJIUIbl OJHUME IIsi-
TepKaMu, CyMMa 4ducesl B HeM Oyzer paBHa 5 - 16 = 80. 3amensist oHy
MATEPKY Ha AEBATKY, MBI YBEJIUINM CyMMy Ha 4. 3HAYHUT, CyMMa, MO-
»xeT paBuaTbes 80, 84, 88, ..., 144, Bce uncia kpatuel 4. Cpemau aTux
quces1 Ha 21 jesuTcs TOAbKO 84. 3HAYWUT, B KayKJIOM CTOJIOIE CyMMa
quces1 paBHa 84, a Bo Bceil Tabaune — 20 - 84. AHajiormyHO, cyMMa
qucesl B CTPOKe MoXKeT npuHuMaTh 3Hadenus 100, 104, 108, ..., 180,
Ha 21 cpeu 3TUX YHCeNa JeJUTCA TOIbKO 168, TaKk YTO cyMMa BO Bceit
tabsintie paBaa 168 - 16. PesyapraTsr mogcdera aByms criocobamu He
COBITATIAIOT.

81. IlepBblii crub — 3TO CepeMHHbBIN MEPITEHIUKYJISID K CTOPOHE
AB (puc. 28). Bropoii cru6 — 3T0 CepeMHHBINA NePIEHIUKYIAD K
vennane C'K. Tlo ycmoBuio sTu cepenHHbIE TEPIIEHINKYIISIPBI IIepe-
cekarorcst B Touke M Ha cropone AC, nostomy MK = MC. 3uauur,
tpeyroiabauk K M C — pasuobenpennsit, u ZMKC = ZMCK. To-
rma /BKC = 90° — ZCKM = 90° — ZKCM = Z/BCK, 10 ectb
tpeyrosbauk BKC — paBHoOenpennsrit. OTcioza ciienyer, 9To cepe-
IuHHBI nepueH uKyaap K K C npoiiger depe3 Bepmuny B.
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82. Bysnem paccmMaTpuBaTh MpsAMYIO KaK YUCIOBYIO U ODO3HA-
YaTh TOYKN WX KOOD/JMHATAMH. YCJIOBHE «OJHA U3 ITHX TPEX TOUEK
SIBJISIETCsI CEPEIMHOM 0Tpe3Ka MEeXK Iy JIByMsI IPYTUMUA» O3HATAET, ITO
TPHU TOYKU 00PA3yOT apudMETHIECKYIO MPOTPECCUI0, OHU PABHOOT-
CTOSIITE.

a) TTokazkem, 4TO yCJIOBUIO YIOBJIETBODSI-
ot Toukn 0, 1/3, 1/2, 2/3, 1 mwium (uro mpax-
Tugecku 1o ke camoe) 0, 2, 3, 4, 6. eiicTeu-
tenbHO, gucaa 0, 2, 4, 6 obpazyior apudmern-
qeckyto nporpeccuio. Jliobas mapa n3 HUX Kpo-
me (0,6) Bxoxut B Tpoiiky (0,2,4) unu (2,4,6).
Tapa (0, 6) Bxomur B Tpoiiky (0,3,6). C mpyroii
CTOPOHBI, TOUKa 3 BXxoyuT B iporpeccun (0,3, 6)
u (2,3,4), KoTopble cofep:KaT BCE IIapbl ¢ YUC-
JoM 3.

6) Ilycrb Ha npsimMoii paccTaBiieHO 4 TOUKH, YIAOBJIETBOPSIONIIE
ycnosuio. Pacemorpum kpaitine m3 Hux. MoKHO cunTaTh, 9TO 9TO
roukn —1 u 1. Torga nyist maper (—1, 1) Tperbeil TOUKON MOXKeT Ciry-
JKHATH TOJIBKO CEPEeJIMHA OTPE3Ka MEeXK Iy HUMU, TO ecTh Touka 0. Kyma
MOXKHO IIOCTaBHUTH 4eTBepTyio TouKy?! Ilycrs, st onpenenennocTn,

A

M

B C
Puc. 28

OHA COOTBETCTBYET MOJIOKUTEILHOMY IHCIY 2 (CJIydail OTpHIATe b
HOI'O 4HCja paccMarpubaercd anajgorundso). Ilape (z,1) mospkna B
KaueCTBE TPEThell COOTBETCTBOBATDL TOUKA, JICZKAIIAs JIEBEe &, €10 MO-

ker Obirh TosbkO 0. Bmaunt, * = 1/2. C apyroii cropoHbl, mape
(—1,1/2) moxker coorBercrBoBaTh b0 —1/4 (cepesuHa oTpesKa),
mu6o 1/2 + (1/2 — (—1)) = 2. Ho 9tn TOYKM HE SIBIAIOTCH OTMe-

YeHHBIMUA. 3HAYHUT, Y€TBEPKU TOUEK, YJIOBJIETBOPSIONIEH YCIOBUIM,
He CylIeCTBYyeT.

83. Omeem: 43 uau 259.

O6o3naunm gucsio Marmu gepe3 m, a ero JieJiuTesib — depes p.
Ajitpar npogesiast cieytomue JeHCTBUSI ¢ 9UCIOM p: p — p + 5 —
— 6(p+5) = m — 6(p+ 5). Iocnentee BbIpaykeHWe PABHO 7, TO
ecTb nojydaeMm ypasuerue m — 6p = 37. Yucnao p — menurens m,
u 3HAYNT, M — 6p KpaTHO p. [losTOMY P SIBIISIETCST TaK¥Ke IeIUTeeM
qucya 37, 7o ectb p = 1 wim p = 37. Orcioma gucyio m = 6p + 37
paBuO 6 - 1 4+ 37 = 43 unm 6 - 37 + 37 = 259. Kaxkmoe n3 Haii1eHHBIX
YUCeJT YIOBJIETBOPSIET YCIOBUIO.
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84. Omeem: x3 — 322 +22 — 1 = 0.

Bsesiem obosnauenue a® = t. CocraBuM Kybudeckoe ypapHe-
HHUe, KOPHEM KOTOPOTO siBjsieTcss Iuciao t. [lockombKy a — KOpeHb
YPaBHEeHHUsI, /sl HETO BBINOJHACTCA PABEHCTBO a° = a + 1, n 3Ha4uT,
a = a®—1 = t—1. IlogcTaBus 3T0 BbIpazKeHNe B HCXOIHOE YDABHEHHE,
nostyanm (t—1)3 — (t—1)—1 = 0, 4To nOCIIE YIPOIMEeHHst TPUBOJNTCS
K Bugy 3 — 3t2 4+ 2t — 1 = 0.

85. Omeem: ﬁ .
IIpu cTtupanum aByx mpobeit a = % nb= % OymeT 3ammcaHo
9UCIIO
ab ﬁ 1

a+b % 4 % m-+n
JIpyruMy CJIOBaMH, IOCJE YKA3aHHOI'O IPEOOPA3OBAHUA HUCIHTENb
HOJIYIEHHON IpOoBU OCTAETCs PABHBIM €IMHMUIIE, 8 3HAMEHATENDb IIpe-
BpaIaeTcd B CyMMy 3HaMEHaTeJel CTHPAeMBIX JIpobeil. SHaunT, He3a-
BHCHMO OT IODPSIIKA BBIOODPA HAp HCINTEIh KOHETHOMH IpobH 0ocTa-
HeTCsI PABHEIM €MHUIIC, & 3HAMEHATENb OylIeT paBeH

1+2+...+100 = 5050.

86. Omeem: nem.

[TocTponm npuMep UCKOMOIO 4eThIPEXyTrOJbHUKA.

[TEPBOE PENIEHUE. Paccmorpum tpeyronsuuk ABC, u mycThb
BM — ero memuana (puc. 29). OHa JeguT TPEyroJbHUK HA 9aCTh
omHAaKoBO# mrota . OTpasuM ToUKy B CHMMETPUIHO OTHOCUTEI b=
uo npsmoit AC, mostyaum touky D. ITo mocTpoeHuio TpeyrogbHuKN
BCM u DCM paBHBI, cjle0BaTeIbHO, UX IJIOMAIN COBIAAaioT. To
’Ke BepHO i Tpeyroabaukos AM D u ABD.

[Iposepum, siBisieTcst i geTbipexyroibauk A BC' D napaJsuieso-
rpammom. Ecin ma, TO JIOJKHO BBITOTHATHCS paBeHcTBO BC = AD,
qaro pasHocuabHo BC = AB. 3Ha4nT, €CIU MCXOIHBI TPEyTOIbLHUK
ABC ue paBHOGeIpeHHBIT, TO YeTbipexyrojbHuk ABCD — He ma-
paJIeTIOrpaMM.

BTOPOE PEIIEHUE. Paccmorpum napasuiesorpamym ABCFE, u
nycrb M — Touka mepecedenus ero guaronaseii (puc. 30). Ilioma-~
gu tpeyrosibaukoB ABM, BCM, CFM u FAM pasubl. Casunem
Tenepb Touky F mapaJienbro quaronagn AC, mOIyduM HEKOTOPYIO
Touky D. Bcerma MOKHO BBIOpATh €€ Tak, 9TOOBI 9eThIPEXyrOJbLHIK
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ocTaBaJics BbITyKJIbIM. B Tpeyrosibaukax CEFM u C' DM obiee ocHo-
Banune C'M u oJMHAKOBBbIE BBICOTHI, 3HAYUT, X ILIOIIAIN PaBHBL. 10
JKe BepHO U Jyig TpeyrojbuukoB FAM u DAM. 3uauut, 4eTbipex-
yroaeauk ABC'D — uckowmbiii. B cuity Toro, uro Touka D He JiexKut
na npamoit C'F, cropona CD ne mapasuienbia AB, tak yro ABC D
— He IapaJuieJIorpaMM. 3aMeTHM, 9TO YeThIPEXYTOJILHUK, IIOCTPOEH-
HBII IIEPBBIM CITOCOOOM — YaCTHBINA ciydail Broporo pertenusi. OH
[IOJIYYIAeTCs U3 HapaJIEJIOrPaAMMa «II€PEBOPATUBAHUEM» TPEYTOJIb-
nuka AFC w npukjiajpBaHueM ero K Toil ke juaronaju. B sarom
cnyaae CD = AF uw AD = CF, rorna tpeyroasuuku CFM u CDM
PaBHBI, TaK 2Ke, Kak u Tpeyrojbauku FAM u DAM.

B

D

Puc. 29 Puc. 30

87. Paznesimm KBasIpar 8 X 8 HA TPU MPSAMOYTOJIBHIKA pa3Mepa-
M 4 X 7,4x7ulx8. Paccrosuust Mex1y JIIOOBIMU JIBYMs TOIKAMHI
BHYTPHU KaKJOro HpsiMOyroJibHuKa 1o Teopeme lludaropa e mpe-
BocxomuT V42 + 72 = /12 + 82 = /65. 113 ueThIpéxX JAHHBIX TOUEK,
1o KpaitHeil Mepe, JBe MONAJLYT B OJUH U3 3TUX MPSIMOYTOJIHLHUKOB, U
[O9TOMY PACCTOSIHEE MKy HEMHI Oyzer He 6osee v/65.

88. Omeem: ne scezda.

W3 Tpex 0Tpe3KOB MOYXKHO COCTABUTD TPEYTOJBbHUK TOIJIA U TOJIb-
KO TOI/Ia, KOIJ/ia HAUOOJIbIINI U3 HUX IO JIJIMHE MEHBIIEe, YeM CyMMa
JJIUH IBYX ApyruxX. PaccMorpuM oTpeskw ¢ giaumuamu 1, 2, 4, 8, ...,
22015 Tlycrs k > | > m — crenenu asoiiku. B cuity mesiodncieHnocTy
mveem [ < k —1,m < k — 2. Torma 2F = 2F—1 4 2k=1 > ol 4 9m,

Bameuarue. B KadecTBe mpruMepa MOXKHO NPUBOAUTL U APyrue HaOOPBI

6BICTPOPACTYIUX YHCeJ, HallpuMep, mocjeaoBareabHocTh Pubonadyun 1, 1, 2, 3,
5, ..., Tn =Tp—1 +Tp_2.
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89. Omeem: n = 15.

JIJ1st KOpHSA ypaBHEHNS BBINOJIHSACTCS paBeHcTBo all +a’ +a® =
1, wm a3(a® + a* + 1) = 1. B ckobkax 3ammucan HeNOJHBI KBaJpar
CYMMBI, IOSTOMY IIOCJIC YMHOYKEHHsI paBeHcTBa Ha a’ — 1, mosryuamm
a®(a'? — 1) = a* — 1. D10 paBeHCTBO MOKHO IMepeNucaTh B BHIE
a* +ad = a'® + 1. CpaBHUBas IOJy9€HHOE PABEHCTBO C MCKOMBIM,
nosygaeM, uro a'® = a" nm a" ' = 1. Ecin nokasaresb CTeNeHH
ue paseH 0, TO 1ocJIe/IHEe PABEHCTBO BBIIOJIHSIETCS TOJIBKO IPH @ =
= 1. Ho exunua He siBjisercs KopueM ypasrenns 'l 4+ 27 + 2% = 1.
3uaunt, n — 15 = 0.

B D

[\]

I
A H P

Puc. 31 Puc. 32

90. Omeem: ne mooicem.

[TEPBOE PEMIEHUE. Ilycts BH — BbicoTa Tpeyroabauka ABC
(puc. 31). OrMeTuM, 9TO I OCTPOYIOJILHOIO TPEYIOJIbHUKA TOYKA
H nexxur mexry Bepmuaavmu A u C. I3 Touku M omycTuMm repiieH-
nukynsip M P ua cropory AC; no nocrpoenuto M P || BH, Tak urto
MP — cpenuss jmaus tpeyrosbanka BHC, mostomy MP =2 u P
— cepeauna HC. Torma AP > HP = PC, u 3naunt, AC < 2- AP =
24/32 — 22 = 24/5. Ho mnocjiemee 9ucyio MeHbIe 5.

BTOPOE PEIIEHUE. /locTpoum Tpeyrosibauk ABC' 10 napaJiie-
gorpamma ABDC' (puc. 32), u nycrb AQ — ero BbICOTa, TIPOBEICHHAS
u3 Touku A k cropone BD. Orpe3ok A(Q) nepneHIuKyasapeH mpsMbIM
BD u AC, tak 9to oH paBeH BbicoTe Tpeyrosbanka ABC, omyrien-
woit w3 Bepmuabl B. [Tockonbky yron BAC — ocrpsiit, croporna BD
paBua AC' u menbine, geM QD.

Opnaxo 1o teopeme ITudaropa QD = /62 — 42 = /20, uro

MeHbIIIe 5.
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91. Omsem: 100.
CrauaJia 3aMeTUM, YTO OIEPAIUIO IIPeodpa30BaHus

(a,b) > ab+a+b

MOXKHO 3ammcaTh B Buje a * b= (a+ 1)(b+ 1) — 1. Do BbIpaxkeHue
HE 3aBUCUT OT IOPsIKA CJIEIOBAHUS YUCENT: G * b = b % a, TO ecTh
napa (b, a) rakxke nepexomut B (a + 1)(b+ 1) — 1. Ecisn Teneps npu-
MEHUTH 9TO IIpeoOpa30BaHUe K Iape Yuces a * b U ¢, TO Pe3ysbTar
«IIPOUBBEJICHUSI» ¢ * b * ¢ He OyJIeT 3aBUCETH OT TOPSIKA BBIIIOTHEHUS
OIIEPAIINN *:

(axb)xc=(axb+1)(c+1)—1=(a+1)(b+1)(c+1) -1

Takum obpa3om, HE3aBUCHMO OT IMOPSAIKA BHIOOPA AP 9HCESI IOCTe
99 maros Ha JOCKE OCTAHETCs OIHO THCJIO

Lo (2en) o () oi22.3 10
1 2 7\ 100 12 777100 e

Bameuarue. OTBET MOXKHO JIETKO yraJaTh, €CJIH BBHIIOIHATH AefCTBUS 110
cnenosarensHo, (1,1/2) — 2, (2,1/3) — 3, (3,1/4) — 4, u tak nanee. Oguako
10 yCJIOBHIO IOPSJOK AeficTBuil ¢ umciamu He (PUKCHPOBAH, U IPU TAKOM CIIO-
cobe paccysKJIeHHI OCTa8TCsl HEBBISICHEHHBIM BOIIPOC, OyA€T JIM OKOHYATE bHBIIL
pe3ysbTaT APYyTUM IPU UHOW IPYIIUPOBKE YHCEL.

92. a) Hampumep, MHOTOYTOJIBHUKA MOXKHO
PACIIOJIOKUTh, KaK [TOKA3aHO HA PUCYHKe 33.

6) TIpearnooxKum, 9To CymecTBYIOT XOTs Obl
5 TaKUX MHOTOYTOJIbHUKOB. PaccMoTpuM ofuH U3
unx, Py. Kpome Hero cyrmecTByoT ere He MeHee
4-X MHOTOYTOJIbHUKOB, Ka2KIblif U3 KOTOPBIX IIPU-
MBIKaeT K O/1HOit 13 cTopoH Fy. IIporymepyem stu Puc. 33
CTOPOHBI IIPOTHUB YACOBOH CTPEJIKU, CUUTASI, ITO
MHOTOyTOJIbHUK Pj nmeer ¢ Py oburyto cropony ¢ Homepom k. Kax-
asi TaKasi CTOPOHA JIE2KUT Ha MPSMOIL; 9Ta MPAMAasi AJIAT IIOCKOCTh
Ha J[B€ MOJIYIJIOCKOCTH, B OJIHOM M3 KOTOPBIX HaxoauTcs Py, B Apyroit
(razoBeMm ee Ty) — Py

Paccemorpum npsimbie ¢ Homepamvu 1 u 3. OHuU 1IepecekaroTCst Jiu-
60 B Ty, OO B Ty MYCTh, JIJIs ONPEIEJIEHHOCTH, B . 10T1a MHOIO-
YTOJIBHUK Po JIEXKUT BHYTPU TPEYTOJbHUKA, 0OPA30BAHHOIO IIPSIMbI-
vu 1, 2 u 3, ¥ He MO2KET UMeTDb OOIUX TOYEK C MHOTOYTOJILHIUKOM Pj.
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B ciyuae, korga npsimbie 1 n 3 mapasuiesibHbI, TPEYTOJBHUK MOXKHO
3aMCHUTH COOTBETCTBYIOILICH II0JIyIIOJIOCOMA.

Sameuwarue. Tpebyemoe CBOICTBO BLITEKAET TAKXKE€ U3 H3BECTHOH Teope-
MbI Teopuu rpados. BeibepeM BHyTpH Ka»KJ0ro MHOIOYTOJIbHWKA TOUYKY. Ecim
JiBa MHOI'OYTOJIBHHKA MMEIOT OOIIYI0 CTOPOHY, TO COEIMHUM COOTBETCTBYIOLIUE
TOYKH OTPE3KOM. fICHO, 9TO 9TH OTpe3KH He IepeceKarorcsi. Ecim MHOroyrosb-
HHUKOB He MeHee 5, IOJIydIuM IOJIHBIH rpad 5-ro mopsanka. Ho stor rpad, kak
M3BECTHO, HE IJIAHAPHBIH (He BKJIQJBIBAETCA B IIOCKOCTH 0€3 IEPeCeveHHsi pe-
6ep). [Iporusopeune.

93. Omeem: <1i2\/g; 73%‘@) , (7?’%‘/5; 1i2ﬁ>.

$IcHo, 9TO ' W Yy OTIMYHBI OT HyJss. [IpE 3TOM yCJIOBUE BTOPOE
ypaBHEeHHe MOXKHO IepelucaTh B Buje T +y = —2zy, a nepBoe moce
3aMEHbl CyMMBI T + Y PaBHBIM €My CJIaraeéMbIM —2Ty IpuobpeTaer
Bug 22 — 2xy + y? = 4 wm (x — y)? = 4. PaccMoTpuM JiBa Corydast.

r—y=2
2zy+x+y =0.

U3 nepBoro ypasHEHMsI BBIPAXKAEM §y = & — 2 M MOACTABJIAEM
Bo Bropoe. Ilonyuennoe ypasuenue 2x(x — 2) + 2z — 2 = 0 nocse
yIpommenus comurcsa K 2 — x — 1 = 0. Ero xopaamu 6ymyT z =
= 1(1+V/5), coorsercrBytomue 3nauenns y pasust 3(—3 +/5).

T—y=—2
20y +x+y= 0.
IlepBoe ypaBHEHNE MOXKHO IEPENNCATD B BUJIE Y — = 2, TAK ITO

9Ta CUCTEMA OTJIMIAETCS OT MPEABIIAYIIEN TOJLKO ePe0bO3HAICHIEM
IIepEMEHHBIX T U Y.

94. Omeem: emopoe “ucio boavuue.

O6o03naunm 2015! uepes n, rorma 2016! = 2016 - n. 3aganubie B
ycoBun umceaa mpuamMaior sug (2016n)" = 2016™ - n” u n2016n =
(n2016)" Yrobbr yauaTh, Kakoe u3 qmces1 GoIbIIe, MOIeIM BTOPoe
qucsio Ha neppoe. YacTHoe 6yjieT paBHO

(n2016)n B n2016 n B n2015 n
2016 - n» ~ \2016n/ ~ \ 2016 ) °

2015

dAcno, aro n
me 1.

ropaszo 6osbire, yem 2016, Tak 9T0 3T TPOOH OOJIB-
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95. Omeem: p=2,q = 13.
CuadaJjia JJ0KaxXeM, 9TO IIPU HEYETHBIX P JIEBAs YacTh JAEJIUTCS
Ha 3. meem

2% P 41 =4P — 2 4 1=3+1)P —(3-1)P+1.

PackppbiBast CKOOKE B IIEPBBIX JBYX CJAraeMbIX, IOy IUM CIaraeMble,
coflepKallye CTereHn 3, KpoMe cBOOOIHBIX uieHoB. CBOGOIHbBIE dile-
HBI B cymMe paBHbl 1P — (—=1)P + 1.

Ecmu p — gérro, To p = 2 1 22P — 2P 41 = 13 — mpocToe ImcIIo.
Eciu xe p — meuérno, 1o 1P — (—1)P + 1 = 3, TaK 4ro JieBas 4acThb
jgemarest Ha 3. OHA MOMKeT OBITH IIPOCTBIM YHCJIOM TOJBKO TOTIA,
KOIJ[a B TOYHOCTH paBHa 3. 3aMeTuM, 4To npu p > 2 umeeMm 2P > p+2,
TaK WUTO JIeBas YACThb GosbIre, wem 2PT2 — 2P 41 =3.2P + 1 > 13,
TaK YTO OHA HE MOXKET OBITh MPOCTHIM YHCJIOM.

Samevarue. PakT JeIUMOCTH Ha 3 MOKHO YCTAHOBUTHL U repebopom. 3a-
metuM, ITo guciio 4P Bcerma mmeer octarok 1 mpu gesieHnu Ha 3, a auciaa 2P, to
ecTb 2, 4, 8, ..., uMeIOT moovyepeaHo octaTku 2 u 1. B wacTHOCTH, IIpM HEYETHBIX
p umcta 2P UMEIOT OCTATOK 2, W 3HAMHUT, BhIparkenue 2°P — 2P 4 1 mpu jestenun
Ha 3 maér ocratok 1 — 2+ 1 =0.

96. Omeem: 60° uau 36°.

Obozuaunm guuny pebpa BC depes a, a yribl npu Bepinuae D
— gepe3 « (puc. 34). Tpeyrossuuku CDA u BDA — pasuoGeapen-
HBIE U PAaBHBI MexXK 1y co0oil. 3uaunt, CD = BD = b, u TpeyroabHuK
BDC — rakke paBHOGEIPEHHBIH, HO YIOJI (v Y HEI'O PACIIOJIOXKEH IIPU
BepIIUHE.

Urak, n1Be GOKOBbIE TpaHU — DPABHOOEIPEHHBIE TPEYTOJHLHUKH
€O CTOPOHAMHU @, 4, b U C YIJIOM (v IPU OCHOBAHUU, & TPEThsI — TaK¥Ke
paBHOOEIPEHHDIN TPEYTOJBHUK CO CTOPOHAMU @, b, b U ¢ yTyIoM o TIpn
BEpIIUHE.

Ecim a = b, T0 3T TpeyroJbHUKY NIpaBUJIbHBIE, U YTOJ IIPU
BepiuHe pasen 60°.

IIycts Tenepb a # b. 3ameruM, 9T0 B 000UX TPEYrOJbLHUKAX
CTOPOHA @ BUJIHA TIOJN, YIJIOM «v. ECiau cOBMECTHUTH paBHBIE CTOPOHBI
TPeyTOJIbHUKOB (Ha pucyHKe 35 3T0 0Tpe30K PQ), TpeThby BEPIIMHBI
D1 u Dy GyuyT JiezkaTh Ha OJHON U TOH »Ke OKpYy2KHOCTU. MbI BumM,
qro TpeyrosibHuK P Dy Dy — paBHOOEIPEHHBIN ¢ GOKOBOIT CTOPOHOIA b,
pUYEM OH BITUCAH B TY YK€ OKPYZKHOCTh, YTO U TPeyroabHuk PQDs.
3HAYUT, ITU TPEYIOJILHUKU PABHBI MeXKy coboii. (s nokazaresib-
CTBa JIOCTATOYHO 3aMETHUTH, UITO PABHBIE XOP/IbI CTATUBAIOT PABHBIE
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nyru). 3aaunt, /P = /@ = 2, a cymMMa yIiioB TpeyroasHuka PQ Dy
cocrasiser Sa. Cienosaressno, o = 180°/5 = 36°.

3amMeTnM, 9TO BO BTOPOM CJIyUae IMUPAMUJIA IOy IAETCST «CUITb-
HO CKOIIeHHO». [Tpoekius Beprmubl D Ha MIOCKOCTH OCHOBAHUS 110~
naJiaer Ha OCh CUMMeTpuu Tpeyroybanka ABC, BHe HEro, ¢ JIpyroi
CTOPOHBI OT TOYKU A.

Puc. 34 Puc. 35

97. OLeHnM KaxK/10€e U3 IIO0JI0KUTEbHBIX YUCENI &, i U Z C IIOMO-
MbI0 HEPABEHCTBA O CpeIHeM apuMMETUIECKOM U T€OMETPUIECKOM.
Ilo ycnoBuio xyz = 1, mostomy

x:3/ﬁ:3$.y.$§1<x+y+x>_
xyz y z y~3\y =z y

Anayiornanbre HepaBEHCTBa 3alluIIeM JIJIsd IIEPEMEHHbIX Y U 2.

l/y =z gy 1/2z x =z
y§—<—+7+7) n z<o|l—-+—-+—-1].
3\z =z =z 3\z y =
CkJiaiblBasi 3TH COOTHOIIEHUsI, TI0JIyIYUM HEPABEHCTBO

12z y 1 /2y 2 1/2z =z
rtytz<gs|l—+=-)+5(—+-)+5|—+-],
3\y =z 3\z = 3\z vy

KOTOPOE JIETKO IIPUBOJUTCH K TPeOyeMoMy.

98. Omeem: 50.

Tlokaxkem, ITO K MOMEHTY (DMHWMIIA CAMOTO OBICTPOro GeryHa
JIIOOBIE JIBOE PA3HOIBETHBIX OEryHOB BCTPETUJIMNCH POBHO JIBa Pasa,
oTKyJ1a 1 Oyner BeITeKaTh OTBET 2 - 5 - 5 = 50.
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IMycrs s (km) — gymHa gopokku. Homoxum T = 2s/12 (w).
Tak KaK CKOPOCTb CaMOTro GBICTPOro GeryHa MeHbIe 12 km/u, OH JBa-
JKJIBI IPOOEXKUT JOPOXKKY 3a Bpemst, bosibiee T'. Tlokaxkem, aro Bce
BO3MOXKHBIE BCTPEYU OEIYHOB CJIydaTCs PaHbIlle, 9eM TOoCje crapTa
ncredér 1’ Jacos.

BosbpMém 1By x pasHonBeTHBIX OeryHoB. IlepBast nx BcTpeda ciy-
YUTCsI, KOTJIa OHU BMECTE IIPODEryT JJIMHY JOPOXKKH, U 9TO IIPOU30ii-
JET paHbIne, yeM vepes s/18 = T//3 < T wacos. Korja Gosee GbicT-
PBIif U3 5TUX JBOUX MPOOEXKUT BCIO IOPOXKKY, 60JIee Me IJIEHHBIN, CKO-
POCTh KOTOpOro cocrasiser bosee 9/12 = 3/4 ckopocru Gostee GbicT-
poro, upobexur yxxe 6osbine 3/4 IIMHBL JOPOKKU U OTOMY GoJiee
GBICTDBIH, TIOBEPHYB, HE YCIIEET ero JOTHATH (JIJIS 3TOrO OH JIOJIXKEH
ObLT ObI 6€KaTh IO KpaiiHei Mepe BUeTBepo ObIcTpee boiee Me I IeHHO-
ro). 3HauuT, BTOpas BCTPeYa ITUX JBOUX CJLydUTCs, KOra oba OymyT
6exkaTh Hazad. K 9TOMy MOMEHTY OHH BMECTEe MPODEryT PacCTOSHIE
3s, 1 9T0 MpOM30HAET paHblie, yeM yepe3 3s/18 = T wacos, 4To U
3aBEPITAET JI0KA3aTETHLCTBO.

99. Omeem: 5, 10, 15, 20, 30, 45.

IIycts p — mocrarodno GosibIioe HEUETHOE ITpocTOoe Ynco. [Ipes-
CTaBUM YHCJIO P° B BHIE CyMMBI @1 +. . .+ (g PA3IMYIHBIX HATYPATHHBIX
qucelsi, He JeNdAnuxcsd Ha p. ducna pag,...,pag OyIyT UCKOMBIMU:
[IpOU3BeIeHe JIFOObIX JABYX M3 HUX HE JIEJIUTCS HA UX CyMMY, PABHYO
p3, a mpomsBeneHne JIIOOLIX TPEX — JeauTcs. llpuMep mmomyuaercs
yKe pHu p = b: pazyoxkenne 25 =1+ 2+ 3+ 4+ 6+ 9 naér nadop
qucen 5, 10, 15, 20, 30, 45.

100. O6o3HaunM yepes M u N TouKu mepecederus npsiMoit XY
co cropoamu AB u AC coorsercrBerHO (puc. 36). 3amernm, 4TO
IMXB=/XBC=/ZMBX = /ZNQY = ZYQP = ZNY Q, nosto-
My MX = MB=NCuNY =NQ = MP. Kpome toro, ZCNY =
= /PMX. CnenoBareiibHo, Tpeyrojbauku PM X u' Y NC pasHbI 110
JIByM CTOPOHAM U YIUIy Mexjy Humu, otkyia PX =Y C.

Bameuarue. AHATIOIrMYHOE pEIIeHnEe MOXKHO IIOJIY4YUTh, 0OO3HAYUB dYepe3

T touky nepecedenuss BX u PQ u pokasas, uro Tpeyrosbauku PTX u CQY
DPaBHBI.

101. IIycte X u Y — npousBoJibHBIE J1BA TOPOJA, & X, 1, ..., Lk,
Y — MapiipyT MexK 1y HUMU ¢ HANMEHBIITUM JIHCJIOM IepecaJiok. [Ipe-
nojoxkumM, aro k > 3. Torna Z5 we coenunén peiicom Hu ¢ X, HE C
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Y, wHatwe HAIT MapIIPyT MOXKHO ObI OBLIO ObI COKPATUTH, BOCIIOJIb-
3oBaBIuCh 3TUM peiicom. Ilo ycnoBuio, cymecrByer ropos, B Takoit,
9TO KaXKJbIil TOPOJ, OTJUYHBIA OT Zo U B, CoOeTuHEH peficoM XOTs
ObI C OOHUM U3 HUX. SHAYNUT, KayKIblii U3 ropomoB X u Y jubo co-
equuéH ¢ B, mubo cam sBisiercsa ropogom B. Ho, eciu X # B # Y,
TO cyrmmecTByeT MmapiipyT X, B, Y ¢ omHoit mepecajkoii, B IPOTUB-
HOM CJIy4ae CyIIecTBYyeT Jaxe peiic Mmexxay X u Y. B srobom ciaydae
MBI TOJIYYUJIU IPOTUBOPEYNE C BHIOOPOM k. 3HAUUT, MPEIIOJIOKEHUE
meBepHO, u k < 2. B cuny npoussosbHOCTH BBIOOpa X U Y Tpebyemoe
YTBEpXKIeHne JOKA3AHO.

A

Puc. 36

102. Omeem: Hem, He M0240.

B mepBom kpyre oboumu cocemsiMu KaXKJI0ro JizKela ObLIn Phi-
napu. CorrocTaBuB KazKJIOMY JIZKEILy €0 IIPABOT'0 COCEIa B 3TOM KPY-
re, ybexkgaeMcst, 9TO phiapeil Ha OCTPOBE He MEHbINe, YeM JIXKEIOB.
B BTOpOM Kpyre obommu cocemsiMu KaXKIOTrO PhINApsi ObLIN JI2KEITHI.
ConocTaBuB KaxKJIOMY DPBIIAPIO €r0 IMPaBOro COceia B 3TOM Kpyre,
yOexKIaeMcsI, ITO phIlapeil Ha OCTpoBe He 6oIbIe, YeM JKeroB. 11o-
JIyIaeTCsl, 9TO phIllapeil U JIzKeIoB Ha ocTpoBe mopoBHy. Ho Torma Ha
OCTPOBE YETHOE YUCJIO KuTeseit, a yuciao 2017 — HeyéTHOe.

103. Omeem: LAC'D = 90°.

IIycts F — cepenuna croponbl AD, a F' — To4ka 1epecedeHust
BE u AC (puc. 37). 13 ycnosust umeem: /B = 360° — 2(LA + £D),
orkyrna ZAEB = 180° — LA — %AB = /D. 3Buauur, BE || CD,
u EF — cpenuss nuaus tpeyrojabauka ACD, 1o ecte AF = FC.
Takum obpazom, BF — Guccekrpuca u Meuana Tpeyroyibanka ABC,
a, 3HAUMT, 1 ero Beicora. CiemoBaresbHo, npsiMas C' D, mapaJuienbHas
BF, takxke nepuenaukyiaspaa AC, OTKyja U BbITEKAET OTBET.
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104. Omeem: n? + n.

OUEHKA. Pasznenum mocky Ha n° kBajpaTos 2 X 2. Kor moxer
CMaxXHYTh JIF0ObIE [Be (DUIKH, cTosIme B omHOM KBajpare. [loka du-
IMeK Ha JOCKe GOJIbINe, YeM n?, ¥ Hero ecTb BO3MOXKHOCTh CMAXHYTD
JBe (pUIIKH, TO €CTh OH CMOKET CHeJaTh TO Mo KpaitHeil mepe n + 1
pa3 (mocse n Takmx NeHCTBUI Ha JIOCKe €Ié OCTAadTCs n? 4+ 1> n?
dumrek). Cmaxupasi ocTapimecs: (bUIIKA TOOJANHOUKE, KOT 060 IETCst
(n+1)+ (n? — 1) = n? + n B3Maxamu.

2

IIPUMEP. Pa3obném mocky Ha KBagpaTbl 2 X 2. Paccmorpum
[MAroHaJjb, UIAYILYIO0 U3 JIEBOIO HUXKHErO yIJia B IPABBI BEPXHUI.
B neBbrit HUKHMNE KBaIpaT mocTaBuM 4 (PUINKH, a B OCTaJIbHBIE, KO-
TOpBIE IEPECEKAeT 3Ta JUANOHAIL — II0 3 (PUIIKU TakK, 4TOOLI Jie-
Basl HUXKHsIsI KJIETOYKA OCTaJIach IycToil. Bo Bce KBaJpaThl BbIIIE
JWATOHAJIN TIOCTABUM II0 OJHOU (DUIKE B JIEBBI BepXHUIl yroJj, BO
BCe KBaJIpAThl HIM2KE — B IpaBblii HmkHUil yros. Ilosyunm posHO
(n> —n)+3n+1=(n+ 1) dumek. [Ipu mannoit paccraHoBKe KOT
HE MOXKET OJHUM B3MaXOM COUTH (PUIIKU U3 PA3HBIX KBAJPATOB, I10-
9TOMY YTOOBI COUTH BCE JUATOHAJIbHBIE (DUINKH, HEOOXOIUMO XOTsI ObI
271 B3MAaXOB, Ha OCTAJLHLIC (PUIIKH — emé n’ — 1 B3MAX0B, TO €CThb
Bcero n? + n B3Maxos.

105. Omeem: mootcHo.

Tax Kak Ha JOCKe HAUCAHO 33 HEUETHBIX YHC/IA, B IIEPBYIO MU-
HYTy OyIer JonucaHa CyMMa IMOMapHBIX TPOU3BEICHU, Cpein KOTO-
pbix 33 - 32/2 HedéTHBIX. 3HAYNT, JIONUCAHHOE YUCJIO OyIeT YETHBIM,
U Ha JIOCKE OCTAHETCs POBHO 33 HeYETHBIX uncJia. [loBropsis stu pac-
CyXKJIeHHSsI, TIOJIydaeM, UTO Ha JIOCKe B JiF0OO MOMEHT OyJeT POBHO
33 HEYETHBIX YHUCIIA.

[ycts A,, — uucio, 3ammMcanHoe HA N-it MEUHYTE, a S, — CyM-
Ma BCeX YHCeJ Ha JOCKe mepel jponuckiBanueM A,. [lo mokazanno-
My, gucyio S, medérao. Yucmo A, ornmgaercs or A, Ha CyMMy
BCEX MOTAPHBIX TPOU3BEICHNUI, B KOTOPBIX y9IacTByer A, TO ecTb Ha
SpAp. Utak, Anp1 = Ap + ApS, = An(1 + Sy). IlockonbKy [ucio
1+ S, 9érHO, MoIydaeM, 9TO CTENEeHb JIBOWKY, HA KOTOPYIO JIEJIATCS
Ap+1, OOTIBINIE, UEM CTEIEHDb IBOWKH, HA KOTOPYIO Jenurcs A,. Uraxk,
3Ta CTEeleHb BO3PACTAET € KaXKIOW MUHYTOH XOoTsa Obl Ha 1, mw uepe3
10000000 vunyT A, HaBepHsAKa Oyuer meinThes ma 210000000
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106. Omeem: da, moz.10.

B kadecTBe npumepa nojaxoqut mpousseienue 1 -1 -676. Ilocite
yKa3aHHOI omepanuu nosiaydaerca (—2) - (—2) - 673 = 2692 = 676 +
+ 2016.

Bamevarue. TIpuBenEHHBIA IPpUMED — €IMHCTBEHHBINA. YKaXKeM, KaK €ro
npunymars. IIpennosoxkum, 4ro ABa M3 COMHOXKHUTEJIEH PaBHSIMCH 1, a TpeTuii
— a. IIx nmpoussesnenne ObLIO paBHO a, & IIOCJE YMEHBIIEHNs IIPEBPATUIOCH B
(—2)2(a — 3) = 4a — 12. 3nauur, npu 4a — 12 = a + 2016 yciosue cobmogaercs.
Pemras sTo ypasHenue, nomydaem a = 676.

107. Omeem: 3a 2 xoda.

Tlokaxkem crnadgasia, kKak Ilere BbIMr- B
paTh 3a 2 xoma. IlepBbIM X0/10M OH BBICTa- X
BUT 8 JI1aJieil 110 JuaroHaJm gocku. Ecjm oH E
elé He BBIUIPAJ, TO Ha JWATOHAJHU €CTh E
HEUYETHOE YHCJIO 3aJ[yMaHHBIX Baceit kie- =
ToK. B wacTHOoCTH, Ha HEll eCTh KaK KJIeTKa "
A, 3anymannas Baceit, Tak u xierka B, ne  [®
3a/lyMaHHAsT UM.

IIycTs Ha BTOpOoM XOmy lleTst mocra- Puc. 38
BUT JIaJbU Ha 6 IMAroHAJIBHBIX KJIETOK, KPO-
ve A u B, a takxke Ha kjetku C' u D, jexkalnye B Te€X ¥Ke CTPOKAX,
aro A m B COOTBETCTBEHHO, U B TeX »Ke croJybnax, 9ro B u A coor-
BercTBeHHO. Kask/iast HOBasl JIa/Ibsi CTOUT WJIM B OJTHOI CTPOKe, WJIA B
OJIHOM CTOJI0IIE ¢ A, TO ecTb UX KJIeTKu Bacst 3ajlymMaTh He MOT. 3Ha-

X

90T, B HOBOI KOH(MDUTYpAIUH JIa el KOJTUIECTBO KJIETOK, 38y MAHHBIX
Baceit, ymenbmmioch poBHO Ha OJIHY, TO €CTh CTAJI0 YETHBIM, u lleTs
BBIATPAJ.

OcraJsioch mokazarh, 9to lleTst He MOXKeT rapaHTHPOBAHHO BbI-
UrpaTh 3a ouH XoJ1. IlycThb y Hero ro nosrydusiock. IlepecraBus crosib-
Bl JOCKU, MOYXKHO CUUTATH, 9YTO OH CJIeJIaJjl IIEPBBIN XOJ TaK, KaK I0-
Ka3aHO Ha puc. 38; TOrJa OH He BLIUTPAET, ecau BacuHBI KIeTKH —
OTMEYEHHBIE CEPhIM Ha TOM YK€ PUCYHKE.

108. Omeem: wem, He cyusecmsyem.

IIEPBOE PEIIEHUE. [lycTh Takoit TpeyroibHuk cymectByeT. Mox-
HO CUHTaTh, 9TO T > Yy > z. Torjma mo HepaBEeHCTBY TPEYrOJbHUKA
Y+ 2 > T, OTKyJ1a

(@+y)r+2)(y+2)> (@ +y)(z+2)z=
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:x3+x2y+x2z+xyz >x3+x2y+x2z >x3+y3+z3.
IIporuBopeune.

Bamevarue. B 1ogoOHOM pelIeHnN MOXKHO OOOUTHCH U 6€3 yIopsiJOoYeHus
nepeMeHHbIX. VIMEHHO, IPyIIUpYs CJlaraeMble U UCIIOJIb3Ysi HEPABEHCTBO TPEYTOJIb-
HHKA, [TOJIYIUM

(x+y)(x+2)(y+2) =2>(Yy +2) + v’ (x + 2) + 2% (x + y) + 2ayz >
>a?-z+y? y+22-240.

BTOPOE PEMIEHUE. [lycTh Takoit TpeyroyibauK cyiecreyer. Or-
METHM TOYKHU KaCaHUsI €r0 CTOPOH CO BIIMCAHHON OKPYKHOCTHIO. [IycTh
OTPE3KH KACATEJBHBIX OT BEPIIUH JI0 TUX TOYEK TOUEK KACAHUS PaB-
HBI @, bu c, Totmax =b+c,y=a-+cu z=a+b. Umeem

(x4+y)ly+2)(z+z)=(a+2b+c)(a+b+2c)(2a+b+c) =
=2(a® + 0% + ) + 7(a®b + ab® + a’c + ac? + b%c + bc?) + 16abe

P+ +2=(a+0)3+ b+ +(c+a)=
=2(a® + 1% + ) + 3(a®b + ab® + a’c + ac® + b*c + bc?).

Buauut, pasnocts (z + y)(y + 2)(z + x) — 23 — y3 — 23 nocse nozcra-

HOBKY W NIPUBEJICHAs MOI0OHBIX CaraeMblx probperaet sus 4(a?b+
+ ab® + a%c + ac? + b%c + bc?) + 16abe, uTo, ouesnHO, Gosbie 0.
IIporusopeune.

Bameuarue. CyIiecTByIOT TPU IOJIOXKUTEIBHBIX UUCIA L, Y, 2 TaKUE, ITO
PaBEHCTBO U3 YCJOBHsl BBIIOIHEHO — HampuMep, 1, 1, 1 + /5. Takum obpaszom,
ycJioBue, 4TO T, Y, 2 ABJIAIOTCA JJIMHAMH CTOPOH TPEYTOJIbHUKA, CyIIeCTBEHHO.

109. [TEPBOE PEIIEHUE. Ilycte O — nentp Tpeyronbuuka ABC,
U ImycTh w Kacaercs orpe3koB BQ, QP u PC B toukax K, L u M
coorBercTBeHHO (puc. 39). B crly cumMeTpun paBHOCTOPOHHETO Tpe-
yrospauKa psaMbie BO u CO mpoxongar dyepe3 touku M u K coot-
BETCTBEHHO.

Omsioxkum na Jjyde LO orpesok OX, pasubiii OA (tak uro X
gexxut Ha okpyxHoctu (). Ilockosnbky PL u PM — kacaresbHble
K w, umeem /POL = /POM, a 3uaunt, /POB = /ZPOX. Torua
rpeyrosnbauku POB u POX pasubl 110 asym croponam (OB = 00X,
cropona OP — obmias) u yriay mexzay aumu. Urak, PX = PB, To
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eCTb TOUKa X JIEKUT Ha OKpyxkHocTH (2. Anajormano, X JIe:KUT U
Ha OKpYyKHOCTH ().

BTOPOE PEIIEHUE. Ilycrs O — nenrtp Tpeyrosbauka ABC.
Oxpyxxuoctu {2 u (), mepecekarorcs B Touke B. Bropas Touka mx
nepecedeHnss — obo3HaunM eé 4depes B’ — cummerpuuHa Touke B
orHocuresbHO JiuHuU 1eHTpoB PO (puc. 40). AHajorudno, Bropas
TOUKa IepecedeHus: okpyzkHocreit ) u ., — sto Touka C’, cummer-
puunast Touke C' orHOCHTETHHO QO.

Muor gokaxem, aro B’ = C’ (torma sra Touka u Oymger obrieil
y Tpéx okpyxkuocreil). Umeem OB’ = OB = OC = OC'; 3uauur,
JIOCTATOYHO MOHATD, 410 ZBOB' + ZCOC’ = ZBOC (= 120°). Ilo-
ckobKy 1pamMbie PO u QO — 6uccekrpucst yrios BOB' u COC’,
IoCJIe/IHEE PABEHCTBO PABHOCUJIBHO paBeHcTBY ZPOQ = 60°.

DTO paBeHCTBO HEXUTPO MpoBepsiercs. Tak kak /A = 60°,
T0 LBQP + ZCPQ = 240°, nosromy ZPOQ = 180° — (LOQP +
+ Z0PQ) =180° — (LBQP + ZCPQ)/2 = 60°, 110 1 TpeGOBAIOCE.

Puc. 39

110. Omeem: 1250 cymm.

CHavasa MOKayKeM, 9TO UPPAIMOHAIBHBIX IHCEeN B TabJIUIe He
menbire 1250. IlycTb Bmosib J1€BO# CTOPOHBI TAOIHIIBI BBIITUCAHO I
UPPAINOHAJIBHBIX U 50 — = parmoHaJbHbIX drces. Toraa BoIb Bepx-
Heil CTOPOHBI BhIUCAHBI 50 — & UPPAIMOHATIBHBIX U & PAITMOHAJBHBIX
quces. [TockoabKy cyMMa panuoHaAIbHOIO U UPPAIMOHAIBHOIO THCET
BCer/ia HppaImoHabha, B Tabmmre cront xota obr 22 + (50 — x)? up-
parmonabHbIX "ucest. pu stom 22+ (50 — x)? = 222 — 1002 +50% =
2(x — 25)2 +2-25% > 2. 252 = 1250, 4ro u Tpebosasocs. Orciona
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ciiesyet, aTo B Tabauie He 6ostee 2500 — 1250 = 1250 parmoHaIbHBIX
qucel.

Posro 1250 parmmoHaJbHBIX YHCET B TaOJIUIE MOXKET ObITh, Ha-
mpuMep, B TAKOM Cjaydae. BIoJib JIeBOi CTOPOHBI CTOAT 4ncia 1, 2,
324,25, 1442, 244/2, ..., 25+/2, a BIOIb BepxHeii CTOPOHDI —
gnena 26, 27, ... , 49, 50, 26 — /2, 27— /2, ..., 50 — v/2. Torua up-
PAINOHAIBHBIME 6YIyT TOIBKO 2 - 252 = 1250 cyMM paIl[IOHAILHOIO
U UPPAIUOHATHLHOTO YHCEJI.

Puc. 41 Puc. 42

111. TIEPBOE PEMIEHUE. Ilockoimbky LZAHK = ZAMK = 90°,
Touku A, H, M u K jexar Ha OKPy>KHOCTU w C jguamerpom AK
(puc. 41). ITo ycnosuto, xopaa H M 5T0# OKpy>KHOCTH CTSTHBAET YIOJI
MAH, pasubrit 30°, nosromy HM = 2Rsin30° = AK/2. C apyroit
cropoubl, HM — menmana B IpsMOYTOJIbHOM TpeyrosbHuke BHC,
nosromy BC' = 2HM = AK, 9to u TpebOBAIOCH JTOKA3ATh.

BTOPOE PEHIEHUE. Jloctpoum Tpeyronsuuk ABC 1o mapas-
sesorpammoB ABPC u AQBC (puc. 42); rorna BP = AC = BQ
u KH 1 PQ. Kpome Toro, Touka M — cepequna AP (kak ToYka
nepecedeHus auaronajeil napasieaorpamma ABPC). 3nauut, nps-
mble MK u HK — cepeauHHble NEPIEHIUKY/ISPLI K oTpe3kaM AP u
PQ. CrnenoBareibHo, Touka K — IEHTP OKPYXKHOCTHU 2, OIUCAHHOI
okoJi0 Tpeyrosibauka APQ. Hanee, ZAPQ = Z/PAC = 30°, nosromy
xopya AQ okpyzkuoctu §2 pasua paguycy AK. Hakoner, u3 napaj-
senorpamma AQBC nonyuaem BC = AQ = AK.
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112. JTokarkeM yTBep2KIeHIE 33/Ia91 UHYKIIAEH 110 KOJTUIEeCTBY
7. CTOPOH MHOI'OYTOJIbHUKA. Ba3a uHykiuu n = 3 oueBuHa. Ternepb
BBIBEJIEM yTBepKIeHue ijist k-yrojbuuka (k > 4), npezamosarasi, 9To
OHO BEPHO J|jIsi MHOTOYTOJIbHUKOB C KOJIMI€CTBOM CTOPOH MEHBIIIHIM,
aem k.

Wrax, mycTh BRIMYKJbIH k-yroabHUK P pa3pe3aH HelepeceKkaro-
[IUMUCST TUATOHAJISIMU Ha paBHOOEPEHHbBIE TPEYroJIbHUKU. PaccMoT-
pUM OJIHY U3 9THX JuaroHajeil, Hazosem eé d. luaronasns d gesur P
Ha JBa MHOTOYTOJbHUKa P; u Ps. Y KayKI0ro m3 MHOTOYTOJIBLHUKOB
P) u P, KOJin49ecTBO CTOPOH MeHbINe k, 1 KaXK/Iblil U3 HIUX Pa3pe3aH
HEIIEPECEKAIOIINMUCS TNArOHAJISIMA Ha pPaBHOOEIPEHHBIE TPEYTOJIb-
HUKUA. HO HallieMy IIPe/IIOJIO?KEHNIO0, B MHOI'OYTI'OJIbHUKE P1 NMEIOTC
paBHBIE CTOPOHBI a1 U by. Ecim Hu a1, HU by He coBmaaeT ¢ d, TO aq
u by — croponbl P, u Hallle yTBep:K/I€HUE JTOKA3AHO.

Wnaue mycrs, HanpuMep, by coBnayaer ¢ d. AHAJOTUIHO, B MHO-
royrosibHuKe Po HalimyTcsi paBHbIE CTOPOHBI Ao U by, U ecim HU ag,
Hu by He COBIIAIAET C d, TO yTBepkKIeHne goka3zano. Hakomerr, mycTb,
Hampumep, by conaaer ¢ d. Ho Torna a; u ay — pasjudHble CTOPO-
HBI MHOTOYTOJIbHUKA P, Kaykjiasi 13 KOTOPBIX paBHa d, TO €CTh a1 U
as — Tpebyemast mapa CTOPOH.

113. Eciu B HEKOTOPBIT MOMEHT CpeIu |ucesl Ha KapTOYKax
€CTh POBHO k HEYETHBIX, TO CPEJU IIPOU3BE/IEHN TPOEK YKCE]l POBHO
C} HeI$THBIX; II09TOMY YHCJIO Ha 0YePe/HOl J0OABIAEMOll KapTOIKe
OyzieT HeU8THBIM POBHO Torjaa, Korga Cp mewérno (u Torma k B 3Ty
MUHYTY yBeJuauTcs Ha 1).

Bamerum, uto uncio Ciy = neuérHo, a uncio C3, =
= % - Cy wérHO. 3HAUUT, B MEPBYI0 MUHYTY JOGABUTCS HEUETHOE
9UCITI0, & JAJIbIne OyyT H00aBIATHCS TOJBKO 4YéTHbIe. VTak, mocse
MEepPBOY MUHYTBHI CPEJIU JHCET Ha KAPTOYKax Beerja Oyjaer poBHO 44
HEYETHBIX.

Paccvorpum wmcna Ha Kaproykax mocse n MuHyT. Ilyets T, —
CyMMa BCeX IMPOM3BEJEHUIT TPOEK THX dJuces, a [, — cymMMma Bcex
npousBeJieHul Hap ITux unces. duciao Tp, 41 owmuaercs or T, upu-
GaB/IeHNEM BCEX MPOU3BEIEHUIN TPOEK UHCeN, CPEId KOTOPBIX €CTh
TOJIBKO 4TO JI00aB/IeHHOe, TO ecTh ipubasienuem D, T, ; utak, T, 11 =
=T, + D,T, = T,,(1 + D,,). 3amerum npu s1oM, uro D,, = C%, =
= 22-43 = 0(mod2) upu n > 1. 3uauur, npu n > 1 wncno 1+ D,

43-42-41
6
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HEYETHO, U CTEIeHb JBOIKHU, HA KOTOPYIO Jenurcs 1,41, paBHA CTe-
IIEHU JIBOIKU, HA KOTOPYIO jenutrcs 1,.

Wraxk, mocse nepBoit MUHYTHI CTEEHDb JBONUKH, Ha KOTOPYIO Je-
JuTcst mobaBisiemoe Iucyo 1, Bcerga paBHaA CTEIIEHH JBOUKH, Ha KO-
Topyio gesurcd 1. 3HaUMT, ecyin ObI IIOCJE BTOPOIi MUHYTHI Ha Kap-
TOYKax He 6bLIO umcia, fensmerocs Ha 219990 1o u BHocTencTBIE
Takoro 4ucja Obl He mosiBuiiock. OTCr0/1a U cjeyer Tpedyemoe.

114. Omseem: da, mo2.0.

B kagectBe npumepa monxomaut npoussenennve 1-1-1-1-48. Tlocie
yKasaHHOI oneparun nonydaercs (—2)-(—2)-(—2)-(—2)-45 =720 =
= 15-48.

Bameuwarue. [IpuBes€HHLI NpUMEp — €IUHCTBEHHBIN. YKaXKeM, KaK €ro
npuayMaTh. [IpeanooXKuM, 4To 4eThIpe U3 COMHOXKUTEIIEH PABHSINCD 1, & IsaThli
— a. Ux npousBenenne ObLIO PaBHO @, a IIOCJE€ YMEHBIIEHUsI IIPEBPATUIIOCH B
(—=2)%(a — 3) = 16a — 48. 3uauur, npu 16a — f = 15a ycnosue cobmogaercs.
Pemas sTo ypaBuenue, mony4daem a = 48.

Puc. 43

115. Tak kak yerbipéxyroyibauk AIC P puucauusbiii, to ZPCT =
= 180° — LPAI = ZBAI; unaue rosopsi, ZDCI = ZBAI (puc. 43).
Ienrp I BuucanHON OKPY?KHOCTU YETHIPEXYTOJHHUKA JIEKUT HA OUC-
cekTpucax ero yrios, nosromy ZDCI = /BCI v /DAI = /BAI.
Orciona cieayer, uro ZDAI = Z/BC1, a 3uaunt, LZQAI = /BCI =
=180° — ZQC1.

W3 no/yd9eHHOr0 paBeHCTBA BBITEKAET, YTO UETHIPEXYTOJILHUK
AICQ Brucannbiit. Tem cambiM, TOUKa () JIEXKUT HA OKPYKHOCTH W
(upoxomsmieit uepes Touku A, I u C).

116. Omeem: da, moe.
Samerum, aro 2017 = 43-46+ 39. IlpuBeném npumep Ilamuubrx



Pemenng 3agaa 85

4qucesi, IPU KOTOPHIX Tpebyemoe BbinosHgAeTcd. 1lycTs cpenu ero un-
ces1 OynyT 39 nBoek, 46 umcei, paBHBIX 44, a OCTaJbHBIE — €JIUHUIIBI.

Yrobwl m00uThCst Tpebyemoro 3a 43 xoma, Ilamra Beibupaer 39
KOpODOOK, B KOTOPBIE OH BCETa KJIAJAET 1O 2 KaMHs — depe3 43 xoma
B HEUX OKaxKkercs 1mo 43 - 2 = 86 kammueil. OcrajbHble KOPOOKH OH
pasbusaer Ha 43 rpymmnsl o 46 KOpOOOK; HA ¢-M XOIY OH IIOJIOKUAT
1o 44 KaMHsI BO BCE KOPOOKH i-il TPYIIIIbI U 10 OJHOMY KaMHIO — B
KOpOOKY ocTayibHBIX Ipyir. Torna yepes 43 xoma B KaxK 10l KOpoOKe
KazkJIoi rpynnsl Oyger 1o 44 + 42 - 1 = 86 kamHeill, TO €CTh BO BCeX
KOpOoOKax OyIeT MOPOBHY KaMHEH.

Ocrajioch 70Ka3aTh, YTO 3a MEHBIIee YHUCI0 XOJ0B Tpebyemoe
uesbiotHUMO. [Iyers Ilama caenan k < 43 xonos. Torma B Kakyio-
TO KOpoOKy A monasio 44 KaMmHSI Ha OJHOM XOIy, U B Heil Oyuer He
menbiie, gem 44 + (k — 1) - 1 = 43 + k kamueit. C apyroii cropoHsbi,
ockoyIbKy 46k < 2017, B Kakyio-To KOpOOKY B HU Ha OIHOM U3 XOJI0B
He momaaeT 44 KaMmHsI, TO €CTh B Hell Oymer mHe Gosbire 2k KaMmHEid.
Tlockonbky k < 43, umeem 2k < k + 43, a 3mauut, B KOpobke B
MenbIe Kamueii, yeM B A. Takum obpasom, Ilama emé we mobuiics
TpebyeMoro.

Bameuanue. IlpuBenéunniii npumep — He eauHCcTBeHHBIH. Hanpumep, mno-
noiaéT Takxke HAGOp wuncesi, cocroammii u3 42 emguuni, 2017 — 43 = 1974 yucen,
paBHBIX a > 1, u onHOro umcsa, pasaoro 43a — 42. CymecTByIOoT Hayke IpuMe-
PEBI C IIOIIAPHO PA3JIMYHBIMUA YHNCJIAMHU; OAHAKO IIPOBEPKa TOr'0, YTO OHU IMOAXOJAT,
HECKOJIbKO TpyJHee, 9eM JJid IIPUMEPOB, IIPUBEACHHDBIX BBIIIE.

117. Omeem: npu k = 2017.

Cuagasra mokaxkem, aro k > 2016. Ilycts yumrens ucrosb3o-
Bas Hekoropoe k < 2016, zamymas muorowien P(z). Paccmorpum
muorowien Q(z) = P(x) + (z — n1)(z — n2) ... (z — ng). Samernm,
9TO CcTeneHb MHorouwieHa Q(z) Taxkxke pasHa 2017, a ero crapmmit
ko dunment takxke pased 1. IIpu srom P(ni)P(n2)...P(ng) =
= Q(n1)Q(n2)...Q(nk), no P(x) # Q(x). 3uauur, geru Moriau ObI
HajiTn MHOrouwIeH @Q(x) BMecro P(x), TO ecTb yuuTe b HE JOOUICH
TpebyeMoro.

Ocrajioch jiokaz3arh, 4ro 1npu k = 2017 yuureab CMOXKET IIpH-
JyMaTh TpeOyeMyIo 3aJady.

JIEMMA. ITycmo P(x) — mnozouaen ¢ ueavimu Kodpduiuen-
mamu, u nycmv a u b — pasausnvie yeave wucaa. Toeda P(a)— P(b)
deaumcs Ha a — b.
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JIOKA3ATEJILCTBO. B pasnoctu P(a)— P(b) crpynmupyem cia-
raemble 10 cTerneHsM: ecan P(x) = ppa” F P12 L. prz+po,
to P(a) — P(b) = pp(a™ —b") + pp_1(a” L =" ")+ ...+ pi(a—0),
e KazkIoe cjaaraeMoe JIeJIUTCa Ha a — b.

IIycts k = 2017. Ionoxkum n; = 4¢ upu ¢ = 1,2,..., k; myctb
yauTesb coobumr gersm, uro P(ny)P(ng) ... P(ny) = 1. Torma mHo-
rouned P(z) = (x—ny)(z—n2) ... (x—nk)+1 1oj ycioBue noaxour.
TIpeaoouM, 9To emnié Kakoii-To MHOro4YIeH () TakKe MoIXoauT
oz yeaosue. Toraa, Tak kak Q(n1)Q(n2) ... Q(ng) = 1 u koapdunu-
eHTbl MHOrowIeHa (Q)(x) — uesbie yucia, To Q(n;) = £1 upu mobom
i=1,2,...,k.

Econ maiigyres @ u j rakue, uro Q(n;) = 1, a Q(n;) = —1, 1o
pasnoctb Q(n;) — Q(n;) = 2 He geauTcs Ha n; — N, ITO IPOTHBOPE-
qut jiemme. [losromy Bee 3Hauenus (Q(n;) paBHBI MexKLy cOOOH U Bce
pasubl 6o 1, mubo —1. OpHako Bee 3HAYEHMST HE MOTYT OBITH paB-
Hbl —1, Tak KaK B upousBedenun Q(n1)Q(ns2). .. Q(ny) MHOKHUTEIClH
HEUYETHOE KOJIMYECTBO U IIPOM3BejieHre ObLI0 Obl paBHO —1. 3HauwmT,
Q(n;) =1 upu mobom i = 1,2, ... k. Torma pasuocrs P(z) —Q(x) —
MHOTOYJIEH CTEIeHN MeHee k, mMerouii Xors 661 k KOpHeli, TO eCcTh
9TOT MHOTOWIEH TOXKaecTBeHHO pased 0, n P(x) = Q(z). IIporuso-
peune.

SGMEHGHUC. C HCIIOJIB30OBAHUEM JIEMMBbI MO?KHO IIOKa3aThb, 9YTO MHOT'OYJICH
P(z) = (x — n1)(x — n2)...(z — n2o17) £ 1 noaxoauT npu JroObIX PA3IUIHBIX
LEJIBIX YUCTIAX 11, N2, . . . , 2017+

118. Omeem: 1250 npoussedenudl.

Cuadajia TIOKaXkeM, 9TO UPPAIMOHAIBHBIX YUCEJ B TabJIUIE HE
menbIrie 1250. IlycTh BHOML J1€BOiT CTOPOHBI TAOUIHI BBITUCAHO T
UppaIuoHabHbIX U 50 — & paluoHabHBIX Yucesi. Torma BIoJIb BepX-
Hell CTOPOHBI BhITUCAHBI 50 — T UPPAIMOHAIBHBIX U & PAIIMOHAJBHBIX
qucest. [TocKOIBKY MTpOU3BEJICHIE HEHYIEBOTO PAIMOHAJILHOTO U UP-
PAIMOHAILHOTO YUCEJT BCErJa UPPAIHOHAIBHO, B TAOJIUIE CTOUT XOTSI
661 22 4 (50 — z)? uppanuonabHbX unces. Ipu stom 22+ (50 — )% =
222 — 1002 + 50% = 2(x — 25)% +2-252 > 2.252 = 1250, uro u Tpedo-
Bastock. Orcroza cireryer, aTo B Tabsmie ve 60s1ee 2500 — 1250 = 1250
pPAIMOHATILHBIX THCE.

Posmo 1250 panmonasbHbIX Yuces B TabJInAIle MOXKET ObITh, Ha-
nmpuMep, B TaAKOM CJIydae. BHoJb JieBoit CTOPOHBI CTOAT [dncia 1, 2,
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e, 24, 25, \/ﬁ, 2\/5, e, 25\/5, a BJIOJIb BEPXHE CTOPOHBI — YUC/IA
26, 27, ..., 49, 50, 26v/2, 27V/2, ..., 501/2. Toraa mppamuoHAIIb-
HbIME Gty T TOJbKO 2 - 252 = 1250 mpousseienuii paluoHaIbHOTO I
MPPAIMOHAJIHLHOI'O YHCEI.

119. Ilycrs Si,...,S100 — YuCIa, KOTOPbIe ObLIN 3AIINCAHBI HA
nocke B nepBble 100 munyT. IlycTh mepes ponuckiBaHueM 4ucia S;
Ha JIOCKe OBbUIM 4uCsa aq,...,a;. Torma S; = af + a3 + ...+ ai, a
CJIeJTyIoIIee JIOMMCAHHOE IUCIIO eCTh S;41 = a3 + a3+ ... +aj + 57 =

Urak, S;11 = Si(S; + 1). Buaunr, S;41 COMEPKUT B CBOEM Da3-
JIOXKEHUHU Ha, IIPOCThIE MHOXKUTEIN BCE IIPOCTBIE YMCJIa, Ha KOTOPLIE
JenuTcs S;; KpOMe TOTO, ITOCKOJIbKY S; U S;4+1 B3aUMHO IIPOCTHI, S;41
COJIEPKUT XOTsl ObI OJIUH HOBBIH IPOCTON MHOXKUTEJb (JIeJIUTeIb THUC-
aa 14.5;). Tak kak S7 > 1, T0 S1 COAEPXKUT B CBOEM PA3JIOKEHUU XOTsI
OBl OJUH IIPOCTOM MHOXKUTeNb. OTCIOA IIOC/IEI0BATEIbHO IOy YaeM,
qro it 4 = 1,2,...,100 qucio S; COMEP:KUT B CBOEM Pa3JIOKEHUU
XOTst OBbI 7 Pa3JIMIHBIX TPOCThIX MHOXKUTeeh. [Ipu ¢ = 100 310 maer
pelrenne 3aatm.

120. CoBnamaer ¢ 3amaueii 112.

121. (Puc. 44.) Tak xax 4erbipéxyroibHuk ABCQ Brucad u
AC || DE, umeem /BEX = /BCA = /BQA = ZBQX. Cuie-
J0BaTeIbHO, YeThIpEXyroibHuK X BE(Q) Buucan, orkyna ZX BQ =
= /XEQ = Z/DEQ. Anajornyso, 4eTbIpéxyrojibauk Y BDP Buu-
can, u ZPBY = /PDE. Tlo ycnosuto, PD || EQ. 3naunt, 180° =
— /PDE + /DEQ = /XBQ + /PBY.

Takum obpazom, /XBY + /PBQ = /XBP+ 2/PBQ +
+ ZQBY = LXBQ + £LPBY = 180°.

122. Omeem: da, mozn0.

B kauecTBe mpuMepa nogxouT npousseienne 1-1-1-1-1-2-16 =
32. Tlocsie ykazanHoii onepanun nosydaercs (—2) - (—2)-(=2)-(—2)-
(=2)-(-1)-13=13-32.

Bameuarue 1. YKaxkeM, Kak IPULYyMaTh 9TOT npumep. IIpeanonoxum, aTo
IATh U3 COMHOXKUTEJIeH paBHAIUCH 1, mrecTtoit — 2, a ceapmoit — a. Mx npowus-
BeJleHue GbLIO PABHO 2a, a IMOC/Ie yMeHbIeHus: npesparuiock B (—2)%(—1)(a —
3) = 32a — 96. Buauur, upu 32a — 96 = 26a ycnosue cobmonaerca. Pemas sTo
ypaBHeHue, mosixydaeM a = 16. lrak, wucma 1, 1, 1, 1, 1, 2, 16 ymoBieTBOpsIIOT
TpebOBaHUIM.
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Bamevarue 2. IlpuBeiéHHbBIN IpUMEp — He eJMHCTBEHHbIN. Hanpumep, mo-
JORIET TaK>Ke IPOU3BECHUE 14.29.61 - 64, mocJjie BBIYUTAHUSI [IE€PEXO/ AN B
(—2)*-26-58-61.

Puc. 44

123. Cosmazaer ¢ 3amadgeii 107.
124. Cosmagaet ¢ 3agaqeir 117.

125. ITycte O — nentp Tpeyroabunka ABC. O6o3nadnM depe3
Bs u C5 Toukn Kacanust w ¢ AC u AB cooTBeTCcTBEHHO, a depe3 B
u C; — touku (), quaMerpaibHO TPOTUBONOJIOKHBIE TouKaM B u C'
coorBercrBerHo (puc. 45). Torma Touku By u C; cuvmmerpudast O
orHOcuTeIbHO cTopoH AC u AB coorBercTBenHo, oTkyna LOB1 P =

IMycts ayan B P u C1Q nepecekaror ) B Toukax B’ u C’' coor-
BercTBeHHO; Torga ZPB'B = /B1B’'B = 90°, To ects B’ jexxur Ha
T'y. Ananormuano, C’ nexxut ma I'e. C apyroit cTOpoHsbI,

BB+ - CC'"=2({/BBB' + £CC,C") =
= 2(£/B,OP + £C10Q) = 2(180° — ZB,0C}) = 120° = BC.

1o ozHauaer, uyto Touku B’ u C’ cosnanator. Utak, 'y, u I, mepece-
KaloTca B Touke B’ ymexxameit na I

Tlockonbky /BB P = ZCC5Q = 90°, Toukn By u Cy 1e:KaT Ha
T’y u T, coorBercTBenno. Ilycrh npogosmkenne orpeska B'O 3a Touky
O mnepecekaer w B Touke X. Torma OX = OBy = OCy u OB’ =
= OB = 0C, orkyna OB-0OBy = OB’ -OX = OC - OC,. Ilepsoe n3

3TUX PABEHCTB O3Ha4aeT, 9To Touku B, By, B’ u X jexxat Ha 0JHOi
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OKPYZKHOCTH, TO €CcThb X JIEXKUT Ha OKpyKHOCTH 5. AHaJIorm4vHO,
U3 BTOPOrO paBeHCTBa cjeiyer, dro X JiexxkuT Ha .. 3uauur, X u
ABJIZETCsT BTOPOil TO4UKOit 1epeceuenust 'y u [, jgexareit Ha w.

Bameuanue 1. ITocne mokazarenbcrBa TOro, uro okpyxuocru 2, I'y u I'c
epeceKkaroTcss B OfHOI Touke B’ MOYKHO 3aBEpIIMTBL peIleHHe U TO-JpyTroMYy.
Ilycts X — BTOpas Touka nepecedenusi 'y u I'c. HerpyaHo BuaeTh, 4T0 TO4YKA
X gexur B yrine CoOBsg. Torna /B2 XCy = /B2 XB' + /C2XB' = (180° —
— /BaPB’) 4 (180° — LC2QB’) = (90° — ZPB;10) + (90° — ZQC10) = 120°,
9TO W O3HAYAET, 9TO X JIEKUT HA W.

Bameuarue 2. Ilycrs npsamas PQ unepecekaer npsamyioo BC B Touke R.

AHAJIOTHYHO MOXKHO TOKA3aTh, 9TO OKPY?KHOCTb ' ¢ muamerpom AR Takxke
MpoxoauT 4epes ase obumux Touku B’ u X okpyzxuocreit ['y u I'c.

Puc. 45

126. Omeem: 1275 npouseederul.

Cuadajia MOKaXkeM, 9TO UPPAIMOHAIBHBIX YUCEJ B TabJIAIE HE
menbIe 1225. 1IpeAmomoKuM, ITO Cpejin PAIMOHAIbHBIX YUCENT €CTh
HOJIb U OH BBIIINCAH Y BEPXHE CTOPOHDLI TaOJIUIBL.

IIycTp BHOB J1€BO# CTOPOHBI TAOUIIHI BBIIUCAHO T UPPAIHO-
HajgbHbIX 1 50 — & parmoOHAIBHBIX 4YKces. 1orma BIOJIb BEpXHEH CTO-
POHBI BbIIIACAHBI 50 — & UPPAIMOHAJIBHBIX U T PAIMOHAIBHBIX IHCET
(cpeim KOTOPBIX €CTh HOJIb). 3aMETHM, UTO IPOU3BEIeHNE HEHYJIEBOTO
PAITIOHAIFHOIO W MPPAIMOHATIBLHOTO YHCEJI BCETJa MPPAIlNOHAIBHO.
Torya B Tabmune ecth Kak MunumyM z(z — 1) + (50 — z)? upparnuo-
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HAJIBHBIX YUCEJL. 3aMETUM, ITO
f(x) =x(x — 1)+ (50 — 2)* = 222 — 101z + 50°.

Bepmuna napabossl f(x) Haxomurces B Touke 101/4 = 25,25, 1o-
9TOMY MUHUMAJbHOE 3HaYeHUEe f(X) B LEJIONH TOYKE JOCTUIAETCS IIPU
x = 25 u ono pasno 25 - 24 + 252 = 1225,

Ecau ke HOMb 3aMEHUTH HEHYJIEBBIM PAITUOHAILHBIM THUCJIOM,
TO KOJIMYECTBO UPPAIMOHAIBHBIX YHUCEJ MOXKET TOJIBKO YBEJIUYUTh-
cst. [Toaromy B Tabsure B Jr0b60M ciaydae He MmeHee 1225 mpparmo-
HaAJBHBIX 9HCce]. 3HAYNAT, B Tadbauie He 6omee 2500 — 1225 = 1275
PaIMOHATBHBIX IHCET.

Puc. 46

Posro 1275 panuoHa/bHBIX YuCesl B TabJIAIlEe MOXKET ObITh, Ha-
mpuMep, B TAKOM cjaydae. BaoJib JieBoil CTOPOHBI CTOAT 4ncia 1, 2,
., 24,25, 1/2,2/2, ..., 25v/2, a BIOIb BepXHEil CTOPOHBI — 9YHC/IA
0, 26, 27, ..., 49, 2612, 27V/2, ..., 501/2. Torya uppamuoOHAIBHBI-
Mz OyayT TOIbKO 25 - 24 + 252 = 1225 npou3BeieHHN HEHY/IEBOIO
PaIMOHAIBLHOTO U UPPAINOHAIHLHOTO TUCET.

127. IIposeném B okpyzkuoctu I' nuamerp BT (puc. 46). 3ame-
M, uyto L PDT = /BDT = 90°. 3uauur, /ZPHT + /PDT = 180°,
TO ecTh TOYKa 1 JIEXKUT Ha OKpyKHOCcTH w. Ilosromy /ZPQT =
= /PHT = 90°, u yerbipéxyroyibHuk PQT D — npsiMOyTroJIbHUK.

Paccemorpum obmumit cepeIMHHBIN TEPIEHIUKYJISIP | K OTPe3KaMm
DT u PQ. On npoxoaut depe3 O, a 3HAYUT, sIBJISAETCS U CEPEIMHHBIM
neprenukyagpom Kk AC. 3uaunt, orpeskun AP u C'(Q cuMMeTpuaHbI
OTHOCHUTEJIFHO | ¥ IOTOMY DABHBI.
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128. O603HAYNM IIPOBEIEHHBIE HIpsIMBbIE [1, o, ..., I, yIIOpsiI0-
KB UX HAIIPABJIEHUS 10 9acoBoii crpesike (puc. 47). PopMaibHO 9TO
O3HaYAeT cJieytoriee. PaccMoTpuM IpOU3BOJIBHYIO TOUKY ILJIOCKOCTH
O. TIpoBenem uepe3 Heé mpsiMble, TAPAJICIbHbIE HAIINM, 3aHyMepY-
€M X 0 YaCOBOI CTPEJIKE, a IIOTOM [IPUCBOUM HAIIMM [IPSIMBIM T€ XK€
HOMEpA, KOTOPbIE MOJIyIHJIA COOTBETCTBYIONINE UM HOBBIE MPSIMBbIE.

Cpenu obsiacreil, Ha KOTOPbIE HAIU MIPSIMbIE PA3pe3aJid ILIIOC-
KOCTh, €CTh 27 OECKOHETHBIX KYCKOB; 0003HAYNM KX I10 9aCOBOI CTpeJi-
ke S1, Sa, ..., So, Tax, u4TO UpsIMad [; pazjesser Kycku S; u S;i1,
a TakxKe KYCKH Sitn U Sitni1. (31eCh U janee Mbl cauTaeM, 9To

SQnJrl = Sl)

Z'L'—O—Q
Puc. 47

s Hagana Bo Bce obiacTH (KOHEYHbIE U GECKOHEYHBIE) I[O-
craBuM 10 1. JIist Kaxk0i npsiMoit [; 0603Ha4YMM Yepe3 Y; Pa3sHOCTh
CYMM 9HCeJI CIIPABA U CJIeBa OT [; (MbI cauTaeM, 910 KycKu S; 1 S 4,11
gexkar caesa ot ;). Ecau ¥; > 0, To npubaBum 1o %Ei K JHCIaM,
croanyM B S; u Siy14n. IIpu aT0M Bee umcia X; npu j # ¢ He u3Me-
HUJIUCh, TOCKOJIBKY 0bstacTut S; U S; 114, JEXKAT 1O PA3HBIE CTOPOHBI
OTHOCHUTEJILHO JIF000i TpsiMoii, kKpome [;. Hucso xke ¥; crajo paBHO
Hyo. Auanornano, ecau Y; < 0, To nmpudbaBuM 1O % |3;] K amcmam,
CTOSIIIUM B S;11 U S;1p; ONATH K€ 3HAYEHNE Y; CTaHeT paBHBIM 0, a
OCTaJIBHBIE Y HE U3MEHSATCH.

Takumu oneparusMu Mbl IIOCJIEI0BATEIHEHO CIIETAEM KaXK10€e 2
PaBHBIM HYJIIO, HE MEHsIsl OCTAJIbHBIX.

129. Omeem: nem, HeAb3Aa.
Ecsn B HEKOTOPBIII MOMEHT Cpefu Yuces Ha KAPTOYKAX €CTh
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POBHO k HEUETHBIX, TO CPeIU MPOU3BEICHUM THUCes 0 12 POBHO C,?
HEUYETHBIX; [I09TOMY YHUCJIO Ha OUYEPEIHON J106aB/IsIeMOii KapTOdKe Oy-
JIeT HeYSTHBIM POBHO Toria, Korga Ci? mewétno (u torja k B 3Ty
MUHYTY yBeJU4uTcs Ha 1).

Herpy/mo zameTutn, uto wmncio C2 HeddTHO (3TO CieayeT u3
TOT'O, YTO CTENEHN JIBOUKM, BXOJIAIINE B IPOU3BeaeHnsd 28 -27 ... - 17
n12-11-... -1, pasusl). Jlanee, MOCKOJIBKY

o2 _ (841)(28+2)...(28+1)
BT (16 +1)(16 +2) ... (16 + 1)

12
- g,

HoJTygaeM, 4To HauMenblee ¢, pu Koropom (a2 ¢ 16éTHO, paBHO 4.
Nrak, KOMMIecTBO HEIETHBIX YNCET Ha KAPTOIKaX OyIeT pacTH, IMOKa
He jjocTuraer 32 (Ha 4-if MEHyTE), a IIOCJIE STOrO Ha KAPTOYKAaX BCELJIa
Oy/ieT poBHO 32 HEYETHBIX HUUCJIA.

Paccvorpum umcna Ha Kaproukax mocjie n > 4 munyt. IlycTnb
T, — cymMma Bcex npousBepeHuit 12 u3 srux uumcen, a D, — cymma
Bcex mpoumsBemennit 11 u3 stux gucen. Yucno T, orimgaercsa ot
T,, mpubaByeHreM BCeX MPOU3BeACHUI 0 12 wmces, cpeu KOTOPBIX
€CTh TOJBKO UTO J00aBJIEHHOE, TO eCcTh npudasiaenueM 1, F,; nTax,
Thi1 = T + EnT, = T,(1 + E,,). 3amerum npu stoM, uro E, =
= C33(mod2) npu n > 4, a uncno Cis = 12 . C12 wérno. Buaunur,
npu n > 4 yncio 1+ E,, HeYéTHO, U CTeNeHb JBOUKH, Ha KOTOPYIO
gemutcs 1,11, paBHA CTENIEHN JIBOMKH, HA KOTOPYIO jeauTcs 1, .

Bribepem teneps d Tak, ITOOBI MOCJE MSATON MUHYTHI HU OTHO
U3 9HceJ Ha KAPTOUKAX He JIeJUI0Ch Ha 2%; B YaCTHOCTH, TOIBKO 9TO
nobassrennoe uncio Ty Taxxke He Gymer gemuThes Ha 29, BHaunt, n
Bee uucaa T, Tg, ... He 6yayT meuTbes Ha 2%, a 5T0 B TOUHOCTH
qucya, HAITUCAHHBIE HA KAPTOYKaX, JOOABIISIEMBIX IOCJE ISITOW MHU-
HyTbl. Tak, Ha KApTOIKAX HUKOT/IA HE TTOSTBUTCS TUCJIA, JETAIEr0Cs
Ha 2.

130. Omsem: 135°.

Yron BMD pasen 135°, Tak Kak OH $BJISI€TCs BIIMCAHHBIM B
OKPY?KHOCTb C TIEHTPOM B Touke A n onmpaercst Ha jyry B 270°. Touka
N sBJIsI€TCSI IEHTPOM OIIMCAHHONW OKPYKHOCTH BOKDYT TPEYTOJIbHIKA
CM D, 3naqut yron CM D — upsimoit. Vckombriit yron BMC' pasen
360° — ZBMD — ZCMD = 135°.
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131. Omsem: —23.

JIJ1st esIoUncIIeHHBIX MHOTOWIeHOB pasHocTh P(a) — P(b) ne-
jureda Ha a — b, mosromy P(20) — P(0) = P(17) — P(0) = 2017 — ag
nemntes Ha 20 n va 17, 3naqnt, n Ha 17 - 20 = 340, To ecTp 2017 =
= 340k + ap. Tax xak |ag| < 100, To k = 6, ag = —23.

132. Omeem: 384 cnocobamu.

OrMernM IpexK/ie BCEro, 9To MeXK/Iy JABYyMsI CEPBIMU KJIETKAMU
CTOHUT POBHO Of[HA Oesiasi njn Y€pHast KJIeTKa. JHAYTUT, CepPble KJIETKH
CTOSIT HA JIOCKE B MIAXMATHOM IOpsifike. PaccMorpum 2 cirydast:

@) B JIEBOM HYZKHEM YIJLy CTOUT cepad Kjerka. Torma auciio Bos-
MOXKHBIX HECEPBIX KJIETOK PABHO 7, UX MOXKHO 3aKPACUTh B YEPHBII
i 6enbiit et 27 = 128 cmocobaMu;

6) B JIEBOM HUXKHEM YIJIy CTOUT HEcepasd KJIETKa, TOrja obiiee
9UCJI0 HECEPBIX KJIETOK PABHO 8, 9UHCJIO CIIOCODOB MX 3aKPACUTH —
28 = 256.

Bcero momygaem 128 + 256 = 384 BapuaHTa pacKpackH.

133. Omeem: S = (v/S1 + /S2)2.

Tpeyroasauku BCO u AOD nomobubl 110 TpéM yriam. Ecim
ko3 durmenT nonobust paser k, o AD = kBC, Sy = k2S;, 1o
ectb k = /S2/S1. Beicora ucxonuoit tpaneryn passa h = hy + ho,
rje hy 1 hs — BoicoTHI TpeyroabuukoB BCO u AO D, nposeieHHbIE K
OCHOBAHUSIM TPAMEIUH, IPUIEM B CUJTY [TOI00UST STUX TPEYTOJIHLHIKOB
ho = khy. ILmomans Tpamenun pasHa

1 1
S =S(AD + BOh=5(14k)-BC-(L+k)-hy = Si(1+ k)"

Samensist k Ha oTHOIIIEHUE KOpHel u3 Sy u S, mojiydaem TpebyeMoe.

134. Omesem: na 9.
[Iycts HAM maHbl M3HAYAIBHO Yucaa a, b u c. Obo3naanm ab +
+bc+ca=xwua+b+ c=y. Ilo ycrnosuio

(a+1)(b+1)(c+1)=abc+1,
(a+2)(b+2)(c+2) = abe+2.

PackpbiBasi CKOOKH 1 COKpaIlast OJ00HbIe claraeMble, IOy IiM, YTO
r+y=0,u2x+4y = —6, orkyna x = 3, y = —3. Torma nyxnas
HaM pasHocTb paBHa (a + 3)(b + 3)(c + 3) — abc = 3z + 9y + 27 =
=3-3+9-(-3)+27=09.
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135. Omeem: 60 ecex cayvwaar x = %(3 +/5).

B ciydae a) noydaem oObIMHOE KBAJAPATHOE yPABHEHUE OTHO-
CUTEIBHO 1/, €r0 HEOTPUIATE/IbHBINA KOPEHD PABEH /T = %(1 ++/5),
orkysa © = /z = (34 V/5).

B caywae 6) ypasmenne mmeer Bug 1 + /1 + v/ = z. Mox-
HO DEIIUTh €ro CTaHJAPTHBIM CIIOCOO0M, H30aBJIsISICh OT KODPHEIi:

V1+vz =2 -1, usnaunr, v > 1u l+ /7 = (z — 1)% Tona-

rag t = /x, NoJy9aeM ypaBHEHUE
th—2t2 —t =0,

ero koprau 0 u —1 HaxoOmsTCS IOABOPOM, TIOITOMY YDABHEHNE IPUHU-
maer Buj t(t + 1)(t? —t — 1) = 0. Hockosbky t =/ > 1, kopuu 0 u
—1 — mocroponnme. Ocrapmeeca ypasHenne t2 —t — 1 = 0 cBoguTcs
K T =4/ + 1, TO €CTh IPUXOIMM K CIYIato a).

B cayuae 6) Takoil mogxos GecriosieseH, TaK Kak [PUBOJIUT HAC
K ypaBHeHWIO 8-0ff cTeneHu. 3aMeTHM, OIHAKO, UTO B IyHKTaxX a) U
6) orBethl opuuakosble. Corywaiino y 3r0? Bupnmo, mer. OyHKIums
f B nmamHoM ciygae — Bospactatoniasi. [lokaxkem, 4T0 B 3TOM CIIy-
qgae ypasHenus f(z) = z u f(f(... f(z)...)) = = (k sx3eMmIsgpOB
dyHKIIMN f) pAaBHOCHIHHBL.

JeficTBUTEILHO, €CJIN T SIBJISETCS KOPHEM TI€PBOr0 yPABHEHNS,
to f(f(x)) = f(z) = z, anamornano f(f(f(z))) = = u Tak nasee.
TIpesnosoKum, 94T0 ¥y BrOPOro YpaBHEHUs] €CTh KOPEHb, He YJIOBJIe-
TROpstfomuit yesosuio f(x) = x. [lycTs, 1yst onpeseennocTn, T =
= f(x) > z. Ho rorma z2 = f(f(z)) = f(z1) > f(z) = x1. Anajo-
PHYHO HOJTydaeM 910 ¢ < 21 < X2 < ... < zp = f(f(... f(z)...)).
Buaunr, pasercreo f(f(... f(z)...)) =« He BBIIOJHsIETCSI.

136. IlycTs mepBbIit WieH IPOrpeccun eCcThb ag = M, a PA3HOCTH
pasna d. Torga B porpeccun ectb Takzxe WieH a, = n+n-d = n(l1+
+d). Tokaskem, aro (1+d) MOXKHO paccMATPUBATH KAK 3HAMEHATEb
HUCKOMOI reoMeTpudeckoil mporpeccu. eficrBurespHo, 110 (hopmylie
6unoma HeroTona uwmciio

n(1+d)f =n(14+Cld+ C}d*+ ...+ d") =
=n+ (nC} +nCd+ ... +nd"1)d.

UMeeT BUJ, dg + [ - d, TO eCTh BXOAUT B MCXOTHYIO apr(PMETHIECKYIO
[IPOT'PECCHIO.
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137. Omeem: nem, HesepHo.

B kadectBe 01HOrO M3 KOHTPIPUMEPOB PACCMOTPUM HAOOP OT-
peskos ¢ jgymuamu (1,1,1,1,1, \/g) Eciu Terpasnp ¢ takumu pébpa-
MM CYIIECTBYET, TO JIBE TPAHU y HETO — MIPABUIbHBIE TPEYTOJIBHIKHI CO
croponoii 1, nmerorniue obiiee ocHOBaHUE. BBICOTHI 3TUX TPEYroIbHU-
KOB PaBHbI v/3/2, TI09TOMY PACCTOSHEE MEK/Iy MX BEPITMHAME MeHb-

e, 4em \/§/2 + \/§/2 =/3.

Bamenanue. He cymectByer Takxke Terpasapa ¢ gayjmHamu pédep (1, 1, 1,
1, a, a), 1 < a < 2. 910 yTBEpKAECHNE HECIOKHO JOKA3ATh PACCMOTPEHUEM JBYX
CJIy4aeB PaCIIOJIOXKeHUsT pEdep.

Puc. 48

138. Omeem: 2 arcsin(sin asin f).

IIycts B — TouKa mnajieHus jyda Ha 3epkajio, C7 — IPOeKIus
Touku A Ha 3epkajo, Ay u Ay — TOYKH, CUMMeTpUYHbIE A OTHOCH-
TeJIbHO MCXOHOTO U MOBEPHYTOTO (B IIPOCTPAHCTBE) 3epKaJia (puc. 48).
Orpesku A1 B u Ay B HApaBJIEHDbI TI0 OTPAXKEHHBIM JIy9aM, TO €CTh
UCKOMBIH yroi — 310 LA1BAy. Obozuaunm cepenuny AAs depes
C5, sTa Touka Oyner npoekimeit A Ha oBEpHyTOE 3epKaJio. 1o ycio-
Buto AC] u AC, nepreHIMKYyISpHBI COOTBETCTBEHHO HUCXOIHOMY U
NOBEpHYTOMY 3epKaJty, ciaenoBarebio /C1ACy = (. Ocraéres 3a-
metuth, uro AC; = ABsina, C1Cy = AC;sinf8 = ABsin asin f3;
Ay Ay = 2C1C5, u tpeyronbauk Ay BAs — paBHOOEIPEHHBIH CO CTO-
poravu A1 B = As B = AB, oTKyJa u CJlejlyeT OTBeT.

139. Omeem: 21008,

IIpencraBum gamcimo 2017 B Buie psja nM3 eIUHUI], PACCTABUM
IJTOCHI MEXKTy HeKoTopbiMu u3 Hux. Cepuio u3 k equHUYEK, HE pa3-
JIeJIeHHBIX TITIocaMu, OyaeM cuuTarh ducioM k. Hampumep, 3amuch
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111 + 11 4+ 111 cooTBeTcTBYyeT pasduenuio 3 + 2 + 3.

Mexy 2017 equnnakamu ectb 2016 MecT Jjist BCTABKU ILIIO-
coB. Kaxnomy cummerpuunomy pazduenuto uucia 2017 coorBeTcTBy-
€T paccTaHOBKa ILTIOCOB B NepBbIX 1008 MecTax B psmay n3 2017 enn-
uunt. Ha nocieaanx 1008 MecTax IIIIOCHI CTABATCS CUMMETPUYIHO I1€D-
BoiM 1008 mrrocamM OTHOCHUTENHLHO cepeanubl psaa. Ho B Kaxkmoe u3
1008 1epBBIX MECT ILIIOC JTUOO CTABUTCS, JTUOO HE CTABUTCS, IIOITOMY
nosrygaercs seero 21998 papmanTos.

Bamewanue. B sunukioneaun http://oeis.org meaouncieHHbx n0CIe10Ba-
TeJIbHOCTEN CUMMETPUIHBIC pa36I/IeHI/I$[ HaTypaJIbHBIX YHCEJI COCTABJIAIOT IIOCJIE-
nosaresbHOCTE A016116. Tuist mosicuéra €€ 9JIEeMEHTOB HECJIOXKHO BBIBECTH (DOp-
MYy 2ln/ 2J, rae |x| — HambosbIIee IENIOe 9IHCIIO, HE MPEBOCXOAAINEE .

140. Omeem: odun u3 cnocobos yka3ar Ha BlJIO| XA
pucynre 49. XIAlBITIO
141. Omeem: 15. f O|X|A|B
Macca Bcex rupek pasra 1 +2+3+4+5 = BlJIO|X
., O|X|A|B|JI
= 15 (), mosroMy YuCIIO NOKyLaTe el He Goabiue
15. IToxkaxkem, 9TO odepe b MOTJIa COCTOATDH U3 15 Puec. 49

HOKYyIIaTesei.

HeficTBUTEIBHO, C TOMOTIBLIO TUPEK 1 2, 2 2, 3 2 u 4 2 MOXKHO
B3BecuThb Jt000it Bec o 1 10 10 rpamMMoOB, a BCe OCTAJbHBIE MACCHI
or 11 2 10 15 2 MOXXKHO TIOJIyYUTHh M3 HUX JOOABIEHUEM €IIé OJTHOI
TUPBKUA Maccoil H IPaMMOB.

142. Omeem: 4.

Paccmorpum 4 HOMEpa, B KOTOPBIX HE IPUHAMAJ yIaCTUs YIaB.
N3 Tpéx 3Bepeit — Maptoimiku, [lomyras u CiioHéHKa — MOXKHO CO-
CTaBUTHh TPHU PA3JIMYHBIX KOJUIEKTHBA U3 JBYX YYACTHUKOB U POBHO
ofmH — u3 TPEX. Bee atn 4 KosutekTHBa MCoaHUIM 4 HOMepa (6e3
Vnasa): Tpu necuu u onun taxen, npuuéM u Clronénok, u Maprhimka
MIPUHSJIA yIaCTAE POBHO B TPEX U3 HUX.

Pacemorpum HOMEepa ¢ yuactuem Yaasa. 3ameruM, aro Crroné-
HOK He MOI' y4aCTBOBAaTb B OOOMX TaHIAX, TAK KaK B ITOM CJIydae
MapTsImKa Tak2Ke MOIVIa y4acTBOBATh He Oojiee UeM B JIBYX HOMe-
pax, ¥ 3HAYUT, He MOIJIa UCIIOJTHUTH HOMEPOB OoJibie, yem CJIOHEHOK.
Hpyrumu cioBamu, B oHOM n3 HOMepoB TanreBasn 1lomyrait, Map-
THINKA ¥ YJaB. B aByx ocraBrmmxcs HOMepax MapThIliKa yJIacTBO-
BaJsia He Menbire, ueM CJIoHEHOK, 3Ha49uT, CJIOHEHOK BLICTYIIAJ POBHO
B ogHOM u3 HuX. CiregoBaressbHo, CiIOHEHOK MCITOHUIT 4 HOMEpA.


http://oeis.org/A016116
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143. Omeem: Heav3a.

JeBouek, cusImx 3a OJIHON MAPTOil C APYTUMU JIEBOUYKAMU, B
JBa pa3a O0JIbIle, 9eM MapT, 38 KOTOPBIMU OHHU CUIAT. SHAYUNT, UX IET-
Hoe umcy0. KpoMme TOro, KOJIUIeCTBO TaKUX JAEBOYEK COCTABIISIET TPHU
YeTBEPTHU OT ODIIErO YUCJIA AeBOYEK. SHAYUT, UX KOJUIECTBO JEIUTCS
emeé u Ha 3, TO ecTh AenanTcs Ha 6. Tak, 4nciao aeBoYeK, CHIASIINX
BMECTE C JIpYyIUMHU JieBodKamu, paBHo 6x. OTClola 4uciio JIeBOYeK,
CHUJIAIINX 32 OJHOI MapTOoil ¢ MaJIBLIMKAMU, PABHO 24, a 00IIee YnCJIO
BCEX JEBOYEK — 8, TO eCTh JeanTcs Ha 8. Ecim ObI MaJIBINKOB MOXK-
HO OBLTIO PAcCaanuTh TAKUM K€ 00pa30M, TO U KOJUIECTBO MAJLINKOB
6b110 661 KpaTHO 8. OfHAKO 00IIee KomdecTBO ydeHukoB (300) me
JIeTUTCS Ha 8, TIO9TOMY TaKOe MepecaKuBaHne HEBO3MOXKHO.

&> [5)> 8] o> -]
V A\ A
1> [ <[] I I I
V A\ A
b > (31> 1] 71> [6]> 3]

Puc. 50,a Puc. 50,6

144. Omeem: moavko 455. -

IIyctp 2y2 — McKoMOe TPEX3HAYHOE YNCIIO U XY — IOy YeHHoe
u3 Hero. x cymma pasra S = xyz + zaxy = 11(10x 4 y) + 101z =
= 11(zy + 92) + 2z = 1000. Yucno 1000 naér ocrarox 10 mpu mese-
mun Ha 11. Tak kax ancio 11(xy + 92) xparno 11, To craraemoe 22
JIOJKHO UMeTh ocTaroK 10. EnuncTsennas nudpa z ¢ TaKUM CBOM-
CTBOM — 3TO 5, TO ecTh z = 5. I3 pasencrsa 1lzy + 101z = 1000
Telnepb HaXoIuM xy = 45, U 3Ha4uT, rYz = 455.

145. Omeem: eduncmeennoili cnocod wa puc. 50,6.

Paccrasum B KiteTku Tabsmnpl OyKBbl o A 110 U, Kak 1mokasaHo
na pucyake 50,a. B cooTBeTcTBHE € yCIOBHEM 331291 PACIIOJIOKIM
9T OYKBBI B [IOPSIJIKE «BO3PACTAHUS :

B<B<IO<E<MN<3<XK<I <A.

Hudpst or 1 10 9 MOKHO PACHOJIOKUTH 110 BO3PACTAHUIO TOJBKO O/
HEM crocoboM: 1 < 2 <3 <4 <5 <6< 7<8< 9. Orcriona
HOJTy9aeM eAUHCTBEHHDIH c110co6 3amosnenus (puc. 50,6).
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146. Omeem: 21.

Macca Bcex rupek pasHa 1 +243+4+5+6 = 21 (2), nosromy
qucyio mokynareseit He boavwe 21. TTokarkem, aTo ouepesr Moriia
COCTOATH 13 21 MOKymaTeseii.

HeiicTBuTeIbHO, C MTOMOIIBIO THPEK 1 2, 2 2, 3 2 1 4 2 MOXKHO
B3BecHUTH J11000it Bec oT 1 no 10 rpammoB. Bee ocrasbuble Maccsl OT
11 2 10 21 2 MOXKHO TIOJIYIUTh U3 HUX JOOABJIEHUEM €IIE JIBYX TUPEK
Maccoit 5 2 u 6 2 obmeit maccoit 5 + 6 = 11 rpaMmoB.

147. Omeem: 89 uau 98.

Ilycrs A = 2y = 10z + y — BCKOMOe JIBy3HAYHOE YHCIIO, TOTAR
B = yx = 10y +z. Ilo ycnosuto cymma A+ B = 11(x +y) nenures Ha
17, u 3HAYUT, IUCJIO T + Y Jeaurcs Ha 17. DTO yC/IoBUE BBITOTHSIETCST
TOJbKO st 1up 8 u 9. 3mauur, A = 89 wm A = 98. B oboux

caydqasx A+ B=89498 =17-11.
oh

Puc. 51,a Puc. 51,6

148. Omsem: a) 9; 6) 16.

a) Packpacum kiierku Ha cajieTke B «IIaXMATHOM» HODsIJIKe,
Kak [M0Ka3aHo Ha pucyHke Hl,a. Karkmass JOMUHOIIKA COIEPAKUT OJ1-
HY YepHYIO 1 o1y 0esryio KieTKy. [lockorbKy 6esbIx KIeToK Beero 9,
MbI HE MOXKEM yMECTHTDb Ha cajiderke Gosiee 9 pomunomniek (ouenka).
Ha pucynke 51,6 npuBenen npumep 9 TOMUHOIIEK, KOTOPbIE MOYKHO
pa3MecTuTh Ha cayideTke.

6) Tak KaK Y6PHBIX KJIETOK 16, TO JJIsi MOKPBITHS CAIbETKHI 110
Hasto6uTcst He MeHee 16 nomunomek (oyenka). Ha pucyrke 51,6 npu-
BesleH npumep 9 ITOMUHOIIEK, KOTOPhIE MOYXKHO PA3MECTUTh Ha CAJl-
derke. st 7 HE3aKPBHITHIX YEPHBIX KJIETOK CAJIMETKH MOXKHO HC-
[I0JIb30BATH eIlle 7 JOMUHOIIEK.

149. Omeem: 11 dne.
dAcuo, uro ceccusi gmures He 6oaee 11 mueit, nrade MamonoB



Pemenng 3agaa 99

cMor Obl moceTuTh He Menee 12 - 3 = 36 3acemanuii, IpOTUBOPEYIHE.
AHaJIOrUYHO, BBIBOJAUM, YTO CECCUsl JIUTCA He menee 11 nHeit, Tak
KaK B mpotuBHOM ciiydae [Iporun cmor 661 mocetuts He 6ostee 10-5 =
50 3acemanuit, mporuBopeune. OTCIOma CIeayeT, YTO CECCus JJINTCS B
TouHocTHu 11 mHeii.

IIpuBeném npumep, /it KOTOPOIO BBIIOJIHSIOTCS BCE YCJIOBUS
zagaqn. [lycts Mamonos nepsbie 10 mHelt ocemaeT 1o 3 3aceaHus,
a rocJeIHnil — 5 3aceganuii, Bcero 10-3+5 = 35 3acemanuii. [Iponun,
Haobopot, mepsbie 10 gHEH moceraer mo 5 3acemaHuil, a MOCIeTHUI
— 3 3acemanus, Bcero 10 - 5 4 3 = 53 3acenanus.

A-ERE EERE
V V V V V \Y
O<@<E  D<E<
A\ A\ V A\ A\ \Y

Puc. 52,a Puc. 52,6

150. Omeem: odun cnocob wa puc. 52,6; 6mopoti cnocob —
NOMEHAMY MeCMamu yudpor 2 u 3 Ha puc. 52,6.

Paccrasum B kjterku Tabsmipt OykBbl o A 10 U, Kak moka3aHo
Ha pucyHke 52,a. B cooTBeTcTBHU C yCI0BHEM 3319 PACIIOTIOXKIM
9T OYKBBI B MTOPSIJIKE «BO3PACTAHUSY :

Fr<XK<3<U<E<B<B<A TI'</1<3.

W3 sTux nemouek HepaBeHCTB cieayet, uro 0yksol 3, U, E, B, B, A
ciemyer 3amMeHuThb rudpamu 4, 5, 6, 7, 8, 9. g oyks I, 2K, I" Bor-
nostasiiorest HepaseHcTBa ' < JT u I' < 2K. BnaunTt, Ha Mecte OYKBBI
I" crour 1. Insa ocrasmuxcss 0yks J u 2K Bo3MOXKHBI 2 BapuaHTa:

d=2 K=3ul=3, K =2 (puc. 52,0).

151. Omeem: Heav3a.

JleBouek, cuadImX 3a OJHON MAPTOil C APYTUMHU JI€BOUKAMU, B
JBa pa3a b0JIbIle, YeM IapT, 38 KOTOPBIMUA OHU CUIAT. SHAYNT, UX JET-
Hoe uncjao. Kpome TOro, KOJIUIecTBO TaKUX JIEBOYEK COCTABJSET TPU
9eTBEPTHU OT OOIIEro INC/Ia AeBOYEK. SHAYUNT, UX KOJTUIECTBO AETUTCS
emé n "Ha 3, TO eCTh jgenuTcd Ha 6. MTtak, 9mciao neBodeK, CHUIAINX
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BMeCTe C JpyI'uMH JeBodkamu, paBHO 6x. OTcroma 4YuCIO JI€BOYEK,
CHUJIAIIMX 38 OJHOM IMapTOil ¢ MaJbYMKaMU, PABHO 24, a 00Iee YnCJIO
BCEX JEBOYEK — 8, TO €CTh JAeauTcs Ha 8. Eciu 6bI MAJIBINKOB MOXK-
HO OBLTIO PacCcaanuTh TAKUM K€ 00pa30M, TO U KOJUIECTBO MAJBINKOB
6b110 661 KpaTHO 8. OfHAKO 00IIee KomdecTBo ydeHHKOB (500) He
JIeTUTCST Ha 8, TIO9TOMY TaKOe MEePeCaKMBaHNe HEBO3ZMOXKHO.

152. Omeem: 1212 u 2121.
Ilycts xyzt — MCKOMOE YeTHLIPEX3HAYHOE YHUCJIO, U tTyz — Io-
JlydeHHoe u3 Hero. X cymma paBHa

S =xyzt + tzyz = 11(100x + 10y + z) + 1001t =
— 11(zyz + 91t) = 3333.

ITockonbky 3333 = 11 - 303, orcioma mosydaem Tw + 91t = 303.
Iudpa t ormmana OT HyJIsT U MOYXKET TPUHUMATH TOJBKO 3HavUeHus 1
u 2. (Ecmut > 3, To xyz < 100.) Ecmm t = 1, To zyz = 212, u 3HAUNT,
zyzt = 2121. Ecmm t = 2, to xyz = 121, u 3nauwnt, zyzt = 1212.
Takum 06pa3oM, YCIOBUIO YAOBIETBOPSAIOT TOJIBKO JBa dncaa: 1212 u

2121.

153. Omeem: 40°.

Ha pucyske 53 tpeyrosibauku ABE u C BD paBHBI 110 CTOPOHE
(AB = BC) u nyw™m yriam, saaunt, BD = BE. Tpeyronsauku DBE
u ABC — paBHOGeIpeHHbIE ¢ OOIIUM YIJIOM IIPU BepIuHe B, mosroMmy
/ZBED = ZBCA. 3uaunt, DE || AC. CnenoBaresbHo,

LAED = /FEAC = %ABAC = %ZBCA = %ZBED = 20°.

Orciona ZBED = 40°.
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154. Omeem: 10 dneti.

AcHo, uTo ceccust jumuTest He 6oaece 10 jHelr, nHade MamoHOB
cMmor 661 mocetuTh He Menee 11 -3 = 33 3acemaHuil, IPOTUBOpPEYHE.
AHajoru4yHo, BBIBOOUM, YTO CeCCUsl AjUTCA He menee 10 nHei, Tax
KaK B IPOTUBHOM ciiy4ae [Iponunn cmor 661 moceTtuTs e bostee 9-4 =
= 36 3acejanuii, mporuBopedne. OTCIOJa CJIEJLyeT, UTO CECCUsl JIJIUTCS
B TouHocTu 10 J1HEid.

[TpuBeném mpumep, Jjis KOTOPOT'O BBIMOJHAIOTCS yCJIOBUS 38~
gaan. Ilycte MamonoB nepsble 9 gmHeil mocermaer o 3 3aceanusd, a
B Tocaeannii menb — 4 3acemanus, Bcero 9 - 3 + 4 = 31 3acemanmue.
IIporun Bce 10 mmeit mocermaer mo 4 3acemanus, Bcero 10 - 4 = 40
3aceIaHUM.
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