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IIpeauciosue

OTo mocobue mpeAHA3HAYEHO /JIA MTOATOTOBKY K PELIeHUI0 3aJad Mo
TeMe «YpaBHEHMS U CUCTEMBI ypaBHEHUM» U, B YaCTHOCTH, 3aZiauu 13 eu-
HOTO TocyzapcTBeHHOro sk3ameHa (ET'D) mo maremaTtuke (IIpodHIbHBIN
YPOBEHB).

3azaua 13 mpeacTasiser coboil ypaBHEHUE WIN CUCTEMY YPaBHEHMUIA.
Kito4eBBIM TIPU3HAKOM 3aZlayM SIBJSIETCS HEOOXOAMMOCTb OTHopa Io-
JIydeHHBIX B pe3yJbTaTe pelleHUsA TOI'0 WIM MHOTO YpaBHEHH:A KOpHeMl
B COOTBETCTBUM C BBITEKAIOUIMMH U3 YCJIOBUA OrpaHUudYeHUAMU. [1pu aTomMm
JUI pelieHus 3aza4 13 Heo6XoAMMO YBepeHHOe BIaJieHre HaBBIKaMU pe-
IIeHUA BCceX TUIIOB ypaBHEHUH U CCTeM YpaBHEHUH, U3y4aeMbIX B OCHOB-
HOM U cTapileii IIKOIe: LeJIBIX PalfOHAIBHBIX, APOOHO-PAllIOHATBHBIX,
HMppalMOHAIBHBIX, TPUTOHOMETPUYECKUX, TIOKA3aTeIbHBIX, JOrapupMU-
YeCKHUX.

s Toro 4To6Bl MOATOTOBKY K EI'D czaenaTh MakcUMaibHO 3Qdek-
THBHOH, B ITocoOre BKJIIOUEHHI 33/laHUA, COOTBETCTBYIOI[ME BCEM IIECTH
GYHKIIMOHATBHO-YHMCIOBBIM JIMHUAM IIKOJBHOTO Kypca, U OIKCAHBL OC-
HOBHbIE METOZBI pellleHUs ypaBHEHUM U cHCTeM YpaBHEHUH I KaXKJou
Y3 3TUX JUHUN. Takoe IOCTpOeHUe TOCOOUsI, C OHOM CTOPOHBI, TO3BOJIUT
BBIIBUTH CYIIECTBYIOIIME IIPoOesnbl U IpobiIeMHBle 30HBI B IIOATOTOBKE
C IeJMbI0 UX YCTPaHEeHWs U BBIPAOOTKM YCTONYMBBIX HABBIKOB pelIeHUs
YpaBHEHUM U CUCTEM YpaBHEHUH, a C Jpyroi — II03BOJIUT UCIONb30BAThH
KOMIUIEKCHBIN TTOJXOZ MPU OPTaHU3AIMHM U MPOBeJeHUN 0000IIaronero
IIOBTOPEHUS.

PasymeeTcs, NpUCTynaTb K H3YY€HUIO METOZAOB peIllleHHA ypaBHe-
HUN U CUCTEM YypaBHEHHH, COOTBETCTBYIOIIUX IO YPOBHIO CJIOKHOCTU
3azade 13 EI'D mo mareMaTvke, UMeeT CMBICI TOJBKO B TOM cCJydae,
€C/IU pellleHre TMPOCTEHITNX YPaBHEHUN 0 KaXJ0H 13 GYHKIIMOHAIBHO-
YMCJIOBBIX IMHUM IIKOJIBHOI'O Kypca He BhI3bIBAeT HUKAKUX 3aTpyAHEHUH.
L1 TpoBepKU HaBHIKOB pellleHWs TaKUX ypaBHEHWH HYXXHO IIpeiBapu-
TeJbHO PeUINTh TPEHWPOBOYHBIE M JUArHOCTHYECKHe paboTHl Ioco6ua
C. A.IlectakoBa «EI'D 2018. MaTemaTuka. [IpocTefinive ypaBHeHUs. 3aja-
4ya 5 (mpodwibHEI ypoBeHb)» (M.: MIITHMO, 2018). ITocje 3TOro HYXHO
BBIMTOJTHUTH BBOZHYIO JUAarHOCTUYECKYIO PabOTy HACTOALIET0 HOCO6UA.
OHa cOCTOUT U3 ABYX 4YacTel: B epBOM IIpeJCTaBiIeHbl 12 ypaBHEeHUN —
I10 IBa Ha KAXXAYI0 QyHKIIMOHAIBbHO-YHCIOBYIO JIMHHUIO IIKOJIBHOTO KypCa,
BO BTOPOM, MMelolel Ty XKe CTPYKTYypy, — 12 cucTeM ypaBHeHUi. BHavase
HY>KHO DEIIUTh IEPBYI 4acTh, IIOCTAPABIINCH YJIOXKUTHCA B JBa Yaca.
Ecnu npolieHT IpaBWIbHO BBHIIOJHEHHBIX 3alaHUN OKa)XeTcs He MeHbIIe



4 [Mpexuciosue

75, MOXXHO IIepexXOoJUTh K PelleHUI0 3aJa4d BTOpOI yacTu. B mpoTtuBHOM
cJTydae HYKHO OTIPeIe/INTh, KaKWe 3a/la4y BEI3BIBAIOT 3aTPyAHEHHUs, 0Opa-
TUThCSA TTPU HEOOXOAUMOCTH K pa3bopy 3aZiay, U3y4UTh METO/BI PEIIEHU,
BBHITIOTHUTh TPEHUPOBOYHBIE PABOTHI U TOJBKO IMOC/IE 3TOTO IEPEXOAUTH
K pelIeHnIo 33/]a4 YacTU 2, MOCTapaBIlKUCh MOTPAaTUTh Ha Hee He Gojsee
ZIByX 4yacoB. Eciiu mpoIleHT IpaBWIbHO BHINTOMHEHHBIX 33/laHUM U 37ech
OKa)XeTcsl He MeHbIlle 75, MOXKHO IMepeiTH K pelleHUI0 CAeAYIoUUX Aua-
THOCTUYECKUX PaboT, nHaue — 06paTUThCS K METOAAM peIlleHUs COOTBET-
CTBYIOIIUX CUCTEM, Pa306paThCs B HUX, PEIUTh TPEHUPOBOYHBIE PAGOTHI
Y TOJIBKO ITOTOM — OCTaBINKECS AUATHOCTUYECKUE. B Mo6oM citydae TIpu
HaJIM4UY YpaBHEHUHN WIM CUCTEM YpaBHEHUH, BBI3BABIIMX 3aTpPyAHEHUS
WIA PeIlEeHHBIX HENMpaBWIbHO, HY)KHO IPOpaboTaTh COOTBETCTBYIOIIMMA
MaTepuaJ MOCOOUA U PELTUTh TPEHUPOBOYHBIE PAOOTHL.

[Tocobue cofep:KUT 6 AUATHOCTUYECKUX U 15 TPEHUPOBOYHBIX PaboT,
a Takke pa3bop 3aZiad BBOJHOM JUAarHOCTUYECKOU paboThl U HEOOXOAU-
Mble MeTOAMYecKHe peKOMeH/JalUU 10 PelleHHI0 YpaBHEeHUU U cUCTeM
YpaBHEHUH, TPOWUIFOCTPUPOBAHHBIE OOIBIITUM YHUCIOM ITPUMEPOB.

[MoguepKHeM, YTO B TOCOOME BKIIIOYEHBI 33[aHMUSA, B OCHOBHOM OTBEeYa-
IOIYeE 10 YPOBHIO CJIOXKHOCTHU 3azanuio 13 EI'D no matemartuike, ¥ IIOATO-
TOBUTEJIbHBIE 3aIaUH.

[Ipu noAroTOBKE K pellleHHuIo 3a4ad EAMHOro rocyjapCcTBEHHOT'O 9K3a-
MeHa C pa3sBepHYTHIM OTBETOM BaXHO IIOMHUTH ciezyoulee. [IpoBepka
OTBETOB OCYILECTBJIAETCA dKCIepTaMu. [1oaToMy NpuUBOAMMOE pelLIeHue
JIOJDKHO coflepykaTh BCe HeOOXOAMMBIE MOSICHEHUS M 000CHOBaHUA U OBITh
MTOHATHBIM HE TOJBKO €TI0 aBTOPY, HO U JIIOOOMY KOMIIETEHTHOMY YeloBe-
Ky, B YaCTHOCTHU, ITPOBEPAIOLIEMY.



JluarHocTudyeckasa pabora

YacTs 1. YpaBHeHUd

Pemute ypaBHeHuUe.
1. 3(6x* — 13x +6)* — 10(6x* — 13x) =53.
Jx? =9+ |x+3|=x*>+x—6.

N

X' =4 +4x*=7x—2 _
T x7—4x5+3x*—4x—4 "
2 x—5 1

4. x2—2x—3 +x2—1 x2—4x+3"

5. (x—3)V/x2—=5x+4=2x—6.

6.2 +3/5 14

7. sin 3x +sin4x +sin 5x=0.

8. arcsin x (4 arcsin x + arccos x) = 2.
9.x-2+3=3-2"+x.

10. 4¢inx 4 p5-2sinx — 18,

11. log; (x*—12) +0,5 log: x?=0.

7
12. log, 2 —log, x + §=0.

Yacrts II. CucTeMbl ypaBHEHUI

Pemure cuctemMy ypaBHeHUU.

xy+x+y=11, x2+2y? 3
1. =93
x2y +xy*=30. . Y
x42y2\2 ., 2
{x2+y2:z, (T) =X +2y —3y+9x.
2.
x+y+2=-0,5. {ﬁ+ﬁ:7,
x ¥_5 " | vy =10.
yox e o [ Vety+axtyr2=7,
XTyt=s. | 3x+2y=23.



6 Jluarnocruyeckast paGora

y+cos?2x —2+cosx=0, 3.38Y 4 2=3"1%Y
7 10.
’ Vx—2+6cosy=0.
2sin® x +3sinx+1 _

— 0, 8lo =log, x8
s ~ 11'{5 fgz(xyjzz gg ’
X =0.
y+4\/§cosx:0. Y

ysin“x —sinx—1=0.

819V —4-9°%V +3 0 2log5 (sinx) + 3log, (sinx) + 1
9. v/1—2siny 12. log, (— cos x) =0,

Vx+3+cos2y+1=0. Vy—7=v2cosx+1.



YAcTb 1. YPABHEHUA

[TaBHBIM 3TAllOM pelleHuUs JII0O0r0 YpaBHEHUS BIAETCSA CBeAEHIE €TO
K OJHOMY WJIM HECKOJIbKUM IIPOCTeHIINM ypaBHeHUAM. [loz nmpocTeimu-
MU ypaBHEHUAMU B 3aBUCHMOCTH OT NPUHAAJIEKHOCTH K TON WIN UHOU
GYHKIIMOHATBHO-YMCIOBON JIMHUY IIKOJIBHOT'O Kypca II0pa3yMeBaloTCs
cilefylonue:

® /711 1IeJIbIX pallMOHaJIbHBIX YPaBHEHUM — JIMHeHble U KBaJpaTHbIE
YpaBHEHUS;

® /151 IPOOHO-PALIMOHAIbHBIX YPABHEHUHM — ypaBHEHHUS BU/A % =0,
rae f(x) u g(x) — MHOTO4YIEHBI TIEPBOU WM BTOPOU CTEIEHMU;

® /711 UppallOHATbHBIX YPaBHEHUM — ypaBHeHUs BUza 4/ f (x) =g (x),
rae f(x) — MHOTOWIEH IepBOU WJIK BTOPOU cTemneHH, g(x) — MHOTOWIEH
CTelleH! He BhIllle IePBOH;

® /Il TPUTOHOMETPUYECKUX YpaBHEeHUN — ypaBHeHUs BUZA sinx =a,
cosx=a, tgx =a, TAe a — AeHCTBUTEIbHOE YUCIIO;

e /1A TIOKa3aTeJbHBIX ypaBHeHMil — ypaBHenusa Buga a’/® = b, rze
a — TMOJIOXKUTEIBHOE IeHCTBUTENIbHOE YHC/IO, OTIMYHOE OT eIUHUIILI, b —
JEWCTBUTENbHOE YUCIIO, f (X) — MHOTOWIEH ITEPBOU WIN BTOPOU CTEIIEHH;

e /11 Torapu$MUIecKUX YpaBHeHUH — ypaBHeHus Buza log, f(x) =b,
rge b — IefCTBUTENIPHOE YMCIO, d — IIOJIOKUTENBHOE JEeHCTBUTENBHOE
YUCI0, OTINYHOE OT 1, f(X) — MHOTOWIEH ITePBON WX BTOPOU CTETIEHU.

CylecTByeT ZiBa OCHOBHBIX CITocoba CBeJeHUs YpaBHEHUS K OJHOMY
WM HECKOJIBKUM IPOCTEUIIMM: anrebpandeckue mpeobpa3oBaHus U 3a-
MeHa niepeMeHHOU. KpoMe Toro, pelreHrie HEKOTOPBIX YpaBHEHUH TpeOy-
€T TIPUMEHEHUS TaKUX CBOMCTB PYHKITHI, KaK MOHOTOHHOCTh U OTPaHU-
YEeHHOCTh.



§ 1. Llespie paniOHA/IbHBIE YpaBHEHUS

Kak yke 0TMeYanoch, MPOCTEUIINMU HEJBIMU (CIOBO «paIfMOHAb-
HBIE» WHOTZA OyZleM OIMYyCKaTh) YPaBHEHUSMU SBIAIOTCS JIUHEHHBIE U
KBaZipaTHble. PellleHMe MPaKTUYECKH JIOOBIX LIETbIX YpaBHEHUI, B TOM
Yyce W TeX, KOTOphIE MOMYYeHbl U3 APOOGHO-pAIMOHANIbHBIX, UPPALILO-
HaJbHBIX, TPUTOHOMETPUUYECKUX, MMOKA3aTENbHBIX U JIOTapUPMUUECKUX
VpaBHEHUI MOCPEICTBOM 3aMeHbl IEPEMEHHOM OO WHBIM CITOCOGOM,
CBOZAUTCA K PEIIEHUIO JIMHEWHBIX U KBaZIpATHBIX ypaBHeHui. Ilo3To-
My yMeHHe ObICTpO U 0e3 OIIMOOK pemiaTh JMHEWHBIE M KBaJpaTHBIE
YPaBHEHUS ABJSAETCA OJHUM M3 BaKHEHIINX: OOWAHO, NMPUAYMAB CIIO-
co6 pelleHUs OTHOCUTENBHO CJIOXKHOM 33a/jaud U CBeZd ee K JIMHEHHOMY
WIN KBaJIpaTHOMY YPaBHEHUIO, OIIUOUTHCS Ha TociaeqHeM miare. Jlanee
pellieHvie TMHERHBIX ¥ KBaZpaTHBIX ypaBHEHUH He paccMaTpuBaeTcs (pe-
KOMEH/IyeTCs pellaTh UX CAMOCTOSATENIBHO), a Cpa3y IOCJIe UX IPUBEJEeHUs
K CTaHZAPTHOMY BH/Y BBIIHCHIBAIOTCS KOPHH.

PaccMOTPUM OCHOBHBIE CITOCOOBI PEIIEHHS IIebIX PAIIIOHATBHBIX YPaB-
HEHUIA.

1. AnreGpaundeckue nmpeoGpa3oBaHUS

OZHUM U3 OCHOBHBIX CIIOCOOOB CBeZeHUs YPaBHEHUSI K OZHOMY WU
HECKOJIBKUM IIPOCTEHMIINM ABJIAIOTCA anrebpandeckue Ipeobpa3oBaHUA
OHOM WK 00eux ero yacted. B Takux ciaydasx, KaK MpaBUWIO, BCe die-
HBbl YpaBHEHUA IEPEHOCAT B OAHY U3 €r0 4YacTell, MPUBOIAT MOAOGHBIE
Y TBITAIOTCA PAa3/IOKUThH TOMYyYeHHOEe BBIpR)XKEHHe Ha MHOXUTENTH. st
I[eIbIX YPAaBHEHWI C 3TOM Leabl0 OOGBIYHO HCIOMB3YIOT (GOPMYIBI CO-
KpallleHHOTO YMHOXeHuA. VIHorza, 9YToOBl IPUMEHUTh OAHY U3 GopMys
COKpAIIleHHOTO YMHOXeHUsI, TpebyeTcsa IPUMEHUTh UCKYCCTBEHHOE IIpe-
obpasoBaHue: Z0OABUTH U BEIYECTh HEKOTOPOE BhIpakeHue. Ecin yzaercsa
«yrafjaTb» KOPEHb IIeJIOT0 PalMOHATHHOI'O YPAaBHEHHUS CTEIEHH BHILIE
BTOPOM, T.e. KOpeHb X, MHoOrowieHa p(x) B JIeBOM 4acTU ypaBHEHHUA
p(x) =0, TO MOXXHO IIOHU3UTH CTelleHb ypaBHEHHs, BOCIOIb30BABIINChH
TeM, yTo Torza p(x) = (x — xy)q(x) U cTeneHb MHOrowieHa q(x) HIXe
cTeneHu MHOTOWIeHa p (x). [yt mosmydeHus dpopmyast p (x) = (xx — xp)q(x)
HICTIOMB3YIOT JINOO pa3ioikeHre Ha MHOXXUTENH, JTUOO AeieHue CTON6UKOM
MHOTOWIeHa p (X) Ha X — X. B HEKOTOPBIX CIyYasX /AJIs TOTO YTOOBI CBECTH
ypaBHeHHME K JMHEHHOMY WIM KBaJpaTHOMY, [JOCTATOYHO BOCIIOIB30-
BaThCA YCIOBHEM PABEHCTBA CcTeneHel. PaccMOTpHM IpHMepH! pelleHus
I[eJIbIX YPaBHEHUH C IOMOIIbIO anrebpandeckux npeobpasoBaHuil, HaYaB
C JTVMHEMHBIX M KBaJpPATHBIX YPAaBHEHUH C UPPAIMOHAIBHBIMU K03(du-
I[UEeHTaMU, KOTOpble, HECMOTPS Ha UX NMPUHA/JIEKHOCTD K MIPOCTEHIINM,
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MOpOY BBI3BIBAIOT HepaspellrMble TPYZHOCTU Y BBITYCKHUKOB MMEHHO
B CHJIy UPPALMOHATBHOCTUA KO3QPUIIEHTOB.

IIpumep 1. Pemute ypaBHeHUE
2(V3-x)+V3@2-x)=2V3-4.
Pemrenue. /laHHOe ypaBHEHUE SIBJISAETCS JTMHEMHBIM. BHITIOMTHUM He-
06x011MBIe TTpeobpa3oBaHuUs:
2(V3-x)+V32-x)=2V3-4 &
& 2V3-2x+2V3-V3x=2V3-4 &
& 4vV3- (V3+2)x=2V3-4 & (V3+2)x=2V3+4 &

_2/3+4 _ 2(v3+2) _

& x = & x = x=2.
V342 V342
Omeem: 2.

IIpumep 2. Pemute ypaBHeHUE

2x2 — (2v3+3v2)x+ /6 +2 =0.

Pemntenue. /lanHOoe ypaBHeHHe fBAeTcA KBaJpaTHBIM. Halizem auc-
KpUMUHaHT D ypaBHeHUA:

D= (2V3+3v2)2—4-2-(//6+2) =
—12+12v/6+18-8/6—16 = 14+4+/6.

JIMCKPUMUHAHT IIPEACTABISET COO0M BEIpasKeHue BUAa P + ¢+/1. B Tom
CJIyJae, eCJIM 3TO BhIpQXKEHUE SABJIAETCS MOTHBIM KBaZpaToOM, OGBIYHO HC-
TIOJIB3YIOT PaCCyKAE€HUsA, aHAJOTUYHBIE CIefyIoIuM. [IpesnonoKuM, 4To
JVICKPUIMUHAHT SIBJISIETCSA KBAZPAaTOM CyMMEI YUCes a u b:

(a+b)? =14+4+/6.

[TycTh cyMMa KBaZpaTOB 3THUX YMCEN paBHA 14, a UX yABOEHHOE MPOU3-
BeZleHMe paBHO 4v/6. Torma ab = 2v/6. Hanbonee BepOATHEIMU «IIpeTeH-
JeHTaMM» Ha pofib a U b apnaroTed mubo 2 u v6, m6o 2v/2 u /3, mbo
2+/3 u V2. TTocKombKy CyMMa KBaJ[paToB MCKOMBIX YiceN paBHa 14, To 3To
gucna 2v/3 u V2. CregosatensHo, D = 2v/3 + v/2. Toraa no gpopmyre
KOpHEH KBa/[paTHOT'O YPaBHEHUA:

x1:2\/§+3\/§:2\/§+\/§’ X = V3+ V2,
&
_ 2V3+3V2-2V3-42 x, = 2
Xy = 4 2 2

Omeem: v/3+ V2; %
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Yenosue pasencmaa cmeneretl

Ypasrenue suzga (g(x))?"*1 = (p(x))***!, rae n — HaTypanabHOe uMcC-
JI0, B CHIy CBOHCTB CTENleHHON OYHKIMH C HEYeTHHIM HATyPaJbHBIM
ToKa3aTeJleM paBHOCWIbHO ypaBHeHMIO g(x) = p(x). YpaBHeHUe Buza
(g(x))?" = (p(x))?", Tae n— HaTypaJbHOE YMCIO, B CHIy CBOMCTB CTe-
TIeHHOH (YHKIMM C YeTHHIM HATypaJbHBIM IOKAa3aTeleM PaBHOCHIBHO

p(x)=qx),
p(x) =—q(x).
IIpumep 3. Pemute ypaBHeHUE
(x=3)°+(x*—2x-1*=0.
Pemenue. [lepenuiiem ypaBHeHUE B BUZE
(x—3)°=—-(2-2x-1)>
Jlanee, mockonbky a® = (a%)®, —b® = (—b)?, momyuum
((x=3)*% = (=x*+2x+ 1>
B cuny Toro, uto ¢’ =d® < c=d, nociesHee ypaBHeHNUE TPUBOAUTCH
K BuAy (x —3)2 = —x2 + 2x + 1. [lepeHeca Bce WIeHH ypaBHEHHUA B Jie-
BYIO YacTh, PACKPHIB CKOOKH, NMPUBEAS MOJ0OHBIE U pa3zienuB obe 4acTh

IIOJIy4€HHOI'0 ypaBHEHUA Ha YUCJIO 2, NMOJIy4YUM KBaJpaTHOe ypaBHEHUE
x? — 4x +4=0, eIMHCTBEHHBIM KOPHEM KOTOPOTO ABJAETCS 2.

COBOKYITHOCTH

Omesem: 2.

PasznoxnceHue Ha MHOXCUMenu

Cpeny 1e/IbIX YpaBHEHUWI CTEMEHU BBIIIE BTOPOM, pellaeMbIX C TIO-
MOIIBIO Pa3jioKeHUs Ha MHOXKUATeNIU (JIs 4ero MpUMEHTIOT GOPMYJIbI
COKpAIIleHHOTO YMHO)KEHUsI M BhIHECEHHE 3a CKOOKY OOIIero MHOXKHUTe-
JIS1), MOXKHO BBIZENUTH CUMMETPUYECKOE ypaBHEHME TPETHhEro IMOpsAKa
ax®+bx? +bx + a=0. [leperpynmnupoBas caraeMble U BLIHOCA 33 CKOOKY
obiue MHOXuTenH, moayduM a(x® + 1) + bx(x + 1) = 0. IIpumeHUM
B JIEBOM 4YacTy ypaBHeHMs (GOpPMY/Iy CyMMbI KyOOB M BHOBb BBIHECEM
0OLIMH MHOXXUTEND 3a CKOOKY:

alx+1)(x*>—x+1) +bx(x+1) = (x+1)(ax?—ax+a+bx).

TakuM 06pa3oM, ypaBHEHHE CBOAUTCA K JIMHEHHOMY YpaBHEHHUIO X + 1 =
=0, KOpPHEM KOTOpOr'0 ABJAETCA YUCIO —1, U KBaZpaTHOMY YPaBHEHUIO
ax?—(a—b)x+a=0.

OTMeTuM, 4TO /11 GOJMBIIMHCTBA APYTUX I[ETbIX YPABHEHUN CTEIEHU
BBIIlIe BTOPOM CTaHJAPTHBINM aJrOpUTM pelleHusa yKas3aTb He yzaeTcs, HO
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IIpaKTUYeCKHU BCerza B UX pellleHUH MOXKHO CyIleCTBEHHO NPOJBHUHYTHCH,
cllefiyst OBHOM U3 TpeX «MHCTPYKUUM», WIN «IIPABWI»: «IIPUMEeHU OpMy-
Jy», «1006aBb U BEIUTU», «yTaZiail KOpeHb». PACCMOTPUM HECKOIBKO TpUMe-
POB.

IIpumep 4. Pemnte ypaBHeHUE
5x® —21x*—21x+5=0.

Pemrenne. IleperpynmnupoBaB cjiaraeMble M BEIHOCSA 32 CKOOKY 001ue
MHOXUTeMH, monyuuM 5(x> + 1) — 21x(x + 1) = 0. TlpuMeHUM B JeBoi
YacTy ypaBHeHUA GpOpMysTy CyMMBI KyOOB ¥ BHOBb BBIHECEM OOIIMI MHO-
JKUTEJIb 32 CKOOKY:

5(x+ 1D (x> —x+1)—21x(x+1) = (x+1)(5x% —26x+5).

TakuMm 06pa3oM, ypaBHEHUE CBOAUTCSI K JUHEHHOMY ypaBHEHUIO X +
+ 1 =0, KopHEM KOTOPOI'O fABJAETCA YUCIO —1, U KBaJpaTHOMY ypas-

1
HeHUI0 5x? — 26X + 5 =0, KOPHAMM KOTOPOT'O ABJIAKOTCA YMCIa = U 5.

5
Omsem: —1; %; 5.

IIpumep 5. Pemnte ypaBHeHUE
x*=2x3+x*-9=0.

PemleHue. DTOT MPUMep WLTIOCTPUPYeT TpUMeHeHre GOpMyJT COKpa-
IIeHHOTO yMHOXeHHsA. CHaJdama BOCIob3yeMca GOpMyJIoil KBajparTa pas-
HocTU ABYX umcen: x* — 2x3 4+ x? = (x? — x)2. Temepb ypaBHEHHE MOX-
HO mepenucath Tak: (x2 — x)? — 32 =0. IIpuMeHUB GOPMYIy PasHOCTH
kBagparos, momyduM (x2 —x —3)(x2 —x+3) =0, otkyza x2 —x—3=0
160 x? — x +3=0. Kopaamu ypaBHeHus x> — x — 3 =0 ABJAKOTCA YnCIa

1-V13  1+13 ) . .
¥ ——— . YpaBHeHHe X° — X + 3 = 0 AeHCTBUTETbHBIX KOPHEl He
HMeeT B CWIy OTpULaTeJbHOCTH AVUCKPUMUHAHTA.

1-v13, 1+V13
2 7 2
IIpumep 6. PemuTte ypaBHeHUe

=4+ (x—4)>+(x—Dx—-3)+x—-3)2+(x—-3)°=6.
PeureHue. ,Z[JIH pEH_IEHI/IH ypaBHEHI/IH BHOBBb BOCHOJIBSy&MCH HpaBI/IJIOM
«IpuMeHU Gopmyiry». BeipakeHue
(x—4)%2+(x—4)(x—3)+ (x—3)?

IpeACTaBIAeT cCOO0 HEMOMHBIN KBaIpaT CyMMBI uncesa x — 3 u x — 4. Ilo-
3TOMY eCJIM YMHOXHUTb €ro Ha PasHOCThb 3TUX umcenl (x —3) — (x — 4),

Omsem:
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MOJIYYMM Pa3HOCThb KyOoB 3Tux uucen. Ho (x —3) — (x —4) =1, noatomy
x—4+x—Hx-3)+x-3)*= x-3)°-(x—-4°.
Temnepb ypaBHEHME MOXKHO TEpercaTh TakK:
=+ (x=3)° - (x =9’ +(x-3)> =6,

OTKYZa, TPUBE/IA IIOA0OHBIE U pa3/ieIuB 00e YacTH YpaBHEHUSA Ha YUCJIO 2,
nonydaem (x —3)3=3. 3HaunT, x —3= V3, © x=3+ V3.

Omeem: 3+ V3.

IIpumep 7. Pemmure ypaBHenue x*+4x —1=0.

Pemrenue. [[jis1 TOro 4yTOOBI PELIUTH 3TO YpPaBHEHUE, TONPOOyeM MpH-
MEHUTb K ero JIeBOil YacTy MPaBUIO «06aBb U BBIYTH», ZOMOMHUB X* 710
KBaZipaTa CyMMBbI:

xt4x—1=(x*+2x2+1) - 2x>+4x—2 =
=2+ 12 -2(*—2x+1) = (®*+1)2—2(x—1)%
Hainee,
12 -2(x— 1% = 2+ 1% - (V2x—v2)* =
= (®+1+vV2x—V2) (x* +1—-V2x+V2).
[TonyyaeM ABa KBaApaTHBIX YPaBHEHUA:
WPHV2x+1-vV2=0 u x*—V2x+1+V2=0.

Kopuamu ypaBHeHus x2 + v2x + 1 — v/2 =0 asagiorca uncia

—V/2—-V/4v2-2 " —V2+V/4v2-2
5 :

2

Ypasrenue x? — v2x + 1+ /2 =0 geiicTBUTEILHEIX KOPHEl He MMeeT
B CAJIy OTPULIATEJIbHOCTH AUCKPUMUHAHTA.

—V2-V4vV2-2 —V2+V4V2-2
2 ’ 2 '

IIpumep 8. Pemmre ypaBHenue 2x° + 3x% —1=0.

Omeem:

Pemenne. JleBas 4yacTh YpaBHEHUSA IPeCTABIAET OO0 MHOTOWIEH
TpeThel CTeleH! C HeJbIMU KodddureHTamMu. [l peleHus ypaBHEHU
TaKoro THIIA cjlefyeT NPUMEHUTb WHCTPYKLUIO «yraZiaii KOpeHb», BBIAC-
HUB, He fABJIETCH JIU KaKoe-HUOYZb Ilesloe YHCIO X, KOpHEM YpaBHEHUS.
Takoe YUC/IO HY>KHO HCKAaTh CPeAU AenuTeneil cBOOOAHOTO wieHa. B ca-
MOM JIeJie, €CJIU X, — KOPEHb KaKOTO-TN00 1IeJIOT0 YPaBHEHUS C L[ETbIMU
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KoapdUIMeHTaMHU, HATPHMep, YpaBHeHud ax® + bx? + cx +d =0, To mpu
€ro IIO[ICTAHOBKe B ypaBHEHHE IIOIyYMM BEPHOE YHCJIOBOE PaBEHCTBO
ax3 +bxg + cxg +d = 0. Tak KaK Kakjoe U3 TPeX IEPBBIX CIaraeMbix
JIEBOH YaCTHU 3TOTO PaBEHCTBA AEIUTCA Ha X, TO U TOC/IeZHee CIaraeMoe
d ZODKHO AEUTHCA Ha X. AHAIOTUYHBIE PACCyKAeHU TPUMEHVMBI U JIJIST
YpaBHEHUH CcTelleH! BHIIIE TpeThell. Ecii Takoe 4uciio X, CymiecTByeT, TO
JIEBYIO YaCTh ypaBHEHUA MOXKHO OyZieT pasioKUTh Ha MHOXKUTENH, OZHUM
U3 KOTOPBIX SIBIAETCA X — X,. JJIA 3TOTO ciefyeT «pa3buTh Ha IMaphl»
JIEBYIO YaCTh YpaBHEHUA TaKUM 00pa3oM, YTOOBI B KXKJOU Iape MOXKHO
OBUTO BBIIEIUTb MHOXHUTEND X — X, TNOO BBHIIIOTHUTD JejIeHUEe MHOTOWIe-
Ha Ha MHOTOwWIeH cTonbrKoM. Tak, unciao —1 ABigeTcs KOPHEM JaHHOTO
YpaBHEHUs, B YeM MOXKHO YOeAUThCS IIPOCTOH MpoBepKoi. Tereps JIeByIO
YacTh YpaBHEHUS MOXXHO NMPeoOpa3oBaTh CIeAYIOMUM 006pa3oMm:

234332 —1=2x3+ 2D+ (x*-1) =
=2%(x+D+x+Dx—1) = (x+D2x%+x—1).

TaxkuM o6pasoM, x = —1 m60o 2x2 + x — 1 =0. KopHAMYU ToCIeIHero
ypaBHeHUA ABIATCA yucna —1 u 0,5.

Omseem: —1; 0,5.

YpasHerus, codepucaujue 60siee 00HOU nepemeHHOT

YpaBHeHUs, cogepkaigre 6oiee OHON TepeMeHHOMN, OOBIYHO CTaBAT
B TYNIUK HEZOCTATOYHO IIOATOTOBJIEHHOT'O BBIIIYCKHUKA, XOTA B GOIBIINH-
CTBE CJIydaeB UX pellleHHe He TpebyeT U30UIPeHHBIX Ipeobpa3oBaHui Win
HECTaHJAPTHHIX MOAXOAOB. Kak mpaBwio, Takue ypaBHEHUS SBIAIOTCI
KBaZpaTHBIMU OTHOCUTEJIBHO OJHOM W3 IepeMeHHBIX, U KIIYeBasd uzes
3aKJII0YaeTcs B UCCIEOBAHNUU AUCKPUMUMHAHTA YPaBHEHUA: U3 YCIOBUA
€ro HeOTPUIATENTbHOCTH HAXOAATCA AOIMYCTUMBIE 3HAaYeHUsI BTOPOH Iiepe-
MEeHHOM.

IMpumep 9. HaiiguTte Bce mapsl (x; y) 4ucen X U Yy, A KOKI0OU U3
KoTopbix 5x% — 4xy + y? —8x +2y +5=0.

Pemenne. IlepemncaB JaHHOe ypaBHEHUE KaK KBaJpaTHOE OTHOCHU-

TE€JBbHO X, IIOJIYyYHUM
5x* —4(y +2)x+y*+2y+5=0.

[TycTh D — AUCKPUMUHAHT ypaBHEHMsI, TOTA
D =4 +2?-502+2y+5),
OTKYyZa, paCKpbIB CKOOKHU U IpuBeEaAa HOL[O6HBIC, HaXOaM
D

2=y +6y—9=-(y-3)>
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Ecnmu y # 3, TOo % < 0, u ypaBHeHUe He UMeeT penieHuil. Eciu y =3, To
2(y+2)

5 =2.

=0, u Torga x =

Omsem: (2; 3).

7

2. 3aMeHa nepeMeHHOU
Ypaswenue suda a- f2(x) +b- f(x)+c=0

Takve ypaBHeHMs (MX HHOIZA HAa3bIBAKOT TPEXWIEHHBIMU) SBJIIIOT-
c1 OOHMMHU W3 Hawbojiee paclpoCTpaHeHHBIX. HaBepHOe, caMbBIii u3-
BECTHBINM TpUMeEp 3TOT0 TUIA ypaBHEHUI — GUKBaZipaTHOE ypaBHEHUE
ax* 4+ bx? + ¢ =0 (3gech fl) = x?). 3aMmeHoIt mepeMeHHOU t = f(x)
TpexwieHHOe ypaBHeHWe CBOAUTCA K KBAApPAaTHOMY OTHOCUTEIBHO IIe-
peMeHHol t ypaBHeHHI0 at? + bt + ¢ =0. B kadecTBe IepBOro mpuMepa
[I0ZIOGHOTO THIIA ypaBHEHUM paccMOTpuM 3agady 1 gactu I BBOzHOM
JUarHOCTUYECKOU paboThI.

IIpumep 1. Pemnre ypaBHeHUE
3(6x* — 13x +6)* — 10(6x* — 13x) = 53.

Pemenue. O6o3HauuM 6x> — 13x + 6 yepes t. Toraa 6x2 — 13x =t —6
U ypaBHeHMe npuMeT Buz 3t% — 10(t — 6) =53, oTkyza 3t> — 10t +7=0.
KopHAMU NOy4eHHOro KBaJpaTHOrO YpaBHEHUA ABJIAIOTCA yucaa 1 u %
CaenaeM obpaTHyto 3aMeHy. [Ipu t = 1 monyuum ypasHeHue 6x2—13x +
+6=1, otkyza 6x2 — 13x + 5 = 0. KopHAMYU MOC/Ie/IHETO YpABHEHHS ABJIA-
I0TCA YHCIa % u g [pu t= % MONy4YUM ypaBHeHHUe 6x2 — 13x + 6= %, OT-

Ky/la, YMHOKUB 0be 4acTy ypaBHeHUs Ha 3, nonyyaeM 18x% —39x +18=7
u, 3HaunT, 18x2 — 39x + 11 =0. KopHAMM MOC/I€IHErO YPaBHEHUs ABJIA-

111
IOTCA Yucja 3 u 6"
Omeem: L: 1. 5. 11
meem: 35 55 35 -

IIpumep 2. PeminTe ypaBHeHUE
3(2x—1)*-16(2x —1)*+16 = 0.

Pemenue. CgenaeM 3aMeHy IIepeMeHHOMN: z = (2x — 12, 2=0. Ypas-
z=4,
HeHue npuMeT Buz: 3z2 — 16z + 16 = 0. KopHU 5TOTr0 ypaBHEHUs: 4
§ .



§1. Llenple panrioHa/IbHBIE YPAaBHEHHUS 15

Ycnouio z = 0 yaoBieTBOpsAeT KaX/AbIN U3 KOpHel ypaBHeHU:A. BepHeMca
K IIlepeMeHHOM X:

r._3
[2x—1=2, x=3,
2x—1=-2, _ 1
2x-1*=4, =Ty
4 =
4 < 2)(—1:\/j V342
2x—1*=3 ’ = ,
2x—-1)" =3 x=g
2x—1=—y/3 o Y32
L I el

Omeem: — X V3-2 /342 3

2’ 2/3° 232
Ypashenue suda (x —a)(x —b)(x —c)(x—d) =k, 20e a+b=c+d

YpaBHeHUe yKa3aHHOTO THIIa IIOC/Ie IIePEMHOXKEHUA JABYX IepBbIX
Y IBYX IIOCJIEJHUX CKOOOK B JIEBOH YaCTH JIETKO IIpeo6pa3oBaTh K BUAY

0?2 —(a+b)x+ab)(x®?—(a+b)x+cd) =k
U CBECTH K KBaZIpaTHOMY 3aMeHOM
t=x*—(a+b)x wm t=x*>—(a+b)x+ab.

VHorza sieBas 4yacTh TaKUX YpPaBHEHUH IpezcTaBisgeT coboii mpousBese-
HUe [IBYX KBaJpaTHBIX TPEXWIEHOB U TpebyeT IpeABapUTEIbHOTO Pa3Jio-
JKeHUA KaKJOr'0 U3 HUX Ha MHOXXUTEJU.

Ipumep 3. Pemmre ypaBHeHue (x2 —4x +3) (x?+ 6x +8) +24=0.

Pemenue. PaznoxuM KaXZbld M3 KBaJpaTHBIX TPEXWIEHOB B JIeBOM
JacTy ypaBHeHHA Ha MHOxuTeny. KopHamu TpexuieHa x2 — 4x + 3 apyis-
1otes yucna 1 u 3, mostomy x? — 4x + 3 = (x — 1) (x — 3). KopHamu Tpex-
4ieHa x>+ 6x + 8 ABnAOTCA YMcaa —4 ¥ —2, MO3TOMY

xX24+6x+8=(x+4)(x+2).
Temepsb aHHOE ypaBHEHME MOXXHO IIEPEIINCATh B BUJE
x—Dx-3)x+4D(x+2)+24 =0.

IMockonbky 1+ (—2) =3+ (—4), mepeMHOXUM CKOOKY JIEBOU YaCTH TIONy-
YEHHOTO YpaBHEHMS CJIEAYIOIIUM 06pa3oM: TIEPBYIO C TIOCTAEAHEH, a BTO-
pyio ¢ TpeTbeit. IMomyuum (x2 + x — 2) (x? + x — 12) + 24 = 0. Cgenaem
3ameHy mepeMeHHOH. ITyctb t = x? + x — 2. Toraa x* 4+ x — 12 =t — 10,
U ypaBHeHUe npumet BuJ t(t — 10) 4+ 24 =0, oTkyza t2 - 10t +24=0.
KopHsiMM TOSTy4YeHHOTO KBaZIpATHOTO YPaBHEHUS SIBJIAIOTCA uncaa 4 u 6.
Cnenmaem ob6paTHyto 3ameHy. [1py t =4 moTyunM ypaBHeHHe X2 + x —2 =4,
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oTKyza x>+ x — 6 =0. KopHAMM TOC/IeZIHEr0 ypaBHEHUs ABAAIOTCA 9UCIa

—3 u 2. [Ipu t = 6 ToTy4YUM ypaBHeHUe x> + x — 2 =6, oTKyaa x> +x — 8=

—-1++v33 —-1-+33
R

=0. KOPHHMI/I 9TOr'o YpaBHE€HUA ABIAIOTCA YHCIa

1-+/33 —1++/33
—_— = —

Omeem: — 5 =32

YpasHenue suda (x —a)(x —b) (x —c) (x —d) =kx? 20e ab=cd #0

Takue ypaBHEHUs CBOJSATCA K KBAJPaTHBIM IOCJIE CJIEAYIOUINX ITpeod-
pasoBaHMil. [lepeMHOXHM /J[Be TIEPBBIE U /IBE TMOCJEAHUE CKOOKHU JIEBOU
YaCTH C YYeTOM TOTO, UuTO ab =cd:

(x? = (a+b)x+ab)(x? — (c+d)x+ab) = kx?.

Tenepsb, y4uTHIBasA TO, 4TO X # 0 (MHa4Ye OAHO W3 4Ymcen a, b, ¢, d JOWKHO
OBITH PABHO HYJIIO, a 3TO MPOTUBOPEYUT YCIOBUIO), paszieauM obe dyacTu

ypaBHeHUs Ha X2 CJIeZlyIoNuM 06pasoM:

(xz—(a+b)x+ab) (xz—(c-l—d)x—l-ab) —k,

X X

OTKyZia (x—l—a?b%-(a%—b)) (x+6;—b+(c+d))=k.

O6o3HauuB t = x + C;—b Wi t =x + % +a+ b, momyunM KBagpaTHOE
ypaBHEHHE.
ITpumep 4. Pemrute ypaBHeHue (x +2)(x+3)(x+8)(x+12) = 4x2.
Pemtenuie. IlepeMHOXUM TEPBYIO U MOCIEAHIOD, a TaKXKe BTOPYIO
U TPETHIO CKOOKY JIEBOM YacTu:
(x* 4 14x +24) (x* + 11x 4 24) = 4x>.

3ameTruM, 9To X =0 He fABJAETCI KODHEM YypaBHEHU:, U paszienuM obe

YacTy ypaBHEHHsA Ha X2 c/Ie/IyroI1M 06pasoM:

(x2+14x+24) (x2+11x+24) —4
X X :

BBIIOJIHUM ITOWIEHHOE JleJIeHHUE B KaXKI0U U3 CKOOOK JIEBOM YaCTH IIOCJIE]-
Hero ypaBHeHUs U NeperpynnupyeM cjlaraeMole:

(x+Z+14) (x+2+11) =4
X X
Temepp MOXXHO cZiesiaTh 3aMeHy liepeMeHHOM. [IycTh t =x + 2x—4 + 14. To-

rma x + 2x_4 + 11 =t — 3 u ypaBHeHue npumet Buf t(t — 3) =4, oTKyAa

t? — 3t — 4 =0. KopHAMM TIOJIy4eHHOTO KBaJ[PaTHOTO YPABHEHUs ABJAIOT-
¢ yucna —1 u 4. Caenaem obpatHyto 3aMeHy. [Ipu t = —1 nomxydum ypas-

HeHue x + % + 14 = —1, oTkyza x?+15x 4+ 24 =0. Kopuamu nocnez-
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—15—\/129 —15+\/12

Hero ypaBHEHHUs ABJAIOTCA 4ucIa 5 Ipu t =4

MIOIyYMM yYpaBHEHUe X + % +14=4, otkyzna x* + 10x + 24 =0. Kopaamu
3TOr'0 YpaBHEHUA ABJIAIOTCA yucia —6 u —4.

15— \/12 —15++/129
-

Omasem: —6; —4;

YpasHenue suda a- f2(x) +b- f(x)-g(x)+c-g%(x)=0
Taxoe ypaBHeHHe HasbIBaeTCs OJHOPOZHBIM YpaBHEeHHEeM BTOPOTO IO-
psAzka. OHO CBOAMTCA K KBaZ[paTHOMY ypaBHEHHIO IIOC/Ie JefeHus obe-

. . . (x)
ux yacTeit Ha g2(x) U BBeZleHUS HOBOH IepeMeHHOH t = f( - Crnenyet

TIOAYEePKHYTh, YTO IPH JeleHUH Ha g2 (X) MOKeT IPOU30HTH HOTeps Kop-
Hell ypaBHEHUs, TIO3TOMY 00s3aTebHON fABJAETCA MPOBEPKA TEX 3Haye-
HUH X, IpH KOTOpHIX g2(x) =0. Ec/iM 3TH 3HAYeHMs ABIAIOTCA KOPHAMH
HCXOJTHOTO ypaBHEHUs, TO UX TaKXKe CJEAyeT BKJIIOYUTb B OTBET. JIpyroi
croco6 pemieHust OJHOPOJHOTO YPaBHEHHUs COCTOUT B PACCMOTPEHUU €T0
KaK KBa[paTHOTO OTHOCUTENIBHO OAHOM 13 QyHKIUM f (x) win g(x).

IIpumep 5. Pemure ypaBHeHUE
=1 +xx*—1) = 2(x+ D2
Pemenne. [lepemnuiieM ypaBHEHUE CJIEAYIOUIM 06Pa3oM:
=X+ (=) (x+1) —2(x+1* = 0.

3ameTuM, 4To X = —1 He fABJSIETCSI KOPHEM YpaBHEHUsA, U pa3fenuM obe
vacTu ypaBHeHus Ha (x + 1)2. [Tomyuum

2 N\2 2
(555) +5 x—zzo.
2

x+1 x+1

Craenaem 3aMeHy nepeMeHHOH. I[TycTb =2 =X Torza ypaBHeHuUE IIpU-

x+ 1
MeT Bug %+t — 2 =0. KOpHAMU MOTy4eHHOTO KBAJPaTHOTO yPaBHEHUs

ABJAIOTCA YUCIA 1 u —2. Cenaem obpartHyto 3ameHy. [Ipu t = 1 nmomy4yum
2

X+ 1
HeHus ABA0TCA yucna 1 — v/2 u 1+ +/2. [Ipu t = —2 nomyYum ypasBHeHHe

J;; {C —2, oTKyza X2 + x + 2 =0. DTo ypaBHeHMe He UMeeT KOpHeii, Tak

KaK ero JUCKPUMUHAHT OTPUIlATeNIeH.
Omsem: 1—+/2; 1+ /2.

ypaBHeHUEe =1, oTkyza x> — 2x — 1 = 0. KopHAMU OC/IeZIHETO YPaB-

Ypaenenue suda ax* +bx>+cx?+bx+a=0, 20e a#0

Takoe ypaBHeHUe, KO3QPUIMEHTH KOTOPOTO CUMMETPUYHEI OTHOCH-
TeJIbHO CepeZNHEI, Ha3bIBaeTCs BO3BPAaTHHIM YpaBHEHUEM YeTBEPTOrO I10-
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psaaka. K kBagpaTHOMY ypaBHEHHIO €70 MOYKHO CBECTH CJIEAYIOIIUM 06pa-
30M. BeiHeceM 061Iiie MHOXKUTENU U TIEPETPYIIUPYEM clIaraeMble B JIEBOM
YacTH ypaBHEHMS:

alx*+ D) +b0E+x)+cx? =0.

3ameTuMm, uto X =0 He ABJIAeTCA KOpHEM ypaBHeHUs (uHade a =0, 4To

IIPOTUBOPEYUT YCJIOBI/IIO). PazzgenuB obe yacTtu IOCJIEAHETO YpaBHEHUA

Ha X2, TIONy4UM

1 1
a(x2+—2) —I—b(x—i——) +c=0.

X X

1 2_ .2 1 2,1 _ 2
Ilyct t=x+ x Torga t“=x*+2+ 2> OTKyAa x + 2 =t~ — 2. Tenepn
ypaBHeHHe MOXHO TepemucaTh Tak: a(t? — 2) + bt + ¢ = 0. Iocreanee
ypaBHeHUe ABJAeTCA KBaJpaTHBIM OTHOCUTENBHO IIepeMeHHOH t.
Cxoxee ¢ pacCMOTPEHHBIM YpaBHEHUE BUZA

ax*+bx®*+cx*—bx+a =0

MOXHO CBECTHU K KBaZ[pATHOMY aHAJIOIMYHBIM 06pa3oM, IOIy4UB ypaBHe-
a(x +—2) +b(x— —) +c=0
X X
o 1
¥ CAenaB 3aMeHy IIePeMEHHOM ¢ =X — —, OTKy/Aa
1 1
t2=x2—2+P, x2+P=t2+2,

U, cIefoBaTenbHo, a(t? +2) + bt +c=0.
IIpumep 6. Pemmre ypasHenue x* —3x> +4x? —3x+1=0.

Peunrenue. 3ameruM, 4To X =0 He ABJIAETCA KOPHEM ypaBHeHUA. Pas-
JleTuB 06e 9acTy Moc/Ie/IHEr0 YpaBHEHHUA Ha X2, eperpynnupoBaB cara-

eMble B JIEBOM YaCTH U BBIHECS 3a CKOOKY OGN MHOXKXUTEID, TIOTYINM
1 1
x*+5-3(x+=)+4=0.
X X
1
x%’
neph ypaBHeHMe MOXXHO Iepemucarh Tak: t> — 2 — 3t + 4 = 0, oTKyza

t> — 3t + 2 = 0. KopHAMM MOIy4eHHOrO KBaZ[paTHOTO ypaBHEHUS SB-
nstotes yncaa 1 u 2. Caenaem obpaTHyro 3ameHy. IIpu t = 1 momyuum

IIycTs t = x + % Toraa t? = x>+ 2 + oTKyzZa x> + % =t — 2. Te-

ypaBHeHUE X + % =1, oTkyza x> — x + 1= 0. DTo ypaBHeHMe He UMeeT
KOpHeH, Tak KakK ero AUCKPUMUHAHT oTpunaresned. IIpu t =2 nonyuyum
ypaBHeHUE X + % =2, otkyza x? — 2x + 1 =0. EAUHCTBEHHBIM KODHEM
IocJeZIHero ypaBHEeHUA ABJAeTCA Yucio 1.

Omeem: 1.
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Ypaswenue guda (x+a)*+ (x+b)*=c

JTO ypaBHEHHUE TOCjIe 3aMeHBI t =X + asz (uHOrZAa Ha3kIBAEMOM CUM-
Mempu3sayueil) CBOAUTCA K OMKBaJpaTHOMY YpaBHEHHIO.

Ipumep 7. Pemure ypaBHenue (x +3)*+ (x +5)*=16.

Pemenue. O603Ha4YUM t =X + 4, TOrZja ypaBHeHHE IIPUMET BU/,

t—D*+(+D*=16.

Tockonbky a* + b* = (a? + b?)? — 2ab?, neByto YacTh MOMYYEHHOTO yPaB-
HEeHMs MOXHO Mpeo6pa3oBaTh Tak:

(E-D2++D?)*-20- D2+ 1) =
= (222 +2)* —2(2—1)? = 4" + 82+ 42t + 462 — 2 = 2t* + 1262 + 2.

Tonyuum ypapHenue 2t + 12t + 2 = 16, otkyza t* + 6t> — 7 = 0.
ITycTh t? = z, 2> 0. Torga 22 4+ 62 — 7=0. EfUHCTBEHHbIM IIOJIOKUTEb-
HBEIM KOpPHEM IOC/IeJHero ypaBHeHMs sBiageTca z = 1. IToaTomy t2 =1,
oTkyza t =—1 ymubo t =1. Ecm t = —1, To x +4 = —1, otkyza x = —5.
Ecmmt=1, t0 x+4=1, oTkyza x =—3.

Omsem: —5; —3.

3. IIpuMeHeHUEe CBOUCTB QYHKIHH

Hexotopsle (He 063aTeNbHO Liefble) YPaBHEHU MOT'YT OBITh pelleHb
C ITOMOIIBI0 TAKUX CBOMCTB QYHKIWI, KaK MOHOTOHHOCTb M OTPaHUYEH-
HOCTb. PaccMOTpUM COOTBeTCTBYIOLIME [IPUMEpHI.

IIpumep 1. PemmuTe ypaBHenue x° + 3x> +8x —12=0.

Pemenue. Yucno 1 ABasieTcs KOpHEM ypaBHeHU:A. [Ipyrux KOpHeH
ypaBHeHMe He MMeeT, Tak Kak GyHKIuA y = x° + 3x° + 8x — 12 ABnger-
¢ MOHOTOHHO BoO3pacTamllleil Ha Bcell uucioBod mpsamol (kak cymMma
MOHOTOHHO BO3pacTaromux QYHKIWI), W, CIeZ0BaTENbHO, KaXKJ0€e CBOE
3HayeHUe IPMHUMAET POBHO OJVH pas.

Omeem: 1.
IIpumep 2. Penmvrte ypaBHeHUE
(x*—2x*+2)*+ (x*+2x+5)* = 17.

Peumienvie. BrieivB TOMHBIE KBAaApaThl B KOKAOH U3 CKOOOK JIeBOM
YacTH, MeperuineM JaHHOe YpaBHeHHe B BU7E

(G2=D?+D*+ ((c+1D?*+4)? =17
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U3 nepasencts (x2—1)2+1>1u (x+1)2+4> 4 crexyet, uto
((P=D%+D*>1, (x+1)?*+4)?2>16.

[ToaToMmy nieBast 4yacThb ypaBHeHUsA He MeHbIne 17. BeiTh paBHOM 17 oHa
MOXXeT TOJIBKO B Cilydae, KOTAa KaX/Joe U3 AByX IIOCAeJHUX HepaBeHCTB
obpaiaercs B paBEHCTBO, T. €. €CIN

o*-D*+1=1,
(x+1D*+4=4.

EZVHCTBEHHBIM pellleHUeM TOTyYeHHON CUCTEMBI SIBJISIETCS KOpeHb X =—1.
Omeem: —1.

4. YpaBHeHUS, coZiepiKalle IepeMEeHHYIO IO/ 3HAKOM aOCOMIOTHOMH
BeJIMYUHBI (MOZYJIS)

YacTo Takue ypaBHEHMs Ha3bIBAlOT KOpOYe: YPaBHEHUS C MOZIYJIEM.
YpaBHeHWsI, coepIKaIllie MOAY/Ib, OOBIYHO OTHOCAT K CPABHUTEILHO TPY-
HBIM, XOTs 3HAUMUTEIbHASA YaCTh TAKUX YPaBHEHWH C yCIIEXOM PeIlaeTcs
C TIOMOIIBIO CTAHAPTHAIX PABHOCUIbHBIX ITPe06pasoBaHUMi WIN «PaCKPhI-
THA MOAYJs» B COOTBETCTBUU C €ro omnpezeneHuieM. [IpuBeseM cHavaza
OCHOBHBIE GaKThI, CBI3aHHBIE C MOAY/JIEM M HEOOXOAUMBIE /IS PellleHs
YpaBHEHUH.

1. |a|=a, eciu a = 0; |a| = —a, ecint a <0 (ompegeneHye MOAYJIS).

2. |a — b| ecTb paccTosiHME MEXAY TOYKAMU d W b YUCIOBOM IIPSIMOIA;
la| = |a — 0| — paccTosHre Mexay ToukamMu a U O YUCTOBOM TMPSIMOIL;
|a + b] = |a — (—b)| — paccrosirue Mexzay Toukamu a u (-b) 4mciIOBOI
npsAMON (reoMeTpUYECKUI CMBIC MOZYJIS).

3. |—a|=]al.

4. lab|=lallo}; |}
5.

|a

|bl”

al>=ad>.

a|:|b|<:>[
b

b,

6. b

a
a

Z

(=}

=b,
—b.
8. |a|+|b| = |a +b|, mpuuem |a|+ |b|=|a+b| & ab=0.

OTU CBOMCTBA MO3BOJISIOT peuiaTb CaMbl€ pa3HbIE 10 YPOBHIO CJIOXKHO-
CTH YpaBHEHUA C MOAYJIEM. OCHOBHBIMU MeTOAaMM pEIICHMA TaKHUX ypaB-

7. la|=b &

Q a
Il
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HEeHWH ABJIAIOTCS PaBHOCWIbHBIE Mpeobpa3oBaHus (cBoiicTBa 6—8) u pac-
KpBITHE MOZYJ/IA 110 OIpeeNeHUI0 (MEeTOoZ IIPOMEKYTKOB, WIN METOZ HH-
TepBAJIOB). Pexe HCIONb3yIOT FeOMETPUYECKUI CMBIC MOZY/IA U 3aMeHy
TepeMeHHOM.

PasHocunbHble npeobpasosamus

[Moxkanyii, Hanbonee 3GpGEKTUBHBINA METOZ PeIlIeHNA YPABHEHUH C MO-
JyJIEM OCHOBaH Ha NMPUMEHEHUY PaBHOCHIBHBIX IIpeobpasoBanuii. OqHO
M3 HUX CBfA3aHO CO CJIEAYIOUIMM YTBEP:KIEHUEM: eciu 00e wacmu ypas-
HeHUS HeoMpUUAMeJibHbl HA HEeKOMOPOM MHOXcecmeae, mo 8o3gedeHue 8
keadpam obeux uacmeil makozo ypaeHeHus He Npusodum HU K nomepe,
HU Kk npuobpemeHuIo peleHUll Ha IMOM MHOJNCECaEe, Mo ecmb AA1emcs
PABHOCUNbHBIM hpeobpasosanuem. Tak, ecan g(x) < 0, To ypaBHeHHe
|f ()| = g(x) He uMeeT pelreHHUii, a B MPOTUBHOM CJIy4ae BO3BeJeHUE
B KBaZ[paT 00eMX 4acTell TAKOro ypaBHEHWs SBJISETCA PaBHOCHIbHBIM
npeobpasoBaHureM. [1oaToMy mojydaeM (HAITOMHUM, YTO KBaZpaT MOZAYJIs
4ycsa paBeH KBaZpaTy caMoro 4ucia: |al? =a?)

ol =gt o {5020 g(;)(x?) (i,g(x)
- 2 _ 2 - 2
=g F00 = —g(),

Jajiee ypaBHEHMUsI HY)KHO PEIIUTD, a HEPABEHCTBO TPOBEPUTb.
Kakoii crtocob — MeTo/ IpOMEXYTKOB (MHTEPBAJIOB) WIN YKa3aHHOE
peobpasoBaHye — BHIOUPATh [JIs PEIIEHNsI TAKUX YPaBHEHWH, 3aBUCUT
OT TOTO, Kakas u3 GyHKIu f(x) win g(x) uMeeTt 6ojee IPOCTOUN BHU/,.
AHajsorudHbIM 06pa3oM 06CTOUT Ziesio ¢ ypaBHeHHMeM Buza |p(x)| =
=|q(x)|. DTO ypaBHEHUE B CHTy IIPUBEAEHHOIO YTBEPKAEHNSA PABHOCHIIb-
HO ypaBHeHuio p2(x) =q%(x), oTkyza:

p(x) =q(x),
p(x) = —q(x).

3aMeTHM, YTO IMOCIEJHIOI COBOKYITHOCTh MOKHO ITOJYYUTh, HE BO3BOAS
obe wactu ypaBHeHus |p(x)|=|q(x)| B kBagpar, a HEMOCPEACTBEHHO U3
CBOMCTB MOZYJIA.

[IpuBeZieHHbIE CXEMBI peIleHUs MOMKHO TOMYIUTh U3 «T€OMeTpHYe-
CKUX» cooOpakeHUH. HalIoOMHUM, YTO MOZAY/Ib Pa3HOCTH /IByX YKCEJl paBeH
PacCTOAHNIO MeXJy TOYKaM{U YHCJIOBOM (KOOpAWHATHOI) MpsAMOM, co-
OTBETCTBYIONIMMU 3TUM 4YKcIaM (B 3TOM, COOCTBEHHO, W 3aKJIIOYaETCs
TeOMETPUYECKUI CMBICST MOZYJIA).
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PeluTh ypaBHeHUE | X — b| = a — 3HAYUT HANTH BCE TOUKU X YUCIOBOM
OCH, pacCTOsIHHe OT Ka)XJOM M3 KOTOPBIX 0 uncia b paBHO a. IToOHATHO,
yTo ecaivi a >0, To x=b=+a, eciu a=0, To x =b, ecnu a <0, To peleHUH
HeT. Pemenuve ypaBHeHus |f(x)| =a npu a > 0 cCBOAUTCI K PaCCMOTPEH-
HOMY CJIy4aro IocJjie 3aMeHbl epeMeHHOU f (x) =t. [Ipu pemeHnn KOH-
KpeTHBIX IPUMEPOB TAKYIO 3aMeHy MOXKHO He /lelaTh U CPa3y IepeXoJuTh
K ypaBHeHUAM f (x) =a; f(x) =—a.

CXO/IHO C pacCMOTPEHHBIM U peliieHue ypaBHenus |f ()| = g(x). Jeii-
CTBUTEJIPHO, eciu g(x) < 0, To ypaBHeHUe He HMeeT pelleHUH B CUIy
HEOTPHULIATETBHOCTH MOAYIA; ecau g(x) = 0, monydaem, 4To

f)=gb) mubo f(x)=—g(x).

TakuM o6paszom,

glx) =0,
fG)=¢glx) < flx) =g,
f00) =—g00.

KpoMe TOro, To/e3H0 o6paTUTh BHIMAHMe Ha CIeAyIolye CBOHCTBA
MOZyJIf, HETIOCPEICTBEHHO CIIeyIONIYe U3 eT0 OIpe/ieleH A :
IfII=fx) & fl) =0,
lfG)=-fx) < fG)<O0.
IlepeiiieM K pelIeHUIo IPUMEPOB, HAayaB C 3aJa4M 2 9acTH I BBOZHOI
JMAarHOCTHYECKOH PaGOTHL.
Ipumep 1. Pemure ypaBHenue |x? — 9|+ |x+3|=x2+x —6.

PemeHne. 3amMeTHM, UTO JAaHHOE ypaBHEHHE IpeZCTaBisieT cobOi
ypaBHeHUe Buza

>

0
la|+1|b| =a+b & 0

VWV

a
b
B nanHOM ciy4dae

a=x>-9, b=x43, a+b=x>+x-6,

) x=3,
X" — 9 2 O;
OTKyZa Y, 3HAYMT, X < —3, PemeHUAMU CUCTEMBI ABJIA-
x+3=0,
x=-3.

10TCA Yucyo —3 Uy [3; +).
Omeem: —3; [3; +).
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IIpumep 2. Pemmre ypaBHenue |x>+x—1|=x+1.
Peurenue. JlaHHOe ypaBHEHHE PABHOCUILHO CHCTEME

x+1=0, x = -1,
x3+x—1=x+1, OTKyZa X = %/E,
C4+x—1=-x-1, x(x*+2) = 0.

PellleHIAMH [OC/TEHEN CHCTEMBI ABIAIOTCA uncia 0 1 V2.

Omeem: 0; %/5

IMpumep 3. Pemwre ypaBHenue ||3 —2x|— 1| =2|x|.

Pemrenne. ITockonbKy 0Oe 4acTH ypaBHEHUsI HEOTPULIATETbHEI, BO3-
BeZleHHE UX B KBaZIpaT ABJIAeTCA PABHOCWIBHBIM IIpeobpasoBanueM. IIpu-
MeHUM 3To INpeobpa3oBaHUe, YYUTHIBAsg, YTO KBAZpaT MOAYIA YHCIA
paBeH KBazipaTy aToro umcaa: (|3 — 2x| — 1)? = 4x2. PackpoeM CKOGKH:
(3—2x)%—2|3 —2x|+1=4x?, oTkyza 9 —12x +4x? — 2|3 —2x|+1=4x?,
, 3Ha4uT, |3 — 2x| =5 — 6x. IlepeiiZieM K paBHOCWIHHOMN CHCTEME

5—6x >0, x < %,
3—2x=5-6x, OTKyZa [x=0,5,

3—2x = —5+6x, =1

HepaBeHcTBy cucTeMbl yZOBIETBOPAET TONBKO X =0,5.
Omeem: 0,5.

Memoo npomexcymkoe (uHmep8aios)

OznHuM u3 Hauboslee M3BECTHBIX METOJOB PelIeHUs YpaBHEHUI € MO-
AyJieM SBISETCS METOJ, MPOMEXYTKOB (MHTepBayoB). CyTh MeToZa 3a-
KItouaeTcss B cieAyiomeM. YucioBas ock (B aTom maparpade paccmar-
PHUBAIOTCSA TOJBKO I[€/ible YpaBHEHWs, MO3TOMY HUKAKUE OTPaHUYEHUS
Ha MEpPEeMEHHYI0 He BBOJATCS) pa3bUBaeTCsi Ha HECKOJIbKO MHTEPBAJIOB
TOYKaMH, B KOTOPBIX BHIPDA)KEHU, COZiEpIKAIIFe HEM3BECTHYIO I10/] 3HAKOM
Mozysisi, obpamaroTcs B Hyab. Ha r060M M3 3TUX WHTEPBAJIOB Jt0boe
U3 TaKWX BHIPAXKEHUU OIpPEeZEIeHO W HE PAaBHO HY/IIO, CJIEJOBATENBHO,
OHO MPUHUMAET TOJBKO IMOJOKUTENbHbIE WIH TOJBKO OTPHUIATETbHBIE
3HavyeHus (Kakue MMEHHO, MOXHO OMpEAENNUThb, BhIOpaB Jr060e 3Have-
HUE U3 pacCMaTPUBAEMOr0 MPOMEXYTKA U OIpPE/EIUB 3HAK BBIPAKEHUSA
IIpYU 3TOM 3HaueHuH). [103TOMy B 3aBUCHMOCTHU OT IIPOMEXYTKA MOZYJIb
KaK/IOTO U3 TAKMX BBIPAYKEHUM «PACKPBIBAETCS» JIMOO0 CO 3HAKOM «ILTIOC»,
b0 CO 3HAKOM «MHHYyC». 3aT€M Ha KaXKAOM IPOMEXKYTKE HAXOAUTCS
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pellieHVe [JaHHOTO ypaBHEHWs, Y)KE He COZAEPKAaIero 3HAKOB MOZYJIA.
[Mocneguuii mwar — oObeUHEHNE HAWAEHHBIX pelmIeHUA. 3aMEeTHUM, UYTO
peliaTh HEPABEHCTBA BOBCE He 06S3aTENbHO: OCTATOYHO HAUTH KOPHU
MONyIEHHBIX YPAaBHEHUM U MPOBEPUTH, KAKWE W3 HUX YAOBJIETBOPSIOT
COOTBETCTBYIOIIEMY HEPABEHCTBY. DTOT METOZ Iieecoobpas3HO MpuMe-
HATb, B OCHOBHOM, €CIM YPaBHEHHE COAEDXKUT JBa U Oosee MOAYI,
a BBIPA)KEHUS 10, 3HAaKaMU MOZYJIEH SBIAIOTCSA MHOTOWIEHAMHU I1€pPBO
cTereHU. B GOMBITMHCTBE Xe ciydaeB 6onee 3pPeKTUBHBIM SBIIETCST
pUMEHEHHE PaBHOCWIBHBIX TPe0bpa3oBaHMUiA.

IIpumep 4. Pemnte ypaBHEHUE
2—x|—|x—=5|=x+1—1|7—2x]|.

Pemrenue. OmnpezenuM MPOMEXYTKU 3HAKOIIOCTOSHCTBA KaXA0I'0 U3
BHIpaKEHUH TOZ 3HAKaMU MOZYJISA, I HAIAAHOCTH U yAobcTBa nu3obpa-
3UB UX Ha OZHOM cxeMe (KMPHBIMM TOYKaMMU OTMeYeHHI HYJIU COOTBET-
CTBYIOIIUX BBIpaXKeHU). PaccMoTpuMm 4 ciydas, «pacKpblBasg» MOJYIH CO-
IJIaCHO 3HaKaM B KaXKZOM U3 CTONOIIOB.

2 x + — — —

2 3,5 5

x =5, x =5,

D OTKyZla M, 3HAYMT, X = 5.
—2+x—x+5 = x+1+7-2x, x =75,
3,55 x <5, 3,5<x<05, 5

2) OTKyZa Pemennii Hert.
—24x+x—5=x+1+7-2x, x =5.

3) 2<x <35 2< x<3’5’P .
—24x4+x—5 = x+1-7+2x, OTKyZAa x=—1. €IIeHNN HET.
x <2, x <2, 1
2—x+x—5 = x+1-7+2x, CTOR )| x =1, P IHATL XL

Omseem: 1; 5.
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3amena nepemeHHo1l

Elle ofuH MeTO/ pellleHrs YPaBHEHUI ¢ MOZY/IeM OCHOBaH Ha 3aMeHe
nepeMeHHo# 1 ToxzecTse |a|? = a?. Kak yxe oTMedanoch, 3a/a4, B KOTO-
PBIX €ro ILenecoo6pasHo KCIIOAb30BaTh, HE TaK MHOTO, IIPUYEM YacTh K3
HUX MOXHO PEIIUTh U APYTUMHU CIIOCOGAMH.

[Ipumep 5. Pemure ypaBHeHue (x —1)% —3|x — 1| —4=0.

Pemenuie. CzenaB 3aMeHy epeMeHHOM t = |x — 1| (t = 0), momydum
KBajipaTHOe ypaBHeHHue t> — 3t — 4 =0, eJIMHCTBEHHBIM HEOTPHUIATENb-
HBIM KOpPHEM KOTODPOTO fBJsIeTCS t =4, oTKyAa |x — 1| =4, u, 3HauwT,
x=-3,x=5.

Omeem: —3; 5.

leLMBHCHlle zeomempuueckozo cmoleaa Moayjlﬂ

PaccMmoTpuM ypaBHeHue Buza |x — b| + |x — ¢| = a, npu pelreHuu KOTO-
POT0 HCIOMb30BaHUE T€OMETPUYECKOTO CMBICTA MOZYJIA JOCTATOYHO 3d-
dexTuBHO. PemuTh ypaBHeHMe |x — b| + |x — ¢| = a — 3HauuT HaWTH Bce
TOYKU X YUCJIOBOM OCH, CyMMa PacCTOSHUM OT KaXKJoil U3 KOTOPHBIX JI0
To4YeK b U ¢ paBHa a. Eciu paccTossHUe MeXAy TOYKaMu b U ¢ 6osblie a,
TO ypaBHeHUe He MMeeT pelleHuil. B caMoM Jiese, eciy MpeAOIOKUTD,
YTO HMCKOMas TOYKAa MPUHAAJEXUT OTPe3Ky C KOHIAMU b U ¢, TO cyMMa
PACCTOSAHUMN OT TAKOM TOYKH /I0 KOHIIOB OTpe3Ka OKaxkeTcs bosblie a (Imo-
CKOJIBKY JJIMHA 3TOT'0 OTpe3Ka OoJblle a), a AJisd OO0 TOYKH, JIexKalnei
BHE paccMaTprBaeMoro OTpe3Ka, CyMMa paccTOSHUM OyzeT elre Oosblle.
Eciu paccTosiHMe MeXZAy TOYKaMU b U ¢ paBHO a, TO Jiobas TOYKa OT-
pe3ka ¢ KoHIamu b u ¢ 6yZeT pellleHreM JaHHOTO ypaBHeHud. Eciu ke
paccTossHUEe MEXY TOYKaMU b U ¢ MeHbIIIe d, TO AJIs OO0 TOUKH OTpe3-
Ka C KOHIIAaMU b U ¢ cyMMa pacCTOSTHUM /10 Todek b u ¢ OyzeT MeHbIIE d.
TakyM o6pa3oM, NCKOMas TOYKA JO/DKHA JIeXKaTh BHE OTpe3Ka C KOHIIaMU
b u c. B aToM citydae cyMMa pacCTOSTHUN OT UCKOMOM TOYKY 10 TOUeK b U ¢
OyZeT CKIaAbIBAaThCA U3 [JIMHBI OTPe3Ka C KOHIIAMU b U ¢ U yABOEHHOTO
PacCTOSTHUA OT 3TOM TOUKM 0 OmmKaiIiero K Hell KOHIA OTpe3Ka. DTO
paccyxZieHue U Mo3BoJIsieT HaliTU MCKOMble 3HaueHus nepeMeHHo. [Ipu
OCBOEHHHU MeToZa pellleHHe MOJOOHBIX YpPaBHEHUH OCYIIeCTBIAeTCA I10-
YTH MTHOBEHHO. /lJI1 3TOr'0 HY>XHO M300pa3uTh YHCIOBYIO OCh, OTMETHUTh
Ha Hell «KJIIoUeBble» TOYKU b U ¢ ¥ paCcCTOSHUE MEXY HUMH.

Ipumep 6. Pemure ypaBHeHHe |x — 1|+ [x — 7| =24.

Pemtenue. /[lng TOro 4ToOBl PELINTh YpaBHEHHE, HAWJEM BCE TOYKU
X YMCJIOBOM OCH, CyMMa PacCTOSHUM OT KaXKJOU U3 KOTOPHIX Z0 Todek 1
u 7 paBHa 24. IIOHATHO, YTO Ha OTpe3ke [1; 7] UCKOMBIX TOUEK OBITh He
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MOJKET, TIOCKOJIbKY CyMMa PAacCTOSTHUM OT JIFOOOH TOYKH OTpPe3Ka 0 ero
KOHIIOB paBHa /J/TMHEe OTpe3Ka, T. €. B ]aHHOM cjIy4ae paBHa 6. 3HAaYUT, UC-
KOMBIE TOYKH JIEXKAT BHE OTpe3Ka. PAacCCMOTPUM TOUKY, JIeXKAIIyIO IpaBee
TOYKY 7 Ha YUCIOBOM ocu. CyMMa pacCTOSTHUH OT 3TOW TOYKHU /10 KOHIIOB
OTpe3Ka CKJIAJIBIBAETCA U3 JIJIMHBI OTPe3Ka U YABOEHHOT'O PACCTOSTHUSA OT
3TOU TOYKU ZI0 TOUKH 7. TakuM 06pa3oM, 3TO yZIBOEHHOE PACCTOSTHHE PaB-
HO 24 — 6 =18, 1 ucKkoMas TOUYKa HaXOAUTCs ITpaBee TOUKU 7 Ha 18:2=9
eauuuil. CreZioBaTelbHO, TepBas U3 UCKOMBIX TOYEK: X = 16. AGCOTIOTHO
AQHAJIOTUYHO TOJIyYaeM, YTO BTOpas UCKOMas TOYKAa HAaXOJUTCSA Ha YUCIIO-
BOU ocu yieBee Touku 1 Ha 9 examuwutl. CieZoBaTeNbHO, BTOPOE peIleHUe
ypaBHeHUA: x = —8.

24-6 _ 24-6 _
5 =9 6 7 =9
P N N
-8 1 7 16 X

Omsem: —8; 16.
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1. Pemnte ypaBHEHUE
a) x> +8=(x+8)?,

2. Peminte ypaBHeHUE
a) (x+10)*>=x*+100,
3. PemuTe ypaBHeHUE
a) x> —36=(x—6)2,

4. Peminte ypaBHeHUE
a) (x+9)*=36x,

5. Pemnte ypaBHeHUE
2) Zx=72,

6. Pemiite ypaBHeHUe
a) (x—17)2=5(x—17),

7. Pemure ypaBHeHUE

2.2 _¢2
a) =X —65,

8. Pemure ypaBHeHUE
a) (2x —5)2=(2x—7)?,
9. PemuTe ypaBHeHUE
a) (5x—9)*=(5x—9)°,
10. Pemute ypaBHeHHe
a) 9x3=36x,

11. PemnTe ypaBHeHUE

a) (x—2)%(x—3)=4(x—2),

12. PemuTe ypaBHeHUE

3ajgauu

6) y2+5=(y+5)2.
6) (z—11)2=2%+121.
6) y2—196=(y — 14)2.

6) (z —18)%=—72z.

6) gx=Sg.

6) (y +21)2=5(y +21).

6) gy2:7;.

6) (3z+4)?=(3z+2)2.

6) (5x+6)*=(5x+6)>.

6) 323 =75z.

6) (x+2)%(x+4)=3(x+2).

a) (x—2)(x—3)(x—4)=(x—2)(x—3)(x—5),
6) (x+8)(x—2)(x+7)=(x+8)(x—2)(x—3).

13. Pemure ypaBHeHUE
a) (x+8)>=36(x+8),
14. Pemure ypaBHeHUE
a) Bx+2)*=Bx+4)*,
15. Pemiute ypaBHeHUe

6) (y—1)*=25(y —1).

6) (4y —1)°=(4y +9)°.

a) 2x—3)2(x—3)=2x—-3)(x—3)?,
6) 5y +9%(y +9) =5y +9)(y+9)>2.

16. Pemtuite ypaBHeHUE
a) x*—5x2+4=0,

6) y*—20y%+64=0.
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17. Pemnte ypaBHeHUE

a) x®=(5x—4)3, 6) y'°=(2y+15)°.
18. PemuTe ypaBHeHHE

a) [5x—7|=7—-5x, 6) |7y +3|=-3—-7y.
19. Pemure ypaBHeHUE

a) |2x —3|=3x-2, 6) |7x+9|=9x+7.
20. Pemute ypaBHeHUE

a) |x?—3|=|x%>-5|, 6) |22 +2| =122 —4|.

21. YpaBHeHUE

a) (x—2)(x* —4x+3) = (x —3) (x* - 3x +2),

6) (x —6)(x*—2x —8) = (x +2) (x> — 10x + 24)
1) He uMeeT KOpHeii; 2) umeeT 1 KopeHb; 3) UMeeT 2 Pa3JIUYHBIX KOPHS;
4) uMmeeT 3 pa3INIHBIX KOPHA; 5) MMeeT OeCKOHEYHO MHOT'O KOpHeil. Yka-
JKATe HOMep UCTUHHOI'O yTBeP)KJeHNU .

22. Kakue 13 ypaBHeHUI He MUMEIOT MTOJIOKUTETbHBIX KOpHel:

a) 1) x> —2009x —3=0; 2) x? —3x+2009=0;
3) x2—2009x +3=0; 4) x%—3x—2009=0?
6) 1) x> —2007x —9=0; 2) x? —9x+2007=0;
3) x2—2007x+9=0; 4) x> —9x —2007=0?

23. YKkaxuTe HoMepa TexX ypaBHeHU, KOTOpble He UMEeIOT OTpULlaTelb-
HBIX KOpHeH:

a)1) x>—10x+30=0; 2) x*—9x+11=0;
3) x3—7x%2—-5=0; 4) x> —5x—29=0.
6) 1) x> —10x+29=0; 2) x*—9x+9=0;
3) x3—7x%2—4=0; 4) x> —5x—28=0.
24. Kakue 13 yTBep>XIeHUHM O KOPHAX YpaBHEHUA
a) x> —1935x% —1539=0, 6) x> —9345x% —9543=0

WCTUHHBIL: 1) ypaBHEHUE WMeET I10 KpailHel Mepe OZIMH OTPUIIATEeTbHBIN
KOpeHb; 2) ypaBHEHUe UMeeT He MeHee JBYX OTpHUIaTeIbHBIX KOpHel;
3) ypaBHeHUe He HMeeT OTpHullaTeJbHBIX KOpHel; 4) Bce KOPHU ypaBHe-
HUA OTPULIATE/IbHBI?

25. Kakue 13 yTBep:KIeHU! 0 KOPHAX ypaBHEHUs

a) x*—5x?—-2011=0, 6) x®—3x>—1617=0
VICTUHHBIL:
1) ofivH U3 KOpHEN ypaBHEHUS — YETHOE YMCJI0; 2) OAVH U3 KOPHEH ypaB-
HeHU — HedeTHOe YUCIIo; 3) ypaBHEHUe He UMeeT HU YeTHbIX, HU HeyeT-
HBIX KOpHel; 4) ypaBHEHHe UMeeT 110 KpaliHeli Mepe OfNH YeTHBINM U OANH
HeYeTHBIM KOpHU?



TpenupoBoyHas pa6ora 1

Pemmure YpaBHEHHE.

(2 —x)?-18(x*—x—2)+36=0.

L (x+2)(x+4) (x+6)(x+8)=105.

. (x> +x+16) (x% — 20x + 16) + 54x% =0.
. 4x?(2x +1)% — 2x(4x% — 1) =30(2x — 1)2.
xt—4x® +6x%—4x+1=0.

. (x=5Y+2x-9)°=0.
.3x%—13x2+13x—-3=0.
x*—4x3+4x* - 64=0.
.3x3—2x2—12x+8=0.

10. x” 4+ 7x —8=0.

11. (x* —8x?+18)*+ (x* + 4x + 7)*=13.

O 00 N O U1 A W DN =

12. HatiguTe Bce mapsl (Xx; y) 4ucCen X U y, sl KOKJONU U3 KOTOPBIX
x%+2xy +2y% —10x — 14y +29=0.



TpenupoBoyHas pabora 2

Pemute YpaBHEHHE.

1. |5x — 3| +|3x — 5|=9x — 10.

2. |2x—1|—|3x—2|—[4x—3|+11=10x.
3. [x2—6x+1|=x2-09.

4. |x®+5x —4|=5x+4.
5.2(x—3)%?—5|x—3|+2=0.
6.5(2x—1)2—7|2x —1|—-6=0.

7. |I5x — 1| — 2| — 3| =4.

8. |x?—10|=|x?-22|.

9. |x?—x—5|+|x>*—x—-9|=10.

10. |x2 4 3x — 4| +|x2 4+ 3x — 28| = 24.

11. [x>— 16|+ |x + 4| =x*+x — 12.

12. |x2 4+ x — 20| +|x? — 11x — 28| =2|x% — 5x — 24
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OToT maparpad MOCBAIIEH pPalMOHANbHBIM YpaBHEHUAM. [IOCKOMBKY
1[eJIble YPABHEHMS TOXKE SIBJIIIOTCS PAlMOHAIBHBIMU, TO YaCTO, YTOOBI HE
BO3HUKJIO IIyTaHUIIBI, BMECTO CJIOBOCOYETAHUA «pallMOHAJbHbIE YpaBHe-
HUs» UCIIONB3YIOT CJIOBOCOUETAHUE «[POOHO-paI[OHaTbHbBIE YPaBHEHMUs».
Mz 6yzieM KCIIONb30BaTh 06a cioBocovyeTanuss. OCHOBHAA U/iesl pellleHus
moboro BooOIIe, B TOM 4ucIe U APOOHO-PAlIOHATIBHOTO, YPAaBHEHUS —
CBEZIEHME €T0 K OJHOMY WM HECKOJBKUM IpOCTeHmM. HamoMHuM, 94TO
JUTst IpOOHO-PAI[HOHANBHBIX YPaBHEHUH 110/ IIPOCTEUIIMMH ITOHNMAIOTCS

X
ypaBHeEHUs BUza % =0, rae f(x) u g(x) — MHOrOWIEHBl IEPBOX WU

BTOPOY cTeleHu. OTH ypaBHEHHUA PelIaloTcsA ¢ IOMOIIbIO YCIOBUA PaBeH-
cTBa anrebpandeckoil Apobu Hymo: Apobb paBHA HYJIO, €CIH €€ YHCIIH-
TesIb paBeH HYJIO, a 3HAMeHAaTeIb UMeeT CMBIC U He obpaltaeTcs B HyJ/b.

Pentenye MHOI'MX palliOHAJbHBIX ypaBHEHHI OCHOBAHO Ha yJayHOMH
I'PYNIIUPOBKE U NOCIeAyIoleM IPUBeJEHNUU CTPYIIHPOBAHHBIX cjarae-
MBIX K 00ILIeMy 3HaMeHaTeo. B 6ojee MPOCTHIX CIy4asx CPYMIAPOBKA
He TpebyeTcs, a WHOTZAA ypaBHEHHE MOXHO YIIPOCTUTH, BBEJs HOBYIO
nepeMeHHy10. [Tpy pellleHUM pallMOHaJbHBIX ypaBHEHUH BO3HUKAET ollac-
HOCTb IIOJTyYeHHs IOCTOPOHHUX pelleHUH, T03ToMy N0 CIesyeT AenaTh
IIPOBepKyY, JN60 yKasblBaTh HeOoOXOANWMBIE OTPaHUYEHUS U CIeJUTh 3a
HX BBIIOJHEHUEM B XoJe pelleHHd. Pasymeercsd, Npu pelleHUN pauuo-
HaJIbHBIX YpaBHEHUN HCIIOAb3YIOTCA M Takue OOIIMe MeTOABI pelIeHIs
ypaBHEHUH, KaK 3aMeHa IlepeMeHHOM, pasjoxeHue Ha MHOXKUTEIHU, HC-
II0T30BAHKE CBONCTB MOHOTOHHOCTH ¥ OTPaHUYEHHOCTH GYHKINM U T. II.

1. AsnreGpandeckue npeoGpa3oBaHuUs

OZHUM U3 OCHOBHBIX CITOCOOOB CBeZleHUsI YPaBHEHUS K OZHOMY WIH
HECKOJIBKUM IIPOCTeHIIUM ABIAIOTCA anrebpandeckre mpeobpa3oBaHUsA
OZHO¥ WM 06eUX ero yacTeli, Mo3BOJIAONINE CBECTH APOOHO-palMOHATb-
HOe ypaBHEHUE K I[eJIOMY. B HEKOTOPBIX CIydasx JJis pelleHUs palno-
HaJIbHBIX YPAaBHEHUM MPUXOAUTCS NMPUMEHATh HCKYCCTBEHHBIE IPUEMBI:
JobaByeHye U BEIUUTAHUE OJHOTO U TOTO K€ YMCJIA U T. 11

Yenosue pasencmea dpobu Hyso
B kauecTBe [1epBOTro IpHYMepa pacCMOTPHM pellleHre ypaBHeHus 3 ya-
ctu [ BBOAHOU JUAarHOCTUYECKOH PaboTHI.
IIpumep 1. Pemute ypaBHeHUE
X' =4x°+4x*—7x—2 _

x7 —4x>+3x2—4x—4 L
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Pemrenue. /Ipo6b paBHA HYJIO, ECJIU €€ YUCIUTEb PaBeH HYJTIO, a 3Ha-
MeHaresb UMeeT CMBICI U He obpaujaeTrcs B Hyib. [lepeiizeM K COOTBET-
CTByIOIIel cucreMe:

x7 —4x°+4x> —7x —2
X" —4x>+3x*—4x—4
x”—4x° +4x* —7x —2—x" +4x° —3x* +4x +4
X7 —4x>+3x*—4x—4
{x2—3x+2 =0,
S

=1 &

a4

=0 &

x” —4x® +3x*>—4x—4 #0.

KopHsAMU ypaBHeHUsA x> — 3x + 2 =0 apnswoTca x =1 u x = 2. C 1momo-
IbI0 IPOBEPKU yCTaHABIMBAEM, YTO YCIOBHIO X/ — 4x° +3x% —4x —4#0
YZAOBIETBOPAET TOMBKO X = 1.

Omesem: 1.

PasHocunbHble npeobpasosamus

B kauecTBe mepBoro ImpuMepa pacCMOTPHUM pellieHHWe ypaBHeHHA 4
gactu I BBOZHOU JMarHoCTUYeCKON pabOoTHI.
x—5 _ 1
x2—2x-3  x2—1 x*—4x+3°

Pemnenune. PasioXuM KBaZpaTHble TPEXWIEHBl B 3HAMeEHaTeIAX Lpo-
Geit Ha MHOxuTenu. KopHamu ypasHeHus x2 — 2x — 3 = 0 gpjAroTCA
x=—1 u x=3. CiegoBaTeJbHO, 10 TEOPEME O Pa3I0KEHUU KBaZPaTHOI'O
TpexdyIeHa Ha MHOXKHUTEIM TonydaeM, uTo x> — 2x — 3= (x + 1) (x — 3).
Ilo dopmysne pasHocTH KBagpaToB x2 — 1= (x — 1)(x + 1). Kopuamu
YpaBHEHUA x? —4x+3=0 spmsttoress x =1 u x = 3. CiegoBaTebHO, 110
TeopeMe O pas3jIoKeHUHU KBaJpaTHOrO TpeXwieHa Ha MHOXUTENIN

X2 —4x+3=(c—1D(x—23).

IIpumep 2. PemiuTe ypaBHeHUE +

Teneps ypaBHeHNe MOXXHO IlepenucaTh B BUJe

2 Lx=5 1
c+Dx=-3) " c—-Dx+1D) T x—-Dx-3)°

[TepeHeceM Bce claraeMble B JIEBYIO YacTh U MIPUBEAEM UX K 00IIeMy
3HaMeHaTeJIl0:
2 x—5 1
GADG—3) T G-DeFD - G=Dx=3)
20D+ x-5)x-3)—(x+1) 0
x+Dx-3)(x—-1) -

=4
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PackpoeM CKOOKY B YHCIUTEINE, TIPUBEAEM MOZ0OHBIE U BOCIIONb3YEMCS
ycJioBUEM oOpameHus JpobH B HYJIb:

201D+ (=5 (x—-3)—(x+1)

CHDeE-G-D 09
2x—2+x*—3x—5x+15—x—-1 _
< G+DEx-3)x-1) 0=
PN x?—7x+12 —0 x*—7x+12=0,
c+Dx-3)(x—-1) — (=D (x+1D(x—3) £0.

KopHamu ypaBHeHus x2 — 7x + 12 =0 apnstoTca x =3 u x =4. Hepa-
BEHCTBY CUCTEMBI YAOBJIETBOPAET TOJIBKO X = 4.

Omeem: x =4.

IMepex00 K ypasHeHU-c1edcmauro

1
IIpumep 3. Pemute ypaBHeHUE — 1 = 4x.
1—
1
1—x2
Pemiennie. B gaHHOM ciiydyae HelenecooOpa3HO TPaTUTh BpeMs Ha
BBHINMCHIBaHNE yCIOBUM CylleCTBOBAHUA JIeBOM YacTu ypaBHeHuUs. [Ipoiie

mpeoOpa3oBaTh ee, HAWTH KOPHU U BBHIIOJIHUTb IIPOBEPKY. BHITOTHMM
IpeoOpa3oBaHuA JIeBOY YacTU YpaBHEHUS:

1 _ 1 o 1 o
1 - 1 - 1 -
1- 1- 1+
1— 1 1-x2-1 x?
1—x? 1—x? 1—x?
o 1 o 1 1 s
- 2 = 2 2 — 1 —X-
1 1—x x2+1—x 1
+ x? x? x?

TlepeiieM K ypaBHEHMIO-CIeACTBUIO: X2 = 4x, OoTKyza x2 — 4x =0,
x(x —4) =0, u, 3HauuT, x =0 1U60 X = 4. [IpOoBEpKOH yOEKJaeMCS, UTO

KopeHb X =0 ABIsgeTcs TOCTOPOHHUM (IpH X = 0 JIeBas 4acTh ypaBHEHUS
He oTpe/ieieHa).

Omeem: x =4.

PasznoxnceHue Ha MHOXCUMeNU

x? X _
IIpumep 4. Pemnte ypaBHeHUE 2+t 2- Z_a +3=0.
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Pemenune. Ileperpynnupyem ciaraeMsle, IpeCTaBUB 3 B BI/l€ CyMMEI
1+ 2, u cIoXXuUM IIepByIo Apobb ¢ 1, a BTopyto — ¢ 2:

2

X _ xX*+x—4 X*+x—4 _
o T (F) =0 o B .4 g
BbiHeceM 3a CKOOKY OOINUI MHOXUTENb U IPUBEJEM ApoOH B CKOOKax

K o6meMy 3HaMEHAaTE/I0:

xX*+x—4

Szt oo era(ghisy) 0o
& (Ptx- 4)( 4):0‘:)
e (Ftrx—4)- %:O And
2 _ 2 —
< Eecain

Bocrionb3yeMcs ycioBreM obpalieHus Apobu B HYJb:

P+ x—4*+2x-12)

c—ae-n 0

x*+x—4=0,
>+2x—12=0,
(x—4)(x*—4) #0.
-1-v/17

KopHamu ypaBHeHus x2 + x — 4 =0 ABIAOTCA X = — 5 HX=

-1+ 17
=T 2

{(x2+x—4)(x2+2x—12) =0, [
=
x—D2-4) #0

. Kopusaimu ypaBHenus x2+2x —12=0 apasiorcsa x=—1—+/13

n x = —1+ +13. HepaBeHCTBYy CUCTEMBI YAOBIETBOPAIOT BCE YeTHIPE
KOpDHA.

Omeem: _1_2‘/1_7 _1+‘/_ —4/13; —1++/13

2. 3amMeHa nepeMeHHOU

CBegienuie Ipo6HO-PAIIMOHATBPHOTO YPABHEHUS K OHOMY MJIM HECKOJb-
KUM TIPOCTEHIINM C TOMOII[bIO 3aMeHbI TIEPEMEHHOM SBIAETC OAHUM U3
CaMbIX paclpOCTPaHEHHBIX CIIOCOOOB UX pelleHus. 37ech, KaK U B CIydae
LeJIBIX YPaBHEHUH, TIPUXOANUTCS UMETD JIEI0 C CAMBIMU PA3HBIMU TUITAMU
YPaBHEHU: TPEXWIEHHBIMHU, OHOPOAHBIMU U T. 1.
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I 1P (2—")4+5(2—x)2—36—0
pumep 1. Pemmre ypasrerue ( 157 o =0.

2
Pemtenne. IlycTb (%) =t. Torga t =2 0 1 ypaBHeHUEe IpUMeET BUJ,

t2 4+ 5t — 36 = 0. KopHAMU TIOC/IeJHETO yPaBHEHU ABIAIOTCA 9Ucaa t = —9
U t =4, U3 KOTOPHIX TOJBKO IIOCJIeZHee yAOBﬂeTBopHeT yesoBuio t = 0.

Utak, t =4. CaenaeM o6paTHyIO 3aMeHY: (%) =4, OTKyZa 2— =2

60 2 = —2. YpaBHeHue 2 2 KOpHel He MMeeT, a eJUHCTBeH-
x+1 ’ x+1 ?
2x
HbIM KODHEM YPaBHEeHUA — 7 = =—2 asngetca x =—0,5.
Omsem: —0,5.
x*+3x+2 X
IIpumep 2. Pemnte ypaBHeHUE Z—x 12 + Z_oxt2 1.

Pemrenue. 1. [IpoBepka nokasslBaeT, 4YTO 4YUCI0 X = 0 ABIAETCA KOP-
HEM ypaBHEHUH.
2. [lycTth X # 0. Pa3zenuM YUCIUTENb U 3HAMEHATeNb KaXKA0H Apobu
2
x+3+ " 1
Ha X. YpaBHEHUE IIpUMET BUJ: + = 1. O603HaYNM:
2 2
x—1+ ; x—2+ ;

=x+ % — 2. Ilonyyum ypaBHeHUE zi—i + % =1. IlepeHeceM Bce ciara-

eMble B JIEBYIO YacTh YpaBHEHU:, [IPUBeZeM UX K 00IeMy 3HaMeHaTeJIlo,
BBITTOJTHUM He00OXOZUMEIE TpeoOpa30BaHMs U PELINM YpaBHEHUE:

z+5 1 _ (z+5)z z+1 2(z+1)
ar1 Tz 1= (z+1)z+z(z+1) T 2(z+ 1) =0 <
z°+5z+z+1—2°—3 _ S52+1 _ 1
Ad z(z+1) =0 & z(z+1) =0 < £2="5

BepHeMcs k pexkHEN ITepeMeHHOM:

2 _5__1 2_9_ 2_ _
x+x 2= 5<:)x+x 5—O<:>5x 9x+10 = 0.

JIUCKpUMUHAHT ypaBHeHHs 5x2 — 9x + 10 =0 MeHblle Hy/Isi, HOITOMY
ypaBHeHNE He MMeeT HU OZHOTO KOpHsA. VTak, HU OHO 4MCiIo X 7# 0 He
ABJIIETCSA KOPHEM ypaBHEHUA.

Omeem: 0.
IIpumep 3. Pemute ypaBHeHUE

x+3)? x*=9 x=3\2 _
(—x_l) +14-x2_1—15(x+1) —o.
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Pemrenue. 1. Yncio x =3 He ABJIAeTCA KOPHEM ypaBHEHUA.
_x+3 _x—3

2. Ilycthb x # 3. O603HAUUM a = 1 b= PR

a? + 14ab — 15b% = 0. TlockonbKy X # 3, To b # 0. B cury Toro, uTo

b # 0, MOXHO pasfieuTh obe JacTu ypasHeHus a’ + 14ab — 15b2 =0

[Monyyum ypaBHeHuUe

2
Ha b%: (%) +14. % — 15=0. O60o3Ha4YuB 2z = %, TTOJIyYUM ypaBHEHUE
21147 -15=0 2T
Z Z =0, KOpHU KOTOPOI'O: g=—15.
(x+3)(x+1) -1
3. BepHeMcst K IEpEMEHHOM X: Cr=D=3) =
- PeP P ety .
c-DEx-3) 7
p c+3)(x+1) —1
emIMM ypaBHeHHe 3y —3) =1
x+3)x+1) x?+4x+3 =x*—4x+3,
T x=0.
(x=1D(x-3) x—1Dx—-3)#0
p (x+3)(x+1) —_15:
eLINM YpaBHEHHE () —3) = :
CcEDEHD . x*+4x+3 = —15x% + 60x — 45,
c—Dx-3) — (x—1)(x=3)#0
2x* —7x+6 =0, - ng,
(x—D(x-3)#0 x = 2.
Omeem: O, 2,
2 4x®
IIpumep 4. Pemurte ypaBHeHUE X“ + c+2)° =5.

Pemenne. JleBas yacTh ypaBHEHUs IIPeJCTABIAET cOOOM CyMMy KBaj-

2x
PaTOB WMCeN X U 7. [Tonpo6yeM ZOMOMHUTD 3Ty CYMMYy [0 KBaZpara
Pa3HOCTH, BBIYTA U3 Hee U Z00aBUB K Hell (YTOOBI BEIpaKeHUE He H3Me-

2x
HWIOCH) V/IBOEHHOE MTPOU3BEEHNE STUX YUCEN 2X - panpE [Tonyunm

x?—2x- m+( +2)2+2 T=5.

2x 2x
Haree, (x - m) 4+ 2x- P R 5, OTKyza

x2 +2x — 2x ) x>
(T) T T
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U, CJIeIOBaTEIbHO,

XZ 2 X.Z .
(x+2) +4'x+2 —5=0.

XZ

x+2
t?+ 4t —5=0, orkysa t =1 m6o t = —5. Ecm t =1, To xﬁ_z =1,
u x?> — x — 2=0. KopHAMHU HOC/IeIHETr0 ypaBHEeHMs ABAAITCA X = —1

XZ

x+2
ypaBHeHUe He UMeeT KOpHeU B CHJIy OTPUIATeNbHOCTU JUCKPUMUHAHTA.

Tenepb MOXXHO cZleslaTh 3aMeHy IepeMeHHOU. IlycThb =t. Torza

2

ux=2. Ecmm t=-5, To =-—5,u x>+ 5x+10=0. ITonyyerHOE

Omseem: —1; 2.

3. IIpuMeHeHUEe CBOHUCTB QYHKIMH

PaccMOTpUM HpHUMeEPHI MPUMEHEHUA CBOMCTB GYHKIMN K PeLIEHUIO
ZAPOOHO-paAIMOHAIBHBIX YpaBHEHUH.

IIpumep 1. PemuTe ypaBHeHHe X/ + 2x = %

Pertenue. Ha KaXZoM U3 IpOMeXYTKOB (—0; 0) u (0; +) byHKIMA
f(x) =x"+ 2x Bo3pacTaeT (kak cyMMa BO3pacTaroIMX QyHKI[HIA), a pyHK-
s g(x) = % yObIBaeT. 3HAYUT, HA KAXKJOM U3 3THUX MPOMEXYTKOB ypaB-

Henwe f (x) = g(x) umeeT He 6osee ogHOTrO KOpHA. ITockombky f (1) =g(1),
rosiyyaeM, 4To X = 1 — eJUHCTBEHHBIM KOopeHb Ha mpomexyTke (0; +o0).
IMockoneky f(—1) =g(—1), mony4aem, 4To X = —1 — eIMHCTBEHHBIA KO-
peHb Ha IpoMexyTke (—; 0).

Omeem: —1; 1.

IIpumep 2. Penmvrte ypaBHeHUE

1 2 3

2021 T —2 12 T st ori3 o

Pemenwue. 13 HepaBeHeTB (X2 —2x)2+1>1, (x—2)2+2>2u (x? -
—3x+2)2%2+3=3 CJIeZlyeT, 4TO KaXKJas U3 Tpex Apobeli 1IeBOU 4acTH He
Gosbiite 1. [ToaTOMy X CyMMa PaBHATHCSA 3 MOXKET TOJMBKO B C/Iydae, Koraa
KaK/las M3 HUX paBHa 1, T. e. ecn

(x?—2x)%+1=1,
(x—2)?%24+2=2,
(x> —3x+2)>+3=3.
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EAVHCTBEHHBIM KOpPHEM BTOPOr'O ypaBHEHHUS CUCTEMBI ABJIAETCHA X = 2.
OTO 4MCII0, KaK JIETKO IIPOBEPUTD, SABIAETCA KOPHEM IIEPBOI'O U TPETHETO
YpPaBHEHUS CUCTEMEL.

Omeem: 2.
IIpumep 3. Haliazute KopHU ypaBHeHUA f(x) =2, ecid x #0 u

3£() +f(%) —8x.
Pemrenue. 3aMeHUB X Ha % B paBeHcTBe 3f(x) + f (%) = 8x, no-
JyquM 3 f(%) + flx) = % YMHO)XXMB 06e 4acTH JAHHOTO DPaBEHCTBA

3f() + f(%) = 8x Ha 4yuca0 3 U BHUTA U3 MOJIYYEHHOTO PAaBEHCTBA

MMOWIEHHO PaBEHCTBO Bf(%) + f(x) = %, HaxoauMm: 8f(x) = 24x — %,
oTkyza f(x)=3x— % Teneppb oCTanoCh pelIuTb ypaBHeHUE 3X — % =2,
oTkyzaa 3x? — 2x — 1 = 0. KopHAMYU HOC/IeJHEr0 ypaBHEHHs SABJIAIOTCH

1
qucia x=—§ ux=1.

Omeem: —%; 1.



Pemute ypaBHeHuUe.

1. a) 3 7;’

x*—4
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3ajgauu
8 _ 5
6) 2= 8"
6) x?+2x —25="% %5.

2_
2.2) x*="T—7,

3.2) (x— 5)(x+7)——;

4.a)————30 0,
x?2—2x—-3
x—3
(2x+3)*
x—1 ~—x-1°

x—-2_x—2

5. a) =x2-5,

6. a)

x—4
T 3x+2°
x*-16

11. a) x2—5x+4_0’

(x—2)(x—3)(x+11)
x2+9x — 22

(x—=2)(x=3) _ 2
x—4 Tx—4

(x —8)(x2—49)
x—8

)(2x+3)2_ 25
x—1 — x-1’°

2x+3

12. a)

13. a)
14. a) =15,
15.a
3 2
16.a) ————— =

17.

18.

@2x* 9
2x+3 2x+3’

19. a)

=0,

6) y =7y — 3)——3.

6) +2——8 0.

ﬂ=22_32_
z—3
(4x—9)* 49
x—4 T x—-4
x+5_x+5
x2 ~ 8x °
6) SZ—g:w.
z z
22 64
z+8 z+8°
z+5 z+5
6z+7 72+6°
22—-1
6) zz+52—6_0'
=Dy -5u+9)
¥y2—=9y+20
O+H+3) _ 20
y-1 Sy
(x+5)(x2-20)
x+5
(3y—8)*
y+1 =
¥’ =3y
y—3

6)
6)
6)

6)
6)

6) =0.

0)

6) =5.

(8y —3)?
y+1

0)

6) =9.

—49
Sy— —

2_49z+343
6) z°= z+7

(Sz)2 16
3z2—4 3z—4

6) y?

0)
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x=11\3 _ [(x—11)2 x+13\7 _ (x+13)?2
20.a)(x_9)—(x_9), 6)()6—1)_()6—1)'
[7x—=5| Isy+8l _
21. a) T =-1, 6) 5y+8 = 1.
|(x =5)(x—2)| &y =3y +1)|
22.a) ————=x—-2, 6) ——F—=y+1.
) T N 2 R
x+4 x+9|_
23. a) 7 x+4, 6) 5| =X+
lx+12]  |x—12] ly+16] _ |y—11]
24-2) "9 T o120 0) y+16 — y-11-
25. YkaxuTe HOMepa TeX ypaBHEHUi, KOTOpble He MMEIOT IOJIOXU-
TeJIbHBIX KOpHEH:
2
)1)x+4 -1 2 555=1
10 S5x . 5x*4+29x+7 _
3) —3x =2; b x>+ 77x+29
x° +7 . 4x-12 .
6) 1) == D=4~
24 Ox _ . 8x*+71x+12 _
3 Bk 4) 12t 218x 71 ¥




TpeHupoBouHas pabora 3

Pemute ypaBHeHUe.

2 x—4 1
L. x2—4+x2+2x_x2—2x'
2 2 2
9. Ex +— 2x _ ézlx 9x .
x?—1 x*—2x—3 x*—4x+3
3 1 18 18
Tx242x—3  x242x4+27 x242x+1°
4. —1_ —ox.
1 T
1+x31
5.5 4+ X 1o-g
x2—-6 x—6 o
6. 1 + 2 3 6

x—1 " x—2"x-3 x+6°

3x \* 3x \2
7. (372) -8(z32) —9=0
x*+3x+2 X -1
xX2—x+2  x?-2x+2

x—4)? x2=16 | (x+4)\%_
9. (x—2) -2 xX2—4 +(x+2) =0.

8.

10. x®+3x =28,
X
1 3 5

N o0 11 T3P+l T oo —37+1

9.

12. Hatizure kopHU ypaBHeHUd f(x) =1, ecmu x #0 u

f(x)+2f(%) = 3x.



§ 3. UppaunoHa/JibHbIe YpaBHEHUS

OcHOBHas uzies pelleHUs UPPALMOHATHFHOIO YPaBHEHMUI — OCBOOOXK-
JeHHe OT UppalMoHaIbHOCTH, K KOTOPOMY IIPUBOZJSAT:

® PaBHOCWIbHbIE IPe0OPA30BAHNUS;

e TIepexo/ K ypaBHEHUIO-CJIeZICTBUIO (C MocaeAytoeli mpoBepkoi Kop-
Hel TO/ICTAHOBKOM WX B /JAaHHOE YPaBHEHUE);

® 3aMeHa IlepeMeHHOH.

Kpome Toro, HexkoTopble UppalMOHaJbHBIE YpaBHEHUA MOXXHO pe-
aTh, WCIOIb3ysA Bo3pacTaHue GyHKIMU 4/X U ee HEOTPUIATETbHOCTD
IIpY YeTHBIX N.

Camasi pacrnpocTpaHeHHas OMUOKa MpU pelleHUH UPPalloOHATbHBIX
ypaBHEHUM — IlepexoZl K YpaBHEHUIO-CIeCTBUIO (T.e. IO CyTH — BO3Be-
JleHue B KBaZpaT obenx JacTeil ypaBHeHUs1) 6e3 MoCeAyIomlel IpOBepKU
TOJIYYUBIIMXCS KOpHeH. Tak, pelnas ypaBHeHUE /X = —X BO3BeleHHeM
obeunx yacTeil B KBazipart, Moly4aeM ypaBHeHUe-cIeCTBHe X = x2. [ToHAT-
HO, YTO IIPY 3TOM IIPOUCXOJUT paciivpeHue obmactu onpegeneHua. Kop-
Hu 3Toro ypaBHeHu:A 0 u 1. Be3 MpoBepKU BTOPOe YKMCJIO MOXKET OKa3aThCs
B OTBETe, XOTA IO/ICTAHOBKA €ro B MCXOZHOEe ypaBHEHUE IM03BOJAET YBU-
ZieThb, YTO OHO He ABJIAETCA ero KOpHeM, T.K. IIoTy4aeTcs HeBepHoe YUCIIo-
Boe paBeHCTBO 1=-—1.

K nosAsneHuio MocTOPOHHUX KOPHEH MOXeT IPUBOJUTH HCIIOIb30Ba-
HUe pa3JUYHBbIX TOXKAECTB, IOCKOJIbKY JIeBble U IIpaBble YacTH TOXKJECTB
MOTYT UMeThb pasHble 001aCTU onpeziesieHus. PaccMOTpUM ypaBHEHME

Vx—1-y/x+4= \/g
Vicnonsayst ToxzaecTBo +/a - vb = vab, monyunm ypaBHeHWe-CIIeACTBHE

Vix—1D(x+4)= v/6. Bo3Bozst 06e ero 4acTu B KBaJlpaT U pelias Moiy-

YyBIIeecs B pesy/ibTaTe ypaBHeHHe X2 + 3x — 10 =0, HaiiieM KOpHU —5
u 1. Eciu npu npoBepke MOACTaBIATh UX B ypaBHeHHUe-CIe/CTBUE, T.e.

B ypaBHeHUe 4/ (x —1)(x+4) = v/6, MOXHO CZeaTh ONIMGOYHBII BHIBOJ,
yTOo 0062 YMC/Ia SABIAIOTCS WCKOMBIMU KOpPHAMH. OZHAKO IOACTAHOBKA
B HICXOJHOE YpaBHEHUE MMO3BOJIAET YBUJETD, YTO KOPEHDb —5 ABJIAETCS TI0-
CTOPOHHUM, T.K. TIOly4aeTcs He MMeloIllee CMbICIa YUCIOBOE PaBEHCTBO
V=6 +/—1= /6. [IpuauHa 3TOTO B TOM, YTO HCIIONb30BAaHUE yKa3aH-
HOTO TOXK/IECTBA TIPUBEJIO K PaCIIUPEHUIO 0OIacTU ONpe/ieleHUs JTeBOi
YaCTU MCXOZHOTO ypaBHeHUA. TakUM 00pa3oM, HY)KHO YETKO IMOHUMATh,
YTO MPOBEPKY CJIEAYET MPOU3BOAUTH C IMOMOIIBIO TOACTAHOBKA MMEHHO
B laHHOE YpaBHEHUE, a He B TO, KOTOPOE TIOIYUUIOCh B PE3YIbTaTe KaKUX-
60 mpeobpaszoBaHuil JaHHOTO.
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1. AsnreGpandeckue npeo6Gpa3oBaHUs

YpasHenus suda 3/ f(x)= 4/ g(x)

[Ipu pemnieHUM ypaBHEeHUH 3TOr0 TUIA, CoZepKalIuX KOPHU HeueTHOH
CTEIeHH, Hy>KHO MTOMHUTb, YTO 3TU KOPHU U3BJIEKAIOTCSA U3 JIIOOOTO Aeii-
CTBUTEJIBHOTO YUCJIA U IPUHUMAIOT JIIOObIe JeHCTBUTENbHBIE 3HAYEHVS.

Tak, HanpuMep, ypaBHeHue 3/ f(x) = 3/g(X) PaBHOCHIBHO ypaBHEHHIO
f(x) =g(x). B cinyyae KOpHel YETHOU CTETIEHU HY)KHO MCIIOIb30BATh JIFO-
6011 U3 IBYX PaBHOCIIBHBIX ITEPEXOZOB:

2W= 2% o fx) =g00),

fG) =0
WIN
Zk/f(x) _ 2% /g(x_) N chgcc)) :g(X),

Ha IIpaKTHUKE BI:I6I/IpaeTCH TOT, B KOTOPOM HE€PABE€HCTBO CHUCTEMBI AB-
Jsercs 6osee IIPOCTBIM.

IIpumep 1. PemuTe ypaBHeHUE

Vx2+8x-8= 32x—1.
Pemenue. 1/x2+8x—8=V2x—1 & x2+8x—8=2x—1 <

x=1,
=
x=-7.

Omsem: 1; —7.

Ipumep 2. Pemmre ypasuerue v x2—2= Yx.

Pemrenue. 6\/ 2-2=%x &

0
)
Voxox
S
>
)
=
I
N

Omeem: 2.

Ypasrenus suda 4/ f (x) =g(x)

OzuuM 13 Haubosee pacIpoCTPaHeHHBIX Tpeo6pa3oBaHUil IIPU pellle-
HUU UppalMOHaNbHBIX YPaBHEHUH ABJIAETCSA BO3BeeHUe B KBapaT 00enx
yacTel ypaBHeHUs. HamoMHUM, YTO ecin 06e YacTH YpaBHEHUs HEOTPH-
I[aTeJbHbI HA HEKOTOPOM MHOXECTBE, TO BO3BeZeHHE B KBaZpaT obeux
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JacTel TaKOT'o ypaBHEHUs He IPUBOJUT HU K [TOTepe, HU K IPUOOpeTEHNIO
peleHni Ha 95TOM MHOXECTBE, TO €CTh SIBJIAETCA PABHOCWIBHEIM ITpeobpa-

30BAHHUEM. HOBTOMy
gx) =0,

fO) = g* ).
B camowm Jieste, eciii IpaBas 4YacTh YPaBHEHUs OTPHUIATENbHA, TO OHO He
UMeeT pelleHn B CHIy HeOTPUIlaTeIbHOCTU JIeBOM YacTu (KBaJpaTHOrO
KOpHs). Eciu jke mpaBas 4acTh ypaBHEHUsA HEOTpUIlaTeNbHa, TO BO3Bee-
HUE B KBaJIpaT 06euX ero 4acTel sBasgeTcs paBHOCWIbHBIM ITpeobpa3oBa-
HUeM. B mocyeZiHIO cUCTEMY MOPOU A06aBiAI0T TpeboBaHue f(x) = 0,
KOTOPO€E COBEPIIEHHO U3JHIITHE, TaK KaK PENIEHUAMU CUCTEMBI SBJITIOTCS
Te 3HAaYeHUs ITepeMeHHOU, I KOTOPHIX f (X) = g2 (x)=0.

B 2T0li CBSI3U CTOUT BCIIOMHUTD OIpeZie/ieHre apupMeTUIECKOTO KBa/I-
PaTHOTO KOPHS: apudpMeTHIeCKUM KBaJpaTHBIM KOPDHEM M3 YKCIa d Ha-
3bIBaeTCS TaKoe HEOTPHUIIATENbHOE YHCIO b, KBaZpaT KOTOPOTO PaBeH d.

f)=gx) &

Takum obpasom, /a=>b < O6paTuM BHUMaHUE Ha TO, YTO

=p2.
B OIIpeZieJIEHUH HET HU CJIOBA O 3HAKE YMCJIA d: Belb HUKAKOe OTPUIIATENb-
HOE d OIpeZieJIEHUIO ITPOCTO He YAOBJIETBOPSAET. TeM He MeHee, HaJTuIue
B cHcTeMe HepaBeHcTBa f (x) = 0 He 6yZieT HU OIMUOKOM, HU faXke Helovue-
TOM, TIOCKOJIbKY YTBEP)KEHUE

fx) =0,
fO)=g(x) & < fx)=g*x),
gx)=0
ABJIAETCA BeprIM.

3ameuaHnue. YpaBHeHUE 2”\/ f(x)=a (n€N) npu oTpULATENbHBIX
pellleHNii He UMeeT, a IPU HeOTPUIIATeIbHEIX 3HAYEHUAX d PABHOCWIBHO
ypaBHeHMIO f(x) =a*" 6e3 KaKuX 6Bl TO HU GBUIO JOMOTHUTEILHBIX YCIIO-

BUI. YpaBHEHUE n/ f(x) =h(x) paBHOCWIBHO CHCTEME
) = h*(x),
h(x) = 0,

IpuveM, Kak IIpaBWIO, YpaBHEHUE CHUCTeMBI pellaeTcsd, a HEPABEHCTBO
IIpoBepseTcA.

Ipumep 3. Pemmre ypaBHeHue y/ 4+ 2x —x2=x — 2.
Pemrenue. YpaBHeHHe paBHOCUIBHO CHCTEMe
44 2x —x? =x?—4x +4,
x = 2.



§ 3. lppanyioHanbHble ypaBHEHUA 45

YpaBHeHUe cuCTeEMBI MpUBOAUTCA K BUAY 2x(x —3) =0, oTkyza x =0
(3TOT KOpeHb He yZOBJIETBOPSIET HEPABEHCTBY X = 2), b0 x = 3.

Omsem: 3.

YpasHerus guda \/f(x) + \/g(x) = \/h(x) U c800uUMble K HUM

B Tom ciyuae, eciu dyakmM f(x), g(x), h(x) ABAAIOTCA TUHEHHBIMU,

ypaBHEHUE \/ f)+ \/ gl) = \/ h(x) pemaercs cTaHZAPTHBEIM 0Opa3oM:
BO3BeJleHHEM B KBaZipaT 06erx ero dacTell MpH yCIOBUH, YTO KaXKJas U3
oTuXx QYHKIMI HeoTpullaTeabHa. PaBHOCHWIbHOE Tpeobpa3oBaHue AJIA Ta-
KOI'O YpaBHEHUS — IIEPEXOJL K CUCTEME

FG)+24/f0)gx) +g(x) = h(x),
fo =0,
gx) = 0.

ObpaTyM BHMMaHWE Ha TO, YTO yCJIOBHE HEOTPHUIATETHHOCTU QYHKI[UU
h(x) MOXHO OIyCTUTh: OHO CJIEAYET W3 HEOTPULIATENBHOCTHU JIEBOH Ya-
CTU ypaBHeHUs Npu ycaoBuAX f(x) = 0 u g(x) = 0. ITocyie Bo3BegeHUs
B KBaJpaT W TIpUBEJEHUsA MOJOOHBIX OyZeT MONIydYeHO ypaBHEHHE BHZAA

v/ p(x) = g(x), KOoTOpoe pelaeTcs CrIOCO6OM, PAaCCMOTPEHHBIM BHIIIIE.

CoBepIIIEHHO TaK JXe pellaeTcs ypaBHEeHUe \/ fO)+ \/ gl) = \/ h(x)us
TOM CJIy4ae, eCIM OJUH U3 PAJUKAJIOB 3aMEHUTh 4ucIoM. ECiu ke XOoTa
651 ogHa M3 GyHKOUH f(x), g(x), h(x) He ABIAETCA JUHEHHOU (pUYeM
HU OIUH U3 PAIUKaJIOB He ABJIETCSI YUCJIOM), TO OOINEero MeToza pelie-
HUA TAKUX YpaBHEHHH HE CyLIECTBYET. PacCMOTPHM IIPUMEPHI PelIeHNs
YPaBHEHMH 3TOTO THIIA.

IIpumep 4. Pemute ypaBHeHUE VX +2+ vV Xx—1=3.
Pemenmne. vx+2++/x—-1=3 <

X+24+24/ x4+2¢/ x—14x—-1=09, m 1—a

&3 x+230, e | Vxravx—l=damx
x=1
x—1=0
2)(x—1) = (4—x)*

(GH2)6e—1) = (=27 x—2 =16-8x, x=2,

S 1 x =1, = =
1<x<4 1<x<4
x<4

Omeem: 2.
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IIpumep 5. Pelinre ypaBHeHUE

Vx+2=24+vVx—4.

Pelienue. x=-2,

x+2=4+4vVx—4+x—4,
@ {
X
x=4

x—4—l 1
T4 —42
= {x>4 = x 44.

=

Omsem: 4%.

Ypasrenus suda f(x)-+/g(x)=0

[Ipu pemenuu ypaBHeHUi Buza f(x) -4/ g(x) =0 momyckaetcs 60ib-
III0€ YKCJI0 OUIMOOK, CBA3AHHBIX C IVIOXO YCBOEHHBIM IIPABHJIOM PABEHCTBA
HYJTIO TIPOM3BEJEHUS IBYX COMHOKUTENEH: npoussedeHue 08yX COMHONCU-
mesiell pasHo HyJ0, ecju Xoms 6bl 00UH U3 HUX PABeH HYJI0, d 8MOopoli He
mepsiem cmuicna. O mocaeqHel YacTH 3TOrO YTBEPXKAEHUSI 4acTo 3abbiBa-
IOT, CJIEICTBHMEM Y€ro SIBIAETCS BKIIOYeHHE B OTBET IOCTOPOHHUX KOPHEH.
Peliast Takoe ypaBHeHHe, HYXHO MPaBUIHLHO GOPMYIHUPOBATh YCJIOBHE pa-
BEHCTBA HYJIIO IPOU3BEAEHMS ABYX GYHKIIUHI K C IIOMOIIBIO 3TOTO YCIOBHUS
MEPENTH K PABHOCWIBHOMN COBOKYITHOCTH

g(x) =0,

fx) =0,
glx) =0,

WJIH K€ PacCMOTPETH /IBa CJIy4asi, eCIM 3HaK COBOKYITHOCTU He HCIIONb3Y-
ercs. K 3Tol e rpymie MOXXHO OTHECTU UyTh Oojiee IIpOCThle YpaBHEHUS

BUAa f(X) =0, paBHOCUJIBHOE CHCTEME f(X) - 0’ u g(X) =0, paBHO-
A g(x)_ P g(X)>O, f(x) =P
CWIbHOE cucTeMe g(X) - 0’
f(x)#0.

IIpumep 6. Pemrvte ypaBHeHUE

(x> +3x—10)y/x+4 = 0.
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Pemenue. (x>+3x—10)vVx+4=0 &

) {x=—5,
x“+3x—10=0,
XZZ) X:2,
= {x+4>0, = =
x+4=0, x = —4.
x+4=0
x=—4

B kauecTBe ciefylomiero mpuMepa pacCMOTPUM pelleHue 3aJadu 5
gactu [ BBOAHON JMarHoCTHYeCKON pabOTHI.

IIpumep 7. Pemute ypaBHeHUE

(x—3)Vx2=5x+4=2x—6.

Pemtenue. [lepenuineM JaHHOE YpaBHeHHE B BUJe

(x—3)(Vx2—5x+4—-2) =0,

x=3,
OTKyZa (oTa cucreMa He UMeeT pelleHu) 1ubo
y { x*—5x+4>0 P
Vx2—5x+4-2=0,
OTKyZ:a
Vx2—-5x+4=2,
Y, 3HAYUT,

x*—5x+4=4.

KopHsamu nociegHero ypaBHeHUA ABIAOTCA yucaa 0 1 S.
Omeem: 0; 5.

Ceoticmea kopHetl

OnHO¥ M3 TUIIMYHBIX OMIMOOK NPHU PELIeHUH UPPalOHATIbHBIX YpaB-
HEHUI fABJsETCA HEBEPHOe IpeobOpa3oBaHKMe KOPHA U3 NPOW3BEJEHUS
(qactHOrO) ZAByX QYHKIWU B Mpou3BeAeHUe (YaCTHOe) KOpHEN U3 3THX
¢byHkIuit U obpatHoe mpeobpaszoBaHue. Ommbka 3Ta CBA3aHA C TEM,

YTO 06JIaCTDb OmpezieseHus BeipaxkeHusa 4/ f (x) 4/ g(x) y:xe obmactu ompe-
Jenenusi BoipakeHus 4/ f(x)g(x). B camom zene, mepBoe BBIpAXKEeHUE
fGo =0,

OIIpeJeJIEHO, €CIN { g(x) >0.
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BTopoe BwlpakeHHe OIpe/ie]IeHO, eCIu {chgj)) ig’ (B aTOM ciyuae
VT2 =y g0 mmu { L V5% (4 rom cnyuae o FoogG=
g(x)<0

=4/ —f(x)4/—g(x)). [ToaTomy mocjie TIepexozia OT KOPHSA U3 MPOU3BeEJe-

HUA K NPOU3BEAEHUI0 KOPHEN MOXXHO HOTEPATH pelieHus (4TO6Hl 3TOro
He MPOHU3O0IUIO, HY)XHO pacCMaTpUBaTh ABa CIy4as), a IPU O0OpaTHOM
mepexozie BO3MOXKHO IpHoOpeTeHre MOCTOPOHHUX pelleHuil (A1 TOoro
YTOOBI UX HUCKJIIOUUTD, HYXKHO CZeIaTh IPOBEPKY).

IIpumep 8. Pemnmure ypaBHeHUE

x(x+3)+(x+3) —-2=0.

Pemrenne. IlogkopeHHOE Bblpa}KEHI/Ie HEOTpI/I]_IaTeJ'IbHO, ecnu x = 0,
wi x < —3.

PaccmoTpum aBa ciayvas. Ilycts x = 0.

B aTtom cnyqae

(x+3) =1/x+3Vx =/ x(x+3).

O603HauUB MOCTIEHEE Bpra)KEHI/Ie yepes z (z = 0), momy4uM KBazpart-
HOe ypaBHeHUe 22 + z — 2 =0, e[UHCTBEHHBIM HEOTPUIIATENbHEIM KOPHEM
KOTOpOTo fBJsieTcs ynucio 1. Caenaem ob6paTHYIO 3aMeHy:

Vx(x+3)=1 & x(x+3)=1 & x*4+3x—-1=0,

-3+
OTKyZa: X = %
Yenosrio x = 0 yAOBIETBOPAET TONBKO X = # IIycTh Temephb

x < —3. B aTOM ci1yyae

(x+3)1/xx?=(x+3)%=

= (-&+3))F—==-V-(+)V—x=—yx(x+3).
/ —(x
KBazpaTHOe ypaBHeHHE OTHOCUTEIBHO TOU K€ IIepeMeHHOU z Oyzer
uMeThb BuJ 22 — 2 — 2= 0. EZIMHCTBEHHBIM HEOTPUIIATETbHEIM KOPHEM TI0-
CJIeZIHETO YpaBHEHUA ABIAETCA YUCIOo 2. TakuM o6pa3om,

Vx(x+3)=2 & x(x+3) =4 & x*+3x—4=0,
OTKyZa: X =—4; x=1. YcnoBum x < —3 yA0OBJIETBOPAET TOIBKO X = —4.

—3++v13

Omsem: —4; 5
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2. 3amMeHa nepeMeHHOU

OJHVM K3 caMBIX pacIpoCTpaHEHHBIX METOZOB pellleHUs YpaBHeHUH
ABJIIeTCA 3aMeHa llepeMeHHOM. DTOT MeTOZ, UCIIONb3YeTCA U I UppaLyo-
HaJIbHBIX ypaBHeHMi. Hanbomee yacTo BCTpevyaroTcss ypaBHEHUs, KOTOPHIE
MO>XHO IIPUBECTU K BUAY

af (x)+by/ f(x)+c=0

(B aTOM CiIydae HCIHONIb3yeTca 3aMeHa 2 = 4/ f (x), z = 0, 1mocyie KoTopoi
YpaBHEHME CBOAUTCA K KBAaZPaTHOMY OTHOCHUTENBHO Z), a TAaKXKe ypaBHe-
HUA BUJA

e, s
g(x) fo) —

. [ £
(B oTOM CIy4ae ypaBHeHUE CBOAUTCA K KBaJpaTHOMY 3aMeHOU z = POk

+b

a

z>0). ObpaTM BHUMaHUE Ha TO, YTO MPHU MOJCTAHOBKE t = 2/ f(x) me-
peMeHHas t MpUHUMAET TOJbKO HEOTPHUIIATeNbHbIE 3HAYEHNUS, a TIPH TIO/-

cTaHOBKe t = 2"}/ f(x) — m106BIe fAEeticTBUTENbHBIE 3HAYeHUA. OcOoOBIi
BU/ MUpPpAITMOHATBHBIX YPAaBHEHUM MPEACTABAAIOT cOO0i ypaBHEHUA, CO-

Jepxamye BeIpakeHue 4/ f(x), a OCHOBHBIE TPYAHOCTH IIPU pEIIeHUU
STUX ypaBHEHHU CBA3aHBI C UX paclo3HaBaHWeM U IIpaBWIbHBIM HU3BJle-

YyeHWeM KODHSA /JJIs1 KODHS C YeTHBIM ITOKa3aTeJeM: 2"\/ £21(x) = |f (x)]
(o 3HaKe MO/ YacTO 3a0BIBAIOT).

[epeiizleM K pacCMOTPEHHIO NIPUMEPOB, Ha4YaB C pelleHus 3aga4du 6
gactu [ BBOAHON JMarHOCTHYeCKON PabOTHI.

IIpumep 1. Pemnure ypaBHeHUE

3—x x—=1 __
Visi e =%

3 u:1,
3—x u+_:4: —
Pemenne. Ilycts u=4/—7. Toraa u = u=3,
u>0
u>0.

CaenaeM oOpaTHYIO 3aMeHY

3—x _

X_l_l’ X = 4,
=

3—x=3 x=1,2.

x—1

Omsem: 2; 1,2.



50 § 3. VppanuoHaibHble YpaBHEHUS

IIpumep 2. Pemute ypaBHeHHE
x?+3x+ vV x*+3x =6.
Pemenne. CzenaeM 3aMeHy nepeMeHHOM: z =1/ x2 + 3x. Torga
) gz = —3,
z°+2 =06,
(=4 z = 2) S z=2.
220
220
CaenaeM o6paTHYyIO 3aMeHY:

N x = —4,
Vx243x=2 & x*4+3x=4 &

x =1.

Omsem: —4; 1.

3. IIpuMeHeHUEe CBOUCTB QYHKIMH

IIpumep 1. Pemnure ypaBHeHUE

Yx—2++/3x—5=3.

Pemenve. EfuHCTBEHHBIN KOpeHb JaHHOT'O YpaBHEHUS Cpa3y MOXXHO
HaWTH, 3aMETUB, YTO €ro JieBas YacTh Ipe/CcTaBisieT co60lf MOHOTOHHO
BO3paCTAIOIIYIO Ha CBOel 06acTu onpezeneHus GyHKITIIO

fx) = 3\/X—2+ v/ 3x—5.
[Mockonmpky f(3) =3, To x =3 —KOpeHb ypaBHEHUA, U APYI'UX KOpHeH
B CWJIy MOHOTOHHOCTH PyHKIUU f (X) ypaBHeHUe f(Xx) =3 He UMeeT.
Omeem: 3.
IIpumep 2. Pemute ypaBHEeHUE

Va2 +3x—4+V/x3+12x2 —11x—2 = 0.

Pemienune. B CHIy HEOTPHULIATECJIPHOCTU KBAaZJApPAaTHOI'O KOPHA AaHHOE
YpaBHEHHE UMEET PEIIE€HNA B TOM U TOJbKO TOM CilIy4ae, €ClIn

9 x=1,
x?43x—4=0,
= x = -4, = x=1.

x®*+12x* —11x—2=0 3 )
x°+12x"—11x—2=0

Omesem: 1.
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3ajgauu
Pemute ypaBHEHI/Ie.
1. a) \/2x2+7:x—4, 6) V5x2—11=2x+1.
2_25
2. 6) T ==2—0.
a) —5x =0, ) v —=7x 0
25x%— 36 9y* — 64
_ _ 6) =0.
34 " = =0 Sty
4.2) (x2—16)v/3—x=0, 6) (y2—64)4/7—y=0.
x> —10x+9 22 —5z+4
5. a) 753 =0, 0) —f—l =0.
6.a) V5x+1=x—-7, 6) vV2z—1=2z—8.
7.a) V2x—1=3x—2, 6) /7y +2=5y —2.
8.a) v/ (3x—5)2=4, 6) v/ (42—9)2=7.
9.2) Vx2-10=+v2x+5, 6) \/22—18=+/52z—4.
10.a) vV3—2x=2x—3, 0) V7 —2x=2x-7.
11. a) V/x2=3x+2=—x%+3x-2, 6) Vx2+3x—10=—x%—3x+10.
12.a) 4/x=3x+1, 0) 5/y=2y+3.
2 4 y? 25
13. X - 6) = )
3.2) V3—2x V3-2x’ V7+8y /7+8y
14. a) Vx—6 _ v/x—6 6) Vz—2_ vz—2
: 2x—1 " 3x-2° 52+8 ~ 3z+4°
x2-5 922 —16
15. =1 6) ———=1.
a) x—5 ’ ) V3z+4

16.a) / (x—7N(x—3)=+vVx—7, 0) v/ (g+5(E=—7)=+vz+5.
17.a) (x—5)v/x—4V/x—-6=0, 6) (y—7)y/y—64/y—8=0.
18.a) (x+1)(x—6)vVx—5=0, 6) (z—8)(z+7NVz+3=

19.a) (x—7)(x+5)v4—x=0, 6) (x+7)(x—1)vV-5—x=

20. 2) \/(x—S)(x—i—S)_O 6) \/(x—7)(x+8)_
/)-8 Vx+7)(x—8)

x—Dx—4)(x—11)
Vx—2-3

(z+7(z—4(z—18)
Vz—2-4

21. a) =0, 6)

=0.
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22.
23.
24.
.a) Vx+2v/2x—-3=3, 6) Vx—4v/2x—7=1.

25

a) /(x—2)(x-9)=v2—x, 6) /(y-60(-H=,/6-y.
a) (x+2)vVx—1=+v/x—1, 6) (z+7)Vz—5=+2—5.
Q) (x—NVx—7=x-9, 6) (y —2)/y+7=y—2.



TpeHupoBoyHasa pabora 4

PemmuTe ypaBHEHUE.
1. vV5x+4=—x—-2.

2. /2x2—9x+4=x+2.

3. /4x* +8x3 +6x+10=3 — 2x2.

4. 3 2x2—x—1=—-2.

5. (3x%2—7x+2)v/3+5x—2x2=0.
6. (x*+3x—10)vV2—3x=3x>+9x — 30.

7. (2x% — 7x +3)/x3 + 2x% — 6x —3 =3 — 10x + 9x2 — 2x°.
V3x—2-2x+1 _

——————=0

T 256x*—40x—51

X2 —x—/x*—2x3+3x2+3x+1 —0o

9 5x3—6x+1

10. V2x2 —x —8=1/x2+2x - 8.

11. \/x+4—4y/x—/x+25—-10/x=1.

12.3%/2x2 +3x —8=43/2x2 +3x—8—1.
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OcHOBHas Wzies pelleHHs TPUTOHOMETPUUYECKOI'O YpaBHEHHUSA — CBe-
JeHUEe ero K OJHOMY WIM HECKOJIbKUM IPOCTEHIINM ypaBHEHUSM, T.e€.
YpaBHEHMAM BHJA Sin X =a, COsSX =a, tgx =a, ctgx =a. Kaxzaoe u3 satux
VDaBHEHUH JIETKO peIIaeTcs C MOMOUIbI0 TPUTOHOMETPUYECKOH OKPYK-
HOCTH, Ha KOTOPOH N306pa)karoTCs COOTBETCTBYIOIINE TOUKHY, ITOCIIE YETO
C YY4eTOM IepUOJUYHOCTH TPUTOHOMETPHYECKUX (PYHKUMH 3amuchiBaeT-
cs1 otBeT. C olpezieIeHHON CTelleHbI0 YCIOBHOCTU Ji060e CTaHZapTHOE
TPUTOHOMETPUYECKOE ypaBHEHUE («CTaHAapTHOE» He 00s3aTeNbHO O3Ha-
YaeT «IPOCTOEe») MOXXKHO OTHECTU K OZHOMY U3 /IByX OCHOBHBIX THIIOB:
YpaBHEHUs, CBOANMEIE K TPOCTEHIINM C IIOMOIIBIO TeX WIN UHBIX TPUTO-
HOMeTpPUYEeCKUX Npeobpa3oBaHUil (IIOHIKEHUs CTelleHH, IIpeobpa3oBa-
HUA CyMMBl TPUTOHOMeTpUYecKUX QYHKIUN B IIPOM3Be/leHNe, BBEAEHU
BCIIOMOTaTeJIbHOTO YIVIa U [p.), U YpaBHEHUsA, BHAYale CBOAUMEIE K ajl-
reb6panyecKuM C ITOMOIIBIO TOM WIN UHOHN 3aMeHHBI TEPEMEHHOM, a 3aTeM
C TIOMOIIIb}0 OOPATHOM 3aMeHBI IPUBOJUMbBIE K OJHOMY WIN HECKOIBKUM
MIPOCTENUIITNM.

1. AnreGpaudeckue nmpeoGpa3oBaHUA
YpasHeHus, HenocpedcmeeHHO c800UMble K npocmeliium

HaumeHee OTZajeHbl II0 YPOBHIO CJIOKHOCTH OT IIPOCTEMIINX TPUTO-
HOMETPUYECKUX YPaBHEHUI ypaBHEHUA BHJA
h(kx+b)=a u (h(x)—a)(g(x)—Db)=0,
rae h(x) 1 g(x) — Kakye-TO U3 YeThIPEX OCHOBHBIX TPUTOHOMETPUYECKUX
byHKIMH.
BmecTto mepexoza oT ypaBHenus Buzga cos(f(x)) =m (rge |m| < 1)
K ypaBHeHmio f(x) = *arccosm + 2nk, k € Z, OpiBaeT 1enecoo6pasHO
MEPENTH K COBOKYITHOCTH
f(x) = arccosm + 27k,
k,neZ.
f(x) = —arccosm+2nn,
AHajloru4HOe 3aMevyaHue CIIPaBeAJIUBO s ypaBHeHUA Buza sin(f (x)) =
=m (rzae |m| < 1). CoOTBeTCTBYIOIIAS COBOKYIIHOCTD B 3TOM CJIy4ae UMEET
BU/:
f(x) = arcsinm + 27k,

k,neZ.
f(x) = m—arcsinm+ 27n, ’

YpaBHeHue tg(f(x)) =m paBHOCWIBHO ypaBHeHUIO f(x)=arctgm + mn,
nez.
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IIpumep 1. PemuTe ypaBHeHHE

tg(2x+ %) = %

Pemenmue. tg (2x + g) = % =
T
7

S 2x+ 5 = n, n €z ’

Sl

+ 7
+ 7

a3

2x = - — n, n €%z

K2
6

Q
:\1|.:1 =]

X = + nez.

72
ﬂ
72

A Rla

nez.

Omeem: x=— +

84
ITpumenerue gopmyn y080eHHO20 apeymeHma

PelreHne ypaBHEHUH 3TOTO THUIIA OCHOBAHO HAa MPUMeHEeHWH GpopMyI
YZABOEHHOT'0 apryMeHTa.
ITpumep 2. Pemute ypaBHeHUe sin2x —cosx =0.
Pemenue. sin2x —cosx=0 &
& 2sinx-cosx—cosx =0 &
& cosx-(2sinx—1) =0 &

cosx =0 cosx =0,
. = = !
[Zsmx—l:O sinx:% X
xz%-ﬁ-nn, nez, 3
2

= TT
x = (—1)k-g+7rk, k eZ.

Omeem: x=§+7‘cn, nez; x=(—1)k-%+nk, keZ.

IIpeobpasosarue cymmul 8 npouseedeHue
u obpamtoe npeobpaszosamiie

[Tpu pelleHWM 3TOTO THUIIA 33aAa4d HCIOAb3YIOTCS GOPMYyJBI mpeobpa-
30BaHUA CyMMbI (Pa3HOCTU) [IByX TPUTOHOMETPUIECKUX GYHKIUIA B IPO-
v3BeZieHre U GOPMYJIBI, TIO3BOJSIONIUE TIEPENUTH OT MPOU3BEAEHUS JBYX
TPUTOHOMETPUIECKUX GYHKIIMIA K cymMMe (pa3HOCTH). B KayecTBe MEPBOro
IIpUMepa pacCMOTPUM pellleHue 3ajauu 7 yacTu [ BBOAHOI ArarHocTrde-
CKOM pabOoTHI.

IIpumep 3. PemwuTe ypaBHeHHe Sin 3x 4+ sin 4x 4 sin 5x =0.
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Pemenue. sin3x+sin4x+sin5x=0 < y

ngsx-cos 3x;5x +sindx =0 &

& 2sinx

& 2sin4x-cosx+sin4d =0 <

NI

1
& sindx(2cosx+1) =0 & \ 2|
sin4x =0, 4x =mn,n €7, Lo
(=1 (=4
cosxz—% x:i%+2nk,kez.

Omeem: x = %, nez; x:iz?n + 271k, k€ Z.
IIpumep 4. Pemute ypaBHeHHUe cos 3x +sin2x =0.

Pentenue. [Tockonbky y

sin2x = cos(g —2x),

E
2
TO
0053x+cos(§ —Zx) =0 &
>/

x
SHx  5x-3
& 2cos - COS =0 <
2 2
[ cos(T X)) — 2
cos(4+2)—0,
(=4 (=4
cos(s—x—E)=
2 4
[T, x_ T _T
o Z+§—2+nn,nez,@ x-2+2nn,n€Z,
5x ©m_ T _ 3m | 2mk
_7—2—2+Ttk,k€Z X—10+—5,k€Z.

Omseem: x:§+2nn, nEZ;x:i—g+2Tm<, keZ.

Yenosus paseHcmea 08yxX 00HOUMEHHBLX
mpuzoHomempuueckux GyHkyull

YpaBHeHUs YKa3aHHOI'O HIDKE BHZA MOTYT OBITH pellleHbl KaK pasyio-
JKeHHEeM Ha MHOXUTeNHN (C UCIOMb30BaHUEeM GpOPMYJ CYMMBI WIH pa3HO-
CTU CUHYCOB WINU KOCUHYCOB), TaK U C UCIIOJb30BAHUEM YCJIOBUI paBeH-
CTBA /IByX OZHOUMEHHBIX TPUTOHOMETPUYEeCKUX GYHKINI pa3IuIHBIX ap-
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rymMeHTOB. [IprBeZieM COOTBETCTBYIONME PABHOCUIbHBIE TIEPEXOIbI:
f(x) =g(x)+2mn,

fx) =—g(x)+27k,

f(x) =g(x)+2mn,

fx) = n—g(x) + 27k,
fx) =gx)+mn,

FO) # 5 +7k,

- f(x) :g(x)+TCTl,
ctg(f () = crg(g(x) & [f(x) # ik

(keZ, neZ).
3aMeTUM TaKXXe, 4YTO ypaBHEHUA BUJa

sin(f(x)) = cos(g(x)) m tg(f(x)) = ctg(g(x))

cos(f (x)) = cos(g(x)) & [

sin(f(x)) = sin(g(x)) < [

tg(f(x)) = tg(g(x)) < {

¢ momompio GOpMy/T IPUBEAEHUS CBOAATCA Yar
COOTBETCTBEHHO K ypaBHeHMsaM sin(f(x)) = 3. 2 -
:sin(g—g(x)) Htg(f(x)):tg(g—g(x)). 4 4
ITpumep 5. Pemnte ypaBHeHHe tg6x =
=tg2x.
Pemntenue. tgbx =tg2x < i 0 x
6bx =2x+mn, nez
s S 7
& { cosbx #0, s 4 3 2
cos2x # 0, 2
nn _ nmn
X = T, ne Z, X = 4 ne Z

P 6x7é%+7rk,kez, = x;é—+— kez,

2x¢£+nm,meZ x;éz—i-T,mEZ.

Omeem: x = 2= 2 ,NEZ.
IloHuxnceHue cmeneHu

[1pu pemieHMY 3aJa4 3TOTO TUIIA TPUMEHSIOTCSI GOPMYJTBI TIOHUKEHUS

. 2 1 —cos2x 2 1+ cos2x
CTENeHH Sin”x = —————, €0$" X = ————, TI0C/Ie 4ero ypaBHEeHMUe,

KaK IIpaBUJIO, yAa€TCA CBECTU K OJHOMY M3 PACCMOTPEHHBIX paHEE TUIIOB.

Ipumep 6. Permure ypaBHeHUe cos? 2x + cos? 3x + cos® 4x = %
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PemreHue. cos? 2x + cos? 3x + cos? 4x = % =

14+cos4x  1+cosbx = 1+4cos8x 3

S Ty T T3 T3
<& cos4x+cosbx+cos8x =0 <
& 2cos 4x;LgX-cos 4xggx+cos6x:0 =
& cosbx(2cos2x+1) =0 <

[ cosbx =0, X
= 1 =

cos2x = -3

_6x = g+7rn, nez,
= 2 =

2x = :I:?+27'ck, kez

[x = + , NEZ,
PN 6

x = :|:§+7'ck, k eZ.

Omeem: x——+?,n€Z x= :I: +nk, k€.

Paznoxncenue Ha MHoMCUMeNU

[lpy pelneHuM ypaBHEHHI 3TOro TUIa Haubosee 4acTo BCTpedaro-
masics omwuobKa: JeleHue o0eux JacTell ypaBHEHHs Ha BBIpaKeHHE, CO-
Jeprkalllee HEeM3BeCTHYIO (IIpaBWIbHOe AeMHCTBHe: IIepeHOC BCeX WIEHOB
B OIHy U3 YacTell ypaBHEHUs U BbIHeCEHUE OOIEro MHOXUTeNs). Takas
omrmbKa MPUBOAUT K HEBEPHOMY OTBETY, IIOCKOIBKY TEPSIOTCS KOPHU —
Te 3HAUYeHUs TepeEMEHHOM, MPYU KOTOPHIX YKa3aHHOE BRIpaXKeHUe obpalra-
eTcs B HyJIb.

IIpumep 7. Pemmure ypaBHeHMe cos 2x = sin® x + cos® x.

Pemrenue. cos2x =sin> x4+ cos®x <
& cos? x —sin? x = (sinx +cosx) - (sin® x —sinx cos x + cos® x) &
< (cosx —sinx)(cosx+sinx) — (sinx+cosx)-(1—sinxcosx) =0 &
& (sinx+cosx)(cosx—sinx—1+sinxcosx) =0 &
sinx+cosx =0, (D
[ cosx—sinx—1+sinxcosx =0. (2)

Pemmum (1): sinx+cosx=0 & tgx=-1 < x:—%-i-rm, nez.
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PemuMm (2): cosx(1+sinx) — (1+sinx)=0 <

) sinx = —1, x=—£+2nk, kez,
& (1+4sinx)(cosx—1) =0 = 2
cosx =1

x=2mm, m € Z.

Omeem: —% +7mn, n€Z; —% + 27k, k€Z; 2nm, meZ.

BgedeHue 8cnomozamenbHO20 apeymeHma
PenteHune 3a7a4y yKa3aHHOTO THIIA OCHOBBIBaeTCA Ha MpeobpasoBa-
HUM BBIPAKEHUM BUZA asinx + bcosx B BbepakeHus Buga Asin(x + @),
Acos(x + ¢) c TOMOIIBI0 U3BECTHON CXEeMBI.
Ipumep 8. PemmTe ypaBHEHHe sin x + cosx = v/2.

Pentenne. — sinx + 1 cosx=1 &<
V2

V2 Yy
- T
= sin(x—l—z):l = 4
n T
= X+Z §+27rn,n€Z.

Omsem: x = % +27n, n€eZ.

IIpuMmep 9. Pemmute ypaBHeHUE

cos3x —sinx = \/§(cosx —sin 3x).
Pemenne. cos3x —sinx=+/3(cosx —sin3x) <
< cos3x+ v/3sin3x = sinx+ vV3cosx <

=

V3 . 1.
2C053X+7811‘13x- §smx+7cosx =

= sin(3x+%) :sin(x+§) = sin(3x+%)—sin(x+g) =0 &

sin(x—%) =0,
= Zsin(x—l—nz) ~cos(2x+%) =0 &

TE —
cos(2x+z) =0
T
x = E+7‘cn, nez,

_ T mk
x—8+ z,kGZ.
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2. 3amMeHa nepeMeHHOU

3aMeHa ITepeMeHHOM, KaK MPaBWIO, MMO3BOJSIET CBECTH TPUTOHOMET-
pUYecKoe ypaBHeHUe K anrebpandeckomy (0OBIYHO KBagpaTHOMY). Eciu
B ypaBHeHuHu BHza f (sinx; cosx) =0 (3aech f — panuoHanibHOe anrebpa-
HWYEeCKOe BBIPAKEHUE) B JIEBOU YACTH €CTh TOJBKO YeTHEIE CTENEHU KOCH-
Hyca, TO CJIe/lyeT BOCIIONb30BaThCA PABEHCTBOM cos® x = 1 — sin? x, mociie
Yero CBECTH ypaBHEHMe K ajarebpanveckomy 3aMeHoi a = sinx, |a| < 1.
AHaIOTMYHO, €C/TU B JIEBOU YaCTU TaKOTO YPaBHEHUS €CTh TOMbKO YeTHBIE
CTETIEHU CHUHYyCa, TO YpaBHEHUE CBOJAUTCS K aarebpanveckoMy 3aMeHOM
a=cosx, |a|<1.

OJHOPOAHBIM ypaBHEHUEM N-T'O MOPs/IKA HA3bIBAETCSA YPaBHEHHE BU/A

Ay PO +a, 1 ) g() +a,_o P20 g2 () +...+ay-g" (x) = 0.

VIHOTZIa OfHOPOAHOE ypaBHEHUE N-TO MOPsAAKA HAa3bIBAIOT 00HOPOOHbLLM
ypasHeHuem n-ii cmenenu. OJHOPOAZHOE ypaBHEHHEe CBOAUTCA K aureb-
pandecKoMy YpaBHEHUIO N-i CTeleHU IIocje ZeleHus oberx dacTeil Ha
g"(x) u BBeZeHHUA HOBOU IlepeMEeHHOU t = % CrefyeT OJ4YEPKHYTB,
YTO TIpU ZleJIeHuU Ha g (X) MOXeT MPOU30UTH IMOTeps KOpHEH ypaBHe-
HUsA, TI03TOMY 00s3aTeNbHOU ABIAETCS MPOBEPKA TeX 3HAUeHUH X, MpU
KoTOphIX g"(x) =0. Ecu oTH 3HaUEHUA X SABJIAIOTCA KOPHAMHU UCXOZHOTO
YpaBHEHUs, TO UX TaKXKe CjeZlyeT BKIIOYUTh B OTBET.

Cpezu Bcex OJHOPOJHBIX YpaBHEHHUH BBIZENAIOT YpaBHEHUE BTOPOIO
MOPSAZKA, KOTOPOE CBOAUTCS K KBaZIpPATHOMY ypaBHEHUIO. B IMIKOIBHOM
MpaKTHUKe BCTPEYAIOTCS TaKKe YPaBHEHUSA TPEThEro IopszKa, KOTOPHIE
CBOZAATCA K KyOM4YecKUM ypaBHeHUAM. [lociesHre pematoTes, KaK IpaBy-
JI0, IyTeM T'PYNIIHPOBKU U IOCAEAYIOUIEro pas3IoKeHUsI Ha MHOXXUTENU.
Ecm f(x) = sinx, g(x) = cosx, TO OZHOPOJHOE ypaBHEHHE BTOPOTO
MOPSAZKA UMeET BUZ

asin® x+bsinxcosx+ccos’?x =0

U CBOAUTCSA K KBaZpaTHOMY 3aMeHOM z = tgx (Imocse AeieHUsa Ha cos® x)
Wiy g =ctgx (mocie AeneHus Ha sin® x). YpaBHeHUe

2x =d

asin® x + b sin x cos x + ¢ cos
CBOZIUTCS K OHOPOAHOMY C TTIOMOIIBIO TOXK/IECTBA
d = d(sin® x + cos? x)

(uHOTZA Takoe mpeoOpa3oBaHUE HA3BIBAIOT YMHONCEHUEM HA MPUOHO-
Mempuueckyto eQUHULY).
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OTzenbHOTO 3aMeYaHus 3aCAYKUBAET YHUBEPCATbHAS TPUTOHOMETPH-
YyecKas oZCTaHOBKA. Boobiie roBopsi, IF060€e TPUTOHOMETPHUYECKOE YPaB-
HeHMe Buza f (sinx; cosx) =0 (f — pallMoHaIbHOE anrebpanvecKoe BhI-
paKeHUEe) MOXKET ObITh CBEIEHO K anre6pandecKoMy YpaBHEHUIO OTHOCH-

. . X
TeJIbHO HOBOH NePeMeHHOM Z =tg 5 € OMOIIBIO dbopmyn

2tg3 1-tg”2

sinx = ——~, COSX = ———
1+tg*3’ 1+tg*3

(mosToMy Takas mOJCTaHOBKA M HAa3bIBAeTCs YHUBepcaabHOU). OTMeTUM,
yTO 3THU GOPMYJIBI HE SBAAIOTCA TOXKZECTBAMH: OHU CIIPABE/JIUBBI, TOh-

X o x _
KO eC/u oS 3 # 0. INoaromy ciy4aii, Korga cosy = 0, To ecTh Korza

X =7+ 271n, n € Z, IpU pEIIEHUN ypPaBHEHWS 3TUM CIOCOOOM JI0J-
J)KeH OBITb PACcCMOTPEH OTAETbHO. EC/IM Takve 3HAYEHUS X SBJIAIOTCA
pelIeHNAMH KCXOZHOTO YpaBHEHHs (3TO IPOBEPSETCS IMOACTAHOBKOM
3HAYeHUM X = 7T + 271, n € Z, B AAaHHOE YPaBHEHUE), TO UX TAKKE CIIEAYET
BKJIIOYUTHh B OTBET. TaKUM 00pasoM, pelleHre yPaBHEHWM C MOMOIIbIO
VHUBEPCATBHOM TPUTOHOMETPUYECKOUN TTOACTAHOBKU TPEOYET MOBBIIIEH-
HOT'0 BHUMAaHUA U OCTOPOXKHOCTU. KpoMe Toro — u 3To caMmoe IiaBHOE —
ZIOBOJIBHO TPYZAHO IPHZAYMaTh YpaBHEHUE, PelleHre KOTOPOro BO3MOXKHO
TOJIBKO C TIOMOIIBIO YHUBEPCATbHOM TPUTOHOMETPUIECKOH T0JCTAHOBKH.
Jlpyrue crocobbl, KaK MpaBWIO, OKa3bIBalOTCA Gojee 3GGEeKTUBHBIMU
U KOPOTKUMHU. [103TOMYy DPEKOMEH/OBATh HCIIONb30BAHUE YHUBEPCAJb-
HOU TPUTOHOMETPUYECKOM MOACTAHOBKKM B KaYeCTBE METOZA PelIeHMUs
YPaBHEHUI MOXKHO JIMIIb CO 3HAYUTETbHBIMU OTOBOPKaMH.

IIpumep 1. PewmnTe ypaBHeHUE
3tgx+2tgx—1=0.

Pemenue. CzenaeM 3aMeHy tgx =d.

a=-1,
3¢°+2a—-1=0 & 1

a==z.

3
T
tgx=—1, x:—z+7'm, nez,
CiiegoBaTebHO, 1 = 1

gx=g x=arctg 5 + 1k, kE€Z.

Omeem: x:—%-i-rm, nez; xzarctg%-ﬁ-nk, keZ.

[Ipumep 2. PemmuTe ypaBHeHHe 4 cos? x — 2sin x —5cosx —4=0.
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Pemrenue. 4cos®x —2sin’x —5cosx —4=0 < 6cos®x — 5cosx —
— 6=0. O603Ha4UM a = cos x, 3ameTuM, 410 |a| < 1. Torga

a=?
6a>—5a—6=0 < 9
a = —5.
3HavyeHue a = % HEe YIOBJIETBOPSET
yenoBuio |a| < 1. 3Hauur, Y
2 2
COSX = —§ p— arccos(—s) 77777777
= x:iarccos(—%)—i-Zrm, nez. 7@1
, SR
Omeem: x == arccos (_§) +27n, X
nez. e
IIpumep 3. Pemute ypaBHeHUE
7+4sinx-cosx+1,5(tgx+ctgx) =0.
Pemrenue. O6nacTh onpeeneHus sin x # 0; cos x # 0. Tak kak
__sinx |, cosx _ sin®x+cos’x 1
fgx+cgx = Cos X + sinx = cosxsinx ~ cosxsinx’
ypaBHEHUEe TIPUMET BUJ;
. 3 Al
74 2sin2x+ snox — 0;
obosnaunm a =sin 2x, |a| < 1. [Nony4yaem
a= -3,
7a4+2a*+3=0 1
a=—5.
2
3HaveHre a=—3 He yAOBIETBOPSET yCIOBHIO |a| <1, 3HAUUT, sin 2x = —%.

2x = (—1)"(—%) +mn, n € Z.

cv— (1. T mn
Omeem: x=(—1) ( 12)+ 2,n€Z.

IIpumep 4. Pemnte ypaBHeHUE
2sin?x —3sinx-cosx — 5cos? x = 0.
Penrenue. 3ameTuM, 4TO Te 3HAYEHUA X, IIPU KOTOPHIX cosx =0, He

ABJIAIOTCA pelleHNsAMU JaHHOI'O YpaBHEHUA.
Paszzenm 06e 9acTH ypaBHEHUA Ha COS> X, TIOMydIrM:

. 2 . . 2
2sin”x  3sinx-cosx  5cos”x —0 & 2tg2x—3tgx—5=0.

cos?x cos? x cos? x
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O603HaYUM a =tgXx:

a
2¢>—-3a-5=0 & 2’

arctg/§
WiIu 2

x=arctg%+nn, nez,

x:—%+nk, k e Z.

INE

Omeem: x = arctg % +nn, n€Z;

x=—%+nk, ke, -1

IIpumep 5. Pemute ypaBHeHUE Y
sin® x — 14sinx - cosx +4cos? x +4 = 0.

Pemtenne. IIoCKOIBKY arctg2| 4
4 = 4(sin? x + cos? x), 5

x4
arctg'=
TO ypaBHEHMe IIpUMeT BU/J, 5

2

sin“x — 14 sinx - cos x +

+4cos® x + 4(sin® x + cos® x) = 0,

nwin

5sin®x —14sinx-cosx+8cos?x =0 <
& 5tg’x—14tgx+8=0

(Tax xak 3HaueHUA X, IPYU KOTOPHIX cosX = 0, He ABJIAIOTCA pellleHusAMU
4

JlaHHOTO ypaBHeHus). ClieZloBaTeNbHO, 5’ 3yavur,
tgx =2.
. 4
X = arctgg-i-rm, nez,
x = arctg2+ rtk, k € Z.

Omeem: x=arctg%+ mn, n€Z; x=arctg2+ nk, k€Z.

ITpumep 6. PemuTte ypaBHeHUe

2

sin® x + 3 sin? x - cos x — sin x - cos® x — 3 cos® x = 0.
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Pemenue. YpaBHeHUe ABJIAETCA OJHOPOJHBIM ypaBHEHHEM TpeTbel
CTelleHU. 3Ha4eHUA X, IPU KOTOPHIX oS X = 0, He ABIAITCA ero KOPHAMU.
PaszienB o6e YacTH ypaBHEHMS Ha COS> X, OMYIUM

tg®x+3tg?x —tgx—3 =0.
IIycts a =tgx. Torga

a®+3a>-a-3=0 & a(@-1)+30@*-1)=0 &

1,
< (@-1D@+3)=0 < (@a-D@+1@+3) & |a=-1,
= -3,
TO €CThb
tgx =1, x=75+mn, nez,
tgx =-1, < x:—%+7‘5n, nez,
tgx = -3

x = arctg(—3) + k, k € Z.

Omeem: x=:|:% +7mn, n€Z; x=arctg(—3) + nk, keZ.

3. OT60p KOpHEIl B TPUTOHOMETPUYECKUX YPAaBHEHUAX

PeriieHrie HEKOTOPHIX TPUTOHOMETPUYECKUX YPaBHEHUH MTPEATIONaraeT
OTOOP KOpHEM, YAOBJIETBOPSIONINX TeM WM WHBIM OrpaHudYeHusM (Ha-
MIpUMep, CBA3aHHBIA C OrPaHUYEHHOCTHIO CHHYCA WIM KOCHHYyCa: TaKUe
MpUMepHhl OBUIM PAacCMOTPEHBI B IMpEeABIAYIIEM IYHKTE). B HEKOTOPBIX
ypaBHEHUSIX OTOOpD KOPHEM OTOBOPEH B YCJIOBUU WIM JUKTYETCI JO-
MTOJTHUTETbHBIMU OTPaHUYEHUSIMU: 3HAMeHaTelb Apobu He paBeH Hy-
JIIO, BBIP@KEHHUE 0/, 3HAKOM KODHS YETHOU CTENEeHW HEeOTPHUIATeTbHO,
BEIpQ)KEHHE T10Zl 3HAKOM JIOTapudMa IOJOKUTENBHO U Ap. VICKITIOUUB Te
TOYKH, KOTOPHIE HE Y/OBJETBOPSIOT YCJIOBUIO 3aZa4M WIM BBEJEHHBIM
OTpaHUYEHUAM, CJIEJIyET 3aMUCaTh OTBET B BOSMOXKHO 60jiee KOMIIaKTHOM
dopwme. [1s1 aTOTO ClIeAyeT 06paTUTh BHUMaHUE Ha TOYKH, SBJISIONIHECS
KOHI[AMHU JAMAaMEeTPOB €JWHUYHON OKPY)KHOCTH, TOYKH, CUMMETDUYHBIE
OTHOCHTEBHO OCH abciuce (OHM COOTBETCTBYIOT YMCIaM +d), U TOYKH,
MOJTyYaIoIIKecs MoCeA0BaTebHBIMU TOBOPOTAMHM HEKOTOPOU M3 HUX Ha

. 2T
OZVIH U TOT K€ Yr'oJl, PAaBHBIN 7 (p — HaTypasbHOE YUCIIO).

[Tpu TakoM TOAX0ZAE K OTOOPY KOPHEH MOXKHO 0O0UTHCH 63 peleHus
JIMHEHHBIX YPaBHEHU B LIEJIBIX YUCIAaX. DTU YPaBHEHUS UMEIOT BUA

ax+by =c,
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rae a, b, c — uenouyncieHHple KO3GOUIUEHTH, X U Yy — IEJIOYUCIEHHBIE
HEeM3BEeCTHbIe, ¥ Ha3blBAlOTCA AMOGAHTOBHIMU YPaBHEHUAMH 110 UMEHU
JIpeBHerpeveckoro ydeHoro /lnodanra, xxusiiero B III Beke. J[nodaHTOBEI
ypaBHEHUA MMEIOT, KaK IIpaBWIO, MHOI'O PEIleHUi, U [I03TOMYy HUHOIZa
VX Ha3blBAIOT HEOIpeZeeHHBIMU ypaBHEHUsMHU. VI3nokeHUe OOIIero
MeTOZa pelleHUs JUHEWHBIX AUOQAaHTOBBIX YpaBHEHWH 3aliMeT MHOTO
MecTa (ZJa OHO U BBIXOJUT 3a PaMKHU LIKOJIbHOMN NMpPOrpaMMbl). 3aMeTUM
JIUIIb, YTO TIpU OTOOpe KOpHEH TPUTOHOMETPUYECKUX YpaBHEHUI 6e3
HICTIO/Mb30BaHUA TPUTOHOMETPUYECKOM OKPYKHOCTU OOBIYHO ZIOCTATOYHO
HCIIOJIb30BaTh CBOMCTBA JEJIUMOCTU LIeJBIX YKCelI, U B YaCTHOCTH CBOU-
CTBa YeTHOCTU U HeyeTHOCTHU. [TokaxkeM Ha IIpuMepe, KaK IIPUMEHAIOTCA
3TU CBOMICTBA.

[Tycth, HapuMep, Hy>KHO Ha'TU pellleHUs ypaBHEHUA
ypaBHEHNE PaBHOCWIBHO CUCTEME

sin 8x
sinx

=1. 910

sin 8x = sinx,
sinx # 0.

o 2 T 2mn
Takum 00pa3oM, U3 pelleHud X = UM U X =g + =g YpaBHeHu: CH-
CTEMBI HY)XKHO MCKJIIOUUTh 4ucia x = nk (m€Z, n € Z, k € Z). Halizem

2
CHa4daJjia, IIpU KaKWUX LEJbIX m U k BmIMOIHSAETCS PaBEHCTBO 77’Em = 1k.

DTO paBEHCTBO JIETKO TPUBOAUTCA K BUAY 2m = 7k. JleBas 4acTh MOCJIEA-
HEro paBeHCTBA ABJIAETCA YeTHBIM YUCIOM. [To3TOMy IIpaBasd 4acTh TaKXe
JO/DKHA OBITH YETHBIM YHCJIOM, YTO BO3MOXKHO, TONBKO €C/IU k sBiIAeT-
Cs1 YETHBIM YUCJIOM, TO ecTb k = 2I, [ € Z. Tlpu atom 2m =7 - 21, oTKyzAa
m =7l. CiefoBaTeNbHO, LieJIble YKCIa BUAa m = 7] Hy’KHO HUCKJIIOYUTD U3

o 2 o
PEIIEeHNU X = 5 TTm. ,Z[anee HauJeM, IIpU KaKUX LEJIbIX N 1 k BeImONHAETCA

7
Ty 211 _ k. 30 PaBeHCTBO IIPUBOAUTCA K BUAY 2n+1=9k.

PaBEHCTBO g 9
JleBas 4acTh TOCIEIHETO PABEHCTBA ABISETCS HEUETHHIM YMCIOM. [103TO-
My TIpaBas 4acTh TaKKe ZIOJDKHA OBITb HEUYETHHIM YHCJIOM, YTO BO3MOX-
HO, TOJIbKO e/ k SIBJISE€TCS HEYETHBIM YKCJIOM, TO ecTb k=214 1, [EZ.
[pu atom 2n + 1 =9(2l + 1), oTkyza HaxoauM, uto n = 9l + 4. CregoBa-
TeJIbHO, IIeJIble YHCIa BuZa n =9l 44 Hy>KHO TakKXe UCKJIIOYUTh U3 pelle-
Hus. Paccy:kzasi aHaJOTUYHO, B OONBIIMHCTBE CIyYaeB MpU O0TOOPE KOp-
Heli ZIeHCTBUTEIHHO YAAEeTCs OTPaHUYUTHCS IPUMEHEHUEM CBOMCTB JIE/TH-
MOCTH IIeJIbIX YHCE, a He penaTh Ju0daHTOBb ypaBHEHHUs B 061IIeM BuU/ie
(HammOMHUM, 4TO JpYTo¥ crtocob 0TOOpa OCHOBAH Ha UCIIOIb30BaHUHU TPH-
TOHOMETPUYECKOH OKPY>KHOCTH). B 6osiee MPOCTHIX CIyYasx AOCTATOYHO
YMeEHUS TPAaMOTHO CTPOUTb COOTBETCTBYIOIME paccy:kieHus. [IpuBegeM
peleHts HEKOTOPBIX YpaBHEHUH.
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Ipumep 1. Pemmure ypaBHenue 1/ 9 — x? cosx =0.
Pewenune. \/9—x?cosx=0 &

2 — x =43,
9—x=0, : x = +3,
= cosx =0, < x:§—|—7'cn, nez, < :I:TC
x==x=.
9-x2>0 -3<x<3 2

Omseem: £3; j:g.
IIpumep 2. PeminTe ypaBHeHUE

(sinx—@) 3x2—7x+4=0.

Pemrenue. [IpousBe/ieHre JBYX BbIpQ)KeHUI paBHO HYJIO, eCIU XOTA
OBI OZIHO U3 HUX PaBHO HYJIIO, a APYTOe IPU 3TOM He TepseT CMBICIA:

(sinx—?) 3x2-7x+4=0

x:(—l)”-£+nn,n€Z,
sinng, i
(x—l)(x—g) =0
= 3x*—7x+420, & 1
3x*—7x+4=0 4
X:§.

IMockonmbky 3< <4, 10 1< g < % [Moatomy n #0.

Omeem: {1;%}U{(—1)”~%+nn, nez, n;éO}.

IIpumep 3. Pemute ypaBHeHUE

| cos x +sin x| = v/2sin 2x.
Pemenwue. |cosx+sinx|=+2sin2x <

sin2x =1,
(cosx +sinx)? = 2sin? 2x, ) 1
= . = sin2x = —- <
sin2x = 0 2
sin2x = 0

&S sin2x =1 < 2x:§+2nn, neEz.

Omeem: x = % +mn, n€Z.
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Mpumep 4. PemuTs ypasHeHue (2 cos? x —cosx)y/—11tgx=0.

Pemenue. IlpousBefeHMe ABYX MHOXUTeNEH paBHO HYJIO, €CJIU XO-
T OBl OAVH M3 HUX paBeH HYJIO, a APYrOi IpU 3TOM He TepsieT CMBICIA.
[ToaToMy faHHOE ypaBHEHHE PAaBHOCWIBHO COBOKYITHOCTH

2cos®x —cosx = 0,

tgx <0,
cosx # 0,
tgx = 0.
2 1
W3 ypaBHeHUA 2 cos” x — cos x =0 mosmy4aeM cosx = 3 60 cos x =0 (4to
1
IIPOTHUBOPEYUT YCIOBUIO COs X # 0). PerieHNAM ypaBHEHHUA COS X = 5 COOT-

2
BETCTBYIOT AB€ TOYKH eﬁ[I/IHI/I‘IHoﬁ OKDPYXXHOCTH, OJHA M3 KOTOPLIX JIEXKUT

B IIepBOH 4YeTBepTH (U 3HAYUT, [JI1 Hee HepaBeHCTBO tg X < 0 He BBHIIONHSA-
ercs), a pyrasi — B 4eTBepTOM deTBepTHU (4151 Hee HepaBeHCTBO tgx <0
o T
BBITIOJTHAETCS U pellleHre YpaBHEHUs JaeTcs GOpMyIoN x = —3 t27n,
n € 7). Tenepb ocTasoch BHIMCATh PelleHre MPOCTENIero TpPUroHOMeT-
puyeckoro ypaBHeHus tgx =0, T. e. x = 1tk, k € Z, v 3amucaTh OTBET.

Omeem: x=—g +2nn,n€Z; x=rnk, k€Z.
26cos?x —23 cosx +5

13sinx —12

Pemenne. [[po6b paBHA HYJTIO, €CJTH YUCIUTETh PABEH HYIIO, a 3HAMe-
HaTesb He PaBeH HYJIIO U He TepsAeT cMbIcia. [I0aToMy JaHHOe ypaBHEHUe
PaBHOCWJIBHO CHCTeMe

IIpuMmep 5. Pemuth ypaBHeHUE =0.

26cos?x —23cosx+5=0,
. 12

sinx # 13

PemuB ypaBHEHUE CHCTEMBI KaK KBa[paTHOE OTHOCUTENBHO COS X, HaXo-
1 5 1 . V3
AMIM COS X = 5 00 CoS X = 13- Eciu cosx = 5> To sinx= iT Y HEpaBeH-
. 12 T
CTBO Sinx # 13 CHCTEMbI BBIIONHACTCA. CrnezoBaTesbHO, X = j;§ + 271k,
5 . 12
13> TO sinx = iﬁ. B aToM ciyvae ¢ yueToMm Hepa-
. 12 o

BEHCTBa sinx # 13 CHCTeMEI IOy4aeM, YTO U3 ABYX TOYEK eJMHIYHOI

ke Z. Ecau cosx =

5
OKPYKHOCTH, COOTBETCTBYIOIINX PeIICHHAM YPABHEHHHA COS X = 73, HYXK-
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o . 12 o
HO OCTaBHUTb TONBKO TY, /A KOTOPOI Sin X = — 5. OTO TOYKA YeTBEPTOM

5
4eTBEPTH, ¥ PellleHHe YPABHEHUA UMEET BU/| X = — arccos 35 +27n, n € Z.

Omeem: x = :I:g + 27k, k € Z; x = — arccos 15—3 +27n, n€Z.

Crezytoliyie Tpy MpUMepa WITIOCTPUPYIOT HEKOTOPBIE U3 BO3MOYKHBIX
crioco60B 06513aTeTHFHOTO M0 YCJIOBHUIO 0TOOPa KOPHENW B TPUTOHOMETPHU-
YECKUX YPaBHEHHSIX: OTOOP C MOMOIIBIO OLIEHKH, OTOOP C IIOMOIIBIO eH-
HUYHON OKPY>KHOCTH, OT60P C ITOMOIIbIO HEPABEHCTB.

CHavasia pacCMOTpUM OTOOP KOPHEH C TOMOIIBIO OITEHOK.

7

COS X

o T
13 €0 KOPpHEHW, KOTOPhIE€ IIPUHAAJIEXKAT OTPE3KY [—5; ﬂ] .

IIpumep 6. Pemmre ypaBHeHHe 2tg% x — + 8 =0 u ykaxure Te

5 sinfx  1—cos®x 1
Pemrenune. tgx=—_—= T =3

€os* x cos® x €os* x

+ 6 =0. PemruB ypaBHeHUe Kak
1 3

—, =2 wim =3,
cos x cosx cosx 2

1
OTKYJa COSX = 5 WM COSX = 5. Takum 0GpasoM, peleHUAMU JaHHOTO

YpaBHEHUA ABJIAIOTCA BCE X = :I:g + 21k, k € Z u x =+ arccos % + 27tm,
meZ.

OtrbepeM KOpHU ypaBHEHUsA, IPUHAAJIEKALIIE OTPE3KY [—g; n] .

— 1. IToaTomy ypaBHeHUE

MOXHO II€pENnUcaTh B BUAE ——— —
COSs“ X COos X

KBaZpaTHOE OTHOCUTEJIBHO IIOJIy9rUM, YTO

VI3 ymcen Buga x = g + 27k, k € Z, jaHHOMY OTpe3Ky MPUHAAJIEKUT

i
b X = o (k=0), Tak xak npu k = 1 momyumm, 4To X > 27, anpu k < —1
MOJIYYUM, UTO X < —7T.
T
V3 amcen Buga x = —3 + 271k, k € Z, naHHOMY OTpPe3Ky NPUHA/JIEKUT
T

UMb X = — 3 (k=0), Tak kak npu k = 1 mosmy4aum, 94To X > 7T, anpu k < —1
IIOJIy4YUM, 4YTO X < —2TT.

2
W3 yucesn Buga x = arccos 3 + 27tm, m € Z, JaHHOMY OTpe3Ky Npu-

2
HAJUIXKMT JIUIIb X = arccos 3 (m=0), Tak KaK Ipu m = 1 MOIy4UM, 4TO
Xx>2m, anpu m< —1 noayyum, 4To X < —7T.

2
W3 4uncen Buza x = — arccos 3 + 27tm, m € Z, JaHHOMY OTPEe3Ky IIpHU-

2
HAJUTXKUT JIUIIb X = — arccos 3 (m=0), Tak Kak npu m = 1 NOIyIUM, 4YTO
x> 1, aupu m< —1 nomyyum, 4to x < —27T.
T 2 T
Omeem: x = :|:§ + 27k, keZ; x= :I:arccos§ + 2ntm, m € Z; -3

— arccos g arccos g T
3’ 3’ 3
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Terepp TPOWLTIOCTPUPYEM OTOOP KOPHENH C MOMOLIBI0 €INHUYHOU
OKPY>KHOCTH.

IIpumep 7. [laHO ypaBHEHME COS (3771 + 2x) =cosx.

a) PemTe ypaBHeHUE;

6) yKa)XXUTe KOPHU YpaBHEHU:, IPUHAAJIEKALIIE OTPE3KY [%T, 4n] .

Pemrenue. a) Bocronb3oBaBmich GOpMyJION IpUBeAEHUs, TIEPEHieM K

ypaBHEHUIO Sin 2x =cos X, oTKyZa 2 sinx cos x — cos x = 0. [Tocyie BriHECE-

HUS O6IIEero MHOXKUTEJS MOMyduM cos x (2 sinx — 1) =0. 3HauuT, cosx =0

. 1
WIN SIn X = 5 Takum o6pa30M, KOPHAMM JAaHHOI'O YpaBHEHUA ABJIAIOTCA

BCE x:g+nk, kez, x:%+2nm, meZz, x:%+2nl, leZ.
6) OTbepeM KOpHHU ypaBHEHUsI, TPUHA/-

57 5w
JIeXKale OTPE3KY [7; 471:]. s aTOTO 5
Ha e[UHUYHOM OKPYKHOCTH OTMETHUM [y- 17x 137
'y, COOTBETCTBYIOINYIO JAHHOMY OTPE3KY 6 6
(HAIIOMHUM, 4YTO HaIlpaBIeHUE «OT MEHb-
IIero K GOMbIIEMY» — 3TO HaIpaBIeHHe 4z

IIPOTUB YaCOBOU CTPEJIKM), U TOYKU, COOT-
BETCTBYIOIIME HaliZIeHHBIM B IIpeAbLAYIIeM
IIyHKTe KOPHAM ypaBHEHUA. 7

Takum 06pa3oM, KOPHSIMU ypaBHEHUS, 2

NIpUHAJIeXKalUMU OTPE3KY [5771 ; 47':] , SIB-
oreq 5% 171, 71
TAOTCA =55 =3 -
T T 51
Omeem: a) x = 5 +nk, k€, x= 3 +2nm, meZ, x= 3 +2nl,l€Z;
5n. 171 71
272 6 7 2°
B zawirodyeHue npuseseM IpHUMep peLIeHUS YPaBHEHUA, B KOTOPOM
OTOOpP KOpHEH BHITIONHEH C TOMOIIbIO HEPABEHCTB.

0)

Ipumep 8. PemmuTe ypaBHeHHe 6cos’Xx — 7cosx — 5= 0. YkaxuTe
KOpPHU ypaBHeHWUs, IpUHa/jIexalye oTpe3ky [—; 27].
Pemrenue. CzenaB 3aMeHy y = COSX, IIOIy4YWM KBaZpaTHOe ypaBHe-

) 1 5
Hue 6y“ — 7y —5=0, KOPHAMU KOTOPOTO ABJIAIOTCA YHCIIaA -5 H3.
5 " 1
YpaBHeHHMe COS X =3 He MMeeT PelICHUH, a U3 yPaBHEHHA COS X =—7

3
HaxXoJUM x:—z?n—i-an, keZwm x= 2% +2mm, meZ.
OtbepeM KOpHH, IpHUHAZJIEXAIINE OTPE3Ky [—7; 27], pemuB Hepa-
BEHCTBA — 7T < —2% +2nk<2n,k€Z,u—n< 2?77'- +2mm <271, meZ. Us
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HEepPaBEHCTBA — 7T < ——+2nk 2n nonyqaeM—%$k §3Haqm k=0
I/IX=—23,JII/I6Ok 1I/Ix—43.I/IBHepaBeHCTBa— S%+2nm 21
rosiydyaem —g$m<%.3HaqHT,m:Onx:2§.
=427 ._2m. 2m 4rn
Omsem: x == 3 +2nn,n€Z; 35 353"

4. IlpuMmeHeHUe CcBOICTB PYyHKIMI

PemreHre HEKOTOPHIX TPUTOHOMETPUYECKUX YPaBHEHUN OCHOBAHO Ha
CBOMCTBe OIpaHUYEHHOCTH CUHYyCa U KOCUHYCA.

1005 =1.

IIpumep 1. Pemmre ypasrenue sin'% x + cos
Pemenue. ITockombky sin®x +cos?x=1 u sin'% x <sin?x, cos'® x <
<cos? x, TO

sin'% x + cos!® x < sin? x + cos? x,

TO eCThb
sin'® x +cos'® x < 1.

PaBeHCTBO AOCTUTrAETCA, TOJIBKO €C/IN OZHOBPEMEHHO BBIIIOJIHEHBI YCJIO-
BUA:

sinx =0, sinx =0,
sin'® x = sin’ x, sin?x =1 cos?’x =1,
100 2 d =
Cos X = Ccos“x cosx =0, cosx =0,
cos?x =1 sinx =1
nn
= X = B nez.

Omeem: {%, neZ}.

IIpumep 2. PemuiTe ypaBHeHUe Sin % =x?—4x+5.

Pemenue. Paccvorpum ¢yHkIMIO y = x2 — 4x + 5. Vmeem y =

=(x—-2)2+1wuy>1 npu mobom x €R, HO sin 22X <1 npu mro6om

4
X. YpaBHEHUE MOXET UMETh pPEellIeHUs, TOIbKO €CIU
(x—2)*+1=1, x =2,
5mx = 5mx = x=2.
sin T =1 sin T =1

Omeem: {2}.
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IIpumep 3. PemuTe ypaBHeHHe cos 2X + cos(2v/2x) =2.
Pemenne. cos2x+cos(2v/2x) =2 <
2x =2nn, n € Z, X =nmn, n € %,
{2ﬁ=2nk,kez, {ﬁx:nk,kez.
Eciu n=0, To x =0 — pelieHue CUCTEMHI.

Ecaun#0, To x #0.
V2x

Torma T = Z_Ilfl’ TO €CTb \/EZ % \/5— nppanroHa/JIbHOE, % — panu-

OHaJIbHOE YHCJI0. PaBeHCTBO HEBO3MOXKHO. [Ipu n # 0 penieHuit HeT.
Omsem: {0}.
IIpumep 4. Pemurte ypaBHeHUE
x>+ 4x cos(xy) +4 = 0.

Pemntenue. PaccMoTpuM ZaHHOe ypaBHeHHe Kak KBagpaTHoe. JIucKpu-
MUHaHT YpaBHeHUA paBeH

D =16 cosz(xy) —16 = 16(cosz(xy) —1)=-16 sinz(xy).
YpaBHEHUE UMEET pellleHue, eCIu
—16sin?(xy) = 0 < sin(xy) =0 < xy = nn, n € Z.

Torma npu n=2k+1, k€Z: cos(xy)=—-1ux*—-4x+4=0 & x=2.
Ananoruyuno ipu n =2k, k € Z:

cos(xy) =1, x*+4x+4=(x+2)>=0, x=-2.

Nmeem
x=2, X=_2>
xy = 2k, k € Z, y=rnk, keZ,
(=1
x=—2, X:2,
{xyz(Zk—i—l)n,keZ, {_y:—n(k+%),kez,

Omeem: {(—2; —mn) InEZ}U{(Z; n(k+ %)) IkEZ}.

5. YpaBHeHMHs, cozepxalire oopaTHbIe TPUTOHOMETPUYECKIE
dyHKIIIN
3azauy, cBA3aHHbIE ¢ OOPATHBIMM TPUTOHOMETPUYECKUMU GYHKIU-
SIMM, YaCTO BBI3BIBAIOT y IIKOJBHUKOB CTapIIMX KJIACCOB 3HAUYUTENbHBIE
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TpyaHOCTH. CBA3aHO 3TO IIPEXK/E BCEro C TEM, YTO B AeMCTBYIOMINX yueb-
HUKax M y4eOHBIX TOCOOUSIX TOZOOHBIM 33/1a4aM YIEAETCS He CIUIIKOM
60JbIII0E BHUMAaHUE, U €CJIH C 33/jJa4aMy Ha BEIYMC/IEHNEe 3HaYeHUH 06paT-
HBIX TPUTOHOMETPHYECKUX QYHKIIVIH yJal[uecs elle KaK-TO CIIPaBIAITCA,
TO ypaBHEHUS U HEpPaBEHCTBA, coZepKallue 3TU GYHKINY, HEPEJKO CTa-
BAT UX B Tynuk. [lociesHee HeyAMBUTENBHO, IIOCKONBKY IIPAKTUYECKHU
HU B OZHOM y4yebOHUKe (BKIOYas y4eOHUKHU JJIs1 KJIACCOB C YIUIyOJieH-
HBIM U3y4YeHHUEM MaTeMaTUKU) He U3JIaraeTcs MeTOAUKA PelleHUs Jaxe
MPOCTENININX YpaBHEHUII U HEPaBEHCTB TAaKOTO poza. MaTepuasn 3TOTO
MYHKTa, TOCBALIEHHBIH MeTOZaM peIleHUs ypaBHEHUM, COAepKaliix
obpaTHble TpUrOHOMeTpHuYeckre (YHKIMH, TMPU3BaH B KaKOH-TO Mepe
BOCIIOJIHUTH CyIIEeCTBYIOIINY pobert.

BHavasie HATOMHUM Ba)kHeMII1e cBOHCTBA OOGPATHBIX TPUI'OHOMETPU-
yecKUx GpyHKITUH.

1. dynkuua y = arcsin x onpezeneHa ¥ MOHOTOHHO BO3pacTaeT Ha OT-
peske [—1; 1];

arcsin(—x) = —arcsinx; E(arcsin) = [—g; g] .
2. OyHKIMA ¥ = arccos X onpezesieHa 1 MOHOTOHHO YOBIBaeT Ha OTPE3-
ke [—1;1];
arccos(—x) = m—arccosx; E(arccos) = [0; 7].

3. OyHKIuA y = arctgx onpezeieHa 1 MOHOTOHHO BO3pacTaeT Ha RR;

arctg(—x) = —arctgx; E(arctg) = (_g; g)

4. dyHKIUA y = arcctg x onpezeneHa U MOHOTOHHO y6rIBaeT Ha R;
arcctg(—x) = m—arctgx; E(arcctg) = (0; 7).

. T T

5. arcsin x + arccos x = 55 arctgx +arcctgx = 5

CBolicTBa MOHOTOHHOCTH U OI'PAHUYEHHOCTH ABJIAIOTCA KJIIOYEBBIMU

IIpY pelleHUN MHOTHX YPaBHEHUH, CoAepKaIIUX 0OpaTHbIe TPUTOHOMET-

pudeckue yHKINU. [TepelizieM K pacCMOTPEHUIO METOZOB peIIeHUs STUX
ypaBHEHUII.

YpasHeHusi, ne8as u npasas 4acmu KOmMopblx SA8ASIHOMCS 00HOUMEHHbIMU
06paAmMHbLMU MPUZOHOMEMPUUECKUMU PYHKUUAMU

Pemenue ypaBHeHUH, JieBas U [IpaBas YacTU KOTOPBIX IIPEACTaBIAIOT
co60li OfHOUMEeHHBIE 06paTHEIE TPUTOHOMEeTpUYecKre QYHKIUY pa3ind-
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HBEIX apI'yMEHTOB, OCHOBBIBAETCSA TIPEK/E BCETO HA TAKOM CBOMCTBE 3THX
¢GyHKIMH, KaK MOHOTOHHOCTb. HamoMHMM, 4TO GYHKIMM Yy = arcsint u
y =arctgt MOHOTOHHO BO3pacTaioT, a GyHKIMKU y =arccost u y = arcctgt
MOHOTOHHO YOBIBAIOT Ha CBOWX obyacTsax ompefeneHus. [loaTomy crpa-
BE/IJTUBHI CJIE/yIOIIVie PABHOCHIbHBIE [TEPEXO/IBI.

fl)=g0), {f(x) =g(x),

1. arcsin f (x) =arcsing(x) < { Fol<1 200 < 1.

f)=gk), - f)=gkx),
[fO)<1 lg(0)| < 1.

2. arccos f (x) =arccosg(x) < {

3. arctg f(x)=arctg g(x) < f(x)=gx).
4. arcctg f(x)=arcctg g(x) & f(x)=gx).

3ameuanue 1. Kaxoil u3 JIByX paBHOCWIBHEIX CHUCTEM II0OJIb30BaThCA
IIpYU pelleHu ypaBHEHWU 1 U 2, 3aBUCUT OT TOTO, KaKoe HepaBeHCTBO
npome: |f(x)| <1 (Torza ucmonb3yeM MepByro cuctemy), win |g(x)| <1
(B 3TOM CiIy4ae HCIONb3yeM BTOPYIO CUCTEMY).

IIpumep 1. Pemuth ypaBHeHUE
arcsin(3x% —4x — 1) = arcsin(x +1).

Pemnienue. ypaBHEHI/Ie PaBHOCHUJIbBHO CHUCTEME

x=2
3’ —4x—-1=x+1, 3x2—5x—-2=0, 1
= X=—5 <
Ix+1] <1 Ix+1]<1 3
x+1] <1
o o1
) x=-3.
Omsem:{—g}.

3ameuanue 2. PemraTh HepaBEHCTBO CHCTeMBI, BOOOIe TOBOps, He
06s3aTesbHO. JIOCTaTOYHO IPOBEPUTH, YAOBIETBOPSIOT JIU HEPAaBEHCTBY
HaliZleHHble KODHU YPaBHEHUs, KaK 3TO U OBUIO CAETaHO MpU pelleHUH
npuMepa 1.

IIpumep 2. PemnTe ypaBHEHUE

arccos(4x? — 3x — 2) 4+ arccos(3x? —8x —4) = m.
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Pemennie. Tak Kak 7 — arccost = arccos(—t), TO UMeeT MeCTO CJIeAy-
follas 1ermoYKa PaBHOCWIBHBIX ITPeoOpa3oBaHuli:

arccos(4x? —3x —2) = m —arccos(3x2 —8x—4) &
& arccos(4x? —3x —2) = arccos(—3x?+8x+4) &
4x% —3x—2=—3x2+8x+4, 7x?—11x—6 =0,
{|4x2—3x—2|<1 = {|4x2—3x—2|s1
x=2

e {|x=-2 Sx=-2
=77 X = 7

|4x2 —3x—2| <1
Omesem: {—%}

AHaJIorMYHble PaBHOCWIbHBIE TPE0OPa30BAHUSA UCIONb3YIOTCA U NIPU
pelleHuH 3a/ia4 ¢ IIapaMeTpaMHu.

IIpumep 3. PemuTh ypaBHeHHE C TapaMeTpPOM d:
arcsin(ax? —ax +1) +arcsinx = 0.
Pemienue. YpaBHeHHEe PaBHOCHUIBHO YPaBHEHHIO

arcsin(ax? —ax—1) = —arcsinx &
& arcsin(ax? —ax —1) = arcsin(—x) <

axz—ax—lz—x, axz—(a—l)x—lzo,
=4

|[—x|<1 |—x| < 1.
Paccmotpum zBa ciyvasn:
1) a=0. B aToM ciryyae cucreMa pyuMeT BUZA:

x—1=0, o ro1
x| <1 =4

2) a#0. B 3TOM ciIyyae ypaBHeHHE CHUCTEMBI ABIAETCS KBAJPATHBIM.
Ero kopHu:

xx=1 u x =1
1= 2= Ty
lak kak |x| <1, To

_1
a

£1 & |al =2 1.

Ecmu a= -1, To xy=x; =1. Eciiu a € (—; —1) U[1; ), To ypaBHEHUE
HMMeeT /1Ba KOPHS.

Omeem:tipua € (—oo; —1)U[1; ) lenx:—%; npua=—-1ua=0
X =1; Ipu MPOYUX a pelleHuil HeT.
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YpasHeHus, siesas u npasas 4acmu KOMopbLX 8ASIOMCS PA3ZHOUMEHHbLMU
06pamHbLMU MPUOHOMEMPUUECKUMU GYHKUUAMU

[Tpu pemeHNY ypaBHEHUH, JieBas U NpaBas 4acTU KOTOPHIX ABIAIOTCS
Pa3HOMMEHHBIMU O6PATHEIMU TPUTOHOMETPUIECKUMU GYHKITUSIMU, TTOJTh-
3YIOTCSI MU3BECTHBIMU TPUTOHOMETPUYECKUMU TOXAECTBAMU. JTa IpyImna
3aZia4 ABJIAETCA YyTh OoJee CJIOXKHOM MO CPaBHEHUIO ¢ Ipepiayineit. [Tpu
pellleHuH MHOTUX YPaBHEHHUH TaKOTo pozia OBIBaeT 1iesiecoo6pas3Ho He 00-
CY’KZIaTh BOIIPOC O PABHOCWJIBHOCTU IIpeoOpa3oBaHUl, a cpasy Iepexo-
JUTh K YPaBHEHUIO-CJIEACTBUIO U TIOC/IE €T0 PelleHys JieylaTh Heo6X0oau-
MYIO IPOBEPKY. PaccyxzeHus 34ech MOTYT OBITh IPUMEPHO CIEAYIOINMHU.
[lycth TpebyeTcss penuTh ypaBHeHHe arcsin f (x) = arccos g(x). [Ipeamo-
JIOXKHM, YTO X — pellleHre 3TOro ypaBHeHUsA. O6o3HauuMm arcsin f (x,) =
=arccos g(x,) uepe3 a. Torga sina = f (x,), cosa =g(x,), oTKyza f 2 (o) +
+ g2 (xg) =1. Urak,

arcsin f (x) = arccos g(x) = f2 (x) +g2(x) =1. D
Paccy»x/as aHaIOTUYHO, MOYKHO ITOJIYYUTh CJIEAYIOMIME TePEXOIbI:
arctg f (x) = arcctgg(x) = f()glx) =1 2)

(ucronb3oBaHa popmyna tgactga=1);

. _ 200y — 1
aresin f (x) = arcctgg(x) = f°(x) = 7577 3
.2 1 .
(ucmonmp3oBaHa GopMyna sin® a = afail 1)
1
arctgf(x) = arccos g(x) = fiz (x) e = g2 (X) (4)
2,1 .
(ucmonb3oBaHa GopMyna cos? a = ey 1)
arcsin f (x) = arctgg(x) = f2(x) = £ 0 G)
g2 +1
( in2q= -2y,
Hcronbp30BaHa GopMyna sin® a = Rarl)
() = arcetgg() = f2(x) = A ©
arccos f (x) = arcctg g(x) = f“(x) = 200 +1

ctg?a

ctg2a+1)'

(ucronb3oBaHa popmyna cos> a =



76 § 4. TpuroHomeTpUYecKre ypaBHeHUA

Ykazanue. KopHeM Kaxzoro u3 ypaBHeHUH (1)-(4) MOXKeT OBITh TOJb-
KO TaKoOe YHCJIO X, A1 KoToporo f(xy) = 0 u g(xy) = 0. B mpoTuBHOM
CTydae MHOXKECTBO 3HAYEHUH JIEBOUM U MIPAaBOU YacTell ypaBHEHUS He Tie-
peceKaroTCs.

7x+5 . 4x+1
IIpumep 1. PemuTh ypaBHEHME arccos 13 —arcsin —=—.
Penrenmue.
7x+5 . 4x+1 @ (7x+5)2 (4x+1)2 N
arccos — >~ = arcsin —3 I3 I3 ) =
x=1,
& 65x*+78x—143=0 & 143
T 65
143
Kopensb x = — g5 fABJIAETCA OCTOPOHHHUM.
Omeem: {1}.
ITpumep 2. Penruth ypaBHeHUe arcsin 7‘3);—2 =arcctg 4/ xiﬂ
Pemrenmue.
. (C)]
arcsmM = arcctg 4/ 2 - xt2 _ _1
2 x+1 4 1+ Ll
x+
1
2 X="3
S X +7x+2=0 <
x=-2

KopeHp x = —2 aABigeTca IOCTOPOHHUM.
1
Omeem: {— 3 }
IMpumep 3. Pemuth ypaBHeHUe arctg (2 sin x) = arcctg(cos x).
Pemrenmue.

. ) .
arctg (2sinx) = arcctg(cosx) = 2sinxcosx =1 <
&S sin2x =1 < x:%+rm, nez, &
_ T
x = Z+2nn1, n, €%z,

S

x = %n—i—Znnz, n, € Z.

5
KopHu Buza x = 27 +27n,, ny € Z, ABIAIOTCA IOCTOPOHHUMU.

Omeem: {x= % +27ny | ny EZ}.
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[lpu pellleHUM YpaBHEHUI [JAHHOTO THIIA, COAEPIKAIIMX I[apaMeT-
PBI, CTAHOBUTCSA aKTyaJbHBIM BOIIPOC O PAaBHOCKIBHOCTH Ipeobpa3oBa-
Hui. YTobbl ipeobpaszoBanus (1)—(4) caenaTh paBHOCUIbHBIMH, CIEAYET
VYECTh €CTECTBEHHbIE OIPaHWYEHMs], CBA3aHHbIE C O0JACTAMH OIpeje-
JIEHUSI OOpaTHBIX TPUTOHOMETPUYECKMX (YHKIIMM M MHOXECTBAMH KX
3HavyeHUil (cM. 3ameuanue). Tak, HAaIpuMep,

A0 +8°0) =1,
arcsin f(x) = arccosg(x) < { f(x) =0,
g(x) = 0;

_ fO)gx) =1, fOg) =1,
arctg f (x) = arcctgg(x) & F0 >0 2= 200 > 0.

ITpumep 4. PenmTh ypaBHeHUe ¢ ImapaMeTpoM a: arcctg(x — 2a) =
=arctg(2x —a).

Pemtenue. /laHHOe ypaBHEHUE PaBHOCUIBHO CUCTEME

(x—2a)(2x—a) =1, - 2x%? —Sax+2a*>—-1=0,
x—2a>0 x > 2a.

I'paduKOM KBazpaTHOro TpexwieHa f (x) =2x2 — 5ax + 2a? — 1 apnaerca
napaboJsa, BETBU KOTOPOH HampasieHbl BBepX. [Tockonbky f(2a) =—1<0,
TO mpu JI060M a ypaBHeHHE f(x) =0 HMeeT POBHO 2 KOPHS, MEXIY KO-
TOPBIMU U 3aKJII0UEHO YUCIO 2a. [103TOMY TONMBKO GOJbINNE KOpeHb f (x)

5a++/9a>+8

YZAOBIETBOPAET YCIOBUIO X > 2d. ITO KOPEHb X = 7

5a+4/9a*+8

Omeem: mpu J060M a X = 7

3amena nepemeHHOIl

HekoTopble ypaBHEHUs, cofep)kaiire oOpaTHble TPUTOHOMETpUYE-
ckue QYHKIMH, MOXKHO CBECTH K anrebpanudecKiM, cZejaB COOTBETCTBYIO-
Y0 3aMeHy TiepeMeHHOH. [Ipu 3TOM CjieZlyeT TOMHUTDb O €CTECTBEHHBIX
OrpaHUYEHNSIX Ha BBOJUMYIO MEPEMEHHYIO, CBI3aHHBIX C OTPAaHUYEHHO-
CTBIO OOPATHBIX TPUT'OHOMETPHUYECKUX QYHKIIUH.

Ipumep 1. Pemuts ypaBHeHue 12 arctg? % =T (37r + Sarctg %) .
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X T s
Pemrenune. O603HaYUM arctg 5 depes t; —5 <t <. Iocre npeobpa-
30BaHUM TOJYYNM yYpaBHEHUE

3
t= Z’/T,
122 -51t—-371%2 =0 & -
t= -3
TT X T
ITockombky — T<t<l 2, NONy4aeM t = —3, OTKyAa arctg 5 = —3 <

= E:—\/_<:>x— 24/3.

Omeem: {—2+/3}.
MHOTZIa CBeCTM ypaBHEHWMe WIM HEPaBEeHCTBO K ajire6pandecKoMy
. TT
MOJKHO C MOMOIIBIO TOXZECTBa arcsinx + arccosx = 5 (|x| <1). B xa-

YecTBE NMpUMepPa PacCMOTPUM pellleHHe 3aadydl 8 AMarHOCTUYEeCKOM
pa6orthr 1.

IIpumep 2. PemuTh ypaBHEHUE arcsinx(4 arcsinx + 3 arccosx) =1

Pemrenne. 3arcsinx + 3arccosx =3 - +. O6o3HaunM a = arcsin x, rze

ae[ o 2] Torza

T
a=7,
a(a+3—n)=n2=>a2+3—na—n2=0(:> 2
2 2 — o
. ls . T
Taxkum obpaszom, arcsinx = 5 » TIOCKOJIbKY E(arcsin) = [—5 5] 3Hauur,

x=1.

Omeem: x=1.
2

. Y
IIpumep 3. PemuTh ypaBHEHHE arcsin x arccos x = 18

Pemrenue. /laHHOe ypaBHEHUE PaBHOCWIBHO CIeAYIOIIEMY:

2 18

[TycTp arcsinx =t, |t| < 5. Torza

2
. T . .
arcsin x (— — arcsin x) ~ & 18arcsin® x —9marcsinx 4+ 2 = 0.

t=73,
18t* —9nt+1* =0 & -
t= X
[TosTomy
. s 1

arcsinx = 3> X=73

. n & /3

arcsinx = —~ — V2

7 6 x=.

1 3
Omeem: {2 5 }
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ITpumereHue ceoiicms PyHkyuil

PemreHre HEKOTOPHIX YpaBHEHUH, coAep:Kallux oOpaTHBIE TPUTOHO-
MeTpudeckre QYHKINM, OCHOBBIBAETCS UCKIIOUUTENBHO HA TaKUX CBOM-
CTBax 3TUX QYHKIIWI, KaK MOHOTOHHOCTb M OTPaHUYEHHOCTb. [Ipy 3TOM
HCIIOIb3YIOTCA CefyIolie TeOPEeMBI.

Teopema 5.1. Ecau ¢ynxyus y = f(x) MOHOMOHHA, MO YpaBHeHUe
f(x) =c (c=const) umeem He 6osee 00H020 peuleHUA.

Teopema 5.2. Ecnu ¢yHkyus y = f(x) MOHOMOHHO 8o3pacmaem, a
¢yrkyua y = g(x) moHomoHHO ybwvieaem, mo ypasHeHue f(x) = g(x)
umeem He 60siee 00H020 peuleHUsl.

Teopema 5.3. Ecau rr&(in fx)=c :m}?xg(x) (c = const), mo Ha MHo-

() =c,
acecmee X ypasHerue f(x)=g(x) pasHocunsHo cucmeme f )
gx)=c.
ITpumep 1. PemuTh ypaBHeHHUe 2 arcsin 2x = 3 arccos x.

Pemenue. ®OyHkIMa y =2 arcsin 2x ABIAETCA MOHOTOHHO BO3pacTalo-
meit, a pyHKUMA y = 3 arccos x — MOHOTOHHO yObIBatoei. Yucimo x =0,5
ABJIAETCA, O4EBUJHO, KOPHEM JAHHOT'O ypaBHeHU:A. B iy TeopeMsl 2 3TOT
KOpeHb — eINHCTBEHHBIN.

Omsem: {0,5}.
IIpumep 2. Pemuthb ypaBHEHUE

arctg V/ x?2+x+arcsin V x2+x+1 = g

Pemenwne. Ilyctb x2 + x =t. Torza ypaBHeHHe IPUMeT BUJ

arctg vt +arcsin \/t+1 = g

®yukuuu z=+/t, z=+t+1, y =arctgz, y = arcsin z SBIsAKOTCA MOHOTOH-
HO BospacTaromuMu. [TosToMy GyHKIMA y = arctg +/t + arcsin v/t + 1 Tak-
’Ke ABJIAeTCa MOHOTOHHO Bo3pacTarolieli. B cuy Teopemel 1 ypaBHeHue

. T
arctg VEt+arcsinVt+1= 5 nMeeT He 6osee ogHOTO KOpHsS. O4YeBHUZHO,
4yTo t =0 ABIAETCA KOPHEM 3TOro ypaBHeHuUA. [ToaTomy

x =0,

4+x=0 & — 1

Omsem: {—1; 0}.
IIpumep 3. Pemuth ypaBHeHUE

arcsin(x(x + y)) +arcsin(y (x + y)) = 7.
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. T
Penrenue. [TockonbKy arcsint < 5 Ipu |t| <1, To eBast yacTh ypaBHe-

T, T
HUA He IPEBOCXOAUT 5 + 5 = 7. 3HaK PaBeHCTBA BO3MOXEH, JIUIIb eC/IH

o s
Ka/loe C/IaraeMoe JIeBOi 4acTy paBHO . Takum o6pasoM, ypaBHeHHe
PABHOCHJIBHO CUCTEME:

arcsin(x(x+y)) = % x(x+y) =1,
Y

aresin(y (x+y)) = 5 yx+y)=1

Pemenue nocneaHeﬁ CHUCTEMBI HE IIPpEACTaB/IAET TpyZa.
omeem: (5 L), (-L;-L)
. \/5 b \/5 b ﬁ > ﬁ )

YpasHeHusi, cgodumble k anzebpaudeckum U mMpu2OHOMEMpPUUECKUM
YDABHEHUAM

B 3akiIroueHre pacCMOTPUM YpaBHEHUs, IIPU PEIeHUH KOTOPHIX HC-
TIOJIB3YIOTCA METO/IBI, CXOIHBIE C METOZIaMU PellleHus ypaBHeHuH (2)—(6),
HO GOPMYJIBbI CBSI3H, TO3BOJISIONIME MTOMYIUTh alrebpandecKoe Wi TPUTO-
HOMETpUYECKOE YpaBHEHUE, ABIAI0TCA 6ojiee CI0KHBIMHU.

IMpumep 1. Pemntsh ypaBHeHUe arccos(3x —4) =2arctg(5 — 3x).
Pemenue. Ilycts arctg(5 —3x) =a. Torma
tga =5-—3x, arccos(3x—4) =2a, cos2a=3x—4.
TakuM 06paszom,
tga = 5—3x,
cos2a = 3x —4.
CJI0’XUB ypaBHEHUS 3TON CUCTEMBI, TIOJTYYUM TPUTOHOMETPHUYECKOE YpaB-
HeHUe
sina =0,

tga+cos2a =1 < tga = 2sin’a &
gat g sin2a = 1.

T
[MTockonbky 2a =arccos(3x —4), a0<arccost<m, To 0<a< o [TosTomy

T
IOCJIeJHASA CICTeMa JaeT 3HadeHust a =0 u a = e Torma

3x—4 =cosO0, x:g,
T = 4
3x—4=cos§ x=3.

Ob6a 3TUX KOpHSA yAOBIETBOPSIOT UCXOZHOMY YPaBHEHUIO.

Omeem: {%, E}.
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3ameyaHue 5. Bropoii crocob peleHus: ypaBHEHUS 3aKJII0YAETCSA B
CBeJIeHUH €ero K anrebpaudeckoMy. B camom zerne,

P 2a=3x—4, tga=5-3
cos2a =y, cos2a=3x—4, tga= X.
[TosTomy
 1-(5-3x)? L (1=5+3001+5-3x)
R s p R I P
_ _ 3x—4=0,
o 3x_ 4= D630 2 -
1-(5-3x) 1+(5-3x)*=6—-3x
4
X:i, X=§’
= 3 = .
(5—3x)2=5-3x x=3.

Kakoli u3 ByX CIocO60B MpeANIOYTUTEbHEN, CefyeT pemaTh B KaKJ0M
KOHKDETHOM CJIy4ae.

IMpumep 2. Pemuth ypaBHeHUe arcsin 2x + arccos(b6x —2) = %T

Perterue. IlycTh arcsin2x = a, arccos(6x —2) = 8. Torza sin a = 2x,
cosfB=6x—2, a+f= %7‘5. [MToatomy 3sina —cosff =2, :gn—a. Or-
crofia

35ina—cos(%7‘c—a) =2 & 35ina+§cosa—%sina =2

& Ssina+V3cosa =4 < vV3cosa=4—5sina =
= 3cos’a = 16—40sina+25sin’a <
& 3(1-sina) = 16 —40sina+25sina <

sina = =,

& 28sin’a—40sina+13 =0 < iS

sina = 77.

1 . 1 13 13
ITockoneky x = 3 sina, To x = 7 W X = oo Kopenb x = 5¢ ABnderca
IIOCTOPOHHUM.
1

Omeem: { 7 }

3ameuyanue 6. 1. PemeHue ypaBHeHUIN 1 HepaBEHCTB, aHAJIOTUYHBIX

pazobpaHHOMY B IprMepe 22, CBOAUTCA Ha OIlIpeZieJIeHHOM JTarle K pelle-
HUIO YpaBHEHUA BUJa

asina+bcosa =c.
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Takue ypaBHEHUs IPUHATO pellaTh METOJOM BBeAEHUSA BCIIOMOTATENbHO-

ro yria (W ¢ IIOMOIIbI0 YHUBEpCaJIbHOU TPUTOHOMETPUYECKOH MozcTa-

HOBKHM). [Ipy TOZ0GHOM pelleHUH OTBET, KaK MPaBWIO, IIPEACTABISIET CO-

6011 IOBOJIBHO TPOMO3AKYIO GopMy/y (Tak, B IpuMepe 22 MbI ObI TIOTyYH-
.2 .1 /3

au, yTo o = (—1)" arcsin ﬁ —arcsin 3 4/ Z + ntn, n € Z). [IpoBepka 3Ha-

4eHHA o TpeZCcTaBIAeT coboi B STOM CIydae ZOBOJBHO TPYAHYIO 3a7a-
qy. Pemath nogo6HEIe ypaBHeHHA (TeM 6oree, ecy Hy)KHO HAMTH JIUIIb
COS WY Sin @, a He caMU 3HAYeHHUA ) 11eJIeco06pasHo CIeAyIonuM obpa-
30M. YequHUB asina (vwid b cos ) ¥ Bo3BeZs 00e 9acTH MOMYIUBIIEr0Cs
ypaBHeHHUA B KBAJIparT, OJIYYUM ypaBHeHHe a’sin? a = (c — b cos a)? (wm
b? cos? a = (c — asina)?), KOTopoe 31eMeHTapHO CBOAUTCSA K KBaZ[PaTHOMY
OTHOCHTENBHO cos a(sina) ypaBHeHHMIo. [Ipy 5TOM II0OJIE3HO YYHTHIBATE,
9TO BO3BeJIeHME B KBAZ[paT ABIAETCA PABHOCHILHBIM IIpeo6pa3oBaHKEM,
ecn obe 4acTV ypaBHEHHs HeOTPHUIATeTbHBI WM HEIOIOXUTETbHEl Of-
HOBpeMeHHO. [TosToMy
a?(1—cos?>a) = (c—bcosa)?,

asina =c—bcosa & )
asina(c—bcosa) = 0.

2. B HEKOTOPHIX CIIydassx OTOOP KOpHel mpeAcTaBisgeT coboil OTHOCU-
TeJIbHO I'POMO3JKYIO 3ajady. Tak, IpX pellleHUH NpeJplAylero IpumMepa

3
npsAMas HPOBEPKA 3HAYEHHHA X = 5o NPUBOJUT K IIPOBEPKE PABEHCTBA

arcsin 13 + arccos u_ En
14 14 6
B Takux ciydasx cieayeT oOpamjaTh BHUMAaHHE Ha OTPAaHUYEHMs, BO3-
HUKaloIe B XoZle pelneHus 3azauyu. Tak, w3 ycmoBuit —1 < 2x < 1,

—1 < 6x —2 <1, BbITeKaeT, 4TO % <x < %, a TIOCKOJIbKY Q € [—g; g]

u sin a = 2x > 0, mosy4aeM, 4To o — yroia I yeTBepTu. 3HAUUT, cosa > 0.
Ho ecau sina = i—i, To v/3cosa=4—5sina=4—5- % < 0, 4To Tpo-

13
TUBOPEYUT YCI0BUIO cos a > 0. CiaezoBaTeIbHO, KOPEHb X = 55 ABJIAETCA

28
IIOCTOPOHHUM.
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3ajgauu

Pemrvte ypaBHeHHE
1.a) (2sinx+1)(2cosx—3)=0, 6) (2siny —1)(2cosy —3)=0.
2. a) (3sinx—4) (vV2cosx—1)=0, 6) (7sinx+9) (v2cosx+1)=0.
3.a) (3cosx+4)(tgx—+3) =0, 6) (5cosx—7)(V3tgx+1)=0.
4. a) (3sinx—2)(2sinx—3)=0, 6) (5siny+4)(4siny+5)=0.
5. a) sin(—5x) cos5x = ﬁ, 6) sin(—6y) cosb6y = %
6. a) 2cos? 6x=2sin?6x+ V3, 6) 2cos’>2y =2sin?2y — /2.
7. a) sinx(5cosx+2)=cosx(5sinx+2),

6) siny(7cosy —1)=cosy(7siny —1).
8.a) 4cos’x—12cosx+5=0, 6) 10sin®?z+9sinz—7=0.
9.a) 10sin?z+19sinz+7=0, 6) 10cos>y —19cosy +7=0.
10. a) 2sin’x+5cosx+1=0, 6) 2sin®*y —7cosy+2=0.
11. a) 4cos®>x —4sinx —1=0, 6) 4sin®x+12cosx+3=0.
12. a) cos2x=>5sinx—2, 6) cos2z=—9cosz+4.
13. a) 2cos2x=8cosx + 3, 6) 2cos2y =4cosy + 1.
14. a) 7sin2y =2siny, 6) 9sin2x=2sinx.
15. a) (3cosx +8sinx)>=12+55sin?x,

6) (3cosy+7siny)?>=12+40sin’y.
(5x—7m)(7x—5m) (7x —8m)(8x—7m) _

16. =0, 6 0.
a) Vsinx ) Vsinx
Qy+7m)(4y+7m)(8y+7m)
17. a) g =0,
6) Q2y+9m)(4y —9m)(13y —9m) -0
o5y -
4cosx—3 7cosy —5
18.a) —— =0, 6) ————=0.
) tgx ) JIgy
Ssinx—2 _ 6sinz+5
19. a) Joosx O 6) e —
tgx+3 tgz+4
20. a) m_o 6) —cosz_o'
2sinx—v2 2sinz+1 _
21. a) T =0, 6) 7tgz 0.
2 _ 2_ 9y
22, a) T2X+6_ 6) Z=22=3_,
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9x*—4 25y*-16
23.a) ——=0, 6) ——=0.
) v —sinx y/ —siny
3sin’x —2sinx _ sinz(7sinz—2)
24. a) T cosx—1 =0, 6) cosz—1 =0.
cos4x cosSx
25. a) sin4x+1 =0, ) sin5x —1 =0.

26.1. a) PemuTe ypaBHeHue 2 C0S>X = \/§sin(377T + x). 6) Haiigure

3
BCE KOPHH 3TOT0 YPaBHEHUsI, IPUHA/LIEKAIUE TPOMEKYTKY [777:, 371] .

26.2. a) Pemmre ypaBHeHMe v/2cos? x = sin(% +x). 6) Haiizure Bce

KOPHU 3TOT'0 YpaBHEHU, IpUHaJIeKalye IPOMeXKYTKY [—7771; —27'5] .

27.1. a) Pemure ypaBHeHUE 2sin’x = \/gcos(%T + x). 6) Haiigure

3n
BCE KOPHU 3TOI'0 YpaBHEHUA, IIPUHA/JIeKAIIVE IDOMEXYTKY [—37‘5 =5 |

27.2. a) Pemure ypaBHeHMe +/2sin® x = cos (%T - x). 6) Haiiaure Bce
KOPHHY 3TOI'0 ypaBHEHMUH, IIPHHA/JIEKAIIHe TPOMEKXYTKY [Zn; 7771] )

28.1. a) PemuTe ypaBHeHue 2 cos? (377[ — x) = —sinx. 6) HaiiauTe Bce

KODHU 3TOT'0 YpaBHEHU, IpUHaJIeKalye IPOMEXKYTKY [—47‘5; —5771] .

28.2. a) PemmuTe ypaBHeHUe 2 cOS> (%T + x) = +/3sinx. 6) Haiiaure

BCe KOPHU 3TOT'0 YPaBHEHUS, TPUHAJIEKAIIME TPOMEXKYTKY [—37‘5 s — %T]
29.1. a) Pemute ypaBHeHUE 2 sin® (3771 — x) =cosx. 6) Hatizute Bce

KODHU 3TOT'0 YpaBHEHU, IpUHaJIexKalye IPOMeXYTKY [—3771 ; 0] .

29.2. a) PemmTe ypaBHEHUE 2sin? (E — x) = —+/3cosx. 6) Haiiaure

2
BCe KOPHU 3TOT'0 YPaBHEHUS, TPUHAJIEXKAIIYE TPOMEXKYTKY [—37‘5 s — %T]
30.1. a) Pemute ypaBHeHuUe sin 2x + v3sinx=0. 6) HaiinuTe Bce KOp-
HU 3TOTO YpaBHEHUS, IPUHAAJIEKAIINE TPOMEKYTKY [%T R %T] .

30.2. a) Pemmure ypaBHeHMe sin 2x = v/ 2sinx. 6) HaiizuTe Bce KopHU
3TOTO YpaBHEHWs, IPUHA/JIeKaIINe TPOMEXKYTKY [—47; —37].



§ 4. TpuroHomeTpUYecKre ypaBHeHUs 85

31.1. a) Pemute ypaBHeHUe Sin2x = cOS (x — 37%) 0) Hatizute BCe
KOPHH 3TOT'0 YpaBHEHWUs, TPUHAJIeXKAIME TPOMEXKYTKY [5771, 7771] .

31.2. a) PemuTe ypaBHeHMe sin 2x = /3 sin (377-[ + x). 6) Haitgute Bce
ST, 371:]

KOPHU 3TOT'0 YpaBHEHMU, IpUHaJIeKalyie IPOMEXYTKY [—7, -3

32.1. a) Pemute ypaBHeHUe Zsin(g — x) -cos(% + x) = +v/3cosx.

6) Haiizure Bce KOPHU 3TOTO YpPaBHEHUs, TPUHAAJIEKAIINE TIPOMEXYTKY
[—6m; —57'5] .

32.2. a) Pemute ypaBHEeHUE ﬁsin(gjﬂ - x) -cos(%T + x) =cosx.

6) Haiizure Bce KOPHU 3TOTO YpaBHEHUs, IPUHAAJIEKAIINE TIPOMEXYTKY
[—4m; —3m].

33.1. a) PemmmTe ypaBHeHHE Sin 2x+ V2sinx=2cosx++/2. 6) Haiiau-

571
T€ BCe KOPHU 3TOr'0 ypaBHEHUs, IPUHAZJIEKAIIME IIPOMEXYTKY [7‘5; > |

33.2. a) Pemure ypaBHeHuUe sin 2x = sin x — 2 cos x + 1. 6) HatiauTe Bce

KODHU 3TOT'0 YpaBHEHMU:, IpUHaJIeKalye IPOMEXYTKY [3771, 37'5] .

34.1. a) Pemure ypaBHeHue 4 sin® x — 12sinx +5=0. 6) Haiigure Bce
KOPHMU 3TOTO YpaBHEHU, IpUHa/jIexalye MpoMexyTKy [—1; 27].

34.2. a) Pemute ypaBHeHUE 6 cos® x — 7 cosx —5=0. 6) HaiiauTe Bce
KOPHMU 3TOTO YpaBHEHU, IpUHajIexallye MpoMexyTKy [—7; 27].

1
cos’x  COSX

35.1. a) PemmuTe ypaBHEHUE — 6 =0. 6) Hatizute Bce

T
KODHU 3TOT'0 YpaBHEHMU, IpUHaJIeKalye IPOMEXYTKY [—37r; —5] .

3 — o
sin® x T sinx 2=0. 6) Hafizure Bce Kop-

35.2. a) Pemrure ypaBHeHUe

571
HU 5TOI'0 YpaBHEHUA, IIpUHA/JjIeKallie IPOMEXYTKY [n; > |

36.1. a) Pemure ypaBHeHUE _12 L = 2. 6) Harigure Bce

- 3n
sin” x cos(T —x)
51
KODHH 3TOTO YpaBHEHUH, IIpUHAIeKalIFe TIPOMEXYTKY [7‘5; 5 ] )

3
x = sin(f+x)

36.2. a) Pemurte ypaBHEHUE 12 + 2=0. 6) Hatigure

COosS

3m
BCE KOPHU 3TOI'0 ypaBHEHUs, IPUHAIEXKAIINE IIPOMEXYTKY [7; 3.
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37.1. a) Pemmure ypaBHeHue 7tg’x — $ +1=0. 6) Haiigure Bce

5
KOPHH 3TOT0 YpaBHEHUs, IPUHAJJIEKALINE TPOMEKYTKY —777: ; —71] .
3

Cos x

37.2. a) PemuTe ypaBHeHue 4tg”x + + 3 =0. 6) Haiizure Bce

571
KOPHH 3TOTO ypPaBHEHHUs, PUHAJIeXAIHe TPOMEXYTKY | =5-; 4.

38.1. a) Pemure ypaBHeHUE 4 sin* x — 11 sin x + 6 = 0. 6) Haiiaute Bce

KODHHU 3TOTO YPaBHEHHHA, IPUHAJIEKAIINE TIPOMEXKYTKY —9771 : —371:] )
38.2. a) Pemmure ypasHeHue 6cos*x — 11cos?x +4=0. 6) Haiigure

7T
BCe KOPHU 3TOI'0 YpaBHEHUA, [IPUHAJIeXKAaIle IPOMEXYTKY [— 55 —27m|.

39.1. a) Pemure ypaBHeHUEe % = +/3. 6) HaliznTe Bce KOPHU
cos(z +x)
3TOTO YpaBHEHUs, IPUHA/JIEeKAIIEe TTPOMEKYTKY [—5%; —n] .
39.2. a) PemuTe ypaBHeHUE % = +/2. 6) HatiguTe Bce KOpHU
sin(2£ —x
2

3TOr'0 ypaBHEHUS, IIPUHA/JIeXKalle IPOMeXyTKY [27‘5; %T] .

2cosx—3 1 o .
40.1. a) Pemure ypaBHeHUe 2cosx—1 T Zeo x—cosx =0. 6) HaiiguTre
BCe KOPHU 3TOT'0 YpaBHEHUS, TPUHAZJIEXKAIINE TPOMEXKYTKY |:—47T 5 — 5%]

2sinx—3 1
sinx—1 ° sin®x—sinx

40.2. a) PemnTe ypaBHEHUE =0. 6) Haiigure

3
BCE KOPHHU 3TOT0 YPaBHEHUsI, IPUHA/IEKAIUE TPOMEKYTKY [_771 ; 0] .

41. a) arccos x =arctg 3; 6) arcsin x = arctg2.

42. a) arctgx + arctg% = —%; 6) arcctgx + arcsin % = %

43. a) arcsin x —arcsin % =arcsin0,9;  6) arccosx —2arctg2=arctg % .
2 _ —

44, a) arcsin x+§7x3 + arcsin x3_3 =0;

6) arccos(4x? —11x+5) +arccos(3x%2 —14x+7) =m.

45. a) arctg(4x? —8x —9) +arctg 16x2=0;
2_gy_
6) arctg %X% +arctgx?=0.
46. a) arcsin(2x® + 2x? — 3x — 0,2) = arcsin(3x? — 2x — 0,2);
6) arccos(2x® 4+ 5x% 4+ x+0,2) =arccos(2x +4x>+0,2).
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47.

48.
49.
50.
51.
52.

53.

54.

55.

56.

57.

58.
59.
60.

61.
62.

63.

64.

65.

a) (x®—5x+6) arcsin % =0;

6) (x+2)(2x% — 7x + 3) arccos g =0.

a) arcsin(sinx) = g, 6) arcsin(sinx) =2x — 1.
a) arcsin(xv/3) = 6£x; 6) 6 arcsin % =n(3—x).

a) arcsin(x+/3) +arcsinx = g; 6) arcsinx + arctgx = %n.
a) arccos x 4 arccos 2x = g; 6) arccos x + arcctg4x = 7.

a) arccos?® % +4arcsin®(x +2) =212%;
6) arcsin? x + arccos®(2x — 3) = %7‘52.

a) | arcsin x|+ arccos x = 5,
a) sin(arcsin(x+2)) + [4x+ 1| = 17?
6) cos(arccos(x —3)) +|2x— 1| ==

a) arcsin(x+1) +arcsin(y —1) ==«
6) arccos(x +y) + arccos(x — y) =0.

a) arcsin v 3x —2=arcctg v 2x —

6) arccos ST =arcctg v/ 2x — 1.
-3

a) arctg v 3 — x =arccos 2XT;

6) arcctg(3x — 2) =arctg(2x — 1).

a) arcsinx =2 arccos x; 6) 2 arctg x =arcctg(x —1).
a) arcsin 2x = 3 arcsin x; 6) arctg(x — 1) =3 arctg(x +1).
a) 2arcsin 2x = arccos 7x; 0) arccos(x — 1) =2 arccos x.
. X
arcsin x = arccos v/1 — x; 6) arccos 5 = 2arctg(x—1).
. 2
a) arcsinx =2 arctgx; 6) 2arctg x + arctg % =
a) arcsin ; +arccos2y = 27: ; 0) arcsin % +arccos2y = 3771
X y__3m, X J_T
a) arcsin 3 —arccos 7 =—-; 0) arcsin g —arccos =7
2
=73
3

a) (m+ arcsinx) arccosy
TT

6) arcsin® x - arccos y =

6) arcsinx + |arccosx| =+



TpeHupoBouHas pabora 5

Pemute ypaBHeHuUe.

1.

9.

N o oA w N

2cos(2x+g) ++/3=0.

. sin(g% - %) :cos(% - nx).

. (2sinx —cosx) (2 cosx — sinx) =sin 2x.
. (5cosx—9)(V3tgx—1) =0.

. 6sin®x+13sinx+5=0.

. 5sin2x=2cosx.

(2x —91) (5x —9m)(8x —97) _
4/ COS X -

2sinx++v3 _
tgx

0.

0.

cos 4x —0
sin4gx+1"

10. V4 —5sinx = +v2cosx.

11

12.

7y =9m©y —7m) _

0.
\/siny
cosy(8cosy —7) -0

siny+1 -



TpenupoBoyHasa pabora 6

1. a) Pemute ypaBHeHUe 2 cos® x =sin (3777: — x) .

6) Haiizute Bce KOPHU 3TOTO YpaBHEHUSI, TPUHAAJIEKAIIIE IIPOMEXKYT-
o [ 2]

2. a) PemuTe ypaBHeHUe cos(:%n + 2x) =+/3cosx.

6) HatizuTe Bce KOPHU TOTO YpaBHEHUS, TPUHA/JIEKAIIHE TPOMEXKYT-
Ky [—4m; —37].

3. a) Pemwre ypaBHeHue 2 sin(7 + x) ~sin(§ + x) =sinx.

6) HatizuTe Bce KOPHU TOTO YpaBHEHUS, TPUHA/JIEXKAIIHE TPOMEXKYT-
Ky [-5m; —4n].

4. a) PemuTe ypaBHeHHe 4sin® x =tgx.
6) Haiizute Bce KOPHU 3TOTO YpaBHEHUSI, PUHAAJIEKAIIIE IIPOMEXKYT-
Ky [—m; 0].

5. a) Pemmure ypaBHeHue 2cos® x — 2 cosx +sin® x =0.

6) HatizuTe Bce KOPHU 3TOT'O YPaBHEHUS, TPUHA/JIEXKAIHE TPOMEXKYT-
37

Ky [7;375].

6. a) Pemure ypasHeHue (2x2— 7x+6)(2sinx+1) =0.
6) HatizuTe Bce KOPHU 3TOT'O YPaBHEHUS, TPUHA/JIEXKAIHE TPOMEXKYT-

T
Ky [—7‘5; 5].

7. a) Pemure ypaBHeHUE 6 sin?x+5 sin(E — x) —2=0.

2
6) HatizuTe Bce KOPHU 3TOT'O YPaBHEHUS, TPUHA/JIEXKAIHE TPOMEXKYT-
Ky [—57‘5 ;— 777[] .

8. a) Pemmrte ypaBHeHue cos 2x + 0,5 = cos? x.
6) HatizuTe Bce KOPHU 3TOT'O YpaBHEHUS, TPUHAJIEXKAIHE TPOMEXKYT-

Ky [—37‘5; —g]

9. a) Pemure ypaBHeHue 6cos’x —5sinx —2=0.
6) HatizuTe Bce KOPHU 3TOT'O YPaBHEHUS, TPUHA/JIEXKAIHE TPOMEXYT-
7m. 5w
Rl
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10. a) PemuTe ypaBHeHue 3 cos2x —5sinx+1=0.
6) HalizuTe Bce KOPHH 3TOT0 YpaBHEHWU S, TPUHAAJIEKAIINIE IIPOMEXKYT-

o [ 2]

11. a) Pemnte ypaBHEHUE

Sinz X sinx
6) HaﬁﬂHTe BCE€ KOPHH 3TOT'O YpPaBHEHHUA, IPUHaAJICKAIIE IIPOMEXKYT-

o [ 2]

12. a) PemmTe ypaBHeHUE

6 _ 17 116=0.
tg X simx

6) HaiizuTe Bce KOPHU 3TOTO YpaBHEHUA, IPUHAJIEKAIINE TPOMEXKYT-

Ky [—57‘5; —7771:] .



TpeHupoBouHas pabora 7

Pemnte ypaBHeHHUE.

1. arcsin(27x% + 12x — 1) = arcsin(1 — 3x).

2. arccos(4x?+5x — 1) +arccos(3x% — 2x —9) =.
3. arctg(4x® — 8x — 9) +arctg 16x2 =0.
4

. arccos(x+/3) +arccosx = %

. . 2
. arcsinx + arcsin 2x = § TT.

u

2

. arcsin“ x — 3arcsinx +2=0.

. 5
. arcsin? x 4 arccos? x = 3 2.

9. arctg v 8x + 1=arcsinv1 — 3x.

10. arcsinx =2 arccos x.

6
7. 12 arcsin® x — 8 arcsin x + w2 =0.
8

11. 2arccos x = arctg 2x.

ng_ ! + 2 arccos x—1_

. 5
12. arcsin 3 L



§ 5. [Toka3aTebHBbIE YpaBHEHUS

OToT maparpad MoCBAIIEH TOKa3aTeTbHBIM YPaBHEHUAM, T. €. ypaBHe-
HUAM, B KOTOPHIX IIepeMeHHas COJEePKUTCSA B ITOKa3aTesle CTeIleHU HEKO-
TOPOTO YHCJIA WIN aarebpandeckoro BEIPAKEHHUA.

OCHOBHBIMH METOZAMMU PelleHNUs T0Ka3aTeNbHbIX YPaBHEHUH ABJIAIOT-
Cs1 METOZBI TPYIIIMPOBKY, PA3/IOKEHUs Ha MHOXUTETN U 3aMeHHI Iepe-
MEHHOM.

PemreHuve OOMBITMHCTBA IOKA3aTENbHBIX YPABHEHU TIOC/IE HEKOTOPBIX
Ipeo6pa3oBaHUi CBOAUTCA K PEIIeHUIO OZHOTO WIN HECKOIBKUX IIPOCTe-
IIMX [OKAa3aTelbHBIX ypaBHeHui Buga a’ ®) = b, koTopoe, ecyu b aBnaeTca
CTETMEHDbIO YKCIa d, T.€. b = a‘, paBHOCWIBHO ypaBHeHUIO f(X)=¢c, a B
IIPOTUBHOM ciiydae — ypaBHeHUIo f(x) =log,b. K mpocreiimum noxasa-
TeJLHEIM yPaBHEHHMAM MOXHO OTHECTH U ypaBHeHue Buza a’®) = q8®™
(a>0; a#1), KoTOpoe PaBHOCWIBHO ypaBHEHUIO f (x) = g(x). 3ameTHM,
yTO mepexoz oT ypaBHeHua a’®) = a8 x paBHOCHIBHOMY eMy ypaBHe-
HUBO f (x) = g(x) MOXKeT OBITh OO'BSICHEH PA3JIMYHBIMU CITOCOOAMU: UCXOAS
13 CBOMCTB ITOKA3aTeNbHOU PYHKIMM C OCHOBAaHUEM d WIH JIOTApUPMU-
poBaHuEM 00eux yacTell ypaBHeHUs (IO CBOMCTBaM JorapudMudecKomn

byHKINNM).

1. AnreGpaudeckue nmpeoopa3oBaHUA
YpasHeHus, HenocpedcmeeHHO c800UMble K npocmeliium

IIpumep 1. Pemure ypaBHeHUE

6x2 3715

2—15 - 612—12x'
Pewienue.
6x2 .612-12x _ 915 3-15.
X +12-12x _ g-15.
x2+12—-12x = —15;
X, = 3, Xo = 9.

Omsem: 3; 9.

BbiHeceHue 06uie20 MHONCUMENS
DTOT MeTO/ IIPUMEHSIOT MIPY PellleHuy YpaBHEHU BUa

p-af®4q.af®O =0
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U CBOAUMBIX K HUM. [locse BBIHECEHMs OOLIEro MHOXKUTENS PUXOLUM
k ypasenuto a’ @ (p +q-a®) +r=0, otxyza

af® :_;b_
ptq-a

[Ipu oTcyTcTBUM apudMeTHYeCKUX OUIMOOK IMpaBas 4acTh ITOCIETHETO
ypaBHEHU:A, KaK IIpaBWIO, ABJIAETCA CTelleHblo uyucaa da. Pasymeercd,
BO3MOXKHBI U ZIpyTHe TUIIBl ypaBHeHUN. PaccMOTpUM NIpUMepBHI.

IIpumep 2. Pemmre ypasHenue 72 +4.7%t1 =539,
Pemrenue. BbiHeceM OOUIMIT MHOXXHUTENb M BBITOJHUM Mpeobpa3oBa-
HUSA:
7 (7 +4) = 539;
117! = 539;
75 = 49;
7+ — 72,
x+1=2;
x=1.

Omsem: 1.

Ipynnupogka u pasnoxnceHue Ha MHO¥CUMeNU

OcHOBHas ujesl peuieHus 3aZiad 3TOTO TUIA OTpa’keHa B Ha3BaHUM:
I0CJIe TPYIIITMPOBKY U BhIHECEHHUA OOIINX MHOXKUTENEH Takue ypaBHEHUs
OOBIYHO yZaeTcs mpuBecTd K BUAY f(x) - g(x) =0, a mociegHee ypaBHe-
HUE — K OJHOMY WIU [BYM IIPOCTEHMIINM ITOKa3aTeJbHBIM YPaBHEHUSIM.
Takvie ypaBHEHMSI CXOXKU C YPABHEHUSIMH [IPEBIAYIIETO TUIIA, HO TPEOYIOT
GOJBIIEro Yncia ZeMCTBU. B KadecTBe IEPBOrO MpUMEpPa PaCCMOTPUM
pelieHye 3aga4yu 9 yacTtu I BBOZAHOM JUarHOCTHUYECKO PabOoTHI.

IIpumep 3. Pemute ypaBHeHUE
x-2X4+3=3-2"4+x.

Pemenne. [lepeHeceM BRIpa’KeHUE M3 IPABOM YaCTH YpaBHEHUS B JIe-
BYIO U CrpynmupyeM ciaraemseie: (x -2¥ —3-2%) — (x — 3) = 0. BriHecem
obmui MHOXUTENb: 2°(x — 3) — (x — 3) =0. Eme pa3 BelHeceM OOIIMIA

x—3=0, x=3,

Y, 3HAYUT,

MHOXUTeNb: (x —3)(2* — 1) =0, oTkyza 92X —1=0, x=0.

Omsem: 3; 0.
IIpumep 4. Pemwute ypaBHeHHE X - 37 —3x +34/x — /x-37*=0.
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Peirenmue.
x-37=3x+3V/x—Vx-377=0 & x3*-3)-V/x3*-3)=0 &
x =0, x =0,
S B -3)(x—-V/x)=0 & 37¥-3=0, & 37¥=3, &
|:x—ﬁ:O {ﬁ:x
x =0,
N x=-1, PN |:X_ s
x =0, x=1
x=1

Omeem: 0; 1.

2. 3amMeHa nepeMeHHOU

BOJBIIMHCTBO MTOKA3aTENbHBIX YPaBHEHUM, B KOTOPBIX UCIIONb3YETCSA
3aMeHa TlepeMEHHOM, CBOAUTCSA TIOC/IE 3TOM 3aMeHbI K KBa[paTHOMY ypas-
HeHUo. Haliim KOpHU 3TOTO ypaBHEHUs U BBHIIIOJHUB OOPaTHYIO 3aMeHY,
MOJIYYalOT OZIHO WJIM [Ba MPOCTEHININX MOKa3aTeJNbHbIX ypaBHeHUs. Tak,
ypaBHeHue a - [ + b -[¥ + ¢ =0 cBOAUTCA K KBaZ[paTHOMY YPaBHEHMIO 3a-
MeHoM y =1, y > 0. [l pelileHys OAHOPOJAHOTO ypaBHEHUS BUA

p-a®+q-(ab)*+r-b* =0
HyXHO 06€ ero 4acTu paszeluTh Ha b>* (3aMeTuM, 4TO 10 CBOHCTBY MOKa-
3aTenbHOM GyHKIMU b> # 0 HU IpU KakuXx X). IToc/ie AeeHUs HOTyYUTCA

YpaBHEHHNE
p(5)" 0 (3) +r o

. a\”*
KOTOPOE 3aMEHOH Yy = (3) , ¥ >0, cBOAUTCS K KBAa[paTHOMY YpaBHEHHIO
OTHOCHUTEJIHHO Y.

IIpumep 1. Pemnure ypaBHeHUE
3%+ -26-3*-9=0.
Pemrenne. 3-3* —26-3*—9=0.
[yctb 3* =y, y >0. Torga
y=9

>

3y>—26y—9=0,
y>0
y>0
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CrnenaeMm obpaTHyI0 3aMeHy: 3¥ =9 & x=2.
Omeem: 2.

IIpumep 2. Pemnvte ypaBHeHUE
42X —5.4x 44 =0.
Pemntenue. 3amuiieM ZaHHOe YpaBHEHUE B BHJe
(412 —5.4*44=0.

IlycTs t = 4%, YpaBHeHue npumMert Buj t> — 5t +4=0, oTkyza t = 1 1160
t =4. CaenmaeM oGpaTHylo 3aMeHy: 4/X =4, oTkyaa x =1, mubo 4'/* =1.
[TocnesHee ypaBHEHUE HE UMEET KOPHEHL.

Omeem: 1.

B kauecTBe cieayrollero nmpumepa paccMoTpuM 3agady 10 gactu I
BBOZIHOM TMarHOCTUYECKOM paboThI.

IIpumep 3. PemuTe ypaBHeHHe 450 4 2572sx — 18,
Pemenue. [lepemnuiieM JaHHOE ypaBHEHMeE B BUZE

4sinx +25 . z—ZSinX _ 18 — 0’

OTKyza 4°"* + 32 475X — 18 =0, [TockombKy 4°"* > 0, MOXHO YMHOXHTb
o6e JacTH ToC/TefHEero ypaBHeHus Ha 45"% moc/ie 4ero moiyduM ypaBHe-
Hue (4°7%)2 —18-45"% 4 32 =0. ITycTs t = 4°"*, YpaBHeHHe IPUMeT BH/
t2 — 18t +32=0, oTkyzaa t = 2 qubo t = 16. CemaeM o6paTHYIO 3aMeHy:

450X =2 oTkyza sinx = 1= =D"- % + 7tn, n € Z, mibo 4"* =16,

2
OTKyZia Sin X = 2, YTO HEBO3MOJKHO.
T
Omeem: x=(—1)"- 3 + mtn, n€Z.

IIpumep 4. Pemnte ypaBHeHUE
( 5+\/2_4)x+( 5—\/2_4)X = 10.

X
Pemrenne. YMHOXUM 00e YacTy ypaBHEHUS Ha ( S+ 24) . Iomny-

X

2x
YUM ( S5+ \/24) +1= 10( S5+ \/24) . CoemaeM 3aMeHy IlepeMeH-

X
Hot. ITycThb ( S5+ v24) =y, y>0. Toraa

2_10y+1=0, = =5+1/24,
{y y o ly=s5xva4, _ |V vV

y>0 y>0 y =5-1+/24.
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5+\/2_4)x:5+\/ﬂ, x=2,
=

( 5+\/2—4)x:5+1\/2_4 x=-2.

ObpaTHas 3aMeHa

Omeem: —2; 2.

IIpumep 5. Pemunre ypaBHeHUE
32X+1 —5. 6X + 22X+1 =0.

Pemenue. 321! —5.6°42%*1=0 & 3.3 —5.37.242.22 =0,
PaszienuM o6e yacTy ypaBHeHMs Ha 22

(35 (3) 2=

X
ITyctb (%) =y, y > 0. YpaBHenue npumet Buz 3y> — 5y +2=0, oTKyza

2 o .
Y1=73; Y2 = 1. BepHemcA K MPeXHel NepeMeHHOM:

-
(-

2

3 x=-1,
=

1 x=0.

Omeem: —1; 0.

3. OT60p KOpHEii B IOKa3aTeJIbHbIX YPABHEHUIX

VHorza BcTpevaroTcss KOMOMHUPOBaHHbEIE YpaBHEHUs, B KOTOPHIX He-
M3BECTHAs COZEPIKUTCSA He TOJMBKO B IIOKa3arese CTelleHH, HO U B 3HaMe-
HareJjie ApoOU WIM TIOZ 3HAKOM KODHS YETHOM cTemeHU. B mpoctedmmx
CIyJasX 3TO He BIUSET CYIECTBEHHBIM 00pa3oM Ha YPOBEHb CIOXKHO-
CTH 3aJjaHusd, HO MPUBOJAUT K HEOOXOAMMOCTH BBOZA JOIOJTHUTETHHBIX
orpaHUYeHUH (YCIOBUA HEPABEHCTBA HY/IIO 3HaMeHaTesIs JpobHU, YCI0BUS
HEOTPHULIATETbHOCTH ITOJKOPEHHOTO BBIPKEHUA JJI KOPHA YETHOU CTe-
IeHn). B aTuUX cIy4asx ciefyeT MPOSABIATh BHUMaHUE U OCTOPOXKHOCTB!
BeJlb YacThb HalJIEHHBIX KODHEH MOXKeT He V/OBJETBOPATb YKa3aHHBIM
orpaHudyeHUsAM. Takue KOpHU OyAyT HOCTOPOHHUMM, BKJIIOUEHUE UX B
OTBET sABJIAETCSA IPy6Oil MaTeMaTUYeCKOH OUIMOKOM, U pellleHue He OyeT
3aCYUTaHO.

—x%2=0.

O

IIpumep 1. PemnTte ypaBHeHUe 2% —4.2%).
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Pemrenmue.
, , B x2=x+2,
2¥ —4.2% =0, 2% = 9x+2) 3
Z—x2>0, = ngz, = =
3
xX=3
9_2_ 2_9 2’
7 X =0 x*=7 _ 3
L X = ~3
x=-1,x=2; — 15
x| < L5; )
x=-1,
=1,5,
X 15 x =1,5.
x=-1,
Omeem: —1,5; —1; 1,5.
[pumep 2. Pemute ypaBHenue |[4* — 2| =4+ -3,
Pemenune. Ilycts 4* =y, y >0. Torga
y >0, yzg’
y >0, 4y -3 0, 4
= == —1 &< y=1
ly—2|=4y-3 y—2=4y-3, y=3
y—2=3-4y y=1

BepHemcs k pexxHel mepeMeHHoM: 4* =1 & x=0.
Omeem: 0.

4. TlpuMeHeHMe CBOICTB PYyHKIMI

HexoTopble ypaBHEHUI, B TOM YUCJIE U TIOKa3aTelbHbBIE, HE MOTYT OBITh
pelleHbl CTaHAAPTHBIMU MeTOZlaMH, M3/I0KeHHBIMU BHIIIe. B Takux ciayda-
AX 9aCTO IIPUXOAUTCS UCIIONIb30BATh TaKye CBOMcTBa QYHKIUH, KaK MOHO-
TOHHOCTH ¥ OTPAHUYEHHOCTb.

Ipumep 1. Pemmure ypaBHeHue 31+ 5% 1 =34,
Pemenue. ®ynxiusa f(x) =3""! + 5! pospacraer Ha R. 3HaueHue
byHKIIUY B TOukKe X =3
f(3) =32+5% =34,
CiefjoBaTesnbHO, X =3 — eAUHCTBEHHBIN KOPEHb.
Omeem: 3.
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IIpumep 2. Pemmte ypaBHeHue 4* + 5% =9%,

Pemtenue. JIOBOJBHO JIETKO 3aMETUTh, YTO X = 1 — KOpeHb ypaBHe-
Hu. [TompobyeM ZOKa3aTh, YTO APYrUX KOpHeH HeT. J1a JoKa3aTelbCTBa
HICTIONIb3yeM CBOKCTBO MOHOTOHHOCTH IIOKa3aTelbHOU ¢yHKIMU. Pazze-
M obe JacTu ypaBHeHUs Ha 9*:

(5 +() -2

pe X
Oynkuusa y (x) = (g) + (g) MOHOTOHHO yOBIBaeT (Kak CyMMa JIByX MO-

HOTOHHO YOBIBaOUMX QYHKIUI), IOITOMY KaXkZ0oe CBOe 3HAa4YeHHe OHa
TIpUHUMAET POBHO ofvH pa3. [Tockonbky y (1) =1, To x =1 — eUHCTBEH-

X X
HbII KOpPeHb ypaBHEHUS (g) + (g) =1, a 3HAYUT, U JAHHOTO ypaBHe-
HUA.

Omeem: 2.

TIpumep 3. Pemmre ypasHenue 2* 1+ |x|=2.

Pemrenne. Jlaxke eciv Obl B ypaBHEHWM He ObLUIO 3HAKA MOZYJIS,
PelInTh ero CTaHZAPTHBIM 0O6pa3oM ObUIO GBI HEBO3MOXKHO. [TOCKONBKY
x2+1>1 (u, 3HauwT, 21 > 2), a |x| = 0 mpu Bcex 3HAUYEHUsX TEpPEMEH-
HOI, TTOJTy4Y¥M, YTO JIeBast YaCTh yPaBHEHUS HE MeHbIIE 2. 3HaK PaBEHCTBA
BO3MOXEH, TONBKO €CJIU KaK/I0€ U3 CJlaraeMbIX JIEBOM YacTh MPUHUMAET
CBOe HauMeHblllee 3HaYeHNE, OTKY/A

2X2+1 — 2’

x| =0

=
Il
o

Omasem: 0.
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3ajgauu
Pemute YpaBHEHHNE
1.a) 7-5*=5-7%, 6)2-77=7-2.
5x+25 _ 5 9y+22 . 9
2. a) 19 - 19x+25’ 6 17 - 17y+22'
1718—x . 1918—x 16277}( . 11277)(
3.3) 4= ="77 07 =16
4.2) 8t —5.8=192, 6) 3V*3 —2.3¥=225.
S5x+7 S5x+7 2y-5 2y-5
sa (7)) =(5) . o) =G -
6. a) 513y—4. 44y+13 _ gSy+4 . 412y+5
6) 911x+2 . 85x+3 — 93x+10 . 813x—5.’
7.a) 11" —-12-11"4+1=0, 6) 15 —16-15Y +1=0.
8.a)4-9"—6—-3-2Y=0, 6) 3-16Y+5-12Y—-12-97=0.
9.a) 41 4+15.2x—4=0, 6) 41 4+11.-2*-3=0.
10. a) 49105 _8.495 +1=0, 6) 16715 —65-645 +1=0.
2 2
3 -3 7 -7
11.a) =—-=0, 6) ~—1 =0.
X -X __ Yy g
120 7 497)(44 10 _o 64 642(33 8 _
v/ —4x Vva4—3Xx
13.a) 2x—3)5%2=2x—-3, 6) (4y+5)-9>*=4y+5.
2 2
7x —Xx _ 49 2x +4x _ 32
4.2 TH5=7"3" 0 TF5 =15
7x°-13 343 9’7 81
15. a) 5 V% —Sﬁ, 6) 57y —S—ﬁ.
19)(2 _ 193x 11x2 _ 117x
16. a) x—3 x-3’ 6) x—7" x-7"
(3x+1 _1)(4x+2 _2) (2)(—2 _4)(25)(—2_25)
17. a) =0 0) - =0.
72x+5_7 > 37x 26_32
Y3 —3) (V55— V& —64) (V5 -5
19.2) LEAEE2B) g G y)_(s‘/_ ) o
4 —32)(7"—49Y) (16* —64)(9*—81%)
20.2) “3; "5y8z =3 — O 0 “Zx=3y@x—5 O
¥2-9y+18 _ 1 £y*-9y+18 x2-2x—24 _ 7 9x2—2x—24
21.a) 22 12 =0, 6) ! 12 =0,

y—6 x+4
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x2-81 y2—4 _
29 1 6) 17 1

22.a) Z——5— =0, 5 =0
5x2—3_5 2}/271—8 _
23.2) ——> — 6) ———=0.
3.a) V3—-x-1 0, \J6+y—2
24.2) (x+ 1D (x—6)-8/3*=0, 6) z+7)(z—4)-53*%=0.
2 4 ¥? 36

X
25.2) G736 = 536’ 0) 57 6= -6
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PemuTte ypaBHeHUe

9x+20 . 9
11 — 11x+20°

2. 38X—5 . 7X+4 — 32x+1 . 77x—2_

1.

3,251 4£24.5¥ _1=0.
(6* =257 =7) _
vV5—7x

112 121
To13vE 13Vl

0.

(4x _ 25)(3x _ 97) _

SRS T

13x2+3x+2 -1 1x2+3x+2

7. 71 =0.

8. (x—3)(x—6)-9V"%=0.
9.36" —4-6—12=0.

10, 25"°x 4 geos’x — 3,
11.9°"1-36-3"34+3=0.
12, 2°.9VX 3 =3.2" 4 9V¥,




§ 6. JlorapudmMuyeckre ypaBHEHUA

OcHOBHas uzes peuieHus J60ro JorapudMUIecKOro ypaBHEHUT —
CBeZIeHUE ero K OHOMY WJIM HECKOIBKUM IIPOCTERINNM YpaBHEHUM, a OC-
HOBHBIMU CP€/ICTBaMU pean3aliii 3TOH Ue! ABJIIIOTCA CleAylolre:

® DPaBHOCWIbHBIE TPeO6PA30BAHUA,

® TIepexo] K YpaBHEHUIO-CJIEACTBUIO,

® pa3jIoXKeHUe HAa MHOXUTEIH,

e 3aMeHa IepeMeHHOMH,

e IpUMeHeHHe CBOUCTB QYHKIMH.

PemreHue 60BIIMHCTBA JIOTapUMUIECKUX YPaBHEHUH [TOC/Ie HEKOTO-
PBIX Tpe06pa30BaHUll CBOAUTCA K PELIEHHUIO JIOTapUMUIECKOTO YpaBHe-
HuA BUAA 1ogy, . f (x) =log,(,) g(X) WIm COBOKYITHOCTH TaKMX ypaBHEHHH.
[TprBeseM COOTBETCTBYIOIEeE PABHOCIIBHOE IIpeobpa3oBaHue:

f0) =g,
f) >0,
h(x) >0,
h(x) #1.

BTopoe HepaBeHCTBO CHCTEMBI MOKHO 3aMEHUTh HEPaBEHCTBOM g (x) >
> 0 (kaKoe U3 IByX HEpaBEHCTB BEIOPATh, 3aBUCHUT OT TOT'0, KaKas U3 QpyHK-
U UMeeT Gosee TTPOCTOM BHUZ). [IJIA YaCTHBIX CJIYyYaeB PABHOCUJIbHBIE
CHUCTEMBI CTAHOBATCA MEHEee I'POMO3JKUMU. YKa)KeM OCHOBHBIE YACTHBIE
crydau (a u b—vuucnia, a >0, a #1):

fx) =g, - fx) =g,
f) >0 g(x) >0,

) = (hG))?,
logh(x)f(x) =b & 1 h(x) >0,
h(x) #1,

log, f(x) =b & f(x)=a’.

logy () f(x) = logyy g(x) &

log, f(x) =log,g(x) & {

1. AnreGpaudeckue mpeoopa3oBaHUA
[Ipexkie YeM MEPEXOAUTD K IIPUMEPaAM pellleHus 3a/a4 1Mo TeMe, Cie-
JIaeM HECKOJIbKO BaJKHBIX 3aMEYaHMUIA.
[Ipu pelleHWU ypaBHEHUH, COAep)KalllUX CyMMY ZAByX U 6osee jora-
pudMOB, ciieAyeT IOMHUTb O TOM, YTO PABEHCTBO

log, f (x) +log, g(x) = log,(f (x)g(x))



§ 6. Jlorapudmudeckrie ypaBHEHUs 103

BBHITIONIHAETCS He MPH JIFOOBIX 3HAYEHUAX MTepEMEeHHOU, MOCKOIbKY obia-
CTU OIpeZieJieHUsl eTo JIeBOM U mpaBol yacTeil pasnauyHbl. JleBasd yacTb
ompeneneHa mpu f (x) >0, g(x) > 0 (kaxxzaas u3 QyHKITHI TIONTOKUTENbHA).
[paBas yacTh ompezesneHa npu f(x) - g(x) >0 (xaxgaa u3 QyHKIUH TI0-
JIOXKUTETbHA JTU00 KakAas U3 QyHKIIUM oTpuliaTesabHa). TakuM o6pa3oM,
06J1acTh orpe/iesieHus TPaBOX YacTH paBeHCTBa

log, f(x) +1log, g(x) =log,(f (x)g(x))

mupe obacTu OmpefeNeHus ero JieBod JacTu. [103ToMy Ipu pelieHuHn
YpaBHEHUS IIepPeXo/ OT CYyMMEBI JIOTapr$MOB K JorapudMy IpoU3BeAeHUs
MOXXET IIPUBECTU K NMPUOOPETEHUIO TIOCTOPOHHUX KOpHeil. YTOOH 3TOTO
He CIyYWIOCh, HY>KHO B CAMOM Hauajie pellleHHs BBIINCATh COOTBETCTBY-
foure HepaBeHcTBa (O/]3) wam, MOMYyYUB KOPHM, CZeNaTb IMPOBEPKY.
[Tpeo6pa3oBaHue Ke Jyorapudma MPOU3BEAEHUS B CyMMY JIOTaprupMOB
(to ectp mepexog ot log, (f(x)g(x)) k log, f(x) + log, g(x)) Taut eme
6oJsbllle OIACHOCTEH: B 3TOM Cy4ae 006JacTh JOMYCTHMBIX 3HAYEHUI
IIeEpeMeHHO! Cy)XaeTcs, U IIPU pelleHUM YpaBHEHHUs MOXKHO IOTepsSThb
KopHU. IloaToMy, ecnu Takoe Ipeobpa3oBaHHE Bce-TaKu HeoOXOAMMO,
YacToO NPUXOAUTCS paccMaTpuBaTh ZABa ciaydas: a) f(x) >0, g(x) >0
(8 atom cayuae log, (f(x)g(x)) = log, f(x) + log, g(x)) u 6) f(x) <0,
g(x) <0 (mpu arom log, (f (x)g(x)) =log,(—f(x)) +log,(—g(x))). Cae-
JIaHHBIe PeKOMEHZAINY OCTAIOTCS B CUJIE U /IS CJIydasi peobpa3oBaHusd
pasHocTH JlorapudMoB B JlorapudM 4acTHOTO U HA0GOPOT.

TIpy peleHUy ypaBHEHUiA, coflepXallux BhIpaskeHus suza log, 2" (x),
ceztyeT ucnonb3osath Gopmyiy log, 2 (x) =2n-log, | f (x)|. Ecau e mo-
CTaBUTH 3HAK MOZYJSA, TO MOMYYUTCS PaBEHCTBO, B KOTOPOM JIEBast YacTh
oTpeziesieHa TIPU BCeX X, A KOTOPHIX f(x) 7# 0, a mpaBas 4acTb — IIpU
BCEX X, U1 KOTOPHIX f(x) >0, To ecTh 06J1aCTh ONpeeIeHHs IEBOU YacTh
OKakeTcs LIMpe, YTO MOXKET IIPHUBECTU K IIOTepe KOpHeH IpU pelleHuHn
COOTBETCTBYIOIIETO YpaBHEHU .

[pu nepexofie K ypaBHEHUIO-CJIEACTBUIO 11eJIecO06pa3HO HAaUMHATD pe-
IIeHNe C BHIMUCHIBAaHUA HEOOXOAWMEBIX OrpaHMYeHUi (061aCcTH JOMYCTH-
MBIX 3HaueHuH, win O/13, — mpu Becel CIOPHOCTH TaKOT'0 JOBOIBHO ITPOY-
HO YKOPEHMBILET'OCs B PA3HOT'O poZa MOCOOUAX CIOBOCOYETAHUA U COOT-
BETCTBYIOIEH eMy ab0peBUaTyphI).

IMepex00 K ypasHeHU-Cc1e0cmauro
IIpumep 1. Pemrure ypaBHeHue lg(x —9) +1g(2x —1) =2.
x—9>0,

Pemenne. HauHem c HaxoxgeHus O/I3: & x>09.
2x—1>0
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Janee, 1g(x —9) +1g(2x — 1) =2 = 1g(x — 9)(2x — 1) = 2, oTKyzAa
(x—9)(2x—1)=10%u 2x>—19x—91=0.
KopHU KBaZpaTHOT'O YpaBHEHUA:

X, = —% — He YZAOBJETBOPAET yCIOBUIO X —9>0; x,=13.
Omeem: 13.

PasHocunbHble npeobpasosamus

Ipumep 2. Pemmre ypaBHeHue lg(x? — 3x + 1) =1g(2x —5).
Pemenue. 1g(x?—3x+1)=1g(2x—5) &

x=2,
x?—3x+1=2x-5, x*—5x+6=0, |:x=3
[—t 1 =
2x—5>0 x>2§
Omsem: 3.
TIpumep 3. Pemmure ypaBHeHue log, (x —5)* =2.
Pemenne. Crocob 1.
x—5=3, [x =38,
@ —_—

log3(x—5)2=2 o (x-5)2=9 & |:x—5:—3

Criocob 2. log;(x —5)?=2 <

X =
& 2log;[x—5|=2 & log;|x—5/=1 & [x—5|=3 < [x—

>

Omeem: 2; 8.

B kauecTBe ciezmymooniero npumepa paccMoTpuM 3azanue 11 gactu 1
BBOZIHOM IMAarHOCTHUYECKOM paboTHL.

IIpumep 4. Pemurte ypaBHeHUE
log, (x?-12)+0,5 log% x> =0.
Pemrenue. BoCIONB30BABIIMCh CBOMCTBAMM JIOTapH(MOB, IMepernu-
1IeM ypaBHEHUe B BUJe
log, x*-12) - logs |x| =0,
OTKyZ:a
x2—-12 = |x|,

1 2_12) =1 =
ogs(x ) = log; |x| {x;ﬁO.
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VI3 ypaBHEHUsA CUCTEMBI HaxoauM |x| =4 (oTkyza x ==£4) nmubo |x| = -3,
YTO HEBO3MOXKHO.

Omesem: —4; 4.
Ilpumep 5. Pemmte ypasHeHue log, (log: (1ogg,s (x? +x—1))) =1.
2

Peurenue. log, (log% (loges (> +x—-1)) =1 &

& logi (loges (x> +x—1)) =2 & loggs(x*+x—1) = % =
2
2 1 2 x=-3,
S x+x—-1=6254 & x*+x—-6=0 & =2
Omsem: {—3; 2}.
I'pynnupogka u pasniosnceHue HA MHONCUMENU
IIpumep 6. Pemute ypaBHeHue Igx —x+xlgx —1=0.
Pemtenne. Ilepenuiiem ypaBHeHUE B BUJE
(gx+xlgx)—(x+1) =0 < Igx-x+1D)-(x+1) =0 <
x+1=0, x=-1,
S (x+D0gx—-1) =0 lgx—1=0, < x=10, <
x>0 x>0
< x =10.
Omeem: 10.
1
ITpumep 7. Pemnre ypaBHeHuUe log_xz —1g10+1log, x —lgx=0.
Pemtenue. Ilo cBoticTBaM JjorapudMoB long =log, x. Ilepenuuiem

ypaBHEHUe B BU/Je

lgx-log,x—1+log,x—1lgx =0 <
& lgx(log,x—1)+(log,x—1) =0 < (Igx+1)(log,x—1) =0 <
lgx = -1, =0,1,

log,x =1 x =2

Omsem: 0,1; 2.
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2. 3amMeHa nepeMeHHOU

[Nogasstomniee GOMBIIMHCTBO JOTapuGMUIECKUX YPaBHEHMUH, pellae-
MBIX C IOMOIIIbIO 3aMeHBI IepeMeHHOM, CBOAUTCA K KBaJpaTHBIM ypaBHe-
HUAM. PaccMOTpUM IIpHMepBI.

IMpumep 1. Pemute ypaBHEHUE logg x—2log,x—3=0.

Pemrenue. BBezeM HOByI0 nepeMeHHyI0. ITycTb log, x = y. [Tomyuum
y=-1

y=3.

1
10g2x=_1> PN XZE;
x=8

ypaBHeHHe y> —2y —3=0 < |:

CaenaeM o6paTHYIO 3aMeHY: [ log, x=3
,X=

Omeem: %; 8.

IIpumep 2. Pemmte ypaBHEHUE logﬁ x—log, /x—1,5=0.

Pemrenue. IlepemnuineM ypaBHEHUE B BUE logi x— % log,x—1,5=0.
v=-1,

2

ITycte log, x =v. YpaBHeHuUe IpUMeT BUZ vZ— 1«/ -1,5=0 &< |:
V=

N|w

BepHeMcs k npexxkHel mepeMeHHOM:

log,x = —1, x=471 y=1
& = 4

log4x=% X =43 x=8.

1
Omeem: e 8.

B kadvecTBe c/IeAyIOIIEro MpUMepa PacCMOTPUM pellleHre 3azadu 12
gactu I BBOZHOU JMarHoCTHYeCKON pabOoTHI.

Ipumep 3. Pemute ypaBHeHue log, 2 —log, x + % =0.

Pemrenue. Bravase nmpuBezeM JorapudpMbel K OCHOBAaHHUIO 2:

7 _ _1 7 _
logx2—log4x+g—0 = fog, x 210g2x+6—0.

ITycTb log, x =y. YpaBHeHVe IPUMET BUJ,

2
y__g’

y=3.

J%—%er%:o & 3y’-7y-6=0 &
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. . log, x=—-3, x=
BepHeMcs K pekHell TepeMeHHORM: 3 =
log, x=3 x

1
Omeem: 8; .
Vi

IIpumep 4. Pemmre ypasuenwue log,(2-4*72—1) =2x—4.
Pemenwue. log,(2-42—-1)=2x—4 & 2-472-1=4>"* Tlycrp
2

—2y+1=0,
42=y y>0. Torga {y Y
y>0

nepeMeHHOM: 4 ?=1 & x—2=0 & x=2.

& y=1. BepHeMcs K IpexXHeN

Omeem: 2.

3. OT60p KOpHeii B torapudMUIECKUX yPaBHEHUAX

IIpumep 1. Pemure ypaBHeHUE

log, (4 — x)%+ 2log,(2x —1) = 4log, 3.

x#4,
1

x>,

Pemenne. O/I3 {
2

2log, |4 — x| +2log,(2x — 1) = 4log, 3 <
< log,(|[4—x|-(2x—1)) =2log,3 & |[4—x|-2x—1) =09.
PaccmoTpum zBa ciayvas.
Ecmi x >4, 10 (x —4)(2x—1)=9 < 2x2—9x—5=0, oTKyza x =5
6o x =—0,5. KopeHb x = —0,5 He yZOBIETBOPSIET HEPABEHCTBY X > 4.

Ecmu x <4, 10 (4—x)(2x—1)=9 < 2x% —9x + 13 =0. [TocregHee
ypaBHEHUe He UMeeT KOpHEM.

Omeem: 5.
Mpumep 2. Pemmute ypasrenue log, _; x> =log,_,(6x —8).

Pemenwue. log, ;x*>=log, ,(6x—8) <

x* = 6x -8, x2—6x+8=0, x =2,
X2>O, x5£0> X:4’
= = = = x=4.
x—1>0, x>1, x>1,
x—1#1 X#2 X#2

Omeem: 4.
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4. IlpuMeHeHUe CcBOICTB PYyHKIMI

IMpumep 1. Pemnte ypaBHeHUe
log, x = 2
&2 X

Pemenune. U3 ycnoBus ciegyet, 4yTo x € (0; +). Ha aToM nmpoMexyT-
ke ¢yHxuua f(x) =log, x MOHOTOHHO Bo3pacTaeT, a QyHKUUA g(x) = %

MOHOTOHHO yObIBaet. [ToaToMy ypaBHeHUe f(x) = g(x) umeeT He Goyee
oxHoro KopHA. [Tockonbky f(2) = g(2), x = 2 — eAMHCTBEHHBI KOPEHb
ypaBHEHUS.

Omeem: 2.
IIpumep 2. Pemute ypaBHeHUE

log, (x? —6x+12) = cos(27mx).
Pemienne. Ilockonbky
x> —6x+12= (x—3)2+3 >3,

MOy YUM
log3(x2 —6x+12) = 1.

Ho
cos(2mx) < 1.

[ToaToMy ypaBHEHUE UMEET pellleHre TOJIbKO B TOM CIydae, eCiiu
log, (x?—6x+12) =1,
cos(2mtx) = 1.

EAuHCTBEHHBIM KOPDHEM IIepPBOr'0 ypaBHEHUs CUCTEMBI ABJIAETCA X = 3,
KOTOPBHIH YZAOBJIETBOPAET U €e BTOPOMY YPaBHEHMUIO.

Omeem: 3.
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3ajgauu

1. a) log,_,(2x*—9x+10)=0, 6)log, ,(3y*—7y—5)=0.

w

N 1 A

. a) logye y* =log;4(19y)?, 6) log;g z* =log(162)2.
—_1 _

.a) log,; x= Tog %’ 6) log,s z= Togs"

2 25 2 36 _
.a) x +log5x+log57=11, 6) y +log6y+log67—83.
.a) logs(x? —12) =log;(—x),  6) logs(y*—35) =log;(2y).

2 1 2 1

.a) logy, x= Tog. 23’ 6) logy, y = log, 13"

. a) log;; (x* — 5x + 6) =log;; (x — 2),

6) log;; (y%>+9y +18) =log,; (y +6).

8.a) 10g§x—10g7 x24+2=0, 6) loggz—log2 z77+12=0.

9. a) logi(4x —1)=log,(4x —1)*,6) log§(7y —5)=log,(7y —5)%.

10. a) log,» 13=logy,4, 13, 0) log,. 17=1og,3, 17.
x+6)(x+7) (z—9(E+7)

11. a) log,(x+8) =0, 6) log,(z+8) =0.

12.a) (x+Dlog, ,(x+3)=0, 6) (x+5)(x+2)log_;_,(x+9)=0.

13.

a) (x+2)(x—5)1logs_, (x+7)=0,
6) (x—9)(x+2)log, 3(x+4)=0.

14.a) (x—1log, ¢(x—7)=0, 6) (x+8)log, ,(x+1)=0.

15.

+1Dy+19)

G —1DG+21)
log,(y +17) 0, 6)

a) log;,(x+13) =0.

16. a) (x —5)log,(x—5)=0, 6) (x—8)logy(x—8)=0.
17. a) logy (2> — 24) =logy(—22), 6) logg(x* —18) =logy(3x).

18.

a) (x*—4)In(1-x)=0, 6) (y>—16)1g(1 —y)=0.

19. a) log, (2 — y) - log,(2y* -9y + 10) =0,

20.
21.
22.
23.

6) logs(3 — y) -logs(2y? — 13y +21) =0.

a) log;_, (x*—5)=1, 6) log,_,,(z2—8)=1.

a) (x*—9)1g(=x) =0, 6) (y*— 4 1g(-y) =0.
a) (x+2)In(x+1)=0, 6) (z+3)1g(z—7)=0.
a) logs(x+1)*=8, 6) log,(z —2)°=12.

24. a) log,(x*—7)=log,_,(4—x), 6) log,(x? —23) =log,_,.(6 — x).

25.

a) log,;(y*—35) =log;_, 1, 6) log;3(y*—3)=log;_, 1.
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Pemrire ypaBHeHUE
1. log,» 13=log,_5, 13.
2. (x+1)log, ,(x+3)=0.

3. x*+log, x +log, % =50.

4. log;s x*=1log;5(15x)2.
5. logg (5x —4) =logs (5x — 4).

(x=16)G+19) _
log,,(x+17) —

7. log, (x* — 12) =log, x.
8. logs (x+1)*=8.
9. logs(3 — x) - log, (2x* — 13x +21) =0.
10. log;,(x? —24) =log,_, 1.
log?, | (x—1) +logZ(2x —5) _
" log?,, (x—D+logi(x—2)

VE=x—/x®—5x>+4x

" VA—x+logl (P —5x2+4x+1)

12




YAacTb II. CUCTEMBI YPABHEHUM

BHauase HamIOMHUM OCHOBHBIE OllpeZiesieHHs. PaccMOTpUM ypaBHeHUA
f;y)=0 u glx;y)=0. @
T'oBopAT, 4TO AaHa cucreMa

fG;y) =0,
glx;y) =0

JBYX airebpaniyecKux ypaBHEHUH C JBYMsS HEU3BECTHBIMU X U Yy, €C/IH
TpebyeTcss HAUTHU Bce maphl uucen (Xo; Yg), KaKAasd U3 KOTOPBIX SBJISIETCA
peleHreM KaX0ro u3 ypaBsHeHui (1).

[Tapa uucen (x,; ¥,) Ha3bIBAETCA pelleHUeM cucmembl ypasHeHuil (2),
€CcJIv OJHOBPEeMEHHO CIIPaBe/JIUBEL IBA YK CJIOBBIX PaBeHCTBa f (xg; Yo) =0
U g(xy; Yo) = 0. Pewiums cucmemy ypasHetuii (2) — 3Hauum Hatimu MHo-
acecmeo scex ee pewleHutl (ecaU MO MHONECMBO ABALEMCSL NYCMbIM, MO
2080psim, UMo cucmema He umeem peuleHull).

CucreMbl Tpex U Oojiee ypaBHEeHUI ¢ TpeMs U Oojee HEM3BECTHBIMU
OTIpeIeIAI0TCSA COBEPIIEHHO aHaIOTUYHO.

[Tpexxze yeM IepexofuTh K IpUMepaM pellleHUs CUCTeM ypaBHEHU 110
KOKIO0H U3 mecTH QyHKINOHATHHO-YMCIOBBIX JUHUN IKOJIBHOTO Kypca,
YKakeM HEKOTOPBIE OCHOBHBIE PaBHOCWIbHBIE IIPe0Opa30BaHUSA CHUCTEM
YpaBHEHUI:

® [IepeHOC ¢JIaraeMoro U3 OJHOM YacTU ypaBHEHUA B APYIYIO;

e YMHO)XeHHe 00OeuX 4JacTeil ypaBHEHHA CUCTEMBI Ha OJHO U TO XKe
OTJIMYHOE OT HyJIA YUCIIO;

® [IOWIEHHOE CJI0KEHUE /IByX YPaBHEHUM CUCTEMEI C ITocIeytoleii 3a-
MeHOU OZHOTO M3 HUX Ha ypaBHEHHUe, IOJy4eHHOe B pe3ysbTaTe CIOXe-
HUA.

3ameuaHnus.

1. TlowleHHOe yMHOXKeHHe JABYX YpaBHEHWH CHUCTEeMBI C INOC/IefyIo-
el 3aMeHOM OZHOIO M3 HUX Ha ypaBHeHUe, ITOJNydeHHOe B pesy/jbTaTe
YMHOXXeHUsI, MOXXeT IPUBECTU K IPUOOPETEHUIO IOCTOPOHHUX PEIIeHUN.
B sToM ciydae ciezyeT cZienaTh IIPOBePKYy HaileHHBIX pelleHul IyTeM
HX TOZACTAHOBKHU B UCXOJHYIO CHUCTEMY.

2. [Ipeo6pa3oBaHUsA YpaBHEHUN CUCTEMBI (B YaCTHOCTU, IIPUBEJEHUE
OZ0OHBIX) He JOMKHBI M3MEHATh OOJIACTH JONMYCTHUMBIX 3HAYEHUH Iie-
peMeHHBIX. Cy:keHHe 00JIaCTH JOMyCTHUMBIX 3HAUeHUN MOXKeT IPUBECTH
K TIOTEpe pelIeHW, pacliupeHre 06JacTH JOMYyCTUMBIX 3HAUYEeHUM —
K IPUOOPETEHUIO IOCTOPOHHUX PEIEHU.

(2)
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CucTeMbl JUHEHHBIX YpaBHEHUMN, KOTOPHIM 3HAUMTeIbHOE BHUMAaHUeE
VIENIOCh B OCHOBHOM IIIKOJIE, MBI 37leCh paccMaTpuBaTh He Oyzem. Oc-
HOBHBIMU MeTOZaMU pelleHUs CUCTEM, COZepiKallliX HeJlWHelHble ypas-
HEeHUs, ABJAIOTCA CIefylolye:

® I10/ICTAaHOBKA,

e 3aMeHa IIepeMeHHOMH,

e anrebpanyecKoe CIOXKEHNE,

® pazyoXeHHe Ha MHOKUTEJIN.

PaccMOTpHM HECKOJIBKO MPUMEPOB PELIeHUs CUCTEM IeNbIX anarebpa-
MYecKUX ypaBHeHHUM, Hauas ¢ pasbopa 3azau 1 u 2 gactu II BBOZHOM
[MarHOCTUYECKOU paboThI.

IMpumep 1. Pemure crcTeMy ypaBHEHUH

xy+x+y=11,
{ x*y +xy?* = 30.
xy+x+y=11, xy+x+y=11,

Pemrenmue. 5 9 _

{x y+xy*=30 {XD’(X+X)—30-
O6o3HauuM xy =%, x +y =t.

{tzs,

CucTtema pUMeT BUJ {Z+ t=11, S =6
tz=30 t=6,

{z=5.

>

-

-

A
2R R
Il

>

==

>

|
o
I

Omeem: (3; 2), (2;3), (5;1), (1;5).
ITpumep 2. Pemure cucteMy ypaBHeHUN
x*+y? =z,
{x+y+z = -0,5.

>

3
2
2
3,
5
1
1
5.
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Pemrenuie. BbIpa3uM U3 BTOPOTO YpaBHEHUsS IIEPEMEHHYIO Z 4Yepe3
HepeMeHHBIE ¥ U X U TIOCTaBUM IIOJIyYEHHOE BRIPAKEHUE B IEPBOE ypaB-
HeHMe cucTeMsl: X2 + y?=—y —x —0,5, otkyzaa x> +x+ y*+y+0,5=0.
BeiieiM TOJIHBIE KBaZpaThl B JIEBOM YaCTH TOCIEJHETO YPaBHEHUS:
(x+0,5)2+ (y +0,5)2=0. CymMmma ZByX KBaApaToB paBHA HYJIO, TOILKO
ecJIv KaXXZbIi M3 HUX paBeH Hyaw0. 3Ha4yuT, x =—0,5, y =—0,5. [Tostomy
z=-0,5—x—y=0,5.

Omsem: (—0,5; —0,5; 0,5).

OZHVMMU K3 OCHOBHBIX METOZOB pelleHUsd CUCTEM HeJUHEHHBIX ypaB-
HEeHUH ABJIAIOTCA MeTOZ IOACTAHOBKY U MeTOZ BBeZleHHs HOBBIX ITlepeMeH-
HBIX (B IIpeZesiax OZHOTO ypaBHEHNUA WIN Bcell CUCTEeMEBI), KOTOPBIe IIPOJI-
JIIOCTPUpYEM CJIeAyIOIINMU IIPIMepaMH.

ITpumep 3. Pemnte cucteMy ypaBHEHUN
3x?+2y = -1,
x*+x?y —y*= 5.

14 3x?
2

Pemtenne. /13 nepBoro ypaBHeHU CUCTEMBL Y = — , II0CJ1e IO -

CTaHOBKM BTOpO€ ypaBHeHHe IIpUMeT BUJ

2 2N 2
(L) ((138Y0_ g

S 4xt—2x%(14+3x) - (1+43xH)%=-20 & —-11x*—-8x24+19=0

O603HaunM t =x2, t = 0.

t=1,
Torza 116> +8t —19=0 < 19
t:_ﬁ'
5 x=1,
[Tockonpky t = 0, HaM oOAXOAUT t=1, To ecTb X“ =1 & =1
+ 2
Tomay=—#=—2.

Omsem: (1; =2), (—1; =2).

ITpumep 4. PemuTe crucTeMy ypaBHEHUH

(x+xy*+yH (x+y*»? = 225,
(x—xy*+yH(x+y*»? = 25.

Pemenue. Ilyctb x+y?=z, xy?=t.



114 § 1. CrcTeMsl LiesbIX anrebpandecKux YpaBHEeHUH

CucreMa mpuMeT BUJ,

(z+t)z% = 225, z—i—; =9, t= gz, z=75,
= [—t [—t
(z—t)22 = 25 (z—t)22 = 25 %-zz =25 t=4.

BrimonHuM 06paTHYIO 3aMeHy:

x=1,

Lo

x =1, x=1,
x+y*=5, {y2=4, {}’:—2,
{ 2=4 < x =4, x =4,
{y2= {J’:L

x =4,

_{y=—1-

Omseem: (4; 1), (4; 1), (1;2), (1; —2).
Cpezu cHCTeM HeJTMHEHHBIX ypaBHEHHH Z0BOTBLHO YaCTO BCTPEYAIOT-

CA CUCTEMBI, CoZEpKaIlle OJHOPOAHBIE YDaBHEHU S, U CUCTEMBI, IPUBOAN-
MBI€ K IIEPBBIM.

ITpumep 5. Pemure crucTeMy ypaBHeHUN
x?—=3xy+2y* =0,
x*+y? = 20.

PemeHnue. PasjieluM mepBoe ypaBHEHHe CHCTEMBI Ha y2 (3aMeTuM,
yTo IIpu ¥y =0 cucTeMa He MMeeT pelleHn):

X'2

3xy x\2 ,x
L-F42=0 e (%) -3+2=0
2oy + y y+
_ z=1,
X 2 t—l, y
O6o3hayum — =t. Torjga t“*—3t+2=0 & TO €CTb
y t=2, X_o
y
X=Y, X=Y,
x?+y*=20, 2y?=20,
CrnemoBarTesbHO, =

x=2y, x=2y,
x2+y?=20 5y?=20.

Omeem: (v/10; v/10), (—v/10; —+/10), (4; 2), (—4; —2).
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ITpumep 6. Pemrure cucteMy ypaBHeHUM
2x? —3xy +3y? = 80,
{xz—i-xy—Zy2 = —56.
Pemenune. 3ameTum, uto 80=8-10, =56 =—7 -8, yMHOXXUM IIepBOe
ypaBHeHUe Ha 7, BTopoe Ha 10 U ciIoXuM:
14x2 — 21xy +21y%2 +10x2 4+ 10xy —20y2 =0 < 24x% —11xy +y%?=0.

PaszieTiM MoTy4eHHOe ypaBHeHHe Ha X2 (3aMeTHM, 4To Ipu X =0 cucTe-
Ma HE UMEEeT PelleHU):

2 2
24-115 45 =0 & (1) -11Z+24=0.
X X X X
O603HaYNM %:t. y
) t=8, ;:8’ y=8x,
Torma t“ —11t+24=0 & TO €CTh =
t=3, Y _3 y=3x.
X
[Tonyynm
y = 8x, Yy = 8x,
2x2 —3xy +3y? = 80, =23
PN 17°
Yy =3x, ¥ = 3x,
2x%—3xy+3y* =80 x? =4,
2v2 . 16V2 —2v2, -16V2
O : Zve. . . . 2.6 . _2. _6 .
meem (\/1_7’x/1_7)’(x/1_7’ \/1_7)’(’)’( ; —6)

Cpezm CHUCTeM HeJWHEeHHBIX ypaBHEHI/IfI MOXXHO BBIZEJINUTH CHUCTEMBI
CUMMETPUYECKUX y‘paBHeHHﬁ. K HMM OTHOCAT cUCTeMBbI BHAA

fG;y) =0,

glx;y) =0,
rae fOy)=f(y;x), gbx;y) =g(y;x) (Takue MHOTOWIEHBI HA3BIBAIOT
CUMMeTPHUYeCKUMHU). MHOTOWIEHHl U =X + ¥y U V = Xy Ha3bIBAIOTCA dJle-
MEHTapHBIMU CHMMETPHYECKUMH MHOTOWIEHAMH. PellleHHe CUCTEM CHM-

MeTPUYECKUX YPaBHEHUI OCHOBAHO Ha TOM, UTO JI060M CHMMeTpPHUYeCKII
MHOI'OWIEH MOXXHO BBIpa3UTh Yyepe3 ajeMeHTapHble. Hanpumep,

x?+y? = (x+y)*—2xy = u*—2v,
4y =(c+y)°®-3xy(x+y) = u®—3uv.

[TpumepoM pelieHHA TaKOM cHUCTEMEI ABIAeTCA IpuMep 1 aToro nmaparpa-
¢da. B HEKOTOPBIX CIIy4asXx pelleHre CUCTEM CUMMETPUYECKUX YPaBHEHMH
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YAaeTCA MOMYyIUTDh 6e3 HCIOoIb30BaHUA SJIEMEHTAPHBIX CUMMETPUYECKUX
MHOT'O4YJIEHOB.

ITpumep 7. Pemute cucteMy ypaBHEHUMN

Xy =2,
¥} +y*=0.
xy=2, x3y3=8,
Peinnenue. 3 3 = 3 3
x’+y>=9 x*+y>=09.
[TycTb x° =a, y3 =b. [lonyaum cuctem ab=8,
yers x*=a, y*=b. Tonyu Y gapoo
a=S8§, x> =8, x =2,
b:]., y3:1, y=1
= Torza

(=4
{a = 1, x3 = 1, {X = ,
b =8. y3:8 y =2
Omeem: (1;2), (2;1).

PemeHue cucreM ypaBHEHUH, CoOZepiKalIX MOAY/Ib, OOBIYHO CBOAUTCS
K pacCMOTPEHUIO HECKOIBKUX CJIy4aeB, B KAKJAOM U3 KOTOPBIX IPUXOAUTCS
pemarh CUCTeMy YpaBHEHUH, y)Ke He coAep:KalluX 3HAKOB abCOTIOTHOM
BEJIMYUHEI.

ITpumep 8. Pemrure cucteMy ypaBHeHUM

lx=1]+y =0,
2x—y =1.
{Ix—1|+y=0,
Peienue.
2x—y=1
X_1>0, X>1’
x—14+y =0, 3x =2,
2x—y =1, y=2x-1, x=0
x—1<0, x—1<0, =-1
—x+1+y =0, y—x=-1,
2x—y=1 2x—y=1

Omseem: (0; —1).
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3ajgauu

Pemure cructeMy ypaBHeHUN

1.a)

WIR NI
+ o+
D[R W<

(x+6y)2=7y,
(x+6y)*=7x
S5x—4y =9,

(5x —4y)?=x%+80.
2x+3y =7,
2x*+y=9.
2x=5y2,

9]
(Y

. a)

6. a)

N
o

) 5x=2y>.

2x+3)*=7y,
(Bx+2)?%*= 7y
3x2-2x=y,

8.a)

———— —— —— —— —— —— —A—

3x—2=y.
{(x—3y)(x—y)=0,

x*>=36y2,

13. a)
6 =y+7.

(x> —4)(y +4) =3x.

x_Y_

7 3
x_Y_

3 7
x_Y_

9 2

X 4

18
4x2—3 1,

6) I=
2x*+3y=5.
(3x —8y)?=—5x,

0) yz
(3x—8y)2=

6 8x+9y =6,
(8x+9y)2—x +27.
3x+5y=

o {21
3x*+y=2.
3x=5y~°,

6){ v
5x=23y2.

5 (7x —2y)*=25y,
(2x—7y)?=25y.

&) 6x2+5x=11y,
6x+5=11y.

6 (x+2y)(x 3y)=0,

—4y +25=2x.
x2=2 7,

6) -
x?423= 2y+y

6 x-3)y—-7=
(x*—9)(y —4) =24x.
x2—9y,

6)

=y+2
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14. a

15.

16.

17.

18.

19. a

20.

21.

22.

23.

24.

25.

a)

a)

x(2x— 3y) =

a)

x+y=10,

)xy24

a)

y —xy—3y+4=0.

|x+3y|= 2y+3
12y +3[=

2x? +3y%=11,

4x*+6y*=11x.

a)

a)

|2y? 4+ 3x% +4|=2y*+3x* +

a)

*=5y—6,
6l "
—5x 6.

50xy = x> +49y?,

11 10_ 10 11
6) Y
Xy = 64.

x(7x—2y) =14,
49x% =4y2

<))

)

6 x+y

=)

)

(x=5y)(x—=3)=0,
4y*—xy+3y+4=0.
lx+yl= 2y+1

12y +1]=

2x? +5y2 =23,
6x2+15y% =23x.

<))

)
0)

0)

bt
o2
{
i
{x+y 2,
{
{
{

132 +4x>+4|=3y*+4x*+y,

0)

lx—2y|=
ylx—2y— 5) 20.
x+2y=5,

x? —4y =35.

a)

a)

1
ol
(e
Loc-
o 58
{
{(x 2y)(x+3)=0,
{
{
Lot
ot
{
-

|x —5y|=9,

6)
y(x—5y—9)=-90.
x+7y=1,

6) 1 2
x“—49y“=5.
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PemuTe cucTeMy ypaBHeHUH.

3x+5y=1, ; x+y+xy=5,
2x—3y=7. x4y xy=7.
xX—2y+2z=3, x?—2xy=3,

3x+y+z=1, 8 3x%—2y%=1.

—2x+3y—3z=—4.
o {x2+y2+x+y:8,

1
|
{(x 3)(x+2y) =0,
15
1z
{7

x*y +y*x=6.
y +x=0.
2,
x+y 1, X+y=2,
10. )
xX+y =
x+y+xy=0, 1 x+y=2,
x> +y +x3y3—12. 3x —y|=
= 12 x| +2ly|=
X +xy+y*=7. " | 7x+5y=2.



§ 2. Cucremsl, cogeprxalue ApoOHO-paiOHAIbHbIE
ypaBHEHUA

OO6uiye MeTOABI peIIeHUs CUCTEM, COAEPXKAIIUX APOOHO-pallOHAb-
Hble YpaBHEHUS, OCTAIOTCS TEMU JKe, YTO U JIJIA CUCTEM 1[eTbIX YpaBHEeHUHN:
MeToZ anrebpandyecKoro CJIOXKeHUs, MMOACTAaHOBKA, 3aMeHa IepeMeHHOMN
B IIpeZiesiaX OHOT'O WJIM HECKOJbKUX YPAaBHEHUH CUCTEMBI, PA3/IOKEHUE Ha
MHOXUTENU U T.T. OCHOBHOE OT/IMYME — HaJIMYUe OTPAaHUYEHUMH, KOTO-
PBIM ZIOJDKHBI YZIOBJIETBOPATH PEIIEHUs CUCTEMBI (3TU OTPAHUYEHUS, KAK
MIpaBUJIO, CBA3aHO C YCJIOBHMEM HepaBEHCTBa HY/IO 3HaMeHaTesel OfHOU
WJTM HECKOJIBKUX alrebpanyecKux Apobeit). PaccMOTpHUM IpUMEPHI, HAaYaB
¢ penieHus 3aza4 3 ¥ 4 yactH Il BBOAHOM 1MarHOCTUYECKOH pabOTHI.

IIpumep 1. PemuTe crucTeMy ypaBHeHUHN

Pemrenue. PaCCMOTpI/IM TOJIbKO TIEPBO€ YpaBHEHUE CHUCTEMBI U 000-

3HAYUM ;—t TOrAa L t;ﬁO
1 5 2 .
I/IMGEMt—?—g & 6t —5t—6=0 &
(3 x_3
:—’ _21
= 2" 10 ectn Y
p=_2 x__2
— T3 y~ 3
o _§y> X___y’
[MoryyaeM ZiBe CHUCTEMBI YpaBHEHUH , T, WIN 5
X" =y = X" =Yy =5>
x=2y> x=_§}’>
T {9 ,° w4 o, C, BTopas cucTeMa He UMeET pelile-
7V Ty = Y Yy =5

HUM, pellleHNs IIepBOM CUCTEeMEI JAalOT OTBeT.
Omsem: (3, 2), (=3, —2).
IMpumep 2. Pemure cucteMy ypaBHEHUMH
x*+2y?
y

2+2y*\2
(u) = Ox.
y

=3,
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2+22

Pemtenmne. Ilyctb =z. [lonyyaem

BepHeMCH K ITPpEXXHUM II€PEMEHHBIM:

x=1,

x=1, x=1, y=1,
2 2 =1 =

ﬂzg 2y2—3y+1=0 x=1,

y 1

y=3-

Omsem: (1; 1); (1; %)

IIpumep 3. Pemute cucremy

X
2xy—3X =15
{xyxy ,

X —1s.
Xy + 3

X
Pemenue. O603Ha4YUM a =Xy, b= 3 Torga cucreMa MpUMeET BUZ

{2a—3b:15, {a:12,
S

a+b=15 b=3,
xy =12, x =3y, x =3y,
=
Him %;3 y-3y =12 y?=4.
Omsem: (6;2), (—6; —2).
ITpumep 4. PemuTe crucTeMy ypaBHEHUH
3x+2y + o = 4
xoray 3x+2y — 7
Y —
3x+2y—-3 >.

Pemenne. Ilyctb 3x +2y =t, t #0. Torza nepBoe ypaBHEHUE CUCTe-

3
Mbl IPUMET BUZ t + + = 4. YMHOKHUB obe JacTy NOJMy9eHHOTO YpaBHEHNUA

Ha t ¥ pellIuB IOoIy4YeHHOe KBaJpaTHOe ypaBHeHUe, HalizeM, 9To t =1 jiu-
60 t = 3. B mocyiegHeM ciydae 3HaMeHaTeNb Apobu B JIEBOM 4acTH BTOPO-
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IO ypaBHEHHUs CHCTeMbI 0OpaliaeTcs B HY/Ib, IIO3TOMY OCTAeTCs TOJIBKO
3HayeHue t =1, T.e. 3x + 2y = 1. [loacTaBUM 3TO 3HaYeHUE BO BTOPOE
YpaBHEHHE CUCTEMBI: 1)%3 =5, orkyga y = —10. Torga 3x —2-10=1
ux=17.

Omsem: (7; —10).

ITpumep 5. Pemure cucTeMy ypaBHeHUN

X

y=———76
1-3+¢
x(xz—_y—36) =0.

Pemrenue. [Ipeobpasyem MpaBylo YacTh IEPBOTO YPaBHEHHUS CUCTEMBI:

x . x X
16 — x—6+6 = _X -
x+6 x+6 x+6

[TocKo/IbKY 3HaMeHAaTe b JTF060H 13 Apobeil OTIMYEH OT HyJIs, IIOTyYaEM,
yTO X # 0, X # —6. B 3TOM CIy4yae

; =Xx+6,

x+6

U [lepBoe ypaBHEHHe CHUCTeMBl IIpUHUMaeT BUJ Yy = x + 6. [lockombky
x#0, 13 BTOPOTo ypaBHEHHUA CHCTeMBbI Tomy4duM x2 — y — 36 =0 . [ToacTa-
BUB B 3TO ypaBHeHMe y = X + 6, IPUXOJUM K YPaBHEHHIO x> — x — 42 =0,
KOPHAMU KOTOPOT'O ABJIAIOTCA X = —6 (3TOT KOpeHb He Y/IOBIETBOPSAET
YCIOBHUIO X 7# —6) u X =7 (B 3TOM ciiy4dae y =7+ 6=13).

Omsem: (7;13).
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3ajgauu

PemuTe cucTeMy ypaBHeHUH.

x x
2y 13> 1o >
1.a) y 1 0) y 1
2y+3_ 9 4y+1- 3"
sto=2 Z+3=s,
2. a) 5 3 6) 8 7
242=2 Z+L=5.
x oy X oy
Y= %—ly—5=12,
;+;:2. ;—;=2.
5x _ 8 7x _ 2y
4.2) { 8y 5x° 6){ 2y 7x°
Sx—8y=20 7x—2y=-14
2x+§=11, 8x+%:—13,
5. a) 5 0) 3
7x+==16. 3x+—-=2.
Yy Yy
(x—9)(x—6):O (x—8)(x—4)=0
6. 2) y+8 ’ 6) y—5 ’
) y+8)(y—-8) y=5)y+8)
—— =0. ———F =0.
x—6 x—4
4x=2 415, sx=-2_17,
7. a) évs 6) é
x Y x _ Y
8. a) 4x—7" 4x-=7’ 6) 3x—8~ 3x-8’
4x*+19y +21=0. 3x*+5y—8=0
X _ Y X N y
9.a){ Sx—4y 5Sy—4x’ 6) { 3x+4y  3y+4x’
xy =—16. xy =-9.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

x+3 _
4y
x+3y

1,

a)

a)

(x+1)(x—8)=0,

y-3 _
x+y—-2"

a)

|
|
|
-
|

|

{

|

|

{

4

27

a)

x+7

=1,
6{ ¥
x+7y
8x
2x+5=
6) y+1 ?
x*=5y+8
x—5_x+4
6) y—-5 y+4
y*=5+4x
O+ —-2)=0,
6) x+12__ o
xty+10 >
1_9
6) XZ_yZ’
xy =75
x° x°
= =-5.=,
6) { ¥ y?
x+5y=25
X Yy _
6 ;+5';—6,
x—y=4
4 _
5 x—y x—y_3’
Y~
x—y—4 )
X
o
0) 5
+
o 3y =—-2y+3
x+2y—4
6){ x =2
lx+2y|=4
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20.

21.

22,

23.

24.

25.

x2+5x+4=0,
+y+6

it}
y+2

a)

O+8)(y+3)
x—2 B
ﬂ+y=L

0
a) ’

|
|
|
|
|
|

2xy —3y*
x—3y=-12.

a)

x*+4x+3=0,
0) { x+y—4
——=3.
y—5
U—DU+M_O
6) x+6 0
x?+y=32.
53 -3 =%
6)
5.5 L4y
y X
xty=7
6) a1
V=132
x+%=—L
2 x__2
y 3
x*—10xy
6) { 3xy+2y* 7
x+2y=-—12.
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PemuTe cucTeMy ypaBHEHU.

-{
|
|
|
|
-{
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(x—5)(x+6) _

y+5 0,
(y+5)(y—6) -0
x+6 -
x Y
3x—2" 3y—-2’°

3y?—5x+2=0.

(x—=6)(y =7)=0,
y—4

x+y—10:3'
X12l=3
Yy X
x—y=7.
2y =4
x—ay x=2y
Y _
x—2y—3_5'
-3y—5
izs’
X
|x —3y|=5.

x*—3x+2=0,
7. _
x+y 3:3.
y—2
(y=-6(y+3) _
8. x—5 -
x?+y=22.
X Yy
2;4—3;—7,
9. x y
6=+4+9=="7x.
y X
x2—4:O’
y—2
0.4,
Y =3x
y
2
y7=5y,
11. ,
24x%—7x _
% =1.
y_ X
=—,
12. 5
x(x?+y —25)

0,

=0.



§ 3. Cucremsl, cogepxalilnyie UppaloHaJIbHbIE
ypaBHEHUA

[Tpu pemeHUH cucmem UpPAYUOHANLHBIX YPABHEHUTl UCTIONB3YIOTCS Te
K€ METOZBI, YTO U NPU PelIeHNU WPPAlMOHAIbHBIX YpaBHEHUM: 1M36aB-
JIeHWe OT UPpalMOHAJIBHOCTH IIOCPEZCTBOM BO3BeleHUA B KBaJpaT WU
3aMeHBI llepeMeHHOM. 3aMeHa ITlepeMeHHOM IpUMeHAeTCs Kak B IIpejenax
BCel CHCTEMBI, TaK U B IIpeiesiax OZHOTO U3 ypaBHeHUH cucteMbl. Ocoboe
BHUMaHUe CJefyeT YAeIUTh OTOOpY pellleHul, CBA3aHHOMY C HEOTpHIia-
TEJIbHOCTHIO BBIp@KEHUU II0Z, 3HAKOM KOPHA 4YeTHOM cTemneHH. PaccMoT-
PHUM HECKOJBbKO IIPMMEpOB, HauaB C pelleHudA 3azaHuii 5 u 6 yactu Il
BBOZIHOM TMarHOCTUYECKOM paboThI.

IIpumep 1. Pemure cucTeMy ypaBHEHUN

VX+/y =7,
v/xy = 10.
Pemrenne. Ilyctb /x=u, ,/y=v. Ilomy4aem cucremy
ut+v = 7’ u 2,
uv = 10, v 5;
a4
u 2 0’ u= 5,
vz=z0 v=2
Vx=2, x=4,
VY =5, y=25,
3HaYUT, =
{ Vx=5, {x=25,
VY =2. y=4.

Omsem: (4; 25), (25; 4).

IMpumep 2. Pemure cucteMy ypaBHEHUHA

Vx+y+y/2x+y+2=7,
3x+2y = 23.

Pemteune. O6o3HauuM /x+y=t, t=0; 1/2x+y+2=2, 2=0. To-
raa x +y =t%; 2x + y + 2 = z%. CnefoBarenbHo, t2 + z2 =3x + 2y + 2.
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CucreMa IIpuMeT BUJ,

t+z=17, t=7—32, t=7—g2,
2 2 = 2 2 = 2 =
t“+2z“ =25 (7—2)+2z==25 z°—=724+12=0

V2x+y+2=4, {zx+y+2:1@

x+y=3, x+y=9,
CrnemoBaTesbHO, =
2x+y+2=3, 2x+y+2=9,
x+y=4 x+y=16.
Omsem: (5;4), (—9; 25).
X Y _5
IR

x+y=10.
5

X u-—+ l - 5, u= l,
Pemrenne. Ilycts u=,/=. Torga u = 2’ Caenaem
y u>0 u=2.

ITpumep 3. Pemiure cucTeMy ypaBHeHUHN {

0OpaTHYIO 3aMeHY:

X X
5= x=2, S =2 x=38,
1 y ? o 2) Y =
x+y=10 y=8; x+y=10 y=2

Omeem: (2; 8), (8; 2).
Voe/y+V/x3y=12,
xy =64.
Pemrenue. YnpocTuM BHayajle IEPBOE YPaBHEHHUE CUCTEMBI C YIETOM
BTOPOTO:

%ﬁ+ﬁ§/}=12, o Ux2y3+ /a3y =12, PR
Xy = 64 Xy = 64

¢>{6M@+QMﬂx:u,¢>{V§+V§:&

Xy = 64.

IIpumep 4. Pemure crucTeMy ypaBHEHUMI {

xy = 64
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O6osHaunm $/x=a, ?/;:b, a=0, b=0. Umeem

a+b=3, a=1

ob° = 64, {a+b=3, b=2
= =

a ab=2 a=2,

b {bzl.

BepHeMCH K IIPpEXXHUM II€PEMEHHBIM:

>

AR\

0
0

Omsem: (1;64), (64;1).

IMpumep 5. Pemrure cucteMy ypaBHEHUN
'y — J—
\/20; =vVx+y+vx—y,
16x
1/ Sy T VX+y—yx—y.

Pemenvie. O61acTh OnpeziesieHUsT CUCTEMBI:

y 16x
[lepeMHOXUM ypaBHEHUA: 4/ 20; 4/ Sy =(/x+y)?—(y/x—y)?, wm

8=x+y—x+y, T0o ectb y =4.
V13 BTOpOr'o ypaBHEHUS CUCTEMEI [IOJIyIaeM

%x:x+4—2\/x+4-\/x—4+x—4 s 2x—%x:2 x2—16,

2 x=5,
OTKyZa (%x) =x’-16 & [x— s. X =—5 — IIOCTOPOHHUN KOPEHb.

Omeem: (5; 4).
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3ajgauu

PemuTe cucTeMy ypaBHEHUI.

2/x=3y, 5vVx=4y,
lLa4 , 0§ ,
Y +2/x=4. Y +5v/x=5
x—4/y=1, x+2/y=-2,
.a) 6)
x+2y=17 x+2y=2
50 [(FDWF-3=0 [(T-2)(/7-3)=0,
) 3x+5y=60. 3x+2y=15
5x—3/y=-34, 6x—5/y=-37,
4. a) 6)
5x+3,/y=-16 6x+5,/y=13
3x=-7y, 2x =75y,
5.a) 6)
v/ —21lxy=x+28 4/ 10xy =x+15
5vx+2y=31, 7Vx—2y =34,
6. a) 6)
5/x+2y*=43 7v/x—2y*=10
\/@=6’ \/W:].S,
7. 6
2 4,/ % =6. )\ 25, /% =15,
y y
=-18, =30,
g.a)| VY 6 VY
xy=-108 xy =150
x4/y=-6, xy=-42,
9. a) 3_x=_2. 0) E——6
vy vy
=9’ =4’
10. 2) VXy 6 VXy
3x—y=-18 2x—5y =12
11. ) =7y =0, &) (x=9)+y—4=0,
| y2+3x—25=0. y24+3x—43=0
12. 2) (x—4)vx—54/y—5=0, 6 (x+3)V/x+2y/y+1
y=x-—1 y=x—4.
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13. a)

14.

15.

16. a

17.

18.a

19.

20.

21.

22,

23.

24,

25.

(x—3)(y —11) =0,

y=42x-5,
Y+3)x—4=
\/2x+5=\/2y—3,
y2+2x=0.
(x—1)/y—6=0,
(v -2)Vx-3=0.
mzy—4,
(x*—16)y/y —3=0.
3x+2,/y=18,
3Vx+2,/y=12.

Jm—w:¢w+w,
y*+5y+x=16.

(x+y—10)4/y—9=0.

{(x—4)(y—10)=0,

(x+y—8)+y—7=0.

2x+5
(y+7)(x 4) 0.
6){\/4x 9=1/4y—1,
3x=-2.
5 {(x+4)\/ =0,
-3 =0.
; V10—x=y+1,
) (x*—36) =0.
. 2x+5f 23,
) 14Vx+5/y=47.
{J’
6 3Vx—5/y=—
5VX— Y ="7.
{x+9\/_ 0,
0)
x+8 6x°+7y=0.
&) \/4x 3y= \/3x+4y,
y+7y x=4.
6){ 6x—5y=y,
x? +5y+y =
x> 3¢_+4x+6 0,
=
3x— /Xy =2,
@{3 o



o

{
{
{
4.{3\/§+2y=13, 10.{(9“‘3)“?‘@:0’
{
{
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PemuTe cucTeMy ypaBHEHU.

x?—x—2=0, ; JXy =6,
"l 2x-5y=2.

x2—4x—5=0 {(2y—3)(x2—2x+3)=0,
’ 8.

VXx—2—-2y=-2.

2x =3y =4, o V3x—5=1/3y+7,
"\ y2+x=10.

y=x-—3.
2x=3y, (yz—y—Z)\/x—3=O,
11.
(2x?>—7x+5)4/2y —3=0.

(x—2)y/y—-3=0, {(3x—5) y2—3x—4=0,
12.

y—3=+/6->5x.



§4. Cucremsbl, coZiepxKalliyie TPUTOHOMeETpUYeCcKue
ypaBHEHUA

OcCHOBHBIE METOZBI PeIIeHUA CUCTEM, COepXKallluX TPUTOHOMeTpUYe-
CKUe ypaBHEHUs, BCE Te JKe: MeToJ anre6pandecKoro CJIOKEHUs, 3aMeHa
TIepeMeHHOU B IpeZiesiax OfIHOTO YPaBHEHUS WM BCEW CUCTEMBI, MTOACTA-
HOBKa. OTOOp pellleHNH B TAKUX CHCTeMaX CBA3aH JIMOO ¢ OTpaHUYEeHHO-
CTBIO CUHYyCa U KOCHHYCA, JTUOO ¢ HAJTMYKEeM KOPHEN YETHOM CTeleH! WA
anrebpanyeckux Apobeii. [IocMOTpUM Ha KOHKPETHBIX ITPUMepax, KaK MpH-
MEHSIIOTCS 3T METO/IbI, HauaB ¢ pa3bopa 3agaHuii 7 u 8 yactu Il BBoZHOM
IUarHOCTUYECKOM paboThI.

ITpumep 1. Pemure crucTeMy ypaBHeHUHN

Vy+cos?x—2+cosx =0,

ysin?x —sinx—1 = 0.

Pemntenue. BrHauajsie paccMOTpPUM IiIepBOe ypaBHEHHE CHCTEMBI:

Vy+cos?x—2+cosx =0 & 4/ y+cos?x—2=—cosx &

y+coszx—2:coszx, y =2,
2=
cosx <0 cosx < 0.

Ilpu y = 2 BTOpOe ypaBHeHHe CHCTeMbI IIpUMeT Buz 2 sin® x —sinx —1=0,
. i .

oTKyZa sinx=1u x = 5 +27n, n € Z (ana Bcex TaKUX 3HaUeHUU mepe-

MeHHOU HepaBeHCTBO cos X < 0 BHIIIOJMIHEHO), 1160 sin x = —0,5. C yueTom

. 57
HepaBeHCTBa cos X <0 u3 ypaBHeHud sin x=—0,5 noixy4aeM x=— % +2mk,
keZ.

Omeem: (% +27n; 2), nez; (—%T +27k; 2), keZ.

2sin®*x +3sinx+1 _

0,
IIpumep 2. Pemure cucteMy ypaBHeHUM vy

y+4v3cosx=0.

Pemenue. I3 niepBoro ypaBHeHUs CUCTeMEI ciaeayeT, yTo y < 0. To-
IZla U3 BTOPOr'O ypaBHEHHUA IolydaeM, 4To cosx > 0. Hucnaurensb Apobu
B JIEBOU YaCTH NIEPBOTO YpaBHEHMs obpaliaeTcs B HyJIb, eciu sinx = —0,5
60 sin x = —1 (3TH 3HaUeHUs TEPEMEHHO He YIOBIETBOPSIOT HEPaBEH-
cTBY cosx >0). C yueToMm ycimoBut sin x = —0,5 u cos x > 0 noiaydaem, 4To
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X = —% + 27tn, n € Z. B aTOM Cilydae cosx = @ U BTOpPOE ypaBHEHHUE

CHCTeMBI IPUHUMAET BUA Y + 4+/3 - g =0, oTkyza y = —6.

Omeem: (—% + 271n; —6), nez.

cosx=y+1,
ITpumep 3. Pemnrure crucTeMy ypaBHeHUHN
sinx=+4/3y%+2y.

Pemennie. CucTeMa paBHOCWIbHA CJIEAYIOIIEH:

cosx = y+1, cosx = y+1,
sinx = 4/3y%2+2y, & { sinx =4/3y%2+2y, &
cos’x+sin?x = (y +1)?>+3y% +2y y*+y=0
[ (y=o.
cosx =1, y =0,
sinx =0, {sznn, neEz,
= . = y =1,
}c,o;x :’0’ {x = %—i—an, kez.
sinx =1

Omeem: (21tn; 0); (g + 27k; —1), n,kez.

1

4)

cos(7x) -cos(my) =

—X=
IIpumep 4. Pemure crucTeMy ypaBHEHUHI {

S

Pemenue. CucrtemMa paBHOCWIbHA CIIEAYIOMIEN:
1
y=x+z,
4 )
cos(7x) -cos(my) = -5 -

1
IloacTaBuM y=x + Z BO BTOPO€ YpaBHEHHE CUCTEMBI U PEIINM €T'0:

1 Vs T\ V2 ) _ V2
§(cos(2nx+z)+cosz) =5 = cos(2nx+z) =5 =
2nx+ 2 =249omn, nez, x=n, n€Z,
4~ 4
= s s = 1
2nx+5 = -7 +2nk, kE€Z x=-7+tk, keZ



§4. CucreMmsl, cofiepralirie TPUTOHOMETPHUIEeCKHe YPaBHEHNA 135

BcriomHuM, 4TO Yy =X + % Torga

Omeem: (n;n+%); (k—%;k), n,kez.

IMpumep 5. Pemrure cucteMy ypaBHEHUH
sinx+cosy =0,
sin? y +cos® x = 1,5.

Pemnrenue. CucTema paBHOCWIbHA ClIeyIOIIei:

sinx+cosy =0, sinx+cosy =0,
2 ) ) 2 And
1—cos®y+1-—sin“x =1,5 sin“x+cos“y = 0,5
. sinx = 1,
cosy = —sinx, 2 1
) 1 cosy = —3,
= SInX = 5, = 1 &
1 sinx = —3>
sinx = —5 1
cosy =3

x= (—1)”%+7rn, nez,
y=+Z yonk, kez,
=
{x= (—1)m+1%+nm, meZz,

y=i§+mmlez

Omeem: ((—1)”% + 7tn; iz?n +2nk), n,kez;
((—1)’”“% +1m; :I:% +27rl), m,leZ.
ITpumep 6. Pemute crcTeMy ypaBHEHUM

{sinx-siny =

COSX-COsy =

NI
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PemeHne. 3aMeHUM IIepBOe ypaBHEHME CYyMMOH, a BTOPOE — pa3Ho-
CTBIO YPaBHEHUH CUCTEMBI:

cosxcosy-+sinxsiny =1, cos(x—y) =1,
. 1 & 1 &
cosxcosy—sinxsiny = 5 cos(x+y) = >

T
x = z+mn(k+n),
xX—y=271n, n €%, { 6 ( )
T
=Z+mn(k—n), k,n€Z,
PN x+y=g+2nk, k€Z, o y =g tnk=n)
-_T
xt+y=-%+2nl, l€Z x =—gtnl+n),
y=—%+nl-n), Lnez.

Omeem: (%+n(k+n); % +n(k—n));
(—§+n(z+n); —§+n(1—n)), k,n,leZ.

ITpumep 7. Pemrute cucteMy ypaBHEHUN

X=y=35,
cos? x +sin®y = 2.
Pemenwme. Tax kak cos® x <1 u sin? y <1, monygaem

5 5 cos’x =1, xX=7n, n€Z,
cos“x+sin“y =2 & =

sinfy =1 y:g—i-rtk,keZ.

T
BciomHuM, 4TO X — ¥y = DR Torza

nn—g—nk:g S natn-k=n oo n—-k=1<n=k+1; nke’Z.

Omeem: (n(k +1); g + ﬂk), keZ.
ITpumep 8. Pemute crucTeMy ypaBHEHUM
X—2siny =y —2sinx,
{ x?+y*=1.
Pemenne. CucreMa paBHOCWIbHA C/I€[yIOLIEH:
x+2sinx = y+2siny,
{ x*+y*=1.
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V3 BTOpOTO ypaBHEeHUs cieAyeT, 4yTo |x| <1 u |y| < 1. PaccmoTpum GyHK-
nuro g(t) =t + 2sint. Ha nmpomexytke [—1; 1] ¢yHKIIUA Bo3pacTaeT Kak
cyMMa ZByX BospacTarolqux ¢yHkumii. 3HauuT, g(x) =g(y) <& x=y.
CucreMa IpUHUMAET BUJ

1
{x:_y, Yy=7
x2+ 2=1 :—i
y {x @
y=-7
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3ajgauu

Pemute cucteMy ypaBHEHUH.
1 a 2c0s®x —9cosx+4=0,
' 8cosx+5y=9.

6 2sin® x — 531nx+2 0,
4sinx+3y=—

2sin’x+7sinx+3=0,
7cosy+6sinx —4=0.
S5tgx—4y=-— 17,

2cos? y+11cosy+5=0,

=)

5cosx—2cosy +4=0. )

4tgx+5y=-9,
3.a)

4tgx—y=-3.

3tgx+4cosy =35,

3tgx+8cosy=7.

|
o |
| |
{(2 7m)(y +3m) =0, {(2 5m)(y +7m) =0,
{x m)(y+3m {x m)(y+7n
| |
|\ Ve
| |
| |

7tgx+6siny =4,

N
o
)

.a) )

7tgx—2siny =8.

5.a) 6)

sin3x + 4/cos7y sin 3x + 4/ cos 8y

sin® x + 7 cos y =8, cos’x+5siny =6,

)]
O
=)

.a) )

2sinx+7cosy=>5. 3cosx+7siny =4.

x=9siny, x=19siny,

7. a) 6)

9xsm y=siny+10. 19xsm y=siny +20.

cos(3x—2y)=-1, cos(4x—|—5y)——

8.2) sin(4x —5y) =

6
sin(3x+2y) =0. )
7cos’x+9sin’y =9, 6cos®>x—5sin®y =—
9. a) 6)
7sin®x —9cos? y =7. 6sin® x +5cos® y = 6.

{(16x—137‘c)(8y—15ﬂ:)—0, {(20y+77r)(8x—77r)=0,
a)

\/tg2x+4/ctgSy =

10.
tg4x+4/tg2y =

x2—5x+6=0, x2—x—20=0,
11. a 0)
2siny =x. 4cosy=x.
(x—4)(y+5)=0, (x—-3)(y+11)=0,
12. a 6)
3cosrtx+sm%—2. 5cosnx+sin%:—4.
4x?=9y?,
13. a
2 3 2 3
3 Y
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14.

15.

16.

17.

18.

19.

20. a

21.

22,

23.

24.

25.

1lcosx=5y —4,
cos’x=5y +8.
3sinfx=y+1,
3coszx=y—2.

XSID =TT

2cosx+5siny=3.
2sinx+3siny =5,
3sinx—2siny =1.
3x—2cosy=1,
3x+4cosy=7.

xsin2y =3,
x+sin2y =4.

i

|

|
g,
{3cosx+251ny=—1,
|

|

|

|

|

|

|

=—8cosy+81,

<))

) x=4cosy —9.

9sinx=4y +1,

=)

) sin®x=4y — 7.

7cos’x=2y+1,

=)

) 7sin’x=2y —6.

4x —7 11w,
6) Y=

xcos(4x—7y)=—m.

5cosx —cosy=—4,

=)

)

2cosx—3cosy=1.

3cosx — SCosy 8,

=)

)

3x+4siny =5,
3x+2siny=7.

<))

)

sinx=y -5,

<))

) cosx=-y+4.

6 xcos7y =3,
X +cos7y =4.

xcosSy=1,
0)
xsin5y=1.

yetgx=—12
ytgx=—4.
tgx=y+3,
ctgx =2y +7.

=)

)

0)

-
L
{
{
{
{
{
{
{
{
{
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PemuTe crucTeMy ypaBHEHUI.

2sin®x —7sinx+3=0, 3 sinx=y—5,
6sinx+5y=13. " | cosx=y—6.
x?—4x—5=0,
2siny =x. 2c0s2x+1 _
9 v/ tg2x ’
2tgx+5y=12, :
3- 2tgx+3y=8. (y*—1)V2v3sinx=0.
4. sinx+11cosy =12, S
sinx+11cosy=10. 10. XSmOy ==,
XcosSy =—4.
{x 13siny,
13x51n y=siny+14. - (2cos®x +v2cosx) tgy =0,
x? =4siny+1, ' tgx- (y>—2y)=0.
x=2siny—1
2cos? x — v2cosx=0, 12 (2sin’ y —sin y) tgx =0,
3y-tgx=>5. ' (2x* —mx) ctgy =0.



§ 5. Cucremsl, coaepikalye oKa3aTeJIbHbIe YypaBHEHUSA

OCHOBHBIE METOJBI PElIeHUS CHUCTEM, COZEpKAIIMX ITOKa3aTe/lbHbIe
ypaBHeHUs, HU4YeM IIPUHINUITHAIBHO He OTINYAI0TCA OT METO/OB pellleHHsA
APYTUX CHUCTEM: 3TO METOJ anrebpanvecKkoro CIOXKeHUs, 3aMeHa Iepe-
MEeHHOMH B IIpeZiesiax OZHOTO YpaBHEHUs WIH BCE CHCTEMBI, TIOACTAHOBKA.
EAMHCTBEHHAA 0COGEHHOCTb — MONOXKUTENLHOCTb Bhipaxkenusa a’ ™| ko-
TOPYIO IOJIe3HO YYUTHIBATh, BBOJSA COOTBETCTBYIOIIEee OTpaHUYeHHe IIpU
3ameHe. [lepeiizeM K peleHUIO IIPUMEpOB.

IMpumep 1. Pemure cucTeMy ypaBHEHUN
2%.3Y =24,
x—y=2.

Pemenvie. CricTeMa paBHOCWIbHA CIEAYIOIIEH:

x=2+y, x=2+y, 6" =6, y=1,
S S =
22ty .3Y =24 4.2Y.3V =24 x=24y x=3.

Omsem: (3;1).
IMpumep 2. Pemure cucteMy ypaBHEHUHA
2X42Y =12,
{ x+y =>5.

Pemenvie. CricTeMa paBHOCWIbHA CIEAYIOIIEH:

y=5—x,
242> =12
Pemum BTOpOE ypaBHEHUE

2X+§—f =12 & 22°_12.25432=0.

[yctb 2 =a, a > 0. Torga
2% =4, x =2,
X @ —
2¥=8 x =3.

Ecomx=2,T0 y=5—-2=3;ecmux=3,T0 y=5—3=2.
Omeem: (2; 3); (3; 2).

2 a=
a—12a+32=0 &

Ob6parHas 3aMeHa
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ITpumep 3. Pemiute cucTeMy ypaBHeHUHN

3% -2V =77,
3¥—27 =7.
Pemrenue. Ilycth 3* =a, 23 =b,a>0,b>0.
Torma
a’—b* =77, (a—=b)(a+b) =77, a+b =11, a=09,
=
a-b=7 a—b=7 a—b=7 b=2.

Ob6parHas 3aMeHa:
3.)( = 9, X = 2,
Y =3
22 =2 y=2.
Omeem: (2; 2).

IIpumep 4. Pemure crucTeMy ypaBHEHUMI
x.ZX_y.4y — x.4.y_y.2x’
3%.9Y =81.

Pemienmne. B II€pBOM YpaBHEHHNU IIEPEHECEM BCE C1ara€Mbl€ B JIEBYIO
YacCTb YPAaBHEHHUA U PA3JIOXKHM Ha MHOXHWTEJIHN IIOIYyIEHHOE BbBIPAXKEHUE!

(x+y)-2¥—(x+y)-4 =0, (x+y)-2*—4") =0,
=
3x.32y=81 3x+2y=34
x+y=0’ X=_4,
x+2y =4, y=4,
2" = 2%, x=2,
x+2y =4 y=1

Omeem: (—4;4); (2; 1).
B 3axsrtoueHue paccMoTpuM peteHue 3aganuii 9 u 10 yacrtu II BBOz-
HOM AMarHOCTUYECKOUN paboTHI.

IMpumep 5. Pemure cucTeMy ypaBHEHUH

81V 4.9 43

v/ 1—2siny
Vx+3+cos2y+1=0.

0,



§ 5. CucreMmsl, cogep:Kallye MOKa3aTeJbHble ypaBHEHUS 143

Pemenue. IlockonbKy vx+3=0ucos2y + 1= 0, BTopoe ypaBHEHUE

x+3=0
CUCTEMBI BBIIIOJIHAETCA TOJBKO B CIydae, eciu ’ OTKyZa
cos2y+1=0,
T T
x==-3,y= :I:E +2nn, n€Z. llpu y = 5t 27n, n € Z, NOAKOPeHHOoe
BBIpQ)KEHUE B JIEBOH 4acTU II€PBOT'0 YPaBHEHUS CTAHOBUTCA OTPULIATENb-

hus
HBIM, Y 9TO 3HaYeHUE CJIeZlyeT OTOPOCHUTh. 3HAUE€HUA Y = — 5 t2nn,nez,
VZOBJIETBOPAIOT IIEPBOMY YPaBHEHUIO CUCTEMBL.

Omsem: (—3; —% + 27'cn), nez.
ITpumep 6. Pemute crcTeMy ypaBHEHUHI

3.38Y42=3718Y,
Vx—2+6cosy =0.

Pemrenue. Bropoe ypaBHEHHE CHCTEMBI MOXKET OBITH BBITIOIHEHO,
TOJBKO ecii oS y < 0. YMHOKUM 06€e 4acTH MEPBOr0 YpaBHEHUsI CUCTEMBI
Ha 3% u mpuseZeM ero K k BuAy 3(3%©Y)2 +2-3%®Y —1=0. Pemas
MOJIyYEHHOE ypaBHEHHME KaK KBaJpaTHOEe OTHOCHUTENbHO 3'%Y, Haxoaum

3'8Y = —1 (4TO HEBO3MOXHO) gubGo 38Y = %, otkyzaa tgy = —1. C yue-

3z
TOM ycsI0BUA cosy < 0, MosiydaeM, 4To y = Z T 2nn, n € Z. Ilpu satom

cosy = U BTOpOE ypaBHEHHE CUCTeMBl IIPUHMMaeT BUJ v X —2 —

_v2
2 B
—3\/520, oTkyza x =20.

Omeem: (20; 3777'- +2nn), nez.
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3ajgauu

PemuTe cucTeMy ypaBHEHU.

3-8°+7V=31, 5.5*—6"=19,

1. a) . 6) x
2-8—-7Y=09, 2-5+6"=16.
5x+2-3¥=33, 6 7x—2-2Y=19,
7x—2-3V=3 Ox+2-2Y=61.
x-13V 4= x-13779=-91,

3.a) 3 0) _y
x-777° =245, x-2Y7"=-56
3x+64Y =79, 7x+16Y=-12

4. a) 6)
3x+8Y=23. 7x+4” =-24
x+57 =130, —3x+6"=33

5.a) 6) )
x%+5Y =150. x“4+6Y=37

6. 2) 3%.2Y =72, 6) 5%.2Y =200,

" =17 5% 4 2Y =33,
+57 =34, 7 +57 =174,

7.2 3’““ 5¥1=32. R )
5%2.8v"1=1, 43723774 =1,

8. a) 6)

{ 5% +8/*1=89. { 414373 =67.
3X+4 2y+5 108 4x+4'3y+3=144

9. a) {2y+6 30+l 6) {3y+5 45+2—g7.

10,2 2*-5yz40, 5 25 7Y =112,

"8 2% v =56, 2%.9Y =144
3=y, 5=y,

11.a) { Y 0) | ex g
9*=2y+3 25% =4y +5.
(x+7)( 5= (x+9)(y—-8)=0,

12. a) Y 6) Y
7y 5 5x+7 QY- 8 _ 8x+9
y-6"=7, y-7r=2,

13. a) 0)

%y.63x—1_6 %y_75)(—2=49
7 +2Y =9, 4*—-3Y=-5,
14' a) 7X+1 2y+4_ 17 6) 4X+1 _3y+1 _ 11
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

32x-ﬁ-y2 —gx+2y
x—y+5

y—4

=0.

2x+y—8 _ 640,5

5x+2 -1 :0

x-3¥7 =12,

2X+3 . 7y+1 — 14xy’

7% +2Y =15.

623(+y2 — 36x+2y’
0) \ x +y—6

y—4

=0.

(x*—49)(y+4) =0,

60 5
9x+7 1

Qx+y+13 _

=0.

x-273VV =2,

Vx-2Y=8.
=5.2—7x+1,
2=2.2—7x+7.

d
{
{ 2
-
|
{

0)

=)

)

=)

)
x?+4y%=20.

8¥.7.9* =56 9y
x>+ 6y*=7.
7%.2Y =28,
2%.77=098.

2X+2 5y+1 — 10x+y

<))

)

<))

)

6
552 =0,

) =14,
x?—13x—14=0.

| (x+17) -7 =4y,
(x+17)-4*=7y.
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PemuTe cucTeMy ypaBHEHU.

:y’
*=2y+3.
4+ 77 =11.

9
2%.7V =28,
2
11487 =75,
3

117487 =97.

x?2—11x—12=0.

4.5+ 2x+3,
=3.-5"4+2x+8.

y
y?

(x+16)-7° =9y,
(x+16)-95=7y.

gt
i
3.{
-{
1

2 -3"=1,
7. 2X+2 _ 3y+1 — 7
@ —294 -16%
8. 2y -9)(8x—5)
5" =16 —2x.

=0,

7.3V 72 =21,
7¥+2 13+l =82,

y-5°=2,
10.
2y 521 =25,

243y -4 -27)=
11
—4Y =0.

2x—-1(y*+y—6)=0,
12
2*—47=0.



§ 6. Cucremsl, cozepxaliue jorapupmMudeckre
ypaBHeHU:

[Ipu pelleHUM CHCTEM, COAep)KALIMX JOrapupMUYecKUe ypaBHEHUs,
4acTo yzaeTcs, U306aBUBIIKCH OT Jorapudma, 3aMeHUTb OZHO winu oba
YpaBHEHUs CHCTEMBI PallMOHATbHBIMU YpaBHEHUAMU. Ilociie 3TOro HyX-
HO BBIPA3WUTh OJHY II€PEMEHHYIO Yepe3 JpPYyryiIo U IOCie IOACTAHOBKU
TIOJIyYUTh YpaBHEHHUeE C OAHOM nmepeMeHHON. KpoMe Toro, 10BOJIBHO pac-
MIPOCTPAHEHH! 33la4M Ha 3aMeHy MepeMEHHOU B INpezenax OZHOTO WIN
060UX ypaBHEHUI CUCTEMBI U CUCTEMEBI, Tpebyroluiue oT6opa peneHu .

IIpumep 1. Pemure crcTeMy ypaBHEHUH

lgx—lgy =1,
lg?x+1g’y = 5.

lgx=a,
Pemtenne. Ilyctp Torma
lgy =b.
a=2,
a—b=1, b=1,
=
a?+b2=5 a=-1,
b=-2
O6paTHas 3aMeHa
lgx =2, x = 100,
lgy =1, y =10,
=
lgx = -1, x=0,1,
lgy = -2 y = 0,01.

Omsem: (100; 10); (0,1;0,01).

IMpumep 2. Pemure cucteMy ypaBHEHUHA
y—logsx=1,
x¥ =312,

Pemrenue. CucTema paBHOCWIbHA ClIeZyIOIIei:

y =1+log; x,
x1+10g3x — 312.
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Pemm BTOpOE ypaBHEHUE:
x1H08sX = 312 5 Jog, (x!°8) = log, 3" < (1+log;x)log; x = 12.
t=—4,

Iycts log; x=t. Toraa t> +t—12=0 < f—3

logs x =—4, x:l,
Ortcroza = 81

logs x=3 x=27.
[Mockonbky y =1+ logy x, momydaeM y; = —3, y, =4.
Omsem: (%, —3); (27; 4).
IMIpumep 3. Pemniure cucTeMy ypaBHeHUHN
{ log,(x*+y%) =5,
2log, x+log, y = 4.

x>0,
Pemenue. 3 BTOpOro ypaBHEHUA CUCTEMBI CIEAYET, YTO { -0
y>0.

V3 nepBOro ypaBHeHUs CUCTEMBI [TOydYaeM
log,(x*+y?) =5 < x*+y*=32.
W3 BTOpOro ypaBHEHUA

2log,x+log,y =4 < log,x+log,y =4 =log,xy =4 = xy =16.

X 4y2=32, x*+y?—2xy =0, (x=)*=0,
Torza 2, .2 < 2
=16 Xy t2y=64 | (x+y)*=64.
I 0,y>0 x=y, x=4,
> >
OCKOJIBKY X >0, y >0, TO x+y=8 y=4.
Omsem: (4; 4).

B 3aksroueHMe pacCMOTPUM pellleHye BYX MOCJEZHUX 3alaHuM Ja-
ctu Il BBOAHOM AMATrHOCTUYECKOHN pabOTHI.

IIpumep 4. Pemure crucTeMy ypaBHEHUH
8
8logy (xy) = logy x”,
Sx+2y+22=0.
Penrenue. l13 nepBoro ypaBHEHUs CUCTEMEI ClIefyeT, 4To xy >0, T. e.
YHUCJIa X U Y OZHOTO 3HaKa. Ecii oHUM 06a MONOXKUTETBHEL, TO JIeBasA YacTh

BTOPOTO YpaBHEHUSA OOJIbINE HYJIS U CHICTEMA HE UMEET PelleHNH. 3HAUHUT,
x <0 wu y<0. PaccMOTpUM II€pBOE YpaBHEHUE CUCTEMHBL:

8logy(xy) = 8logy |x| & logy(xy) =logy|x| & xy =|x|.
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ITockonpky x < 0, mony4aem xy = —X, 4, ciefoBaTesnbHo, y = —1. Torza
13 BTOPOT'O YpaBHEHUA HaxXoAUM S5x — 2+ 22 =0, oTKyza x = —4.

Omsem: (—4; —1).
IMpumep 5. Pemure cucteMy ypaBHEHUN

2log> (sinx) +3log, (sinx) + 1

log, (—cosx) ’

Vy—7=+v2cosx+1.

PertteHue. VI3 mepBOTO ypaBHEHUA CUCTEMBI CJIEAYET, YTO cOSX < 0
U cos X # —1. YucauTenb Apobu B IEBOM YacCTH MEPBOTO YpaBHEHUA paBeH
HYJTIO, €CJIN 210g§ (sinx) + 3log,(sinx) + 1 = 0. PaccMoTpeB NOIy4eH-
HOe ypaBHeHMe KaK KBaJpaTHOE OTHOCHUTEeNbHO log,(sinx), Haxoaum,
910 log, (sinx) = —1 ymbo log,(sinx) = —0,5. [TosTomy sinx = 0,5 m160

. 1 .
sinx = 7 C yueToM ycioBuA cosx < 0 nomydaem, 9To eciu sinx = 0,5,
3
TO COSX = —~5- (u Torza mpaBas 4yacTh BTOPOT'O ypaBHEHUA CUCTEMEI OT-
pUllaTeNbHA, YTO MIPOTUBOPEYUT HEOTPULIATETHHOCTH apUMeTHIECKOTO
1
—=, To cosx = ——=. B nociegnem
V2’ V2

3r
cIydae X =7~ +27n, n €7, u TOora U3 BTOPOTO YPaBHEHUS CUCTEMBI
HaxoguM 4/ y —7=-—1+1, otkyza y =7.
Omeem: (%Tﬂ +27n; 7), neZz.

KBaJpaTHOT'O KOPHA), a ecu sinx =
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3ajgauu

Pemute cucteMy ypaBHeHUH

L a) 4x —log, y=— & 7x+log7y— 26,
4x +log, y =—4. 7x—log, y =
logy+2(x+3)— 6 logy 7(x-|-4)—
x?—3y=7. x?—2y=—

3. a) logs x+log; y +y =2, 6 log8x+log4y+3y 11,

.a
logs x+log; y —2y=— logg x+log, y +y=3.
lo 2, lo 4,

4 ) | 108790 & 8:0) =
x+y+50=0. x+y+17=0.

5. a) log3 —log, y=3, & log5x+log2y—
log; x —log, y =1. 310g5x+10g2_y 1
7logs x — 3y =4, 4logsx+3y =

6. ) 8s y= 6) 86 y=
2logs x—5y=-3. S5logs x—9y=4.
log: (— 5x_y)—log5x 1, logs(— 81xy)—log3x 4,

7. a) 6)

XPy=— xX?y=-—
log, 5=— log, 3=7,5,

8. a) ylog, 6) ylog,
y+log, 5= 75 y+log,3=6,5.
41 =1 41 =1

9. a){ og; xy =log; x*, 6){ 0g, (xy) =log, x*,
2x+3y=-20 Sx+2y=12.

21 =y—4, 31 +1,

10. a) 083 X =Y 6) 08y X =Y

3log, 3=y -3. 2log, 2=y +2.
(log; x —2) (logz y —1) =0,
11. a) 7
logi (x—2)+log;(y —1)=-1
5 (log, x —2) (log: y —3) =0,
log% (x+5)+log,(y —3)=-2
logy x +log, y =log, 4 +log, 8,
12. a)
logy(x+ y) =log, 12.
6 { logg x +1og, y =log, 2 +log, 3,

logs(x+y) =logy 5.



§ 6. CucreMsl, cozieprkaliye JorapuMuIecKre ypaBHEHHs

151

13.a

14. a

15.

16.

17.a

18.

19.

20.

21.

22,

6

)

a)

<))

=)

a

)

a)

a)

a)

a)

a)

)

)

|
Ik
;
|
|
{
=
|E
{
|
[
|
|
{

x?+2log, y=6,
3x+2log, y=8.
log;(3xy) —log;(—3x) =2,
x*—y—10=0.

log; (5xy) —logs; (—5x) =2,
x*+5y+41=0.
(x—=2)(y —3)=0,

o

x?+3log, y =22,
5x +3log, y =26.

log,(x+y —3) +logs (1 — xy + y) =log, x,

(x=7(y—-49=0,

log,(x+y —4) +logs(—3 —xy +6y) =log, x.

5logy x —log, y =4,
7logy x —2log, y =5.

o

(2x—=3y)logs(3x+2y—7) =

4x—y
3x+2y 8~

(5x—7y)logg(6x—y—3)=0,

25x—2y
6x—y—4 y— 4=

3
logx5+logy7—§
logs x +1log, y =3.
log, (y —3)=1,
logy(x 9)=1.
y—4)log;x=9,
(y—4log, 3=1.
logZx 3y(4x y)_

°|
d
o

S5log, x—2logs y =3,
2log, x —3logs y=—1.

logx2+logy3——§,
b&x+b&y 3.
log, (y +3)=
logy(8 x)= 1

(y +3) log, x =36,
(y+3)log,2=1.

log;(2x —3y) -log,(3x+2y) =0.

1084y 47, (Ox+2y) =1,

logs(4x +7y) -logy (6x —5y) =

(x—5)y—-4Hx-9)=0,
log,_,5-logs(y—3)=2.

of

(x+6)(y —6)(x—8)=0,
log, 715 log,(y —5)=2.
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x%—xy+12=0, x?—xy+24=0,
23.2) ) U=Oy=7 _ 0 =3G-10 _,
log, ,(y—5 log, 5;(y—=2)

log; (x—7) -log,(y —3) =0,
2x+y _
x-8)(y—-2)

24. a) 4

log,(x—1)-logs(y —14) =0,

—_——

6) 3x+2y .
(x=2)(y-12) ™
logs(2x +3y)® =6, log,(4x—7y)*=4,
25.a) \ 2x-3y+15 ) 6) 4x+7y=28 .
2x+3y—-5 = 4x—7y—4 "
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Pemrure cuctemMy ypaBHEHUU.

7x +logy y =37, logg x+logg y=logg 5+logg 7,
7x —logy y =33. | logg(x+y)=logg 12.

{ 2y =9 log, 3(x—5)=0,
" | e+ (log,_,(y—4)—1)=0.

x(x—1D(x—2)(x—3)=0,
x?—x—2=0, 9. 5
3.{210gxy=3. ylogx(x—§)=2.
x> —4x*+3x=0,
{ 10.

log, 3x=2.

(x=7)(y—8)=0,
11. { log,(x+y—8)+
+logg(1—xy+6y)=log, x.

i

(5-3y)logsx=2.

x> —4x*+3x=0, 12 3logs x —2log, y =1,
" | 2logs x —3log, y=—1.



JuarHocTudyeckasa pabora 1

YacTs 1. YpaBHeHUd

Pemute ypaBHeHue (1—3).

1. 2x* —x—30)2=x*

2. |x—2|+|x?—4x+3|=|x?—3x+1]|.

3.1+49(x+ 1D 2=6(x+1)"".

4. Hatizgure kopuu ypaBHeHus f(g(x)) + g(f(x)) =0, ecm f(x) =
_x—4 _ -1
=74 &) =-00""

Pemute ypaBHeHUE (5—6).

5. V2x+19—+/15—-2x=2.

5x%+21x—8—-3x—1 —0

Vix+1—-x—1
7. a) Pemure ypaBHeHUe 3 cos 2x + 5 Sin(:%n —x) —1=0.

6) HaliguTe Bce KOpHH 3TOr0 YpaBHEHWU S, TPUHAAJIEKAIIAE ITPOMEXKYT-
Ky [-5m; —3,57].
Pemute ypaBHeHUe (8—9).

1
sin5x —cos5x”

9. 271 4 /472 = (0,5)1 " + —2=+26.
4 —X

8. sin5x =

10. a) PemuTe ypaBHeHue 951 = 32¢0sx,

6) HaiizuTe Bce KOPHU 3TOTO YpaBHEHUA, IPUHAJIEKAIINE TPOMEXKYT-

Ky [—7771: ; —27'5] .
11. a) Pemure ypaBHeHue log, (2 cos®>x+3cosx—1)=0.
6) HalizuTe Bce KOPHH 3TOT'0 YpaBHEHHU S, TPUHAAJIEKAIINIE IIPOMEXKYT-

Ky [—%t; —27'5].

12. PemnuTe ypaBHeHUE 9 logg (3x—4) —8log,(3x—4)+15=0.

Yacrts II. CucTeMbl ypaBHEHUI

Pemute cuctemMy ypaBHEHU.
X 2x+3y=7, ) (x=2)(y+3)=0,
" 2x2+y=0. 2= (y+4) =3x.
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(x+5)(x—6)

——— =0,
3. y=>

Y=90+6) _,

x—6

3y+2’

(2x—=71)(y+3m) =0,

vsin3x+4/cos7y =1.

x=13siny,
8.

4/ 13xsiny=siny + 14.

32x+y 9x+2y

x— y+5

I
lo{xs
{

{

JE-3 =6

(y—4)log;x=9,

11.
(y—4log, 3=1.

logy, 3, (4x—y)=1,
log;(2x—3y)-log,(3x+2y)=

12.

0.



JluarHocTu4eckas padora 2

Yacrts I. YpaBHeHN:A

Pemure ypaBHenue (1—6).

1. 9x* = (2 — 4x)2.

2. 4|x+2|+|x—3]=4x+13.
x” —4x®—3x*—2x+8

3. x7 —4x° — 2x? — 3x+2 =1

x—4 —16 x+4
4. (m) +10 —11(x 1) =0.

5. \/3x—5+\/x—2—\/2x+3.

6x%+7x+5 \/5x2+7x+6
6.2+3- \/SX 2+7x+6 =5 6x2+7x+5"

7. a) Pemute ypaBHeHUe sin(:%n - 2x) =sinx.

6) HameTe BCE€ KOPHH 3TOT'O YpPaBHEHHUA, IPUHaAJICKAIIE IIPOMEXKYT-
31T, ST
Ky 7, 7 .

Pemmute ypaBHeHue (8—9).
8. cos? 2x 4 cos? 3x +cos? 10x +cos® 11x =2.

9. 16% + 243 4 5.2%-2-38,
cosx .
10. a) PemmuTte ypaBHEHUE (ﬁ) —Q2sin2x

6) HaliguTe Bce KOPHH 3TOT'0 YpaBHEHWUS, TPUHAAJIEKAIINE ITPOMEXKYT-
Ky [—3m; —27].

11. a) Pemure ypaBHeHHe log,(cosx +sin 2x +8) =3.
6) HaliguTe Bce KOPHH 3TOT'0 YpaBHEHMU S, TPUHAAJIEKAIINE IIPOMEXKYT-

Ky [— 37r]

12. Pemure ypasHenue log, logs 10g,, ., 11 ((2x+11)° +x% 4+ x —20) =0.

YacTs II. CucTembl ypaBHeHUH
Pemute cuctemMy ypaBHEHUH.

2 2
1 x“+y“=36, x ¥
xy =6. 3. { 5x—4y  5y—4x’

5 12y%+3x2+4|=2y%+3x?+x, xy=-16.
" | xy=8.
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7.

2x+y? _ gx+2
3TV =gXTy

9. x—y+5_0
y—4 7

10 (x—3)- 7P =(y—-2)- 7",
" x+y=5.

x?—xy+12=0,

1.y -6 -7

log, ,(y—5) 0.

12 x=5{y-DHx-9=0,
| logy_45-logs(y —3)=2.



JluarHocTudyeckasa pabora 3

YacTs 1. YpaBHeHUd
Pemure ypaBHeHue (1—6).
1. (x?+2x —4)?>+5x2+ 10x =16.
2. 2|lx+7|—|x|+|x—7|=21.
2 oy 72

3. x*—2x=27 2o

x+2 1 _ 2

" x2-5x4+6  x2—7x+12 x>—6x+8°

5.4/3x2—-8x—-5=+/6x—05.

6. Vx2+8x+15+ V/x2—x—20=1/2x2+7x —5.
7. a) PemuTe ypaBHeHUe 3 cos2x —7cosx —2=0.

6) HaliguTe Bce KOpHH 3TOTO YpaBHEHUS, TPUHAAJIEKAIIINE TIPOMEKYT-
Ky [—m; 27].

Pemuite ypaBHeHUe (8—9).

8. sin4x +sin 7x = cos 4x 4 cos 7x.

9.12%2-5.1237>=7,

10. a) PemuTre ypaBHeHUEe (6405 x)sinx — gV3cosx

6) HaliguTe Bce KOpHH 3TOTO YpaBHEHHUS, TPUHAAJIEKAIINE TIPOMEKYT-

o [ 2]

11. a) Pemure ypaBHeHHe log, (sinx + sin 2x +16) = 2.
6) HaliguTe Bce KOPHH 3TOT'0 YpaBHEHMU s, TPUHAAJIEKAIINE IIPOMEXKYT-

Ky [—47‘5; —5771] .

12. Pemute ypaBHeHHE 1g(x(x — 1)) — (Igx) - Iglx —1) =1.

YacTs II. CucTembl ypaBHeHUH
Pemute cucteMy ypaBHEHUH.

x—2y|=5,
1'{I ¥l

x—-6)(y+7)=0,
y(x—2y—5)=20. 3.

+4
J -3

x—y—10
(x—3y)(x—y) =0, g
| yP+3y+1=x



159

JuarHocruyeckas pabora 3

(x=4(y+5)=0,

ny

3 cos x4+ sin 5 =2.

11. {
logs (2x + 3y)6 =6,
12.

xP=127,
9.4 ,
x“—=11x—12=0.

0.

(x+16) -7 =9y,
(x+16)-9*=7y.

log;(x —7) -log,(y —3) =0,

ety o,
x-8xy-20

2x—3y+15
2x+3y—-5
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YacTs 1. YpaBHeHUd
Pemute ypaBHeHuEe (1—6).
1 (2 +4x+3)2+ (x* —x—2)2=17(x+ 1%
2. |x2—4x+1|+|x2=3x+1|=17(x—4).

2x-1_, 2
3. x+2 3x°

x? .
4.x—+1—x2—_+4—0.
5 (x2—9x+18)y/x2—7x+10
: 3x2+x—14
6. ¥x— Yx—9=3.

7. a) Pemute ypaBHeHue 2sin 2x +sinx=4cosx + 1.
6) HaliguTe Bce KOPHH 3TOT'0 YpaBHEHMUSI, TPUHAAJIEKAIINIE ITPOMEXKYT-

m, 37
Ky I:E’ 7]

Pemute ypaBHeHue (8—9).

cos3x—sin7x __
8. sin3x —cos7x V3.

9.16Y¥+t2 —5.4Vx+2 4 40,

10. a) Pemmmte ypaBHeHue 6°°°* = (0,5) 5" . 3°5X,
6) HaliznTe Bce KOPHY STOTO ypaBHEHMsI, IPUHAAJIEKAIIHE IIPOMEXKYT-

7T,
Ky [—7, —27'5] .
Pemute ypaBHenue (11—12).
11. log,(2x +3) +1og, (3x — 2) =log,(12x — 7).

2In2—-In5+1In(3x+2)

12. Inx+1In(x+3)

=1.

YacTs II. CucTembl ypaBHeHUH
Pemute cucteMy ypaBHEHUH.

) 3x?—2x=y, 0 |x—2y|=
" 3x—-2=y. " | y(x—2y—5)=20.
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3,5
;+;—2,
3. 5 3
;+;:2.
X
o>
4. 4
x+y
% =3y +5.
. {x+y+m=—3,
C|x-y—-vxy=-5
X Yy
24/=+24/==5
6. J’+ x 7
5vVx—/y=27.
sin 2x —sinx -0
7.{ Vy+1 ’
y=4cosx — 3.

3cos2x+5cosx=—-2,

8.
y*sinx+ysinx + @
9 0,25 4+0,5-6=0,
"3 +5x=-2.

49'8% 471 —98=0,
10. 4
vV —2cosx+2y=7V2.
xlog, ;(x+3)=0,
11.
Y
. X _ 2
4(2 -5
12. {

5

)=5

xy =32,

=0.

2log,» y —4log, x —3=0.
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YacTs 1. YpaBHeHUd
Pemute ypaBHeHue (1—6).
1. (x®*+4x -5+ (x®>+3x —4)?=(x*+2x —3)* + (x%+x — 2)2.
2. |x—3|+|x?—2x —8|=|x?—x—11].
x*—6x3+9x?—36
2x—3++/33

x2—x+5 3x
" x2—-3x+5  x2-2x+5

=0.

=1.

V5x2—24x+12  v/2x2+x+4
x—8 - x—8

6. v/ 4x2+9x+6+/10x?+11x+7=1/3x2+5x+3+ 1/ 9x2+ 7x + 4.

7. a) Pemure ypaBHeHue 4sin®x — 12sinx+5=0.
6) HaiizuTe Bce KOPHU 3TOTO YpaBHEHUA, IPUHAJIEKAIINE TPOMEXKYT-
Ky [—m; 27].

Pemmute ypaBHeHue (8—9).
4sin® x — 5sinx cosx — 9 cos® x _
* 4cos?x —5sinxcosx —9sin®x
9. (0,H>7-(2,50**=0,16.

10. a) PemmTe ypaBHeHHe 145X = (0,5)¢0s* . 780X
6) HaiizinTe Bce KOPHY STOrO ypaBHEHMSI, IPUHAAJIEKAIIHE IIPOMEXKYT-

o [~4m 5]

Pemute ypaBHenue (11—12).

11. 10g7(x2 +5x — 53) =2log,e (4x +3).

12. 2log, — == +log,(x+1,2)*=

+12

Yacrts II. CucTeMbl ypaBHEHUI
PemuTe cucTeMy ypaBHEHU.
2x+3y=7, lx+3y|=2y+3,
{2x2+y:9. {I2y+3I=
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3.

4.

5.

=)

7.

(s
iy
L
1
{

+¢— 3y —16=0.

7x —4,/xy +5y =8,
9x —5,/xy + 6y =10.

2y —3sinx =1,
sinx+3y=0.

cos —8—6x—x%=0,
8.
V=sinx-y/y?—y—2=0.
3*—2cosy=0,
4sin® y +4siny —3=0.

6y +2cosx=1,

10. 13){277 _ 169
19v%  19v*°

X 14

11. Y
{ log, x +1log, y =5.
=381,

12. v 10

logxy—i-logyx:?.
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Bl

Iloka3aTesibHbIe ypaBHEHUS
1.a)1;6)1. 2.a) —24;6) —21. 3.a)17;6) 26. 4.a)2;6) 2. 5.a) —14;
6) 25. 6.a)1;6)1 7.a) —1;6) —1. 8.a)1;,6)1 9.a) —2; 6) —2.
10.a) —1; 0; 6) —3; 0. 11.a) —1;6) —1. 12.a) —2;6) —4. 13. a) %; %;
6) —%;g. 14.2) —1;6) 1. 15.a) 4, 6) 3. 16.a) 0; 6) 0. 17. a) —1,5;

—1;6) 3. 18.a) —2;6) 2. 19.a) 3;6) 27. 20.a) 8;6) 16. 21.a) 3; 6) 6.
22.a) —9;6) —2. 23.a) —2;6) 2. 24.a) —1;6) —7. 25.a) —2;6) —6.

TpeHnpoBo4YHas pabora 8

1.-19. 2.1. 3.-2. 4.-1. 5.2. 6.14. 7.-2. 8.6. 9.1. 10. gk,
kez. 11.+1; £+/2. 12.0;0,25.

JlorapudmMuyeckre ypaBHEHUA
1.2) 1,5; 6) % 2.2) —19: 19; 6) —16; 16. 3. a) %7;17; 6) 2—15;25. 4. a) -3;

3;6) —9;9. 5.a) —4;6) 7. 6.a)23;6) 13. 7.a)4;6) —2. 8.a)7; 49;
6) %; % 9.a) %; %5; 6) g; % 10.a) 9;6) 4. 11.a) —6;6) 9. 12. a) Het
pemrenwii; 6) —8; —5. 13.a) —6; —2;6) 9. 14.a) 8;6) 0. 15.a) —11;6) 11.
16.a)6;6)9. 17.a) —6;6)6. 18.a) —2;0;6) —4;0. 19.a)1;1,5;6) 2; 2,5.
20.a) —3;6) —5. 21.a) —3; —1;6) —2; —1. 22.a)0; 6) 8. 23.a) —26; 24;

6) —14;18. 24.a) —3;6) —5. 25.a) —6;6) —2.

TpeHupoBouyHas padora 9
1. —4. 2. Pemenuii HeT. 3.7. 4.%£15. 5.1; 2—1__:9 6.16. 7.4. 8.-26;24.
9.2;2. 10.-5. 1L.3. 12.1.

CHcTeMBbl LIeJIBIX aarebpanyecKux ypaBHEHUH
1.a) (6;6);6) (21;21). 2.a) (16;0);6) (54;0). 3.a) (—1;1); (1;1);6) (—1; 1);

WD, 42 005 (355)6 00 (—3:-5) 5 a) 1-1; (-1;-3,5);
); (2;1); 6) (g;—;—g); (=1 -D.

5
0 3-2; (-35) 6o (-2
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7.a) 0;05 6 ;0. 8.2 (12); (-1,2):6 (-2 20 ); (0:0); ;D).
9. a) (%;o); (1:1); 6) (—g;o); (1:1).  10. a) (=1;—1); 6) (15:5).
11. a) (=3;2); (3;2); 6) (=1;4); (1;4). 12.a) (—1;-3); (4;-3); 6) (=1;7);
(9;7). 13. a) (21;-3,5); 6) (3;—1). 14. a) (1;1); (2;2); 6) (2;2); (3;3).

15, a) (—1;-1; (11 (0,5 -2); (05:2); 6) (-1;-1); (1 1; (=77 );
(7:3) 16.2)(=6;-6); (6:6);6) (-8 -8); 8:8). 17.2) (-1;3 ); (1, -3 );
0 (-u3) (L-3) 18 @ 3-2; (-3 @ G2
6) (=2;1); (=1;2); (1;2); (25 -1). 19. a) (6;4); (4;6); 6) (6;-4); (=4;6).
20. a) (=8;-4); (2, 1); 6) (=5; —1); (20;4). 21.a) (=8;1); (2;1); 6) (—=4; 1);
(2;1). 22.2) (2;-1); (2;1); 6) (35 -1); 3;1). 23. a) (452); 6) (=2;4).

24. a) (=9; —2); 6) (16;5). 25. a) (6;0,5); 6) (3; —‘;‘).

TpenupoBouHas pabora 10

1. (2;-D. 2. (-1;1;3). 3. (0;0); (-4;2). 4. (-2;3); (3;—2.
5. 14 VEL-VE: A -VE1+VE. 6 @D (-1 (29243
(F32:43). 7 2 @D, 8 G- (LD 9 (-3 (3D

37 3
@2 @D, 10 @y (2 E), (BB IS ()

w (3:5) (1) o (52)

CucreMsl, cofepikaiiye ApoGHO-palioHAIbHbIE YPAaBHEHUA

81 3 6 1
La) (55— )i0 (-3-3). 2.0) (44:6) (3:3). 3.a) (6:5);6) 2 -3).

4. a) (2;—2); 6) (—1; %) 5.2) (2:1): 6) (=2:1). 6.2) (9;8); 6) (8;—8).
70 (-3-2); 550 (-5 -3); -3-3). 8 @) (3;-35 6) (LD

9.2) (4 4); (45 —4);6) (=3;3); 3 -3). 10.2) (~35 12 )s 1, 1;6) (=55 & )
(11;1). 11.a) (2;-1); 6) (—2;—-0,8); (4;0,8). 12.a) (—3;—-3); 06) (—1; -1).
13. a) (8;—7); 6) (—0,75;=7). 14. a) (—2;4); (2; —4); 6) (—5; —15); (5;15).
15. a) (0; —3); (16;0,2); 6) (0;5); (26;—0,2). 16. a) (—12;2); 6) (5;1).
17.a) (7; —2);6) (9;10). 18.a) (45;3);6) (24; —2). 19.a) (—4;1);06) (4; —4).
20. a) (=1;-1); 6) (=3;4). 21. a) (—3;—-8); (—2;-3); (3;—8); 6) (—=5;7);

5575 6. 22 2) G-6% G130 (-5 G1. 28 @ (—1:1);

(3-3) 0 (3 1) (5:3) 24 @ G2 @96 23 1-19.

25. a) (—6; 2); 6) (—6; —3).
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TpeHnpoBoYHas pabora 11
1. (5;6). 2. (;1). 3. (47). 4. (14;7). 5. (=19;-10). 6. (—=2;1).
7. (23) 8 456); (-46); (-5-3). 9. B;1; (3:6). 10. (-2 -4);
(=2;-2); (2;4). 11.(-=7;-35). 12.(-6;—11).

CucreMmsl, cojepxaiye nppaijuoHa/JlbHbI€ YPaBHEHHUA
La) 225D;6) (30:1). 2.2) (94);6) (-6:4). 3.a) (59; 6) (4;15).

4. a) (—4; 3); 6) (=2;25). 5. a) (=7;3); (14;—6); 6) (=5;—2): (15;6).
6. a) (25;5); (49; —2);6) (16; —3); (36;4). 7.a) (—9; —4); (9;4);6) (—9; —25);
(9;25). 8.a)(—3;36);6) (6;25). 9.a)(—2;9);6) (—6;49). 10.a) (—9; —9);
(3;27);6) (—4; —4); (10;1,6). 11.a) (7;2);6) (9;4). 12.a) (6;5);6) (3; —1).
13. a) (-1;1); (3;9); 6) (—2;10); (4;7). 14. a) (4 v3); 6) (4;V13).
15. a) (—2;2); 6) (6;4). 16. a) (3;6); 6) (—=3;5). 17. a) (—4;7); (4;5);
6) (—6;3); (6;1). 18. a) (4;9); 6) (9;1). 19. a) (—10;—-7); 6) (—7;—5).
20. a) (4;1); 6) (4;9). 21. a) (4t;t), tme t < 0; 6) (0;0). 22. a) (20;—-4);
6) (14;2). 23.a) (1;1):6) (1;1). 24.a) (3;27);6) (2;18). 25.a) (—g;—g);
1;1);6) (1; 1).

TpeHnpoBoYHas pabora 12
1. (2;6). 2. (-1;0). 3. (5;4). 4. (9;2); (25;—-1). 5. (9;6);
-3-2). 6.@3). 7.-9-4;(102). 8.(33). 9.6:2. 10.652.
11. { 3; —). 12. PelieHui HeT.
2
CucTeMbl, COIEpKAIEé TPUTOHOMETPUYECKHE YPaBHEHUS
r nT 4T .
1. a) (Z:i:g + 27n; 1), 6) (( nt— +1'm 1). 2. a) (7‘5+21Tn,:|:3 +27'ck),
T s T
6) (:i:? +21'm,27'ck). 3.a) (—Z—f—rm,— ), 0) (—Z—}—Tm, 3). 4. a) (Z+

+ 7'm':i:E + 27Tk); 6) (% + mn; (—l)k“g + ﬂk). 5. a) (77%, % + %)

6) ( 77':) 6. a) (—g—f—Zrm;an); 6) (n+2nn;§+27‘ck). 7. a) (—9;’
_E + 21'm); 6) (—19;—% + Zﬂn). 8. a) (R(Zk—gm—l); n(n_jk_l));
6) (ﬁ(Zk;n-’-l); ﬁ(Zk;On-H)) 9. a) (g—f—rm; g+nk);6) (g—f—rm; g-{—ﬂk).
10. a) (13?71’ %), 6) (7_1': l—f—ﬂ). 11. a) (2; g—f—rm)' 6) (—4; T+ 2mn).
12. a) (4; —1+4n); (2k; —5); 6) (3; 1+4n); (1+2k; —11). 13. a) (—+3nn
o) (50 %52 o (5220 22 (2
- — —) 14. a) (—1; wn); 6) (— ) +7'm). 5. a) (7‘5+27‘cn;—%);
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6) (g +2ﬂ:n;2). 16. a) (g + nn; 2); 6) (nn;3). 17.a) (7;27); 6) (7; —7).
18. a) (7‘5+27‘cn; g +27‘ck); 6) (t+2mn;2nk). 19. a) ( +21n; = +27'ck)
6) (2rn; m+27k). 20, @) (1;27m); 6) (35— 5 +27m). 21.a) (5 +27m;1));
@nk;2); 6) (u+27m;9); (3 +2nk;4). 22.2) (3 Z+mn); 6) (3;228).

7
23. a) (-10; 22+ 22); (10; ——+ﬂ) ) (VB + ) (VB S+

;o F Rk
+25). 240 (VB E +2m); (—vE -5 +27k); 6) (4v3; %*2“”)’
(—4v3—T+2mk). 25.a) (-F+7m;3); (arcgs+7n52 )5 6) (=5 +7

—4); (arctg% + 7tn; —g)

TpeHupoBouHas pabora 13
L(orE+m2),nez 2 (-1, 2 +mm),nez. 3. (5 +mm2),
nez. 4. (—E+2nn;2nk),n,k€Z. 5. (—13;—§+2nn),n€Z. 6. (—1; 7n),
nez. 7. (§+2nn;§); (—§+2nk;—g), nkez 8 (7 +2mm6);
(n + 2nk;5), nkez 9. (£ +2mm1); (£ +2nk-1), nkez

T 27n 21k 3n
10. (—4v2; -3 + 50 ); (4\/_,%+—) nkez 11 (237 +2mm;2);
(rk; mh); (t; 0),t7é§+7tm, n,k,m,l€Z,1#0. 12.(0;t),t#nn; (ﬂl; g-{—ﬂk),

n,lLkeZ, 1 #0.

CucteMsl, cozepkaliiye Ioka3arejlbHble ypaBHeHUS

1. a) (1;1); 6) (1;1). 2. a) (3;2); 6) (5;3). 3. a) (5;5); 6) (—7;10).
4. a) (5;1); 6) (—4;1). 5. a) (—4;logs134); (5;3); 6) (—4;logs21); (1;2).
6. a) (log, 8;log,9); (2;3); 6) (logs 8;log,25); (2;3). 7. a) (2;2); 6) (2;3).
8. a) (logs 64; logs 25); (2; 1); 6) (log, 3 —1; 3log; 4+3); (2;4). 9.a) (—1;-3);
6) (—=2;—1). 10.a) (3;1);6) (4;1). 11.a) (1;3);6) (1;5). 12.a) (-7;5);
6) (—9;8). 13.a) (1;%);6) (1%) 14.2) (1;1);6) (1;2). 15.a) (=5;0);
6) (6; —0). 16.a) (2;9);(6;5);6) (—=7;—4); (7;—-18). 17.a) (4;1);6) (16;1).
18. a) (1;-5); (1;5); 6) (1;-2); (1;2). 19.a) (—6;—1); (—=6;1); 6) (—4; —1);
(—=4;1). 20. a) (4;-2); (4;2); 6) (1;-1); (1;1). 21. a) (2;1); 6) (1;2).
22. a) (1;3); 6) (1;2). 23. a) (3;2); 6) (3;6). 24. a) (19;1); 6) (14;1).

25.2) (-1;,-2);6) (-1;3).
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TpeHupoBouyHas pabora 14
1.(1;3). 2.(2;1); (log,7;2log,2). 3.(1;2). 4.(12;13). 5.(1;5);(1;-5).

6. (—16;0); (—1; 25—1) 7.(2;1). 8.(3;log;10). 9. (—2;3); (log,81—2; —1).

10. (logs 353 ). 11 213 (-8 -4. 12. (357 )s 452); (-6;-3).

CI/ICTeMLI, cojepxaiye HOPapH@MH‘{eCKI/Ie YpaBHE€HUA
1.2) (=2;10);6) (~4;49). 2.2) (5;6);6) (15;16). 3.2) (0,04;3);6) (53 4).

4. a) (—49;: —1); (—1; —49): 6) (—=16; —1); (=1; —16). 5. a) (; 49) 9:7)

6) ( ) (25; ﬁ) 6. a) (5;1); 6) (%;—1). 7. )(V26; —1); 6) (5;—1).

8. a) (—25;8); (¥/5; —0,5); 6) (¥9;5); (¥/3;1,5). 9. a) Her pemenuii; 6) (2;
D. 10 2) (7551); (3:6); 6) 05 —4; (VA D. 11 @) (%52); 6) (4:4).
12.a) (4;8);(8;4);6) (2;3);(3;2). 13.a)(2;2);6) (4;16). 14.a) (—1;-9);

6) (—2;—-9). 15.a) (1;3); 6) (5;4). 16. a) (9;2); 6) (2;8). 17.a) (3;2);
1 1
6) (7:5). 18. a) (5:49); (25;7); 6) (4—ﬁ;3); (2;4—ﬁ). 19. a) (3:6);

6) (121 Z) 20. ) (27, ) (27:7); 6) (64,—9); (64:3). 21. a) (%;%);
6) (1:1). 22. a) (9:28): 6) (8:21). 23. a) (4:7): 6) (6:10). 24. a) (6:4):

6) (5;14). 25.a) (O; —g); 6) (O; ;)

TpenupoBouHas pabora 15

1.(5:9). 2.(=3:9). 3.(2;2V2). 4. (3%) 5.(8:4). 6.(3:1). 7.(7;5);

2
(5:7). 8. (7,5;45). 9. (3,—10g32). 10. (1;v3); (3;3). 11. (6;8).
12. (5; 7).
JuarHocTudeckas pabora 1
Yacms 1. YpasHenusa

1. -5;-3; 3,6 2.[1;2]U[3;+»). 3.2. 4.£1. 5.3. 6.0,75. 7.a)x=
—:|:—+27'cn nez; 6) —14—”. 8. —+ ,nez~ —% “—k keZ. 9. 4.
10. a)x———}—rm nez; 6) _1}771. 11. a)x-:l: + 27k, k € Z; 6) —%T

12. 4; 12.
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Yacms 1. Cucmembt ypagHeHuil
Loy (-3

3;3). 2. (=1;-3): (4:-3). 3. (=5.-6). 4. (—1:-1).
5. (%;1). 6.(5;9. 7. (7—ﬂ£+m) neZ. 8. (—13;—§+2nn),n€Z.
9.(=5,0). 10.(4:1). 11. (27;7); (217, ) 12. (1; -1).

JuarHoctudeckas pa6ora 2

Yacmy 1. Ypasnenua

1. —4;-1;0;1;4. 2. -2;8. 3.3. 4. ,—%;o. 5.3. 6.%1. 7.a) x=
§+21'm nez; x-——+27‘ck kez; x-——+21‘cm meZ; 6) 127[,5271
8.x:—+7'cn nez;, x= —+§,keZ xX= ——+— meZ. 9.1.10.a) x=
g—l-rcm mez; x———+27'ck kez; x———+27‘m nez;6) — 17“; —57“;
—13?“ 11. a)x-—+7‘cm mez; x———+27'ck kez; x-——+27‘cn nez;
0 U5 124

Yacms 1. Cucmemsbt ypagHeHuil

1. (V64 2v3;2v/3 — v6), (—v6 — 2v/3; V6 — 2/3); (24/3 — v6; V6 + 24/3),
(W6—-2V3; —v/6-23). 2.(4;2). 3.(—4;4); (4;—4). 4.(-3;-3). 5.(9;6);
(—=3:—2). 6.(3;27). 7.(1136” ”k) keZ. 8. (2;2nk+g),kez. 9. (=5:0).

10. (3;2). 11.(4;7). 12.(9;28).

JuarHoctudeckas pa6ora 3

Yacmo 1. Ypasnenusa

1. -3;-2;0;1. 2.{-14}U[0;7]. 3.—4;-1;3;6. 4.—-1. 5. E. 6. —5;5.

_g2m ORI P _=
7.;)x-:|: 3 +27n,n€Z; 6) — 35353 8. x + keZ; x= 22-1—
+%, mezZ. 9.3. 10.a)x=§+ﬂn,n€Z;x=§+2nk,k€Z;x=?+27cm,
meZ;6) 377[,2—71,5771 11.a) nn,neZ;:l:z?ﬁ—f—an,keZ;@ —4n;—an;—3n;
-2 12,1011

Yacmo 1. Cucmembt ypasHeHuil

1 (=9;-2). 2. (-1;=1). 3. (4:-7). 4. (0;=3). 5. (1;1); (—g;—g).
6. (—10;-7). 7.(4;3+4k); 2n;-5),n,k€Z. 8.(-1;7k),keZ. 9.(12;13).

10. (~16; 0); ( ,251) 11. Pemenmit wer. 12. (o;—g).
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JuarHocrudeckas pabora 4

Yacms 1. YpasHenusa

1. -2;-1;1. 2.5;7. 3. l;g. 4. —4; 1if. 5.56. 6.1;8. 7.a) x=
=§+21‘m, nez; xzﬂ:arccos( )+21‘ck keZ; 6) ; arccos(—%); 21 —
—arccos(—%). 8. x=—— —, meZ 9. -2;—1. 10. a) x = % + 7n,
nez;6) -4 . 1.1 121

Yacms II. Cucmemsbt ypagHeHuil

1. (%, O); (1;1). 2.(—9;-2). 3.(4;4). 4.(45;3). 5.(—4;-1). 6.(36;9);

(81;324). 7.(27k;1),keZ. 8. (— arccos %+27‘ck; 1); (:l: arccos %+27‘ck; —2),

kez. 9. (-1;1). 10. (—37” + 2nk;3i‘/§), k €Z. 11. Her pemenuii.
12. (2;16).

JuarHoctu4deckasa pabora 5

Yacmo 1. Ypasnenusa

1.-35:1. 2.[—2;3]U[4; +0). 3.3+‘@. 4.0. 5.%. 6.-3:—1. 7.a)x=
=—+27'ck kez; x-—+21‘cm meZ; 6) g 567[ 8.x=%+1‘m,neZ. 9.5.
10. 2) x=—75 + 70, n€7; 6) - li”. 11.7. 12.3.

Yacms II. Cucmemsbt ypagHeHuil
1. @2:1); (—13-33). 2. (=8:1); (21). 3. (6:;5). 4. (4:7). 5. (36:4).

6. (1;1). (( 1)+t arcsm—+ﬂ:n, 111) nez. 8.(-2;-1); (—TC; g +7'm),
1—2cos3

nez. o. (§;g+2nk),kez. 10. (3 2

(27;3).

). 11. (16:2). 12. (3;27);
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