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[TorsTHE TPOM3BOIHON 3aHUMAET YHUKAILHOE TIOJIOYKEHIe B MKOIbHOI mporpamme. C oHOI cTo-
POHBI, ITPOU3BO/IHAS aKTHUBHO HCIIOJIB3YETCs: ¢ €€ TTOMOIIBIO UCCIEAYIOTC (DYHKIIMA U CTPOSATCS I'pa-
duku, unryres HanOOIBIINE U HAUMEHbBIINE 3HaYeHnus (DYHKIINIA; MKOJbHIKAM HAJI0 YMETb PEHIaTh
3aJ1a91 HA TeOMETPUYecKuit n (pusmaeckuii cMbIcT Tpou3BoHON. C IPyToit CTOPOHBI, CTPOroe OIpe-
JieJleHne MpOU3BOIHOM BOOOIE He TaéTcs!

B pesyabrare nosydaercs, 9To MKOJBHUKHT 3a3yOPUBAIOT TAOIUILY TTPOU3BOIHBIX U IPABUIA M-
depeHITUPOBaHUST, YMEIOT MELAHUYECKY BBITTOIHATH HEKOTOPbIE JIEHCTBUs U PellaTh TUIIOBbIE 3a/1a4H,
HO IIPY 9TOM COBEPIIEHHO He IOHMMAIOT CyTH TOIO, YTO OHU JIeJIaloT. A 3a OTCYTCTBHE IIOHUMAHUSI
[IPUXOJIUTCS PACIIAYMBATLCA B By3€: JIBOUKH U MEPECadn B IIEPBYIO YKe CECCUIO.

Hesb mamHoil cTaThy — MAKCUMAJIHLHO JIOXOTIMBO PACCKA3aTh O MIPOU3BOIHOM. JlocTymHOCTD M3/10-
JKeHus OyjieT mpeod/IaaTh HaJl TEXHUYIECKONH CTPOroCThI0. X0YeTCsd HaJIeAThCsd, YTO UJICH, U3JI07KEeH-
HBIE B 9TOH cTaThe, MOMOT'YT BaM IOHSTH IPOUCXOJISINEE U MOJATOTOBAT K aJIeKBATHOMY BOCIPUATHIO
BY30BCKHX KYyPCOB MaTeMaTHIECKOI0 aHaJM3a U 00Ieil (hU3nKu.
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1 HpOI/I3BO,B;Ha$I B MaTeMaTHnKe

Crporoe mMareMaTH4IecKoe OIIpeJie/ieHre IMPOU3BO/IHOI OlMpaeTcs Ha IMOHATHE IIpejesa, KOTOpoe B
mkoJie He npoxondar. Ho ompenesnenue npenena HaMm ceifdyac u Hesadem. Camoe TyiaBHOE — YJIOBUTH
OCHOBHYIO WJIeI0, KOTOpasl JIEKUT B OCHOBE TOHATHS TIpeJIea.

1.1 Ilpenen

PaccmorpnM nocsie1oBaTe/IbHOCTB!
111 1

7273747 "'7n7 R
N306pasuM <IeHbl TAHHOI T0C/IeI0BATEIBHOCTH Ha IUCJI0BOI ocn (puc. 1).
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Puc. 1. IlocnenoBarenprocts qucen 1/n (n € N)

MBI BHIIM, 9TO HAINK YHCJIA HEOTDAHWYIEHHO IIPHOJIMKAIOTCS K HYJIO (HO HUKOLJA €ro He J0-
crurator). Haumnast ¢ n = 10 Bce WieHBI TIOCIEI0BATEHLHOCTH OKAXKYTCsl HA PACCTOSHUN He GoJiee
1/10 or myns; nauunas ¢ n = 100 Bce onn OyayT Ha paccrosiaun He Gosee 1/100 or Hy/s; HAYMHAS
¢ n = 1000 Bce onu OymyT Ha paccrosiauu e 6osee 1/1000 or mys u T. 1.

[oBOpsT, 9TO MOC/IEIOBATEILHOCTL 1 /M cmpemumes K Hya10, WIA CTOOUMCA K HYAIO, W ITO
npedes TOM TOCEIOBATEILHOCTH PABEH HYJIIO. 3aIllUCHIBAIOT 3TO TaK:

O6pa3HO TOBOPS, HaIlla MTOC/IEI0BATEILHOCTD «BTeKaeT» B TouKy (. [loHsTne mpemesra Kak pas u
oTparkaeT (PaKT ITOI'O0 «BTEKAHUS».
Touno Tax ke 1MOCJIEI0BATEILHOCTD

1
ap=34+— (neN)
n
OyJZieT «BTeKaTh» B TOUKY 3. lloaTomy

lim a, = lim {3+ — ) = 3.
n—oo n—oo n

[ToxuepkuéM, 9TO «BTEKaHUE IOCJIEIOBATEILHOCTA B TOYKY a» O3HAYAET, UTO BOJU3U YHUCIA G
HaXOJATCS 6C€ WJICHBI JAHHOW II0CJIEI0BATE/IbHOCTH, HAaUNHas ¢ HEKOTOPOro Homepa. bosee TodHO,
CMBIC/T BBIPaKeHUsI «IIPeJjies MOCIeI0BATEIbHOCTH @, PAaBEH a» TaKOB: Kakoe Obl PACCTOSHUE € MbI
Hanepé Hu 3aJ1aJ1d, 6ce YHUCIa (,, HA9nHas ¢ HEKOTOPOro HOMePa, OYIyT HAXOAUTHCA OT YUCIa @ Ha
PacCTOAHUN MEHBIIE €.

Hampumep, 3akormepemenHas rocienoBaTebuocTh 1, —1, 1, —1, ... He uMeer Ipejesa: OHa He
«BTEKaeT» HU B KakKylo TOUuKy. [louemy, Hanpumep, unciio 1 He gBJgeTCS TPEJIEIOM JIaHHOM Toce-
mosarenprocTu? [loTomMy uro HaiiéTest 6CKOHEYHO MHOTO UJIEHOB IIOC/IEI0BATEILHOCTH (8 UMEHHO,
BCe WIEHBbI C Y6THBIMU HOMepaMu, paBHble —1), yaajéHHBIX OT Touku 1 Ha paccrostaue 2. VHbIMEI
cJI0BaMH|, He HaliJIETcs TaKOro HOMepa, HaurHasd ¢ KOTOPOI'o BCe YJIEeHBI JJaHHOM ITOC/Ie/I0BaTe/IbHOCTH
OKayKyTCsl JIOCTATOYHO OJIM3KO K TOUKe 1.

MozkHO TOBOPUTH HE TOJIBKO O IIPeJie/ie TOCIeI0BaATe/IbHOCTH, HO U O 1pejese dyakmun. Hamom-
HIM, 910 DyHKIWA y = f() — 9T0 HEKOTOPOE MPABIJIO, KOTOPOE TIO3BOJIAET JIJIsA JTI0OOT0 JIOILYCTUMO-
r'0 YUCJIa T TMOJYYUTh €IMHCTBEHHOE COOTBETCTBYIOIIEe eMy Jucjo y. [Ipu sToMm uncio x Ha3bIBaeTCs
apeymernmom OYHKIIH, & TUCI0 Y — 3HaveHUuem PYHKIINN.



Hac Oyner unrepecoBars nonsitue rpejena Gyaknun B Touke. OHo dhopmainzyer Ty ke caMyto
ujero «Brekanust». Tonbko Ha ceil pa3 rpaduk dyuknum y = f(x) Oymer «BreKaTb» B HEKOTOPYIO
TOYKY KOOPJAMHATHON IJIOCKOCTH, KOT/Ia apryMEeHT & CTPEMHUTCH K HEKOTOPOMY 3HAYEHHIO.

Tak, Ha puc. 2 BbI BUJUTE XOPOIIO U3BECTHYIO Iapabosy — rpaduk dyukuuu y = 2. BosbMém
3HaUYEHNE T = 2 U OTMETUM Ha IpaduKe COOTBETCTBYOIYIO TouKy A(2,4).

Y

2 X

Puc. 2. I'padux dynxmmn y = z°

[IpescraBum cebe, uTo x mpubmKaeTcs K 2 (cupaba WIn cjieBa — HeBayKHO). [Ipu srom rpaduk
«BTEKAET» B TOUKY A, 9TO U MOKA3aHO HA PUCYHKE cTpesKamu. VHbIMI cjioBaMu, 3HadeHne OYHKIINN
crpeMutes K 4, 1 JJaHHBINA (PAKT 3alUCHIBAETCS CJIELYIONUM 00Pa30M:

. 2 _
lim z° = 4. (1)
T—2

«A «TO TYT TaKoro ocobeHnoro? — cKazkeTe BBI. — $ICHO ke, 9TO €M T CTPeMHUTCA K 2, TO 12

crpemuTed K 22 = 4. 3adeM oropoJ] TOpoINTh, TOBOPA 0 KAKUX-TO Hpejiesax’»
31ech He BCE Tak mpocTo. Barnmsuute Ha puc. 3.

Y

sinx

Puc. 3. I'paduk dbysxnun y =

[Tepes Bamu rpaduk GyHKIIH

U Bor 9T0 mHTEpecHO: 3HaueHne dbyukiun npu z = 0 He onpejieneHo (pu monbiTKe Bhraucautb f(0)
MBI [IOJIy9aeM HyJIb B 3HAMeHaTejie), HO Tpu 3ToM rpaduk «Brekaer» B Touky (0,1). To ecthb, x0TI
f(0) me cymecrByer, Tem He MeHee pu x — () 3HaUeHHE (DYHKIUU CTpeMuTCd K duciay 1. VMabivm

CJIOBAMU, CYHIECTBYET IIPEJIeL: '
. sinz
lim =1. (2)

z—0 X
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OH Ha3bIBAECTCS NEPEHIM 3AMEUAGMENHBIM NPEIEAOM.
Ber sierko mMoxkere ybeuThes B cripaBeiuBocTH (GOpMyIIbl (2), B3sSIB B PYKH KaJbKyasTop. lle-
DPEBEJINTE €70 B PEXKUM «PAUAHBI» U BBIYUCIIATE:
sin 0,1 sin 0,01 sin 0,001
0,1 ~’ 0,01 ’ 0,001 ’

Bwr yBusnTe, uTo 3HaUeHUe JIPOOU CTAHOBUTCA BCE OJIMKE M OJIMKE K €JIMHUIIE.

1.2 HenpepbIBHOCTH (pyHKIIUN

Ha npumepe mpesenos (1) m (2) Mbr HaGMONaEM JIBE TPUHIUNNATILHO pasHble CHTyanun. B ciy-
qae npejiea (1) MOXKHO TPOCTO TIOJCTABATH MPEJETIbHOE 3HAUEHHE «HKCa», PABHOE 2, B (DYHKITIIO

f(x) = 2* u nosyanTH: lim 2? = 2% = 4. A Bot B ciryuae npejena (2) Takoe He IPOXOJUT — IPeJIe/Ihb-
xT—

Hoe 3nadenne 0 Hesb3d HoJACTaBuTh B dyHKIWO f(r) = sinz/z (410, 0/[HAKO, HE MemaeT IpeIesry
JTAHHON (DYHKIIUH CYIIECTBOBATH ).

Eciu npesiesibHoe 3HAYEHWE @ apryMeHTa T MOXKHO HOJCTaBUTH B (yHKIuoo f(r) u mpu 5ToM
Oy/1eT BBIIOJHEHO PaBEHCTBO

lim f(z) = f(a), (3)

Tr—a

To dbyukims f(x) HA3bIBAETCST HENPepbieHol B TOUKE a. B IpoTuBHOM ciiydae (DYHKIHS Pa3poui6Ha B
TOYKE d.

Tak, dyuknus f(x) = x* HenpepbiBHA B ToUke r = 2 (Kak U B JiI000ii JApyroit Touke). ['paduk
9TOil (DYHKITMYM — HelpPepbIBHAS JIMHNS, KOTOPasl BbIUEPUNBACTCS 03 OTPhIBA PYUYKH OT OyMaru.

A dynkmus f(z) = sinz/z paspeiBHa B Touke £ = 0. 9T0 mposiBisiercst B ToM, uTo Touka (0, 1)

2

BBIKOJIOTa U3 T'paduka HyHKIUN.

Ynpaosicnenue. Iloctpoiite rpacduk dyHkIun:

x2—4
y=—"
xr—2
VscHuB, 9TO TaKoe Ipelesl, Mbl Telepb 00CYIuM BarkHeiilee (pu3MIecKoe MOHATHE M2HOGEHHOU
cxopocmu. OHO BILIOTHYIO HOJBEAET HAC K OIPEIEICHUIO IIPOU3BOIHOIA.

1.3 MrHoBeHHasi CKOPOCTb

Cruziomerp aBromobuisi mokasbisaer 60 kv /4. Yo 1o 3uadur? OTBeT MpPOCTOii: ecjim aBTOMOOIIIb
OyzeT exaTh TaK B TedeHUe 4aca, To OH 1poejeT 60 K.

JomycTtuM, OHAKO, YTO aBTOMOOMJIL BOBCEe He coOMpaeTcd exarh Tak Iesbiii dac. Hampumep,
BOJINTE/Ib Pa3roHsAeT aBTOMOOWJIbL ¢ MeCTa, JABUT Ha ra3, B KaKOH-TO MOMEHT OpocaeT B3IV Ha
CIIUJIOMETD W BUJIUT CTpPesiKy Ha orMmerke 60 km/4. B ciemyrommit MOMEHT CTpeJiKa yIoJI36T emé
Boie. Kak e MOHUMATh, YTO 6 JaHHbIl MOMENM EPeMeNy CKOPOCTh paBHa 60 KM/ q?

JlaBaiiTe BbIICHUM 5TO Ha mpuMmepe. [IpeamosokumM, 910 MyTh S, MPOMJIEHHBI aABTOMODUIIEM,
3aBUCUT OT BPEMEHU © CJICIYIONIIM 00PAa30M:

rje IyTh U3MEpseTcs B METpax, a BpeMs — B ceKyHgax. To ecTb, npu ¢ = 0 myTh paBeH HYyJIO, K
MOMeHTY Bpemenu ¢ = 1 npoiijennpiii myTh pasen s(1) = 1, K MOMeHTY BpeMenu ¢ = 2 IyTh paBeH
s(2) = 4, Kk MoMeHTY BpeMeHH t = 3 myTh paBeH s(3) = 9, u Tak jasee.

Buano, uto maér pasron — aBTOMOOM/IbL HAaOMpaeT CKOPOCTb ¢ TedeHueM Bpemenu. JleiicTu-
TeJIbHO: 3a TEPBYIO CEKYHJy IPOHJIEHO PacCTOsTHUE 1; 3a BTOPYIO CEKYHJy HPONHIEHO pPACCTOSTHUE
s(2) —s(1) = 3; 3a Tperbio cekyH Ly poiiieno paccrosuue $(3) —s(2) = 5, u Jrajee Mo HAPACTAIOMIEI].
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A rerntepn Botpoc. [lycTs, Hanpumep, 1epe3 Tpu CeKYH/IbI TOC/Ie Hada/Ia JIBUYKEHIS HAIll BOIUTETh
B3IVISTHYJI Ha crimgoMeTp. UTo mokazkeT crpeska’ VHBIME ciioBaMU, KAKOBAa M2HOBEHHAA CKOPOCTD
aBTOMOOWJIST B MOMEHT BpeMenn t = 37

[TpocTo nmojiesiuTh My Th HA BpeMsl He MOJIyIUTCst: TIPUBbIYHAs (popMysia v = S/t paboraer TOJIbKO
JUISL PAGHOMEPHO20 JBUZKEHUsS (TO eCTh KOIJIa CTpeJiKa CIMJIOMETPA 3aCThLIa B HEKOTOPOM (DUKCH-
poBarHOM TosioKeHun). Ho mMenHO 9Ta GopMy/a JIeXKAT B OCHOBE CIOC00A, MO3BOJISIONIErO HaiTh
MTI'HOBEHHYO CKOPOCTb.

Nnes cocoba takoBa. OTcunTaeM OT HaIero MOMeHTa t = 3 HeOOJIBIION TPOMEKYTOK BPpEMEHN
At, mHaitgém myTh AS, MPOIiJIeHHBIN aBTOMOOHIEM 3a 9TOT MPOMEXKYTOK, n nojeauMm As wHa At. Yem
menvue bydem At, mem mouree Mvl NPUOAUSUMCA K UCKOMOT, BEAUNUHE M2HOBEHHOT CKOPOCTNU.

JlaBaitTe IOCMOTPHUM, KaK 9Ta uiest peannsyercs. Bosemém ms madaaa At = 1. Torma

As=5(4) —s(3) =4* -3 =T,

U IS CKOPOCTH TIOJIyYaeM:
As 7
=T @)
At 1
(CKOPOCTD, pasyMeercs, U3MepsIeTcst B M/c).
Bynem ymenbmars nmpomexyTok At. Bepém At = 0,1:

As = s(3,1) — s(3) = 3,1 — 3 = 0,61,
As 0,61
— =2 =61.
At 0,1 6 (5)
Terteps 6epém At = 0,01:
As = 5(3,01) — 5(3) = 3,01* — 3* = 0,0601,
As  0,0601

= 6,01.
At~ oo o0 (6)

Hy u BosbméMm emé At = 0,001:
As = 5(3,001) — s(3) = 3,001% — 3% = 0,006001,
As  0,006001
— = ———— = 6,001 (7)
At 0,001
nsang wa snadenns (4)—(7), mbl mornmaem, uro Beananua As/At npubimkaercs K quciay 6. 1o
O3HAYAET, YTO MIHOBEHHAsI CKOPOCTb aBTOMOOWMJISI B MOMEHT BpeMenu ¢ = 3 cocrasisger 6 M/ c.
Takum 06pa3oMm, pu 6e3rpaHuIHOM yMeHbIneHun At myTb As Tak»Ke CTPEMUTCSI K HYJII0, HO OTHO-
menne As/At crpeMUTCs K HEKOTOPOMY [IPEJIEILy U, KOTOPBIH 1 HA3BIBACTCH M2HOBEHHOT CKOPOCTNBIO
B JIAHHBIII MOMEHT BPEMEHN (:

. As
v A A ¥

Moo nanucarb u Tak:

At : (9)

JlapaiiTe BepHéMcs K Hamiemy npumepy ¢ s(t) = t? u npojenaeM B o0IIeM BUJe Te BBLIKJIAIKH,
KOTOPBIE BBIIIEe OBLIN BBIIOJHEHBI ¢ dnciaMu. Tax:

As = s(t + At) — s(t) = (t + At)> — 2 = 17 + 2tAt + At® — 2 = At(2t + At),
n JIJId MTHOBEHHON CKOPOCTH UMeeM:

O As . At(2t+ A
o= o xy = A Ry T A (A =2 (10)

B uacrroctu, npu t = 3 dopmyia (10) maér: v(3) =2 -3 = 6, Kak u OGbLIO MOJIYIEHO BHIIIIE.
TeHepb MBI pacIlioJiaraeM BCEeMU HGO6XOILI/IMBIMI/I npeaBapuTe/JIbHbBIMU CBEJACHUAMU W IIOJTHOCTBLIO
FOTOBBI TIEPeiTH K 00CYKIEHUIO ITPOU3BO/IHOIA.



1.4 Omnpejsesieane MPON3BOTHOM

CkopocTh ObIBAET HE TOJBKO y aBTOMOOMIIA. MbI MOXKEM FOBOPHUTH O CKOPOCTH U3MEHEHUsT IeT0 YIo/I-
HO — HaAmpuMmep, PU3NIECKON BEJIUIUHBI WM SKOHOMUYECKOro mokaszaresd. [IpoumsBojanas kak pa3
U CJIy’KUT ODOOINEHNEM TOHATUSI MI'HOBEHHOI CKOPOCTH Ha Cjydail abCTPaKTHBIX MaTeMAaTHIECKUX
dyHKIMII.

Pacemorpum dyuknuio y = f(x). Hamomuanm, 9to x HasblBaeTCs apeymenmom TaHHON DYHKIHIN.
Ormerum Ha ocm X HEKOTOpOEe 3HAYCHME apryMeHTa &, a Ha och Y — COOTBETCTBYIOIIEE 3HAYCHUE

dbyukiuu f(z) (puc. 4).

Y
y = f(x)
flz+ Azx)
Af
f(x)
] Ax
z T+ Az X

Puc. 4. Ilpuparenue aprymenTa u npuparietue (OyHKIIUT

Hamum aprymenty x HekoTopoe npupauwenue, obosnadaemoe Ax. Ilomaném B Touky = + Awx.
O6o3HaYNM €€ Ha PHCYHKEe BMeCTe ¢ COOTBETCTBYOMNM 3HadeHneM dbyskmmn f(x + Ax).
Benmuunna

Af = flz+Ar) - f(z) (11)

HA3BIBACTCS NPUPAWEHUEM HYHKUUU, KOTOPOE OTBeYaeT JJAHHOMY IPHUPAIIEHUI0 apryMeHTa Az.

Ber BujmuTe cx0/1cTBO ¢ mpeabayium myHkToM? [Ipupamenne aprymenta Ax ecTb abCTpaKTHBIH
aHajor MpoMexKyTKa BpeMenu At, a cOOTBeTCTBYyIOIIee npupaiienne dpyuxinun Af — 3T0 aHAJOT
nytn As, npoiigerroro 3a spems At. Ho Ha sToMm anajorus ve 3akanunBaetcs. [IpousBoanas — 910
B TOYHOCTH aHAJIOT MTHOBEHHOW CKOPOCTH.

Onpepenenne. [Ipoussognas f'(r) dbyukmun f(x) B TOUKe & — 3T0 MpeIe1 OTHOIIEHNUS TIPUPAITEHUST
(GYHKIMN K IIPUPAIIEHUIO apryMeHTa, KOIJia IpUpaIlieHne apryMeHTa CTPEMUTCA K HYJTIO:
Af flz+ Az) — f(z)

! _ . =J _ .
Fla)= Jim 7= = ling Ax

(12)

Cpasaure ¢ dhopmymavu (8) u (9). Ilo cyrn mammcano ogao u TO )Ke, He mpapjaa ju?! MoxkHO
CKa3aTh, YTO IIPOU3BOIHAS — 9TO MTHOBEHHAS CKOPOCTH M3MeHEeHMs (DYHKIIN.

Haxoxmenne npousBomHoil BYHKIUN HasbiBaeTca dugdepervyuposanuem. Ham tpemcront Ha-
yuauThed JuddepeHnupoBaTh pa3andabie pyHkinn. [Ipex e Bcero Mbl BO3bMEM HECKOJIBKO ITPOCTHIX
dyuKIMit 1 HANIEM UX TPOU3BO/IHBIE HETIOCPEJICTBEHHO IO ONPEEIEHII0, TO €CTh ¢ TOMOIIBIO (hop-
MyJibl (12).



1.5 TabsmmyHble TPOU3BOIHBIE

Hauném ¢ dbyukimm, Kotopas sBisercst kKoucrauroit: f(x) = c. Ilpupamienue 31oit byHKIMI PABHO
HYJTIO:

Af=flz+Azx)— f(z)=c—c=0.

CooTBeTCTBEHHO, 00OPAIAETCS B HYJIb U IIPOU3BO/IHAS:

Af 0
/ = 1 —_— = 1 —_— = 1 =
flz) = lim - = lim - = lim 0 =0.

Wrak, mveeM mepBBIN PE3YIBTAT — NPOU3BOOHAS KOHCMAHMDL PAGHE HYAH0:

d =0.

Teneps Gynem muddepeHImpoBaTh crenenHyo GyHKIuo, T0 ectb dyHkImo Buga f(zr) = z°.

Haiiném npoussosiHyto camoit mpocroit takoit dyukuuu f(z) = x. [pupamenue yHKimm:
Af=flx+Ax)— f(z) =0+ Ar —z = Ax.

[IpousBoanas:

Af Ax
o Af A
fle)= fim - = lim —— = lim) I'=T.

Nraxk,
/
z =1.

[epeitném k dynxuun f(z) = x2. 910 abeTpaKTHBIA aHAIOI PACCMOTPEHHOM Bblle hU3NUECKOi
curyanuu ¢ s(t) = 2, B KOTOPOii Mbl HCKaJIl MTHOBEHHYIO CKOPOCTh. Ham ocTaéres JIMIb HOBTOPUTH
(B sipyrux 06O3HAUYEHUsIX) T€ BBIUUC/IEHNsI, KOTOpbIe puBesin Hac K dhopmysie (10).

[Ipuparienue pyukun:

Af = f(z+ Ax) — f(z) = (v + Ar)? — 2° = 2? + 20Ax + Ar? — 2 = Az (22 + Ax).

[IpousBoanas:

oo Af L An(2e+Ax) B
fo=lim = dm— x ~dmetin) =2

Taxkum obpaszowm,
(x2)’ = 2.

[Iponenaem To ke camoe ¢ dbynkiueit f(r) = x3. [lpupamenue dbyHKIUM:

Af = f(z+Ax) — f(z) = (v + Ax)> —2° =
=2 + 322 Az + 3xA2® + Ax® — 2* = Az (3% + 3zAx + Ax?).

[IpousBonas:

A A 2 A Az?
£(x) = lim Af lim x(3z° + 3rxAx + Az?)

_ _ N 2 2\ 2
Az—0 Az Az—0 Ax = = Ahm (3z* + 3xAx + Az®) = 3z°.

x—0

Nraxk,
(333)/ = 322



Touno Tax ke MOXKHO IIOKa3aTb, 9TO:

(x4)/ = 423,
(x5)’ = 5z%,
(z") = na"?

OxasbIBaeTcs, mocaIeIHAsa (hopMyJia CIpaBelJIMBa HE TOJIBKO IS IEJI0TO 1, HO W BOOOIIE JIJIs
JII000I0 IIOKa3aTe/ld CTelleHu d:

(%) = az"', acR. (13)

Mpb1 jokazkeM 9Ty (hopMysIy Mo3:Ke, a ceidac HaljéM ¢ e€ IMOMOIIBIO TPOU3BOJIHYIO (DYHKIIUH
f(x) = vz
(\/—)/ ( 1)’ 1., 1 1 1
€T = |2 _= =2 = =L 2 = —.
2 2 2\/x
DTa MPOU3BOIHAS BCTPEIALTCsI OYeHb JaCTO, U €€ NMeeT CMBIC/I BBIYIUTh. 3allOMHUTEH MOYKHO TaK:
«ITPOU3BOJIHAST KOPHSI €CTh OJINH JIEJIUTh Ha JIBA KOPHI».

1 1
x)  a?

CaemnaiiTe 9T0 JBYMS CIIOCOOAMU: &) IO OIIPEJIEJICHUIO IIPOU3BOHON (BBIMUC/INB TIpejien); 6) ¢ TToMO-
b0 Gopmyiast (13).

Vnpascnenue. Ilokaxkure, 9T0:

[lepeiiném K TpuroHoMerpudeckuM (pyHKIMsIM. Beraucanm npoussoanyio dyukiuu f(z) = sin .
[Ipupamenue dpyHKIUNM:
Af =sin(x + Az) —sinx.

BcenomuauM, Kak pa3HOCTb CHHYCOB IPEBPAIIAETCS B IIPOU3BE/ICHUE:

a— a—+p
COS .
2 2

sina — sin 8 = 2sin

[Tomyuaem:
A A
Afz?sin—xcos :zr—i-—m ,
2 2
2sin A2 cos (x 4+ 42
f/<x> — lim 2 ( 2 ) )
Az—0 Ax

[leperuiiem BhIpaykeHUe Jist TPOU3BOIHON HEMHOTO MHAYE:
i Az
sin S Az
! 1 2
f(z) = lim —=-cos (x + —) : (14)
2

[Tox 3nakoMm mpesiesia B (14) crouT mpousse/ieHne JByX BbipaKeHuii — apobu u kocuuyca. Oka-
3bIBAETCS, YTO KarK/I0€ U3 9TUX BBIPAXKEHUI CTPEMUTCH K HEKOTOPOMY IIPeJIEy.
Haunéwm c apobu. Cuenaem 3ameny t = Az /2. fcno, aro t — 0 npu Az — 0. Vmeem:

. sin % . sint
lim — =lim——=1
Az—0 TI t—0 ¢

(MBI HCITOIH30BAJIH COOTHOIIEHNE (2) — IMepBbIil 3aMedaresbHbIN mpejen). Vtak, 1pobbk crpeMuTes K
eIMHUIIE.



Bruipaxkenune x + %, crositiiee 1I0J 3HAKOM Kocuuyca, pu Axr — 0 crpemurcs xk x. Kak Bbr

3HaeTe, KOCHHYC — HelpepbiBHas DYHKIWs (rpadrK KOCHHYCA BEIYEPIMBAETCsI 0€3 OTPBIBA PYIKU OT
6ymaru). [Tosromy, cormacHo onpejesiennio (3) HempepbIBHON (DYHKIMHI, [T HAXOXKIEHUsI [TpeIesia
KOCHHYCa MOXKHO IIPOCTO TOJIOXKUTH B aprymenTe kocuayca Azr = 0:

: Ax
lim cos | z + — | = cosw. (15)
Az—0 2

Torma u3 (14) nomyuaem’
f'(x) =1-cosx = cosz.

Urak,

(sinz) = cosx.

Vnpasrcnenue. Ilokaxkure, 11O

(cosx) = —sinuw.

Ucrnionb3yiiTe ajg 3Toro (popMysry pa3sHOCTH KOCUHYCOB:

L a—0 . a+p
cosa — cos f = —2sin 5 sin——.

HerbIpe IPOU3BOJHBIX B pAMOYKE (KOHCTAHTa, CTeleHHas (DYHKIMsI, CAHYC 1 KOCUHYC) HA3bIBAIOT-
¢ mabauuHsimu. Terepb BeI TOHIMAaeTe, OTKY/Ia OHM B3sJINCh. Pa3yMeercs, TabIMIHBIE TPOU3BOTHBIE
HY2KHO TBEPJO 3HATD.

Bbraunciiennsi mpon3Bo/IHO# IO OIIpejieIeHu0 (TO eCTh KaK Mpejiesia) JIErKO MPOXOAsT Jijist (DYHK-
i, YCTPOEHHBIX Hambojee mpocTo. A Kak OBITb, €CJIM HYXKHO HpoauddepeHnnpoBarh (yHKIITO
narojiobue takoit: f(x) = x7 sin v4x2 — 527 3ech BoraucaaTh npejes (12) — 3aHsTue He U3 IPUAT-
HBIX. B MOM00HBIX ciTydasx Ha MOMOIIH TPUXOIAT Npasuaa JuddepeHuuposarus, KOTOPbIe TTO3BOJISIOT
CKOHCTPYHUPOBATDH ITPOU3BOIHYIO JAHHONW (DYHKIIUN U3 ITPOU3BOIHBIX 00JI€€ TTPOCTHIX (DYHKIIMIA.

Ho jist obocroBanus npasuit quddepeHnnpoBanms HaM HYKHO IIPEIBAPUTEIHLHO PA300PAThCs ¢
OJIHIM TE€OPETUIECKUM BOITPOCOM.

1.6 CsBa3p HempepbIBHOCTH 1 JuddepeHInmpyeMocTn

Kak Bbl nomuure, dyukiums f(x) Ha3bBaeTCs HEMPEPBIBHOI B TOUKe a, ecym npejest f(x) B ToUke a
paBeH 3HaueHuo HYHKIWA B 910i1 Touke: lim f(x) = f(a). [lompocty roBopsi, HenpepbiBHAS B TAHHOMN
T—a

TOUYKE (PYHKIMS CTPEMUTCA K CBOEMY 3HAYEHUIO B 9TON TOUKE.
MozkHO HammcaTh U HEMHOTO MO-JIpyroMy: byHKIWs f(x) HelpepblBHA B TOYKE @, €CJIn

lim f(a+ Az) = f(a). (16)
Az—0
D10 Bejb TO kKe camoe, He npapjia jm’! Ecoim Ax — 0, To apryment a + Az crpemurcs K a,
3HavYeHne (DYHKIUU B TOYKE a + Ar CTpeMUTCs K 3HAYEHUIO (DYHKIUU B TOYKE a. VIMeHHO sTuMun
COODPAYKEeHNSIMU Mbl BOCIIOJIB30BAJINCH BBIIIIE MIPH PACCMOTPEHHN pe/jiena Kocunyca (15).
Bripaxkenne (16) mo3BoJiseT HaM JIaTh €IIE OJHO PABHOCUIBHOE OIpPEJIe/IeHIe HEelPEePhIBHOCTH.
Bexp ecin f(a + Ax) crpemurest Kk f(a), To paszuocts f(a + Ax) — f(a) crpemurcs K Hy0. A 910
takoe f(a + Azx) — f(a)? Dro npupamenne Af dyuknun f(z) B Touke a. B pesyibrare mosydaem:

'Boobie, ecm 0JHO BBIPAYKEHHE CTPEMHUTCS K WHCIY @, a APYyroe — K GHCIY b, TO IPOM3BeeHHe STHX BBIpaKe-
unii crpemurcs K ab. Ilpu Bceit cBoelt 0U€BHIHOCTH JTAHHOE YTBEPXKIEHUE SBJISIETCS TEOPEMOil, KOTOPYIO BbI Oyiere
JOKa3bIBaTh Ha IIEPBOM Kypce.



dynryus f(x) nenpepvisna 6 dannol mouke, ecau e€ npupaweHrue 6 IMOU MOUKE CMPEMUMCA K

nyaro npu Ax — 0:

lim Af =0. 17

Az—0 f ( )

Vném nanbine. OyHKIMA HA3bIBaeTCst duddepenyupyemoti B JaHHON TOUKe, eCJIn OHa UMeeT IIpPo-

U3BOJIHYIO B 9T0it ToUKe (TO ecThb mnpenen (12) B JaHHOW TOYKE X CYIIECTBYET).
Mozket Jin HempepbiBHast DyHKIUS HE OBITH Judde-

pernupyemoit? Jla, Takoe Bo3mozkHO. Kaccnaeckmit mpu- Y
Mep: yukims f(x) = |z| He MMeeT TPOU3BOTHON B TOUKE

x = 0. I'pacduk 310it PyHKIMN H306pazKéH Ha puc. H. y = |z

[Tpupainenue yHKIWN:

Af =z + Ax| — |z|.

B Touke x = 0 nmeem: X

Af =|Ax|.
Puc. 5. l'padux bysximn y = |z|

[Touemy npousBojHast B HyJie He cymectByer? lapajite paccMoTpuM jiBa ciydas: Az CTPEMUTCS
K HYJIIO CHAYAJIA CO CTOPOHBI MOJIO?KATEIBHBIX 9UCEIT (TO €CTh CIpaBa), a 3aTeM CO CTOPOHBI OTPHUIA-
TeJIbHBIX Yuces (TO eCTh CJIeBa).

1. Az — 0, z > 0. Torma Af = Az, 10 ecTb

Af

2. Arx — 0, x < 0. Torma Af = —Ax, 10 ecTb

Af ]
Az

B pesysbrare mosyvaercs, uro orHomenre A f /Ax HE K KaKOMY [pe/Jiesty He cTpeMuTcs. B camom
Jesie, yerpeMuM Ax K HYJIIO Tak, 4To0bl 3HAK AX MorepeMeHHo MeHsics (HampuMmep, Az npoberaer
suavenns 1; —0,1; 0,01; —0,001; .. .). Torga npobs A f/Az 6yaer nornepeMeHHO TPUHUMATH 3HAYCHUST
1 u —1, a Takasi 3HAKOUEPETYIOIIASICS TTOCIE0BATEILHOCTD, KAK Mbl BUJIC/IN BLIIIC, IPEJIEIa HE UMeeT.
CrenoBarensHo, dyukiws f(x) = |x| He mmeer nmponsBonHOi B Touke = (.

Takum obpazom, nenpepuehas Gynkuus ne obasana 6vimo Jugpdepenyupyemoti. Touka nzmoma
rpaduka GYyHKIUT — TUNAIHBIA IPUMEDP TOYKHU, B KOTOPOi (pYHKINSA He gBJIdgeTcd JuddepeHImpy-
emoit. Mimenno takoit Toukoit uzimoma ciayzxut trouka (0,0) Ha rpaduke dbyakiun y = |z|.

A xax nHacuér obparHOro yTBepKaeHusi? OkaszbiBaercs, JudepeHImpyeMocTb — 6oJiee CUIb-
HOe CBOWCTBO, YeM HEIPEPBIBHOCTL. Feau dyrruus duddepenyupyema 6 nexomopoti mowke, mo oxa
HENPEPBLIBHA 68 IMOT, MOUKE.

HeiicTeuresnbro, mycrs dyHknus f(x) mMeer nponsBoHyto B Touke . Torma ornorenne A f/Ax
crpeMuTcst K Hekoropomy udmeiay npu Axr — 0. Ho Az crour B 3HaMeHaTese 3TONO OTHOIIEHWS;
HO3TOMY JIJIsi CYIIECTBOBAHUS [IPeJIeSIa HeoOT00uMO, ITOOBI 1 IUCTUTE/Ib CTPeMIIICS K Hy0. (A Kyma
JieBaThcsd uncyauntesnio? Bemp ecim ripu 3HaMeHaTese, CTPEMSIEMCst K HYJII0, YUCIUTE/Ib K HYJIIO He
CTPEMUTCS, TO JIpOOb YIIET B OECKOHEYHOCTb — BMECTO TOT'O, YTOOBI MPUOJIMAKATHCA K KAKOMY-TO
dbukcupoBannomy 3uaderno.) Crano 6eitb, Af — 0 mpu Az — 0; HO 9T0 U 03Ha4UaeT cornacHo (17)
HEIPEPBIBHOCTD (DYHKIIUU B TOYKE .
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1.7 Ilpasuaa gudpdeperHnupoBaHust

Kak mbI yxke ckazasu, npasuia uddepeHnnpoBatus MO3BOJIAIOT HAXOUTh ITPOU3BOIHbIE (DYHKITUI
JIOCTATOYHO CJIOXKHOTO BHjIa. Vjiest COCTONT B «pacIeljieHnny UCXOMHON MYHKINN Ha 60j1ee MpoCcThle
GYHKIMHU, TPOU3BOIHBIE KOTOPBIX U3BECTHBI M UI'PAIOT POJIb «KUPIUIUKOBY IIPU KOHCTPYUPOBAHUN
HUCKOMO# TTPOM3BOIHOM. 3HasT HEOOIBIIOE YUC/I0 TAOTUIHBIX ITPOU3BOIHBIX U PACIIOIaras MPaBUIAME
b depeHImpoBatust, Mbl MOYKEM BBIYHC/IATH ITPOU3BOJIHBIE OI'POMHOIO KOJIMYECTBA (DYHKIIHI, He
npuberas K ONMpeJIeJIeHIIO TPOM3BOIHON 1 He BBIUUC/Issi COOTBETCTBYoMmuit mpeses (12).

Besne nastee u u v — dpyuxiun, guddepennupyemMbie B JlaHHO#M Touke. Mbl OyjieM aKTUBHO T0JIb-
30BaThCA COOTHOIIEHUSIMU:

u(x + Az) = u(z) + Au, v(z+ Az) =v(z) + Av,
rie Au u Av — npupatnenust QYHKIUH © 1 U B TOYKE L. DTU COOTHOIIEHIS HEIIOCPEICTBEHHO CJIETy 0T
u3 onpejesenns (11) npuparenust GyHKIIH.
Bceero nmeercs ngars mpaBuit auddepeHnmpoBaHms.

0. KoHcTraHTa BBIHOCUTCS 3a 3HAK Hpous3BOAHOM. Ecim ¢ — wncio, To (cu) = cu'.

JlarHOE TpaBUJIO JIETKO IOJIYYaeTcss B KadecTBe CJEJCTBUs HpaBumia 2 o auddepeHmpoBanum
HpOI/I3Ber[LeHI/IH. HO HpI/IMeHHeTCH OHO HaCTOJIbKO 9aCTO, 9YTO MBI CAeJiaJl ero <<Hy.HeBI)IM>> HpaBI/IJIOM,
000COOJIEHHBIM OT OCTAJIbLHBIX.

CoryracHoO 3TOMY TIPABUJIYy MMeEEM, HAIIPUMED:

(52%)" = 5(2*) = 10z,

(—3sinz) = —3(sinz)’ = —3 cos z.

1. AuddepenmupoBatne cymmsl. (u + v)' = u' + v' (npouseodnas cymmo. pasra cymme npous-
600HDIT ).

Heitcrurensro, nycrs f(x) = u(x) + v(x). Torga:
Af = flz+Az) - f(z) =

u(x + Az) + v(x + Az) —u(z) —v(z) =
=u(r) + Au+v(x) + Av —u(z) —v(z) = Au+ Av.

Terteps nmeem:

oy o AF
f'(x) = lim — = lim Ax+ﬂ

Az—0 Ax Ar—0 Az

Au+ Av _ <Au Av)
————— = lim .
Az—0
Hpobu Au/Az u Av/Ax npu Az — 0 crpemsites coorBercrBerno K ' (x) n v'(x). Cymma srux
npobeit crpemures Kk cymme? u'(x) + v (z):
fl@) = u'(x) +v'(2).

DTO U HY2KHO OBLIO TIOKA3aTh.
Tak, npumenss npasuia 0 u 1, HaXOUM:

(sinz + cosx) = (sinz) + (cosx) = cosz — sinz,
(2% + 4cosz — 10)' = () + (4cosz) + (—10) = 32° — 4sinz

2Boob1mie, ecii 01HO BLIPAsKEHHe CTPEMUTCH K YHCITY ¢, & IPYToe — K 9HCIIy b, TO CyMMa 3THX BBIPAsKEHHIT CTPEMUTCA
K a + b. 910 TeopeMa, KOTOPYIO HY>KHO JIOKA3bIBATD.
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(mpousBo/Has KoHCTaHTHI —10 paBHa HyJo!).

2. IuddepenupoBanne npousBenenus. (uv) = u'v + uv'.
Hasaiite pazbuparbes, nodemy 1o tak. Obosnadaem f(z) = u(z)v(z). Torga:
Af = flz+ Az) — f(zx) = u(z + Azx)v(x + Ax) — u(z)v(z) =

= (u(z) + Au)(v(z) + Av) —u(@)v(z) =
= u(z)v(z) + v(z)Au + u(z) Av + Aulv — u(z)v(z) =

= v(z)Au + u(z)Av + AulAv.
Hanee nmeeMm:
vy v(@)Au 4 u(z)Av + Audv Au Av  Au
=)= AlcchEO Ax N Alglcrgo Axv(x) +u(@) Az T AmAU ‘

Ilepsoe cmaraemoe crpemures K ' (z)v(x). Bropoe ciaraemoe crpemurest K u(x)v'(x). K aemy

CTPEMUTCSI TPETHE CJIAraeMoe %AU? Jpobn % B Tpejesie aét uncyo u'(x), a MHOXKHTETh Av

CTPEMUTCSI K HYJIIO, MOCKOJIbKY (yHKIWs v(x) muddepeHnupyema B TOUYKe T U MOTOMY HelpepbiBHa
B 9TOoi1 TouKe. Tak 4UTO TpeThe ciaraemMoe CTpEMHUTCS K HYJI0. B pe3ysbrare mosydaeM:

f'(@) = ' (z)v(x) + u(z)v'(z),

B 4éM U XOTeJIOCh yOeIUThCs.
Bor npumep muddepennupoBanust npon3BeCHUS:

(%sinz) = (2%) sinx + 2*(sinz) = 2rsinz + 2° cos .
A Bor Kak nosydaercs npasuio 0:
(cu) = du+cu' = c,
ockoJibKy ¢ = 0.

3. IuddepennupoBanue 4acTHOTO.

Brisesiem sty dopmysry. Obo3natnm

Torma:

vz +Az) wv(x) v(@)+Av  v(x)  v(x)(v(z)+ Av)
Af _v(@)3) —ul@)5;

Ar  v(x)(v(z) + Av) ’

o @3t - unR w(e)ela) — u@ (@)
@) = Ala:—>0 v(x)(v(z) + Av) v2(x)

Cioraraemoe Av B 3HaMeHaTe/ e 0OPATUIOCH B HYJIb IIPH ME€PEX0OJie K MPeJe/y BCJIE/ICTBIE HEeIPEePhIB-

HocTu pyHKuu v ().
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[Ipasuso muddepermpoBanngd YaCTHOTO TO3BOJISIET HANTH IPOU3BOHBIE TAHTEHCA U KOTAHTEHCA,
KOTOPBIE TaKKe OTHOCATCI K TaOJIUIHBIM.

(tg )’ sinz\’  (sinz) cosx —sinz(cosx)  cos’x +sin’x
s = = —
& CcOS T cos? x cos? x
TO €CThb
(tgz) = —
&%) = cos?

Hpo,ueﬂaﬁTe CaMOCTOATEJIbHO aHaJIOTUIHBbIC BbIYUCJICHUA W IIOKaXKUTe, 9TO

1

sin? x

(ctg ) = -

Ham ocranmocs obcyaurs mocsegnee npaBmio — auddepentmpoBanne cioxkuoi dyHKiwm. Mol
cHaYaJIa O0bSICHUM, UTO TAKOE CJIOXKHAs (DYHKIUS, 3aTeM IIPOJIEMOHCTPUPYEM TIPABUIO Juddepen-
[MPOBAHUsI Ha MIPUMepax, 1 TOJBKO IIOTOM — KOTJ[a CTAHET siICHO, KaK OHO paboTtaer — copMympyem
U JIOKAyKeM 3TO TIPABUIIO.

[Tycth, nanpumep, u(z) = sinz n v(x) = /. Jasaiite cHauasa u3BJIEKaTh KOPEHDb U3 T (TO €CTh
IPUMEHATH K & (DYHKIHUIO v), & IOTOM OpaTh CHHYC HOJIyYeHHOIO 4Yucia (TO ecTh JeficTBOBaTh Ha
nostydentoe qncsio v(z) dbyuximeit u). Torga Bosuukaer GyHKIums:

u(v(z)) = sin /.

DTO U €CThb CA0ICHAA DYHKINAA, WK KOMNO3UuyuA GYHKIUN v 1 v. Vjiesa moHgaTHA: IUCI0 & TOCTyIIaeT

Ha BXOJ nepeoti PYHKIMU v, a MOJIydIeHHOe YUCI0 v(x) mocTynaeT Ha BXOJ 6mopot (DYHKIUI U.
MozxHo, HA0O0POT, caenaTh u IepBoil (byHKImelr, a v — Bropoil. Torma cHadasa or x Oyuer

BBIYUCATHCA CUHYC, a TIOTOM U3 CUHYCA U3BJIEKATHCA KOpeHb. [loyunTes apyras cioxkuas (OyHKITN:

v(u(z)) = Vsinz.

Huddepennuposanue cJI02KHON (PYHKIINA — 9TO KaK CHATHE JIUCTOB ¢ KOUaHa KaycThl. CHadasia
HAXOJIMM TIPOU3BOJIHYI0 BTODOi («BHEIIHeN» ) (DYHKIUK U yMHOXKAEM €€ Ha IPOU3BOJIHYIO IEPBOil
(«BHYTpeHHEl» ) dyHKINI. [IprMeHnTeIbHO K HAIITIM IPUMEPAM 9TO BBINISIUT TaK:

(Sin\/;)/:COS\/E'(\/E)IZCOS\/E'ﬁa
i /7;'81111}/:—'60813
(Vsin ) W (sinx) T ,

JaBaiiTe IpuBeIEM JJIs1 HAIJISIIHOCTH eIé JIBa IpuMepa:
[(42% + 3z + 2)°) = 5(4a® + 32 + 2)* - (42® + 32 +2) = 5(4a* + 3z + 2)* - (8z + 3),
[Asin(wz + a)] = Acos(wz + @) - (wz + ) = Aw cos(wz + ).
[TonstHo, Kak paboraer npasuyio? Torma — GoOpMyIUPOBKA.
4. MuddepennmpoBanue ciaoxkuoit dyukiuu. [u(v(x))] = u'(v(zx))v' (x).
O6oznaunm f(z) = u(v(z)). Umeem:
Af =u(v(z + Ar)) = u(v(z)) = w(v(z) + Av) = u(v(z)),

1 TOIJIA

Af u(v(z) + Av) — u(v(x)) _ u(v(z) + Av) —u(v(x)) Av
Az Az Av AV
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[Ipu Az — 0 mmeem Takzke Av — 0, mo3TOMY

u(v(z) + Av) — u(v(x))

- — ' (v(@)).
CienoBaresbHo, (v(2) + Av) —u(v(z)) A
/ . u(v(r) +Av) —u(v(r)) Av ! '
f (-1') - Alggo Av _AJJ - (U(m))v (x)’

9TO U TPebOBaJIOCh.

1.8 T'eomerpudeckuii CMbICJI IIPON3BOJTHOI

Paccmorpum rpaduk Bospacratomeit dyukuun y = f(x) (puc. 6) u Bo3bMEM JjiBe OJIM3KHE TOUKH
rpaduka: Touky A ¢ koopmuuatamu (xg, f(xo)) u Touky B ¢ koopmuaaramu (zo + Az, f(zo + Ax)).
[Momaraem, aro dyuknus f(x) muddepernupyema B Touke A.

Yy
y = f(x)

ceKyInast

KacaTeJIbHad
f(l'0+A=T) ”””””””””””””””””””” ‘ y=kx+b

Af
flao) fromm 3

Az |
o To + Az X

Puc. 6. leomerpuueckuit cmbic mpousBoauoii: f'(zg) = tgp =k

[Ipsmas AB masbiBaeTcs cexyuwed. Yroy nakiona cekymeit AB k ocu X obosnadnm «. Harmowm-
HIM, 9TO yToJI HaKJIOHA JIeXKUT B ipomexkyTke [0, 180°); B JaHHOM CJIydae (v ABJIETCsI OCTPBIM YIJIOM.
[psvbre AC' u BC' napauienbubl ocsiMm X u Y cOOTBeTCTBEHHO. 110 PHCYHKY JIETKO BUJIETH, UTO

/BAC = a, AC = Az u BC = Af, tak 4t0

Af  BC

Tenepsb ycrpemssiem Az k mymo. Oraormenne A f / Az npespartaercst B ipoussoanyio f/(xg). Yro
MPOUCXOUT TpK 3ToM Ha pucynke?! Touka B crpemurcs K Touke A, B pe3y/jabTare Uero CEKyIas
3aHUMAET PeJIe/IbHOE TIOJIOKEHNE W CTAHOBUTC KacameAvbHol K Tpaduky GyHKIN B ToUKe A.

YVron o HaKJIOHA CEKYIeil MepexouT B YroJl (¢ HAKJIOHA KacaTeJbHOM, U, COOTBETCTBEHHO, tg o
nepexo/uT B tg ¢ (IOCKOJIbKY TaHIeHC — HelpepbiBHAs DYHKIMS Ha CBOel 061acTH OIpe/Ie/IeHNs ).
Nrak, nmeem:

. Af
Flmo) = fmy 3 = dim, fe0 = e (19)
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BcenomuauMm emnié, 9To TaHreHC yriia HaKJIOHA HMPAMOil — 3TO e€ yryioBoil KO3 @MUITMEHT, TO €CTb
qncsio k B ypaBHeHUu npamoit y = kx + b. Tem cambim:

f'(x0) = tgo =k. (20)

MpbI TIpUIIA K 9TOMY BBIBOJLY, IOJIb3YSCh I'paduKoM Bo3pacTaomeil pyukimun. 1o u3MeHuTcs,
ecmn byukius f(x) 6yaer yosBatomieit? Jasaiite mocmorpum Ha puc. 7.

Y

f(iUo)
Af <0

flzo + Ax)

Puc. 7. U cuoBa f'(zg) =tge =k

MpbI BUUM, 9TO YIJIBI (v U ¢ TelepPh sABJISIIOTCS TYIBIMU, a MpUpalieHne Halneil (pyHKIUE OTpH-
narenpio: Af = —BC. Kpome Toro, Z/ZBAC = 180° — a, tak uto tg L/ BAC = — tg a. Torna:

Af BC
— =———=—tg/BAC =tga.
Az AC ~ ® s
[Moyuwmics Tor ke pedysnbrar, uto u Beie B (18). [losTomy ocrarorcs B cuiie mpejebHbI e~
pexon (19) u BeiBoz (20). Takum 0O6pazoM, uMeeM CJISYIONYI0 MeOMETPUIECKYI0 WHTEPIIPETAINIO
IIOHATUA ITPOU3BOJIHOI.

I'eomerpuyecknii cmbica mpom3BozHO. [Ipoussoinas GpyHKIUU B TOUKE T paBHA TAHIEHCY
yIJia HAKJIOHA KacaTeJbHOU, TPOBEJIEHHON K rpaduKy (PYHKIIUU B TOYKE ¢ abCIMCCON T, WU, YTO
TO K€ camoe, YIJIoBoMy KO3 UIMEHTY k 9TOi KacaTe/bHOI.

1.9 VYpaBHeHUe KacaTeJIbHOI

Haiiiém ypaBHeHne KacaTesibHOI, poBeIeHHol K rpaduky dyHkimn y = f(x) B TOUKe ¢ KOOPIUHA-
tamu (xg, f(xg)). [lo-npexxuemy cunraem, aro dyukius f(z) muddepeHnupyema B TOUKe .

YpaBHeHne KacareJabHON mMmeer Buj y = kx + b, mosroMy Haima 3ajada — Haiitm k u b. Ho k
MBI y2Ke 3HaeM — 9TO Ipou3BojHas (byHKIMU B JganHOi Touke: k = f’(xq). [losromy ypasHenue
KacaTeJbHONH YTOYHACTCH:

y = f'(zo)x + b, (21)

U HAM OCTaETCs OIPEJIE/IUTD b.
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st sroro 3amernm, ato TouKa (Zo, f(0)) JEKAT HA KaCATEIBHOI, & 3HAYUT — KOOPMHATHI STON
TOYKHU YJOBJIETBOPSIIOT YpaBHEHUIO KacaTesbHoil. [lojcrasisem stn KoopauHaTs! B (21):

f(@o) = f'(zo)zo + b,

OTKY/Jda
b= f(xo) - f/<l’0)l’0.

Ocraérest MojICTaBUTh HalIeHHOE BhIpazkenue jiist b B (21):

y = f'(xo)x + f(xo) — f'(x0)o,

y = f'(wo)(x — o) + f(20). (22)

Ypasrenue (22) u ecTb HCKOMOE ypPABHEHUE KACATEIHHOI.
B kauecTBe npuMepa HaiiJéM ypaBHeHUe KacaTejbHOil K Tapabosie y = 2 B TOUKe ¢ abCIUCCOil
xo = 3. Umeem: f(z9) =9, f'(z) = 2z, f'(xo) = 6. [loncrasasgem Bcé 1o B (22):

y=06(z—3)+9=06x—09.

Ynpaotcnenue. K rpacduky dyukiun y = 1/ nposeena kacarenbhasi. [Tokazkure, 94To miomap Tpe-
YTOJIbHUKA, OTCEKAeMOT0 3TOi KacaTeJbHONH OT KOOPAUHATHOTO yIJia, HE 3aBUCUT OT TOYKHM KACAHU
" paBHa 2.

1.10 Cayuaun HeguddepeHITnpyeMOCTH

Berrirre Mbr okazasu, 9o eciin yHKIus JuddepeHimpyemMa B HEKOTOPOil TOUKe, TO OHa HEeIIPpEepPbIBHA
B 9T0i1 Touke. CTajio ObITH, ecu (PYHKIUS pa3pbiBHA B TOYKE, TO OHA W I0JIaBHO He JuddepeHIm-
pyeMa B JIaHHON TOYKeE.

Bosmoxkna Takke curyarus, Korja (DyHKIMA HENpPepbIBHA B TOYKE, HO He dBjgercd audde-
peHnupyemoii B sroii Touke. Ilpumep Takzke 6buLT npuBenéH Bbime: GyHkuusa f(r) = |r| He umeer
Ipon3BOTHOM B Touke = = (.

Boobie, Toukn mzioma rpaduka — 3TO TOUKU
Hapyinenus auddepennupyemoct. Hampumep, y Y
dyukmu, rpaduk KOTOpoil IpeJIcTaB/IeH Ha pUC. 8,
[IPOM3BO/IHAS HE CYIIECTBYeT B TOUKAX T U Tsg.

[eomeTputeckass WHTEpIPETAIUA TPOU3BOIHO
[TO3BOJISIET HAM JIYUIe IMOHATH, YeM <«ILJIOXU» TOY-

KN 1 U T9. /lesio B TOM, 9TO B COOTBETCTBYIOIIIX

Toukax A m B He cyIecTByeT OJIHO3HAYHOIO IIO-

JIOZKEHUsI KacaTeTbHON (KaK IIPE/IeIbHOTO MOJI0ZKe-

Hust cekyteit). [lonsTue KacarteapbHON B Toukax A —
u B nonpocty Tepser cMmbic. ClieoBaTeIbHO, MbI
HEe MOYKEeM FOBOPHUTH 00 yIJie HaKJIOHA KacaTeIbHOM,
0 TAHTEHCE TOTO yIJia U, COOTBETCTBEHHO, O IPOU3-
BOJIHOM B JTaHHBIX TOYKAX. Puc. 8. Toukn memuddepentupyemoctn

Dusnueckas HHTEPIPETAIHsT TIPOM3BOIHON (Kak
MIHOBEHHOH CKOPOCTH M3MeHeHUs (DYHKIMU) TakKe TaérT obbsicHeHune HeauddepeHnupyeMocT B
TOUKe m3joMa. B camom jese, mpu mepexojie depe3 TOUYKY HM3JI0Ma CKOPOCTb M3MeHEeHUs (DYHKIINN
CKa4YKOM MeHsieT cBo€ 3nadenne. CjieBa OT TOYKM U3JI0Ma CKOPOCTH OJIHA, CIIpaBa — COBCEM JIPyTasd,
TaK 9TO B CAMOIl TOUKe M3/I0Ma CKOPOCTh M3MEHeHUs! (DYHKIIUU He UMEET OINPE/IeIEHHOTNO 3HATEHUS.
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O tHaKo He cJielyeT JyMaTh, YTO HelpepbiBHas (pyHKINs He TuddepeHnupyemMa TOJIbKO B TOUKAX
U3JI0Ma, TO €CTh TaM, I'JIe OTCYTCTBYeT KacaTeabHasd. MoXKeT CIyIuThCs, YTO KaCATeIbHYIO K I'paduKy
dyHKIIMN TpPOBECTH MOXKHO, HO, TEM He MeHee, TPON3BOHAs (DYHKIINU B ITON TOYKE HE CYIIECTBYET.
CooTrBeTcTByIONMil MpUMep MOKa3aH Ha pHC. 9.

Y

Cu

To X

Puc. 9. KacarenbHas ecTb, a IpOU3BO/IHON HET

B Touke C' Kacare/bHass UMeeTCs, HO OHA Nepneniukyispra ocn X . YToa HaKJIOHA KACATEJILHOI
¢ = 90°, mosTomy tg ¢ He cymmectByer. CiiemoBaresibHo, He cymiecTByer u f(xg).

B sToMm cirydae niepectaéT GbITH CIIpaBeINBBIM U yPaBHEHHE KacaTeJbHOil (22), MOCKOIbKY Kaca-
TeJibHas Ha puc. 9 He uMeer yryioBoro Koddgduipenrta. Y paBHeHNE JAHHONW KacaTeJbHON BBITJISIIAT
TaKk: T = Ig.

Ynpastcnenue. Hanmmure ypasaenune kacareabHoil K rpaduky dynkmun y = 7x B Touke (0,0).

1.11 UccnenoBanme pyHKIIMi

Bce dbynkIimnm, koTopble paccMaTpUBAIOTCS HAMHE JIajlee, CINTAIOTCs (D MEPEHITNPYEMbIME B HY JKHBIX
toukax. [loaToMy cylecTBOBaHMe KacaTeIbHBIX MI0IPA3yMEBAeTCs 110 YMOTIAHUIO.

Ha puc. 10 m3obpakén rpacduk dbyHknun y = f(x) u IpoBeJieHbI KacaTeIbHbIE B JIBYX TOUKAX C
abCcIuccaMu T U To.

N N \y= f(z) :

Puc. 10. Bospacranue n yosisanue dyuxmuu: f'(z1) > 0, f'(x5) <0

B6ausu Ttouku x; GyHKIMA BO3pacTaer. DTO MPUBOJAAT K TOMY, 9TO KacaTeJbHas B TOYKE I
HaKJIOHEHA I0JT OCTPBIM YIJIOM (o1 K ocu X . TaHreHc ocTpOro yria MojoyKUTeJIeH; 3HAYUT, TOJI0KHU-
TeJIbHA U IIPOU3BOJIHAS B TOUKE T7:

f,(lj) =tgy > 0.

B6siuzu Touknu xy dyukius yooiBaet. BeseacTBue 3Toro kacareabHast B TOUKE £y 00pa3yeT TyHoit
yroJ1 g ¢ ocbio X . Tanrenc Tymoro yria OTpuIiaTesieH, a BMECTe C HUM OTPUIIATEIbHA, U IIPOU3BO/IHAST
B TOYKe Ty:

fl(z2) = tgps < 0.
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CrupaBe/[JIUBBI TAKXKe U OOpATHBIE YTBEPZKJICHUS.

HpI/ISHaK BO3pacTaHUusA d)YHKI_H/II/I Ecim IIPOU3BOIHAsA IIOJIOZKUTEJ/IbHA Ha HEKOTOPOM ITPOMEXKYT-
Ke, TO q)YHKLH/IH BO3pacCTacT Ha 3TOM IIPOMEZKYTKE.

ITpu3nak yobiBanus pyukiuu. Eciu mpousBojiHas OTpUNiaTeIbHa Ha HEKOTOPOM ITPOMEXKYTKE,
TO (DYHKIWS yOBIBAET HA 9TOM IIPOMEXKYTKE.

B camom jernte, eciii CKOPOCTb M3MEHEHUS KOJIMYECTBA, BaIllUX JICHET TOJIOKUTE/IbHA, TO JEHEr
y Bac npubaBiigercs. A BOT eCJiM CKOPOCTH HAIIOJIHEHUs KOIIe/IbKa OTPUIATeIbHA, TO JEeHEI B HEM
CTAHOBUTCS MEHbIIIE :-)

Habioienne 3a 3nakoM IIPOM3BOJHON JIEKUT B OCHOBE HccjenoBanus yHkiuii. Paccmorpum,

Hanpumep, OyHKITUIO
f(z) =2* - 3z.

BorsicuuMm, Ha KakKuxX IpoOMeKyTKax 3Ta (DYHKIMS BO3pacTaeT, a Ha Kakux — yobiBaeT. Jls sToro
HaXOJ/IUM €€ IIPOU3BOJIHYIO:

fl(z)=32* =3 =3(z+1)(z — 1).
MeTOﬂOM NHTEePBaJIOB OIIpe/ie/IdeM 3HaKnu HpOI/ISBO,ZLHOﬁ n oTMe4daeM CTpeJIKaMU BO3paCTaHUue UJIN

yObIBaHUe (DYHKIMN HA KaxKJOM IpoMexkyTke (puc. 11).

/_i\ /

Puc. 11. Tosesenue dbynkiun f(z) = 23 — 3z

X

—e

Kak Bupnm, dyHKIusg BO3pacraeT Ha HpoMexkyTkax (—oo,—1] u [1,4+00) u ybpiBaeT Ha TpO-
mexkyTke [—1,1]. Teneps moBeserne GyHKIMI CTAHOBUTCSI COBEPINEHHO sICHBIM. MbI MOXKeM Haii-
TH 3HaYeHUs (DYHKIUKM B IPAHUYHBIX TOYKAX MPOMEXKYTKOB BO3pacTanus u yobiBanus: f(—1) = 2,

f(1) = =2, u mocsie sToro mocrpouts rpaduk (puc. 12):
Y
y=2x>—3x
2
1
-1 X
-2

Puc. 12. I'padux byukuun f(z) = 2° — 3z

Yewm uHTEpECHBI TPAHUYHBIE TOYKN —1 1 1 TPOMEKYTKOB BO3pacTaHus U yObIBAHUS HAIe (DyHK-
mun? B stux Tourax npouseodnas pasna wyaro. Todkn, B KOTOPBIX TPOW3BOIHAs (DyHKIUU obparia-
eTcd B HYJIb, HA3BIBAIOTCI CMAUUOHAPHBIMU Movwkamy Nanuoil dyukiuu. Haszpanne moHsaTHO — B
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CTaIlMOHAPHOI TOYKE CKOPOCTh M3MeHeHUs (DYHKIUU paBHA HYJIIO, TO €CTh (PYHKIUS <«Ha MIHOBE-
HHUEe» IIePecTacT MEHATHCI.
CrarnmoHapHble TOYKHA MOTYT OBITH TPEX BUJIOB.

1. Touyka Mmakcumyma.

Ha puc. 13 Touka x = a sBigercs TOYKON MakcuMmyMma byHKnuu f(z): 3HadeHne (OYHKINU B
TOYKe @ OOJIbIIE, YeM BO BCEX JOCTATOYHO OJIM3KUX K HEll TOYKAX.

Y

7—4
/]

Puc. 13. Touka makcumyma

Kacarenbnuas B Touke M ropusoHTasibHA, TO €CTh 0Opa3yeT HyseBoi yroi ¢ ocbio X . [Tosromy
f'(a) =0.
[Ipu mepexojie yepes TOUKY a TEHJEHIUS MEHseTCs: BO3pacTaHne (DYHKIUU CMeHSeTCs YObI-
BanneM. HbIME citoBaMu, npouseodnas mensem 3wak ¢ (+) na (—) — 9TO MPU3HAK TOUKU
MaKCUMYyMa.

2. Touka MUHUMYyMA.

Ha puc. 14 Touka x = b gBigercs Toukoii MunumyMa (yukinuu f(z): 3HadeHre QyHKIMU B
TOuKe b MeHbIIle, YeM BO BCEX JIOCTATOYHO OJIM3KUX K HEll TOUKaX.

Y

AN

Puc. 14. Touka MuHuMyma

Kacarenbnast B Touke N Takzke ropusonrtaibia. [Tostomy f/(b) = 0.

[Ipu mepexojie depe3 TOUYKY b TEHJEHINA TaKyKe MeHdAeTcsd: yObIBaHue (PYHKIUU CMEHSICTCS
BospactanueM. [Ipoussodnas mensem 3nax ¢ (—) na (+) — 9T0 NPU3HAK TOYKU MUHUMYMA.

Toukn MakcuMyMa U MUHHUMYMa (PYHKIIUU HA3bIBAIOTCA TOYKAMM dKCTpemMyMa. Takum o0-
pa30M, TOYKHU IKCTPEMyMa, — ITO TOUYKHM U3MEHEHUs TEHJICHITUHU TOBeJeHUs (PYHKINU; B TOUKE
9KCTPEMyMa BO3pacTaHUe CMEeHseTCs YObIBAHMEM MJI HA0OOPOT.
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3. CenJjioBasi ToO4Ka.
Tpernit BO3MOXKHBIN cirydail n3obpaxkén Ha puc. 15. KacareimbHasg B Touke S rOpU30HTAIbHA,

tak aro f'(c) = 0.

Y

Puc. 15. CemnoBast Touka

[Ipu nepexoje vepe3 TOUKY T = ¢ TEHJEHINA He MeHseTcs: (DYHKIINA KaK BO3pacTaja, TaK H
[POJIOJIZKAET BO3pACTaTh. SHAK MPOU3BOHON KaK ObLT (+), TaK UM U OCTAHETCH.

CraruonapHasi TOUKa, He SABJISIONIAsICA TOYKONH SKCTPEMyMa, Ha3bIBAETCsS €edA080U mMoukol.
Taxk, B JJaHHOM cjIy4yae TOYKa T = ¢ — CeJIJIOBas TOYKA.

CranuonapHble TOYKNA U TOYKKA HapyIlieHus AuddepeHnnpyeMOoCTH Ha3bIBAIOTCA KPUMUYECKUMU
mouxamu dyaknuu. ChopmympyeM 5TO olpeesierne 0ojee TOIHO.

Kpurnyeckasi Touka GyHKIIUN — 9TO BHYTPEHHSs TOYKA OOJIACTH OIPEJIEICHIs, B KOTOPOI IIPO-
U3BO/IHAs obpaliaeTcs B HyJIb WX He CyIIeCTBYeT.

Vnpaotcnenue. Onupenenure, apisgercd jgu © = () KpUTUIECKONW TOYKOHN JjIsd CJIeAYIOMuX OyHKITUIL:

a) f(x) = 2u;

6) f(x) = 2%+ 5;
B) f(z) =1/;
r) f(z) = |z;

n) f(x) = —a%;
e) [(x) = Va;

Vnpaostcnenue. Haiture kputndeckue Toukn pyukimii sinx u cosx. [lokaxkure, uro dpynkiug tgx
HE NMMeeT KPUTUIECKUX TOYCK.

PaccMoTpnM HaIocIe10K emné oH IpuMep: UccaemayeM (OyHKITIIO
f(z) = a* — 42®.
A uMeHHO, HAIEM KPUTUYECKUE TOYKH, TPOMEXKYTKHM BO3PACTAHUs U YObIBAHUS, TOUKU IKCTPEMYMA
U TIOCTPOUM T'pauK.

ObsacThio onpeesiennst (bYHKIUN CIIy?KUT MHOYKECTBO Beex JeficTBuTebHbIX quces: D(f) = R.
Boerauciistem mpon3BoIHyO:

f'(z) = 42° — 120% = 42*(z — 3).

[IpousBojHas cyiecTByeT Ipu JIIOOBIX & 1 oOpalaeTcs B HYJIb B JBYyX Toukax: * = 0 u x = 3. By-
JIy9¥ BHYTPEHHUMHU TOYKAMHU OOJIACTH OIPEJIC/ICHNs, OHU ABJISAIOTCA KPUTUIECKUMHU TOYKAMU HaIei

dyHKIIH.
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Brigcanm xapakTep KpUTHIECKUX TO4YeK. /{1 9TOro ¢ moMoIipio MeTo/1a MHTEPBAJIOB PACCTABIIAEM
3HAKW IPOM3BOJIHON U OIpeJIesisieM MPOMEKYTKI Bo3pacTanus u yobiBanus (puc. 16).

\0\ /

Puc. 16. Tosesenne bynxmun f(z) = 2t — 423

°
we
\

[Ipu nepexose depe3 Touky x = ( TpoW3BO/HAS HE MeHseT 3HaKa: (DYHKINUdA yObIBAeT KaK Ha
npomexkyTke (—oo, 0], Tak u Ha npomexyTke [0, 3]. [Tosromy Touka x = 0 siBJIsieTCs CeITIOBO TOYKOM
dyHKIIH.

A BOT 1IpU TmEpexojie Yepe3 TOUKY r = 3 npousBojHasd MeHsierT 3Hak ¢ (—) Ha (+). Ha mpome-
KyTKe [3,400) DYHKIW BO3PACTAET, & TOUKA T = 3 CJIyKUT TOYKOH MUHUMYyMa. 3HAYCHHE B TOUKE
muHIMyMa: f(3) = —27.

Haiiném Touku mepecedeHus ¢ ocbio X:

vt — 4P =0= 2%z —4)=0.
Buatunt, och X mepecekaercs B Toukax ¢ = 0 (a 910 cemoBas Touka) u ¢ = 4. OcraéTcs MOCTPOUTDH

rpadux (puc. 17):

y =2t — 423

—27

Puc. 17. Tpadux bynkmuu f(z) = vt — 423

1.12 SkcnoHeHTa U HATypPaJbHBIIA Jorapudm

Hapsiy ¢ mepBbIM 3aMedaTeIbHBIM IPEIeSIOM (2) UMeeTCst 6Mmopoti 3aMevamenbHvil npeden:

lim(1 + )" = e = 2,718281828459045 . . . (23)

t—0

BOSI)MI/ITG KaJIbKYJIATOD U Y6G,ZLI/IT€CI> B 9TOM CaMMH. BI)I‘IHCJIHﬁTG IIocJjie1o0BaTe/IbHO.
10 100 1000
1,19 1,01 1,001'9%,

Ber yBumuTe, 9TO 3HAUEHUS TAKUX BBIPAYKEHUI MOCTENEHHO MpUb/IMKaTes K quciy (23), KoTopoe
MOJTy9mJIO OOO3HAYEHNE € B YeCTh BEJIUKOro Maremaruka Jleonapma Ditsiepa.
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Yucso e upparmoHaabHO, TO €CTh SBJISETCsI OECKOHEYHON HEellepuouIecKoil JIeCATUIHON JTPOOBIO.
[TepBble nATHAAIATL 3HAKOB IIOCJE 3aIIATOH 3allOMMHAIOTCS IIPOCTO: CHadasa HaJlo HOMHUTL 2,7,
[IOTOM — JIBa pasa roJi poxkaenns JIbsa TojcToro, moToM — yriibl paBHOOEPEHHOIO MIPSIMOYTOJIBHOIO
TPEYTOJIbHUKA :-)

Hawm nonajo6urcest HeCKOJILKO MHOM BUJ, BTOPOIO 3aMeYaTe/ILHOTO Ipeesia. Y KazKeM JIUIIb Hedop-
MaJIbHYIO HjIefo ero moydennsa. U3 (23) ciemyer, uro npm Masex ¢ seipazkenme (14 1) 61musko K e;
sHaunt, 1 4 ¢ 6m3Ko K e'; 3HaqnT, e’ — 1 6iusKo K t; 3naunt, (ef — 1)/t 6imsko k 1. Takum obpaszom,

lim —— = 1. (24)

B mkosbHO# mporpamme 4YuC/IO € OCTaéTCs HECKOJIbKO B CTOPOHE, HO INPU M3YUEHUU BBICIIEH
MaTEMaAaTUKN U (1)I/I3I/IKI/I BbI YBUJUTE, CKOJIb BEJIMKa Ha CaMOM JieJjie €TI0 POJib. qu K€ 9YHCJIO € TaK
samedaresbuo? OkasbiBaeTcst, Ipou3BoIHas MYHKIMN € (KOTOpast Ha3bIBAETCs IKCNOHEHMOT) PABHA
camMmoii 3Toit pyHKITIH:

(e*) = e”. (25)
Janmayio dopMmysty moydIuTh HeTpyaHO. Meem:
ea:JrAz — T ez(eAI _ 1) eAz -1
r / pu— 1. —_— ]_. _— z 1. = z
(e%) AT Ax Ar0 Ax © a0 Az <

MOCKOJIBKY MTOCJIETHUN [IPeJIesl €CTh He UTO MHOe, KaK BTOPOil 3amMevare/bHblii pejen (24).

Hamypaavroii sozapugm — 910 jgorapudm 1Mo ocHOBaHUIO e. [[jist HEro mMeeTcs CIeruabHOe
oboznauenue In:

Inz = log, x.

[IponsBojiHas SKCIOHEHTHI U TPABUIIO UM @MEPEHITUPOBAHNS CJIOKHON (DPYHKITUN MO3BOJIAIOT IO~
JIyYUTh TPOM3BO/IHYIO TIOKa3aTe bHol pyHKmm a®. Hy»KHOo BOCIOIB30BATHLCA TeM, UTo a = e %:

(am)l _ (exlna)/ N ea:lna(x lna)’ — a:}c lna.

[Homyunn emé oy TabJIUYHYIO TPOU3BOIHYIO:

(a®) = a”Ina.

A demy paBHa TPOM3BOJHAST HATYpabHOrO Jorapudma? laBaiiTe BOCIOIb3yeMCs CJIETYIOIIM
npuémoM. Ilycts y = Inx. Bripasum orciona x:

r=eY,

u pojuddepeHnupyemM 1Mo £ 0b6e YacTH MOJIYyIeHHOTO PaBEHCTBA!

1=1¢eYy.
Orciona
;o 1 B 1
Y= "7
Nraxk,
1
Inz) =~
oy =

Terepb OKa3bIBAETCST BOBMOXKHBIM JIOKA3aTh JABHO Bhiucanuyo dopmyry (13). Umeem:

(xa)/ _ (ealnw)/ — ealm(alnx)’ — x%. g — axa—l'
T
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2 IIpom3Bognas B pusuke

[lepexons K pusnueckuM TPUIOKEHUSAM ITPOU3BOIHON, MBI OyJ/IeM HCHOJIB30BaTh HECKOJILKO HHBIE
obo3Havenusi — Te, KOTOPbIe PUHATHI B (PU3UKE.

Bo-niepBoix, Mensiercss obosnadenune dyHkimit. B camom jese, kakne (GpyHKIMH MbI COOMpPaEMCS
nuddepentmpoBars? DTuMu HYHKIUAMEI CJIYKAT (DU3UIECKIE BEJIMINHBI, 3aBUCHIINE OT BPEMEHH.
Hanpumep, koopauaara Tesa x(t) u ero cKopocTh v(t) MOrYT ObITH 3a/1aHbl (DOPMYJIAMHI BPOJIE TAKUX:

z(t) =1+ 12t — 3t% (26)
v(t) = 12 — 6t. (27)

Taxkum obpazoM, aprymeHToM (PYHKIIUN Telephb SBJIsieTCs BpeMs t, a OyKBa & OTHBbIHE 0003HATAET
GYHKINIO — KOOPAWHATY TOYKH.

Bo-BTopbix, MensgeTca obosnadenue npousBoHoil. [IITpux B husnke 3ape3epBupoBaH Jjisd IPyTUX
1eJieil, 1 BMECTO HEro MbI MCIIOJIb3yeM TOYKY HaJ| OyKBOIi:

npoussoanas byukuun z(t) obosnauaercs & (t). (28)

Nnmeetcs emé oH0 0003HAYEHME TPOU3BOJIHOM, OYEHb PACIIPOCTPAHEHHOE KAK B MAaTeMaTHKe, TaK
u B puU3NKe:

dx
npoussonas byuxuun x(t) obozHavwaeTca — (29)

dt

(auraeTcs «13 WKC 10 JI3 T ).
OcranoBuMcst o pobHee Ha cMbicie obo3Hadenus (29). MareMaTHK MOHUMAET €ro JIBOSIKO — JINOO

KaK IIpeest:
dx . Az . x(t+ At) —z(t)
— = lim — = lim ,
dt At—0 At At—0 At
b0 Kak JpoOb, B 3HaAMeHaTesjle KOTOPOil CTOWT IpHupalleHne BpeMeHU df, a B YHUCIUTENe — TaK
HasbiBaeMblil dufdeperyuan dr dyukumu x(t). Toustue nuddepernuaia He CJIOKHO, HO MbI He
OymeM ero ceffgac 006CYKJIAaTh; OHO KJIET Bac Ha IIEPBOM Kypce.

Dusnk, He CKOBAHHBIN TPEOOBAHUSMI MATEMATHIECKON CTPOTOCTH, HOHNMaeT obo3HadeHne (29)
6ostee nedpopmasibao. Ilycrs dr ecTh m3aMeHeHue KOOp/MHATHI 3a BpeMsd dt. Bozbmém unrepsan dt
HACTOJILKO MaJIeHbKUM, 4To oTHOIIeHue dz/dt 6im3ko K coemy mpejeny (30) ¢ yerpauBaroreii Hac
TOYHOCTBIO.

(30)

N rorpa, — ckaxker pusuk, — npoudsodnas Koopounams, no 6peMeHU ecmb nonpocmy dpobv, 6
wucaumene Komopot cmoum 0oCmamowHo Masoe uamerenue xoopdunamu, dx, a 6 3HaMeHaAmere —
00CMAMOYHO MAABIT NPOMENCYMOK 6pemeny dt, 6 mevenue Komopozo Mo usmerenue KoopouHamol
npousow.no. Takoe HeCcTporoe MOHUMAHUE MTPOU3BOHON XapaKTEPHO JJId PACCYXKJIEHUI B (bU3nKe.
asee MbI Oyj1eM TTPHUJIEPKUBATHCS IMEHHO 9TOTO (PU3UIECKOTO YPOBHS CTPOTOCTH.

Haaiite BepHEMCsT K HCXOAHOMY IIpuMepy (26) 1 mmocauTaeM Mpon3BOIHYI0 KOODIUHATHI, 8 3a0/HO
OCMOTPHM Ha COBMECTHOE UCIIOJIb30BaHue 0bo3Hadenuii (28) u (29):

d
o(t) =1+ 12t — 3t* = i(t) = %(1 + 12t — 3t?) = 12 — 6t.

d .. .. 3
(Cumporn mudbdepennupoBanms £ mepei CKOOKO# — 9T0 BCE PaBHO UTO MITPHX CBEPXY 3a CKOOKOII B
PEXKHUX 0003HAYEHUSIX. )

Ob6paTuTe BHUMaHHE, YTO BBIUMCJIEHHAsT ITPOM3BOIHAST KOOPJAMHATHI OKa3ajach pPaBHA CKOPOCTH
Tesia (27). DTo He ciydaiiHOe COBIAJICHUE, N HAM HYKHO OOCYIUTH €ro 6oJiee o pobHO.
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2.1 IIpomusBogHasi KOOPJAMHATHI

[Ipexkjie Bcero 3aMeTHM, 9TO CKOPOCTb B (27) MOXKeT ObITh Kak MOJIOKUTEIbHO, TaK U OTPHUIATE b
HO¥. A MMEHHO, CKOPOCTH IMOJIOKUTE/IbHA Ipn ¢ < 2, obpallaercss B Hy/JIb IpU ¢ = 2 U CTAHOBUTCS
oTpHUIATEILHON 1pu t > 2.

Kak 510 mornmars? O4ueHb IPOCTO: MBI UMeEM 0 He ¢ aDCOJTIOTHON BEIUIMHON CKOPOCTH, a C
npoekyuel v, BeKTOpa cKopoctu Ha och X . [losromy Bmecro (27) npaBusbhee ObLIO Obl HAMCATH:

vy =12 — 6L (31)

Ecym BoI 3a6I:>IJII/I, 9TO TaKO€ IIPOEKINA BEKTOPa Ha OCb, TO HpO‘IHTafITe COOTBeTCTByIOI_[H/Iﬁ pa3aesa
CTaTbl «BCKTOpr B (‘bI/ISI/IKC». B,ZLer MbI HAaIIOMHUM JIMIIIb, 9TO 3HaK IIPOEKIUU U, OTPpazKac€T CBA3b
HallpaBJICHUA CKOPOCTHU U HallIpaBJICHUA OCHU X:

vy > 0 & Teso JIBUXKETCS B HallpaBJIEHUH ocu X ;

vy < 0 & TeJlo IBMKeTCA HPOTHUB ocH X.

(Hanpuwmep, ecin v, = —3 M/c, TO 9TO O3HAYAET, UTO TEJIO JIBUXKETCS CO CKOPOCTHIO 3 M/C B CTOPOHY,
[POTUBOIOJIOKHYIO ocu X .)

[lostomy B Hamem mnpumepe (31) MBI UMeeM CJIEIYIONIYI0 KAPTUHY JBUZKEHUs: pH ¢ < 2 TeJIo
JIBUZKETCS B IIOJIOZKUTE/IbHOM HallpaB/ieHnn ocu X W IIOCTEleHHO 3aMejyidercsd; npu t = 0 Teso
OCTaHaBJIMBAETCH; TIPU ¢ > 2 TeJI0, PA3TOHAACH, JBUKETCA B OTPUIATETLHOM HAIIPABIEHUN OCH X .

JlotmycTuM, 9TO CKOPOCTH Tejia 1Mo abCOTIOTHON BeJIMYMHEe paBHA v. BO3MOXKHBI JIBa CIydasd Ha-
[IpaBJIEHNUS JIBUKEHUS.

1. Ecyu Tesio nBuzKeTCs B OJIOXKUTETHHOM HAIPABJICHUN OCU X , TO MaJIoe U3MEHEHHE KOOPINHATHI
dx TIOJIOXKUTEJILHO U PABHO IIYTHU, IIPOXOIMMOMY TeJjioM 3a BpeMs dt. ITosTomy

dx

T=——="0.
dt
2. Ecim teno nBuxKercd B oTpuiiaresbHoM Halipapiexnuu ocu X, to dr < 0. IlyTs 3a Bpemsa dt

paBen —dx, nmostomy —dx/dt = v wim

. dx
r=—=—u.
dt
3amMeTuM Tenepb, 9TO B MEPBOM CJIydae U, = U, & BO BTOPOM CJIydae v, = —v. LleM camMbIM 00a
caydas oObeTMHSIIOTCA B OJIHY (DOPMYILY:
T = Uy, (32)

U MBI IIPUXOJIUM K BarkKHeileMmy hakTy: npoudsodnas KoopouHamo, Mesa PasHa NPoeKyul CKOpoCmu
MeAa Ha OGHHYIO 0CD.
Jlerko Bujers, uTo paboraer npusHak Bo3pacranus (yObiBaHus) MYyHKIUA. A UMEHHO:

T>0= Vyp > 0 = Teso JABUT'a€TCAd B HallpaBJIEHUN OCU X = KOOp/JIMHAaTa T YBEJINIUNBACTCH;

T < 0= v, <0 = Teso jBuraercs TpoTuB ocu X = KOOPJIMHATA T YMEHBIIACTCH.

2.2 YckopeHue

CKOpoCTh Tejla XapakKTepu3yeT ObICTPOTY U3MEHEHHs ero KoopJaumHaThl. Ho cKOpOCTh Takke MOKeT
MEHATbCS — MeJIJIeHHee WIH ObIcTpee. XapaKTEePUCTUKON OBICTPOTHI M3MEHEHUsI CKOPOCTU CJIY2KUT
dusnueckasa BemYnHA, HA3bIBAEMAs YCKOPEHUEM.
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[IycTh, HAIPUMED, CKOPOCTH ABTOMOOWISI [IPY PABHOMEDHOM PA3TOHE YBEJIUUUIACh C Ug = 2 M/C
10 v = 14 M/c 3a Bpems t = 3 ¢. YCKOpeHHe aBTOMOOHJIS BBIYHUCIISIETCsT 10 (hopMyJIe:
vV — 1

CL:T, (33)

1 B JaHHOM CJIydae OKa3bIBaCTCsdA PaBHO:

14 —2 M
a=——=4—.
3 c?
Takum 06pa3oM, 3a OJHY CEKYHJIy CKOPOCTH aBTOMOOWJISI yBeInanuBaeTcs Ha 4 M/ c.
A "emy paBHO yCKOpPEHHE, eCJIi CKOPOCTh, HA0OOPOT, YMEHbIHIACh ¢ vy = 14 M/c 10 v = 2 M/c
3a 10 2Ke Bpems ¢t = 3 ¢? Torma mo dopmyste (33) nomydaem:
2—14 M
oa=——=—-4—.
3 c?
Ba ojiHy CeKyHJy, KaK BUJMM, CKOPOCTb YMEHbIaeTcs Ha 4 M/c.
MozkHO Jin TOBOPUTH 00 YCKOPEHUU, €C/i CKOPOCTh MeHsieTcst HepaBHOMepHO! KoHneuHno, MOXKHO,
HO TOJIBKO 3TO Oy/IeT M2Ho8eHHoe YCKOPEeHre, KOTOPOe TaKKe 3aBUCHT OT BpemeHu. Cxema paccyk-
JIeHUi BaM y2Ke XOpOIo 3HakoMa: B (dopmysie (33) BMeCTO MpOMeKyTKa BpemeHu ¢t GepéM MaJiblii
IIPOMEKYTOK dt, BMECTO PA3HOCTH ¥ — Uy OepéM mpuparlieHne dv CKOpocTH 3a BpeMs dt, U B pe3yJib-
TaTe MoJTydaeM:

dv
==
Takum oOpazoM, MOTydaeTcs, YTO YCKOPEHUEe — 9TO MPOU3BOIHAST CKOPOCTH.

Dopmyaa (34), oJfHAKO, HE OIMCHIBAECT BCE CUTYAIMU, KOTOPble BOBHUKAIOT B MexaHuKe. Hampu-
Mep, IIPU PaBHOMEPHOM JIBHZKEHNU IO OKPYKHOCTH CKOPOCTH Tejla He MEHSeTCd IO MOJYJII0, U B
coorBercTBuU ¢ (34) Mbl JO/KHBI ObLIH ObI mOayIuTh @ = © = 0. Ho BBl mpekpacHo 3Haere, 9TO
YCKOPEHUE Y TeJla UMEETCs, OHO HAIIPABJIEHO K IEHTPY OKPYKHOCTH U HA3bIBAETCS IEHTPOCTPEMU-
resibHBIM. [Tosromy dopmyra (34) HyzKmaeTcs B HEKOTOPOH MOAMQDUKAINN.

Ces3ana 3Ta MoudUKAIUS C TeM, YTO YCKOPEHNE HA CaMOM JeJie siBjisgercs: sekmopom. OKa3biBa-
eTcs, 8eKMOP YCKOPEHUA NOKA3BLEAET HANPABACHUE USMEHEHUA CKOPOCTIU MeAd. ITO 3TO O3HATAET,
MBI celfuac BBICHUM Ha MPOCTBIX TPUMEPAX.

[Iycts Teto pBuzkercs Biob ocu X . JlaBaitTe paccMOTpuM JiBa cirydas HaIPaBIEHUS YCKOPEHUS:
1o oc X ¥ IMPOTUB OCH X COOTBETCTBEHHO.

a . (34)

1. Bekrop yckopenusi @ conanpasjiet ¢ ocbio X (puc. 18). IIpoekius yckopenust Ha ocb X MOJIO-
KuTesgbHa: a, > 0.

a
—_—

Puc. 18. a, > 0

B nammOM ciydae cKOpOCTb U3MEHSIETCS B MOJIOXKUTEILHOM HalpaBjieHuu ocu X. A mMeHHO:
e Eciu reno nBumxkercs BupaBo (v, > 0), TO OHO Pa3rOHSETCs: CKOPOCTH TeJa 10 MOJLYJIIO
yBesmmauBaeTcs. IIpoeknus ckopocTu v, Ipu 9TOM TaKKe YBeJIUINBaeTCsl.

e Eciu resio gBuzkercs Bi1eBo (v, < 0), TO OHO TOPMO3HUT: CKOPOCTD TeJIa MO MOJLYIIIO YMEHb-
maetcs. Ho obparuTe BHUMaHUE, 9TO TTPOEKITHS CKOPOCTH V,,, Oy YU OTPUIIATETHHOM, IIPH
9TOM YBEJIMINBAETCH.
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Takum obpazom, eciit a, > 0, TO TPOEKIUS CKOPOCTH U, BO3PACTAET BHE 3aBUCUMOCTU OT TOTO,
B KaKOM HalIpaBJICHUU JIBHUZKETCA TeJIO.

2. BekTop yckopeHust @ HampapjieH IpoTuBOoIoKHO ocu X (puc. 19). Tlpoeknus yckopenust Ha
och X orpunarenbHa: a, < 0.

a
——————

Puc. 19. a, <0

B manHOM cirydae CKOPOCTh M3MEHsIeTCsl B OTPUIATELHOM HalpasieHun ocu X . A nMenHo:
e Eciu teso jmBuzxkercs Brpaso (v, > 0), TO OHO TOPMO3UT: CKOPOCTH TeJia 110 MOJLYJIIO
yMeHnbItaercsd. [Ipoekius cKopocTH v, IPU 3TOM TaKKe yMEHbIITaeTCs.
e Ecym resio psuzkercs Bieso (v, < 0), TO OHO PA3rOHSIETCsI: CKOPOCTh TEJIA [0 MOJLYJIIO YBe-

JmauBaeTcd. Ho mpoekiust cKopocTu v, OyJ/1ydn OTPHUIATEILHON, ITPU 9TOM YMEHBIIACTCS.

Takum obpazom, eciu a, < 0, TO IPOEKIU CKOPOCTH VU, YOBIBAET, U ONATHL-TAKU BHE 3aBUCH-
MOCTH OT TOT'O, B KAKOM HaIlPABJIEHUH JIBUZKETCS TEJIO.

O6HapyzKeHHasl B 9TUX MPUMEPAx CBsi3b 3HAKA [TPOEKIINH YCKOPEHNUs a, ¢ Bo3pacranueM (yObiBa-
HUEM) TIPOEKIMU CKOPOCTU U, MPUBOJUT HAC K HYKHOI Moaudukaimu dhopmysst (34):

dvu,
ay =
dt

= B, (35)

Ipoekyus Yyckoperus G, ABAACMCA NPOU3BOOHOT NPOEKUUL CKOPOCTU V. BCIIOMHMM, 9TO v, B
CBOIO OY€peJhb SIBJISIETCsI TPOU3BOIHON KOOpAMHATHI x. [loaToMy npoexuyus yckoperus a, — 3mo 6mo-
Pas NPoU36OOHASA KOOPOUHAMDL T:

a, = i. (36)

ITpumep. Emé pas Bepuémes k mpumvepy (26):
=14 12t — 3¢

(KoopjmHATA W3MepsieTCsl B MeTpax, BpeMsi — B cekyHax). [locienoBarenbho muddepernupys asa
pasa, ImoJIyJaeM:

v, =i = 12 — 6t,

ay = Uy = —6.

Kak BuguM, ycKopeHue IIOCTOSHHO 110 MOJLyJio 1 pasHo 6 M/c?. HampapiieHo ycKopeHue B CTOPOHY,
IIPOTUBOMOJIOZKHYIO ocn X .

[IpuBen€HHBINI TPUMED €CTh CJIydail pasHOYCKOPEeHH020 IBUZKEHWS, IPU KOTOPOM MOJYJIh W Ha-
[paBJieHNe YCKOPEeHUsl Hen3MeHHbI (UJi, KOpode roBopsi, @ = const). PaBHOYCKOPEHHOE JIBUKEHUE —
OJINH 13 BarKHEHINX U YaCTO BCTPEYAIOIINXCA BUJIOB JIBUXKCHIS B MEXaHUKe.

W3 manHOrO puMepa HETPY/IHO MOHSATH, YTO P PABHOYCKOPEHHOM JIBM2KEHNN IIPOEKITUS CKOPO-
CTHU sIBJIeTCH JIMHEHHOM (DyHKIIMelr BpeMeHu, a KOOPJANHATa — KBaJIPATUIHON (PYHKITUEH.

ITpumep. Paccmorpum 6osiee 9K30THUYECKMIT CITydait:

x =2+ 3t — 4t% + 565
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Junddepennupyem:
vy = & =3 — 8 + 15t
a; = v, = —8 4+ 30t.
Jlannoe JBM2KeHUE He SBJISETCH PABHOYCKOPEHHBIM: YCKODEHUE 3aBUCUT OT BPEMEHH.

ITpumep. Ilycts Temo aBuzKeTcs BIOIL Ocu X IO CJICAYIONIEMY 3aKOHY:
T = 5sin 2t.

Mpb1 BuIM, YTO KOOD/JMHATA TeJia MEPUOIMICCKU U3MEHSIeTCs, HAXO/ACh B Ipejiesiax OT —5 JIo .
JlaHHOe JBUKEHUE SBJISETCS TPUMEPOM 2APMOHUNMECKUT KOAEOaHUL, KOTTa KOODIMHATA MEHSIETCs CO
BPEMEHEM 10 3aKOHY CHHYCA.

Juddepennupyem JIBazK b
Uy =T = Hcos2t -2 = 10cos 2t,
a; = v, = —20sin 2¢.

[Ipoeknuss CKOpOCTH MEHSAETCH 10 3aKOHY KOCHHYCA, & IPOEKINS YCKOPEHUs — CHOBA I10 3aKOHY
CHUHYCA.

2.3 unddepeniimpoBanne BEKTOPOB

Dopmysbl (32) u (35) Ha caMoM JieJie ABJISIOTCS YACTHBIME CIydasMu 6ojiee OBIUX COOTHOIECHMIA,
B KOTODBIX IIPOU3BOJHAA OEPETCS OT BEKTOPOB. MbI CKOPO HAIIMIIIEM 3TH COOTHOINEHUs, HO CHaYaJIa
HaM HYZKHO IOHATH, YTO TaKOe IIPOU3BOJAHAS BEKTOPHOI BEJIMYNHBI.

[TpeamoaoKM, 9To UMeeTCsl HEKOTOPBIN BeKTOD (1), 3aBUCAIINIT OT BpeMeHH. DTO 03HAYAET, ITO
JJIMHA JJAHHOT'O BEKTOPa WJIM €ro HalpaBJICHUE MOI'YT MEHATHCA ¢ TeYCeHUEeM BPEMEHU.

[To anasoruu ¢ 0OBITHOI (CKaJISIPHOI) (DYHKIHEN BBOIUTCS MOHATHE W3MEHEHUs BeKTopa. M3me-
nenue eexmopa U 3a BpeMsi At €CTh BEKTOpHAs BEJNIHHA:

Al = @it + At) — ii(t).

ObpaTuTe BHUMAHNE, UYTO B [IPABOIl YaCTU JAHHOTO COOTHOIIEHUS CTOUT PA3HOCTH BEKTOPOB. V3Mme-
HEHUEe BEKTOpa U rmokazaHo Ha puc. 20.

u(t) Ail

it + At)
Puc. 20. smenenue BekTOpa

Ecyin npomexkyTok Bpemeru At JJOCTATOYHO MaJl, TO M BEKTOD U 3& 9TO BpeMs MeHseTCst MaJjio (B
dbusmke, 10 Kpaiineit Mepe, Tak cauraercs Beeryia). Ecoin npu At — 0 oraomenne A/ At crpemuTest
K HEKOTOPOMY TIPEJIEJTy, TO STOT Tpeesl Ha3bIBAeTC NPou3sodHOT 6eKmopa -

du . Ay w(t + At) — u(t)

at AtS0 N Al}tr—r}o At ’ (37)

[Ipu obo3HaveHnn MPOM3BOJHON BEKTOpPa MbI HEe OyJeM HCIIOJIb30BATH TOYKY CBEPXY, TaK KakK
CUMBOJI 1 HE CJHIIKOM XOPOIIO CMOTPHTCS; COOTBETCTBEHHO, OrpaHMYIMBaeMcs obo3HadeHneM (37).
Ho ny1a mpousBo/iHOI cKaJisipa MbI, pa3yMeeTcsi, CBODOTHO UCIIOJIb3yeM 00a 0003HAYEHUS.
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HamomuwM, aro dii/dt — 510 cumeon mpousBoHOI. Ero MoKHO OHUMATH U KakK JApoOb, B 9UC-
JINTEJIe KOTOPOH CTOUT dugdepeniyuan BEKTOPa U, COOTBETCTBYIOMNI TPOMEXKYTKY BpeMmenu dt. B
o01eit cTaTbe 0 MPOU3BOIHON MBI HE CTa Il O0CYKJIATh MoHATHE Juddepeniralia, Tak Kak B IITKOJIE
€ro He IPOXOJIAT; He OyjeM 00cy)KaaTh jauddepeHian u 3/1eCh.

Onrako Ha (GU3MIECKOM YPOBHE CTPOTOCTH MPOM3BOHYO dii/dt MOXKHO CUATATH JPOOBIO, B 3HA-
MeHaTejIe KOTOPOH CTOUT OYeHb MaJiblii HHTEpPBaJ BpeMeHn di, a B YUCAUTENIE — COOTBETCTBYIOIIEE
MaJjoe u3MeHnenne diu BexkTopa . Ilpm mocrarouno majom di BequdmHA JAHHONH APOOM OTIMIAETCH
OT mpeJiesia B mpaBoii gactu (37) CTOJb MAJIO, YTO € YIETOM UMEIONIEHCsT TOTHOCTH U3MEPEHUH STHM
OTJIMIHEM MOYKHO TpeHeOpedb.

Mper1 Oyiem paccMaTpuBaTh BEKTOPHI HA IIJIOCKOCTH, B KOTOPO#T BBeIeHa cucTemMa kKoopanaatr O XY .
Vmenno Takas cuTyalusd XapaKTepHa [IJIsi MHOTHX 3aJ1ad IIKOJbHONH MeXaHWKN: BBIINCAB BTOPON
3akoH HpioToHa B BeKTOpHOI (hopMe, MbI BBHIOMpaeM JIBE OCH M 3aTe€M IEPEXOJIUM K IPOEKITHIM
BEKTOPOB Ha 3TU OCH.

Kak Bam m3BectHo u3 pasnena 6.1 cratbu «BekTopsr B pusnkes, BEKTOP U Ha IJIOCKOCTHU €JTH-
CTBEHHBIM 00Pa30M PACKJIAIBIBACTCS 110 OA3UCY €IUHUMHBIX BEKTOPOB i, j IPIMOYTOJIBHOIL 1eKAPTO-
Boit cucrembr kKoopauaaT O XY :

@ = ugi + uyj'.

31ech u, U U, — IPOEKINH BEKTOPa U Ha KOODJMHATHBIE OCH, OHH Ke — KOODAUHATLI BEKTOpa U B
JaHHOM Gasuce (puc. 21).

Y
uy i
J
o ; Ug X

Puc. 21. @ = uyi + uyf

Bekrop @ B HaleMm ciydae 3aBHCHT OT BDEMEHH, a 9TO 3HAUUT, YTO €r0 KOODIMHATBH Uy W Uy
ABIAIOTCA (PYHKIUSIME BPEMEHU:
U(t) = ug(t) i + uy(t) 7.

B momenT Bpemenu t + At mmeeM COOTBETCTBEHHO:
At 4+ At) = ug(t + At) 7+, (t + At) 7.

Nzmenenne BekTOpa U TOTIa PABHO:

—

Al =Gt + At) — () = (up(t + At) — ug(t)) i + (uy(t + At) — u,(t)) ] = Auy -0 + Auy, - 5.

Nnmeem, coOOTBETCTBEHHO:

AU _ Aty o Auy -
At At T A
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[epexojs k npeesny upu At — 0, 11 TPOU3BOIHON BEKTOPA U ITOJIYYaeM:

i .
d—;‘ = g+ 1] (38)

Takum 06pa3oM, eciii BEKTOD U UMeeT KOOPAUHATEL (U, Uy ), TO KOOPAUHATEI IPOU3BOAHOM dil/dt
SIBJISIIOTCS TIPOU3BO/IHBIMI KOOD/IMHAT BEKTOpA U, & UMEHHO — (Ty, Ty ).

2.4 IlpomsBomHas paamyc-BeKTOpa

[Mpemmonozkum, aro Touka M apuzkercst Ha KoopjauHaTHOi 1tockoctu OXY (puc. 22). Cunsisg jty-

ra — 3TO Mpaekmopus TOYKU M, TO €CTb KpuBad, KOTOPYIO TOYKa OIIMCBLIBACT B IIpOIecce CBOEIo
JABU2KECHIMA.

Y
M
Yy
v

7
j
o 7 @ X

ar
Puc. 22. — =0

dt

Paduyc-eexmop touku M — 310 BEKTOp T = O~]\_4> , Ha4aJoM KOTOPOIr'O CJY2KHAT Ha4daJo KOOpP-
JIMHAT, a KOHIIOM — Touka M. Pajanyc-BeKTOp IOCTOAHHO yKa3blBaeT Ha JIAHHYIO TOYKY U KakK Obl
«OTCJICXKUBACT» €€ JIBUXKEHIE.

Takum obpazom, pajinyc-BEKTOD JABUXKYIIEHCS TOYKH — 3TO BEKTOP, 3aBUCAIIMI OT BPEMEHH.
[TosTOMYy PE30HHO CIPOCHUTDH, Y€MY paBHA IPOU3BOIHAS PAJIMYC-BEKTOPA.

Koopaunarer Touku M obosnaumm depes x u y. COOTBETCTBEHHO, PAJIMYC-BEKTOD T~ TaKKe UMEeeT
KOODJIMHATHI (T, ), U MBI MOYKEM HAIMCATD:

F=ai+y].
Teneps ucnosb3yem dopmyiy (38):
T 7
— =1 .
a Yj
Kak MBI y2Ke 3HaeM, & = v, U aHAJOIHYIHO Y = v,. CilegoBaTesIbHO:
dr - -
% = Uzl + Uy J.
B npaBoit wactu nmosydenHoit (hopmMysibl cTOUT BeKTOp U cKopoctn Touku M. Vraxk:
dr
— =1 39
o (39)

MpbI nostyaunin BayKHBIH pe3yJIbTaT: npoudsodnas paduyc-6eKmopa mowky — 9mo 6eKmop €€ cKo-
pocmau.

MokHO TOKa3aTh, 9TO CKOPOCMY 06UNCYWETCA MOUKY 6Ce20a HANPABAEHA MO KACAMEALHOU K
mpaexmopuu. B mkoabHOM (brsuke 3TOT (pbakT npuHUMaeTcs 6e3 mokazaTeabecTBa. Mbl BIIOCI€1CTBUIN
JIOKazKeM €ero Jijisi OJHOI0 YaCTHOIO CJIydasl — PABHOMEPHOI'O JIBUKEHUs 110 OKPYKHOCTH.
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2.5 IlpomsBoaHas BEeKTOpa CKOPOCTU

laBaiiTe mocMOTpUM Tereph, YeMy paBHa MPOU3BOHAsA BeKTOpa ¥. [lummem:
U = Uy1 + 0,7,

U CHOBa MCIoJIb3yeM (opmyty (38):

dﬁ . —.'+ .2
— = Uyl + Uy
dt Y
MgI 3HaEM, YTO U, = Q; U QHAJOTUIHO by = Gy. [TosTomy umeem:
dU —.’+ hvd
— = Azl + ay).
dt Y

B npaBoit yacTu mosryduicss BeKTOp @ yCKoOpeHust Touku M:

dv

w_ g 4
o =a (40)

Urak, npoussodhas eexmopa ckopocmu movwky — 9mo 8eKMop €€ YCKOPEHU.

O6parure BHEMaHue, 9To dopmysbl (39) u (40) yxke He comepKaT yIOMUHAHWNA O KOOPJNHATAX.
DTO YUCTO BEKTOPHBIE COOTHOIIEHUST; OHU UHBAPUAHMHD, B TOM CMBICJIE, ITO BBIIOJHAIOTCS CAMU 110
cebe, 6e30THOCUTENILHO K KAKON-TM00 KOHKPETHOM CUCTEME KOOP/IMHAT.

Bosee toro, stu dpopmysibl cripaBeyInBbl HE TOJBKO Ha IJIOCKOCTH, HO W B mpocTpaHcTBe. Jlo-
Ka3aTh 9TO MOXKHO TEM K€ CIOCOOOM, KAKUM MbI JIEHCTBOBAJIN Ha IJIOCKOCTH, & MMEHHO — BBECTHU
CUCTEMY KOODJMHAT. BBIKJIaJIKH OKasKyTCsl IOJTHOCTBIO AHAJIOTHYHBIME (JI00aBUTCS JIUIIL TPETHE CJIa-
raeMoe, OTBeJarIee z-KOOP/MHATE).
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