
11 
HEPABEHCTBA,COAEP)KA~~E 
nEPEMEHHYKJ nOA 3HAKOM 
MOAYflfl 

11.1. MeTO.Qbl peweHllllll HepaseHCTB 

1. ECJIM HepaBeHCTBO HMeeT BH)]; lf(x)l:::; g(x), TO OliO paBHOCl1Jib­

liO CHCTeMe HepaBeliCTB { j(x):::; g(x), 
f(x) ~ -g(x). 

2. EcJIH liepaBei-ICTBO MMeeT BH)]; jj(x)l ~ g(x), TO OHO paBHOCMJib-

liO COBOKYTIHOCTH liepaBeHCTB [ j(x) ~ g(x), 
/(x):::; -g(x). 

3. EcJIH HepaBeHCTBO co,'l;ep)KHT HeCKOJibKO Mo~yJie:i1, lianpHMep, 

HMeeT BH)]; l.fi(x)l+l/2(x)l::;g(x), (~,<,>),TO TipMMemieM MeTO)]; Hli­

TepBaJIOB ( CM. TI. 1 0.3). 

TeeT AllH nposepKlll TeopeTiiiYeCKiiiX 3H8HiiiL71 

YKaJICume ece npaeWtoHote eapumtmot omeemoe (1-2): 

1. Ecmr HepaBeliCTBO HMeeT BH)]; /f(x)/:::; g(X), TO OliO paBHOCHJibliO: 

1) HepaBeHCTBY j 2 (x):::; g 2 (x); 

2) COBOKYTIHOCTH HepaBeHCTB j(x):::; g(x) H j (x) ~-g(x); 

3)CHCTeMeliepaBeliCTB j(x):=;g(x) H j(x)~-g(x); 

4) [f(x) ~ g(x), 
f(x):::; -g(x); 

S) {f(x) ~ g(x), 
f(x) :=;-g(x) 

2. PerneHneM liepaBelicTBa BH)];a /f(x)/.~ g(x) .HBJI.HeTc.H: 

1) nepece"leHMe MliO)I(eCTB perneliHH HepaBeHCTB j (X) ~ g (X) 
n f(x):=;-g(x); 

2) o6ne)];MlieHIIe MHO)I(eCTB pemeHHH HepaBeHCTB j(x)~g(x) 
n f(x):::; -g(x); 

3) peruemre COBOKYTIHOCTH HepaBeHCTB [f~-~j ~ ~i(~'); 
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4) pernemre COBOKYTIHOeTH nepaBeHeTB [;~~j ~ ~ic~); 

5) perneHHe Cl!CTeMbl HepaBeHCTB {j (:? ~ ~i ( ;•). ; 
YlwJICume ece 1leo6xoaUMbte aeucmewz: 

3. qTo6hr HaiiTII pernenHe nepaneneTna au.n:a lft(x)l-l/2(x)l ~ g(x), 
Heo6xo.n:HMO: 

1) HaMTI1 HYJIH cpyHKll,HM ft (x) 1I f2 (X); 

2)naMTHHYJIHcpyHKll,HM ft(x), f2(x) H g(x); 
3) naneeTH HyJin <flyHKll,HH na Koop.n:r(!HaTHYIO np51.MYIO H 3arm:eaTb 

nee TIOJIY'!eHHhie npoMe)KyTKH; 

4) naneeTH HYJIH cpyHKIJ,HM na OL(3 nepaneneTna I1 3anHeaTb nee 

IIOJiyqeHHble IIpOMe)KyTKH; 

5) Ha Ka)K,ll;OM npoMe)KyTKe paeKpbiTb MO.ll:YJIH H pelliHTb IIOJiy'leH­

llbie nepaBeHeTna; 

6) 3amrcaTb pernenr1e Hexo.n:noro nepaaeneTna, naxo.n:JI nepeeeqe­

nne MHO/KCCTB perneHI-IH HepaBeHCTB Ha Beex npOMeJ>KyTKax; 

7) 3anncaTb pernenHe HexoiJ.noro nepaBeHeTBa, o6beP.HHHB perne­

HHJI nepaneneTB na ncex npoMe%yTKax. 

Om6ernbt 
HoMep 3a,ll,amui 1 2 3 
BapnanT rrpaBHflhHoro 

3 2,3 1,4,5, 7 
OTBeTa 

npiiiMepbl 
llpHMep 1. PernHTe nepanenCTBO I ~x-:,t I < 6 . 

Peweuue. I1MeeM nepaneHcTno BHP.a f ( x) < 0, eJie.n:onaTeJihHO, 

P.aHHOe nepaBeHeTBO paBHOeHJibHO eHeTeMe HepaneneTB 

{

6x+1 <6, {6x+1-18+6x <O, {12x-17 <O, 
3-x 3-x 3-x 
6x+1 >-6; 6x+1+18-6x >O; __!§L>O. 
3-x 3-x 3-x 

IToeKOJihKY BTopoe nepaneHCTBo eHeTeMbi BhinOJIHJieTeJI rrpH 
3-X> 0, TO eeTh IIpi1 X< 3, TO rrepnoe HepaBeHeTBO CHeTeMhl pelliHM 

MeTOiJ.OM HHTepBaJIOB Ha rrpoM:e%yTKe ( --oo; 3). 
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+ 
-----40~--------o 

17 3 
IT 
Puc.11.1 

Omeem: XE ( -oo; g). 

ConiacHo pncyHKY 11.1 3armrneM 

perneHHe CHCTeMhl HepaBeHCTB, a, 

CJie,n:OBaTeJihHO, H perneHHe HCXO,n:-

HOfO HepaBeHCTBa: X E ( -oo; i~). 

llpnMep 2. Perrnue HepaBeHCTBO 12-lx-111 ~ 30. 

Pewe11ue. 11MeeM HepaBeHcTBO BH,n:a 1/(x)l ~ g(x), cJie,n:oBaTeJihHO, 

,n:aHHOe HepaBeHCTBO paBHOCHJihHO COBOKYIIHOCTH HepaBeHCTB 

[2-lx-11~30, ~[lx-11~-28, 
2-lx-11 ~-30; lx-11 ~32. 

PernnM Ka)f(,n:oe HepaBeHCTBO COBOKYIIHOCTH: 

1) IIOCKOJihKY JieB<UI qaCTh HepaBeHCTBa lx -11 ~ -28 BCer,n:a IIOJIO­

:tKHTeJibHa, a rrpamm era qacTh Bcer,n:a oTpnrraTeJihHa H IIOJIO)f(HTeJihHOe 

qHCJIO 60Jibiile OTpHrraTeJihHOfO, TO HepaBeHCTBO He HMeeT perneHHM; 

2) lx-1l~32~[x-1~32, ~[x~33, ~ 
x-1~-32 x~-31; 

~ XE ( -oo; -31] u[33; +oo). 

B TaKOM cJiyqae perneHHeM coBoKyrrHOCTH HepaBencTB 5IBJI5leTC5l 

pernenne BTOpOrO HepaBeHCTBa COBOKyiiHOCTH. 

Omeem: (-oo; -31]u[33; +oo). 

llpnMep 3. Haii,n:HTe cyMMY rreJihiX pernennii: cncTeMhi HepaBencTB 

{
l10x+31 ~ 33, 
j10x+3l~33. 

Pewe11ue. Cnoco6 1. Haii:,n:eM perneHne Ka:tK,n:oro HepaBeHCTBa 

CHCTeMhi: 1) j10x+3l~33 ~ {10x+3~33, ~ {X~3, 
10x+3~-33; x~-3,6; ~ 

~ XE [ -3,6; 3]; 

I I [10x+32::33, [x~3, 2) iOx+ 3 ~ 33 ~ 10x+3~-33; ~ x~-3,6;~ 

~xE(-oo; -3,6]u[3; +oo). 

QqeBHJJ:HO, qTO perneHHeM CHCTeMhl HepaBeHCTB 5IBJI5IIOTC5l qiJCJia 

-3,6 H 3 , cyMMa KOTOphiX paBHa -0,6 . 
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{
j10x+31 ~33, 

Cnoco6 2. 3aMeHHM CHCTeMy HepaBeHCTB liOx+ 31 ~ 33 CHJlbHhiM ypaBHeHHeM 

11 Ox+ 31 = 33 ~ [1 Ox+ 3 = 33, ~ [ x = 3, 
10x+3=-33; x=-3,6. 

Omeem: -0,6. 

paBHO-

llpuMep 4. Hail,n;HTe HaHMeHhiiiee QeJioe noJIO)KHTeJibHoe peiiie­

HHe HepaBeHCTBa 8x2 +8R -3 > 0. 

Pewe1lue. IIocKOJihKY .[;2 = Jxl H x 2 = lxJ
2 

, TO HepaBeHCTBO npH­

MeT BH,ll; 8jxj
2 
+8lxl-3 > 0, peiiiaTb KOTOpOe 6y,n;eM MeTO,ll;OM HHTep­

BaJIOB: 
1. PaccMoTpHM ¢YHKQHIO f ( x) = 8lxl

2 
+ Blxl- 3 . 

2. D(f): XE R. 

3. Haii)J;eM HYJIH ¢YHKQHH, peiiiaJI ypaBHeHHe Slxl2 +8lxl-3 = 0. 

I I -2-.JIO I I -2+.Ji0 IlOJI)"'HM X = 
4 

, OTKy,n;a X E 0 I1 X = 
4 

, OTKy,n;a 

X 
_ -2+.Ji0 _ 2-.JiO 

1- 4 n x2- 4 . 

4. HaHeceM noJiy'IeHHbie 

'IHCJia Ha KOop,n;HHaTHYIO IIp5I­

MYIO II onpe,n;eJIHM 3HaKH ¢yH­

KQHH Ha IIOJiy'IeHHbiX IIpOMe­

)KyTKaX (piic. 11.2). 

+ + 

2-.JiO . -2+.Ji0 X 

4 4 

Puc. 11.2 

5. PeiiieHHeM HepaBeHCTBa 5IBJI5IeTC5I o6ne,ll,HHeHIIe npoMe)KyTKOB, 

Ha KOTOpbiX <}>yHKQI15.! j(x) = 8lxl
2 
+8lxl-3 IIOJIO)KHTeJibHa: 

( -oo; 2-;o )u( -2+
4
M; +oo} 

TaK KaK 2-;o <0, a - 2+
4
M ""0,29, TO 'IHCJIO 15IBJI5IeTc5I Ha­

nMeHhiiiHM QeJibiM IIOJIO)KHTeJibHbiM peiiieHHeM HepaBeHCTBa. 

Omeem: 1. 

llpnMep 5. Haii,n;HTe cyMMY KBa,n;paToB QeJibiX peiiieHHH HepaseHc­

TBa llxl-61 >jx
2 
-5jxj+9j. 
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Pewmme. IIocKoJihKY o6e 'IaCTI1 HepaBeHCTBa noJIO.IKI1TeJih­

Hhi, TO, B03BO].(.$I HX B KBa,n:paT II yqiiTbiBa5I, qTO lal2 = a2 
, 3aTIIIIIICM 

2 ( 2 )
2 

2 ( 2 )2 (jxj-6) > lxl -Sixl+9 IIJIII (lxj-6) - /xl -5/xl+9 >0. 

Pa3JIO.IKI1M JieByiO qacTb HepaBeHCTBa Ha MHO)KHTCJIH, npiiMeHH.$I 

cpopMyJiy pa3HOCTII KBa].(paTOB: 

(lxl-6-/x/2 
+Six/-9 )(/xl-6+/x/2 -5/x/+9) > 0, 

(lx/2 
-6/xl+15)(1xl

2 
-4lx/+3) < 0. 

PerniiM HepaBeHcTBO MeTO].(OM HHTepBaJIOB: 

1. PaccMoTpnM cpyHKIIIIIO f(x) =(lx/2 -6/x/+ 15)(/.xl-4/x/+3). 
2. D(f):xER. 
3. Haii].(eM HYJIII cpyHK111111, pernaH coBoKynHoCTh ypamieHI1H 

/x/2 -6/xl+15 =0, OTKyJJ:a XE 0 11 lx/2 -4lx/+3 =0, oTKy].(a x1 = 1, 

x2 =-1, x3 =3 11 X4 =-3. 

+ + + 
4. HaHeceM qiicJia -1, 1, -3 

11 3 Ha KOOp].(IIHaTHYIO npRMYIO 

II onpe].(C.TIIIM 3HaKn cpyHKIIliH -3 -1 1 

Puc. 113 

3 X 

Ha noJiyqeHHhiX npoMC.IKYTKaX 

(pl1C. 11.3). 
5. PeiiieHneM HepaBencTBa RBJI5IeTcR o6ne].(HHCHne npoMe)KyTKOB, 

Ha KOTOpOM cpyHKIII15l j(.x)=(lxl2 -6jxj+15)(1xl2 -4jxj+3) OTp1111a­

TCJibHa: (-3; -1)u(1; 3). 
HaiiJJ:eM cyMMY KBa].(paTOB u:eJihiX pernennii nepaBeHCTBa: 

( -2)2 + 22 = 8. 

Omeem:8. 

llpnMep 6. Haii].(I1Te cyMMY IICJihiX pemen11i:J 113 o6JiaCTI1 onpe].(e­

JICHI15I cpyHKU:11I1 y =~~X- 2/-l2x + 41- 2x2
- 2.x + 4 . 

Peweuue. TaK KaK Bbipa.IKeHHe, CTORIIJ:ee no].( 3HaKoM paJJ:HKaJia, He 

MO.IKCT 6biTh OTpHU:aTCJihHbiM, TO lx- 2l-l2x + 4/ ::2:: 0. 
PernHM HepaBeHcTBO MeTOJJ:OM IIHTepBaJioB: 

1. Haii].(eM HYJIH cpyHKU:HH, CT051IIIHX no].( 3Hai<oM MOJJ:YJI51, pema51 

ypaBHCHI15I X-2=0, OTKy].(a X=2 I1 2x+4=0, OTKy].(a .X=-2. 
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2. HaHeceM 'IHCJia 2 H -2 Ha 

KOOptJ:HHaTHYIO IIp51MYIO II pac-

CMOTpHM IIOJiy'IeHHhie IIpOMe­

)KYTKH (pHC. 11.4). 

-2 2 X 

Puc. 11.4 

PacKpoeM MOll:YIIH Ha Ka)KlJ:OM npoMe)KyTKe 11 pelllnM HepaBeHCTBa: 

a) eCJIH XE ( -oo;- 2), TO 2- X+ 2x +4 2:0, X 2:-6 11 XE [-6;-2]; 

6) ecm1 xE(-2;2], To 2-x-2x-42:0, -3x2:2, x::S:-~ H 

XE[ -2; -~l 
B)eCJIH XE(2;+oo),TO -2+x-2x-42:0, -x2:6, X::S:-6 HXE 0. 

PellleHneM HepaBeHCTBa 51BJI51eTc51 o6oetJ:HHeHHe noJiy'-IeHHhiX pe-

llleHH:ii:: XE [ -6; -~]. Ha:ii:tJ:eM cyMMY u;eJibiX pellleHHH HepaBeHCTBa: 

-6-5-4-3 -2-1=-21. 
3a.MemUM, '-ITO HepaBeHCTBO lx- 2l-l2x + 412: 0 MO)KHO pellli1Tb 

11Hal.Je. 3amillleM HepaBeHCTBO B BHtJ:e 12-xl2: j2x + 41 H B03Be-

6 2 2 
lJ:eM 0 e ero l.JaCTH B KBaApaT. TI OJIYLIHM (X- 2) 2: ( 2x + 4) HJIH 

(x-2- 2x-4)(x- 2+ 2x+4) 2:0, (3x+2)(x+6)::; 0. 

CoriiacHo pHcyHKY 11.5 3aiiH­

llleM pellleHHe HepaBeHCTBa: 

XE [ -6; -~J 

OmBem: -21. 

+ 

• -6 • 2 
-3 

Puc. 11.5 

lxl
2 

-7lxl+10 IlpuMep 7 . PelliHTe HepaBeHCTBO 2 > 0 . 
x -6x+9 

+ 
• 
X 

Pewe11ue. PelliHM HepaBeHCTBO MeTOlJ:OM HHTepBaJIOB. Ha:ii:tJ:eM 

HYJIH ¢YHKIJ;HH j(x) =X, CT051IIIeH IIOlJ: 3HaKOM MOAYJI51: X =0. 

1. EcJIH x :S: 0 , TO HepaBeHCTBO npiiMeT BIIA x
2 

+ 7 x +} 0 > 0 , 
(x-3) 

(x+5)(x+2) · 
~--=-f...:,__,2...::...L > 0. Ero pellleHIIe rroKa3aHo Ha p11cyHKe 11.6: 

(x-3) 

XE (-oo; -S)u(-2; OJ. 
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+ + + - 3 - + 
--o---<:r---1 

-5 -2 0 
~ 

0 2 3 5 X 

Puc.11.6 Puc. 11.7 

x 2 -7x+10 2. EcJIH x > 0, To HepaBeHCTBO rrpHMeT BHJJ: 2 > 0, 
(x-3) 

(x-5)(x-2) 
-'-----'-..o...-...,;2~ > 0. Era pelllemre rroKa3aHo Ha pucyHKe 11.7: 

(x-3) 

XE (0; 2)u(5; +oo). 

PellleHIIeM ucxo,nHoro HepaBeHCTBa JIBJIJieTC5I o6ne.n:rmeHHe pellle­
HHH, rroJiy'IeHHhiX B rrepBOM II BTopoM cJiy'IaJIX: 

xE(-=; -5)u(-2; 2)u(5; +oo). 

Omeem: (-oo; -5)u(-2; 2)u(5; +oo). 

3aA8YIII AIUI C8MOCTOS1Te11bHOrO peWeHIIISI 

PelllHTe HepaBeHCTBa ( 1-14 ): 

1.\x(x-4)\-5<0. 2.j8-x2+2xj>2x. 3.,~~;,.-2>0. 

6. \1-xj-\x\ > 0. 

1 1 
8.jx-1l+l2-xj>3+x. 9. i-jx+3i<"3. 

1-x-21-1-xl 
12. ~ >0. 

v4-x3 

13. \1-xj-"1+j2x+31 >lxl+(2x+3). 

14. lx-1\-\x-2\-\x+2\-\x\>-\x+1\-3. 

PelllHTe cncTeMhi HepaBeHCTB (15-16): 

15. {l1-x\
2

+5xl<6, 16. {lx(x-4)\<5, 
jx+il-1~0. \x+1\-3<0. 
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17. HaH,l(HTe 'IHCJJO ~eJJhiX peiiieHHH HepaBeHCTBa 

lx-21--lx+41 <O 
\2-xl-1-xl . 

18. HaH,l(HTe ,l(JJHHY HHTepBana, KOTOpbiH o6pa3yroT Bee peiiieHHH 

\3 -xi+ x 2 
- 5x + 6 

nepaBeHCTBa 2 > 3 . 
· x -5x+6 
19. Hali.l(HTe naH60JJbiiiee ~enoe OTpH~aTeJJbHOe peiiieHHe nepa-

BeHCTBa lx-11+12-xl > 3+x. 

20. HaH,l(HTe cpe,l(Hee apHqH\IeTH'lecKoe ~eJJbiX peiiieHMH cncTeMhi 

J l2x + 5l-l4x- 71 ~ 0, 
nepaBeHcTB Uxl-2\4-xj<x-2. 

OmBembt: 1. (-1; 5). 2. (-oo; 2-/2)u(2+2.J3; +oo). 3. (~; 3)u 

u(3; 8)- 4. [0; 1,6]u[2,5; +oo). 5. (- -f2t 1; -~ )u(-~; ~)u 
u( ~; -12

2
+1} 6. ( -oo; 0,5) .7. (-oo;-3)u( -1;1)u(3;+oo). 8. ( -oo; O)u 

u(6; +oo). 9. ( -oo;-4)u( -2; +oo) .10. ( 3; 3~]-11. (2; 3). 12. ( -1;~). 

13. (-oo;~3 }14. (-3; -1)u(-1;1)u(1;3).15. (-2;0].16. (-1;2). 

17. 2. 18. 0,5.19. -L 20. 3. 

KoHTponbHbiVI TeeT 

.M 3a,l(aHMH BapnaHTbi OTBeToB 

1.JHCJJO HaTypaJJbHbiX peiiieHHH Hepa-
1) 2; 2) 9; 

1 3) 7; 4) 5; 
BeHCTBa ix2 -361- (X- 5)::; 0 paBHO 5) 6. 

Cpe.u.nee api1¢MeTH'lecKoe ~eJibiX He-
1) 1; 
2) 2; 

2 OTpH~aTeJJbHbiX peiiieHHH HepaBeHCTBa 3) 2,5; 
12-xj· (4-Sx) ~ 0 paBHO 4) 1,25; 

5) 4. 

HaHMeHhiiiee ~enoe peiiienHe nepa-
1) 3; 2) -6; 

3 3) 2; 4) 1; 
BeHCTBa lt6-x2I·(X-1,25)>0 paBHO 5) 5. 
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N!! 3a,ll,aHH» BapHaHThlOTBeToB 

KomiqecTBo ueJibiX oTpiiUaTeJihHhrx 1) 2; 2) 4; 

4 v !xl+x+3 3) 3; 4) 10; 
perneHIIII HepaBeHCTBa 

3 
> 1 5) 12. 

paBHO X+ 

HaH6oJibrnee perneHHe HepaBeHCTBa 
1) -10; 2) -0,5; 
3) -3; 4) 0; 

5 
1-xl 2 0 paBHO 5) -2. 

-x-3 

HanMeHbrnee ueJioe perneHne Hepa-
1) 3; 2) 2; 

6 
~x-0~~ 

3) 1; 4) -2; 

BeHCTBa X -f > 1 paBHO 5) -4. 

1) ( -oo; 4]; 

MHo)KeCTBO pernemn1 cncTeMbi nepa- 2) (0; 4,5); 

7 
{l1-xl<3 

3) (-1; 4); 
BeHCTB -l-x..=-

21
•< _1 HMeeT BII.ZJ: 4) (-1; 4]; 

5) (-1; +oo). 

qiiCJIO UeJibiX perneHHH HepaBeHCTBa 
1) 6; 2) 5; 

8 3) 0; 4) 3; 
1 ~~X-0,51 < 1,5 paBHO 5) 1. 

qHCJIO ueJibiX HeOTpHUaTeJihHbiX pe- 1) 6; 2) 4; 
9 rneHHH HepaBeHCTBa 13 -12- xll-1 < 0 3) 2; 4) 3; 

paBHO 5) 1. 

HepaBeHcTBO j2-xl+lx-3j-2x<5 
1) X> 0; 2) X ~0; 

10 3)x>2; 4)x>3; 
BblllOJIH»eTC» npH ycJIOBHH, qTQ 

5) XER. 

1) 8; 
qHCJIO HaTypaJihHbiX perneHHH Hepa- 2) 5; 

11 -lxlz+lxl+12 
3) 3; 

BeHCTBa - 2X 2 0 paBHO 4) 2; 
3-x 5) 1. 

1) 1; 
KoJiwrecTBO ueJibiX pernemtli: Hepa- 2) 5; 

12 1-xlz+x-2 
3) 4; 

BeHCTBa . z :::; 0 paBHO 4) 2; 
(3-13-xl) 5) 3. 
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N!! 3a,ll,ann.a BapnaHThiOTBeTOB 

Cpe21:nee apn¢MeTH'IecKoe 1) 3; 

u:eiibiX 'InceJI, rrpnnal(IIeJKamnx 2) 3,25; 
13 o6JiaCTH onpe~J:eiieHH5I ¢YHKUHH 3) 5; 

y= .j3-jx-2j+( .Jx-1-1t, paBuo 
4) 3,5; 
5) 5,75. 

qHCJIO u;eJihiX HeOTpHU:aTeJibHhiX 1) 2; 
· pe~HHM uepaBeHCTBa 2) 1; 

14 lx-xgl+lx7 -xsj-jxg -xs +x7 -xj:s;o 3) 5; 
4) 9; 

paBHO 5) 17. 

HoMep 3a,n:amur 1 2 3 4 5 6 7 
HoMep npaBHJihHoro s 1 3 1 4 2 4 
OTBeTa 

HoMep 3a,c(amur 8 9 10 11 12 13 14 
HoMep rrpaBHJibHoro 3 5 1 4 5 2 1 
OTBeTa 
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