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1. leanMoCTh HEeJbIX YUCEJT
1.1. /Ienenue 0e3 ocTaTka
CBoiicTBa OCJIUMOCTHU HEJbIX YHUCeJI

[lycts n — uenoe unucno (neZ), m —
HaTypasibHOoe uucio (m € N). ['oBopsr, yTto

n denumcs Ha m, €CIH CYIIECTBYET LIEJIOE
yucio p (p € Z) takoe, 4To

n=mp

Uucno m, Ha3wpIBaeTCs Oerumenem 4ucia n,
P — Yacmuulm OT AEJICHUS a Ha m .

Haubonpiiee HaTypasibHOE YHCIIO, SB-
JISTONIEeCs] HATyPAIBHBIM JISITUTEIIEM KaXKII0-
T'0 M3 HATYPAJIbHBIX YHCET M W 1, HA3bIBAIOT
Haubonbwum oowum Oerumenem dTAX TUCET
u obo3nagator HOJl(m,n) wnmm mpocrto
(m, n).

Hanpumep, ecnmu m=36 u n=84 T0
HO/I(36, 84) = 12.

JIBa HATYpaJdbHBIX YMCIA M W N Ha3bIBa-
10T 83AUMHO npocmeimu U Tyt (m, n) =1,
€CJIM eIMHCTBCHHBIM OOIIMM HATypPaJbHBIM
JEITUTENIEM 3TUX YUCEIT SBIIICTCS YHCIIO /IU-
HUIIA.

Hanpumep, uucna 12 u 35 B3aumHoO mpo-
CTBI, TaK KaK HATYPAJIbHBIMH JCIIUTEISIMHU
ypcia 12 apasarored umcna 1, 2, 3, 4, 6, a Ha-
TYPaIbHBIMH JISTUTEISAMHU YHCIIa 35 SBISIOT-
caumcia 1, 5, 7.

[Tepeuncium CBOMCTBA JETUMOCTH CYMMBI
(pa3HOCTH) W TPOU3BEACHUS YHUCEN, CUUTas,
yro a€Z, beZ, meN.

1. Ecnu a m b pemsrcs Ha m, TO YUCHa

a+b ¥ a—b Takxke OEIATCI HA m .
2. Ecrm a w b penArcs HA m, TO IPHU

JIFOOBIX IEJIBIX YMClax k ® [ 4uciao ak + bl
TaKXKe JICTUTCS Ha m .

3. Ecin a genwutess Ha m, a b He OEIUTCA
Ha m, TO 9UClIa a+b U a—b Taxkke HE Je-
JIATCS HA M .

4. Ecnu a nenutcs Ha m, a m JEIATCS
Ha k € N, To YHCIIO a TaKXke JEJHUTCA Ha k .

5. Ecnmm a menutcd HA m, a b He JeINTCA
Ha m, TO YUCJIO ab JEAWTCS HA m .

6. Ecitu a penuTcs Ha KaXkK[0€ M3 YHCEN
m ¥ k, npuueM (m, k) =1, T0 a ngenurcs Ha
MPOU3BEICHUE mk .



7. Ecnm a pgenwTces HA m, TO ak IEIUTCS
Ha mk npu mo6om k € N.

8. Ecnu ab nenwutcss Ha m U b B3aUMHO
IIPOCTO C M, TO @ JAETUTCS Ha m .
Orpanu4uMcs A0Ka3aTeIbCTBOM CBOMCTBA

Hokazamenvcmeo. Ecnu uienvie yncna a
U b nensTcs Ha m, TO CYHIECTBYIOT YHUCIA
pe’lL n geZ takue,uto a=mp, b=qm.
Orcrona cienyer, 9To
a+b=mp+mq=(p+q)m,
a-b=mp-mg=(p—-q)m.
Tak kak yucna p+q u p—q — uensble, TO

yucia a+b u a—b nmenarca Ha m. CBOMCT-
BO JIOKAa3aHO.

Hpumep 1. Hamypanvnoe uucio 3n+2 u
8n+3 Oenamca Ha HamypaibHoe UUCTO
p#1. Haiimu p .

Pewenue. Taxk xak yncna 3n+2 u 8n+3
JIEIIATCA P, TO u YHCJIIO

8-(B3n+2)-3(8n+3)=7 NOMKHO HETUTHCA
Ha p . Ho enuHCTBEHHOE HATypalIbHOE YHCIIO
p #1, Ha koTOpOE nenutcs 7, paBHO 7. 3Ha-
yutT p =7. Hanpumep, npu n =4 nosydaem
yucia 14 u 35, koTopeie nensTcs Ha 7.
Omeem: p=17.

HpOCTbIe H COCTAaBHBbIC YHCJIA

HarypansHoe unciio p Ha3bIBaeTcs npo-
cmuiM, €ci p>1 U p HE UMEET MOJOXKHU-
TEIBHBIX JISTUTENICH, OTIMYHBIX OT 1 1 p .

N3 onpenenieHnit JIETKO CIEAYET, YTO €CIU
p U p, —IPOCTBIE YUCIIA U p JCIUT p,, TO
p = p,. Kpome toro, s j1r060ro HaTypab-
HOT'O YHMCJa €ro HauMEHBIINI OTIWYHBIIA OT
€IMHUILI TTOJ0KUTEIbHBIN IeTUTEIb ABIISCT-
Cs POCTHIM YHCIIOM.

HarypansHoe unciio n>1 Ha3bpIBaeTcs co-
CMasHuIM, €CIIM n UMEET, TI0 KpaHel Mepe,
OJIMH TIOJIOKHUTEIBHBIA ACIUTEIb, OTIAYHBIN
orlun

Yucno 1 He cuuTaercss HU TPOCTHIM, HHU
COCTaBHBIM.

Ipumep 2. Joxaszams, umo

a=4-16" =2 sorumes na 33.

Pewenue. Tax xak 4-167 =27 .4% =29,

TO

qucio
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a= 250 _240 — 240(210 _1) —
=20 (25 —1)(2° +1) =2" .32.33,

OTKyJa CIEAYeT, YTO a JAeInTcs Ha 33.

Hpumep 3. Joxaszams, umo uucno

2
a=8n" +10n+3 sserasemca cocmasuvim npu
JI06OM HAMYPATLHOM N .

Pewmenue. Yucno a sABiasgeTCd COCTABHBIM
Mpu JIFOOOM HATypajJbHOM 71, IOCKOJIBKY

a=8n"+10n+3=2n+1)(4n+3), rae unc-

nma 2n+1 u 4n+3 HaTypanbHBIC, OOJIBIINE
€MHUIIBI.

IIpumep 4. MHUOO, 2010). /Ipoussede-
HUe HEeCKONbKUX PA3TUYHLIX NPOCMbIX YUCE]
0enumes Ha Kaxcooe u3 dMmux ducesl, yMeHb-
wennoe Ha 1. HYemy moowcem Ovimv pasHo
9mo npoussedeHue?

Pewenue. Ilyctb  MCKOMOE  4YHCIIO
N=Dp Py Ps> THE D5 Pyse.es P — TPO-
CThIE yHCcHaa U p, < p, <..< p,. Tak Kak n
JEITUTCS Ha Kaxa0e u3 qucen
p,—-Lp,—-1..,p,—1, a oun Bce, Kpome
BO3MOJKHO yHcia p, —1, — dyeTHsle. DTO 3Ha-
YUT, 4TO cpenu COMHOKHTEIIEH
Dys> Days---» P, TIPUCYICTBYET 4YHCIO 2, T.C.

p,=2.Torman=2-p,-..-p,.
Paccmorpum umcno p, —1=2¢q,. Ilo yc-
JIOBHIO YHCNO 2¢, ACIUT N=2-p,- .. D,.

9710 3Ha4YuT, 49TO ¢, SABJSICTCA HOCIUTCIICM

4ucna p, c...- p, ;. ITO BO3MOXKHO, €CIU ¢,
€CTb HEKOTOPOE YHCIO0 WM IPOU3BEACHUE
HEeKoToporo Habopa uucen w3 Habopa
Dasees Diy -

YuuTeIBast 3TO YCJIOBUE U TO, YTO YHUCIIO
n=2-p,-..-p,, obIANaeT TeM e CBOMW-

CTBOM, YTO M YHCJIO 7, TOJy4aeM CIOoco0
IMOJIYYCHHA HMCKOMBIX HpOHSBGI{GHHﬁI Ha Ka-
XKJIOM dTane CIEAYIOUME MHOKHUTENb p, OIl-

penensiercs MHOKHTENEH

2, Dyseees Dy -

[ToaTomMy OyneM CTpPOUTH UCKOMBIE TIPOU3-
BEJICHUSI HAUUHAs C BYX COMHOXKHTEIEH.

1. Ilycte k=2. Torna n=2-p,. Y4ursl-

HabopoM

Bas, 4T0 p, —1=2q, u 2q, neaut ymcio 2,



OJIy4aemM Torna
n=2-3=6.

2. lycte k=3. Torma n=2-3- p,. Yuu-

q,=1. p,=3 u

THIBasA, 4YT0 p, —1=2¢g, u 2q, nenur 4ucio
2.3, nmomyyaem ¢, =3. Torma p,=7 n
n=2-3-7=42.

3. Ilyctb k=4. Torma n=2-3-7-p,.
VYuuteiBadg, uto p,—-1=2q, u 2q, nemur
qucino 2-3-7, moJlydaeM BO3MOYKHBIE 3Ha4e-
Hust q, =3 wwm g, =7, um q, =3-7=21.
Torma p, =7 (yXe ecTb TaKOH MHOXHTEJb)
wm p, =15 (He mpocToe 4YHUCIO), HIU
p,=43. Torman=2-3-7-43=1806.

4. Ilycte k=5. Torma n=2-3-7-43- p,.
VYuuteiBag, uto ps—1=2g; mu 2q, nemur
yucno 2-3-7-43, mnojydaeM BO3MOXKHBIE
3HAUECHUS g5 U ps:

qs =3, ps; = 7(TaKkol MHOKHUTEIb €CTh);

qs =7, p; =15 (He mpocToe 4ncio);

q;=3-7,
€CTb);

qs; =43, p, =87 (He mpocToe 4ucio, Je-

ps =43 (Takod MHOXHTEIb

uTcs Ha 3);

qs =3-43, p, =257 (He mpocToe 4ucIo,
nenutcs Ha 7);

qs =7-43, p, =603 (He mpocToe 4ucIIO,
nenurtcs Ha 3);

q; =3-7-43,
YUCIIo, AenuTcs Ha 13).

CrnenoBarenbHO, HCKOMOTO MPOU3BEICHUS
W3 TSATA COMHOXHUTEJIEH HE CYIIECTBYET, a
3HAYUT HC CYIICCTBYCT HOI[O6HI>IX ITPOMN3BC-

JIEHUH ¥ C OOJIBIIIMM YKCJIOM COMHOKUTEIEH.
Omeem: 6, 42, 1806.

Teopema 1 (Egxnuda). MHOXeECTBO 10JIO-
KHUTCIIBHBIX ITPOCTBIX YHUCECII OECKOHEYHO.

ps =1807 (me mpoctoe

Hoxkazamenvcmeo. Ilpennosioxum, 4To
MHOYECTBO TOJIOKUTEIHHBIX MPOCTHIX YUCEIT

KOHEYHO M COCTOUT M3 YUCEN D, Dys..., Py -

woopp +1L
Torpa nubo HaTypanbHOE YUCIIO p , OoJblIEe

PaccmoTpum uymcno p=p,-p,-

€IMHHULIBI, CAMO SIBJISIETCSI IPOCTHIM, TUOO OHO
pasiokKUMO B IPOM3BEACHUE I0JIOKUTEIb-
HBIX MPOCTBIX YHUCET U TMO3TOMY oOJsiajaeT
X0Ts OBl OAHMM MpocThIM nenutenem. llo

www.alexlarin.narod.ru

MPENIOJNIOKEHUIO p HE MOMXKET OBbITh Ipo-
CTBIM, TaK OHO HE€ COBIIagacT HU C OJHUM U3
YUCENl P, D,, ..., P, . ECIH K€ p pa3I0XKHU-
MO, TO €ro AEIUTENb JIOJDKEH OBITh OTIMYEH
OT 4YuCed p,, P,,..., P;,» TaK KaK B IPOTHB-
HOM CJlydae€ 3TOT JAEIUTENb JEJIUT YHucia
PPy "Dy, M p, a 3HAYUT JEIUT U Pa3-

HOCTb p—p - p,-...-p, =1, a 5T0 HEBO3-

MoxkHo. CliemoBaTelbHo,
OCCKOHCYHO.

[Ipocthie uucna, XOTS UX U OECKOHEYHO
MHOTO, COCTABJISIFOT HEOOJIBIIYIO YacTh BCEX
HaTypaJbHBIX YHUCECJI, YTO BBIPAXKACTCA CJIC-
JIYIOLIEH TEOPEMOIA.

MPOCTBIX YHCEl

Teopema 2. [Ins mo0oro 1menoro umcia
k >1 B HaTypaJlbHOM Py MOKHO HAaWTH k
COCTAaBHBIX 4YHCEJ, HEIOCPEACTBCHHO ClIe-

OYIOLUX APYT 32 IPYTOM.

Hokazamenvcmeo. Bo3sMeMm qHUCIIO
n=(k+1)! u paccmorpuMm £k craemyromux

ApYr 3a ApyroMm uucen n, =n+2, n, =n+3,
., n, =n+(k+1). Kaxnoe uucino B 310M
CIIMCKE SBJISICTCA COCTaBHBIM, TaK KaK n, Je-

ourcsi HA 2, n, — Ha 3, n,— Ha 4, ..., n, —

Ha k +1. Teopema nokazana.

Teopema 3. Eciu npousBeieHuE HECKOJIb-
KHX HaTYpaJIbHBIX YHCEJI ICTTUTCS Ha MPOCTOE
YHUCJIO, TO HA HETrO JCIUTCS XOTs Obl OJMH W3
COMHOHUTEJICH.

Mokazamenvcmeo. Bo3pmeM KaHOHHYE-
CKH€ PA3JIOKEHHUS BXOSIINX B MPOU3BEICHNE
HaTypaJbHBIX YKcell. Tak Kak MpOU3BEIACHUE
ATUX YHCENl JCTUTCA Ha MPOCTOE YHCIO, TO
3TO MPOCTOE YHCIIO JIOJDKHO MPUCYTCTBOBATH
XOTsI ObI B OJIHOM KaHOHHUYECKOM pa3jIoikKe-
HUA MHOXHTeser. CraemoBaTeabHO, Ha DOTO
YHCIIO JIEJIATCS BCE MHOXKUTEIIH, B KaHOHHYE-
CKOM pa3JIO)KCHUH KOTOPBIX MPUCYTCTBYET
31O Yncio. Teopema joka3aHa.

Kanonuueckoe pa3ioxeHnue
HATYPAJIBHOI0 YHCIA

[IpencraBieHue HaTypalabHOTO YKcia n B
BHJIC TMPOM3BEIACHUS JIBYX HATypaJIbHBIX YH-
cell ab Ha3bIBACTCA PA3NONCEHUEM HA MHO-
acumenu. IlpencraBiaeHue yucia B BUJE MPO-
W3BEJICHUSI TIPOCTHIX UYMCEN HAa3bIBACTCA pa3-
Jodcenuem Ha npocmoie muodxcumenu. Cuu-



TAaC€TCA, 4TO €CJIIM 1 — IMPOCTOC YHUCJIO, TO OHO
HMECT Pa3IOKCHUC Ha IMPOCTbIC MHOXKHTCIIH,
COCTOAIIICE U3 OAHOIO yuciia n.

JIBa pa3nokeHuss Ha MHOKWTEJIM Ha3bIBa-
I0TCS OOUHAKOBbIMU, €CIIA OHU OTJINYAOTCS
TOJIBKO TOPSIAKOM MHOuTene. Hampumep,
pasznoxenusa 42=2-3-7 n 42=7-2-3 cuu-
TAKOTCS OJUHAKOBBIMHU.

Teopema 4 (ocuosnas meopema apudh-
memuxku). [ KaXXI0TO HATYPAIBHOTO YHUCIIa
n>1 CylecTByeT €OWHCTBEHHOE pPa3JIokKe-
HUE Ha IMPOCTHIC MHOXHTEIH.

DTO 3HAYHT, YTO IS JIIOOOTO HATYpaIbHO-
ro 4YKCJia JIBa Pa3joKEHUsS Ha MPOCThIE MHO-
KUTEITU MOTYT OTIUYATHCS TOJBKO MOPSIIKOM
TUX MHOKHUTEIECH.

Kanonuueckum PAa3nodicenHuem yeioco 4uc-
na n >1 Ha3pIBaeTCs npeaACTaBJICHUEC n B BU-
pi (S

Kk ky k

n_p]l P '---'pss’ (1)
rae p,, Pys-..,» P, — IONApHO pa3IHuHbIC
npocTele yKcaa, a k., k,,..., k, — HaTypaib-

HBIC YHCJIa. I[J'ISI OTPULATCIBHBIX HCJIbIX YH-
cen n<-1 KaHOHHUYECKUM PA3IOKECHUEM
CUHUTACTCA MMpeaACTaBJICHUC B BUJIEC

ks

_ ky ky
n=-=p Py -..- Dy

[lycte u4nMcno p— HaMMEHBIIHNW Cpeau

IOPOCTBIX JEIUTENen p,, p,,..., p,. loraa

ki k k 2
n=p'-py?-...p’ 2p.01c003, p<+n.
CnenoBarenbHO, €CJIM 7 — COCTAaBHOE YHUCIIO,
TO OHO MMEET IPOCTOM NEIUTENb p TaKOH,
yTO0 p <+/n. Ecim 4nucio n He mMeer mpo-

CTBIX JETUTEIIe!, HE TPEBOCXOAAIINX Jn, To
1 — MPOCTOE YUCIIO.
IIpumep 5. Ckonvko cywecmeyem cnoco-

ks
N

k k
006 paznoscenus uucia n=p;' -p,> .- p
8 npouzgedeHue O08YX B3AUMHO NPOCbIX
MHOMCUmMeneu?

Pewenue. Ilyctb uMeeTCs pasiIokKEHUE
n=mn,-n,, TAC 4dcIa 1, U N, — B3aAUMHO
npoctsl, T.€. (n,n,)=1. Oro Oynmer BO3-
MOXKHO B ciy4ae, KOI/ia 3TU 4Mciia HE COJep-

Kar HH OIJHOTIO 0611161"0 MHOXHUTCIIAA P,
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(1<i<s). [loaToMy HCKOMOE KOJUYECTBO
CHOCO0OB pa3iokeHus OyJIeT paBHO KOJU4Ye-
CTBY c110cOOOB pa30MeHUs MHOKECTBA YHCEN

{p,» Py>.--» P,} Ha JIBE HENEPECEKAIOIINECS
TPYIIITHL.
PaccmoTpum crtpouku ( , ,..., ), B
%,_J

S mozunmit

KOTOPBIX B i-M NO3UMIMHM CTOMT 1, ecnu p,
BXOJMT B MHOXHTEIb 1, U 0, ecm p, BXO-

IUT B MHOXKHUTENb 7, . JIJIsl 3all0JIHEHUsT Kax-
Jo¥ mo3uiMu uMeetcst 2 crnocoba. Beero s
no3uuuii. /I[Be Mmo3uuum MOKHO 3alOJIHUTh
2.2=27 crnocobamu, Tpu — 2-2-2=2n
T.1. COOTBETCTBEHHO, BCEro umeercs 2° pas-
JUYHBIX cTpouek. VICkimrovas CTpOUKH U3 OJ1-
Hux | (B aTOM ciydae n, =n) u oguux 0 (B

3TOM Cly4ae #n, =n), IHOJIy4aeM HCKOMOE

4KCII0, paBHOE 2° —2.
Omeem: 2" -2 .
HOJT n HOK

Hauborvwum oowum oenumenem (HOJL)
HaTypalbHBIX YUCEN a,,d,, ..., d, Ha3bIBACT-

cs HauOoJIbIlIee HATYpaJbHOE YHCIIO, Ha KO-
TOpO€ NETATCA NaHHble yucia. Haumenvuium
oowum kpamnvim (HOK) — HaumeHnbIiee Ha-
TypaJIbHOE YHCJIO, JCJAIIeecs Ha KaKIoe U3
X yucen. Hanbompmmii oOmmuii nenurens

YHCel a,,a,,..,a, 0003HaYaIo0T
(a,,a,,...,a,), a HaUMeHblIEe obOLIee Kpar-
Hoe — [a,,a,,...,a,]. B wactHoCcTH, (a,b)—

HO/l uucen a u b, a [a, b] — HOK 31ux un-
CelL

OTtmMeTuM, 4TO

e HOJl (a;b) = HOJ (a; a+b);

e HOJl (a;b) = HOJ (a; a—b).

Yucna a,, a,, ..., a, Ha3BIBAIOTCA 63aUM-
HO npocmuimu, ecim (a,, a,, ..., a,) =1 n no-
NApHO 83AUMHO NPOCMbIMU, €CITU JIIOObIE Ba
M3 HUX B3aHMHO TIPOCTHL, T.€. (a;,a;) =1 mnpu
i # j. [lomapHO B3aMMHO MPOCTHIEC YUCIA SIB-

JSFOTCST B3aMMHO TIPOCTBIMU (B COBOKYITHO-
ctu). OOpaTHOE YTBEp)KJICHHE HEBEPHO, Kak
MOKa3bIBACT CJCHYIOUIMH TpHUMEp: YHCiIa
n=3,n=23,n=2-5u n,=35 He



SIBJIAIOTCA B3aNMHO

(n, ny, ny,n,)=1.

IIPOCTBIMH, a

OTtmMeTuM, 4TO

e Ecnu nenble yncna ¢ u b B3aMMHO TIpo-
CTBI, TO UX CyMMa a +b U npousBeneHue ab
TaKXKe SBISIFOTCS B3aMMHO IPOCTHIMH YHMCIIA-
MHU.

e Ecnu nenble yncna a u b sIBISAIOTCS B3a-
UMHO TpocTeiMU, TO HO/] (a+b;a—b) pa-
BeH | wim 2.

Hokazamenvcmeo. 11onoxum
HOM{(a+b;a-b)=d .

Torma (a+b)|d, (a—b)|d. CnenoBareins-

HO, CyMMa U pa3HOCTb 4Mcen a+b u a—b,
paBHBIE COOTBETCTBEHHO 2a W 2b nensarcs
Ha d . Ho yucna a u b 1mo ycioBHIO B3aUMHO
MPOCTHI, To3TOMY 2 nenutcs Ha d @ 2| d. Ot-

ctoga d =1 wnu d = 2. O6a 3Tu cinyyas BO3-
MOXHBI. JlelicTBUTENBbHO, d =1, ecln 4ucna
a u b pa3HON 4eTHOCTH, U d =2, €CIIM OHU
HEYETHBI.

e JlioOble ABa mocienoBaTENbHBIX HATy-
PAJBHBIX YUCJIa B3aUMHO TIPOCTHI.

e HauOospiuii o0mui AeIUTENb JIFOOBIX
JBYX TIOCJICJIOBATEILHBIX YCTHBIX HATYpPaJib-
HBIX YKCEJ PABEH 2.

e Jl100ble N1Ba ITOCIIENOBATENILHEIX HEYET-
HBIX HATYPaJIbHBIX YHCIIa B3aWMHO TPOCTEHI.

e Eciu nensie uncia a u b ABISIIOTCS B3a-
HMHO MIPOCTBIMH, TO

HO}l(a +b;a’ —ab +b2) pasen 1 umu 3.

e Eciii HaTypalbHbIE YKMC/IA 71 U 71 B3aHM-
HO TIPOCTHI, TO HOﬂ(m +n;m’ +n2) paseH 1
W 2.

JMoxkazamensvcmeo. Ilycts d — oOmmit ne-
nuTens yncen m+n u m’ +n’. Torna Ha d
JieuTCs Takke yucno (m+n)’, a 3HAYMUT, U
gucno (m+n)* —(m* +n*) =2mn.

Utak, d siBasieTcs oOIUM AEIUTEIEM YH-
cen m+n u 2mn. Ho m+n u m He Moryr
HMETh OOIIUX JCHUTENICH, OTIWYHBIX OT 1
(Tak Kak m W n B3aWUMHO MPOCTHI), U TOXKE
CIpaBeUIUBO i uncen m+n u n. Cnengoa-
TENBHO, d ABIAETCS NEIMTEIEM YHucia 2, T.€.
d=1nm d =2.
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Teopema 5. [Iyctb 17 — HarypangpHOE YuC-

k k k
10 U n=p'-p,>-...-p* — €ro KaHOHHUYE-

N
CKO€ PpAa3IOKEHHE Ha INPOCTHIE MHOXXHTEIU.
Torma kaxIplil HaTypaJbHBIA JENUTEND d
yucjia n MOXET ObIThb 3alMcaH B BHJE

d=p™-py*-...p, rae m, — yenble 4uc-

na, YIIOBJIETBOPSIOLINE YCIIOBHSM

0<m <k,..,0<m <k,
Hokazamenvcmeo. Ilyctb d — Kakou-

b0 JenuTenb HaTypajdbHOTO yMcha n. Tak
KAaK Ka)IbId ITPOCTON AEIIUTENb YHCiIa d SIB-
JSeTCsl IeNUTENeM 4Yucia n, TOTJa B pasiio-
KEHUM ¢ Ha MPOCThIE MHOXXHUTEIH MOTYT
BCTpEUaThCsl TOJBKO YKCIA K3 MHOXKECTBA
{p,» Py>-» p,}. llodTOMY uHMCIO d mpen-

craBuMO B Buae d = p - p)? -...-p’ . Teo-
pema Jlokas3aHa.

Teopema 6. Ilycte naHbl 1Ba Harypaib-
HBIX 4ucla a u b, a p,, p,,..., p, — 1po-

CTBhIC YHCJIa, BXOOAIINUEC B KAHOHUYCCKHUE pPa3-

noxenuss a u b . [lpencraBum uucna a u b
ks

B BUJIE a= p]k‘ -pé‘z et Dy 51
b=p™"-pi*-..-p’ tme m 20, k20 —
menbie yucia. Toraa

(a’ b) _ p]min(lq, my) _p;m’n(kz, my) ;nin(ks, mg) ’
[a, b] = p™ ™ py=tie e pe ),

Hampuwmep, IIyCTh a=2.3".7,

b=2%.3-5.11. Samumem wuX B BHIC
a=2"-3>.5".7".11° b=2%".3".5".7"11"
Torna

(a,b)=2"-3' =24,
[a,b]=2"-3?-5".7"-11' =277 200.
3ameuanue. CripaBe/yIMBO PaBEHCTBO
(a,b)-[a,b]l=a-b.

IIpumep 6. Haiimu (5160, 16920) u [5160,
16920].

Pewienue. HanviieM KaHOHMYECKHE pa3-
noxenus yucen 5160 u 16920:

129
5160=2-5-2-2-3.43=2°.3.5.43,
L e S —

10 564



423

2
16920=2-5-2-2-3-3-47=2°.3*.5-47.
B i —
10 1692
Torma

(5160,16920)=2°-3".5".43".47° =120,
[5160,16920] =2°-3%-5'-43". 47" =727560.

Omeem: 120, 727560.

CymiecTByeT emie OJIMH CIoco0 HaXOxXe-
Husg HOJI nByx uucesn, Ha3pIBaeMblil alropur-
MOM EBKIMAa, MCHONB3YIOIIMKA JEJICHUE Y-
CEJI C OCTATKOM.

Hpumep 7. Haumu ece napvr namypans-
HbIX 4Yucell, HauMeHvliee obOujee KpamHoe
komopuvix pasno T8, a Hauborvuwul oouul
Oenumensv pasern 13.

Pewenue. 1lyctb a v b— UCKOMBIE YHUC-
ma, Ilo ycnoBurw (a,b)=13. 3Hauur
a=13-a, n b=13-b,. Tak kak [a, D] =78, a
78 =6-13, TO, KCTIONB3Yyd PABEHCTBO

(a,b)-[a,b]l=a-b,

nonysaeM a-b=13"-a,-b =13*-6. Orcto-
na mnomydaeM a,-b, =6. CienoBaTenbHO,
BO3MOJKHBI cilydan a, =1, by =6 u a, =2,
b=3mma =6,b=1na =3,b=2).
Torma momydaem 1Be mapsl 4YHcend, YIOBIIE-
TBOpAoUMe ycinouro 3azaun  (13,78) wu

(26, 39).
Omeem: (13,78), (26, 39).

IIpumep 8. (MHUOO, 2010). Haiimu nau-
Oonbuwull 00WULL denumenb 8cex Hucel 8uUod

p’ =1, 20e p— npocmoe uucno, 6orvuiee 3,
Ho menvuiee 2010.

Pewmenue. 3anmnmem

p’=1=(p-D(p+D).
3ametum, uto p—1, p u p+1— Tpu yncna,

CJIEIYIONINE B PALY HATYPATbHBIX YUCEN IPYT
3a IpyroM. 3Ha4uT, OJJTHO U3 HUX 00s3aTellb-
HOo gnenutca Ha 3. Tak kak p— mnpocroe,

6onbiiee 3, To Ha 3 genutcs aubo p —1, nu-
6o p+1. Kpome Toro, p—1 u p+1- nBa

YETHBIX YHCIIa, CIEAYIOIIME B pANYy HaTy-
PAIBHBIX YHCET IPYT 332 APYroM. 3HAYHT, OJ-
HO U3 HUX nenutcs Ha 4. OTcroa moxyqaem,
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yTo B mpousBeAeHuu (p—1)(p+1) kakoi-To
U3 MHOKHUTEJCH JCIIMTCS Ha 3, OJWH ACIUTCS
Ha 2, a Apyro Ha 4, T.€. 9TO MPOU3BEIACHUE
nenuTcs Ha 24.

Tak kak  1pu [I0JIy4aeM

p=3
p°>—1=24, 1o 24 — nHaubonpumuii OO
JllenuTeNb Beex uuced Buaa po —1, rme p—

MPOCTOE YHUCIO (B TOM YHCIE W MEHBIIEe
2010).

Omeem: 24.

Hpumep 9. MI'Y, 1978). Mnoorcecmeo
A cocmoum u3 pasiuuHLIX HAMYPATbHBIX
yucen. Konuuecmeo uucen 6 A 6onvute cemu.
Haumenvwee obwee kpamnoe ecex uyucen u3z
A pasno 210. /{na nobwvix 08yx uucen uz A
ux Hauborvwull obwul Oerumenv 00JbULE
eounuywl. Ilpouzsedenue ecex uucen uz A
oenumcs Ha 1920 u ne asnsemcs keaopamom
HUKako2o yenoz2o uucia. Hatimu uucna, us
Komopwix cocmoum A .

Pewenue. PaznoxxuM HanMeHbIIee oOIIee
KpaTHOE Ha MPOCTHIE MHOKUTEIIN
210=2-3-5-7. Torma B COOTBETCTBHH C
TeopeMoil 6 Bce umcna, BXomsAmme B A ,

ky ~ky cks Ak
IOJDKHBI UMeTh Bunm 22 -37.5% .77 rme
k,, ky, ks, k,ipunumaror 3nadeHus 6o 0

nu6o 1. IlepeOupasi BO3MOXHBIE BapHaHTHI,
MoJIydaeM, 49TO HCKOMBIC 4YHCIa OyayT co-
ACPKATBCA CpCAU 4YHCCII, TPUBCIACHHLIX HH-
xKe:
2'.3%.5%.7°=2; 2°.3'.5°.7° =3;
20.3%.5".7°=5; 2°.3°.5°.7" =7;

20.31.5°.7°=6; 2'.3°.5'.7° =10;
20.39.5%. 7" =14, 2°.3'.5".7° =15;
20.3.50.7" =21; 2°.3°.5".7' =35;

2'.3'.5".7°=30; 2'-.3'.5°.7"' =42;
20.3%.5.7' =70; 2°.3'.5".7' =105;

2'.31.5".7" =210,

[TOCKOMBKY JICIUTENb MPOM3BEACHHUS BCEX
YyKrcel W3 MHOXECTBAa A TMPEICTAaBIACTCS B
Bunge 1920=27-3.5, To MHOXecTBO A co-
JIEP)KUT HE MeHee 7 dYeTHBIX uucen. Bcero
MOJTYYIIIOCH 8 YeTHBIX uncel: 2, 6, 10, 14, 30,
42, 70, 210. Hx mnpousBemeHHe pPaBHO
28.3%.5%.7% U sBuseTcs TOJHBIM KBajpa-
TOM, YTO MPOTHUBOPEUUT ycioBuio. Jlobagiie-



HHUE K 3TUM YHCIIaM JTI000TO HEYETHOTO Yrcia
(3, 5, 7, 15, 21, 35, 105) 6yner mpoTuBOpE-
YUTh YCJIOBHUIO, YTO IS JIFOOBIX JTBYX YHCEIN
3 A ux HauOOJBIIUNA OOMHA JETUTETH
0O0JIbIIIe €AMHUIIBI.

N3 mnepeuncieHHBIX HEYETHBIX YHCEI
TOJIbKO 4ucio 105 sBiugercs B3auMHO IIPO-
CTBIM TOJIBKO C OJIHUM YETHBIM YHCIIOM — 2.
OcranpHbIe HEYETHBIE YMCIIA B3aUMHO IIPO-
CTBI C OOJIBIIUM YHUCJIOM YETHBIX YHCENl U3
MIPUBEICHHBIX.

CrnenoBaTenbHO, YCIOBHE 3aJadd Oyner
BBITIOJTHEHO, €CJIM W3 MHOXECTBA BCEX Iepe-
YUCJICHHBIX YETHBIX YHCEN OYJeT UCKIIOYCHO
yucio 2 u Oyner gobasieno yucio 105. Ilo-
nygaeM A = {6,10,14, 30, 42, 70,105, 210} .

Omeem: A =1{6,10,14, 30, 42, 70,105, 210} .

KoanuecTBo nenntenei
HATYPAJIBHOI0 YHCIA

ks

Teopema 7. Ilycth n = p]’“ -pé” ..o p Ka-
HOHMYECKOE Pa3JIOKEHHE Ha IMPOCTHIE MHO-
KHUTEIH HATypaJbHOTO 4ucia 7. Toraa 4uc-
70 t(n) HaTypalbHBIX JIEIUTENed uucia n,
BKIIOYass | W caMO 4YMCIIO 71, BBIpaKaeTCS

dhopmyroit

w(n) =k, +1)-(k, +1)-...-(k, +1). (2)

Mokazamenvcmeo. B COOTBETCTBUU C
TeopeMoi 5 1000l JenuTeNnb HaTypalbHOTO

mg
Ky b

rae m, — Ienble YHCla, YIOBJIETBOPSIONINE
L, 0<m <k,

Tak kak KaxaoMy ACTUTETI0 d MOXKHO
IIOCTABUTh B COOTBECTCTBUC ynOprI[O‘IGHHI)IfI
Habop (m;,m,,...,m ;) ¥ HaoOOpOT, TO KO-

yuciaa n umeer Bug d =p" - p)t ..o p

yenoBusm 0<m, <k, ..

JIMYECTBO Pa3IMYHbIX HAOOPOB PABHO KOJH-
YECTBY pa3NM4YHbIX aenurteneil. IlepBas mo-
3ULIMS B 3TOM HAa0OPE MOKET OBITh 3aIl0JIHEHA

k, +1 cnocobamu, BTOpas k, +1 crnocobamu,
..., mocanenuas k +1 cnocobom. IlepBeie nBe

MO3ULMK MOXKHO 3anoyHuth (k, +1)-(k, +1).
Jlanee wucnosib3ys METOJ MaTeMaTU4ecKOM
WHIYKIIUWA JIETKO TIOJY4UTh, YTO HMMEETCS
(k, +1)-(ky +1)-...-(k, +1) pasnuuHBIX Ta-

KHX CTPOK, T.€.
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w(n) =k, +1)-(k, +1)-...-(k, +1).
Teopema nokasana.

Hpumep 10. Havimu yucno paznuunsix oe-
aumeneu wucina 1440, exnouas eounuyy u
camo 4ucio.

Pewenue. 3anvineM KaHOHMYECKOE pas-
JIOKEHUE quciia 1440. Tak KaK
1440 =5-288=5-9-32, 10

1440=2°-3%.5".
CnegoBaTenbHO,
(n)=05+1)-2+1)-(1+1)=36.
Omeem: 36.

Hpumep 11. Haumu ece namypanvhvle
yucna, NOCIeOHss 0ecamuyHas yugpa Komo-
poix 0 u xomopwle umerom posno 15 paznuu-
HbIX HAMYPAIbHuIX Oeaumenell (8Ka0Uasn eou-
HUYY U CAMO YUCTIO).

Pewenue. Tax kak UCKOMBIEC HATypaJIbHbIE
YHciIa IMEIOT HEUEeTHOE YHCIIO JIennuTeliei 15,
TO BCE€ OHHM SIBIIAIOTCS KBajapaTamu. [lockosib-
Ky 15=3-5, TO BO3MOXHBIE Pa3I0KECHUS UC-

KOMBIX YHCEI B COOTBETCTBUHU C (hopmysoit

(2) moryr umers Bun p'* wmm ¢*-r*, rue

P, q, " — TpocTble uucia. llepBblii BapuaHT
HEBO3MOJKEH, TaK KaK MCKOMOE€ YHUCIIO JOJDK-
HO okaHuuBaThcs Ha 0. CooTBercTBEHHO, 0
Ha  KOHIIE MOXHO  IOJIY4YUTb,  €CJIH
q=2,r=5wm q=5,r=2. B oatux ciyua-

AX momydarorcs umcna 2°-5% =2500 wm
5%.2% =400.

Omeem: 400 u 2500.

Mpumep 12. (MockoBckasi OKpY/KHast
oaumnuana, nekaopn 2010). Hamypanvnoe
YUCIO a umeem POBHO Yembvlpe PAIUUHBIX
Hamypaibhvix oeaumens (8KI0OUAA eOUHUY)Y U
a). Hamypanonoe uucno b umeem posHo
ulecms pasiuyHuIX HAMYPATbHbIX Oenumereti
(6xnrouasn eounuyy u b ). Mooxxcem nu yucno
c=ab umems posno 15 paznuuynvix namy-
panvruix deaumene (6Kkaouas eOunuyy u c)?

Pewenue. Tak kKak a MMEET POBHO YETHI-
pe pa3IUYHBIX HATypallbHbIX JAEIUTENs U
BO3MOXHBI JIBa IIpeJCTaBieHHUs uuciaa 4,
yaosierBopsitomee  Gopmyne (2) — 31O
4=2-2=(1+D(1+1) wm 4=3+1), TO



YUCJI0 a MNpeACTaBIACTCA B BUAC p-gq WIA

r*,THe p,q,r — NpOCThIC YMCIIA.

Tak xak b uMeeT POBHO LIECTh pa3iny-
HBIX HATYPaJIbHBIX JEIHUTEIS W BO3MOYKHO
CJIMHCTBCHHBI JIBa PAa3JIOKCHUS, YIOBJICTBO-
psrotee bopmyre (2), — 3TO
6=2-3=(1+1)-24+1) mwm 6=(5+1), 10
YHCI0 b TIPEICTABISIETCA B BUJE /1-/m° WIH
>, THe n, m, t — OPOCThIE YHCIA.

Yucno ¢ pomxkHO mMMeTh 15 penureneil.
Bo3MoXxHBI cnemyromme pas3ioKeHusl 4ducia
15: 15=2+1)-4+1)=4+1)-2+1) wnm
15=(14+1). B nanHo#i cutyanuu OcCyIiecT-

BHUM TOJIBKO IIEPBBIM BAPUAHT, T.€. IPH ¥ = .

4 2
B >Ttom cj1ydac 1moJjydyacem 4ucio c¢=r -m ,

uMerolee 15 nenurenen.
Omeem: MOXeT.

Hpumep 13. (MHOO, 2010). Haumu ece
Hamypaivhvle Yucia, Komopwvie Oelsamcs Ha
42 u umerom posno 42 paznuyHvIX HAMYPATb-
Hbix Oenumens (xarouasn 1 u camo uucno).

k k k
Pewenue. Ilycte n=p," - p)> -...- p xa-

N
HOHMYECKOE Pa3JIOKEHHE Ha IMPOCTHIE MHO-
KUTEIH MCKOMOTO HaTypaibHOTO uncia. Ko-
JIMYCCTBO Ppa3/IMYHBIX HATypaJdbHBIX ACIUTC-
ner n 3amaercst GopMyson

1(n) = (k, +1)- (ky +1) - (k, +1).

Tak xak n npenutcst Ha 42, TO €ro MOXKHO
3anucath B Bune n=42m=2-3-7-m. Ot-
CI0JIa CIENyeT, 4TO MpocCThie yucaa 2, 3, 7
BXOJST B KAHOHUYECKOE PA3JIOKEHUE Uucia
n. B coorBercTtBuu ¢ opmynoit mius t(n)
MOJIy4aeM, YTO B €r0 PasyIoKeHHE Ha MHOXKH-
TEIW BXOJIUT IO KpalHEW Mepe TPU MHOKH-
Tenst, He MeHblme 2. Ho takoe pasznoxeHue
€AMHCTBEHHO

() =42=2-3-T=(k, +1)-(k, +1)-(k, +1).

Takum 00pa3oM, BO3MOXHO 6 pa3IMYHBIX
COcO0OB PA3NIOKEHHS YUCIIAa 1, B KKIOM
13 KOTOPBIX MHOKHUTEIIM B PA3NIOKCHUH T(7)

MPUHUMAIOT 3HaYeHus 2, 3, 7. DTO 3HAYMWT,
9TO Ha0OPbI MoKa3aTenei CTCIICHU
(ky, ky, ky) ects (1,2,6), (2,1,6), (2,6,1),
(6,2,1), (6,1,2), (1,6,2). YuutsiBas, 4TO
9TO KPAaTHOCTH, C KOTOPBIMM umucina 2, 3, 7
BXOJST B KAHOHUYECKOE PA3JIOKEHUE HA TIPO-
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CThIE MHOXXHUTEIM HMCKOMOIO HATypajJbHOTO
yyuciaa 7, MOJYYUM, YTO 3TH Pa3JIOKECHUS
HMEIOT BUI

21.32.76 2%.31.76 2%2.36.7!
26.32.7' 26.31.72 2'.36.72,

Omegem: 2'-3%.7°, 2%.31.76 22.36.7",
20.32.71 26.30.72 21.36.72

CaencrBue u3 teopemsnl 7. Ecnu Haty-
palbHOE YUCIIO # MMEET HEYETHOE YUCIIO Ha-
TypajlbHBIX JenuTenel, Bkiaoyas 1 u n, 1O
3TO YUCJIO 7 — TOJIHBIA KBaApar.

Ipumep 14. Haiimu xonuuecmso u cymmy
8CeX HAMYPAIbHBIX YUCETL, He NPEBOCX00AUJUX
1000 u umerowux neuemnoe uucio oenume-
Jet.

Pewenue. HatypanbHoe 4uciao, UMEIOIIECE
HEYETHOE YUCJIO JACTUTENIed, SBISIeTCs MOJI-
HbIM KBaJparoMm. CienoBaTenbHO, YTOOBI OT-
BETUTh HA IEPBBIA BOMPOC 3aladd, HYKHO
COCUUTATh KOJMYECTBO YHCEl, SBJISIOIIUXCS
KBagparaMu M He npeBocxomimumu 1000.
HaunbosbmmM ~ TakuM  9HCIOM  SIBIISIETCS
961 = 31%. 3uaunt umeercs 31 Takoe YHCIO.

Hckomas cymma paBHa

S=1>+2%+..+31%.

Ucnonwiys hopmyny
Sm)y=1"+2>+...+n’ = n(n +1)@n+1)
6
oJry4aeM
SBH)=1"+..+n’ :M:10416.

Omeem: 31 n 10416.

Ipumep 15. (docpounoe EI'D, anpeasn
2011). Yucno N paeno npoussedenuro 11
PA3TUYHBIX HAMYPATbHLIX Yucen, oonbuiux 1.
Kaxoe naumenvwee uucno pasnuunvlx Hamy-
panvHuix Oenumerneti (6KOYAST €OUHUYY U CA-
MO HUCIO0) MOdcem umems yucio N ?

Pewenue. 1lycte N =n,-n,-...-n,, TI€
N, Ny, ...,N,, — PpA3INYHBIE HATypaJbHbIC
ypciia, oonpiiue 1.

PaccmoTrpum  ciydait, korma n =a,
n,=a’, ..,n,=a', Tae a— HEKOTOPOE

npoctoe yucino. Torpa




N =a '(12 . '(l” — al+2+...+]l — (166.
B stom cimyyae uucno N wumeer 67 pas-

JUYHBIX HATYpAJIbHBIX Jenurenen: 1, a,
2 66

a, ..,a

JlokaxeMm, 4To MpH JIOOBIX 7, H,, ..., N,
quciio N HE MOXET UMETh JeIUTENCH MEHb-
me, uyem 67. JleWCTBUTENBHO, TIyCTh
I<n <n, < ..<n;. Ilokaxem, 4To y uncna
N Bcernma ectb, MO KpaiiHeW mepe, 67 pas-
JIMYHBIX JCIUTENICH. YKaXeM ux.

Koun-
Henurenn
BO
1 1<
2 <n <n, <
3 <nn, <mny <n,n, <
4 <nn,ny <mn,n, <nnn, <n,nn, <
s <mn,nyn, < nn,nyng < nyNn,ns <
<mnyn,nyng < nynyn,ns <
1 < MmNy NN N, RN N, <+ <
< NYN N NN N, NGRG N T <
1 <My RN NS RN Ry 1y = N

Honyumwmm 1+2+...+11+1=67 nenure-
ned. 3HAUYMT, MEHbINE, YeM 67 nenuTenei y
yrciaa N OBITH HE MOXKET

Omeem: 67.

Cymma nesauresiei
HATYpPaJbHOI0 YHCJIA

ks

Teopema 8. Ilycte n = p]’“ -pé‘z Y 3

HHUYCCKOC PA3JIOKCHHUE HA ITPOCTBIC MHOKUTCIIN

HaTypajdpHOTO uYmcia n. Torma uucino o(n),

paBHOE CyMM€ BCEX HATypaJbHBIX ICIIATENIEH
4ucia 1, BeIpakaercs GopMyion

o(n)=(+p, +pl+.+p)-(+p, + 3
+pi4 A p) (4 p, + pl 4.+ ps)

KaHO-

oxazamenbcmeo. PackpwiBas CKOOKH B
MIPOU3BEICHUN

A+ p, 4.+ p)-(L+ p, +...+ pi?)x
X....(1+ p, +...+pf‘),
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HOHy‘-II/IM CyMMy BCEX HJICHOB BUOA
m m

pltepyeepl, tme 0<m <k, .. ,

0<m <k,

mg
s

Kaxmoe mpomssemenue p" - p,?-....p
BXOJUT B CYMMY TOJIBKO OJIUH pa3 U ABJISACTCA
nenuteneMm 7. Clieg0BaTENbHO, MOTyYCHHAsS
CyMMa TMpeACTaBisieT coboit cymmy o(n)
BCEBO3MOXKHBIX JICTTUTEIICH Yncia 7 .

DTy CyMMY MOYHO TaK)Ke 3alucaTh B BUIE

o= =L oL
pi-1 p,—1

Teopema oxaszana.

Hpumep 16. Haiimu cymmy 6cex pasznuu-
nwvix oeaumeneu yucia 1440, exnovwas eounu-
Yy u camo yuco.

Pewenue. Tax xak 1440 =2°.32.5" 1o
201 3 -1 5°—1

2-1 3-1 5-1
=2418.

o(n) = =31-13-6=

Omeem: 2418.

IIpumep 17. MHOO, 2010). Haumu na-
mypanvroe uyucio N, umerowee 6 Oenume-
qeu, cymma komopwvix pasua 104.

Pewenue. 1o hopmyrne (2)
W(N)=6=2-3=(k +1)-(k, +1]).

CJe10BaTENBHO, N=p, - pi, e
Py» P, — HEKOTOPBIE MPOCTHIE YHCIIA.
[To dopmyme (3)

o(N)=(1+p))-(1+ p, + p;) =104.

Tak xak 1+ p, 23, TO paccMOTpuUM Bce-

BO3MOXHbIE pazoxeHus yucia 104 B mpous-
BEJICHUE JBYX MHOXHUTENEH, KXKAbIM U3 KO-
TopbiX He MeHbIne 3. [lomydaem 1Ba BapuaH-
Ta 1l04=4-26=8-13.

B nepBoM citydae cuctemsbl HE CYIIECTBYET
MIPOCTBIX YUCEJ, SIBJISIOMINXCS PEIICHUEM I10-

JYYAIOIIMUXCS CUCTEM YPABHEHUN:

I+ p, =4, 1+ p, =26,
5 W 5
I+ p, +p;, =26 I+ p,+p; =4.

Bo BTOpOM cityyae u3 cuctembl ypaBHEHUN



I+ p, =8,

13

1+p, +p;

nojyqaeM p, =7, p, =3.

1+ p, =13,

Cucrema HE HMEET pe-

8

1+ p, +p;
IINCHUA
CnenoBarenbao, N =7-3% = 63.

Omeem: 63.
dakTopuaa HATYPAJIBLHOI0 YHCJIA

dakTopuan HATYpaJbHOr0 4YHCIAA 7

Teopema 9. IlokazaTenb CTENEHU, C KOTOPHIM
IMpOCTOC YHUCIO p BXOJUT B KAHOHHUYCCKOC

pasyioKeHue yucia n!, paBeH

n

p3

k >

p

o= + P 000 P

(4)

rie k— Takoe HaTypaJbHOE YHCIO, YTO
k k+1 n
p <n<p",a|— | O3HAaYaeT LEIYI0 9acTh

p

ancna — (i=1,2,..., k).
p

(o6o3Hauvaercs n!, MPOU3HOCUTCS 9H Ghakmo-
puan) — TIPOU3BEICHHE BCEX HATYPaTbHBIX
qrcen oT 1 10 7 BKIFOUYUTENBHO:

n=1-2-...-n.

Ipumep 18. Haimu naumenvwee namy-

PpanvHoe Yucio n maxoe, ymo n! 0enumcs Ha
1170.

Pewenue. KaHOHHMYECKOE pa3JIOKEHUE
gpcna 1170 umeer Bux 1170=2-3%-5-13.
Orcroga moJjiyyaeM, 4YTO B IPOU3BEICHUU
1-2-...-n JOMKHO MPUCYTCTBOBATh B KAYECT-
BE MHOXMUTENs mpocroe uuciao 13. Hawm-
MEHbLIee HaTypaJlbHOE YUCIIO 7, YIOBJIETBO-
pstoiee 3ToMy ycioBuio ecth 13. OTmeTum,

uro 13! Takke nesmtes Ha 2, 32 =9, 7.
Omeem: 13.

Hpumep 19. Hatimu naumenvuwee namy-
PalbHOe YUCIO N MaKoe, Ymo OHO He A6Jis-
emcs oenumenem 50!.

Pewenue. Kanonudyeckxoe
yucia 50! umeem BUII:

paziioKeHne

501=2% .35 .55 . 47"

CrnenoBaTenbHO, pa3IOKEHUE Ha MHOXHUTEITH
HMCKOMOTO YHCiIa JOJKHO COJIepKaTh B Kade-
CTBE COMHOXHTEIS XOTS ObI OJIHO MPOCTOE
YHUCI0 OTIMYHOE OT 2, 3, 5, ..., 47 unu co-
Nep>KaTh KaKOW-JIMOO COMHOXKHTENb, IPe-
CTaBJIAIOIINN 2 B cTenieHu OoJibliel k, miu 3
B CTEIIEHH Oouiblel k, M T.1.

Jlerxko ybemuThest, uTo yucio 53 ymoBie-
TBOPSIET YCIOBUSIM 3a1a4H.

Omeem: 53.
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Jokazamenvcmeo. I10ckoibKy

2

n=1-2-..-p-...- corpen-(n=Dn,

2p-...:p

TO YKCJIO COMHOKHUTENEH, KPaTHBIX p , PABHO

n
— |. Cpemy HHX KPaTHBIX p° COIEPKHTCH
p

— =
P P
T.71. Cymma (4) U gaeT UCKOMBIA pe3yibTar,

, KpaTHBIX p° COJEPHKUTCA u

TaK KaK BCAKHIA COMHOXXHTEINb, KPaTHBIA p"

(1<m<k), Ho He kpatHBIi p™*' | cocunTan

B HEH POBHO /M pa3: Kak KpaTHBIM p, Kak
KpaTHBIl p°, Kak KpaTHBIi p°, ..., Kak
KpatHbiii p” . Teopema jpokazaHa.

Hpumep 20. Haumu noxazamenv cmene-
Hu, ¢ komopwvim S éxooum 6 yucio 1000!.

Pewenue. B coorBerctBUM C (hopmynoi
(4) momyqaem

1000 1000 1000 1000
o= + + + =
5 25 125 625
=200+40+8+1=249.
Omeem: 249.
Ipumep 21. (JAuCTAaHUHMOHHBIH JTAN

oauvnuanbl «®u3rex-2011»). Hatimu nau-
bonvuwee Hamypaibhoe n, Ol KOMOPO2O
yucno 6500! denumcs na xascooe uz uucen

k" npu k=1,2,3,...,n.

Pewenue. Tak xak 80° < 6500 <817, 1o
gncno 6500! Touso nemmtes Ha k* mpm
k <80 (tak xak cpemu uucen ot 1 mo 6500
€CTh 10 KpalHeW mepe k 4ucel, NesIuxcs




Ha k) u TouHo He menurcs Ha 83% (Tak kak
83 — mpocToe YMciIo U cpeau Ymcen oT 1 1o
6500 menpmie 83 yucen, meidmuxcsa Ha 83, u

HET HM OJHOTO, KOTOpoe JemuTcss Ha 83%).
OcTaercss TONBKO HPOBEPUTH, ACTHUTCSA JIH
amcio 6500! na 81% u 82% .

3amernm, uto 81%' =3°**. Ho yxe meppoe
ciaraemot B Qopmyne  (4)  maer

[@} =2166, 1.e. uncmo 6500! Oyner ne-

autees Ha 3719
818] — 3324
ITpoBepuM uncino 82 =2-41. Yucno 6500!
nenurtest Ha 2% . JIOCTATOYHO BBISICHUTH JiC-
nures mm gncio 6500! va 41% . 3amerum, uto

[%} =158 . CinegoBarennHo, yuciio 6500!

u yx TeMm Oosee Ha

1
6yner nemuthes Ha 41 m yx Tem 6onee Ha

41% . 3uauwt, yncno 6500! nemurcs na 82% .
Omeem: 82.
1.2. /IeieHue ¢ ocTATKOM

He Bcsikoe 11enmoe uncino a nenmutes (Hare-
JI0) Ha JAHHOE HATYPaJIbHOE YUCIIO /1 .

Jlenenne 4ynciia a Ha 4MCIO b C OCTaTKOM
€CTh OTBICKAaHWE HaWOOJBIIETO HATYPaIhHOTO
qrciia, KOTOPOE B MIPOU3BEICHHUN C JICTTUTEIIEM
JaeT YHCJIO, HE TMPEBBINIAONIEE JeITUMOTO:
a=qgb+r, 0<r<b. Hckomoe uncio g Ha-
3BIBACTCS HENONHbIM 4acmubiM. Pa3HOCTH 7
MEXTy ACTUMBIM M TIPOU3BEICHUEM JICITUTEIS
Ha HETIOJIHOE YaCTHOE HA3BIBACTCS OCMAMKOM.
Ecnu ocraTok paBeH HyJI0, TO TOBOPST, 9TO d
nenutcs Ha b (6€3 ocTaTKa WM 9TO YUCIO b
— JETUTEIb YUCla a ).

Teopema 8 (o denenuu ¢ ocmamxom). Ins
mo0oro nejaoro a u uenoro b >0 cymect-
BYIOT M IPUTOM €JIMHCTBEHHEIC IIETBIE ¢ U 7

TaKue, 9YTo

a=qgb+r,tne 0<r<b.

)

Hoxkazamenvcmeo. PaccMoTpuM  panumo-
HalbHOE (HE 0053aTeNbHO LIEJI0E) YHUCIO

a
o= 3 Ecmu o — uenoe, To BO3bMEM ¢ =L .

Ecnu xe o He nenoe, To HaiayTrca IBa CO-
CCAHUX MECJIBIX YHCJIa, B IPOMCKYTOK MCKIY

www.alexlarin.narod.ru
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KOTOPBIMHU IOIMIAJacT . Menbmiee M3 HHUX
obo3zHaunm ¢. Torma ¢g<a<g+1, Te.

a
q< 5 < q+1. YMHOXHUB BCE TPH YaCTU 3TOTO

JBOMHOTO HepaBeHcTBa HA b (b >0 mo yc-
JIOBHIO), MOJIy4YUM

bg<a<bg+b,

otkyna 0 <a—bg <b. llonoxum r =a—bg
Yucno r — nenoe. Tem caMbIM CylIeCTBOBa-
HUE ¢ U 7 JI0Ka3aHo.

Jloka)keM €IUHCTBEHHOCTh TaKOTo Ipen-
CTaBJICHUS. [IycTs a=bqg+r u
a=>bq,+1, — IBa Takux INPEACTaBICHUA U
q #q,. Torna

bg+r=>bq,+r,
b(q_q]):r] —-r.

Tak kak g #g¢q, TO Torna

| q9—4, | 21.
blg—q,|=2b n 3naunt |r,—r|<b-1. Ho
0<r<b m 0<r<b,
|1, —7r|<b—1, 4TO NMPOTUBOPEUUT paHee Yyc-
TaHOBJICHHOMY ycioBHio. ClieoBaTeibHO,
q=¢,, HO TOTJa U 7 =7;. A 9TO 3HAYUT, YTO

TakK Kak TO

npeicraBineHus a=bqg+r u a=bq, +r,

COBIIAJArOT. TeopeMa JOoKa3aHa.

Chaencreue u3 Teopembl. Ilycte m-—
IIPOM3BOJIBHOE HATypallbHOE 4uCio, m >1.
Kaxnoe nenoe uucio npu AeIeHUU HA m Ja-
€T HEKOTOPbIl OCTaTOK, IPUYEM pa3HBIX OC-
TaTKOB POBHO m. DTO MOTYT OBITH 4YHCIa
0,1,2,...,m—1.

Hpumep 22. MPTH, 2002). Jaro uucno

a=2"""+3"% Haiimu nocneonior yugpy

Yucna a U OCmamox om OeleHUs Yucia a Ha
11.

Pewenue. Haiinem mnocnenHior uudpy
gncna a. Iocnennne mudpsl uncen 2° mo-
BTOpSIOTCA depe3 deThipe mmara (2'=2,
2 =4,2°=8,2"=6,2° =32, 2°=64 u
1.11.). [loToMy mocneass nudpa uncma 2°°

Takas ke, KaKk M y umcma 27, Tak Kak
2002=4-500+2,T.¢c. 4.

AHaJIOTHYHO, TOCHEAHsS mudpa y ducia

322 takas ke, KaK U y uucia 3%, 1.e. 9.



CrnenoBatenbHO, TIOCHEIHAS nU(pa ducia
a Takas e, Kak y u cyMMmbl 4+9 =13, T.e.
3.

Haitnem octatok oT JeneHus 4ucia a Ha
11. 3ameTuM, 4TO OCTAaTKU OT AeiaeHus Ha 11
upcen Buga 2° mosTopsioTcs yepes 10 ma-
roB. [loaToMy ocTtatok OT jaeneHUs Yuca

2° Ha 11 paBeH ocraTky OT neneHus Ha 11

uucna 27, tak kak 2002 =10-200 + 2, T.¢. 4.
AHanormyHo, OCTaTKH OT JeneHus Ha 11

gyceN Bua 3 MOBTOPSIOTCA uepes 5 IIaros.

I[TosTOMy OCTaToOK OT Aenenus yucna 3°° Ha
11 paBen ocratky oT AeneHus Ha 11 uucna
37, Tak kak 2002 = 5-400+ 2, T.e. paBeH 9.

CnenoBartenbHO, OCTATOK OT JICTICHUS YHUC-
na a Ha 11 paBeH ocraTky OT aeseHus Ha 11
CyMMBbl 4+9 =13, T.e paBeH 2.

Omeem: 3 u 2.
Auaroputm EBkinaa

st naxoxxnenuss HOJl nByx dmcen nmemsit
OOJIBIIIEe YMCIIO HA MEHBIIEE, U €CIIA ToTyJa-
€TCA HEHYJIEBOM OCTaTOK, TO JEJST MEHbIIEE
YUCJIO Ha OCTATOK; €CJIM CHOBAa IOJY4aeTcs
HEHYJIEBOM OCTAaTOK, TO JEJIAT MEpPBbIA OCTa-
TOK Ha BTOpOM. Tak mpoIoIKAOT ACTUTH 10
TEX IOp, MOKa B OCTATKE HE MOJIYYUTCS HYJIb.
[Mocnenuuit nemurens u ectb HOJl maHHBIX
YUCe:

a=qb+r (0<r <D),
b=rq, +r, (0<r, <n),
........................ (6)
ot =1y Ty (07, <1,),
P = Vo9 sz

Yucino r,,, sengercas HOJl unucen a u b.

3ameuanme. [ 10Ka3aTenbcTBa TOTO,
yro r,,, ssiserca HOJl uucen a u b, Hyx-
HO, MOJHHUMAsSCh O paBeHCTBaM (6) CHHUBY
BBEPX, YOCIUTHCS, YTO 7,,, SIBIACTCS JEIHUTe-

n+l
JIEM YHCell a U b, a 3aTeM, B34B JII0OO0H 00-
WA JenuTenb d 4ucen a u b, omyckasch
BHHU3 10 paBeHCTBaM (6) yOeauThCs, 4TO d
ABJIAETCS JICITUTENIEM 7, .

Hpumep 23. lcnonvsya ancopumm Eex-
auoa, naumu (5160, 16920).
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Pewenue. Vcionp3ys anroput™ EBkinaa,
MOJIy4aeM:

16920 =3-5160 +1440,
5160 =3-1440 + 840,
1440 =1-840+ 600.
840 =1-600 + 240,
600=2-240+120,
240=2-120.

Cnenosarenpio, (5160,16920)=120 (cwm.

npumep 5).
Omeem: (5160,16920)=120.

Wcnonb3oBanue anroputma EBxinpa Obl-
BaeT yJnoOHee MeToJa Pa3JIokKEHHsI Ha IIpo-
CTBIC MHOXHUTCIIM B TEX Cly4dasdaX, KOI'da
TPYAHO IIONYYUTH KAaHOHUYECKHE pa3IIoxKe-
HUS 9Kcell (UM HEBO3MOKHO).

Ipumep 24. Hz6ecmno, umo opodw % He-

cokpamuma (a,b e N). [Hokazamv, umo
2a+b

0pobb ————— makaice HeCOKpamumd.
Sa+3b

a
Pewenue. Tak kak npoOb 35 HECOKpaTH-

Ma, T0 (a,b)=1. Halimem HanOOIbIINIA JTCTTH-

Tenb d uucen Sa+3b n 2a+b . Ucnons3ys
anroput™ EBKimaa, nojrydaem:

Sa+3b=2-(2a+b)+a+b,
2a+b=1-(a+b)+a,
at+b=1-a+b.

Otcrona nosydaeM, 4To
d=05a+3b,2a+b)=2a+b,a+b)=(a+b,a).

Hanee mno anropurMmy EBkinmpa 3agada
CBOJAMUTCA K HaXOXJCHUIO HauOOJbILIEro Je-
JUTENsl 4Yucell a U b, HO IO YCIOBHIO
(a,b)=1. Otcroma cienyet, uto d =(a,b)=1.

B takom cmydae npoOn HECOKpaTH-

a+3b
Ma.

Hpumep 25. Haiimu ece namypanvhule n,
3n’ —8n* +14n—38
3n-35

npu Komopulx 0poow co-

Kpamuma.

Pewenue. Haiinem HanOoIbIINHI ACITUTEI
d uucen 3n° —8n”> +14n—8 u 3n-5. i
ATOTO BOCIIOJIb3yeMCsl anroputMoM EBximpa.
Tak xak



3n° —8n’ +14n-8=(n* -n+3)Bn-5+7,

TO
d=03n’-8n" +14n-8,3n-5) =
=(3n-5,7).

Tak kak 7 — IpOCTOE YKUCIO, TO BO3MOKHBI
nBa 3HaueHus d . Ecim d =1, TOo mcxomHas
npoOb HecokpatuMa. Ecim d =7, To 4ucio
3n—5 JOJKHO OBITH KpaTHO 7, T.€. C y4ETOM
Toro, uto ne N, 3n=7k+5, tne keN.

Otcrona

Tk+5 k+2
n=

=2k+1+ .
3

B mocnennem paBenctBe npoOb Oyaer 1ie-
JBIM  9uciaoM, ecikm  k=3m+1, rHOe
m=0,1,2,....,torqa n=Tm+4.

Omeem: Ilpu n=Tm+4,
rne m=0,1,2, ....

Mpumep 26. Haiimu naubonvuwuti obuuti
Odenumenv d uucen 27 u 96 u npeocmasums
eco 6 gude d =27x+96y, 20e x u y— ye-

Jible yucaa.

Pewenue. Vcnonp3ys anroput™ EBkinaa,

HaiiieM HauOONBIINNA NEIUTENL d uucen 27
u 96:

96=3-27+15,
27=1-15+12,
15=1-12+3,
12=4.3.

Orcroga moisrydaeM, 4yto d =(27,96)=3.
Haunnast ¢ mepBOro paBeHCTBa ajiropuTMa

EBknnpma, choyckasch 110 NPEANOCIEIHEro,

MOJTyJaeM:

15=96-3-27,

12=27-1-15=27-1-(96-3-27) =
=4.27-1-96,

3=15-1-12=(96-3-27)—1-(4-27-1-96) =
=-7-27+2-96.

3TO M €CTh UCKOMOE MTPEICTABIICHHE
3=-7-274+2-96 T.e. x=-27, y=2.

Omeem: d =(27,96)=3,3=7-x+96-y,
rae x=-27, y=2.

3ameuanue. OTMETHM, 4YTO HaHJIEHHOE
HpCHCTaBHeHI/IC HEC ABJISICTCA € AUHCTBCHHBIM.
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Hpumep 27. MHUOO, 2010). Haiimu ne-
cokpamumyio 0poos

2000 pa3

—N
P 1234567888...87654321

g 12345678999..987654321°
%/_J

1999 pas

Pewenue. Paccmotpum uuciio a =11...1.
—
2007 pa3
3aMeTuM, 4TO YHCIUTENb JpoOu paBeH
2000 pa3

—

1234567888...87654321 =a-10" +a-10° +
+a-10°+a-10* +a-10° +a-10° +a-10+a =
—a-11111111.

AHQJIOTUYHO 3TOMY, 3HAMEHATEIb z[p061/1
paBeH a-111111111.

Ypema 111 111 111w 11 111 111 B3aumu0
HpOCTBI. Y6GI[I/ITI>C${ B O3TOM MO>XXHO HCIIOJIb-
3ys anroput™ EBknuaa. CnenoBarenbHo,

p _a-11111111 11111111

g a-111111111 111111111

11111111
EEREREEEE

Kaaccewl uncen {2k}, {2k +1}:
YeTHbIe M HeYeTHbIE YN CJIa

Omeem

e [lenmoe uucno, aensmieecss Ha 2, Ha3bIBa-
IOT YemnwviM, a IeJI0€ YHCIIO, HE JEAIIEeCs
Ha 2, HA3BIBAIOT HeyemHbiMm. YeTHOE YHCIIo a
MOKHO IPEJICTAaBUTh B BUAC 7 = 2k , a HEYET-
HOE 4Yuclio n— B BuAe n=2k+1, toe k-
HEKOTOPOE IIeJI0€ YHCIIO.

JIBa LIeNIbIX YHClIa HA3BIBAIOTCS YUCAAMU
00UHAKOBOU YemHocmu, ecid o0a OHU 4YerT-
HBIC WJIM HEYeTHBIC. /[Ba IIebIX YKClia Ha3bl-
BAIOTCS YUCIAMU PA3HOU YemHOCMU, €CITN
OJIHO M3 HHUX YETHOE, a APYroe HEUeTHOE.

o CBOHCTBa YETHBIX U HEYETHBIX YHCEN:

1. Cymma 4eTHOro M HEYETHOIO YHCEN —
YHCII0 HEYETHOE.

2. Cymma m1000TO KOJMYECTBA YETHBIX
YHCeN — YUCIIO YETHOE.

3. Cymma J11000T0 KOJTMYECTBAa HEUETHBIX
YHuCcel — YHCIO YETHOE, €CIH KOJIUYECTBO
CllaraeMbIX Y€THO, M HEUETHOE, €CIIM KOJInYe-
CTBO CJIaraeMbIX HEUETHO.

4. Ilpou3BeneHNEe HECKOJBKUAX IENbIX YH-
CeJl YeTHO, €CIIM XOTsI ObI OJTMH M3 MHOXHUTE-
JIeH YETEeH.



5. Ilpou3BeneHnE HECKOJIBKUX LEIbIX Y-
C€JI HEYETHO, €CJIN BCE€ MHOKUTECIIN HECUYCTHBI.

6. CymMMa 1 pa3HOCTH JIFOOBIX JBYX IEIBIX
YUCCII UMCIOT OJJMHAKOBYIO YCTHOCTD.

Ipumep 28. Kaxoe naubonvuiee xonuue-
CMBO HAMYPAIbHLIX YUCET MONCHO 3ANUCAMb
8 CMPOKYy Mak, ymoovl cymma aodblX mpex
COCeOHUX uucen Oblia Yemuou, a cymma Jo-
ObIX uemvlpex coCeOHUX uucen Ovlia Heuem-
Hou?

Pewenue. 1lycts a,, a,, a,,...— 3anKucaH-
HBIE B CTPOKY HaTypajbHbIE YHCIIA.

ITo ycnoBuio s nr000ro s1eMeHTa  q,
(i >1) cTpOKH BBHITIOJHIETCS YCIIOBHE: CyMMa
a,,+a,+a,, — 4eTHa.

BrprunTas u3 kaxaou Takol CyMMBbl, Ha4U-
Hasi CO BTOPOM, MPEABIAYIIYI0O CYMMY, MOJIY-
YMM, 4YTO Pa3sHOCTU @, —d, , — HEYETHBHI.
OTO 3HAYMT, YTO Mapel yucel a,,, U a, , Ol-

HOBPEMEHHO YETHBI UJIM HEYETHBI.
ITo ycmoBuio ans mxo00ro syIeMeHTa a,

(i>2) cTpOKM BBINOJHSETCS YCIOBUE: CyM-

MBI a,,+a, +a, +a,, "
a,,+a, +a,+a,, —HEICTHBL

3anuieM 1o MopsAKy, HA9uHas ¢ TIEPBOH,
TaKHE CYMMBI:

a,+a,+a,+a, =(a, +a,+a;)+a,,

a,+ay+a, +as=(a, +a,+a,)+a,,

a,+a,+vas+a,=(a,+a,+a;)+ag,

U T.0.

C y4eTroM TOro, 4T0 CyMMBI CTOSIIHC B
CKOOKax — YeTHBHI, MOJIydaeM, 9TO BCE YHCIIa

a,,ds, d, ...~ HEYETHBL

Ho Torma mobas cymma a; +a,, +a,,,
npu [ >4 — HEYETHA, a 3TO IPOTHBOPCUHT
yciosuto. CrenoBarenbHo, yke s 6 uucen
YCIIOBHE 3a/1a4i HE BBITIOHSCTCS.

[IpoBepuM BBIIOTHUMOCTD YCIIOBHS IS

ATy uucen. Tak Kak gucia a,, a; COriIacCHO

YCTAaHOBJICHHOMY BBIIIC HCYCTHLI, TO YHCIIO

a, 4eTHo. COOTBETCTBEHHO, M3 YETHOCTH
CyMM a, +a;+a, U a, +a, +a, NOIy4aeM,
4TO @, HEYETHO U @, YETHO.

PaccmaTpuBas cymmsel a, +a, +a, +a, u

a, +a, +a, +as, yoexxaaemcs, 4To OHU He-
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geTHbI. CJIeI0BaTeIIEHO, BCE YCIIOBHS 3aa4u
BBIIIOJIHEHBI.
Omeem: 5.

Ipumep 29. Jokazamv, umo xeadpam
yemHo20 uucna deaumcs Ha 4, a keaopam He-
yemnozco uucia umeem 6uo 4p+1, 2o0e

peN.

Pewenue. 1. Ilyctb n— 4YeTHOE 4YHUCIIO,
Toraa n=2k, OTKyZa HAaXOJIUM
n* =2k-2k =4k*, rne k*— HaTypanbHOE
uncyo. CaeqoBaTensHo, n° AeauTes Ha 4.

2. Ilyctp n— HEYeTHOE 4YHUCJIO0, TOTAa
n=2k+1, OTKyJa CIeayeT, 4To
n® =Qk+D)QRk+1)=4k> +k)+1,

k*+k=p- T.€.
n*=4p+1.

rac nejoc qHucCJIo,

[Ipumep 30. (MHOO, 2010). /lepeo ka-
arcovim u3z yucen 2, 3, ..., 6 u 10, 11, ..., 20
NPOU3BOTLHBIM 00PA3OM CMABAM 3HAK NIIOC
UIU MUHYC, NOCIE Ye20 K KANCOOMY U3 oopa-
308a8UIUXCS YUCeNl Nepeo2o Habopa npubas-
JSOmM  Kaxcooe u3 00pazoeasuiuxcs ducel
emopoco Habopa, a 3amem 8ce 55 noayuen-
HbIX  pe3yrbmamos  ckuaovieaiom. Kakyio
HAUMEHbULYIO NO MOOYIIO U KAKYIO HAUOOb-
ULYIO CYMMY MOJICHO NOJYYUMD 8 umoze’?

Pewienue. 1. Eciiu Bce uymcia B3SITHL CO
3HAKOM IUTIOC, TO MX CyMMa MaKCHMalbHa U
paBHa

10+2
S :11(2+3+4+5+6)+5-(¥-11]:

Hanob

=220+5-15-11=1045.

2. Tak Kak npeapIayias cymma oOKa3anach
HEYETHOM, TO YMCJIO HEYETHBIX CJIaraeéMbIX B
HEW — HEYETHO, NPUYEM ITO CBOMCTBO BCEHU
CYMMBbI HE MEHsIETCS NPU CMEHE 3HaKa J1it00o-
ro ee ciaraemoro. [loaromy nrobast U3 nosy-
YaroIMUXcsi CyMM Oy/ieT HEYEeTHOM, a 3HAUMT,
He Oynet paBHa (.

3. 3HaueHue | MOIynb CyMMBbI IPUHUMAET,
HallpuMep, IpU  CIEAYIOUIEH pacCTaHOBKE
3HaKOB Yy YUCEIL:

1(2+3-4+5-6)+5(10+11-12-13+
+14+15-16-17+18+19-20) =
=-44+45=1.
Omeem: 1045 u 1.



Kaaccewt uncen {3k}, {3k+1}, {3k +2}

Hpumep 31. Ilycmsv p — npocmoe uucio.

2
Jokazams, umo 8p~+1 — npocmoe uucno
Jauws npu p=3.

Pewenue. Ecmu TO HMEEM

p=3,
8-3’+1=73 — mpocroe umcino. OcTanbHBIE

yyciia BUjga p =3k He SABISAIOTCA MPOCTHIMU,

rae ke N.
Ilycts p =3k +1, Torna nomydaem

8-(Bk+1)> +1=72k> +48k +9 =

=3(24k* +16k +3) — cocTaBHOE YUCIIO.

AnanornuHo npu p =3k+2 mnoaydaem

COCTaBHOE YHCJIO (MMOKAKUTE CaMOCTOSITEIb-
HO).

JApyrue Kjaccol yuceJi

Ipumep 32. /lokazams, umo cymma keao-
pamoe namu nocie008amenbHblX Yeavlx Yu-
cen He A6AAemcsl NOTHLIM K8AOPAMoM.

Pewenue. 13 nipumepa 29 cuenyer, 4to
OCTaTOK OT JCJICHHWsI Ha 4 KBajpara IIeJIOro
yucna paseH 0, eciid 4uClIo YeTHOE, U 1, ecnu
— HEYETHOE.

Cpenu mOOBIX MATH WAYIINX TOIPSIA 11e-
aeix umcen k, k+1, k+2,k+3,k+4 nBa
Uy Tpu HeueTHble uncia. COOTBETCTBEHHO,
cpenu uucen

k2, (k+1)7, (k+2)°, (k+3)*, (k+4)°

TaKKe JIBa WJIK TPU — HEUETHBIE.
[Ipeamnonoxum, 9To HAWJETCS TAKOE IIEJI0e
YHUCIO M , UYTO

kK +(k+1)% + (k+2)* +
+(k+3) +(k+4)> =m”.

Ho torma mpu nenenun Ha 4 neBas 4acThb
MOCJIETHETO PABEHCTBA IACT OCTATOK 2 Wi 3,
a mpaBasg — 0 wim 1. B Takom ciydae paBen-
CTBO HEBO3MOXHO, TaK KakK paBHI)IG quciia
OOJIDKHBI JaBaThb OJMHAKOBBIC OCTATKH HpI/I
JIEJIEHUH HAa OJHO M Toke umcio. [lomydannm
npoTtuBopeune. CrenoBareabHO, CymMMa YH-
celr

k2, (k+1)7, (k+2), (k+3)*, (k+4)°

HE MOET OBITH MOJHBIM KBaapaToM.
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2. JlecATUYHASA 3aIIMCh
HATYPAJbHOI'0 YN CJIa

e Jlroboe HaTypaJbHOE YHUCIO 7 MOYKHO
MMpEACTAaBUTEL B )IeCﬂTHqHOﬁ CUCTEMC CUHCJIC-
HHS B BUJC:

n=a.a,,.a,a,a,=

=a, 10" +a,,-10"" +..+a, 10> +a,-10+a,.

Hampuwmep,

2485=2-1000+4-100+8-10+5 =
=210 +4-10* +8-10+5;

JIBY3HAYHOE YHCJIO: ab=10a + b;

Tpex3HayHOe uucno: abc =100a+10b+c.
Ipu3znaku 1e1UMoCTH
HATYPaJbHBIX YHCE]

1) Yucno n penurcs Ha 2 TOrAa U TOJBKO
TOr/la, KOrjaa a, IeIuTcs Ha 2.

2) Yucno n penutca Ha 4 TOrAa M TOJIBKO

TOrza, Koraa a,a, ACJIUTCA Ha 4,

3) Yucmo n penurtcs Ha 8 TOTHA U TOJIBKO

TOrJa, KOrja a,a,a, NEeIuTcs Ha 8.
4) Yucno n penurcs Ha 3 TOrjAa U TOJBKO
TOTJIa, KOTJIla CyMMa BCeX ero mudp ne-
JINTCA Ha 3.
Yucmo n penutcs Ha 9 Torma M TOJIBKO
TOTJIa, KOTJIa CyMMa BCeX ero mudp ne-
JINTCA Ha 9.
Ywucao n aenuTcs HA 5 TOrJa M TOJBKO

5)

6)
TOTJa, KOTJa @, JENATCS Ha 5.

7) Yucnmo n penutcst HA 25 TOrAa M TOJIBKO

TOrJa, KOTJa a,a, NENHATCS Ha 25.
8) Yucno n nmenutcs Ha 125 TorAa M TOJIBKO
TOrJa, Korjaa a,a,a, AenuTcs Ha 125.
9) Yucno nmenutcs Ha 10 Torma W TOJIBKO
TOrJa, Korjaa ero nocienHss nudpa 0.

10) Hucno nenutcs Ha 11 Torga u TONbKO TO-
raa, Korga aenurces Ha 11 cymma

a,—a, +a, —...+(-1)"a,.

IIpumep 33. (MMP, 11 kaacc, 2000/2001
y4eOHblii ron). /Ipu Kaxux Hamypaibhvix n
yucno A=1313...13 (6ceco 2n uyughp) Oe-
aumes Ha 637

Pewmenue. Yucino pnennrcs Ha 63 Torma
TOJBKO TOTHA, KOrJa OHO ACJIATCI Ha 7 U Ha



9. Tak kak cymma uudp uucia A paBHa
(1+3)n=4n u HOA(4;9) =1, To 4 xpaTtHO
9 Torjga M TOJBKO TOrja, KOrja n KpatHo 9.

Yucno 131313 pgenutcs Ha 7, mno3Tomy
n=9k, keN.

Omeem: 9%k, k € N.

Mpumep 34. Ilamusnaunoe uyucio oerum-
csa Ha 72, npuuem mpu e2o yugpovl — eOuHuU-
yvl. Hatimu ece maxue wucia.

Pewenue. lIickoMOE 4YHCIO HE MOXKET
OKaHYMBATHCS HaA 1, MOATOMY IYCTh YHCIIO
okaHuuBaercs Ha udpy b =1. [pyrywo He-
M3BECTHYIO IU(]pY, KOTOPYIO MOKHO TOCTa-
BHUTH Ha MEPBOE, BTOPOE, TPEThE MJIN YETBEP-
TOE MECTO, 0003HAUUM Yepes a .

Uucno 72 penurtcs HA JBAa B3aMMHO IIPO-
CTBIX yHcia 8 u 9.

Hcxons u3 mpusHaka qenuMocTH Ha 9, 1o-
JIy4UM, 4TO BBIpa)KE€HHE 3+ a + b KpaTtHO 9 u
JIBa BOBMOXKHBIX PaBEHCTBA a +b =6 (%) unum

a+b=15 (*x*).
1. Ilycth udpa a CTOUT HaA MEPBOM MEC-

Te, TOoraa yucio umeetr Buxa alllb. W3 npu-

3HaKa JeJIMMOCTH Ha 8 uucio 11b genutcs Ha
8. 3nauut, b =2 . U3 paBeHCTB (*) U (**) co-
OTBETCTBEHHO MoJiydaeM a =4 wi a =13
(HE MOIXO0IUT).

2. lludpa a crout Ha BTOpoM Mecte. Pac-
CYXJCHHS TIEPBOTO ITYHKTa TTIOBTOPSIOTCS,
nostomy b=2, a=4.

3. Mudpa a crout Ha TpeTheM mecTe. To-
ra mocieaHue Tpu nudpel 00pa3yroT YnCIo

E, kotopoe nenutcs Ha 8. IlpeacraBum

TpEX3HAYHOE YHUCIIO alb B BuKE, coziepxa-
eM cJilaraéMoe, KpaTHoe 8, M ciaraeMoe
a+b:
alb=100a+10+b =
=8-12a+4a)+(8+2)+b=
=8-12a+8)+(a+b)+(Ba+2).

i paBeHCTBA a +b =6 HMMeeM BBIpaKe-
Hue 6+ (3a+2)=8+3a, kparHoe 8 mpu
a=0 nmm a=8. Orcroga b=6 wm b=-2
(HE MOIX0IUT).

Jlns paBeHctBa a+b =15 mmeem BbIpa-
xenue 15+Ba+2)=16+Ba+1), kpatHoe

8mpu a=5. Orcroga b =10 (He MOAXOIUT).
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4. llubpa a CTOWT HA YETBEPTOM MECTE.
[IpencraBum Tpex3HauHOE yucio lab B BUnE,

lab=100+10a +b =
=(8-12+4)+@Ba+2a)+b=
=@8-12+8a)+(a+b)+(a+4).

i paBeHCTBA a +b =6 HMMeeM BBIpaKe-
Hue 6+ (a+4)=8+(a+2), kparHoe § mpu
a=6.0trcoma b=0.

Jlns paBeHcTtBa a+b =15 mMeem BbIpa-
xenue 15+(a+4)=16+(a+3), xkparHoe 8

npu a =5. Orcroga b =10 (He MOAXOIUT).
Omeem: 41112, 14112, 11016, 11160.

IIpumep 35. (MHUOO, 2010). Haiioymcsa
U Xoms Obl Mpu O0eCAMUYHBIX YUCIA, OeJs-
wuecs na 11, 6 3anucu xaxcooeo uz KOmopvix
ucnonvzosanwvl 6ce yugpovt om 0 00 9?

Pewenue. Yncno nenurcs Ha 11 Ttorma m
TOJBKO TOT/A, KOTJIa Pa3HOCTh MEXIY CyM-
MaM# €ro mudp, CTOSIMMX HA YETHBIX U He-
YETHBIX MecTax, Aenurcs Ha 11.

Breimumem Bce mudpsl mOapsia B MOPSIKE
yobiBaHust 9876543210, Ttorma ykasaHHas
Pa3HOCTHh CyMM paBHa

O+7+5+3+1-8+6+4+2+0)=25-20=5.
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[Tomensiem mMecramu uudpsl 3 u 6, Torna
nepBasi CyMMa yBEJIMUYUTCS Ha 3, BTOpas
CyMMa YMEHBIINTCS Ha 3, & PA3HOCTh CTaHET
paBHOM 28—17=11.

Omegem: na.
Boccranosiienue nudgp
Ipumep 36. Boccmanosums 3anucy:
CHU-CU = COJIb,

eciu 00UHAKogvle OVK8bL 03HAUANOM OOUHA-
Ko8ble Yyugpul, pazHvie OYKevl — pasuvie Yugh-

pbl.

Pewenue. Camo 4ucio u ero kBaapaT Ha-
YUHAIOTCS C OJHOW M TOW ke OyKBBI. ITO
MoskeT ObITh pu C =1 wim C =9. IlepBslii
BApUAHT HE MOJXOAMT, TaK Kak MOJydUM
kBagpar uuciaa CH B Buae TpeX3HAUYHOTO
qucia.

IIycte C =9. YToObl KBasipaT HAYMHAJICS
¢ uudpel 9, HEOOXOAUMO NHPOBEPUTH UYMCIIA

95, 96, 97, 98, 94* = 8836,
95% =9025. Yucna 95 1 96 He MOAXOAIT, TAK

TaK Kak



KaK OKaHYMBAIOTCA Ha nudpy 5 wim 6 coot-
BETCTBEHHO, HO OykBbl W u b o0o3nauaror
paszabie mudpel. KBagpar uncna 97 oxkaH4H-
Baercs Ha HUGpy 9, 4TO NPOTUBOPEUUT YCIIO-
BuIo 3agaun. [lomxogut dmciio 98, ero kBag-
pat 9604.

Omeem: 98-98 =9604 .

3ayepkuBanue uugp

Hpumep 37. Haumu ece namypanvhvle
yucna, Komopvle npu 3a4epKueaHull nocjeo-
Hel yugpuvl ymenvuaromes 6 14 pas.

Pewenue. 1lyctb MCKOMOE YHUCIO HUMEET
Bung 10a+b, roe a — KOIHMYSCTBO JIECATKOB,
b — mocnemusis uudpa. Torma u3 ycioBHs
3amaun  nonydaeM 10a+b=14a. Otcroga
b=4a. Tak kak b saBigercs UUPpPOH, TO
a=1 wmm a=2. COOTBETCTBEHHO MOJIy4aeM
3HaueHUS b =4 wnu b =8, U HCKOMBIC YUCTIa
14 wm 28.

Omeem: 14; 28.

Mpumep 38. [llecmusznaunoe uucio A oe-
qaumes wa 17, a yucno, nonyuennoe eviuepKu-
BaHuem e2o nocieonel Yugpol, oerumcs Ha
13. Haumu naubonvwee uucio A, yoosie-
meopsoujee SMUM mpedo8aHusM.

Pewenue. 1lyctp a— mnocnenuss nudpa
yucna A, a B— 4ucio, nosydeHHoe u3 A
BblUepKUBaHHeM nocieane nudpsl. Torna
A=10B+a. Yucno B - natuszHauHoe. Tak
kak 99999 =13-7692+3, 10 ynciao 99 996
nemures Ha 13. YUucna 4 Buma 999 96a ne

nmensaTes Ha 17, Tak Kak HauOOJIbIIee U3 HHUX
999 969 mnpu nenennu Ha 17 maeT B ocTaTke

12, a Haumenkmee 999 960 — maet B ocraTke
3. 3gayur B =99 996 He 1oAXOIUT.
Torma Bo3pMeM B =99996—-13 =99 983.

Ecimm B3are umcno A Buma 999 83a, To
999839 =17-58814+1.
nmogxonut 999 838. fcHo, yro OHO Hau-

CnenoBaTennHoO,

OoJIbIIIEE.
Omeem. 999 838.

[pumep 39. Haiimu xoms 6v1 00HO Hamy-
PalbHOe YUCIO, KOMOpoe Npu 3a4epKUeaHuul
nepeot yughpvl ymenvuaemces 6 57 pas.

Pewenue. 13 ycioBus umeeMm

10*-a+x=57x wmu 10" -a =56x,
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I1€ a— 3adepkuBaeMas 1udpa, x — YUCIIO,
o0pa3oBaHHOE k €ro NocieAHUMHU HUPpPaMH.

Tak kak mpaBasi 4acTh MOCJIETHETO PaBEH-
cTBa fenures Ha 7, T0 a =7. Torma nomy4a-

em 10" =8x. Yucmo 10* nenurcs nHa 8 mpm
k =3 . Hammensmee umckomoe umciao 7125.
OctanpHple 4HMcaa uMeT Bua 71250,
712500, ... .

Omeem. 71250...0, nc {O}U N.

IpunuceiBanue uudp

IIpumep 40. (MHUOO 2010). Haiimu sce
napel NAMUSHAYHBIX 4Yucel X U 'y, maxue

umo 4ucio Xy, nojay4€erHHoe npunucvléanuem
0eCAMUYHOU 3aNUCU YUCTA ¥y nocie oecsi-

MUYHOU 3aNUCU YUCTA X ) oenumes Ha Xy.

Pewenue. V3 ycnoBus 3agaud MMEEM
E =10°x+y=sxy, TAe S — HATypalbHOE
gcno. Otcioma momydaem 10°x = (sx—1)y
(*). Tak kak sx —1 He AenUTCA HA X, TO
JeNUTCS Ha X . 3HA4YUT, y = fx, I/Ie { — HaTy-
panpHOE umcio, mpudyeMm <10 (uHaue y
OyZeT miecTU3HauYHbIM uucioM). PaBeHcTBO
10°x = (sx —Dtx

10° = (sx—1)t. W3 mnocnemHero paBeHCTBA

(*) nmpumer BuUA WU

10° nemutcst Ha ¢. PaccMOTpUM BO3MOKHBIE

nenureny yncia 10°, mensmue 10.

1. Ilycts ¢t =1, Torga sx =100001. Ilep-
Bole aenutenu nciaa 100001: 1u 11. Ho mpu
s=1wnmu s >11 4yuCI0 X HE IMATU3HAYHOEC.

2. Ecmm ¢t =2, 10 sx =50001. IlepBrie ne-
ymrenn ynciaa 50001: 1,3 u 7.

[Tpu s=1 MOJIy4aemM x =50001,
y=2-50001=100002 (mpotuBOpeYHEe C yc-
JIOBUEM).

IIpu s=3 momysaeM  x=16667,

y=2-16667 =33334.

I[Ipp s>7 uucio x He ABISIETCS NATHU-
3HAYHBIM.

3. Ecmu t =4, 10 sx =25001. IlepBblie ne-
aureny yncna 25001: 1 u 23.

IIpu s=1 momywaem  x=25001,
y=4-50001=100004 (mpoTuBOpeYUE C yc-
JIOBUEM).

IIpn s> 23 uyucio x He ABIAETCS IISTH-
3HAYHBIM.



4. Eciu t =5, 10 sx =20001. IlepBrie ne-
surenu yucia 20001: 1 u 3.

IIpu s=1 momywaem  x=20001,
y=5-20001=100005 (mpotuBOpeUHe ¢ yc-
JIOBUEM).

I[Ipy s>3 uncio x He sABIAETCA IATH-
3HAYHBIM.

5. Ecmm t =8, T0 sx =12501. IlepBblie ne-
qurenu yucia 12501: 1 u 3.

[Tpu s=1 MOJIy4yaem x =12501,
y=8-12501=100008 (mpoTuBOpeUne c yc-
JIOBUEM).

I[Ipy s>3 uncio x He ABIAETCA IATH-
3HAYHBIM.
Omeem: x =16667, y =33334.

[pumep 41. /lanvr 06a 08y3nauHbLx Yucia.
Ecnu  6onvwee uucno nanucamv 6nepeou
MeHbUe20 U NOAYYeHHOe Yemblpex3HauHoe
Yucno paszoenumsv Ha Menvbuiee, Mo 8 4acm-
Hom noayuumcs 247, a 6 ocmamke 10. Ecau
Jce MeHbllee YUCIO Hanucamev enepeou
bonbuie2o u pazoenums noIy4eHHoe YUCio Ha
bonvuee, mo 6 yacmuom noayyumcs 41, a 6
ocmamxe 20. Hatimu cymmy OauHblX 08)-
3HAYHBIX YUCel.

Pewenue. Ilyctp MeHbIIEE YHUCIO — X)),

Oonbiiee — zt. HammcaB Oosbliee Brepeau
MCHBIICTO IMOJTYyYUM

ztxy =1000z +1007 +10x + y .

3anumiemM TOT GakT, YTO IPH JACICHUU TOTY-
YEeHHOI'0 YHCJia Ha MEHbIlIee B YaCTHOM IIO-
ayuutcs 247, a B ocratke 10:

1000z +100¢ +10x + y =247(10x + y) +10.

AHaJIOTMYHO BO BTOPOM CIIyYae:
1000z +1007 +10x+ y =41(10z +1) + 20..

s=zt=10z+1, u=xy=

=10x + y, MOJIy4UM CUCTEMY YpaBHEHUN

0O003HaunB

100s +u = 247u + 10,
100u + s = 41s + 20.

Orcrona monyvyaem s =37, u =15.

Omeem. 37 u 15.
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IlepectanoBkH nupp

[pumep 42. [llecmusnaunoe uucio okaH-
yugaemcs yugpot 7. Ecau smy yugpy nepe-
Hecu 8 HAuano 4ucid, mo OHO YEeIUYUMCsl 8
nams pas. Ymo smo 3a uucno?

Pewenue. Ilyctb  HMCKOMOE  4YHCIIO
10a+7, Tme a — KOJIMYeCTBO HECATKOB. To-
I71a U3 YCIIOBUS 33aJ]a4i [0JIy4aeM

(10a+7)-5=7-10° +a.

Otcrona a=14285,

10a +7=142857.

3HAYHT,

Omeem: 142857.
Oo0pameHHbIe YK cIa

Ipumep 43. IIpouszsedenue namypaibho-
20 HUCAA U YUCLA, 3ANUCAHHO20 MeMU dice
yugpamu 6 oopamuom nopsoxe, pagro 2430.
Haimu maxue uucna.

Pewennue. lVickomMoe YHCIO HE MOXKET
OBITH OJHO3HAYHBIM. J[JI TPEX3HAYHOTO YHC-
na nipousBenenue npepocxoaut 10000. 3na-

YUT, UCKOMOE 4Yuciio ABy3HadyHoe. I[lycts xy

— MCKOMOE€ YHCJI0, TOr1a Eﬁ =2430. Tak
Kkak uucio 2430 agemurca Ha 10, To oxHa U3
uudp uckoMoro yucia S5, a Apyras 4eTHasl.
[TosToMy M3 BO3MOXKHBIX uncen 52, 54, 56 u
58 mepebopom HaxouM, 4TO 54 -45 = 2430.

Omeem: 54; 45.

IIpumep 44. (MUOO, 2009. B12). Haii-
oume 08Y3HAYHOE YUCIO, eClu OHO 8 2 pasa
bonvue npoussedenus e2o yugp. Eciu nepe-
cmasums Yugpvl 3mo2o yucia 8 0OpamHom
nopsioke, mo OmMHOUIeHUe NOJIYYEHHO20 YUCIA

U OaHHO20 OYyOem pagHo % .

Pewenue. 1lyctp X — KOJHMYECTBO NIECST-
KOB, a )y — KOJUYECTBO €IWHHUI[ JaHHOTO

gyrucia xy. [lepBoe yclmoBue 3amuImieTcs clie-
TYIOIIIM 00pazoM

10x+y =2xy (%)

Toraa BTOpO€ yCIOBHE 3aIHUIIETCS CIICTYIO-

UM 00pazom
M = Z (* *)

10x+y 4



W3 ypaBHeHus (**) nojaydaem
40y +4x =T70x+7y wm 33y = 66x,

T... y=2X.
[ToncraBnsiss mogydyeHHOE BBIPAXKEHHE B
ypaBHenue (*)momydaem 12x = 4x’. Tak kak

JTAHHOE YMCII0 — NIBy3HauHoe, To x # 0. Cre-
nosarenbHo, x =3. Torna y =6 u 36 — uc-

KOMOE YHCIIO.
Omeem: 36.

IHocnennue undppsul

Ipumep 45. /lokazamv, umo npu nr06om

2n
HamypaiohomM n>?2 uyucna euoa 27 +1
okaHuuearomces yugpoti 7.

n=2

2
2% +1=17, xoTopoe oKaH4MBaAeTCs IUPPOI
7. HdomycTuM, 4TO YTBEpXKICHHE 3a7a4M BbI-
MOJIHSAETCS npu n=k, TO eCThb

22k+1:10p+7, rae p — HaTypalabHOe

Pewenue. 1lpu MMEEM 4YHCIIO

gucino. Torma

okl 2k 2 2
2 +1=2° )" +1=(10p+6)" +1=
:100p2 +120p+37=10g+7,

IZle ¢ — HaTypaJbHOE YHUCIIO.

B cuny npuHmuMna MareMaTH4ecKou HH-
OYKIHMH YTBEPXKACHUE 3a7jaud BEPHO JJIS JIFO-
00ro HaTYpaJbHOTO YKcia 7> 2 .

3. CpaBHeHust

Haiinennbsle pe3ynpTaThl B INPEbIIYIINX
ITYHKTaX MOKHO JIETKO IOJY4YUTh, UCIOJIb3Ys
IIPUBEJICHHBIE HWIKE IOHITHE W CBOWCTBA
CPaBHEHHS YUCEII IO MOLYIIIO.

Ecnu yucna a v b npu neneHnH Ha HaTy-
paJIbHOE YHCIO 71 JNAKT PABHBIE OCTATKH, TO
TOBOPAT, YTO 3TH YHUCIIA CPABHUMbL NO MOO)-
JII0 m, W TIULIYT

a =b (mod m)

WNuave roBops, 3anuchk a =b (mod m) o3Ha-
YaeT, YTO PAa3HOCTh YHCENl g —b JeIuTCs Ha
m. Hampumep, 7 =27 (mod 5),
40=14 (mod 13), 10 =—4 (mod 7).
CpaBuenust ObuTn BBeZieHBI B XIX B. He-
MenkuM marematukoMm K. I'ayccom. Onm 00-

JJagJar0OT MHOTHMH U3 TEX CBOﬁCTB, KOTOPEBIC
CIIpaBCAJIMBLI IJI1 paBCHCTB.
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[Iepeuncium ocnoenvie ceolicmea cpae-
HeHuil.
1. Ecmm @ = b (mod m) u b = ¢ (mod m),
T0 a =c (mod m).
2. Ecmi a = b (mod m) u ¢ =d (mod m),
TO
a+c=b+d (mod m),
a—-c=b—-d (modm),
a-c=b-d (mod m),
a* =b" (mod m), rne ke N,
T.e. CPaBHEHHS MOJXKHO CKJIQJIbIBATh, BBIYH-
TaTh W MMEPEMHOKATh, KaK U BEPHBIC PABCHCT-
Ba. B wactHOCTH, MOXHO 00€ 4acTH CpaBHe-

HHA YMHOXKATb Ha OAHO U TO K€ YUCIIO.
3. Ecma a+b =c (mod m), To

a=c—b(mod m).
4. Ecm ak = bk (mod m) ayucna k u m

B3aUMHO TIPOCTHI, TO a = b (mod m), T.e. 00e
4acTU CPaBHEHMsSI MOXHO COKpauiaTh Ha 00-
IHI/II\/’I MHOXUTECIIb, €CJIIM 3TOT MHOXUTCIb H
MOJIyJIb /M — B3aUMHO IPOCTBIC YHCIIA.

5.Ecma a =b (mod m) u d — nenurens
gucia m, 1o a =b (mod d).

OrpannaumMcs 10Ka3aTeIbCTBOM CBOMCTB
4mS.

Hoxazamenvcmeo. 4. I1o ycnoBu0 4ucio
ak —bk = k(a—b) nenutcs Ha m . Tak kaK k

He genutcs Ha m (k W m B3aMMHO TIPOCTHIC
yucina u m # 1), TO 9YUCIO a —b AenuTCa Ha
m,T.e. a=b(modm).

5. Tak kak a =b (mod m) 1O yucno a—b

JIOJDKHO JIEJIUTHCS HAa 71, a 3HAYUT U Ha JIIO-
ool geauTreab d 2 uucia m,  T.€.
a=b(modd).

3agaum Ha JejieHHe YKnces 0e3 ocTaTka

Ilpumep 46. /oxazame, umo uucno
a=96" +32" -8-73" oerumcs na 10.

Pewenue. [Tonb3ysce, TEM, 49TO
96=6 (mod10) w yuuThIBasg TO, YTO TIPH

BO3BEJIEHUU 4Hciaa 6 B IOy CTENeHb
k € N momydaeTcs 4uCIiO, OKaHYMBAIOLIEECs
uuppoit 6, umMeeM 1o CBOWCTBY CpaBHEHUI

96" =6" =6 (mod 10).
Tak xak
320 =28 =2.(2°)7=2-4%=
=2-6=2(mod 10),



8-73"°=8-3"=8-(3*)* =8-(-1)° =
=8-1=8(mod 10),
To a=6+2-8=0(mod10), T.e. uncmo a
nmemmres Ha 10.
3aauu HaA JeJIeHHe YHiceJ ¢ 0CTATKOM

Mpumep 47. Haiimu ocmamox om Oene-
HUSL YUCa a HA M , eclu:

1) a=26", m=7;2) a=2011"", m=13.
Pewenue. 1) Tak kak 26 =5 (mod 7), TO
10 CcBOICTBY cpaBHeHuit 26 =5 (mod 7).
VauTeIBas TO, 4TO
5% =(5%)" =25, a2 25=4 (mod 7),

noJTyqaeM
5% =4" (mod 7).

3aMeTuM Ternepb, YTo

4]8 — (43)6 — 646,

64=1(mod 7) u 4" =1° (mod 7).

Tak kak 1° =1 (mod 7), To mosydaem, uTo

ocratok paseH l. IlpoBeneHHsle paccyxie-
HUA MOXHO IPEACTABUTbL B BHJAC LECIIOYKHU
CpaBHEHUU

2636 E536 E25]8 E4]8 E646 =
2) 3anuiieM HeNnoYKy CpaBHEHUHN

20112012 = 920]2 = 81]006 = 3]006 = 27335 '3 =
— 1% .3=1.3=3 (mod 13).

CIle10BaTeNbHO, OCTATOK OT JIENEHHS YHC-
na 2011%°"* Ha 13 pasen 3.

Omeem: 1) 1; 2) 3.
IIpumep 48. /Joxazame, umo ecau yenoe

4
yucno a we oeaumcs Ha 5, mo yucio a —1
oeaumcs Ha 5.

Pewenue. Ilyctbs ¥ — OCTaTOK OT JICJECHUS
a Ha 5, Torna a=5%+r, tne keN, r—
onHo w3 umcen 1, 2, 3, 4, Tak Kak a He Je-

mutcst Ha 5. Ilo CBOWMCTBY CpaBHEHHUI, €ciu
a=r(mod5), o a*=r*(mod5). Yuurs-
Bas, 1'=2"=3"=4"=1(mod 5),

9To T.C.
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r*=1(mod5) mpm r=1,2,3,4, momydaem
a* =1(mod 5).

D10 03HA4aer, yTo uncio a' -1 nmenured
Ha 5. YTBepKJIeHne JOKa3aHo.

Ilycte k € N. PaccmoTpum umciia Buaa

k2 " BBISICHHUM, KAKHME OCTAaTKU MOT'YT OaBaTb
3TH 4YHCIa TPH JCJICHUW Ha HaTypalbHOE
guciio m (3<m<9).

k* =0wumm 1 (mod 3),
k* =0umm 1 (mod 4),

k* =0uma 1w 4 (mod 5),
k* =0 wunu 1 wiu 3 uu 4 (mod 6),
k* = 0wy 1w 2 unm 4 (mod 7),

k* = 0w 1w 4 (mod 8),

k* =0 umm 1 unu 4 umu 7 (mod 9) .

AHQJIOTUYHO MOKHO TMOJYYHUTh CIEIYIO-
[IMe YTBEPKICHUSI.

e Kgajapar mo00ro HaTypaJlbHOTO YHCIa
WK fenauTcst Ha 2 (Ha 4), Korja caMo 4Yucio
4€THOE, WJIU TIpH JAesieHnH Ha 2 (Ha 4) maét B
ocratke 1.

e Kaajapar mo00ro HaTypaJlbHOTO YHCIa
WM JIEIUTCS Ha 3, KOTJa Ha 3 JIEIUTCS caMo
YHUCJIO, WU TIPHU JCJICHUH Ha 3 1aéT B OCTAaTKe
1.

e Kpajapar mo00ro HaTypaJlbHOTO YHCIa
WK JICIUTCS Ha 5, KOTJa Ha 5 JenmuTcs caMo
YHUCJIO, WK TIPHU JCJICHUH Ha 5 TaéT B OCTATKE
1 nim 4.

e Kgaapar mo00ro HaTypaJlbHOTO YHCIa
WIM JICTUTCS Ha 7, KOTJa Ha 7 JIEIUTCS caMo
YUCJIO, WU TIPH JCJICHUH Ha 7 MaéT B OCTATKE
1, 2 unu 4.

® Pa3HOCTh KBaIpaTOB JBYX LIETBIX YHCEIN
OJIMHAKOBOM YETHOCTH JCIUTCS Ha 4.

o [Ipu nenenun Ha 3 KyO 1€7I0TO YKCIIA U
caMo 4HCIIO JatT oauHakoBeie octatku (0, 1,
2).

o [Ipu nenmenun Ha 9 KyO 1EIOTO YHCIA
maet B octatke 0, 1, 8.

o [Ipu nenmenun Ha 4 KyO 1I€JIOTO YHUCIa
maet B octatke 0, 1, 3.

BoiBog NMPU3HAKOB 1€ IMMOCTH

I[pumep 49. /lokazamv npusnax oeaumo-
cmu Ha 11: namypanrenoe wucno a, 3anucan-
Hoe 8 guode



a,-10"+a, 10" +..+a,-10* +a, - 10+ q,

oenumces Ha 11 mozoa u moavko mozoa, Ko-
20a denumcs Ha 11 cymma

a,—a,+a,—...+(-1)"a,.

Hoxkazamenvcmeo. IlycTb HaTypalibHOE

YUCJIIO a UMECT BU/ m

Tak kak 10 =—1(mod 11), T0 10° =10* =
=..=10" =1 (mod 11) npu mobom k € N;
10=10° =...=10"*"" = -1 (mod 11) npu mto-

oom k e N.
[1o cBOMCTBY CpaBHEHUH IOJIydaeM

10" -a, +10"" -a,  +..+10% -a, +10-a, +
+a,=a,-a,+a,—...+(-1)"-a,,
T.€. YUCJIO a JenuTtcs Ha 11 Torma m Toimpko
Torja, korga Ha 11 nenurcs cymma ero nudp,

B3dTasd C YCPCAYIOIUMUCA 3HAKaAMU.
YTBepKAeHUE TOKA3aHO.

Obwguit npusnak oeaumocmu uucen

Jlist Toro 4toObl yKcio M nenuinoch Ha
d , He0OXOIMMO U IOCTATOYHO, YTOOBI CyMMa
MPOM3BEICHUM U(p ATOro YMcia Ha OCTaT-
KM, MOJy4aeMble OT JeJeHHUs Ha d COOTBET-
CTBYIOIIUX cTeneHei uncna 10, genunuck Ha
d.

JIeNCTBUTENBHO, IIyCTh

a=10"-a, +..+10% -a, +10-q, +a,

10" =dg, +r,, ...,10° =dq, +r,,
10=dq, +m,.

Torma M nenutcst Ha d B TOM M TOJILKO
TOM CIIy4ae, €ClIU Ha d JNEJIUTCS CymMMa

M=ar +a, r, , +...+ar +a,.

Manas reopema ®epma

1. Tlpu m060M 1IETOM @ PasHOCTh a’ —a
JeNUTCA Ha 2.

Hokazamenvcmeo. Tax KakK
a’-a=a(a—1), To W3 ABYX MOCIENOBA-
TEIBHBIX YHUCENl TOJBKO OJHO YETHOE W JIe-
JIATCA Ha 2.

2. [Ipu m06OM 1IETOM @ Pa3sHOCTh a’° —d
JeNuTCs Ha 3.
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Hokazamenvcmeo. Tax KakK
a’—a=a(a-1)(a+1), To U3 Tpex mocueo-
BaTEJIHHBIX YMCEN TOJIBKO OJHO JICIUTCS Ha 3.

3. Teopema 9 (manas meopema Depma).
Ecmm p — mpocroe 4mcio u 4ucio a He Je-

nmures HA p, T0 a’” —1 penurcs Ha p (WM
a’" =1(mod p)).

Ecnu mocmorpers Ha mpumep 48, TO Ha
OCHOBaHMM Majoil teopembl dDepma cpazy
MOXKHO CJIeJIaTh BBIBOJ O TOM, YTO €CIU Lie-
JI0O€ YUCJIO a He JENUTCSs Ha S5, TO YUCIO
a* -1 memurcs Ha 5.

3ameuanue. Teopemy depma gyacto 3anu-
ChIBalOT B (hopMe, paBHOCHJIBHOM IpHUBE/IEH-
HOM BhIIIe, a” =a (mod p). B aroii 3amucu
MIPENIOJIOKEHUE O TOM, UTO @ HE JAEIUTCS Ha
P, CTAaHOBHUTCS U3JTUITHUM.

Hpumep 50. Joxazamv, umo uucio n’
OKaHYUBAeMcs Ha my dice yugpy, umo u uc-
a0 n,20e neN.

Hokazamenvcmeo. Taxk Kak 4uciao S5 ABIS-
€TCS  TMPOCTBIM  YHUCJIOM, TO  HMEEM

n’ =n(mod5), To ecTh #° U N UMEIOT OfH-
HAKOBBIC OCTATKMH.

Ipumep 51. Ilokazams, umo

13" —1 oerumces na 89.

qucio

Pewenue. 1lo hopmyne pazHOCTH KBajapa-
TOB UMEEM

137 —1=(13% - 1)(13% +1).

Tak xak 89 — mpocroe uucio u (13;89) =1, To
Ha OCHOBaHMWH Majoil Teopembl Pepma cripa-
BeuBo cpaBHenue 13 =1(mod89), To ects
13%¥ -1 xparmo 89, wu
13" —1 xpatHo 89.

CJICAOBATEIBHO,

4. BoIpa:xkeHUs ¢ YMCJIaMHI

Apodu

Ipumep 52. (MHUOO, 2010). Cpeou
0ObIKHOBEHHBIX OpOobell ¢ NOJOACUMETbHBIMU
3HAMEHAMENAMU, PACHOJIOHCEHHBIMU MeHCOY

9% 97 .
yuciamu — u — Hauoume makylo, 3Hame-
35 36

HameJjlb KOI’I’lOpOIZ MUHUMATIEH.



Pewenue. IlpuBenem npobOu kK oOmemy
3HaMEHATeJIo:

96 96-36 3456 97 97-35 3395
35 35.36 1260 36 36-35 1260

bynem uckatb apobb ¢ TeM ke 3HaMeHa-
TeJIeM, YUCIUTENh d KOTOPOH — HaTypaJlbHO®
ypciio ot 3396 no 3455 — nmenwTca Ha HawW-
0oJIbIIIEe BO3MOXKHOE TTPOU3BEICHUE, COCTaB-
JICHHOE W3 JIeIUTEeH 3HaMEeHaTeNs.

Tak kak 2-1260< 3396, a 3-1260 > 3455,
TO COKpallleHue ApooOell He MPUBOIUT K 3Ha-
MeHaTelo 1.

Tak kak 1260=2-630 u 5-630< 3396, a
6-630 >3455, To cokpamienue apoOel He
IIPUBOJUT K 3HAMEHATEIIO 2.

AHAJIOTUYHO HENb3sl MPUBECTH JpoOU K
3HameHarenm 3, 4, 5, 6.

Tak kak 1260=7-180m 3396 <180-19 <

<3456, T0 1poOb 180-19 MOYHO COKPAaTUTh
1260

Ha 180, mpu 3TOM MNOJy4yuM HAUMEHBIIUN
BO3MOKHBIHM IOJIOKUTEIIbHEIN 3HAMEHATEIh 7.

Omeem: Q
7

Ipumep 53. (LXXIX MockoBckas ro-
poackas osmumnuana, 2006 rox). Haumu ece

a
Hecokpamumble Opoou 3 npeocmasumvie 8

euoe IE .

Pewenue. Ilycts HaTypanbHbIC YUCIIA d U
b B3aMMHO TIPOCTHI, a JECATHYHAS 3aMKCh
yuciia @ UMeeT n 3HakoB. Torjma ycioBue
3a/1auu IS HUX 3aIUChIBACTCS B BHJIC YpPaB-
HEHUS

a:b:lﬁ & %:b+a-10‘” =
= 10"(a—b2):ab,

U3 KOTOPOTO CIIeyeT, B YaCTHOCTH, YTO
a>b. B cuiy B3auMHON NPOCTOTHI YHCENl a
u b, uncino a—b? He MMeeT OOUIHMX IeIHuTe-
JIel HU C a, HU C b, clIeoBaTEeNbHO, YpaB-
HEHHUE TPEBpallacTCsi B CHUCTEMY H3 JBYX
ypaBHEHUU

a-b*=1,

10" = ab.
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B cuiy Bce TOM k€ B3aMMHOM IIPOCTOTHI Y-
cel a u b (c yuetom HepaBeHCTBA a > b ),
MOCJIEAHEMY YPaBHEHUIO  yJOBJIETBOPSIOT

TOJBKO Tapel uncen a =10", b =1, a Takxke
a=5" u b=2". llepBas mapa npu MOJCTa-
HOBKE B IIEPBOE YpaBHEHHUE JaeT IS YuClia

n ypaBHeHue 10" =2, KOTOpOe, OYEBHJIHO,
HE UMeeT peuieHuid. Bropas napa uucen a u
b Tpu MOJICTAaHOBKE B NIEPBOE YpaBHEHUE JIa-
€T JUIS Yucia n ypaBHEHUE

5"-4"=1 < > :1+l .
4 4

Tak kak ero JjieBas 4acTh NPEICTABISAECT CO-
00i1 Bo3pacTarmy (yHKIUIO OT #, a Ipa-
Basg — yOBIBAIOIYIO, TO OHO MMEET He OoJiee
OJHOTO KOPHS, KOTOPBIN yraasiBaercs: n =1,
OTKy/la ¥ HaXOJAWM €IWHCTBCHHYIO Tapy
a=5ub=2.

Omeem: é .
2

CreneHb 4ucjiIa

[Ipu pemenun 3aaay, CBSI3aHHBIX CO CTe-
NEHBbI0 4YMCIA, YAOOHO HCIOJIB30BATH Cle-
ayromue (GopMyibl COKPALICHHOTO YMHOXe-
HUS

1. Inst n € N, OOJIbLIETO €IMHULIBI:
a”"-b" :(a—b)(a""] +a""2b+...+b""]);
a’-b’>=(a—b)a+b);

a’-b’ :(a—b)(a2 +ab+b2);
a*—b* =(a-b)a’ +a’b+ab’ +b°).
2. JIy1s1 HEYETHOTO HATYPaAJIBLHOTO 7
a”"+b" :(a +b)(a""] —a""2b+...+b""]);
a’+b’ :(a+b)(a2 —ab +b2).
3. JIis 9eTHOTO HATYypaIbHOTO 71
a"-b" :(a +b)(a""] —a""2b+...—b""]);
a’-b’>=(a+b)a-b);
a*—b* =(a+b)a’—a’b+ab®> -b’).

Jlis toka3aTesbCcTBa YTBEPKJISHUM JocTa-
TOYHO PACKpPbITh CKOOKM M IPUBECTHU 110/100-
HBIE CllaraeMele.
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IIpumep 54. /loxazams, umo uucno

120]] +220]I +320]| +.”+3020|I
oeaumcsa Ha 31.

Hokazamenvcmeo. Taxk Kak Kaxnas H3
CyMM 120]] +3020|I , 220]] +2920|| , s

15" +16*" nenmrcs Ha 31, To M Bca cymMMa
neantcs Ha 31.

IIpumep 55. (MHOO, 2010). Haumu ece
Hamypanvhble Yucid, AeIAwuecs CmeneHvio
060UKU, mMaxue, 4mo nocie 3a4epKUeaHus
nepeoul Yugpol ux 0ecAmudHol 3anuUc CHO8a
noxyuaemcs 0ecAmuyHas 3anucb Yucid, s6-
JAIOWe20Cs CMenenbro 080UKU.

Pewenue. 1lyctb aecsiTU4YHAS 3alUCh HC-
KoMOro yncna a =2" couepxur k +1 uudpy
U miepBas 1udpa paBHa p, a MOCIE e 3auep-
KABAaHUS TIOJYYaeTCsl JIECATHYHAsl 3alnch

yrcna b =2". Torma ycnoBHIO 3a/1a4ud yJI0B-
JIETBOPSIET ypaBHEHUE

2" =2" 4 p-10%, (%)

rne n,m,keN,a p— muppau 1<k<n.
Tak kak mocieaHue MUQPPHl y 9uced a

b omuHakoBbl, TO n=m+4t,tne t € N (cm.

npumep 22). Torma u3 ypaBHEHHs (*) TMOITY-

qacMm
2" =2" 4+ p-10*
501051
2"2% ~1)=p-2*.5%,
1501051

2m—k (24t _1) =p _5k ) (**)

Tak xax (2,5)=1, To 1u6o 2"*

6o 2"* sBusercs menmTeneM umcia p . Pac-

=1, mm-

CMOTPHM HECKOJIBKO CITydaeB.
1. 2™* =1. Orcroma m =k , HO TO BO3-

MOKHO TOJIBKO IIpH m =k =1, Tak KaKk 4uC-
710, UMEIoILIee B AECATUYHON 3anucu k uudp

MOKeT ObITh paBHAThCS 2, ecrm k =1. To-
rna 2% —1=5p, rne 5<5p <45. U3z nepa-

BeHCcTBa 5<2* —-1<45 mwm 6<2% <46
oJIy4aemM t=1. CrnenoBatenbHO,
n=m+4t=1+4=5. Torma u3 paBeHCTBa

2* —1=5p cnenyer p =3.Orcroaa nomyya-
eMa=2"=32.
2. 2™* #1.Torma p— 4YeTHOE YHCIIO.

www.alexlarin.narod.ru

24

a) Ecmm p=2, 10 2"% =2, m-k=1.
D10 BO3MOXHO npu k=1 m m=2. Ilpn
3TOM ypaBHeHHe 2% —1=15 IIeTOUYNCIIEHHBIX
pEeLIeHUI HE UMEET.

6) Eciiu p =4, To u3 ypaBHeHus (**) mo-
nyqaem 2" % =4, r1e. m—k=2. D10 BO3-
MOXKHO NIpu k=1 m m=3, HO ypaBHEHHUE

2% —1=5 [ENOYMCIEHHBIX pEUICHHH He
UMeeT.

B) Ecim p=6, To 2" sBnserca nenu-
TeneM 6. ITo BO3MOXKHO, eciiu m —k =1 (TO-

ria k=1 u m=2). W3 ypaBHeHHUE
2% -1=3-5 momywaem (=1 wu Torma
a=2°=64.

r) Ecnu p =8, T0 u3 ypaBHeHus (*%*) mno-
nygqaem 2"* =8, t.e. m—k=3, D10 BO3-
MOXHO Ipu k=1 m m=4, HO ypaBHEHHUE

2% —1=5 IeTOYMCIEHHBIX pEUICHHH He
UMeeT.
Omeem: 32; 64.

B pasznene «CpaBHeHUS» NpUBEIEHBI yT-
BEPK/ICHHS, Kacarolyecs CTEleHed dYucoia.
3anuiieM elie HeCKOJIbKO YTBEPKACHUH.

e Yuciio 4" mpwu jmenennu Ha 3 gaet B oc-
Tarke 1.
JIeliCTBUTEINBHO,

4" =G+1)"=3"+3"" +. . +3+1=3¢+1,

rae n,t € N.

e Uncno 5* mpu neneHnu Ha 3 JaeT B oc-
tatke 1, a 5*""' naer B octaTke 2.

JIeliCTBUTEINBHO,
57 =25"=(24+1)" =24p+1=3¢+1,
57 =5@p+1)=15p+3+2=3¢t+1,
roe n, p,t € N.

S. BeIpakeHus ¢ nepeMeHHbIMH
Lenbie panmoHaJbHbIe BHIPAsKeHUS

Ipumep 56. Keaopammuwiii mpexunen
f(xX)=x"+px+q umeem 06a paziuuHbIX

yenvix kopusa. OOun u3z KopHel mpexunieHa u
e20 3HaueHue 6 mouke x =11 asuaromces npo-
cmuimu yucramu. Hatimu kopuu mpexunena.

Pewenue. 11ycTe KOpHU TpEXUWIEHA PaBHBI
a u b. Torma f(x)=(x—-a)(x—-b) u



Ecnn a u

fA)=11-a)11-b).
(I11-a)(11-b) mnpocteie uucna, To b=10
nmm b=12.

ITycte =10, Torga uncna a u 11—a He
MOTYT OBITH MPOCTHIMHU YUCIAMH (JOKAKUTE
CaMOCTOSITENIbHO, paccMaTpuBas a=2 U a —
HEYETHOE).

ITycte b=12, Torma a u a—11 moryr
OBITH MPOCTHIMH B OJTHOM CJIy4ae npu a =13.

Omeem: 12; 13.

IIpumep 57. (MMO, 1999, 10 kaacc).
Hamypanvnvie yucna m u n makoswl, umo
m*+n u m+n’ oensmes na m* +n*. Haii-
mu m u n.

Pewenue. Jlokaxxem BHayaje, 4To m U K
B3aMMHO MPOCTHI. [IpennoaoKuM TpoTUBHOE.
Torma m w n nensTcs Ha HEKOTOPOE MPOCTOE
gucio p. [Ilycte p BXOAWT B pasiioKeHHS Ha
MPOCTHIC MHOKUTEIN YHCENI M U N B CTeIe-
HIX a>1 u b>1 coorBerctBeHHO. He or-
paHnuyuBasi OOUTHOCTH, MOKHO CYUTATh, YTO
a>b. Torna makcuMmallbHasi CTEIIEHb p, Ha

KOTOpYIO JenuTcs m’ +n, paBHa b (1o-

CKOJIbKY m3 ACIIUTCA Ha p3a 1 TeM OoJjiee Ha
b+1

p
p"™"). C npyroii croponsl, m* +n” memurcs

, HO n ACIUTCA Ha pb 1 HE ACIIUTCA Ha

Ha p’°, CleloBaTeNbHO, M° +71 HE MOKET

JenmuThcs HA m’ +n°. DTO HPOTUBOPEUHE
IMOKAa3bIBaACT, UTO m W 7 B3aMMHO ITPOCTHI.
Hanee, 1o ycioBuo

m(m* +n*)—(m’> +n)=n(mn-1)

2 2
IOOJDKHO OCJIUTBCSI HAa m™ +n~ . 3aMGTI/IM, 9To

2 2 v
nu m +n" HE MOTYT UMETh OOIIMI Jenu-
Tenb, Oonbui 1 (Tak Kak m ¥ 1 B3aUMHO

IpOCThI), 3HAUYUT mn—1  genuTcs Ha
m>+n’>. Ho ecnm TpPeNmoNoXKUTb, 4YTO
mn—1>0, TO 5TO HEBO3MOXHO, TaK Kak

m* +n*>2mn>mn—1. Urak, mn=1, a

3HAUMT, m=n=1.
Omeem: m=n=1.

JApoOHo-panoHabHbIE BbIPAKEHUS

Hpumep 58. Haumu ece yenvie n, npu
5

n +
KOmopwlx 0podb a = ———

— yesnoe yucio.
n-+1
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Pewienue. Tak xak

n+3=m-n)n*+)+n+3,
TO

_n5+3 3 n+3

a =n" —-n+

n’+1 n’+1
[lockodbKy n'—n — 1ieloe Yucio, TO
a — 11eJI0€ YHUCII0 TOr1a U TOJbKO TOrJa, KOraa

n+3
n’+1

— 1enoe uucno. Ilonck 3HaUeHWH 7,

JUTIsI KOTOPBIX JIpOo0h 1IeJI0€ YHUCIIO,

n2
MOXHO YIPOCTUTh, CBEIsS €ro K mepedopy
3Ha4YEeHUH n, ABJIAIOMIUXCA PCIICHUAMH CO-
BOKYITHOCTH
In+3|>n”+1,

T.e. ne{-3,-1,0,1,2}.
n+3=0,

VYbexxnaemcsi, 4To NMpU BCEX ITHX 3Haue-

— nenoe yucio. CienoBa-

HHAX PO0b —

n
TenpHO, ipu n € {-3,—-1,0,1, 2}, npobp a—
IIeJIOE YHCJIO.
Omeem: ne{-3,-1,0,1,2}.
IIpumep 59. Jokazameo,
6n+7
10n+12

umo O0pooOw

Hecokpamuma npu ecex n € N .

6n+7
10n+12
cokparuma. Torna cokparuma u 1po0b
10n+12 6n+7+4n+5

= 1
6n+7 6n+7

Pewenue. Jlonyctum, uTo ApoOb

dn+5
+
6n+7

4n+5
Ecnu cokparuma apo6n i’ TO COKpa-

n+
THMa U IpOOb

on+7 1+ 2n+2

4n+5 4n+5°
2n+2

Ecnu cokparuma apo6s ——, TO cokpa-
4n+5
THMa U 1po0b
dn+5 oy 1 .
2n+2 2n+2

1
HpoOb 317 OyIeT cokpaTuMma B ciIydae,
n+

eciu 2n+2=-1 wim 2n+2 =1, 4TO HEBO3-



MOKHO HH npu KakoM 7€ N. Ilomyannn
MpOTUBOpEUnE. 3HAYUT, UCXOHAs ApoOb He-
COKpaTuMa.

HppauuonajbHbie BbIPpAKeHUS

IIpumep 60. (MMP, 11 kiaacc, 2000/2001
yueOHblid ron). [lpu xakux yenvix n 3uaue-

2
Hue evlpadxcenuss \Vn-—n+1 seisemcs ye-
AbIM Yucaom?

Pewenue. JIanHOE BBIpaKEHHE NTPUHUMA-
eT ueinble 3HadeHus npu n=0 u npu n=1.
[Tokaxem, 4To pU APYTUX LEJIbIX 3HAUEHUAX
n ycioBue He BbInosHsercs. [Ipu HaTypaib-
HBIX 71> 2 BBINOJIHSIOTCS HEPABEHCTBA

(n-1><n’*—n+l<n’,

TI03TOMY UHCIIO 1° —n+1 He SBISETCS KBAJ-
partom 1enoro uucia. Jljis Beex HebIX OTpH-
HAaTCJIbHBIX #  BBIIIOJHAIOTCA HCPAaBCHCTBA

(n-1)*>n’> —n+1>n’, No3TOMY U B 3TOM

cydae 4ucno n° —n+1 He sABuAeTcA KBaj-
PaTOM IIEJIOTO YHCIIA.

Omeem: 0; 1.
Iloka3aTenbHbIe BHIPAKEHHS

Hpumep 61. Haumu ece namypanvivlie
n, npu xomopulx uucio 2"+ 65 — mounvlii
Keaopam.

Pewenue. PaccmoTpuM J1Ba citydasi.
1. Ecniu n 4etHo, T0 ectb n=2k, k€N,

to umeeM 2°* +65=m’, meN. Orciona
m* —2* =65 uwm (m—2")(m+2")=65.

Tak Kak 65=65-1=13-5 u
m+2*>m-2", to umeem mBe cucTeMBbI
ypaBHEHUI

m+2F =65 m =33
a)
3nauut, n=10.

m+2* =13 m=9
0)

m-2*=5 k=2

3HauuT, n=4.
2. Ilycte n nHewerHo. Ilpm n=1 wyucno
2+ 65=67 He aBusercs kBauparoM. IlycTs

n=2k+1,keN, TOT A cilaraeMoe

2%+ = 2.4% Tax xak crenens 4 oxkaHYMBaeT-

cst Ha uGpy 4 umm 6, To 2-4" oxanumpaercs
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Ha mudpy 8 umm 2, cymma 27! + 65 oxanum-

Baercs uudpoit 3 win 7. Ho TouHbIi KBagpat
HE OKaHYMBAETCS ITUMU LIUPpaMu.
Omeem: 4, 10.

TpI/IFOHOMeTpI/I‘IeCKHe BBIPAKCHUA

IIpumep 62. (MMP, 11 kaacc, 1999/2000
y4eOHbI roa). Haumu ece maxue x, umo
tgx u tg2x SBISAIOTCS IEIBIMUA YHCIAMH.

Pewenue.  OOo03HauuM  tgx=n U

tg2x=m. Ucxons u3 (bopMyIbI
2
tg2x = t;gxz , AMEeM
I-tg™x
2n —2n
m= WIH m=————.
1-n’ (n=D(n+1)
Taxk KaK HOA(n;n+1)=1 u

HO(n; n—1)=1, TO m Oyner uenbiM TOJIb-
KO B CiIydYae, eclid 3HaMeHATelb IpoOu paBeH
1, To ectb n=0. 3nauur, m=0. B stom
ciydae tgx=0u x=nn,neZ.

Omeem: x=nn,nc’l.

Bripaxenus ¢ pakropuasamMmu

Ipumep 63. Haiimu éce namypanvhule n ,
npu komopwix uucno 1+2'+..+n! ecms

MOYHBLU K8aopam.

Pewienue. IlpoBepuM mepBbIE 3HAYEHUS
n.Ilppu n=1 m n=3 nosyyaeMm 4ucia, siB-
JSoUMecss TOYHBIMU  KBagpatamu. Ecnu
n =2, 1o yucio 1!+ 2!=3 He gBisieTcsa KBai-
patom. lns n=4 uucmo 1!+ 2!+3+4!=33
He sBIseTca KBaaparoMm. [lanee mpu n>5
BCE CllaraeMbleé OKAHYUBAIOTCA HYJEM, I0-
3TOMY BCE CYMMbl OKaHYMBAIOTCS HAa LUDDPY
3, TO ecThb YKciia HE SBJISIFOTCS KBaJpaTamH.

Omeem: 1; 3.
6. PazHble 3a1a4u HA YHCJIa
ITocnenoBaTeIbHOCTH
ApudmMernyeckas nporpeccust

e Apudmernueckas nporpeccus (a. I.) — 4u-
CJIOBasl IMOCJIEJOBATEIbHOCTD, KaXIbIH 4JIEH
KOTOPOil, HAaUKWHasi CO BTOPOTO, PaBEH IpPE/Ibl-
OyHIEMY, CJIOKEHHOMY C OJIHUM U TeM XKe
qucioM d (pa3HOCTb a. 11.):

a,,=a,+d.

n+l



e [locnemoBarensuocts —3; —1; 1; 3; 5; ...
SIBJISIETCS A. 1. C Pa3HOCThIO d = 2.

e A. 1. Ha3BIBAIOT BO3PACTAMOIICH, €CIU
d>0.

e ®opmyna pasHoct: d =a,,, —a,.

e ®opmyna n-ro (001ero) uiaeHa a. 1.:
a, =a, +d(n-1).
e OopMyIBI CyMMBI 71 TIEPBBIX YJICHOB a. 11.:

s —atd g J2atdh
2 2

e XapakTepUCTUUECKOE CBOUCTBO a. II.:

— an + an+2

an+] 2

e CBOICTBO PaBHOOTCTOSIIIUX YJIECHOB:
a,+a,=a,+a, =...
I'eomeTpuyeckas nporpeccus

e ['eomerpuueckas mnporpeccus (T. 1.) — 4H-
CJIOBasg NOCIENOBATENbHOCTD, INEPBBIA WICH
KOTOPOM OTJIMYEH OT HYJS, a KaKJbIM YJIEH,
HayuHasg CO BTOPOIO, PaBEH IpPEAbIAyLIEMY,
YMHOXXEHHOMY Ha OJHO M TO K€ YHUCIO ¢
(3HaMeHaTeb T. 11.), He PAaBHOE HYIIIO:

b, =b-q, q#0,b #0.

1
e IlocimenosarenpHocts 2; —1; 5; _

b b

1
8

A=

1
... ABJIACTCA I'. I1. CO 3BHAMCHATCJIEM ¢ = —5.

b
e dopmyna 3HaMeHaTENs: g = b"—”

n

e ®opmyna n-ro (001ero) ujaeHa r. 1.:

b, =b-q"".
e OopMyJIbI CYMMBI 7 TIEPBBIX WICHOB T. II.:
S :bnq_b] S :b](q"_l)
" qg-1 " qg-1

® XapaKTepI/ICTI/ILIeCKOG CBOMCTBO T. II.
2 _
bn+] - bn ’ bn+2 .
e CBOJICTBO PAaBHOOTCTOAIINX YJICHOB!:

b-b =b,b  =..
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e (CymMa OecKOHEYHO YObIBarolled TI. II.

(q1<1):

s=2

I-¢
Ipumep 64. Mozcym nu uucna 2, 3 u 17
ovimy unenamu (He 00s83amenbHO NOCIE00-
BAMENbHBIMU) OOHOU 2e0MempUYecKou Npo-
epeccuu?

Pewenue. 11ycth TaHHBIEC YKCIIA SBIISIIOTCS
YWICHAMH HEKOTOPON TE€OMETPUUYECKON Tpo-
rpeccun. Torma OyneM UMETh CUCTEMY ypaB-
HEHUM

3=2-q9",

n,meN, <
17=3-q",

13 KOTOPOH MCKIII0UaeM NEPEMEHHYIO ¢ :

3 :H < 3" =2"17".
2 3

[TociienqHee paBeHCTBO HEBO3MOXKHO, TaK Kak
JieBask 4acTh — HEUETHOE YHCIIO, a TpaBas —
YETHOE.

Omeem: HeET.

IIpumep 65. (MHUOO, 2010). /locreonue
YneHbl 08YX KOHEUHLIX aApUPMEemuUyecKux
npoepeccutt a, =5, a,=8,..,a, u b =9,
b, =14,....b,, cosnaoaiom, a cymma eécex
cosnadarowux (634mMblX NO O0OHOMY paA3sy)

uneno8 smux npozpeccuti pasua 815. Haiimu
YUCTIO YNEHO8 8 KAXHCOOU NPOcpeccuu.

Pewenue. Vcnonwssys dopmyny o01mero
YICHA, IMMOJIYYUM YPaBHCHUC

543(n—-1)=9+5(m-1),

m=1,.,M.
3n=5m+ 2. JleBas 4acCTh NOCJIEIHETO ypaB-
HeHUs nenutcsd Ha 3. Jlerko 1mokasarb, 9TO
m=3k—-1 (m=3k wma m=3k+1 He ynos-
neTBopseT ypaBHeHuto). Umeem 3n =15k -3
umu n=5k—1. Orcrona noaydaem, 4To 00-
[IMe WICHBI JIBYX MPOTpeccuii caMu oOpasy-

rre n=1L...N, Otcrona



0T apu(METUUECKYIO MTPOTPECCHI0 C OOIIUM
ynenom 15/-1,rtme [ =1,...,L.

Hcnosb3yst  ycioBHWeE 3ajadd, TOJIydacM
ypaBHEHHE

14+151_1-l:815

HIJIIN

15/ +13/-1630=0,

ITOJIOKUTEIIBHBIM KOpeHb Kotoporo [/ =10.
SHauut, n=5/-1=49, m=3/-1=29.

Omeem: 49 n 29.

Ipumep 66. Haiimu nopsaokoewiti Homep

HauboIbWe20 YleHd NoCae008amelbHOCHU
2

{a,},20e a, = eN.

n’ n
1,001
Pewenue. PaccMOTpUM OTHOLLICHHE

a,, (n+1)>-1,001" n*+2n+1 1000

1001

n+l

a 1,001™" - n? n’

n

CpaBHuBas 3TO OTHOIIEHHE C 1, HOTydUM

Dul 51 1000(n2 + 27 +1) > 100122 <
a

n

< n? =2000n <1000 <
& n(n—2000) <1000 .

Tak kak n € N., To ocjeIHEE HEPABEHCT-
BO BbINoJHseTCA npu Bcex n <2000 u He
BBINIOJIHSAETCS MpU OcTaibHbIX n. CrenoBa-
TEJIbHO, CIPaBEINBA 1IEMI0YKa HEPABEHCTB:

A, <y <<y < ooy > ogey > Aoggs > -

Orcroza nosy4aem, 4T0 d,,, — HauOOJbIIHH

YJIeH MMOCIEI0BATEIBHOCTH.
Omeem: n=2001.

Cpennee apupmeTnyeckoe
U Cpe/lHee reoMeTpHYecKoe YHce

YHUCCJI
YHCIIO

e (CpennuM  apuMeTH4ecKUM

a,, ay,..., d Ha3bIBaETCs

n

a, +a,+..+a,

n
o CpeHUM T€OMETPUYECKUM HEOTPHIIATEIIb-
HBIX YMCEN d,, d,,..., d, Ha3BIBAETCS YHCJIO

www.alexlarin.narod.ru

28

e HepaBeHCTBO MEXIy CPEIHUM apUPpMeETH-
YECKUM U CPEJHUM T'€OMETPUYECKUM HEOT-
PHULIATENBHBIX YUCEI d,, A, ,..., A,

ne

ata,+..ta,
>z2la -a,-...-q, ,

n

IMpHU4YEM PaBCHCTBO JOCTUTACTCA TOJIBKO IIPHU
a, =a,=..=a,. B 4yacTHOCTH, A1 JIHOOBIX

HCOTPHUUIATCIIBHBIX YUCCI a U b BBITIONTHS-

€TCSl HEPaBEHCTBO > +/ab , nmpuueM pa-

BCHCTBO JOCTHUTaCTCA TOJIBKO IIPpU a = b.

IIpumep 67. (MMP, 7 kaacc, 2004/2005
yueOHblil roa). Cpednuti pocm 6ocemu bac-
kemoboaucmos pasern 195 cm. Kaxoe Hau-
Oonbuee KOAUUeCmaeo U3 3mux UepoKos Mo-
arcem Ovimb Hudice, yem 191 cm?

Pewenue. Ecmm oua 6acKkeTOOIUCT UME-
et pocT 230 cm, TO POCT KaXIOT0 U3 OCTalb-
HBIX MOKeT OBITE 190 cm, Tak Kak

(230+190-7):8=195.
Omeem: ceMb.

IMpumep 68. {sa nonoscumenvHvix Hepas-
HbIX YUCLA ABNAIOMCA NEP8bIM U Mpembum
YjleHamu HeKomopou apugmemuieckou npo-
epeccuu U nepeviM U MpemvuM YleHOM He-
KOmopou 2eomempuieckou npoepeccuu. Y
KaKoU U3 3mux npozpeccuti Cymma mpex nep-
8bIX U1eH08 bonbuie?

Pewmenue. O003Ha4NM JaHHBIE YHCIIA Ye-
pe3 a u b. Ilo xapakTepuCTHYECKOMY CBOM-
CTBY apH(METHUCCKOH MPOrPECcCHU €€ BTO-

poOii 4uJeH paBeH , @ 110 XapaKTEepUCTH-

YECKOMY CBOMCTBY T€OMETPHYECKOW IIPO-

rpeccuu ee BTOpou uiieH paBeH +ab . o yc-
JIOBUIO a # b, TMO3TOMY BBINOJHAETCS HEpa-
BEHCTBO

a+b>\/%.

2

CnenoBarenbHO, CyMMa HEPBBIX TPEX wile-
HOB apuU(MEeTHUECKON MHporpeccuu OOJblIe,
TaK KaK IEpBbII U TPETUHN WICHBI IPOTPECCUi
COBIIAJIAIOT.

Omeem: y apupMeTHIECKOI.



CymMupoBaHue yucel

I[Ipumep 69. (MMP, 11 kaacc, 2000/2001
y4yeOHblii ron) llocnedosamenvHvie Heyem-
Hble YUCIA CSPYNNUPOBAHBL CNe0VIOWUM 00-
pazom: 1; (3;5); (7;9;11); (13;15;17;19); ... .
Yemy pasna cymma yucen  n-ii epynne?

Pewienue. B rpynne nojg HOMEpOM 1 CO-
nepxutcs n uucen. KonuuectBo mpenuiect-
BYIOIIKUX HCYCTHBIX YHUCECJI PABHO:

l+(n-1) _n(n-1)
— =———=,

I+.+(n-1)= 5

(n=1)
KonuuecTBo mpenmecTByOmuUX YHUCesl BMe-
CT€ C KOJUYECTBOM YHCEJ TPYNIBI ¢ HOME-
POM 1 paBHO

n(n—1)+n_n(n+1)
2 o2

Tak kak cymMma INEpBBIX k HEUYETHBIX YHUCEI

1+(2k -1
BBLIYUCIISIOT 10 opMyIe 1+@E=D k*,

TO HMCKOMasA CymMMa paBHa pPa3HOCTU CYMMbI

n(n+1)
2

IEPBLIX HCUYCTHBIX YHUCCIT U CyMMBI

HCYCTHBIX YHUCCII, TO €CTh

n(n+1) ? n(n—1) 2_

( 2 j _( 2 ] )
_(n2+n+n2—n)(n2+n—n2+n)_
= i =

2n*-2n
=—=n".

4

n(n—1)
2

IIEPBBIX

Omeem: n’ .
Yucia ¢ 0co0LIMH CBOMCTBAMHU

IIpumep 70. (MMP, 11 kaacc, 2004/2005
yueOHblil rox). Hamypanvnoe uucno naszviea-
emcsi NPUMApPHBIM, eclli OHO A81Aemcs cme-
NEeHbI0 NPOCMO20 YUCIA C HAMYPATbHBLIM NO-
kazamenem (nanpumep, 7' wmu 13*). Haiimu
camyro ONUHHYIO Yenoyky NPUMApPHBIX yYucell,
UOYWUX NOOps0.

Pewenue. Yucna 2, 3, 4, 5 ynoBAETBOPSIOT
yCIOBUIO 3amadu. JlomycTtum, mMmeercs Iie-
MOYKa MPUMAPHBIX YHUCEI, HIYNIUX TIOJPSII,
coJiepkamiasi 0ojee JeTeipex yucesr. Torga B
IIEMOYKE MMEETCsS XOTs Obl JIBa YETHBIX IPHU-
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MAapHBIX 4YUCJa, KOTOPBIE SBISIOTCS CTEIEHS-
MH €AMHCTBEHHOI'O YETHOI'O IIPOCTOTO YHCIIA.
Tak Kak pasHOCTb 3THX YHCEN paBHA 2, TO
TUMH YHCIaMH MOTYT ObITh TOJIKO 2 U 4.
Uucna 1 u 6 He ABISIIOTCS CTENEHBIO MTPOCTO-
ro yucia. I[loaTomy ocraercs nemnodka Impu-
MAapHBIX YHCEJ, COCTOSIIAS M3 YEThIPEX YM-
cenl: 2, 3,4, 5.

Omeem: 2, 3, 4, 5.

IIpeacraBienne HATYPAJbHOIO YUCJIA
B HeKoTOpO# dopme

Hpumep 71. Haumu ece namypanvHvle
yucna, He NPeocmasumble 8 8UOe CYMMbl 08YX
83AUMHO NPOCMbBIX YUCEIL.

Pewenue. Jlerko moKazaTh, YTO YHCIO
5=2+3 npeacraBuMo B BUAEC CYMMBI JIBYX
B3aMMHO MPOCTHIX YKCell, a uncia 1, 2, 3, 4 u
6 Henb3sl MpeAcTaBuTh. JlokaxkeM, 4TO Kax-
JI0€ HAaTypaJIbHOE YUCIIO 71 > 6 MOXHO TpEI-
CTaBUTh B BUJIE CYyMMBI JIBYX B3aWMHO IIpO-
CTBIX YHCEIL.

Hns HEYETHOTO qucIia
n=2k+1=2+(2k—1). Yerusle uucna pa-

300peM Ha gABe rpynnel. Ywuciaa Buza
n=4k =Q2k+1)+(2k-1) wu uucna Buma
n=4k+2=2k+3)+ 2k -1).
cllydae UMeeM

HOJI(2;2k —1) =1,

B kaxnoom

HOO 2k +1;2k-1) =1,
HOIO (2k +3;2k —1) =1 (moxaxwure).

Omeem: 1,2,3,4ub6.

Hpumep 72. Joxaszams, umo npocmoe
Yucno He modicem Oblmb nPeocmasieHo 6 GU-
0e CyMMbl HECKONbKUX NOCIe008AMeNbHbIX
Heuemmblx yucei.

Pewenue. 1lycte nmeercss n mocienoBa-
TEJIbHBIX HEUYETHBIX yucen 2a +1, 2a+3, ...,
2a+2n—1, xoTOopeie 00pa3zyroT apudpmeTu-
4yecKylo nporpeccuto. Ix cymma paBHa

2a+1+2a+2n-1
2

n=2a+n)n.

[Tocnennee 4umMcio HE MOXKET OBITH MPO-
CTBIM YUCJIOM.



LesrouncieHHbIe y3JIbI

Hpumep 73. (MHUOO, 2010). Ha uucno-
801 OCU OmMeuenbl 8ce MOUKU C YeNblMU KO-
opounamamu. Paspewaemcs npvieamo na 1 u
Ha 4 enpaso unu enego. Moowcno au 3a 2010
MAaKux npuloCcKos nonacmsv u3 mouxku 1 6
MOYKY 2, HU pa3y He nonaodas 6 Mmouku ¢ Ko-
opouHamamu, Kpamuwvimu 47

Pewenue. Touku, COOTBETCTBYIOLIUE
quciiaM BUJa 4n, B KOTOPbIE HE pa3peraeTcs
MoNajaaTh, COBEpIIAsi MPbDKKU, pa3OUBaIOT
KOOPJIMHATHYIO MPSIMYIO0 HAa WHTEPBAJIbI JUIU-
HOM1 4.

Tax xax Toukd 1 ¥ 2 HaxXOIITCSI HA OTHOM
MHTEpBaJIe MEX/1y COCETHUMU TOUYKaMH BHJIa
4n, TO HayaB JBW)KEHHE U3 TOYKM | U 3a-
BEpPIIMB €r0 B TOUKE 2 W3 OJIHOTO WHTEpBaJa,
Mbl  BBIIIOJHUM OJHMHAKOBOE KOJUYECTBO
MPBDKKOB JJIMHOM 4 €IMHULBI BIPAaBO U BIle-
BO, 3HAYUT, O0IIee KOJUYECTBO MPBDKKOB Ha
4 eguHunbl yeTHoe. Torna Ha MPBDKKHU JUIN-
HOM | ocraercs 4eTHOE KOJIMYECTBO IPBDK-
KOB, TaK Kak oOlIee KOJMYECTBO IPBIKKOB
2010.

[Ipy BBINONHEHUHM OJHOTO MHpPbDKKA JJIH-
HOM 1 oT umMcna k BmpaBo (WU BIIEBO) yBe-
nuuuBaetcs (yMeHblIaercs) uuciao k Ha 1.
[Ipu BbINIOJIHEHUHU OJHOTO MPbDKKA JUIMHOM 4
EAVHUIBI OT 4Yuciia k BIPaBO (WM BIIEBO)
yBeJIMYUBaeTCs (yMEHbIIaeTcs) Yucio k Ha 4
€IMHULIBI.

[1ycTh BBINOJIHEHO BCEro a MNMPBIKKOB HA 4
€IMHULIBI BIPaBO, BCEro a NPbDKKOB Ha 4
€IMHHULIBI BIIEBO, b TPBDKKOB Ha | eauHuIly
BIIPABO U ¢ MPBDKKOB HAa | eIMHUILYy BJIEBO,
TO MOJIY4YUTCS PABEHCTBO

l+4a-4a+b—c=2

(mocnenoBarenbHOCT HEe BaxHa). OTcrona
b=c+1. Ho olmee KOIMYECTBO NPHIKKOB
Ha | emuHuy paBHO b+ c=2c+1 — 4ucio
HCUYCTHOC, YTO IMPOTHUBOPCUUT BBIIIC IIPHUBEC-
JICHHOMY YTBEP)KIEHHIO, YTO 3TO YHCIIO
NPBEDKKOB 4YeTHoe. TpeOoBaHWe 3aqadu He
BBITIOJIHACTCA.

Omeem: HET.
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7. MeTtoabl peieHUsl ypaBHeHHUH
U HEPABEHCTB B LEJIbIX YHCJIAX

7.1. J/InHeiiHbIe YPABHEHUSA
Memoo npamozo nepebopa

IIpumep 74. B knemke cuosam Kpoauku u
¢azanwvi. Beeco y nux 18 noe. Y3namo cxonb-
KO 6 Kiemke mex u opyaux. Yxadxcume 6ce
peuienus.

Pewenue. 1lyctb X — KOJIMYECTBO KPOJIU-
KOB, ) — KOJIMYECTBO (ha3aHOB, TOTJa MUMEEM
ypaBHeHue 4x+2y =18 umu 2x+ y =09.

Ecmu x=1, To y =7.
Ecmu x=2, 0o y =5.
Ecmu x =3, To y =3.
Ecmu x=4, 10 y=1.
IIpu x =5 nmomydaem 2-5=10>9.
Omeem: (1;7), (2;5), (3;3), (4;1).
UCNOIb308aAHUE HEPABCHCM

Hpumep 75. Pewums 6 HamypanvHulx
yucnax ypagnenue S5x +8y = 39.

Pewenue. ]Ins ymeHsblneHuss mnepedopa
BApUAHTOB PACCMOTPUM HEPABEHCTBA

5x=39-8y>0
8y=39-5x>0

y<4
x<7

[IpoBenem nepeGop M0 HEU3BECTHOM ).

Eciu y =1, To x =6,2 He sBisiercs HaTy-
PaAJIbHBIM YHCIIOM.

Eciu y=2, to x=4,6 He sBiserca Ha-
TypaJbHBIM YHCIIOM.

Ecmu y =3, To x =3.

Eciu y =4, to x =1,4 He sBisiercs HaTy-
PaJIbHBIM YHCIIOM.

Omeem: (3; 3).
UCNOIb308aHUE OMHOUWEHUA OeTUMOCHIU

Ipumep 76. Hmeromcesa konmetinepol 08yx
suoos: no 130 ke u 160 xe. Cronvko 0OwviI0O
KOHMeEUHepo8 Nep8oco U CKOJIbKO 6MOPO2O
euda, eciu emecme OHU 6ecsim 3 MoHHbI?
Ykaosicume 6ce pewenus.

Pewenue. O003HAUUM KOJUYECTBO KOH-
TEHHEPOB TMEPBOrO BHJA Yepe3 X, BTOPOTO —
yepes Y. [Tonyuaem YpaBHEHHE
130x+160y =3000 wmm 13x+16y =300.

Hanee umeem



13x+13y+3y =13-23+1,
3y—1=13(23-x—-y).

Orcrona cnemyer, 4To pa3HocTh 3y —1 ne-
nutcs Ha 13.
Eciu 3y —-1=0, To y He sBisercs HaTy-

PaTEHBIM YHCIIOM.
Eciu 3y—1=13, To y He sBNseTCs HATy-
paTBHBIM YHCIIOM.
Ecm 3y -1=26, o y=9 u x=12.
Eciu 3y —-1=39, To y He ABigeTcs HaTy-

PaTEHBIM YHCIIOM.
Eciu 3y —1=352, To y He ABigercsa HaTy-
PaTEHBIM YHCIIOM.
Ecrm 3y -1=65,
16-22 =352 > 300.

T0 y=22, HO

Omeem: 12 KOHTENHEPOB
o 130 kr u 9 o 160 xr.

ébloeIeHUe Ueloll uacmu

Hpumep 77. V ocomunoca 8 noe, a y mop-
ckotl 36e30vb1 5. CKobKO 6 akeapuyme mex u
opyeux, ecau 6ce2o y Hux 39 noe?

Pewenue. 1lycth X — KOJIMYECTBO OCbMU-
HOTOB, ¥ — KOJINYECTBO MOPCKHUX 3BE€3/1, TOT1a
noJjiyyaeM ypaBHeHue 8x+5y =39.

Boipa3um y U3 ypaBHEHHS U BBIIEIUM Iie-
JYIO YacTh:

_39-8x
5
Ortcronma ciemyer, 4To pa3HOCTh 3x—4 ne-

nuTes Ha S.
Ecmu 3x—4=0, To x He sABIsAETCA HATY-

7 3x—4.

paTBHBIM YHCIIOM.
Ecmu 3x—-4=5, To x=3 u y=3.
Eciu 3x—4=10, To x He sABIsSETCS HATY-

paTEHBIM YHCIIOM.
Eciu 3x—4 =15, 1o x He ABigeTCA HaTy-

PAIBHBIM YHCIIOM.
Ecoin  3x-4 =20,
8-8 =64 >39.

TO x=8, HO

Omeem: 3 u 3.

3ameuanue. B 1ByX MOCIETHUX IpUMEpPax
WCII0JIb30BAHO OTHOIICHHUE JEIIMMOCTH, TPU
OTOM YpPAaBHCHUA MPHUBOAUIIMNCE K Pa3sHOMY
BUAYy. B 3TMX mpumepax s yMEHBIICHHS
nepedopa BapuaHTOB MOKHO OBIJIO TOTIOJIHHU-
TEJBHO HMCIIOJIb30BaTh HEPABEHCTBA.
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MEMOO OCMAMmMKO8

Ipumep 78. Pewumsv 6 yenvix uucaax
ypaenenue 3x—4y=1.

Pewenue. llepenuiieM ypaBHEHHE B BUIE
3x=4y+1. IlockonpKy JNieBas 4acTb YypaB-
HEHHUS JISJIUTCA Ha 3, TO JOJDKHA JCIUTHCA Ha
3 u npaBas 4actb. PaccmMoTpum Tpu cirydasi.

1. Ecou y=3m, tne meZ, T0
4y +1=12m+1 nHe nenutcs Ha 3.

2. Ecmu y=3m+1, T0 4y+l=
=4(CBm+1)+1=12m+5 He nenurtcs Ha 3.

3. Ecmm y=3m+2, T10 4y+l=

=40CBm+2)+1=12m+9 nenurcs Ha 3, mo-
atomy 3x=12m+9, x=4m+3.

Omeem: x =4m+3, y=3m+2,

rae me Z.

Memoo «cnycka»

Hpumep 79. Pewumsv 6 yenvix uuciax
ypaeHenue 5x —T7y =3.

Pewenue. Bpipa3zuM 13 ypaBHEHHUs TO He-

U3BECTHOE, KO3()PUIMEHT [pU KOTOPOM
MEHBILIE 10 MOIYIIIO:
Ty +3 2y+3
x=2T2 o v+ yro
5 5

2y+3

Hpo6b JOJKHA OBITH paBHA LIEJIOMY

+3

yuciy. [lonoxum =z, Te z — LeJoe

gucno. Torma 2y+3=5z. U3 mocineanero
YpaBHECHHS BBIPa3UM TO HEH3BECTHOE, KO3(-
(UIUEHT TIPU KOTOPOM MEHBIIE TI0 MOIYIIIO,
Y TIpOJIeJIaeM aHaJOTHYHbIE IPEOOPa3OBAHMS:
_5z-3

y= 5

3Z_Z+3.

z+3
OJDKHA OBITH IEJIBIM YHCIIOM.

Hpo6b

z+3
O003HauNM T =, TIe t — LEI0€e YUCIO.

Orcroga z =2¢—3. IlocinemoBaTensHO BO3-
BpaHIaCMCﬂ K HCU3BCCTHBIM X U y:

y=32t-3)-t=5t-9,
X=y+z=5%-9+2t-3=Tt-12.

Omeem: x=Tt—12, y=5t-9, tne t € Z.



Men 00 noc1e008ameIbHO20 YMEHbUICHUS
KoIhpuyuenmoe no mooynro

IIpumep 80. Pewumsv 6 yenvix uuciax
ypaenenue 79y —23x=1.

Pewenue. I1lpoBenemM JeneHrne ¢ OCTaTKOM
79=23-34+10 wW nepenuIIeM HCXOTHOE
ypaBHEHHUE B BUJIC

23x=79y-1=69y+10y —1,
23x—-69y =10y —1.

JleBast wacTp moOCIEIHEr0 ypaBHEHUS e-
JUTCA Haleno Ha 23, modToMy W TIpaBas
4acTh JI0JKHA JenuThes Ha 23. MmeeM

10y—-1=23¢, rne t € Z.
JIJ1st TOTy4eHHOTO HOBOTO YPaBHEHHMSI TIOBTO-
pUM TPOIEAYPY YMEHBIICHHUS KO3(pduimeH-
TOB.
10y =23t+1=(2-10+3)t +1;
10y —20t =3t +1; 3t+1=10u, roe u € Z.

[IpoBenem eme pa3 npoueaypy yMEHBIICHHS
K03 (HULIUEHTOB.
3t+1=10u=3-3+Du; 3t-%u=u-1;
u—-1=3n, neZ.

Bripazum x u y yepe3 n. Tak kak u =3n+1,

TO
3t=10u—-1=10C3n+1)-1=30n+79;
t=10n+3.
10y =23t+1=23(10n+3)+1=230n+70;
y=23n+7.
23x=79y-1=79(23n+7)—-1=79-23n+552;
x=T9n+24.
Omeem: x=79n+24; y=23n+7,
rae ne /.
3ameuanue. B ocieqHux IByX MpuMepax
MIPUMCHCH METOLI [MOCJIEI0BATEILHOTO

YMEHbIIEHUS KO3((UIMEHTOB IO MOJIYJIIO,
IIPU 3TOM ypaBHEHUS MPUBOJIMWINCH K Pa3HO-
MY BHJY.

ucnonv3osanue opmyn

Teopema. YpaBHeHue
ax, +a,x, +..+ax, =b

pasperniuMo B MEJIbIX YHCIaX TOTa M TOJBKO
torna, korna d | b, rne d=HO/(a,,a,,...,a,).
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Teopema. Ilycts ypaBHeHHMe ax-+by =c
paspemiuMo B Z u mapa (xo; yo) SIBIISIETCS

YaCTHBIM PELICHUEM ITOr0 ypaBHEHHs. Toraa
MHO>@ECTBOM BCE€X pEIIeHUH B Z. JaHHOIO

YPAaBHEHUs SBJISIETCSI MHOKECTBO I1ap (x; y),
rae

y:yo"'ﬁ't’
d

CaenctBue. [lyctb a v b B3aIMHO MPOCTHI
u (x,;¥,)— KaKoe-HUOY/b pElICHHE YpaBHe-
HUSI
ax+by =c (*)

Torna Gpopmysnsl
x=x,-b-t,
y=y,ta-t
IIpH ¢ € Z, 1aI0T BCE pEIIeHUs YPAaBHEHHUS (*).

IIpumep 81. MI'Y, 1969). Ocmamox om
oeflenusl HeKOMopo2o HAMYPAIbHO20 YUCLA N
Ha 6 pasen 4, ocmamok om Oenenusi n Ha 15

pasen 7. Yemy pasen ocmamok om OeneHus
n na 307

Pewenue. V13 yciioBus 3amadd ClENyeT,
YTO CYLIECTBYET HaTypaJlbHOE YUCIIO Kk TaKoe,
4TO n=~06k+4. AHQJIOTUYHO  HUMEEM
n=15/+7, rone [ e N. Hckaouasgd u3 3TUX

ABYX paBCHCTB n, HOJ'Iy‘H/IM ypaBHCHI/IC
2k—51=1. (*)

Jlist pemieHust 3TOro ypaBHEHHS HaiieMm
Kakoe-HUOY/Ib YaCTHOE PEIICHHE B EIBIX (HE
00s3aTeNIbHO  HEOTPULIATEIbHBIX)  YHUCIIAX.
[TonGopom B KauecTBE TaKOTO YacCTHOTO pe-
IIEHUsS MOJKHO B35Thb, Hampumep, k =-2,

[ =-1. CornacHo cleICTBUSI ypaBHEHHUE (*)
HMECT PCIICHUA

k=-2+5t, [=—1+2t, tne teZ.

UtoObI uncna k u [ ObUTHM HEOTPHULIATEIIb-
HBIMH, ITapaMeTp { TOJDKEH IIPpUHHUMAThL HaTy-
panbHbIe 3HaYeHus. Teneps nmeem

n=605t-2)+4=30t-8=
=30(r-1)+22.

Omeem: 22.



Ipumep 82. Pewumsv 6 yenvix uuciax
ypasrenue 147x—-25y =14.

Pewenue. Yucna 147 u —25 B3auMHO 1po-
CTBI, CJIEI0BATEIbHO, YPAaBHEHUE Pa3peLIiMO
B Z . Haiinem 0/IHO 4aCTHOE pelIeHue:

147 =(-25)-(-5)+ 22,
-25=22-(-2)+19,
22=19-1+3,
19=3.6+1.

1=19-3-6=19 —6-(22 —19)=7-19 —6-22 =

=7-(-25-22-(-2))—-6-22=7-(-25)+8-22=
=7-(-25)+8-(147+5-(-25))=
=8-147+47-(-25).
Urak, 1=147-8 +(-25)-47. CnenoBarensHo,

14=147-112-25-658.

3naunT, mapa yucen (112; 658) oOpa3syer ua-
CTHOE pelleHue JTaHHOTO ypaBHeHus. Cieno-
BaTeJIbHO, O0IIIee PEIICHHE

x=112+25¢
rae t € 7.
y=0658+147¢,
UCNOIb306aHUE KOHEYUHBIX UENHBIX Opoodell
Lennas apo6b (UIM HempepbIBHAsA

ApoOb) — 3TO MAaTEMAaTHYECKOE BBIPAKEHHUE
BHUJ1a

lay;a,,a,,a,, ...]=a,+

rle a, €CTh LEJNOE YHCIO U BCE OCTalIbHBIC
a, HaTypallbHble 4Hcaa (TO €CThb HEOTpHUIA-

TenbHbIE 11eNbie). JIF00e BelecCTBeHHOE YHC-
JI0O MOXHO HpPEJICTaBUTh B BUJE LIETTHOM JpO-
O6u (koHeyHOW wuiM OeckoHewyHoit). Ywucno
MIPEJICTABIISIETCSl KOHEUHON LEenmHOM ApoObio
TOTJJa U TOJBKO TOIJAa, KOIJla OHO paluo-
HaibHO. J[JI panMOHANBHBIX YHUCENT MOXET
ObITh HCHOJIb30BaH airoput™m EBkimuma s
OBICTPOrO MOJYYECHUS PA3JI0KEHHUS B LIEMHYIO
poOb.

Nudopmannio 0 LEMHBIX IpOOSX MOXKHO
HaWTH, HanpuMmep, B kaure M.b. bank, I'./l.
bank. Marematuka nocne ypokoB. M, «lIpo-
cBemenney, 1971.
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Ipumep 83. Pewumsv 6 yenvix uucnax
ypaerenue 127x - 52y +1=0

Pewenue. IlpeoOpa3zyeM OTHOIIEHUE KO-
s¢unueHToB mpu HeusBecTHBIX. [Ipexne
BCET0, BBIJICIUM LEIYI0 YaCTh HEMPABUIbHON
apobu —;

52
127
—=2
52

23
52

23 .
[IpaBunbHyO 1poOb - 3aMEHUM PaBHOM

el apoOBI0 L
AP 52

23
Torga nmonyyum 152—27 =2+

52°
23
eM TaKHe K€ MPeoOpa3oBaHMs C MOJTYYCHHOM

[Iponena-

. 52
B 3HAMCHATCJIC HCIIPAaBUJIbHOU I[pO6BIO 2—3 .

Tenepb ucxoaHas ApoOb IPUMET BU:

15227:2+ 11
2 -

23

6

[ToBTOpSAS TE K€ paccyXJIeHus i Apoou

23
e MTOJTy4HM

R
>2 2+ I
3+—

6

5

Beigendas uenyr0 4acTh HENpPaBUIILHOU
6
npoou g, MpUJIEM K OKOHYATEIbHOMY pe-

3yJbTaTy:
127 _ 2+ 7 .
52 24 —
3+ —7
I+—

MsI mosyduiau BeIpaKEHHE, KOTOpOE Ha-
3bIBAETCSL KOHEYHOU YenHou W Henpepwvls-
HoOU OpobOblo. OTOPOCUB TOCJEIHEE 3BEHO
9TOM LETMHOM IpoOu — OJHY IATYIO, IIpEeBpa-



THM TIOJYYarollyrCs IIPU 3TOM HOBYIO IIEII-
HYIO IpoOb B MPOCTYIO U BBIYTEM €€ U3 HC-

XOJTHOM ApOoOH 127 :
52
2+ 11:2+£:%,
2+
4
127 22 1143-1144 1
52 9 529  52.9°

[IpuBeneM mosydeHHOE BbIpaKE€HUE K 00-
1ieMy 3HaMEHaTeN0 U OTOPOCHM €ro, Toraa

127-9-52-22+1=0.

13 comocTaBieHus MOJIy4eHHOTO PaBEHCT-
Ba ¢ ypaBHeHueM 127x — 52y +1=0 cuenyer,

yt0 x=9, y=22 0yAer peuieHrueM 3TOro

YpaBHEHHMsI, U COTJIACHO TEOpPEME BCE €ro pe-
meHus: OyayT colepkarbcs B (opMynax
x=9+52t, y=22+127¢t,tne t € Z.

Omeem: x=9+52t, y=22+127¢,
rae teZ.

7.2. HesmHeiiHbIe ypaBHEHHS
MeTo/ pa3/io:KeHHs] HA MHOKUTEIH

6blHeceHue 00uuUx MHOMCUmeneil
3a CKOOKy

Ipumep 84. Pewumsv 6 yenvix uucnax
ypasuenue 2x° +xy—-71=0.

Pewenue. 1IpuBenemM 1aHHOE ypaBHEHUE K
BH]TY

x(2x*+y)=17.
Taxk xak
7=1-7=7-1=-1-(-7)=-7-(-1),

TO PACCMOTPHUM YETHIPE CUCTEMbI YPaBHCHUI:
x=1 x=7
1) , 2) 5
2x +y=17 2x +y=1

3 x=-1 5) x=-7
2x*+y=-7 2x* +y=-1
N3 xax10#l cCUCTEMBI ITOIy4aeM PELICHHUS.

Omeem: (1;5); (-1;-9);
(7;-97); (-7;—99).
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npumeHnenue Gopmyn coKpauieHHo20
YMHOMCEHUA

Hpumep 85. Haumu ece napvr namypano-
HbIX Yucel, pasHOCMb K8aopamos KOmopbvlx
pasna 55.

Pewenue. 3anuineM ycinoBue 3ajayd B

BUJIE ypaBHEHUS n*—k*=55 1501051
(n—k)(n+k)=55. Tak xak n+k>0, 1O

n—k>0,0puueM n+k>n—k.
[Tockompky 55=1-55=5-11, To BO3MOX-

HBI JIBA CIIy4ast

n—k=1 n—-k=5
AN
n+k=>55 n+k=11
Pemas 3t ypaBHEHUS, TIOJYIHM JIBa OTBETA:
n=28, k=27 un=8, k=3.
Omeem: (28;27); (8;3).
CHOCOO 2pynnupoeKu

Ipumep 86. Pewumsv 6 yenvix uucaax
ypaeHenue xy+3x—y=06.

Pewienue. 3anvieM ypaBHEHHE B BUJIC
x(y+3)-(y+3)=3 wm (x-1)(y+3)=3.

Tak kak 3=1-3=3-1=-1-(-3)=-3-(-1), T0
pPaccMOTPUM YETHIPE CUCTEMBI

x—1=1, x—1=3,
1) 2)
y+3=3. y+3=1.

x—=1=-1, x—1=-3,
3) 4)
y+3=-3. y+3=-1.
N3 xax1011 CUCTEMBI ITOJIy4aeM PELICHHUS.
Omegem: (4;-2); (-2;—4); (2;0); (0;—6).

pasjtorcenue Keadpamuozo mpexujieHa

Ipumep 87. Pewumsv 6 yenvix uucnax
ypasuenue x° —3xy+2y° =11,

Pewenue. Peminm ypaBHeHUE
x=3xy+2y*=0

OTHOCHTEIBHO HEW3BECTHOM X: X, =)y W
X, =2y.

Torna momygaem (x— y)(x—2y)=11. Tak
kak 11=1-11=11-1=-1-(-11)=—-11-(-1),

TO PACCMOTPHUM YETHIPE CUCTEMBI YPAaBHEHHIA:



-y=1, -y=11
1 X=Yy 2) X=y
x=2y=11. x=2y=1.

x—y=-1, x—y=-11,
R 47
x=2y=-11. x=2y=-1.

N3 xax10#l cUCTEMBI ITOJIy4aeM PELICHHUS.
Omeem: (21;10); (-9;—-10);
(—21;-10); (9;10).

ucnojib3oearnue napamempa

IIpumep 88. Pewumsv 6 yenvix uucnax
ypasuenue 2x° —2xy+9x+y=2.

Pewenue. 1lepenuuieM ypaBHEHHUE B BUIE
2% =x(2y-9+y-2+a=a
U DPa3joXUM JIEBYIO 4YacTh YpPaBHEHHS Ha

MHOXHUTEIIN KaK KBaﬂpaTHBIﬁ TPEXUICH OT-
HOCHUTCJIIBHO  X. HaXOI[I/IM AUCKPUMHWHAHT

D=4y*—-44y+97-8a.
97—-8a =121, TO TMCKPpUMUHAHT OyJET TMOJI-

OueBuHO, €cCIu

HBIM KBajapaToM. IIpu atom a =-3 u

x_2y—9i(2y—11)
1 .

Otcroma x,=0,5 u x,=y-5. YpaBHeHue
npuHumaet Bua (2x —1)(x—y+5)=-3. Pac-
CMOTpPHUTE CaMOCTOSITEIBHO pEIIeHHEe Io-

CJIICAHEr0 YpaBHEHUS.
Omegem: (1,9); (—1;3); (2;8); (0;2).

Meton penieHusi OTHOCHTEILHO
O/IHOM NepeMeHHOoI

6bloeIeHUe Ueloll uacmu

IIpumep 89. (MI'Y, 1997). Haumu ece
napul Yyeavix yucei X uy, y0oeiemeopaoujue
VpasHeHuto

3xy+14x+17y+71=0.

Pewenue. BpipasuM 13 JaHHOTO ypaBHe-
14x+71

3x+17

[Ipu sTOM ClemayeT OTMETHTh, YTO BEJIH-
yiHa 3x+17 # 0 (Tak Kak X — [eJI0€ YHCIIO).
Boeigenum u3 npoOGu B mpaBoil 4acTu 3TOTO
paBeHCTBAa MPABHIBHYIO areOpandecKyro
IpoOb (y KOTOPOM CTETICHb YUCIUTENST MEHB-
1€ CTENEeHN 3HAMEHATEIISN):

HUSL Y Yepe3 x: y=—
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_ AGx+17)+2x+3

4 2x+3
3x+17

3x+17

YMHOKXHM 00€ 9acTH MOCIICAHETO PaBEHCTBA
Ha 3:

3y:_12_M:_ — +L
3x+17 3x+17
J5R105 3y+14zi.
3x+17

[Tockonbky umcna 3y u 14 — wnensle, TO
3x+17 MOKHO OBITH JeUTENIeM uncia 25:

3x+17==%1;£5;£25 — Bcero 6 BO3MOXHO-
creit. OTcrofa Aig X TOJy4aeM TPU BO3MOXK-
HbIX 3HaueHus: —4, —6, —14 (B OCTaJIBHBIX
Tpex cilydasgX x He siBisiercs uenbiM). Coot-
BETCTBYIOIIHE 3HAYEHUs y paBHBI —3, —13, —5.

Omeem: (—4;-3); (-6;—13); (-14;-5).

3ameuanue. B nanHOM npumepe CyTh BbI-
JeJICHUS 1IeJI0M YaCTH COCTOUT B M30aBICHUU
MIEPEeMEHHON X U3 4YUCIHUTENS (CpaBHUTE C
npumepoMm 77). B pemieHun OblT HUCHOJIB30-
BaH IpHUEM JOMHOKEHHs oOeux yacredl pa-
BEHCTBA Ha KOA()(UIIMEHT Npu X B 3HAMEHa-
Tene. DTOT IpUEM JOMHOKEHHUS TaKxkKe y/o0-
HO HCIIOJIb30BaTh MPU PEUICHUHM ypaBHEHUI
METO/I0OM Pa3JIo’KEHUsI HA MHOKHUTEIH.

UCNO1b308AHUE OUCKPDUMUHAHMA
(heompuyamenvrhocmy)

Hpumep 90. Pewumsv 6 yenvix uuciax
ypasHeHue

3(x* +xy+y?)=x+8y.

Pewenue. PaccMoTpuM ypaBHEHHE, Kak
KBaJIpaTHOE OTHOCHUTEIIBHO X'

3x* +(By—-Dx+3y° -8y =0.

D=
—27y* +90y +1. JlanHOe ypaBHEHHE HMe-
D>0,
—27y*+90y+1>0. Tak kak y€Z, To Ho-

HaiineM JuCKpUMHHAHT ypaBHEHUs

eT KOpHH, eciiu T.C.

ayqaem 0<y<3. [lepebupas 3TH 3HAUEHUS,

MOJIyYUM, YTO MCXOJIHOE€ YPaBHEHUE B LIEJIBIX
yucnax umeet pewenus (0;0) u (1;1).
Omeem: (0;0); (1;1).



UCnOIb308aHUe OUCKDUMUHAHMA
(noanwuit keadpam)
HMpumep 91. Pewumsv 6 yenvix uuciax
2 2
ypasHeHue x° —xy+y  =x+y.

Pewenue. PaccMoTpuM ypaBHEHHE, Kak
KBaJIpaTHOE OTHOCHUTEIIBHO X'

X =(y+Dx+y*—y=0.

D=-3y"+6y+1=¢’
JOJIKEH OBbITh KBaJIpaTOM HEKOTOPOTO €00
yucia f.

[Tonyyaem HOBOE ypaBHEHHE

Ero pauckpumuHaHt

3P —6y—1+1t>=0; 3(y -1 +1> =4.
M3 mocneHero ypaBHEHMs CIEAyeT, uTO
t*<4, 1e |t|<2.
=0,
3(y —1)* =4 He UMeeT LETOTO PEIICHHS ).
2. =1,

3(y—1)* =3 uMeer ueible pemieHus Y, =2

1. Ecmnm TO  ypaBHEHHE

Ecimn TO  YpaBHEHHE

u y,=0.Ilpu y=2 nomydaem KBagpaTHOE
ypaBHeHHe Xx° —3x+2=0 c KopHIMH X =1
wi x =2 . llpu y =0 nomyyaem KBagpaTHoe
ypaBHeHne x° —x=0 c KopHAMH x =0 WIH
x=1.

3. t* =4,
3(y—1)>’=0 wumeer OmHO IeNOE pelIeHHE
y=1.
ypaBHenne x° —2x =0 ¢ kopHAMH x =0 WA
x=2.

Ecimn TO  ypaBHEHHE

I[Ipu y=1 mnomyyaem KBaapaTHOE

Omeem: (1;2); (2;2); (0;0);
(1;0), (0;1); (1)
Metoa oueHKH
UCNOJIb306AHUEC U36ECMHbBIX Hepaeencme

Ipumep 92. Pewumv 6 nHamypanrbHbix
1

4ucnax ypasHenue —+— = 5 .
X

y

Pewenue. Ilyctb 1 ONPENEIECHHOCTH

x < y. IlpoBegem mepebop A MEPBBIX 3HA-
YEeHUI HEU3BECTHOU X.

1. Ecmu x =1, To moJyiyuaem HEBEpHOE pa-

1 1
=—, TaKk kak l+—>1 mpmu
y

1
BEHCTBO 1+ —
y
JOOBIX HATYPAJIBHBIX ).
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2. Ecmm x =2, To monmy4daeM HEBEpHOE pa-

BEHCTBO —+— =—, TaK Kak —+— > — TIpH
y 2 2y 2
JOOBIX HATYPAJIBHBIX ).
3. Eciu x =3, To noiy4yaem

1 1 1 1 1
—+—=—, —=—, y=6.
3y 20y

4. Ecniu x =4, 10O nonyyaem

I 1 1

2’ y - 4’ y=4
5, TO mosy4aem

3 10

57y 2y 10T

ITycte x > 6. Ilo ycmoBuio y > x, cieno-
1 1 1

BarenbHO, y > 6. Torma lsg, —Sg,
X y

t.1
4 y
U =

5. Ecn
1 1 1 1
+ =

X

¢ N.

a

I 1 1
3HA4YuT, —+— < —
x y 3
X>6 W y=Xx UCXOOHOE YpABHEHHUE pellle-

1
< > Takum o6pazom, npu

HUU HE UMEET.

1 1 1
3amMeTuM, 4YTO B YpaBHEHUH —+ —=—
x y 2

HEU3BECTHBIE X U )y PaBHONPABHBI, MOITOMY
CHUMasi YCJIOBHE ) > X, HUMEEM elle OJHO
pemenue (6;3). Kpome Toro, Mo>XHO creiaTh
BBIBOJ, UTO IpU x>6 Uy =6 HUCXOAHOE
YPaBHEHUE HE UMEET PELICHUH.

Omeem: (4;4); (6;3); (3;6).

IIpumep 93. (MMO, 1963, 8 kaacc). Pe-
WUMb 8 YeuvlX YUCIAX YPAGHEHUE

ﬂ_,_ﬁ_,_ﬂ:}
z x y

Pewenue. MoxxHO BHayajie HAWTH pelle-
HUS TOJIbKO B HATYpaJbHBIX YUCIAX, TaK Kak

ecinu  (X,;),5Z,) — pCEUICHUE, TO, H3MCHHB

3HaK y JIFOOBIX JBYX YHCEJI 3TOW TPOUKH,
CHOBa MOJY4YMM pelieHue. J[aHHoe ypaBHe-
HHUE YMHOXXHUM Ha 2X)z W BOCHOJIb3yeMcs He-

paBeHCTBOM a’ +b’ >2ab;
6xyz =2x7y* +2x°z° +2y°z% =
=Y+ X2+ (XY + Y )+ (P2 + YY) >

>2x°yz + 2y xz+ 22 xy = 2xyz(x + y + 2),



oTkyna x+y+z<3. Ho x, y, z— HaTypasb-
Hble, MO3TOMY X =y =z=1 eJIUHCTBEHHOE

perieHue B HaTypalbHbIX uynciax. OcTaibHbIe
pELIEHUs] KCXOJIHOTO YPABHEHHSI TAaKOBBI:

-L-11); (L-L-1); (=L1-1).

Omeem: (1;1;1); (-1;—1;1);
(-15-D; (-LL-D).

npugeoenue K cymme HeompuuyameibHvlx
8bIpalICeHU

IIpumep 94. (MMO, 1941, 9-10 kaaccsl).
Pewumy 6 yenvix yucaax ypasnenue

x+y=x"—xp+y°.
Pewenue. lpuBeneM ypaBHEHUE K BULY
(=1 +(r-D*+(x-p) =2.
Tak kak (x—1)><2, To umeem (x—1)>=0

wi (x—1)> =1. OTcroa nonydaeM TpH 3Ha-

yennsa x: 1, 0, 2. IloacraBnsas 3Th 3HaYeHUS B
HMCXOJHOE YpaBHEHHE, HAWJIEM 3HAUEHUS ).

Omeem: (0,0);(1;0);(0;1); (2;1); (1;2);(2;2).
MeToa 0CTAaTKOB

Ipumep 95. Pewumsv 6 yenvix uucnax
ypasnenue 3" +7=2".

Pewenue. 1. Ecnu m <0, TO ypaBHEHue
HE MMEET pEUIeHUN B LeNbIX yucnax. Jlencr-
ButenbHO, 0<3™ <1, TOrma mpaBas 4YacTh
ypaBHeHHs 3" =2" —7 sBHAETCS LEIBIM
gucioM npu 7 >0 (YTO HEBO3MOXKHO) WIIU
npaBas 4acTh ypaBHeHus 7 =2" —3" MeHb-
we 7 npu n < 0.

2. Ilyctb m =0, Torma W3 ypaBHEHHS

2" =8 momy4aem n = 3.

3. Tenepp cumtaem, uto m > 0. Tak kax
YpaBHEHUE COJIEP’KUT CTEIEHb C OCHOBAHUEM
3, TO UMEET CMBICI PACCMOTPETh OCTATKU NPU
nesneHuu Ha 3. JIeBas 4acTh MCXOJHOTO YpaB-
HEHUS IPU JIeJIEHUU Ha 3 UMEeT OCTaToK 1.

Beisichum, korga mpaBasi yacte 2" umeer
octaTtok 1. JIerko mokasaTe, 4TO IPH YETHOM
n =2k BBIpaXEHUE

2% =4 =3+ =
=3 43 +34+1=3¢+1
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nMeer octatok 1. Ilpu HeuetHoM n =2k +1
BBIpA)KEHUE

2% =2.4F =203t +1) =6t +2

HMMEET OCTaTOK 2.

Urak, n =2k . Torna ypaBHeHHE 3anunieM
B BHme 3" =2%* —7=4%_7. [IpaBast gactpb
MOCJICTHETO YPaBHEHUSI HMEET OCTaToK | mpu
NeJeHnd Ha 4 (Juciio —7 momnajaeT B MHOMKE-
CTBO-KJIaCC OCTATKOB, cojieprkamiee 1).

BersicauM, korpja nieBas 4acth 3" mMeeT
octaTtok 1. JIerko mokasarp, 4TO IIPU YETHOM
m =2 p BBIpaXKEHUE

37 =97 =(8+1)” =8* +8" ' + .. +8+1=
=8s+1

umeet ocratok 1. Ilpu HeuetHoM m =2p +1
BBIpa)KEHUE

3271 =3.97 =385 +1) = 245 + 3

UMEET OCTaToK 3.
Utak, m=2p. Toraa ypaBHEHHE MOXKHO

3ammucaTh B BUJIC
2% 3% =7 um (2" -37)2F +37)=7.
Tak kak
28437 52837 y 2k 437 >0,
TO UMEEM €IMHCTBEHHBIN CITydail
2K 437 =7
2f-37 =1
Orcroma monydaem k=2, p=1 u m=2,
n=4.
Omeem: m=2,n=4nm m=0,n=3.
Metoa «cmycka»
Memo0 KOHEYHO20 «CHYCKa»
Hpumep 96. Pewumsv 6 yenvix uucnax

ypasuenue 2x° —5y° =17.

Pewienue. Tak kak 2x*> — 4eTHOE YHCIO, a
7 — HeuyeTHOe, TO 5)° JOMKHO OBITH HEueT-
HbIM, T.e. y — HeueTHoe. Ilycts y =2z+1,
rjae z € Z, Torga JaHHOE YpaBHEHHUE MOYKHO

nepenucarh B Buge x° —10z° —10z =6.
OTcroa BUAHO, YTO X JOJDKHO OBITH YeT-
HbIM. [lycTe x =2m, TOraa mocieaHee ypas-



HeHWe npuMeT BuA 2m’ —5z(z+1)=3, uro
HEBO3MOJKHO, TaK Kak 4ucio z(z+1) — uger-

HO, a Pa3HOCTh JABYX YETHBIX YHCEJ HE MOXKET
ObITh paBHa HeueTHOMY uuciy. Takum obOpa-
30M, JaHHOE€ ypaBHEHUE HE UMEET PELIeHUil B
LEeJbIX YUCIIAX.

Omeem: HET pelIeHU.

Memoo 0eCKOHEeYHO020 «CHYCKa)

Hpumep 97. Pewumsv 6 yenvix uucaax
ypasuenue 2x*> —5y° = z*.

Pewienue. 3amviieM ypaBHEHHE B BHJC
2x* —z% =5y*. Orcrona cieyer, uTo JeBas

4acTh MOCJIEIHEr0 ypaBHEHUs KpaTHa 5. Pac-
CMOTpPUM OCTAaTKH IIPU ACJIICHHUUN BBIPAXKCHUA

2x? —z%* mas.

0 1 2 3 4
x> 0 1 4 4 1
2x? 0 2 3 3 2

W3 Tabnauubsl BUAHO, YTO VIS Pa3peIIUMO-
CTH B LEJIBIX YUCJIaX UCXOAHOTO YPaBHEHUS
qycia X U Z I0JKHBI ObITh KPATHBI 5.

IIpeanonoxum, uro x =5x,, z =5z, To-
r7a MCXOJHOE ypaBHEHHE (IIOCIe COKpalle-
HUSA Ha 5) NpUMET BUJ 10x]2 -y = 5212. Ot-
CI0JIa CIEAYeT, YTO 3HAYEHUs ) KpaTHBHI S,
T.e. y=15y,. Ilocnennee ypaBHeHue (mocie
COKpAallleHUus Ha 5) OpUMET TOT K€ BHUJ
2x]2 —5y]2 :zlz, YTO M MCXOAHOE YpaBHE-
HHUE.

W3 npuBeneHHBIX pacCyXJIEHHH Clenyer,
YTO YHCJA X, Y U Z JOJDKHBI OBITh KPaTHBIMU

X y z
S, mainee uucna Xx,, y,, z,, T.e. —, —, —
1 1 1

5 5 5
Takke KpaTHbl 5. Mtak, oka3anoch, 4To 4MC-
J1a, YAOBJIETBOPSIOIINAE HMCXOJHOMY YpaBHE-
HHUIO, JOJIXKHBI OCJIHUTHCA Ha 5 , 1 CKOJIBKO OBl
pa3 He AENWIM 3TU 4Yucia, OyleM IoJiydyaTh
HOBBIC YHMCJIda, KOTOPBIC TAKIKEC ACTIATCA HA 5mu
YAOBJIETBOPSIIOT YpaBHEHUIO. EIMHCTBEHHOE
4uciio, 00Janarolee 3TUM CBOWCTBOM, €CTh

HYJIb. CnenmoBarenbHo, ypaBHEHHE
2x* —5y° =z’ MMeeT eIUHCTBEHHOE pellle-
Hue B nenbix yucnax (0;0;0).

Omeem: (0;0;0).

www.alexlarin.narod.ru

MeTtoa foKa3aTeabCcTBa OT IMMPOTHUBHOI'0

Hpumep 98. Jokazams, umo ypasnenue
xP+y? 4z =2xyz
Hepazpewumo 8 HamypaibHbIX YUCTAX.

Pewenue. IlpennonoxxuM, 4YTO JTaHHOE
YpaBHEHUE pPa3pelIMMO B HATYpaJbHBIX YHC-
nax. Toraa Tak Kak ero npaBasi 4acTh JEJIUT-
csl Ha 2, TO U JieBas 4acTh TAKXKE JOJDKHA Jie-
JUThCA Ha 2. DTO BO3MOKHO, €CJIU JINOO OJIHO
U3 HUX YETHOE, a JIBa IpYrMX HeUeTHhIE, T100
X,y,z— ueTHble 4yuciaa. PaccMoTpum 3TH
clly4aH.

I. IIycTs,

Hanpumep, x=2x,

y=2y+1, z=2z +1. Iloacrasmas »>tn

quciia B ICXOJHOC YPaBHCHHUE, IIOJTYUHM!

Ax! +4y] +4y, +4z] +4z,+2=
=4x,(2y, +1)(2z, +1).

[Tocne cokpaiienus Ha 2, ojrydaem

2x] +2y +2y, 42z +2z, +1=
= 2x,(2y, +1)(2z, +1).

B mnocrnennem ypaBHEHHMM TIpaBas 4acTb —
YEeTHOE YHCIIO, a JieBas — HEYETHOE YHCIIO.
CnenoBarenbHO, peUICHUH HET.

2. Ilycte x,y,z— dYeTHele 4uCHIa, T.C.
x=2x,y=2y,z=2z,. llogcraBnaa o>tn

YHUCJIa B UCXOTHOE YpaBHEHUE, MTOTYIUM:
2 2 2
X, +y, +z; =4xy,z,.

[TpuMmeHss K NOJIy4eHHOMY YPaBHEHHUIO T€
K€ pacCykIeHHsd, 4TO M Ui HCXOIHOTIO
YPaBHEHMsI, HAXOOUM X, =2X,, ), =2),,

2 2 2
z,=2z,. Torma x;+y;+z,=8x,y,z, H
T.1. Ha xaxgoMm mare BBINOJIHAETCS YCIOBHE
X, =2X,,, Y, =2Y4> 2, =22,,,. B wrore
IOJIy4aeM, Halpumep, Uil X OECKOHEYHYIO
10CJIE0BAaTEIbHOCTD

X>X >Xx,>.>x, >x,,,>..>0.

Ho »sra mocnenoBarenbHOCTh HATypaJbHBIX
yycesl J0JKHA ObITh KOoHeuHo#l. [losmyuaem
npotuBopeune. CrenoBaTenbHO, HCXOIHOE
YpaBHEHHE HEpa3peliuMo B HaTypaJbHBIX
qHCIIAX.

3ameuanue. B nanHoM nmpumepe MCHOJIb-
30BaH Memoo OeCKOHeYHO20 CHYCKd, 3aKIIo-



YalolIuiics B MOCTPOCHUM aJrOpUTMa, MpHU-
BOJISIIIETO K CO3JaHMI0 OECKOHEYHOU mocie-
JOBATEJIbHOCTH YOBIBAIOLIUX IIEJIBIX MOJIOXKHU-
TenbHBIX ynceln. [lockonpky yObIBaromas mo-
CJIEIOBATENIBHOCTD LENBIX IOJOKUTEIBHBIX
YUCEJl UMEET JINIIb KOHEYHOE YHCIIO YJICHOB,
TO IOJIy4aeTCsl IPOTUBOPEUHE.

I[IapameTrpu3auus ypaBHeHHs

Ipumep 99. Pewumsv 6 yenvix uucnax
2.

ypasuenue x° + 7y’ +z°

Pewenue. llonoxum x=a+b, y=a-b.

Tak kak x° + )’ =2a’ +6ab”, To ucxoaHOE

ypaBHEHHUE MPUHUMAET BH/I
2a° +6ab* +z° =2.
[onoxus a=1, mnomyanm z° =—6b.

Cunraem Tenepb b =6¢>. Orciona x =1+ 6¢°,
y=1-6t, z=—-6t>. Takum o6pa3oM, moy-
4eHO GECKOHEYHOE MHOYKECTBO PEIICHHil Hc-

XOJHOI'0 YypaBHCHHS, COOTBCTCTBYIOIIUX IIC-

JIOYMCIICHHBIM 3HAYCHHSIM ITapameTpa .
Omeem: x=1+6", y=1-6£, z=-61",

rae t e 7.
DO YyHKIHOHAIBHO-TPAPHUYECKUIT METO/
HIpumep 100. (MHUOO 2010)). Haumu
6ce napvl HamypanbHulX k u n makux, umo
k<nu(n) =(k).

Pewenue. 1. [IpeoOpazyeM ucxomHoe pa-
BEHCTBO:

()

(k) © klnn=nlhk <
nE_BE o =1k
In x

rie f(x)=—, x>0.
X

2. f’(x)zg, nosromy  f'(x)<0
x

npu x>e u f'(x)>0 npu 0< x <e. 3Haywr,
¢yakus  f(x) Bo3pacTaeT Ha (O;e] u yOBbI-
BaeT Ha [e;+ oo) (cm. puc. 1). Tak kak k <n,
paBeHCTBO f(n)= f(k) MOMET BBITIOJHATHCS
TOJIBKO TIPH YCJIOBHH k < e < n, OTKyda Cle-
nyer k=1 wmm k=2, mpudem ajst KaKI0To k
MOXKET HaWTHUCh He 0oJiee OJHOTO 3HAYCHUS

n, YIOBJIETBOPSIONICTO YPAaBHCHUIO B Tape C
3TUM 3HAYEHUEM K.

www.alexlarin.narod.ru

39

[

Puc. 1

3. B ciydyae k=1 u3 naHHOro ypaBHEHHUS
[ojydaeM #=1, 4TO He COOTBETCTBYET ycC-

JIOBUIO k < n.

4. B ciydqae k=2 monaydaeM ypaBHEHHE

2
n

=2", penieHne KOTOPOTO JETKO HAXOJHT-
cs moAdOpoM: n =4, IpUYeM B CHUJIy BbIllIe-

CKa3aHHOTO JTO ©IUHCTBEHHOE pCIICHUE
n>e.
Omeem: k=2, n=4.
7.3. HepaBencTBa

MeToa MaTeMaTH4YeCKOM HHAYKIUHA

Hpumep 101. (MI'Y, 1972). Haumu ece
yenvie peulerus HepaseHCcmed

x—1<log.(x+3).

Pewenue. JlonmycTuMble 3HAYEHUS X OI-
penensrorcsi U3 ycinoBusi x+3>0, xeZ,

T.e. x=-2,—1,0,1,... Haumem mnocnenona-
TCJIIBHO IMPOBEPATD.

1. x=-2. Ilomysaem -3<log,1=0
(BepHO).

2. x=-1. llomysaem -2<0<log 2
(BepHO).

3. x=0. Ilomygaem —1<0<log,3 (Bep-
HO).
4. x =1. Ilomy4aem 0 <log, 4 (BepHO).



I[J'If[ OCTAJIBHBIX HCJIBbIX X HCEPABCHCTBO HC
BBITIOJIHACTCA. I[OKEDKGM 10 MHAYKIIMU HEpa-
BEHCTBO

n—1>log,(n+3), n>22, neN.

baza uagyknun: n=2 u l=log,6>log,5

(BepHO). MHIyKTUBHBIN nepexoA: s J1r00o-
ro Hejaoro n =k > 2, eciiv BBIIIOJHEHO

k—1>log,(k+3), (*)
TO Y BBIITOJHEHO I n=k+1

(k+1)—1=k >log,(k +4).

[IpubaBum k HepaBeHCTBY (*) mo 1 u mpoBe-
PHUM, UTO CIIPaBEJIMBO HEPABEHCTBO

log (k+3)+1>log.(k+4).

B camowm nene,

log, (k +3)+1=log, (6k +18) > log, (k +4),

MOCKONBKY 6k +18>k+4, S5k+14>0, uto

BEPHO U1l 1H000r0 k > 2. VIHAYKTUBHBIN Ie-
pexos1 000CHOBAH.
Omeem: —2,—1,0,1.

Hcnoan3oBanue 001acTH onpeacJacHusd

Ipumep 102. (MI'Y, 1973). Hauimu ece
yenvle yucua X, y0osiemeopsioujue HepaseH-
cmey

5
Elog3(]3—4x) _ 310g2(3x—2) < 47

Pewenue. JlonmycTuMble 3HAYEHUS X OI-
PEAEeNAI0TCS CUCTEMON HEPABEHCTB

13
13—-4x>0, <0
3x-2>0, & 2 &

x>=,
xeZ
xeZl
2 13
—<x<—
& <3 4, & x=1;2;3.
xeZ

HOHCT&BJ’I?ICM IIOCIC0OBATCIBHO HaﬁﬂeHHble
3HA4YCHHA X B HCPABCHCTBO, IPCABAPUTCIHEHO

€ro ylpoCTUB.
5

47 +31°:0%2D 5 (13 - 4x)2.

1. x=1. Tornma
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5

47+3%8' 592 & 48> 243 (HeBepHO).

5

2. x=2. Torna 47 +3°2*>52 &
5

& 56>52 & 562>5° & 3136>3125
(BepHO).

3. x=3. Torma
5

47 +3%07 547432 =256>12 < 56>1

(BepHO).
Omeem: 2; 3.

Hcnoab3oBaHe MOHOTOHHOCTH

Ipumep 103. MI'Y, 1976). Havimu ece
yenvie z, y0081emEopsouue HepageHCme)y

Vz+1<8/6-z.

Pewenue. JlonrycTuMbIE 3HaYEHUS Z OII-
PEAENSAIOTCS U3 CUCTEMBI

z+12>0
o —1<z<6.
6-—z>0

3aMeTuM, 4TO JieBasi 4aCTh HEPABEHCTBA yBe-
JIMYMUBACTCA C POCTOM Zz, a IpaBas — YMCHb-
miaercs. ITo0 00CTOATENbCTBO MO3BOJISET YII-
pocTuTh iepedop.

1. Tlpu z =-1 umeem 0< 87 (BepHO).
2. Tlpu z =0 umeem 1<¥/6 (BepHO).
3. Ilpu z =1 umeem

({/5<8\/§ PN (({/5)24<(g\/§)24 “

o 2 =16<5 =125 (BepHo).

4. Tlpu z=2 umeem %3 >34, Tak kak

3*=81>4" =64.

B cuty chenmanHOTO BBINIE 3aMEUaHUsl, He-
00XOUMOCTH B TIPOBEpPKE  3HAYCHUI
z=3,4,5,6 Her. DTH 4YHClia PEHICHUSIMU HE

SIBIISIEOTCSL.
Omeem: —1,0,1.

HUcnoan3oBaHue OIrpaHUYCHHOCTH

IIpumep 104. (MI'Y, 1996). Havimu ece
YenouUCIeHHbIE PeUeHUsl HepaBeHCMBA

Vx’ =5x-3<6-x.

Pewenue. 1lenvie peenust OyaeM UCKaTh
U3 JIByX OTPAaHUYEHUN CHCTEMBI



{x3 —5x-3>0, {x(xz ~5)>3,
=

6—-x20 x<L6.

[lepBoe HEPaBEHCTBO BBIMIOJHSICTCS TIPU
x=3,4,5,6. Ho u3 3TUX 3HaYE€HUN HCXOIHO-

My HEpPaBEHCTBY YIOBJIETBOPSET TOJBKO
x=3.
I[Ipu x=0,1,2 nepBoe HEPaBEHCTBO HE

BBITTOJTHSETCSI.
[Ipn x =—1 BBITIONHAETCSA KaK MEPBOE He-
PaBEHCTBO, TaK U HCXOJHOE HEPABEHCTBO.
[Ipu x =-2 nepBoe HEPABEHCTBO HE BHI-
ITOJTHAETCH.
[Ipu ocrtanpHBIX 3HaUEHUAX X =-—3,—4,...

MepBOE HEPABEHCTBO HE pa3penInMo, Tak Kak
JeBas yacTh HepaBeHCTBa x(x° —5) >3 Oyner

OTPHULATEIBHOM.
Omeem: —1; 3.
MeTtox HUHTEPBAJIOB

IIpumep 105. (MI'Y, 1972). Onpeoenums,
CKOILKO YENOYUCTIeHHbIX Peulenull umeem He-
pasencmeo

(n* =2)(n* —22)(n* —=52)(n* —152)< 0

Pewenue. MeTonoM WHTEPBANOB 10 n°
ompenesnsieM perieHus (cM. puc. 2):

2<n®<22 wm 52<n®<152.

[N 7
z\_/zz szUm

Puc. 2

Hanbime mogbopom Haxomum n=12,+3;+4
wm n==x8,+9;£10;+11;£12.
Omeem: 16 pemieHui.

DO YyHKIHOHAIBLHO-TPAPHUYECKUIT METO/

Ipumep 106. (MI'Y, 1997). Haumu ece
napvl Hamypaibhsix yucen (t;u), y0oeiemeo-
pAouwue 00HOBPEMeHHO 08YM HEPABEHCMBAM

2t +47 < 22u —2u’,
4u > Tt +14.

Pewenue. Pemium 06a HEpaBEHCTBA OTHO-
CUTCJILHO .
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1< -—-u +11u—ﬂ,
2

tsiu—l
7

Jlyist peieHus 3aa4u HEOOXOIUMO HAWTH BCE
TOYKH TUIOCKOCTH ©Of, 00€ KOOPAUHATHI KO-
TOPBIX HATypaJIbHBIC YUCIIA, PACIIOIOKEHHBIC

. . 4
o/ MPSIMOM (M BO3MOKHO Ha HEH) £ = 7u -2

4
u mox mapabonoit ¢ <-—u’+11u —77 (cMm.

puc. 3).

Ecmu u <5, 10 t<4u 2<§—2—6 <1,
7 7 7

T.€. HY’)KHBIX HaM TO4eK (Z;u), pu u <5 HerT.

v

-

) 2%‘4‘4 56 '?3'\9‘ y
Puc. 3

Ecnu u =8, To U3 nepBoro HepaBeHCTBA CHC-
TEMBI IIOJIy4acM, 4TO

t<—64+11- S—ﬂ:l.
2 2

Ecmu ke u>9, To mepBoe HEpaBEeHCTBO
naet ¢ <0, mostomy TOouek (t;u), mpu u>9

TOYE HET.
Ecmu u =6, TO cuctema npuHUMAaeET BHU]T

t<—36+66—ﬂ:6l,

2 2
t££-6—2:1§.
7 7

3nauur, ¢ =1.
Ecnu u =7, TO cucrema npuHUMAET BUJT



t<—49+77—4—7:4l,
2 2

<7020
7

T.e. t=1wm t =2.
Omeem: (1;6);(1;7);(2;7).

7.4. YpaBHeHHs U HEPABEHCTBA

YpaBHeHHe C OTHOM HeU3BECTHOM

Ipumep 107. Moowcem nu xeadpamuoe

2
ypaenenue ax” +bx+c =0 ¢ yervimu Ko3¢h-
Quyuenmamu umemv OUCKPUMUHAHM, pPAG-
Holti 237

Ilepsoe pewenue. PaccMOoTpuM ypaBHE-
HUE

b* —4ac =23.

Tak xax 23 — HeweTHOe 4HCIO, a 4ac —
YyeTHoe, TO b® W, ClleOBaTeIbHO, b — HEYeT-
Hoe umcio, t1.e. b=2k—-1, keZ. Torma
(2k-1)* —4ac =23; 4(k* —k—ac)=22. Tlo-
clIeTHee ypaBHEHUE HE MMEET PEIICHHA, TaK

Kak 22 He nenuTcs Ha 4.

Bmopoe pewenue. llepenuiiem ypaBHe-
ane b’ —4ac =23 BBune b>—25=4ac-2 u
pa3iokuM 00e 4acTu ypaBHEHHUS Ha MHOXH-
TETH:

(b—3)(b+5) =2(ac -1). (¥

Tak kak B MpaBOW 4aCTH YPABHEHUS — YHCIIO
YeTHOE, TO 1 B JIEBOIl — TOXE YETHOE, CJICMIO-
BaTEJIbHO, b—5 U b+5 OJHOBPEMEHHO 4YeT-
Hble (HOKaxwuTe), T.e. b—5=2m, b—5=2k.
JleBast yacth ypaBHeHUSs (*) menutcs Ha 4, a
mpaBas — HET, TIOPTOMY YpaBHEHHE

b* —4ac =23 He WMeeT pelIeHHI B IENBIX
quclax.
Tpemve pewenue. llepenuieMm ypaBHe-

Hne b° —4ac =23 B Buge b> =4ac+23 wm
b* = 4(ac+5)+3. Tloayumnu, 4To KBajpar
HATypaJIbHOTO YHCJIa P JICJICHUN Ha 4 JTaeT
OCTaTOK 3, YTO HEBO3MOKHO (JOKAKHTE).

Omeem: He MOXKET.
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YpaBHeHus nepBoi cCTeneHy ¢ AByMs

HEM3BeCTHBIMH
IIpumep 108. (MU OO 2010). Haumu ece
yenvie pewenus ypasHeHus

113x+179y =17, yooeremeopsrowue Hepa-
eencmeam x>0, y+100> 0.

Pewenue. Bocnonb3dyemMcsi — METOAOM,
CXOOHBIM ¢ anroputMoMm EBximpma. HMmeem
179 =113+ 66. IlepenumeM ypaBHEHUE B
BUJIE

113(x+y)+66y =17.

113u+66y =17.
Mosxno BHOBb 113 pa3genuts Ha 66 c ocrar-
KoM, a jy4dmre Tak: 113 =2-66—19.lonyya-
eM

O6o3HauuM x+y =u,

66(2u + y)—19u = 17.

O6o3nauum 2u+y =v, 660 —-19u =17,
66 =3-19+9. [lonyyaem ypaBHEHUE
193v—u)+9v =17,
3v—u=w;
190 +9v =17,
92w +v)+w=17,
20+v =t
Haxkowner, MOJy4aeM YpaBHEHHE

9t +® =17.9T0 ypaBHEHHUE UMEET PEIICHUE:
0w=17-9¢, roe t — m000€ IEI0E€ YHUCIO.

[IponensiBaeM 0OpaTHBIE ACUCTBUS:
v=t-20=t-34+18t =191 -34,
u=3v—m=606f-119,
y=0-2u=-113t+204,
x=u—-y=179-323.

obpazom, x=179¢-323,
y =—-113¢+204, rae t — mo0oe LerI0e YUCIO.

Taxkum

N3 ycmoBus x >0, y >—100, T.e. u3 cuc-
TCMBbI

179¢-323 > 0,
—113t+204 > -100

HaigeM ¢t =2, 3arem x =35; y =-22.

Omeem: x =35;y=-22.



YpaBHe}mﬂ BTOpOﬁ CTCIICHU C IBYMS
HEU3BECCTHBIMMU

IIpumep 109. (MockoBckass MaTeMaTH-
yeckasi perara, 2005/2006, 11 kJuacc).
Haumu e6ce wyenvie pewenus ypasHeHus:

x* =2xy+2x—-y+1=0.

Ilepeoe pewenue. llpeoOpaszyem naHHOE
ypaBHEHHUE, BBIPA3UB NEPEMEHHYIO ) 4Yepes
MIEPEMEHHYIO X:

yQ2x+1)=x>+2x+1;

2
X

2x+1

+1,

Tak Kak 2x+1# 0 mpu Jr00bIX 1EJIbIX 3HAUe-
Husx x. J{s Toro, 4ToObl y OBLIO LIETBIM, HE-

00X0IUMO U JOCTaTOYHO, YTOOBI JIpOOb
x2
MIPUHUMAJIA 1IeJIble 3HAUCHUSI.
2x+1

3aMeTHuM, 4TO

HOOA(2x+1;x) = HOA(x+1;x) =1,

nmosToMy uucna x> u 2x+1 — B3auMHO mpo-

2
creie. CremoBaTeNbHO, BBIPOKEHUE al
2x+1
NPUHAMAET  IeJble  3HAYCHWS, eciu
2x+1==+1. Takum 00pa3om, pericHus IaH-
HOTO YpaBHEHUS: x=0;y=1 u
x=-1;y=0.

Bmopoe pewenue. 3anuiiem JaHHOE
ypaBHEHHE KaK KBAaJpPaTHOE OTHOCHTEIHHO

nepemennoii x: x> —2(y—Dx—(y-1)=0.
Ero x=(y-1)x~D',

D'=(y-D’+(y-D=(-Dy.

Jlyist Toro 9To0Bl X OBLIO IETBIM, HE0OXO-
IMMO W JO0CTaTOYHO, 4TOObI D' SBJISUIOCH
KBQJIpaTOM IIEJIOT0 YHCIA. DTO BO3MOYKHO
ToJBKO, ecit D'=0 < y=1 mwm y =0,

pelIeHus: rae

TaK KaK B OCTJIbHBIX cllydasx uucio (y—1)y
HaXOJUTCSI B MHTEpBaJie MEXAY ABYMS CO-
cenuumu kBaapatamu: (y—1)> u y>. Ecim
y=1,10 x=0; ectu y=0,10 x=-1.
Tpemve pewenue. IlpeoOpazyem naHHOE
ypaBHEHHE, BBIICIUB KBaJpaT TpexuseHa:
(X*+y+1-2xp+2x-2)) -y’ +y=0 <
(x—y+D)*=(y-Dy. To
Bbiie (y—1)y sBiIsSeTCAs KBaIpaToM LEJIOTO

JTOKa3aHHOMY
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qucia TOoraa, M1 TOJBKO TOraa, Koraa y = 0

wm y=1. Ecom y=1, to x=0; ecmu
y=0,T0 x=-1.

Omeem: x=0; y=1nm x=-1; y=0.
YpaBHeHus BbICLICH CTeleHH

Teopema. Eciu ab =d*, a, b u d — Hary-
pajbHBIE YHCIIA, M YKUCTIA ¢ U b B3aMMHO Hpo-
CThI, TO a 1 b — TOYHBIC KBaApaThl.

Ipumep 110. (MMO, 2002, 9 kiacc).
Pewwumv 6 yenvix uucnax  ypasnenue

m* —2n* =1.

Pewenue. Ecnu (m;n) — penieHnue T1aHHO-
(=m;n),
(—m;—n) Toxe pemenus. [lostomy Oymem

ro YypaBHEHHS, TO (m;—n) mn
WCKaTh TOJIbKO HEOTPHIIATEIIbHBIC PEIICHHUS.

U3 3ammcn m* =2n* +1 cuenyer, uto m —
HedyeTHoe uucio, m=2¢t+1. Ilepenumem

yYpaBHEHHE B BUJIC
m* —1=m-)(m+1)(m* +1) =
=2t-(2t+2)- (4% + 4t +2)=2n".
Otcioma 8¢-(t+1)-(2t> +2t+1)=2n>, T.e. n
— YeTHOe uucio, n=2p. Jlaiee momaydaem
ypaBuenne - (¢+1)-(2t(t +1)+1)= p>. He-
t+1
2t(¢ +1) + 1 nomapHO B3aUMHO IPOCTHIL.

TPYIHO IPOBEPUTH, YTO YMCIA I, u

JlelicTBUTENBHO, IyCTh, HAIIpUMeEp, d Je-
mut t+1 u 2t(t+1)+1, torna d pgenmur u
2t(¢t +1), a,
(2¢(¢ +1)+1)—(2¢(¢ +1)). Bzammuas mpocTo-
Ta JIBYX OCTAJIbHBIX Map JTOKAa3bIBACTCS aHa-
JIOTUYHO.

[IpousBenenne HSTUX B3aUMHO IPOCTHIX
YyuCceN — MOJHbIN KBaapaT. CoriacHo TeopemMe
KOKJI0€ M3 HUX TaKXKe SBJSIETCS TOJHBIM
KBaJPaTOM.

Urak, t u t+1 — momHBIE KBaIpaThl. ITO

3HA4YuT, n Pa3HOCTDH

BO3MO>KHO TOJIBKO ITpH ¢ = (. [IeficTBUTENBHO,
ecnmu t=a’, t+1=B% rme a>0,B>0, To
B-o)(B+o)=1,

B-a=1,B+a=1 tak uytro a =0, ciegoBa-

IIO3TOMY

tenbHO, t=0. Torma u p=0. 3Hauwur,
m=%x1;n=0.
Omeem: m==x1;n=0.



J{poOHO-panoHaIbHbIE YPABHEHUA

Hpumep 111. (MHUOO 2010). Haumu ece
napvl HAMYPAIbHLIX YUCEN PA3HOU YEmHO-
cmu, Y0081emeopAouue ypasHeHuo

1,1

m n:E'

Pewenue. 1lycte m < n. IlpuBenem ypas-
HEHHE K BUILY

2m+12n=mn <
mn—12m-12n+12° =12° <
(m—12)(n—-12) =12°,
npudyemM uucina m—12 m n—12 — pasHOH

YCTHOCTH.
B xadectBe BO3MOKHOTO PAa3I0KCHUA

12> =2*.3% = pq, e p — HeuyeTHo, a g —
YETHO, HMEEM CJIE/IyIOIIHE BAPUAHTEI:

p:l’ m—12:1’ m:13,
1. & &

q =144 n—12=144 n=156.

p:3’ m—12:3’ m:15,
2. & &

g =48 n—12=48 n=60.

p:9’ m—12:9’ m:15,
3. = =

q=16 n—-12=16 n = 60.

p<0, -12<m-12<0,
4. &

qg<0 -12<n-12<0
(m—12)(n—12) <12°.
HewussectHrle m u n BXOJAT B YPaBHCHHC
cummeTpuyHo. [ToaTomMy nosrydaem OTBeET.

Omeem: (13;156); (15;60); (21;28),
(156;13); (60;15); (28;21).
HppaunuonajbHble ypaBHEHUsI

IIpumep 112. (MockoBckass MaTeMaTH-
yeckasi perara, 2002/2003, 11 kJjaacc).
Havumu ece yenvie pewenus ypasHenus

Jx++/x =y-2002.

Pewenue. VicxonHoe ypaBHEHUE pPaBHO-
CHJIBHO CUCTEME:!

x++/x =(y—2002)%,
y 22002.
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[lo ycnoBuio, x — LE€JIO€ YUCIO, HNOITOMY
t=+x — Tawke menoe. YtoGhl ypaBHEHUE
t* +t—(y—2002)° =0 uMmeno IeNble pemle-
HUS, HEOOXOAMMO, YTOOBl JUCKPUMHHAHT
D =1+4(y—2002)" sBuscsa MOJHLIM KBaJ-

patoMm. Tak kak BTOpO€ cjaraeMoe, B CBOIO
odepesb, IPH BCEX LETbIX 3HAYCHUSIX ) SIB-
JSeTCsl MOJHBIM KBAJpaTOM, TO CIEIYIOLIee
3a HUM HATypaJlbHO€ YHWCJIO SIBIISETCA KBaJI-
patoM TOTIa W TOJNBKO TOT/Aa, KOrja

(y—2002)° =0 < y=2002. Otkyzna t =0
wi t=-1, To ectb, x =0.
Omeem: x =0; y =2002.
IMoka3aTeabHbIe yPaBHEHUsI

Teopema. Ecnu ocraTok oT nenenHus q,
Ha b paBeH 7;, a OCTaTOK OT JECIEHHUSA a, Ha
b paBeH r,, TO OCTATOK OT ACNEHMA a, +da,
Ha b paBeH OCTATKy OT ACJEHUs 7, +7, Ha b.

Onopuas 3apava. [[okaxute, 4To OCTa-

TOK OT JieIeHus Ha 3 uncia 5° pasen 1, ecim
k detHO, M 2, eciiu kK HEUYETHO.

Hpumep 113. (MMO, 1998, 11 kuacc).
Pewumv 6 namypanvnvix uuciax ypagnenue

3" +4" =5".

Pewenue. 1lpaBas yacTe ypaBHEHHs IIPU
JieJIeHuU Ha 3 JI0JDKHA J1aBaTh TOT )K€ OCTa-
TOK, 4TO ¥ JieBad, T.e. 1 (cM. Teopemy). Ilo-
3TOMY k 4eTHOE 4YHCIIO (CM. OMOPHYIO 3aja-
qy). AHaJOTUYHO, JieBash YacTh YypPaBHECHHS
nenuTcst Ha 4 ¢ OCTaTKoM 1, MO3TOMY YHMCIIO
m Toxe ueTHoe. Mrak,

4" :Sk _3m :52k0 _32m0’
T.C.

2% = (5% =3™)(5% +3™).
[ostomy 5% —3™ =27 gy 5% 43™ =29,

rac p 1 g — LCJIbIC HCOTPULUATCIIBHBIC YHCIIa
p +q = 2n. Takum oOpaszom,

5% =%(2P +27)

3" = %(2‘1 —2ry=20" 207,



3naunr, yucno 2/ —27"' HedeTHo, MO3TOMY
p=1. 27 =2 m 3™ =27"-1,
CnenoBarenbHo, yucio g —1

3HauwT,
YETHO,
q—1=2s (uHaue neBas yacTb HE JEJIUTCS Ha
3). Torga 3™ =2 —1)(2" +1) — npoussene-
HHE JIByX MHOXKUTEJEH, OTIIMYAIOIIUXCS Ha 2

W SBISIOMIMECS CTETECHSIMH TPOMKUA. OTH
MHOXuTen paBHbl 1 m 3. Torma s=1,

[=2s+1=3.
m=n=k=2.

Tenepn [0JIy4aeM

Omeem: m=n=k=2.
YpaBHeHHUs] CMEIIAHHOTO THUIIA

Ipumep 114. (MI'Y, 1979). Havimu ece
yenvie KOPHU YPAGHEHUs.

cos(g(bc —9x? +160x + 800)] =1.

Pewienue. VI3 1aHHOTO ypaBHEHHS MOJTY-
qaem

§(3x—\/9x2 +160x+800): 2nn, nel.

Orcioga npuUXOAMM K HppalloOHaIbHOMY
YPaBHEHUIO

V9x? +160x +800 =3x —16m,
KOTOpOC paBHOCI/IHBHO CUCTEMC

9x? +160x + 800 = (3x—16n)2,
3x—-16n>0; x,n e Z.

YpaBHEHHE CHCTEMBI IPUBEIEM K BUIY

x(3n+5) =8n* —25. (¥)

Tak kak 8n° —25 :8(112 —?

= 2(3}1 + 5)(311 - 5) - %, TO ypaBHEHHE (*)

HMeeT BUJ
8(3n+5)(3n—5)—9x(3n+5) = 25
1501058

(3n+5)(8(3n —5)—9x) = 25.

[Tocnennee paBeHCTBO O3HA4aeT, 4To 3m+ 5
SIBIISICTCS JelMTelIeM ducia 25, T.e. 3n+5
ecTh oHO u3 uncen +1,+5,+25. Henocpen-
CTBEHHOM NpOBEpKOil yOexaaeMcs, 4To 3TO
BO3MOJKHO TOJIBKO €CJIM 71 PaBHSIETCSI OJTHOMY
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u3 uucen n, =-10, n, =-2, n, =0. Coor-
BETCTBYIOIIHNE 3HAYCHNS X HAXOJATCA W3 pa-
BeHcTBa (*): x, =-31, x,=-7, x;=-5.
Ycenosuro 3x—16n>(0 yaOBIETBOPAIOT 3Ha-
yenus n, =-10, x, =-31 u x,=-7,
n, =-=2.

Omegem: x, =-31, x, =-7.

YpaBHeHus, coaep:xauye 3HaK
dakropuana

IIpumep 115. MHOO, 2011). Pewums ¢
HamMypaibHblX YUCIAX YPAGHEHUE
2-kl'=m!-2-n!.
Pewenue. 3anuiieM ypaBHEHHE B Cllie-
JYIOLEM BUJIE
2(k! + nl) =m!. (*)

Orcrona k<n<m wm
n<k<m.

Ecmu k =n, to monyqaem 4-k!=m!. Ot-

CIIeyeT, YTo

CIO/Ia TIOCJIe JIeIeHUsT 00enX YacTeill paBeHCT-
Ba Ha k! momyuaem

4=(k+1)-.-m.

CnenoBarenbno, 4 menutces Ha k+1. Tak kak
k — HaTypaiabHOE YHCIIO, TO BO3MOJKHBI JBa
cniydad k+1=2 v k+1=4.

B nepBom ciydae nonydaem k =1, Torma
m=2. Ho 3TO HEBO3MOXHO, TaK KakK IIOJ-
CTaBJIsSIl B HCXOJHOE YypaBHEHHUE TMOJIYYUM
2-11=21-2-1!, uTo HEBepHO.

Bo BTopom ciydae k=3, torma m=4.
3HaunT, Tpoiika umcen (3;3;3) — pemeHue
HCXOJHOTO YPaBHEHUS.

PaccmotpuMm Teneps cinydai, korna k > n.
Torja BBIHOCS B JIEBOM YacTU ypaBHEHUS (*)

n!, TOJIYYUM U
2-nl-(n+1)-...-k+1)=m!
1501051

2:(n+D)-...-ck+h)=(n+1)-...m&e

S2-n+)-k+2=(n+1)-...-m.
[IpaBast yacTh MOCIEIHETO PAaBEHCTBA ACIINT-
ciHa n+l u k (Tak Kak n< k <m). B ne-
BOM YacTH OJIHO cjlaraeMoe JeJIUTCS Ha n + 1
u k. YtoObl cymMMa B JIEBOM YacTH JIEIHIIACH
Ha n+1 u k HeoOXxomuMo, 4yTOOBI YHCIIO 2
nenunocs n+1 u k. DTO BO3MOXKHO, €CIU



n+1=k=2. Torga u3 ypaBHeHus (*) noiy-
yaeM m = 3. 3Hauut, Tpoiika uucen (1;2;3)
— pelIeHue UCXOIHOTO YPaBHEHHUS. .
AHaQJIOTMYHO B Clay4ae 7>k IOIy4HM
emie oxHO pemenue (2; 1; 3) .
Omeem: (1;2;3), (2;1;3), (2;1;3).

IIpumep 116. (MHOO, 2011). Pewums ¢
HamMypaibHblX YUCIAX YPAGHEHUE

"' —nl= 530k +11).

Pewenue. Tak Kak JIE€BYIO 4acCTb PaBEHCT-
Ba MOXHO pa3joXUTh Ha MHOXHUTEIU
n*' —nl=n(n* —(n-1)!), To npaBas yacTh
nojkHa nenutbes Ha n. Cioyyalt n=1 He
YIOBJIETBOPSET YCIOBHIO 3a7a4H.

Tak kak 5(30k+11) He uMeeT HpOCTHIX
JICIUTEIICH MCHBIIINX, YeM 5, To n > 5.

I[Iyctb n>5. B »sTOoM ciiydae MoxkeM
MpPEeJCTaBUTh YHUCIO 7, Kak n=>5m, TIe
m > 1. Toraa paBeHCTBO NPUMET BU]L

5 em" —416-7-...-5m =30k +11.

JleBast yacTh 3TOro paBEeHCTBA AEIUTCA Ha 5, a
npaBaﬂ HCT. 3Ha‘~II/IT TAKUX n HET.

IIycte n=5. B 3TOM ciydae paBEHCTBO
HpI/IMCT BU]L

5F1 —51= 530k +11).

Orciona monydaem 5" =6k+7. Ilpu
k=1 u k=2 paBeHCTBO HEBO3MOXkHO. [Ipu
k =3 o006e yactu paBubl 25. Ilokaxem, 4TO
APYrUX PEUICHUI MOCIeIHee YpaBHEHUE HE
umeer. Jlis 9TOro paccMOTpUM MOCIenoBa-

TenbHOCTh @, =5 —6k—7 wu sanumem

pa3sHOCThb
a,, —a, =5 -6(k+1)-7-5"+6k+7=
=5".4-6.
OueBHUIHO, UTO MPHU k > 2 3Ta pa3HOCTb I0-
noxurensHa. CiaenoBarensHo, pu k > 3 1o-
ay4uM a, >a, =0.
Omeem: n=5, k=3.
YpaBHeHusi ¢ IPOCTHIMH YUCJIAMHA

Hpumep 117. Pewuums 6 npocmuix uuciax
ypasnenue x’ +1=z.

Pewenue. Yucno z Ooibie 2, Tak Kak ec-
I z=2, To x=1, a 3T0 He BO3MOKHO. To-
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I/1a z HEYETHO, a CJIEOBATEIbHO, YUCIO X
yetHo. Ho x — mpocroe, noatomy x = 2. Ilo-
ny4aeM ypaBHeHme: 2 +1 = z.

Ecnu y HewerHo, To cymma 27 +1 genwur-
csl Ha 3, IpUYEM YacTHOE OT TAKOTO JIEJICHUS
Oonbiie 1; HO B ATOM cllydae z COCTaBHOE.
3HauuT, YUCIO ) 4YeTHoe, T.e. y =2. Haxo-
IuM  z = 5.

Omeem: x =2, y=2,z=5.

Hepa3zpemmumocts ypaBHeHuUit

Ipumep 118. Jokaszams, umo ypaenenue
xXH4+Y!1=10z+9 He umeem pewenuii 6 namy-

PANbHbLX YUCIAX.

Pewenue. Tax kak npaBasi 4acTb ypaBHe-
HUS — HEYETHOE YHUCJIO, TO U JieBas 4acTh
NOJKHA OBbITh HeueTHbIM uuciioM. [loatomy
nm x, win y Messiie 2. [Iycts s onpene-
neHHoctu, x=1, T.e. y!=10z+8. IlpaBas

4acTh MOCJIEJAHEr0 PaBEHCTBA HE JIEIUTCS Ha
5, amotomy y <4, HO HU OJHO U3 HATypaJlb-

HBIX YHCEJI, KOTOPbIE YIOBJIETBOPSIOT 3TOMY
HEPABEHCTBY, HE CIIY)KAT PEUICHUEM JAHHOTO
ypaBHeHus. VITak, JaHHOE paBHEHHE HE HMe-
€T PELICHNUI B HATYPAJIbHBIX YNCIIAX.

3ameuanue. OquH U3 CI0CO00OB IOKa3a-
TEIhCTBA HEPA3PEIIMMOCTH ypaBHEHUS pac-
CMOTpEH B pazjieie «MeTos OT IPOTHBHOTOY.

TekcToBbIE 3aa49H

HOpumep 119. (MHUOO 2010). /pynny
WKONILHUKOB HYJICHO Nepesesmu U3 JemHe2o
Jazepsi OOHUM U3 08YX Cnocob08: 1ubo 08yms
aemobOycamu muna A 3a HeCKOAbKO pelicos,
aubo mpems asmobycamu muna B 3a He-
CKOJIbKO peticos, Npuyém 6 IMom ciydae duc-
JI0 pelicog Kadxcoozo asmobyca muna B 0y-
Odem Ha 0OUH MeHblUle, YeM pPelico8 KAHCO020
asmooyca muna A. B xaxcoom uz cnyuaes
aemoobycwvl 3anoansawmcs noaHocmoio. Kakoe
MAKCUMANbHOE — KOIUYeCMBO — UKOJIbHUKOB
MOJCHO nepese3mu npu YKA3AHHLIX YCI08USX,
ecau 6 agmooyc muna B exooum na 7 uenosex
Menbute, wem 8 agmoodyc muna A?

Pewenue. 1lycty B aBTOOYC Tumna B BXo-
IUT k 4yelnoBek, a B aBTO0yc Tumna 4 BXOJIUT
k +7 4enoBek, M MyCTh KaXKJbI U3 TPEX aB-
TOOYyCOB TUIa B clenaer no m peicos, a Ka-
KIbIA U3 IBYX aBTOOycoB Tumna 4 mo m+1.
Tak kak B 000UX ciIydasix aBTOOYCHI IlepeBe-



3yT OJIHO M TO XK€ KOJUYECTBO ICTCH, IMOJy-
JaeM YpaBHCHHE:
3km =2(k+7)(m+1);
km=14m+ 2k +14;
m(k —14) =2k +14.

IIpu k >14 nomyyaem:

2k +14 42
= wm m=2+ .
k—14 k—-14

Hucno k—14 —3T0 OAWH U3 BOCBMHU JIETIATE-
nert uncna 42. Ilepebupas ux mo odvepenw,
MBI TIOJIy4UM BCE BO3MOJKHBIC perieHus (8
nmap yucen k u m). Bor onu: (15; 44), (16;
23), (17; 16), (20; 9), (21; 8), (28; 5), (35; 4),
(56; 3).

JInst kakaoM mapel NOCIEN0BATENbHO Ha-
XOJIUM KOJIMYECTBA NIEPEBO3MMBIX JICTCH, paB-
Hele 3km: 1980, 1104, 816, 540, 504, 420,
420 u 504. 13 Hux BeIOMpaeM HauboJIbIIEE.

Omeem: 1980 neteil nepeBo3ATCs TPEMs aB-
Tobycamu tuna B (1o 15 uenosek) 3a 44 peii-
ca uiu AByMs aBToOycamu tumna A (mo 22 ye-

JoBeKa) 3a 45 peiicoB.

YpaBHeHus1, cofepxKanme GyHKIHIO
«uejasi 4acTh Yucjaa» [x]

e llemo¥ 4acThIO YMCIa X Ha3bIBACTCS HaM-
OoJbIIee IeI0e YHCII0, HE MPEBOCXOJIs-
mee Xx.

e CBOJicTBA IIEJION YaCTH YKCIIA:

1) U3 paBenctBa [y] =n cruemyer, 4To

a) n — LIeJI0e YUCIIO;
0) y=n+a, tne 0<a<l;
B) 0<y—-n<lI.

2) Ecmu [u]=[v], TO u=m+a, v=m+p,
rre 0<a<l mw 0ZLP<l],
u—-v=o—-pBu-l<u-v<l.

3) Ecmu [x+ y]=x, To X — 1enoe 4ucio u
0<y<l.

4) Ecnu n — nenoe 4ucio, To

II0O3TOMY

[n+x]=n+[x].
Ipumep 120. Pewsums ypasnenue

[8x+19}:16(x+1)

7 11

Pewenue. KopeHb ypaBHEHUs JOJDKEH
YIOBJIETBOPATH HEPABEHCTBAM
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< 8x+19 _16(x+1) <1, Te. §<x£ 4L.

0
7 11 6 24
(*)
ITomoxxnm M ={, rjAe t — 1eJIoe Yuc-
111
mo. OTcroga x = t16 6. (%)

[ToncraBuB 3TO BBIpAXXEHHE X B JAHHOE
YpaBHEHUE, MOJTYUUM:

1 +22 | ;
14 '
[lo ompeneneHnro 1enOW YacTH 4ucia

11r+22 2 1
0<—1T22_ ;1. Orcrom 2 <t<T

CnemoBarenbHO, HEU3BECTHOE ! MOXET TIPHU-
HUMATh JIMIIb CJICIYIONINE IEJbIe 3HAYCHHUS:
3,4, 5, 6, 7. llogcraBisig mocieaoBaTeILHO
KOKI0€ W3 3TUX 3HAYCHUH ¢ B ypaBHEHUE
(*%), HaliIeM, 4TO TPU YCIOBUH (*) UCXOJHOE
YpaBHEHHUE UMEET JIUIIh IISITh KOPHEH.

Omeem: li; 13; 21; 31; E
16 4 16 8 16
HepaBencrBa

Hpumep 121. (MHUOO 2010). Haumu ece
napwl (X;y) yeavix uuceiu, y0081emeoparoujue

cucmeme HepaBeHCME:
x* 4y <18x—20y —166,
32x—y® > x* +12y +271.

Pewenue. Bpiuensas TNOIHbBIE KBaJpaThl,
HOJTy4aeM:

(x=9)> +(y+10)* <15,
(x=16)> +(y+6)* <21,
x,yel.

W3 mepBoro u BTOPOro HEpaBEHCTBA CHUCTE-
MBI:

{(x—9)2 <15 {63x£12

x=12.
(x—16)> <21; [12<x<20;

[ToncraBnsis x =12 B cucTEMy, MOJIy4aeM:

(y+10)> <6, [-2<y+10<2,
(y+6)> <5 < 1-2<y+6<2, &
A S yeZ



-12<y <=8,
& -8<y<-4, Orcronma y=-38.
yel.
Omeem: (12;-38).
3agauu ¢ napameTrpamMu

Hpumep 122. (MI'Y, 1992). Haumu ece
3HaueHus napamempa p ., Npu Ka*COOM U3
KOMOPBIX HUCTO YELOYUCTEHHbIX peuleHUl
nepasencmea  x° +5(x+1)+ 3|x - p| +p<0
MAKCUMATILHO.

Pewenue. Haiinem rpaduyeckoe perieHue
JAHHOTO HepaBeHcTBa. PaccMoTpum jaBa ciy-
qasi.

1. Ilyctb x— p >0, T.e. p<Xx, TorHa UMeE-

eM X +5x+5+3x-3p+p<0 W

pzé(x2+8x+5)
p<Xx

p=05(x +8x+5
0T KOOPpAWHATBI TOYCK, PACIIOJIOKCHHBIX HE
BBIIIIE TIPSMOM p =X W HE HIKE MapaboIIbl

Cucreme { ) yIIOBJIETBOPSI-

p= 0,5(x2 +8x + 5) ¢ BepmmHO# (—4;—5,5).

2. Ilycts x—p <0, T.e. p=x, TOrna uMe-

eM X +5x+5-3x+3p+p<0 W

p< —l(x2 +2x+5)

4
p=x
p<—025(x> +8x+5
PAOT KOOPAUHATBI TOUYCK, PACIIOJIOKCHHBIX
HE HUXKe MPAMOMl p =X U HE BbllIe mapado-

Cucreme { ) YIIOBJIETBO-

ql  p= —0,25(x2 +2x+ 5) C  BEpUIMHOM
(=L;—1) (cm. puc. 4).

3. Haiinem kKoopaumHaThl TOUEK INepeceye-
HUS JBYX Mapaboil ¥ Kaxaod u3 mapaboii ¢
psIMOM p =X .

x=-1
pP=x p=-1

a) 5 =
p=05(x>+8x+5) x=-5,
p=-5
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-1,

p=x, {p =-1,

? {p =025 +2x+5) * |[x=-s,

L? =-5

{x =-1,

{p = —0,25(x2 +2x +5) p=-1,
N

p= 0,5(x2 + 8x +5) x=-5,

p=-3.

Takum 00pa3om, 00JIaCTh PEIICHU JaHHOTO
HEpaBEHCTBA 337a€TCs YCIOBUSIMU:
—5<x<—];
0,5(x* +8x+5)< p<—0,25(x* +2x+5). (%)
4. B gaHHOM MHOXECTBE pELIEHUN HMe-
FOTCSl TOUKHU C LEIOYUCICHHOW KOOPAMHATON
x=-5, x=-4, x=-3, x=-2, x=-1.
[logcraBuM x=-5 B HEpPaBEHCTBO (*),
oJay4uM p =-5.

Puc. 4

Moacrasum X =4 B mHepaseHcTBO (*),
nosyuuM — 5,5 < p < -3.25.

[logcraBum x =—3 B HEpPaBEHCTBO (*),
nosyyuM —5< p <=2,

[logcraBum x =-2 B HEPaBEHCTBO (*),
nosyuuM — 1,5 < p <-1,25.

[logcraBum x =—1 B HEpaBEHCTBO (*),

noyyuyuM p =—1.



5. Kakum Moxer ObITb MaKCHUMaJIbHOE
YHUCJIO LETbIX pemmenuii? OT 0JHOTo A0 TATH.

Ecnau cumtath, 4TO MX WATH, TOT/AA CHCTE-
Ma TISITH TIOJTyYEHHBIX YCIOBHH JOJKHA OBITh
coBMecTHa. Ho oHa He nMeer penieHuil.

Ecnu cunrare, 4T0 MX 4eTHIpE MOCIEA0BA-
TEJIBHBIX YHCJIA, TO, peuias CUCTEMY U3 Iep-
BBIX YETBIPEX YCJIOBUH M CHUCTEMY CIEIYIO-
IIUX YEThIPEX YCJIOBHH, MOJIydyaeM, 4TO OHU
HE COBMECTHBI.

[lyctp ummeeTcst TpH MOCIEIOBATEIbHBIX
LEBIX PEIICHUH, TOTJa PEIIaeM CUCTEMBI U3
TpeX MOCIEA0BATENbHBIX YCIOBUMN:

p=-5
a)<—-55<p<-325 & p=-5;
-5<p<-=2
-55<p<-325
0) \-5<p<2
-35<p<-125
-5<p<-=2
B) < —3,5< p<-1,25 Her penieHuil.

p=-1

o —35< p<-325;

Omeem: {-5}U[-3,5,—3,25].
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Yupaxuenust

1. JlokaxuTe, 4TO YUCIO a SIBIAETCS CO-
CTaBHBIM:

1) a=6"+3"+2"" +2 npn mobom HaTy-
paTEHOM 75

2) a=25n"+9n° +1 npm moboMm HaTy-
paTEHOM 75

3) n* +4 npu m06OM HaTYpaILHOM 7> 1.

2. Jlokaxwure, 4TO:

1) uncno 16 +27 nennrcs na 17;

2) uucno 55577 +777° nenwmtcs na 37.

3. Jlokaxwure, 9TO:

1) n’ —n nemures Ha 3;

2) n’ —5n nenutcs Ha 3;

3) n’ —n pmenmrcs Ha 5;

4) n* +6n° +11n’ + 6n nenurcs Ha 4.

4. Jlokaxxure, 4TO:

1) He cymiecTByeT MPOCTOrO YHMciia, KOTO-
pO€ MOXKHO TPEICTAaBUTh B BUJIE CyMMBI He-
CKOJIKUX TIOCIIEOBATEIBHBIX TTOJ0KHUTENb-
HBIX HEUYCTHBIX YHCET;

2) eciu K TPOU3BENIECHUIO YETHIPEX MOoCie-
JOBATENBHBIX HATYpalIbHBIX YHCET TNpuoda-
BUTH €IMHUILY, TO TOJYYHUTCS YUCIIO, PAaBHOE
KBaJ[paTy HEKOTOPOTO HATYPAJILHOTO YHCIA.

5. lokaxxute, 4TO:

1) uncno 16°° +27° nemures va 17;

2) uncno 16’ +31* =2 nemures Ha 15.

6. Haitnure nambOonbpmmii oOmuil nenu-

TeJb YHCEe:

1) 6787 u 7194;
3) 10" -1 u 10" —-1.

2) 2691 u 40572;

7. Haiinute HaumeHbliee oOlee KpaTHOe
qHCeII:

1) 420, 312 u 333333;
2) 1403, 1058 u 3266.

8. Haiinmure wambomibImuii OOIIUN EIH-
T€Ib d YHACEN a U b W IPEICTAaBUTHL €ro B
BUlE d =ax+by, THE x U y— LEIBbIE:

1)21ul7; 2) 321 u 843;
3) 23520 u 77222.

9. Haiinute HaTypalibHbIE 4YuCla a U b,
eciu (a,b)=6, [a,b]=90.
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a
10. M13BecTHO, uTO 1pOOH n HECOKpaTuMa

(a,beN).
a’ +ab+b’

1) Hokaxure, 4yTOo JpoOb
a+b

TaK)Ke HECOKpaTuma.
2) Ha kakue 4yucia MOXET COKpallaThCs

) 3a+2b a+b
a —’ s . A -
a+4b a*—ab+b’
11. JlokaxxuTe, 4TO HECOKpAaTHMa IPOOb:
2a* -1
) 2 —
2a+1
a’+a-1

IpoOb:

npu Bcex a € 7.

2) Ipu Bcex a € 7. .

a’+2a

12. Haiinure Bce mensle n, IpU KOTOPBIX

n*+3n* +7
n’+1

npo0b a = OyIeT 1ETBIM YHCIIOM.

13. Haliqute HaTypasbHBIE 4uCIa, KOTO-
peie nenstTcs Ha 3 ¥ 4 1 uMeroT poBHO 21 Ha-
TYPAJIbHBIN JEIUTEIb.

14. Haiinute HamMeHbIEE HaTypajbHOE
YUCJIO, UMEIoIee 18 HaTypalbHBIX JeIuTe-
Jen.

15. HekoTopoe HaTypaJlbHOE YUCIIO UMEET
nBa MmpocThix aenurtens. Ero kBazpar nmeer
Bcero 15 nenureneii. CKOIBKO IEIMTEIEH
uMeeT KyO0 3Toro umcna?

16. HexoTopoe HaTypaJIbHOE YUCIIO UMEET
nBa MpocThix aenutens. Ero kBaxpar mmeer
81 nenutenb. CKOIBKO JAenUTENeH UMeeT KyO
3TOrO ymcia?

17. YV natypanpHOTo uucia n poBHO 6 Je-
muteneil. Cymma 3TUX JenuTeNedl paBHa
3500. Haiinute n.

18. [IpousBenenmne Bcex HATypaIbHbBIX Je-
nuteneit uucina N oxaHumBaercs 399 nHyns-
Mu. Ha ckoibko Hyneil MOXKeT OKaHYMBaThCS
gucio N ?

19. HaiiTu ocTaTOK OT JEJICHUA YHUCIIa a
Ha m, €CJH:

1) a=14"° m=17; 2) a=6", m=11.

20. Hoxaxwure, 4TO YUCIIO
2222°%% 45555 nenures Ha 7.

21. Jlokaxxure CleayrolIue MpU3HaAKU Jie-
JIUMOCTH Ha YUCJIO.

1) HarypanbHoe uncno a nenurcs Ha 9
TOTJa W TOJIBKO TOrJa, KOrja cyMma €ro

wudp a, +a, +a, +...+a, nemurcs Ha 9.
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2) YHUCIIO

a=a,a, ..a,a,a,=10004+ B,

IIycTp HaTypajabHOE

rac

A=a.a, .

Ha 7 (wn Ha 11, nnu Ha 13) Torga u TOJILKO
toraa, korga A= B (mod 7) (COOTBETCTBEHHO

..ay, B=a,aa,. Yucino a nenutcs

mod 11 wamn mod13).

22. JlokaxuTe, 9YTO a HE MOXKET OBITh
YEeTBEPTON CTENEHBI0 HATypaJbHOTO YHUCIA,
ecinu a —5 nenurcs Ha 9.

23. JIoKaxkuTe, 4TO 4YHUCla CIEAYIOLIEro
BHJIa HE MOTYT OBbITh KBaJpaTaMy LENbIX YH-
cen:

1) 12n+5,tne ne N;

2) Tn+3,rtne ne N.

24. Haiftu HamMeHbIEE HATypaIbHOE
qucio, Oonbiiee 1 U jaromiee npu AeICHUU
Ha 2, 3,4, 5, 6 octatok 1, paBHbIii 1.

25. Jlokaxure, 4TO

1) xBazgpar mpocToro yucia, 6oybLIero 2,
JaeT ocTaTtok 1 mpu aeneHuu Ha 12;

2) KBaJpar IpoCTOro yucia, OoybLIero 5,
nipu nenenuu Ha 30 naet B ocratke 1 wiu 19.

26. JIokaxkxurTe, 4TO YUCIO n' —n JEIUTCA
Ha 42 npu 11060M n € N.

27. SIBnsieTcs M MOJIHBIM KBaJIpaTOM YHC-
J10

a=11..1-22.27
H,_J

H’_J
2n yughp n yupp

28. Haiitu cymmy
a="T+TT+T77T+..+7..7.

[S—
nyugp

29. 13Bne4b KOPEHb

J

30. JIokaxuTe, 4TO YHUCIO n' —n JETUTCA
Ha 42 npu 11060M n € N.

31. (MMP, 8 kaacc, 1999/2000 yue6-
HbIi roa). 3anumuTe HAuOOJbIIEe ICCITH-
3HAYHOE YHUCJIO0, KpaTHOE CEMU, Bce IU(phI B
JECATUYHOM 3aMUCH KOTOPOTO Pa3INYHBI.

32. (MMP, 8 kuaacc, 2000/2001 y4eo6-
Hbl rox). Haiimure Bce menbie a u b Takue,

44.4 + 11...1 —66...6 .

H/_J

H/_J H,_J
2n yugp n+l yugpa n yugp

uT0 a” +4b* ABIAETCS MPOCTHIM YHCIIOM.
33. (MMP, 8 kuaacc, 2001/2002 y4eo6-

Hblii rox). Cpasuute unciaa 99! u 50% .
34. (MMP, 8 kuaacc, 2002/2003 y4eo6-
HbII rofx). SIBisieTCA M MPOCTBIM WJIU CO-

craBubiM uncio 4° +6'° +3%9



35. (MMP, 9 kaacc, 1999/2000 yue6-
HbI ronx). HazoBem HarypaigbHOE 4YHCIIO
«3amMeyYaTesIbHbIM», €CIIM OHO — caMoe€ Ma-
JIEHBKOE CpeI BCEX HATYPAJIbHBIX C TaKOU
XKe, Kak y Hero, cymmoit 1udp. CKoJIbKO Cy-
IIECTBYET TPEX3HAYHBIX «3aMeYaTEeIIbHBIX)
qucen?

36. (MMP, 9 kaacc, 2003/2004 y4eo6-
HbIH roa). CKOJIbKO CYLIECTBYET HE PAaBHBIX
MEXy CO00# TPEYroJIbHUKOB, JJIUHBI CTOPOH
KOTOPBIX — HATYpAJIbHBIE YHCIIA, 2 IEPUMETP
paBen 20?

37. MMP, 10 kaacc, 1998/1999 yueo6-
HbIi1 ron). Ilepseie 1511 HaTypanbHbIX yncen
paccTaBlieHbl O TOPSIAKY BAOJb OKPYKHO-
CTH. 3aTeM, MOCIeA0BATEIIbHO BBIYCPKUBALT-
csl Kakoe Bropoe uucio (2; 4; ...; 1510; ...).
OTOT mpolecc MpoJoJDKaeTcs A0 TeX Iop,
MOKa HE OCTaHeTCsA TOJBKO OnHO yucio. Ka-
KO€ 3TO YHCII0?

38. (MMP, 10 kaacc, 1998/1999 yueo6-
Hblil rox). Kakum HamOOJBIIUM KOJWYECT-
BOM HYJIEH MOJKET OKaHYMBATHCS JACCATUIHAS
3amuch uncna x=1"+2"+3"+4", rne n -
HaTypaJIbHOE YHCIIO0?

39. (MMP, 10 kaacc, 1999/2000 y4eo6-
Hblil roa). Kakoe HamOosbiiee KOTUYECTBO
HaTypaJbHBIX YHCEJI, MECHBIIUX TSATUICCITH,
MOXHO BBIOpaTh Tak, YTOOBI JIFOOBIE 1Ba W3
HUX OBLIIM B3aUMHO MPOCTHIMH?

40. (MMP, 10 kaacc, 2000/2001 y4e6-
Hblii rox). [Iycts S(x) — cymma nudp Haty-
palBbHOTO 4YHCIA X.
x+8(x)=2001.

41. (MMP, 10 kaacc, 2001/2002 y4e6-
HbIIi rox). Haiinure nBe nociennue uudpsl B
JNECSITUYHOMN 3alliCH YHCIIa:

42144+ 20104201 1!.

42. (MMP, 10 kaacc, 2003/2004 y4e6-
HbIl rox). Haiinure Bce HaTypajbHbIE 3Ha-

Pemnre ypaBHeHue:

YeHMs 71, TP KOTOPHIX 7° +2 JeJUTCs Ha
n+2.

43. (MMP, 10 kaacc, 2004/2005 y4e6-
HbIil r0x). [lITM3HAUYHOE 4YHCIIO HA30BEM
«HEpA3JIOKUMBIM», €CIIM OHO HE pPACKIAbI-
BAaeTCs B IPOMU3BEJIEHUE JIBYX TPEX3HAYHBIX
yucen. Kakoe Haumbosblliee KOJIMYECTBO Ta-
KHUX YHCET MOXET UITU Hoapsia’?

44. (MMP, 10 kaacc, 2005/2006 y4eo-
HbIi rox). HatypanbHOoe uncino HasbIBaeTcs
YIPOIIEHHBIM, €CJIU OHO SIBJISIETCS ITPOM3BE-
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JIEHHEM POBHO JIBYX IPOCTHIX uncen (He 00s-
3aTenabHO pasznnyHblx). Kakoe Haumbosbliee
KOJIMYECTBO IMOCIEA0BATEIbHBIX HaTypajb-
HBIX YHCEJ MOKET 0Ka3aThCsl YIPOIICHHBIMU ?

45. (MMP, 11 kaacc, 1999/2000 yue6-
HbI roa). B mKOJBHONW onuMnuange mo ma-
teMaTtuke ydactBoBaio 100 yenoBek, no ¢u-
3uke — 50 uenoBek, Mo wHpopmaruke — 48
yenoBek. Korja kaxaoro U3 yueHUKOB CIIPO-
CWJIH, B CKOJIbKMX OJIUMIIMA/Jax OH Yy4acTBO-
BaJI, OTBET «I10 KpaiiHeil Mepe B IBYX» JlaJlH B
7IBa pa3a MEHbIIE YEJIOBEK, YeM OTBET «HE
MEHee, YeM B OJIHOI», a OTBET «B TPEX» -
BTPOE MEHBIIE YEJIOBEK, YEM OTBET «HE Me-
Hee, YeM B 0JIHO». CKOJIBKO BCEro y4eHUKOB
MIPUHSIIO Y4acTHE B 3TUX OJIUMITHAaxX?

46. (MMP, 10 kaacc, 1997/1998 yueo6-
HbI roa). Ha kakyio HanbOOIbIITyIO CTENEeHb
yycia 2 MOXET JeJIUThCA BbIpaKEHUE

n* +4n —33 1pH LeNBIX 3HAUCHUAX 717

47. HazoBeM aBTOOYCHBIN OWJIET HECYACT-
JMBBIM, €CITM CyMMa QP ero mecTu3HavYHo-
ro Homepa nenurcs Ha 13. Moryr nu naBa
UAYIMIUX MOJpsia OuseTa oka3aTbcs HecdacT-
JTUBBIMU?

48. Haiinute Bce Takue Lienbie a U b, i
KOTOPBIX OJINH U3 KOPHEW YpaBHEHUS

3 +ax’ +bx+12=0

paBeH 1+ V3.
49. Haiinute pauuoHanbHbIE p U ¢, €CIU

OIMH M3 KOpHeil ypaBHeHHs x° + px+gq =0

paBeH 1+ ﬁ .

50. (MHUOO, 2010). Kaxnaeii u3 aByx
pa3IMYHBIX KOPHEW KBAJIpaTHOTO TPEXUICHa
f(x)=x>+Ba+10)x+5b—14 u ero 3Haye-
HUE TIpH x =1 SBJISIOTCS MPOCTBIMH YHUCIIA-
mu. Haitnure a, b v kopan TpexwieHa f(x).

51. (MHUOO, 2010). KagpatHblii Tpex-
uneH f(x)=x"+ px+q UMeeT JBa pa3lIHy-
HBIX HeNbIX KopHsA. OJWH U3 KOpHEH Tpex-
YJI€Ha U €ro 3Ha4yeHue B TOUKe x =11 sABid-
IOTCS MPOCTBIMU yuciaaMu. Haligure xopHU
TpEeX4WICHa.

52. MHUOO, 2010). Haiinutre BCe Takue
uenble a W b, YTO KOPHU YpaBHEHHS
x*+(2a+9)x+3b+5=0 sBugroTcs paziuy-
HBIMHM LIEJIBIMU YUCIAMH, a KOIPPHUIMEHTHI
2a+9 u 3b+5 — IPOCTHIMU YUCITAMH.



53. Pemute ypaBuenue 3x—4y =1 B 1e-

JIBIX YHCJIaXx.
54. (MI'Y, 2007). Haiimute Bce meoduc-
JICHHBIC PCIICHWS YPAaBHCHUSA

x* —14x+4y” +32y+88=0.

55. PemuTe ypaBHEHHE Xy —)° =X B Ie-

JIBIX YUCJIAX.

56. (M®TU, 2004). Haiimute Bce mapsl
LENBIX YUCeT X W ), YIOBJIETBOPSIONINE
YpaBHEHUIO

-3xy—-10x+13y+35=0.

57. Pemmure B 11eBIX YMCIIaX YPaBHEHHE
5x* +5y° +8xy+2y-2x+2=0.

58. Pemure B LenbIX 4nciiax ypaBHEHUE
x* —6xy+13y* =100.

59. VYpasHenue 2xy =x’+2y peliure B

HaTypaJIbHbIX YHCIIAX.
60. Haiimute Bce mapbl LEJbIX YHUCET,
CyMMa KOTOPBIX paBHa UX MPOU3BEICHUIO.
61. Pemiure ypaBHeHue xy+x—y =2 B

IICIBIX YHCIaX.
62. (MMO, 1941, 9-10 kaaccer). Pemure
B LIEJIBIX YUCTIAX YpPaBHEHUE

x+y=x>—xp+y’.

63. Peminte B HaTypajgbHBIX YHCIIAX CHC-
L lx+y+z=14
TEeMy ypaBHEHHH
x+yz=19

64. (MUOO, 2010). Pemmure B mEIBIX
yycaax ypaBHenue 2x° —2xy +9x +y = 2.

65. (MHUOO, 2010). Haiinute Bce 11embIe
pelienus ypaBHeHus 3x° +4xy—7y° =13.

66. (MMO, 1964, 7 kaacc). [Ipu kakux
HATypaJIbHBIX YHCIIAX ¢ CYIIECTBYIOT TaKUE
HaTypaJlbHBIE d9YWClIa X W )y, 4TO

x*+yt=axy?

67. (MMO, 1983, 7 kaacc). Haiigute Bce
nmapel 1EenbIX 4yucen (x;)), YIOBIETBOPSIIO-
IMX ypaBHEHHIO X~ = y° +2y +13.

68. Perute B 1IEIBIX TOJOKUTEIBHBIX
YHUClIaX ypaBHEHUE

2x* —xy—y> +2x+7y =84.
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69. Ypasuenue x> —3y° —9z° =0 pemu-
TE B IETIBIX YHCIIaX.
70. PemmuTe B LENBIX YUCIIAX YpPaBHEHHE

4x> -2y° -2 =0.
71. Pemure B LENBIX YUCIIAX YPABHEHUE

3x* +4xy—-7y* -13=0.
72. Pemure B LENBIX YUCIIAX YPABHEHUE
2x°y* +y* —6x7 -12=0.

73. Vpasuenue x°+91=y’ pemmure B

LEJTBIX YUCIIaX.
74. Kakue menple 1mMoJ0KATENbHBIE YHCiIa
MOTYT yIOBJIETBOPSTH YPAaBHEHHIO

X+y+z=xyz?
75. Pemure B LIENBIX YUCIIaX YPABHEHUE
19x° —84y* =1984.
76. (MHOO, 2010). Haitgute Bce pemre-
HUS B HATYpaJIbHBIX YHCIIaX
x(y+1)° =243y.

77. (MHAOQO, 2010). Pemure B 1EIBIX
YHUClIaX ypaBHEHUE

m-n*=10°n+m.

78. (MHOO, 2010). Haiinute BCce Hary-
paibHBIC YKCTA X W Y, AJI KOTOPBIX BBHITIOJ-
HSETCSI PABEHCTBO

Pt Hx+1=y0

79. MHUOO, 2010). CymiecTByIOT U pa-
[IMOHAJIBHBIC YUCTA X, ), U, V, KOTOPBIE yIOB-
JETBOPSIOT YPAaBHEHHIO

(x+y\/§)6 +(u+v\/§)6 =7+5422

80. (MMO, 1972, 9 kaacc). CymecTByOT
JIM pallMOHANIbHBIE YuchHa a, b, ¢, d, KoTopbie
VIOBJIECTBOPSIOT YPaBHEHUIO

(a+b\/§)2n +(c+d\/§)2n =5+442

(roe n — HaTypaJibHOE 4uCiO0)?

81. (MHOO, 2010). Haiinute HauMeHb-
niee ¥ HauOoJiblliee HaTypalbHbIE 3HAYCHUS
n, IpA KOTOPBIX ypaBHEHUE

2010 n

(x*+ ) =x"y

HMECT HAaTypaJIbHBIC PCUICHUS.



82. (MHOO, 2010). Haiinute HauMeHb-
mee W HanOoJbIllee HaTypajdbHbIE 3HAYCHHS
n, IpUA KOTOPBIX YpaBHEHUE

20121In(x> + y?)
=In(x
" (xy)

MMeEET HATYpAJIbHbIE PEIICHMUS.
83. (MMO, 1958, 10 kJuacc). Pemnre B
LIEJIBIX MTOJIOKUTEIBHBIX YUCIIAX YPABHEHHE

x+(x+D¥ =(x+2)%.

84. (MI'Y, 1989) Haiimute Bce menbie
quclia X U ), YIOBJICTBOPSIONINE PABEHCTBY

9x*y* +6xy” —9xy +2x° +y° —
—18xy+7x-5y+6=0.

85. (MI'Y, 1989). Haiigute Bce 1embie
YHUClia X U ), YAOBJIECTBOPSIOIINE PAaBEHCTBY

15x%y? —=8yx* +28y°x + x> +5y° —
—-38xy+8x—-24y+16=0.

86. (MI'Y, 1979) Haiinute Bce Tpoiiku
LEeTBIX yucen (X; y;z), Ui KaXI0U U3 KOTO-

PBIX BBITIOJHSIETCSI COOTHOIIICHHE
3(x—3)" +6y> +2z% +3y°z" =33,

87. (MI'Y, 1979) Haiinutre Bce TpPOWKHU
HenbsIX yrcen (x;y;z), I KaKIOU U3 KOTO-

PBIX BBIIOIHAETCS COOTHOILIEHUE
5x% +y* +3z> —2yz = 30.

88. Pemnre B HaTypanbHBIX YKCIAX ypaB-
1 1 1
HeHne —+—+—=1.
X y z
89. Pemute B HaTypaiabHBIX YUCIaX ypaB-
HEHHE
1 1 1
—t—=—.
x y 2
90. (MHOO, 2010) Pemute B HaTYpaib-
HBIX YHCJIaX ypaBHEHUE
1 1 1

—t—=—
m n 25
rae m> n.
91. Pemure B LIENBIX YMCIIaX YPABHEHUE

Jx +Jy =98,
92. (MHUOO, 2010). Haitgute BCce mapbl
HaTypaJbHBIX YWCENl M W N, SIBISIONUAECS

pemenusiMu ypaBHenus 2" —3" =1.
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93. (MHUOO, 2010). Haitgute BCce mapbl
HaTypaJbHBIX YUCEN M W N, SBISIOMHUECS pe-

IeHusIMHU ypaBHeHust 3" —2" =1.
94. (MHUOO, 2010). Pemnte B HaTypaib-
HBIX YUCJIaX ypaBHEHHE

2" —15=y>.
9S. PemuTe B LIE€NBIX YUCIIaX ypaBHEHHE
2" —1=y"

96. (MUOO, 2010). Pemure B 1EIBIX
YHUCJIaX ypaBHEHUE

3" +8=x>.

97. (MHAOO, 2010). Pemure B 1EIBIX
YHUClIaX ypaBHEHUE

1425+ 2% = p?,

98. (MHUOO, 2010). Haiigute BCE mapsl
HaTypaJbHBIX Kk U 1 TAKUX, 9TO kK <n U

-4y

99. (MI'Y, 1979) Haiinute Bce 1ienbie
KOPHH YpaBHEHU

cos(%(bc ~9x® +80x— 40)] =1.

100. (MockoBckasi MaTeMaTUH4YeCKas pe-
rara, 2003/2004, 11 kaacc). Haiinure Bce
HAaTypaJIbHBIC 3HAUYCHUA 7, IJI1 KOTOPBIX BbI-

TIOJIHSAETCSA PABEHCTBO: n° — 1 = nl.
101. MHOO, 2010) Pemute B Hatypaiib-
HBIX YHCIIaX YPAaBHEHHE

n+5n+13 =k2,

roe nl=1-2-3....-n — IpOU3BENCHUE BCEX
HaTypaJIbHbIX 4Kcel oT 1 110 n.
102. YpaBuenue xHy!=(x+ y)! pemure

B OCJIBIX YHCJIax.
103. VYpasuenue x° —2y”> =1 pemmure B

MIPOCTBIX YHCTIAX.
104. (BMO, 1992, 9 kaacc). [oxaxwure,
4TO ypaBHeHHE X° +)° =4(x’y+xy’ +1) He
UMEET PEIICHHUH B IEJIBIX YUCIIAX.
105. (MMO, 1946, 8-9 kaaccel). [Joka-
KUTE, 9YTO BHIPAKECHHE

x> +3x Yy =5x*y? —15x%y +4xp* +12y°
y y y 9% y

HE paBHO 33 HU MPU KAKUX LIEJIbIX 3HAUCHUAX
X Uy



106. (MMO, 1949, 7-8 kaaccel). Jloka-
3aTh, YTO PABEHCTBO X~ + y° +z° = 2xyz mid
LEeNbIX YUCeNl X, ¥, Z BO3MOXXHO TOJBKO MpHU
x=y=z=0.

107. CyuiecTByIOT JIU 1IeJIble YHUCTa M U A,
YIOBJIETBOPSIOLINE YPABHEHHUIO

m* +2010=n"?

108.
x* +1=3y He UMeET pelleHHUii B IEIbIX YKC-

Jokaxwure, 4TO yYpaBHEHUE

nax.

109. MHOO 2010, 10 xaacc). lapuku
MOJKHO Pa3JIOKUTh B TAKETHKH, a TMAKETUKU
YIIaKOBaTh B KOPOOKH, MO 3 IMaKeTHKa B OJTHY
KOPOOKY. MOHO 3TH K€ IIAPHKH Pa3I0KHUTh
B TIAKETHKH TaK, YTO B KAXKJIOM ITaKeTUKE Oy-
7eT Ha 3 mapuka OoJblie, YeM paHbIle, HO
TOTJla B KaKJ10i KopoOke Oyzer nexarb o 2
MakeTuKa, a KopoOok mnorpelOyercs Ha 2
oonbiie. Kakoe HauOosibliee KOJIMYECTBO
IIAPUKOB MOKET OBITh IIPU TAKUX YCIOBUAX?

110. MHOO, 2010, 10 kaacc). [Hapuku
MOJKHO Pa3JIOKUTh B TIAKETHKH, a TTAKETUKU
YIIaKOBaTh B KOPOOKH, 1O 2 MaKETHKa B OJTHY
KOPOOKY. MOHO 3TH K€ MIAPUKH Pa3I0KHUTh
B TIAKETHKH TaK, YTO B KaXKJIOM ITaKeTHUKe Oy-
JeT Ha 5 MAapUKOB MEHbIIE, YeM PaHbIIe, HO
TOT/Ia B KOKJI0OM KOpPOOKe OyaeT Jiexarth 1o 3
MaKeTuKa, a KopoOok mnoTrpelOyercs Ha 2
Menbuie. Kakoe Haubosbllee KOJIUYECTBO
IIapPUKOB MOKET OBITh IIPU TAKUX YCIOBUAX?

111. MTI'Y, 2008). Llenble yucna x, y u z
00pa3yloT T€OMETPUUECKYIO IPOTPECCUI0, a
uhcna S5x+3, y° u 3z+5 — apudmerude-
CKYIO NpOTPEcCHI0 (B yKa3aHHOM MOPSJIKE).
Haitgure x, y u z.

112. MHUOO 2010, 10 kuaacc). Hary-
panpHBIE 4ucHa a, b, ¢ oOpa3yloT BoO3pac-
TAIOLYI0  apUPMETHUECKYI0 IPOTrPECCUIO,
npuueM Bce oHu Oombiie 1000 u sBisitOTCS
KBaJpaTaMM HATypaJbHbIX uucen. Haitnure
HaMMEHbIIIEe BO3MOXKHOE, TPH YKa3aHHBIX
YCIIOBUSIX, 3HAUCHHE .

113. MHOO 2010, 10 kuaacc). Hary-
panpHBIE 4ucHa a, b, ¢ o0pa3yloT BoO3pac-
TAIOLYI0 apUPMETHUECKYI0 IPOTrPECCHUIO,
npuueM Bce oHM Oousbiie 500 U SABISIOTCS
KBaJpaTaMM HATypaJbHbIX uucen. Haipure
HaMMEHbIIEe BO3MOXKHOE, TPH YKa3aHHBIX
YCIIOBUSIX, 3HAUCHHE b.
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114. Pemute ypaBHEHUE

[5+6x}_15x—7
8 5

115. (MI'Y, 1996) Pemvite ypaBHeHUE
x+[10x] =10x.

116. (MMO, 1957, 9 kuaacc) Pemure
ypaBHeHne x° —[x]=3.

117. (MHOO 2010) Haiinure BCce HaTy-
panbHBIC 3HAYCHUS /1, YIOBIECTBOPSIONINE
YpaBHEHUIO

2008[}1\/10042 +1J= ;1[2008\/10042 +1J,

rae [x] — HanbobIIee mesoe Yrciio, He mpe-
BOCXOJISIIIIEE X.

118. (MHUOO 2010) Haitnute Bce mapsl
(x;y) UenBIX YnCel, YIOBICTBOPSIOIINE CHC-

TEMC HCPAaBCHCTB!

2x* +2y* +24x-28y+167 <0,
15
X+2y<—.
Y=

119. (MI'Y, 1972). Haiinute Bce uembie
pemeHus HepaBeHCTBa X —1 <log,(x +3).

120. (MMO, 1948, 9-10 kaaccobi). Ckoab-
KO Ppa3jiIM4HbIX M[OCJIOYUCIICHHBIX pemeHHﬁ
UMEeT HEPaBEHCTBO

|x| +]y < 100?

121. (MI''Y, 2007). Haiinure Bce mapel
LETBIX YKcel (X;)), YAOBJIETBOPSIOIINX CHC-

TEeMe HEPaBEHCTB
x—y< =25,
x'—y<8,
4x+y<1.

122. (MI'Y, 2006). Haiimute Bce ueno-
YW CJICHHBIC PCIICHNA CUCTCMbI

‘xz —2x‘<y+1,
y+|x—1|<2.

123. (MI'Y, 1985). Haitqute Bce 3HAUCHUS
nmapamMerpa @, Ipu KaXXJIOM U3 KOTOPBIX CY-
IIECTBYET €IMHCTBEHHAs IMapa IEIbIX YHCEI
X ¥ ), YIOBJIETBOPSIOINIAs YCIOBUSIM



—15x% +11xy—-2y° =7,
x<y,

2a°x +3ay < 0.

124. (MI'Y, 1985). Haiinute Bce 3HaYCHUS
rnapaMmeTrpa a, Mpu KaKJIOM U3 KOTOPBIX CY-
IECTBYET €AMHCTBEHHAs] Mapa LEJbIX YHUCEN
X W), YIOBJIETBOPAIOIIAS YCIOBUAM

3x* +11xy+10y* =7,
x+y>0,

4a’x—3ay <0.

125. (MI'Y, 1992). Haitqute Bce 3HAUCHUS
napamerpa b, mpu KaxJI0M U3 KOTOPBIX YHCIIO
LEJIOYMCIICHHBIX ~ PEIICHUHA  HEpPaBEHCTBA

x> +3x+ 3|x + b| —b <0 MakcHMAaIILHO.
126. (MI'Y, 1992). Haitnute Bce 3HAUCHUS

rnapameTrpa ¢, IpH KaXJO0M U3 KOTOPBIX YUC-
JIO IEJOYUCIICHHBIX PEIICHUH HEPaBEHCTBA

x*=5(x-1)+ 3|x - q| — g <0 MakcUMAaJbHO.

127. MHOO 2010, 10 kaacc). Haiinure
BCC 3HAYCHUA ITapaM€Tpa, IMPU KaXIOM U3

KOTOPBIX  Cpeau  3Ha4eHWd  (QyHKIUHU
x*=2x+a
y=————— €CThb DPOBHO OJHO ILEIOE
6+x
YHCIIO.

128. (MHOO 2010, 10 kaacc). Haiinure
BCC 3HAYCHUA ITapaMETpa, IMPU KaXIOM U3

KOTOPHIX  CpPeid  3HAuyeHuil  (QyHKIUH
x*+2x—a
=~——"— ©eCIb POBHO OIHO LEJIOE
6+x
YHCITO.

129. (MI'Y, 2007). Haitqute Bce 3HAUCHUS
napaMmeTrpa d, Ipu KaxiaoM U3 KOTOPBIX MHO-
KECTBO peneHuit HEPABEHCTBA
6x> +4a’ +6ax—3x—24a+35<0
KUT XOTs ObI OJTHO II€JIOE PEIICHNE.

130. (MI'Y, 1999). Haitnute Bce 3HAUCHUS
a, TIPU KaXJIOM U3 KOTOPBIX POBHO MSTh pas3-
JUYHBIX HAOOpOB  HATypalbHBIX  YHCEN
(x;y;z) yHOBIETBOPSET CUCTEME YCIOBUI

cojep-

{12)(2 —4x—2xy+3y-9=0,

a-yz+a-xz+a-xy>xyz.

131. (MMP, 11 kaacc, 2000/2001 yueo-
Hblil 10oa) CKOJBKO CYIIECTBYET HATypalib-

HBIX 7 TakuX, uro 2000 < \/; <2001?
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132. (MMP, 10 kaacc, 1995/1996 yueo-
Hblii roa) Haiigute Bce Lesible pelmieHus: He-
paBeHCTBaA:!

x? <1-2sin 2x.

133. (MMP, 10 kaacc, 2004/2005 yueo-
Hblil roa) Haiiqure Bce Lelble pemeHus He-
paBeHCTBa
2005,

x+3y-=55|+|x-3y|< )
| y |+ i 2006

OT1BeTbl, yKa3aHUs, PelICHU s

6. 1) 11; 2) 207; 3) 109 -1, tne d = (m; n).
7. 1) 2°.3%.5.7-11-13-37; 2)
2-23.61-71.8. 1) d=1=5-17-4-21; 2)
d=3=8-843-21-321; 3) d=42=
=111-77222-355-23520. 10. 2) a) JIpoOb
MOXKET ObITh COKpallleHa Ha 2 U JIM Ha 5, Win
Ha 10, ecm Ha ATH 4mMcia JAeIUTCI a +4b .
Ykazanue. (Ba+2b,a+4b)=(-10b,
a+4b), a (b,a+4b)=1; 6) cokpamieHue
BO3MOKHO JIMIITG Ha 3, €CU ¢ + b JenuTcsd Ha
3.12. 0, £2. 13. 576, 2916. 14. 180. 15. 28.
16. 160, 169.17.1996.18.1,2,6.19.1) 1; 2)

3.24.61. 27. la. 28. %(10"” —10-9n). 29.

66...6 7. 31. 9876543201. 32. (-1;-1);

H,_J
n+l yugpa

=L1; (1;=1); (I;1). Ykazanue.
a* +4b* =((@a—-b)> +b*)((a+b)* +b%).
33. 99'< 50" . Vkazanue.
99!= (50 —49)(50 —48)...(50—-1) x
x50(50 +1)(50 + 2)...(50 + 49) =
=50(50" —17)(50* —2%)...(50% —49%*) <
<50-(50*)* <50”.
34. CocraBHbIM. Ykazanue. Ilokaxure, 4To
4’ +6" +3*° =(2° +3")*. 35. nears. 36.
Bocemb. 37. 975. 38. nByms Hymsimu. 39. 16.
40. 1977. 41. 1 u 3. 42. 1; 3; 4; 8; 13; 28. 43.
99. 44. 3. 45. 108. Vkazanue. Yno6HO uc-
MoJib30BaTh  «kpyru  Oinepa».  IlycTthb
X=a+b+c - KOINYECTBO UYEIOBEK, y4acT-
BOBaBIIUX POBHO B OJIHOM OJIMMITHA/IE;
y=d+e+ f — KOJIMYECTBO YEIOBEK, yJdacT-
BOBAaBIIUX POBHO B JIBYX OJIMMITHajax. Pac-
CMOTPHUTE CUCTEMBI YPAaBHEHUI



a+d+e+g=100
usb+e+ f+g=50
c+d+g+ f =48

N

2y+2g=x+y+g
3g=x+y+g

46. 2%, Ykazanue. Tax
n* +4n-33=n(n+4)-33,
BBIPOKEHHUE JCITUTCS HA 2 TOT/Ia M TOJBKO TO-
rma, Korjaa n — HedeTHoe, TO eCTh n =2k —1.
Torma BeIpakeHHWe OymeT HMETh BHIT

4(k(k+1)—9), xotopoe nemutcs Ha 2°.

KakKk
TO HCXOOHOC

Muoxurens k(k+1)—9 - HeweTrHOE umcCIIO,
II03TOMY HaHGOIIbIIAs CTENeHp 2° .

47. Moryr. Hanpumep, aisa ancen 444999 u
445000, nuaymux noapsan, CyMMbl UGp paB-
el 39 u 13. 48. a=-12, b =6. Pewenue.
[loncraBuM B ypaBHEHHE X =1+ V3. [Tomy-
YHM PaBEHCTBO

(4a+b+42)+(2a+b+18)/3 =0.

PasenctBo 4+ B\/g =0, roe A u B — nemnsle,

BEIIOJIHAETCS, eciii B = 0.

. A
HetictButenbHo, eciim B # 0, TO \/_ :_E’

T.€. HPPANHOHAILHOE YHUCIIO V3 oxasamocs
pPaBHO paIMOHAIBHOMY, 4YTO HEBO3MOIKHO.
Takum o6pazom, B =0, a ciemoBareiabHO, U

4a+b+42=0

2a+b+18=0, B
xomuM a=-12,b=6. 49. p=qg=-2. 50.
a=-5b=4, x, =3.
O6o3nauum 3a+10=p, 5h—14=¢q. Torma

A=0. Pemasa cucremy {

X, =2, Pewenue.
3HAYeHUE TpexwieHa Ipu x=1 ecTb
f)=1+p+gq. Ilyctb x, m Xx, — KOpHH
Bocnonp3oBaBmmuch

TpexwieHa, X, <X,.

bopmynamu Buera x,-x, =¢, x,+x,=-p,
3aIHUIIEM f 1) B

BBIPAKCHUC BUJEC
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f(@)=1-(x, +x,)+x,x, u npeobpazyem ero,
Pa3JI0KUB MIPABYIO YaCTh HA MHOYKHTEIIH:

f(l) :1_x1 +x2(x1 -1)= (x] —1)()62 —1).
Tak xak f(1), x, U X, 1O YCIOBHIO SBJISIOT-
Csl MPOCTBIMHM YHCIaMH, TO 4Yucia X, —1 |
x,—1 — HarypanpHBIE W MEHbIIEE W3 HHUX
noJbKHO ObiTh paBHO 1. CremoBarenbHO,
x,—1=1, orkyna x, =2. Torma f(1)=x, -1,
T.e. X,—1 W X, — [IBa IOCIENOBATCIBHBIX
MPOCTBIX YHCIIA, YTO BO3MOXKHO TOJBKO €CIIH
3TUMH YuclIaMHu sBisoTcs 2 u 3. Hrak,
x, =3, MOATOMY p=3a+10=-5,
q=5b—-14=6. N3 nByx mociemHux pa-
BEHCTB HaxoguMm a=-5,b=4. 51. 12;13.
52. a=-3;, b=-1. Pewenue. O003HaYNM
KOPHH KBaJIpaTHOTO YpaBHEHUS depe3 m U n.
IIo Teopeme Bumera mn =3b+5 — mpocroe
gucno, torma m==x1, n=+x3b+5). Torma
2a+9 =F3b+6)=F3(b+2). [TosTomy 1po-
croe unciio 2a+9 =3, otkynga a = -3. Torga
b+2=1 1e. b=-1.

53. x=4n+3, y=3n+2, nel.
54. (12;-4); (2,—4); (10;-2);
(10;-6); (4,—-6). 55. (0;0); (4;2).
56. (6;-5); (45); (—4;-3).57. (1;-1).

58. (10;0); (-10;0); (1;3); (17:3); (18;4);
(6;4); (=1,-3); (-17;-3); (=6;—4); (15;5);
(-15,-5).59. x=y =2.

60. x=0,y=0;, x=2, y=2. Ilepsoe pe-

(4-2);

uieHue. HYCTB oeJIbIC YruCjila X W Y TAKOBEI,
gro0 X+ y=Xxy, TOorma OTCHOJa IIOJIy4YNM

y= . Ilockosnbky x m x—1 aBa mocie-

x—1
JOBATENbHBIX LEIBIX YHMCIA, TO YUCIO } MO-
XKEeT OBITh ILENBIM TOJIBKO TOTJa, KOrja
x—1=%1, 1e. x=0 wm x=2. Torga no-
nydqaeM y =0 win y =2 COOTBETCTBEHHO.
Bmopoe pewenue. IlpuBenaem ypaBHEeHUE
x+y=xy k Buaxy x(y—-1)—y+1=1 wm

(x—-D(y—-1)=1. Orcroga mony4aem JBE
CHCTEMBI.
x—1=1, x =2,
1) =
y=1= y=2.
x=1=-1 x=0,
2) =
y—1=-1 y=0



61. x=2,y=0; x=0, y=-2. Vkazanue.
(x=D(y+1)=1.
62. (0;0);(1;,0);(0;D);(2;D;(1,2);(2;2).
63. (5:2;7);(5;7;2);(7;3;4);(7;4;3). Pewenue.
BbiunTtas u3 BTOPOro ypaBHEHHUS CHCTEMBI
epBOE, MOJYIHM:

vz—y—z=5 wM yz—y—z+1=6,

(y=-D(z-1)=6.

Bynem uckaTh JUINb PEHICHHS, YIOBJICTBO-
psroIIre YCIOBUIO y <z (OCTalbHBIC pelie-

HUS MOJIY4ar0TCs NEPECTAHOBKOW 3HAYEHUU Y
u z). Illpu TakoM cornameHuu MociexHee
YPaBHEHUE CBOJUTCA K OJHOU M3 CIEAYIOIUX

JIBYX CHCTEM:

{ y-1=1 { y-1=2

WITH
z—1=6 z—1=3.

W3 nepBoii cucremsl y =2, z =7, a u3 BTO-
poit y =3, z =4. IloacraBisis 3TH 3HAYCHUS
Y W z BOJIHO U3 YPaBHEHUH 3a/IaHHOM CHC-
TEMBI, ITOJTy9UM COOTBETCTBYIOIIHE UM 3HA-
YeHHuss x =5 Wi x =7 .
64. (1;9),(2;8), (0;2), (-1;3).
[Ipeobpaszyem ypaBHEHUE:

y(2x—1)=2x> +9x - 2.
Tak kak x — menoe, To 2x—1# 0, moaromy

Pewenue.

BBIPA3HUM ) U€pe3 X :
2x? +9x -2 3
T =x+5+ :
2x—1 2x—1
[Tockompky X W y — 1eNble Yucia, TO YHUCIIO
3

2x—1

Teab 3, T.€.

) 2x-1=1,x=1;
3) 2x—-1=3,x=2;
2x—1=-3, x=—1.
65. x=2;y=1 wm x=-2; y=—1. Pewe-

- TOXe Hejgoe. 3HauuT, 2x—1 oenu-

2) 2x—1=-1, x =0;
4)

Hue. Pa3jioxuM JIEBYIO YacTh HA MHOKUTEIIH:
3x* +4xy—7y% =(x—»)Bx+7y).
(x—y)3Bx+7y)=13.Ilockosbky 13
MOXXHO TIPEJICTAaBUTh B BHJE IPOU3BEICHUS
JBYX TEJBIX YUCET C YYSTOM TMOpsjaKa dYe-
TBIPBMsI  CIIOCOOaMHU, TO TIOIY9YaeM YEThIpe

CUCTEMBI:

Nmeem
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b x—y=1 ’) x—y=13
3x+7y=13 3x+7y=1

x—y=-1 x—y=-13
) 4)
3x+7y=-13 3x+7y=-1
[lemounciieHHbIe PEIICHUS] UMEIOT JIMIb 1-51
1 3-51 CUCTEMBI.

66. a =2. Ykazanue. Ilomoxum tzl, TO-
X

rra { — paoHAIBHOE YHCIO, SBIISIONIEECS
KopHeM ypaBHenus t> —at+1=0. Ho Torma

ata® -4
t=—"—— UYucno va’ —4 npu uenom

2
@ MOXET ObITh PalMOHAIBHBIM TOJBKO IMpHU
a==22.
67. (41); (4;,-3);(—4;1);(—4;-3). Vkazanue.
[IpencraBum ypaBHEHUE B BUJIE
¥ =(y+1)’ +12 = (y+1)° =12,
(x—y—-D(x+y+1)=12. 3ameTuB, 4TO Kax-

HIJIN

nasi ckoOka — 4YeTHOE 4ucio, Hoiydaem 4
BO3MO’KHOCTH, OTTY/Ia CJIEIyEeT OTBET.
68. (13;14); (6;1). Pewenue. PaccmarpuBas

JAHHOE ypaBHEHHUE KaK KBaJIPaTHOE

Y+ y(x=7)+84-2x-2x* =0
OTHOCHUTCIILHO ), HaWJeM JUCKPUMHUHAHT
D =9x* —6x—287 =(3x—1)* — 288,
pBIi TOJDKEH OBITh TOYHBIM KBAJPATOM, T.C.

KOTO-

(Bx—1)* =288 =u>. Orcroma creayeT, 4TO
u<3x—1. llonoxum, u=GBx—-1)—k, toe k
— HaTypalbHOE 4ncio. Toraa nomyyaem:
(Bx—1)> =288 =(Bx—1)—k)*,
WA
2k(Bx—1)= k> +288,

OTKyJia BUJIHO, YTO k — uncio yerHoe. [lyctsb
k =2l, tne [ — HarypanbHOe uucino. Torma

HAXOIUM: IBx-1)=1*+72, WM

3x:l+?+1. (%)

72
OTcroa BUIHO, YTO YHCIIO 7 JIOJIKHO OBITH

HaTypaJIbHbIM, T.€. / JIOJDKHO OBITH JIeNHTe-

j1eM uynciaa 72. Bo3moxuble 3HaueHUA Wia [:
1,2,3,4,6,8,9, 12, 18, 24, 36, 72. U3 nux
HaJg0 B3ATH JIMIIBb TaKHUE, IJIA KOTOpBIX YHUCJI0

2
[ +77+1 KpaTHO 3. DTOMY YCIOBUIO YIOB-

8,

JETBOPAIOT JMIIb wucna [, =2, [,



[, =9, [, =36. 3atem H3 (*) HAXOUM JUIA X
nBa 3HadeHus: 13 u 6. M3 ucxomHoro ypas-
HEHUs HaHJeM COOTBETCTBYIOIIHE (TOJILKO
HaTypaJIbHbIE) 3HAUECHUS ).

69. x=y=z=0. 70. (0;0;0). 71. (2;1);
(=2;-1. 72. (-2;,2); (=22); (Z-2); (2,2).
73. (5;6),(—6;—5),(-3;4),(—4;3). Pewenue.
JlaHHOE ypaBHEHHE IIepEeNHIIEeM B BHJIE
(y=x)(»* +xy+x*)=13-7.

) 3y
Y +xy+x° :(y+§]

+—20,
MOKHBI TOJIBKO CJICAYIOIIHUEC YCTBIPE Cirydas:

x=5

N {y—le {y:6
Y +xy+x> =91 x=-6
{y=—5

[Tockosbky

TO BO3-

=

{x:—3
2) J’Z 2 - y
Yy +xy+x =13 x=-4
=3
y—x=13 .
3)47, 5 Her pemenuii.
yot+xy+xt =7
y—x=91
4) 1", 5 Her pewennii.
yoH+xy+x =1

74. (1;2;3),(1;3;2), (2:1;3),(2:3;1),
(3;1;2),(3;2;1). Pewenue. Jlnsa ompeneneH-
HOCTH ITycTh X < y < z. M3 naHHOTO ypaBHe-
Hus nonydaeM 3z > xyz.PaccMoTpum cityuait
paBeHcTBa 3z = xyz, xy =3, OTKyna
{x =1 {x &3
WA
y=3 y=1.
U ) TIOJyYaeM M3 JaHHOTO YpaBHEHHS z = 2.

Bce »>Tu 3Hadenus He COOTBCTCTBYIOT HallC-
MY YCIIOBUIO X < Y < Z.

[Ipy 5THX 3HAYEHHIAX X

Teneps mycth 3z > xyz, xy <3. Ilockombky
0<x<y, BO3MOXHBI TOJbKO CIIEIYIOLINE
BapuaHThl: x =1, y=1 nmm x=1, y=2. J{na
MEPBOTO BapuaHTa IOJlydaeM W3 JaHHOTO
ypaBHeHHsT z =0, YTO HE COOTBETCTBYET yC-

JoBUIO 3amaun. Jms  BTOpOro BapumaHTa
z=3.Takum o00Opa3omM, T@pU  YCIOBHUH
X <y <z HWCXOTHOE YpaBHEHHE HMEET OJHO

pemienue x =1, y =2, z=3. Bce ocranbHble
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pelIeHHs MOIy4aroTCsl U3 3TOr0 MEepecTaHOB-
KaMM 3HAYE€HUN HEU3BECTHBIX X, ), Z.

75. Her pewennii. Ykazanue. llepenuimmre
ypasHenue B Buje 19(x’ —100)=84(1+ y?).

[IpaBas uwacTh KpaTHa 7, TO3TOMY X —2
kpatHo 7. Ho kyObl umcen mpu ejneHuu Ha 7
HE JIal0T B OCTaTKe 2.

76. x=24; y=8 umu x=54; y =2 . Pewe-
Hue. llepenuiiieM aHHOE YpaBHEHUE B BUJIE
243y

(y+1)’
st Toro 9toObI X OBUIO IIETBIM YHCIIOM,

(yuutbiBasg, uto x#0; y#0) x=

3HameHarens (y+1)> JgomkeH OBITH OJHUM

u3 aenuTened yucia 243, moToMy 4TOo y HE
MOXET HMMETh OOIIHEe MHOXHUTEIH ¢ y+1.

[ockonbky 243 =3, 10 243 nemuTcs TOJIbKO
Ha CJEIYyIOLUE YKCcia, SBISIOIIAECS TOYHBI-

mu kBafpatamu: 17, 3%, 9%, Taxum ob6pazom,

gncno (y+1)° momxHO GbITE paBHO 1, 9 win
81, oTKy#a HaxoauM, 4TO y PaBHO 8 WM 2.
3HauwT,
243-8
=222

81
77. m=-11250; n=-9 wmu m =-37500;

n=-3 mm m=0;n=0 mwm m=37500;

=24 unn x:yf;—.2:54.

n=3 umu m=11250; n=9. Pewenue. 1le-
penuiieM JaHHOE YpaBHEHUE B BUJIC
m(n® —1)=10"n. (1)
Eciu n=0, 1o m=0. IlepBoe pemieHue
ypaBHeHus (1) HaiiaeHo.
Ecm n#0, To 1 m = 0. 3aMeTUM, 4TO €CIIH
napa uucen (mg;n,) pelIeHHE YypaBHEHHS
(1), To u mapa (—my;—n,) — TOXKE pELICHUE
ypaBHeHus (1).
IIycte n>0 u m >0, torma n#1. Ilepenu-
uem ypaBHenue (1) B Bune
mn-)(n+1)=10’n. (2)
Tak xkak Hu n—1, HU n+1 He nmeldaTcs Ha n,
TO m aenutcs Ha n. O003HAYUM m = np.
PaznenuB paBencTBo (2) Ha n, uMeeM:
p(n—1)(n+1)=10", 3)
Uwucno n He MOXKET OBITh YETHBIM, TaK KakK B
3TOM Cllyyae JBa COCEIHUX HEUETHBIX YHCia
n—1 1 n+1 HE MOIYT SBIATBHCA CTEIEHAMU

yucaa 5. CnenoBaTeabHO, YHUCIIO #7 HEYETHOE,
an—1un+l1 — gaBa coceqHUX YETHBIX YHC-



Jia, HC UMCIOIIUX IMPOCTBIX I[GHI/ITCJICﬁ, KpoMme
2us.

Bremmmmem IEPBLIC Ba CTOJ'I6Ha YCTHBIX Y-
cell Tak, 4ToObl B IEPBOM CTOJOLE CTOSIU
YHUCIa, HE UMEIOIINE ACIIUTENEH, Kpome 2 U 5.

n—1|n+l
2 4
8 10

20 22

32 34

50 52
80 82

128 | 130

200 | 202

[Ipu sTOM BO BTOpPOM CTOJNOIE, HAYMHAS C
TpeTheH CTPOKH, BCE UMCIAa UMEIOT MPOCTOU
JEJIATEIb, KpoMe 2 U 5. DTO 03HAYaeT, YTO U3
BBIIIMCAHHBIX MHOXHTeNen n—-1 u n+l
TOJBKO JIB€ TIAphl YMCEJ yIOBIECTBOPSIOT YC-
JIOBUIO, T.€. n =3 U n=9 0TBEYAIOT yCIOBHU-
aM 3aaa4u. s mocnenHen cTpoky TaOIUIbI
3 paBeHcTBa (3) momyunm p <5, 9TO He-
BO3MOHO. [lo3TOMYy nouck 3HaueHuil n 3a-
KOHUYEH.

[Ipu n=3 wu3 paBencrBa (3) MoOJy4yuM, 4YTO
p =12500, Torna m = pn =37500.

I[Ipu n=9 wu3 paBeHcrtBa (3) MOJy4yuM, YTO
p =1250, torna m = pn =11250.

78. x=3; y=11. Pewenue. llpencraBum
JIEBYIO YacTh B BUJIC
, x 3Y 55
X+—+=| +=—x+—=y".
2 8 8 064

YMHO)kas 00e yacTu ypaBHeHUs Ha 64, nomy-

qaeM (8x2 +4x + 3)2 +40x+55=(8y)’.
Takum oOpazom,
8y >8x* +4x+3, 2y>2x> +x+1.

YMHOXHM 00€ YacTH HCXOIHOTO PaBEHCTBA
Ha 4, a 3aTeM, UCIIOJIb3Ys
4y* > (2x2 +x+1)2 =4x* +4x° +5x> +2x +1,
OyzeM UMETh

Ax* +4x° +4x* +4x+4>

>4x* +4x° +5x% +2x +1,
wi x° —2x—-3<0, orkyma x <3. Ocranochk

IIPOBEPUTH IS X 3HaUeHus 1, 2, 3.
79. Takux auceln HetT. Pewenue. Tax Kak
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(x+y\/§)6 =x° +6x5(y\/§)+
+15x4(y\/§)2 +20x3(y\/§)3 +
+15x7 (372)" +6x(332)° + (32)° =
= A+ B2,

(x—y\/z)6 =x° —6x5(y\/§)+
+15x (W2)2 = 20x° (V2)* +
+15x7 (2)* = 6x(12)" +(1W2)° =
= A4- B2,

TO BBITIOJTHSICTCS
(x—y\/z)6 + (u —\/\/5)6 =7-542.

Ho 7- 5\/5 < 0, a meBasg 4acTh MOJIOKHUTEIb-

Has. [IpotuBopeune. CienoBareabHO, UCXOI-
HOTO PaBEHCTBA OBITH HE MOJKET.

80. Takux uncen uet. 81. 2011; 3015. Pewe-
nue. Ilpu mobom n nmapa x =1, y=1 He sB-

nsercs pemieHueM. [loaromy

(xy)n — (x2 +y2)20]0 > (2xy)n > (xy)ZOIO.
3nauur, n > 2010.
[Ipenmnonoxum, x # y. Torna Haiigercs npo-
CTO€ YMCIIO p, TaKoe uTo X = pa, y = p"b,

W 4ncia a u b He nensatcs Ha p. Jlnsa onpene-
JICHHOCTH MOKHO CUMTaThb, 49TO0 k >m > 0.
Torma

(kaaZ + p2mb2)2010 — (pk+mab)n;
(pZ(k—m)aZ +b2)2010 _ anbnpn(k+m)—2m~2010_ (*)
N3 ycnosuir n>2010 u k > m nomnydaem:
n(k+m)—2m-2010 =
= (nk —2010m)+ m(n—2010) > 0.
3HauuT, MpaBas 4acTh PaBEHCTBA (*) — IesI0e

YHUCIIO, KOTOpOoe JenuTcs Ha p. JleBas 4acTh
Ha p He nenutcs. [IpotuBopeune.
Ilycts Tenmepp x =y, TOrja U3 paBEeHCTBA

(x* +x7)*" = (x*)" momyuaem:
xn—ZOIO — 2]005
OTtkynma x =27, qg=0,1,2,... 51

q(n—2010) =1005. Ilostomy n—2010 Ha-

TypanbHbli nenutens yuciaa 1005. Tlo ycno-
BHIO HAC MHTEPECYIOT TOJIbKO HaWMEHbBIIEE U
HauOoJbllIee BO3MOXHOE 3HaueHue n. llo-
9TOMYy HYXHO B3atb n—2010=1 wu
n—2010=1005, orkyma n=2011 wu

n=3015. Ipu n=2011 x=y=2"", npu
n=3015 x=y=2.



82. 2013; 3018. Ykazanue. Ilpusectu ypas-

Henue K Buay (x° +y>)*"? =x"y"

83. x=3;y=1. ¥Ykazanue. Eciu y =1, TO
x =3 (BTOpO#l KOpPEHBb KBaJIpaTHOTO ypaBHE-
Hus x=-—1 orpunarenen). Ilycte y>1.
Uucna x u x+2 OJHOW YETHOCTH, IOITOMY
(x+1) uwerno: x+1=2k.  Ilomyuaem:
2k-1)* +(2k)*” =2k +1)*’, otkyna He-
CIIOHO YBHUJAETH (pPacKpblB CKOOKH), YTO )
KpatHO k mpu y >1. Pa3nenuB Tenepb obe

yacTH ypaBHeHus Ha (2k)>, momydum:

2y 2y
2> 1—L +1= 1+L >1+2—y.
2k 2k 2k

Orcioga y <k, a moToMy y HE MOXKET Jie-
JUThCS Ha k. 3HauuT, npu y >1 pemieHuit
HET.

84.  (0;-2),(=2;0),(0;3),(2;1)
Paznoxum JeByro 4acTh ypaBHEHHsI Ha MHO-
KUTEIH

Y2Bx+1)7 = yBx+1DBx+5)+2x> +Tx+ 6=

- C3x+5) (x+1Y
—(y(3x+1) 5 ] ( 5 ]

=(yBx+1)-2x-3)(y(Bx+1)—x-2).
OTkyna cienayer, 4To MCKOMBIC YHCTIa yIOB-
JICTBOPSIOT XOTsI OBbI OJTHOMY U3 YpaBHEHU
y(B3x+1)-2x-3=0 wm
yBx+1)—-x-2=0,

KOTOPBIC PUBOJIATCS K BHITY
Bx+D)By—-1)=5 nmm
Bx+DH3By-2)="17.

Pemas 3tu ypaBHEHUS B LEIBIX YHCIAX, I1O-

JydaeM YeThIpe Taphbl YHACE.

85. (-2;2),(—4;0),(0;4). 86. (6;1;0),
(6;,-1;0),(0;1;0),(0;-1;0). Pemenue. N3 yc-

noBus cuemyer, uro 3(x—23)> <33,

Pewenue.

T.C.
(x—3)> <11. Ilockonbky (x—3)> sBasgercs

KBaJIpaToM IIeJIoro ymcaa x—3, 1o (x—3)°

paBHo nu60 0, 6o 1, mu6o 4, mudo 9. Ile-
pCHI/IHICM HUCXOTHOC ypaBHCHI/Ie B BHUJIC

3(x=3)° +(z2 +2)(3y> +2) =37.

Ecnu (x—3)*=0, to (z° +2)(3y° +2)=37.
Tak kak 37 — 4uCiO MPOCTOE, TO MOCIEIHEE
PaBEHCTBO BBINOJHATHCS HE MOXKET.
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Ecm (x-3)* =1, 1o (2> +2)(3y*> +2)=34.
[ockombky z>+2>2, 3y°+2>2, To BO3-
MO’KHBI JIBE CHCTEMBI

z2+2=2

3y’ +2=17
KOTOPBIC HE MMCIOT pemeHMﬁ B LCJIBIX YUC-
Jiax.

Ecmu (x—3)* =4, 10
(z> +2)(3y* +2) =25,
2’ +2=5
KO-
3y +2=5,

TOpad HEC UMECT peHIGHI/Iﬁ B IICJIBIX YHCJIAX.

z22+2=17
NN
3y’ +2=2,

OTKyJa ClIeZyeT CUCTeMa {

Eciu (x—3)>=9, Te. ecmu x=6 wumm
(22 +2)(3)* +2) = 10.

z°+2>2, 3y’ +2>2, T0o OTCIOAa CIEAYIOT

JIBE CUCTEMBI
z2+2=5 z22+2=2
) HIIH ,
3y"+2=2 3y"+2=5,
nepBas U3 KOTOPHIX HE UMEET PEIICHUH B 11e-

JbIX ynciiax. I3 BTOpoOH CUCTEMBI MOJIy4aeM,
gyro gu6o z=0,y=1, mbo z=0,y=-1.

x=0,T10 Tak xkak

CnenoBarenbHO, HMCXOIHOMY COOTHOIICHHUIO
YIIOBJIETBOPSIOT YE€THIPE TPOHKU UHCEIL.

87. (1,5;0),(1; - 5;0),(=1;5;0),(-1;— 5;0).

88. (333); (Z44D; (424); (442);
(2:3;6); (2;6;3); (3;2:6); (3;6;2); (6;2;3);
(6;3;2). Pewenue. 110CKOJIbBKY HEU3BECTHBIC
X, ¥, Z BXOJST B YPaBHCHHE CHMMETPHUIHO, TO
MOXXHO CyuTaTh, 4To X < y < z. OcTajibHbIE

pELICHHsT TOJIy4aTcsl MEPECTAHOBKAMU HEU3-
BECTHBIX. Torma

1:l+l+l£§,T.e.x£3.
X y z x

OueBuaHO, YTO X # 1.

I 1
Ilyctp x =2, T.6. —+—

y z
gto y#2. Ecm y=3, 10 z=6. Ecmu
y=4,
I 1 1 .
§+§ < > T.€. APYIUX PELICHUN Npu x = 2

HECT.

1
—. Taxxe scHO,

T0 z=4. Ecim y=35 TO naxe



1 1 2
Ecmm x=3, to —+—=—. Ilyctp y =3,
y z 3
torra z=3. Ecmm y=4, T0 naxe
1

1 2
—+—< —, T.e. ApYrUX peuieHui npu x =3
4 4 3 P P P

Het. CiienoBaTenbHO, JaHHOE YpPaBHEHHE C
YYeTOM IIePECTAHOBOK HUMEET JECATh pellle-
HHH.

89. (4;4); (6;3); (3;6). Ykazanue. Boipazure
W3 YPaBHEHUS Y M HCCICIYUTE TOJYYCHHYIO

G yHKIHIO.
90. m =150; n =30 i m = 650; n = 26.

91. (0;98); (2;72); (8;50); (18;32);
(32;18); (50;8); (72;2); (98;0). Pewenue. 13
0<x<098,
0<y<98. [lpencraBuM ypaBHEHHE B BUJE

\/;:\/% —Jx wu BosBenem o06e wacTu

ypaBHEHHS B KBAJIPaT:
y=98+x—-2498x, y=98+x—14+/2x.
Orcioma 2x =4a’, x=2a’, rae a — uenoe

YpPaBHEHUs  BHUAHO, 4YTO

HeoTpuuaTesbHoe yucio. Tak kak x <98, to
20> <98, a* <49, 0<a<7.
JInst KaKJI0TO M3 3HAYCHUH a TMOoJydaeM 3Ha-
YCHUS X , ¥ 3aTE€M 3HAUCHUS ).
92. m=2, n=1. Pewenue. Ilpu mobom k
umcno 3°* +1 mpu nenenum Ha 8 maer ocra-
Tok 2, a uncno 3" +1 mpm nemennu Ha 8
naeT octatok 4. Tak kak Tpu  m > 3 YUCTIO
2" nenutcs Ha 8 O3 ocTaTKa, TO PAaBEHCTBO
3" +1=2" Bo3MOXHO 1pu m =1 uau m = 2.

Ecmu m =1, To nonyyaem n = 0.

Ecmu m =2, To nosiyyaem n =1.
93. m=3, n=2 wmm m=n=1. Pewmenue.
[lycth n — yetHOE uncno, T.€. n=2k. Torna
2" = (3" ~1)(3* +1). IlpaBas gacTs — mpous-
BEJICHHWE JIBYX IIOCIICIOBATEIIbHBIX YETHBIX
qHCeN, KaKI0€ U3 KOTOPBIX SIBISIETCS CTETe-
HbI0 yncia 2. 3Haunrt, 3F —1=2 u 3 +1=4,
oTkyna k=1wu n=2. Torna m =3.

Ilycts Tenepp n — HedeTHOe umcio. He-
YyeTHasi CTENeHb TPOWKW IpH JeJeHWu Ha 4

naeT octatok 3. 3maumTt, 3" —1 genurcs Ha 4

¢ ocratkoM 2. Tak kak npu m > 2 uucio 2"
nenutcss Ha 4 0e3 ocrarka, TO PaBEHCTBO

2™ =3" —1 Bo3moxHO B cirydae m =1. Torma
n=1.
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94. (4;1);(6;7). Pewmenue. PaccmoTpum naBa
cirydasl.

1. x=2k+1 (x — HeueTHOE ymcio). [lo-
CKONIbKY 2° TIpH JEJeHHH Ha 3 J]aeT B OCTaT-

k
ke 1, To m 2% :(22) JlaeT B ocTatke 1, a

221 = 2.2% naer B ocrarke 2. Ywmcmo 15

JEeTUTCS Ha 3, cleloBaTelbHO, JIeBas 4acTh
YpaBHEHHsI TIPU JISICHUH Ha 3 €T B OCTaTKe
2. IlpaBast yacTph (KBajapar uucia) MAaeT MpU
neneHuu Ha 3 B ocratke 0 unmu 1 (1okaxure).
Takum 00pa3oM, paBEHCTBO HEBO3MOXHO
(JIleBast 1 TpaBasi 4YacTH JAIOT MIPH JCIICHUH Ha
3 pa3HbIe OCTAaTKH).

2. x=2k Torma 2* —-y* =15, oTkyna
(2" —yx2" +y): 15. O6a MHOXUTENs CleBa
HeJIbIe W TIOJOXKHUTENbHBIE (TaK KaK BTOPOM
MHOXHUTEJb TOJOKUTENIEH), BTOPOU OOJIbIIIe
nepBoro. Bo3aMoxHBI 1Ba BapuaHTa:

2F—y=1 2F—y=3

2" +y=15 28 +y=5
Pemas atu cuctemsl, mojrydaem OTBET.
95. (L;1);(L,—1);(0;0). 96. n=0; x =3 wumm
97. k=0n=212
k=4; n=123. Pewenue. llpn k=1 nony-

n=0; x=-3. AN

yaeM ypaBHeHue n° =11, koTopoe He MMeeT
pemieHuid B uenbix uuciax. Ecim k=0, to
n=x2.

[Ipu k =—1 ypaBHeHHE HE UMEET pEUICHUN B
LEJIbIX YUCIIAX.

Ecnmu k <—1, To ypaBHeHHE HE UMeET pe-
LIEHUH, TaK Kak JieBas 4acTh JJAHHOTO ypaB-
HEHUSl IPUHUMAET 3HAUEHUSl U3 MPOMEXKYTKa
1;2).

Ilycts k > 2. Kak nM3BeCTHO, YETHBIE CTe-
IIEHH JIBOWIKM JAIOT IpU JEJIEHUU Ha 3 OCTa-
ToK 1, HeuetHsie — 2. OTCIOAa CiemyeT, u4To
1+ 22k+l

1+2° +2*"" npu nenenuu Ha 3 HaeT Takoi

nenuTes Ha 3 0e3 ocraTKa, a YHCIO

ke ocTaTok, kak y 2. C mpyroil CTOpOHBI,
KBaApaThl OCJIbIX YUCEI HE MOT'YT JaBaThb IIpH
nenennu Ha 3 ocratok 2. Takum obpazom, k —
yetHoe. [lomoxxum k =2d, d e N u mepe-
IINIIEM YpPaBHCHHC B BHUIC
1+4% +2-4* =pn*. Orcrona cieayer, 9To 7 —
HeueTHoe, T.e. n=2x+1, x e N. Ilomyqaem

YpaBHEHUE



1+49 +2-4* = 4x" +4x +1;
41+2-4%) =4(x* +x);
47(1+8-47)=x(x+1),

rae y=d—1. Ilpuuem y >0, Tak Kak mnpu
d=1, t.e. y=0 nocineaHee ypaBHEHUE HE
MMeEET pelICHU.

W3 uncenr x m x+1 TOIBKO OJHO YETHOE,
U OHO JieniuTcs Ha 4.

Ecrm x =m-4” (npuyem m — HEYETHOE,
m € N ), To IMeeM

41+8-4")y=m-4"(m-4" +1);
1+8-4" =m*> -4 +m; 8-m*)-4" =m—1.

CpaBHuBas 3HaKW JIeBOM W IpaBoi yacTeit
MIOCJIETHETO YpaBHEHUS, MOJy4aeM OJIHO He-
4yeTHOe m =1, KOTOpO€ He SBJIAETCS PEIIECHU-

eM.
Ecm x+1=m-4" (upuuem m — HeyeT-
HOe, m € N ), TO UMEeM
4(1+8-4")y=(m-4"-1)m-47;
1+8-4" =m*-4" —m; (m*-8)-4" =m+1.
Beipakeane m’—8 HEOTPHIATENHHO MU
HaTypaJibHbIX m >3. Eciu m=3, 10 y=1
(4TO PUBOJUT K PEUICHUIO MCXOTHOTO YpaB-
HeHuss k =4;n=223). [Ipu HaTypanbHBIX
m >4 6yner m’> —8 > m+1, ¥ pelieHuii HeT.
98. k=2,n=4.

k
YpPaBHEHHE K BHIY (n)

Ykazanue. 1lpusenure

(k). 99. —13,
-59. 100. n=5. Pewenue. 3anuiieM JaH-
HOE ypaBHECHHE B BUJIC
nn—-Dn+1)=nn-1)(n-2)(n-3)..2-1.

Tak kak n =1 He gBISETCA €ro PEeUICHUEM, TO
pazzenuM o0e yacTu ypaBHeHus Ha n(n—1).
[omyuum, uto n+1l=(mn-2)-(n—3)-...-2-1.
[TpoBepsisi mocienOBaTENbHBIE HATYpaJbHBIC
3HAYCHUs M, HAYMHASA C 1 = 2, MOJIYYUM, YTO

peuieHueM ypaBHEHHs sBisiercs n=5. Tak
Kak Ui  BC€X m>5  BEPHO, YTO
n+1<2n—-4=2(n-2), 0
n+l<(n-2)-2<(n-2)(n-3)..2-1,

MO3TOMY JIPYTHX HATYPaIbHBIX pPEUICHUN
JAHHOE ypaBHEHUE HE UMEET.

101. n=2; k =5. Pewenue. I1pennonoxum,
uyro n > 5. Torma n! gemnrcst Ha 2 U 5, a 3Ha-
YHUT JIECSTUYHAS 3aITUCh YMCIIA B JIEBOW YaCTH
okaHuuBaercs Ha 3 wm Ha 8. IlepeGop mo
nocyeaHel nudpe mokasbIBaeT, YTO KBaJpaT
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IIEJIOTO YHCiIa HE MOYKET OKaHUYMBATHCSI HA Ha

3, o4 Ha 8.

Hakonen, nepebupast n or 1 1o 4 Haxoaum

€/IMHCTBEHHOE pPElICHHUE.

102. x=1, y=1. Pewenue.

ciy4au, koraa x < y, TOTJa

I+ (x+1)(x+2)..y)=

=xI(x+1)(x+2)...(x + p).

[TonenuB 00e yacTu 3TOTO ypaBHEHHUS Ha X!,

Paccemotpum

JICTKO 3aMCTHUTb, YTO IIpaBad 4acCTb JACIIUTCA
Ha X+1, a JIeBasd HE JCJIUTCiIA, T.C. B OTOM

Cllydae JaHHOE YpaBHEHUE HE MMEET pellle-
HHUI B LIEJIBIX YUCIaX. AHAJOTHYHO paccmar-

puBaeTcs ciydail, korma x > y. Ilycts x =y,
T.e. 2x!=(2x)! [logenuB 006e wactu 3TOrO
ypaBHEHHUS x!,

2=(x+1D(x+2)-...-2x, 1.e. x=1, a cneno-

Ha ITOJTy4UM

BaTeNbHO, M y = 1.

103. x =3, y = 2. Pewenue. Tax xax 2y’ —
YEeTHOE 4YHCII0, TO X — HEYETHO, U MOTOMY
gpcno 2y’ =x° —1=(x-1)(x+1) nenurcs
Ha 4. CnenoBaTeNnbHO, ¥ — YETHOE YHCIIO, U
MIOCKOJIBKY X M y JIOJKHBI OBITh HPOCTBIMU
YUCJIaMH, TO ) =2, a IOTOMY X = 3.
104. Pewenue. llepenuiieM ypaBHEHHE B
uge (x+y)’ =7(x*y+xy*)+4. Tax xak
Ky0 LIeJIOro yucia He MOJKET J1aBaTh OCTAaTOK
4 mpu aeneHuu Ha 7, TO ypaBHEHHE HE UMEET
pelIeHui B LEIbIX YUCIIAX.

3ameuanue. Jlpyrue peuieHust 3agaud
MOXXHO IIOJIy4YUTh, pPaccMaTpHUBasi OCTaTKH,
KOTOpbIE€ MOTYT JlaBaTh YMCia X U Y NpH Je-
JIeHUH Ha 4, WIK 3aMETUB, YTO U3 ypaBHEHUS
CIIEYET, UTO X + ) — AETUTeNb yncia 4.
105. Vkazanue. ]lanHoe BblpaxkeHUE Mpeood-
pasyiTe K BULy

(x=2y)(x = y)(x + y)(x + 2y)(x +3y).

[TosydeHHBIE COMHOKHMTENU TMOMAPHO pa3-
nuyHbl. Ho uncno 33 Henb3s pasznoxuTh 00-
Jee yeM Ha 4 pa3InyHbIX COMHOKUTENSL.
106. YVkazanue. llpaBas 4acTb paBEHCTBA
BCEr/a JenuTcsl Ha 0ojiee BBICOKYIO CTEIEHb
JIBOMIKH, YeM JIeBas.

107. Ykazanue. He cymecTByrOT, Tak Kak

m*> —n®> HeueTHOo mam kpatHo 4, a 2010 —

HeT.
108. Ykazanue. PaccmoTpeTh OCTaTKH OT Jie-
JICHUs JIEBOM W IIPABOM 4acT Ha 3.



109. 840. Pewenue. Ilycth B KaXIOU W3 X
KOPOOOK JIEKUT TPU MAKETHUKA, 110 7 IIaPUKOB
B KaxaoMm. Bo BTopoM ciydae KOpoOOK
X+ 2, MaKeTUKOB B KOpoOKe 2, a NIapuKOB B

naketuke 7+ 3. [lo ycroBuio 3amaum 1moiry-
gaem: 3nx =2(n+3)(x+2), oTKkyna

n:6x+12:6+ 36 o1+ 6 .
x—4 x—4 x—4
3ametuM, uyto u3 n>0 cregyer, UTO

6

>—1, orkyma x >4. VYdurTbeIBasg, 4TO
x—4

YUCJIAa 7 U X HATypajbHbIE, MOJIy4aeM, YTO
x—4 — HaTypaJpHBIN Aenutens uucia 36.

KonnuecTBo mapukoB npu 3Tom

f(x)=3nx :18(x+

Pemenune nHaxonum nepebopom enuTesnei.
Kommenmapuii. TlepeGop MOXHO 3aMEHHUTH
UCCIIEJOBaHUEM byHKINH. OyHKIHS

X

6 ]:18(x+ 24
4

X — X —

]+108

y=x+ MOHOTOHHO yObIBaeT mpH

x—4
4<x<4+2J6 u momOTOHHO BO3pAaCTaeT
mpu x >4+ 24/6. CienoBatensao, HanGomb-
mee 3HaueHue QyHKIMM f(X) JOCTHUTaeTcs,
eciau x —4 — HamOOJIBIIINHI VT HaMMEHBIITHI
HaTypaJIbHbIN AenuTelpb yucia 36.
Ecmu x—4=1, o x =5,
f(5)=18(5+24)+108 = 630.
Ecnu x —4 =36, to x =40,

£(40) = 18(40 +§] +108 = 840,

110. 2112. 111. (2;6;18), (2;—6;18). Peute-
Hue. V13 cucrteMbl ypaBHEHHN
y? = xz,

2y =5x+3z+8,

x,y,z € L.
IIOJYyYUM COOTHOUIEHHE 2xz =5x+3z+8
& 2z=5+ . YUuThIBas yCIIOBUE 1Ie-

2x-3
JIOYMCIICHHOCTH, TPUXOJIUM K BBIBOJY, 4YTO

BBIPAKCHHUC IMIPpUHUMACT LECJIbIC 3HA-

YECHMsI, T.€. Pa3HOCTb 2Xx —3 SABIAETCS JCIIU-
tenem 31. Mrak, BO3MOXHBI JMILIb CIy4yau
2x—-3==%1;+31. OcymecTBusis ux nepedop

c ydeToMm TpeboBanuii xz >0, y € Z, umeeM
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CANHCTBCHHYIO BO3MOXHOCTD

x=2,z=18, y* =36, NpUBOJALIYIO K OTBE-

Ty.
1}1,2. 2500. .Pewenue. Ilycts a=a'",
b=b"? c=c"? a<b <c a >32;
b'=a'+t,tel. Torna
20" +4d't+2t =a* + '

(a'+2t+c")(a' +2t—c")=2¢. [Tomosxum

p=ad+2+c, g=a' +2t-c"; p—qg=2c.
3HAYMT, YNCIIA P U ¢ — OJIMHAKOBOU YETHOCTH,
a Tak Kak pg=2t>, T0 p=2n, q=2m
(n,meZ). Orcrona t =2v (v e Z).

3HauwT,
+
a+2u=L"9_ iy
ad=n+m-4v>32
c’z%zn—m & 1d=n-m>34
) nm = 2v?
nm=2vy

[Ipu 3THX ycIOBHUSIX HEOOXOIUMO HAMTH MHU-
HUMYM b’ =n+m—2v.
Tak kak n>35, m>1, o 2v* =nm >35. Or-

crona v=>35.
Janee mepebupaem cirydau:

nm=50,n+m=>52
1. v=5. Torna
n-m=2>34,n>35 m=>1

Pemenmnii gHer.

nm=72,n+m=>56
2. v=6. Torma
n—-m=34,n>35 m=>1

Orcroma b' =61.

nm =98, n+m=>60
3. v=7. Torma
n—-m=>34,n>35 m=>1

Orcroma b’ =85.

nm=128, n+m > 64
n—-m=34,n>35 m=>1
Orcroma b' =113; b' = 50.

5.v=9. Torma ' >32+2v>32+18=50.

4. v=8. Torna {

3HauwT, HalMEHbIIICe 3HAYCHHE
b=b"* =2500, npu 5ToM a = 34*; ¢ = 62°.

113. 1369. 114. ?; Lous o =2
n=0,1,....,8. Pewenue. [Tockombky

[x]+{x} = x, ypaBHEHHE MOXKHO Mepenucarb
B Buge x = {l0x}. BBenem HOBYyIO HEU3BECT-



Hyt0 10x =¢. [Insa Hee Halle ypaBHEHHE IIpU-
t

MET BUJ — = {f}. (*
TR

DTO ypaBHEHHE PAaBHOCWIBHO OECKOHEYHOM
n<t<n+l
COBOKYITHOCTH CHUCTEM < ¢

—=t—n,nel.
10

t
YpaBHeHHE 10 ={—n npHu BcexX n € Z umeer

. 10n
€IMHCTBEHHBIH KOPEHb ¢, = T DTO YUCIIO

OyZeT KOpHEM ypaBHEHHMs (*) TOrJa U TOJBKO

TOrga, Korga BbIIIOJITHCHO HCPABCHCTBO

n=0
< n=0,1,....,8.

nsﬂ<n+l =
9 n<9

116. 4. Vkazanue.
0<{x}<1 —

X’ —x+{x}=3, otkyma 2 < x(x*—-1)<3.
117. n=1, 2,3, ..., 2008. Pewenue. lloust-
HO, 4TO

1004 < +/1004% +1 <1005. (*)
ycts V1004 +1 =1004 + a.

1

<a<——.
2009 2008
JIeliCTBUTEINBHO,

a =~1004> +1-1004 =

(/10047 +1-1004)(\'1004° +1+1004)

[x]=x—{x}, rme
npoOHas 4acTh;

ITokaxxemM, 9To

(%)

V10042 +1 +1004

~ 1

V10042 +1+1004
[Toaromy

1 1 1
a= > =

V10042 +1+1004 1005+1004 2009

)48

1 1 |
a

1008 141004 100411004 2008
Tenepb, ucnonp3ys (*), Hoydyaem

2009a >1 u 2008a < 1. (%)
Torna

;1[2008\/10042 +1J= n[2008(1004 + )] =
= n[2008(1004 + a)] = n[2008 - 1004 + 2008a | =
= n-2008 - 2004
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[Ipu n =1,...,2008, ucnonb3ys (**%*), BBIUYKC-
JsIeM

2008[}1\/10042 +1 J =2008[n(1004 +a)] =
=2008[7-1004+n-a)] = 2008-n-1004

M clienoBarenbHo, ;g 7 =1,...,2008 BEIIOJI-

HEHO COOTHOILIEHHUE U3 33auu.
[Ipu n > 2009, ucnonb3ys (*3*%*), BEIYUCISIEM

2008[11\/10042 + J: 2008[1(1004 +a)] =
= 2008[72-1004 + 1~ a)] = 2008 - (n-1004 +1)

U claenoBaTenbHo, 1 n > 2009 cooTHoIe-
HHUC U3 YCJ'IOBI/UI 3ada4YU1 HEC BBIIIOJITHCHO.

118. (-7;7), (—6;6). Pewenue. Bwuinenss
MTOJTHBIC KBAJPATHI, TIOJTy4aeM:
2
3 3
x+6)’+(y=-7><==|.=1|,
(x+6)"+(y=7) 5 ( 2]
15
xX+2y<—,
4 2
x, yel.

[IepBoe HepaBEHCTBO MMEET IATH Map pere-
HUH:

(=6;7), (=5:7), (-6;8); (=7;7), (-6;6).
Btopomy yciioBuio cuCTEMBI YIOBICTBOPSIOT
TOJILKO YETBEPTAsl U MATas Taphl.

119. -2;-1;0;1. Pewmenue. B obnacte n0-
MMYCTUMBIX 3HAYECHHI HEU3BECTHOW BXOMSAT
TOJIBKO X >—3, W JIETKO IMPOBEPUTH HETO-
CpelncTBeHHO, uTo uncia —2;—1;0;1 sBusroT-
Csl pEIICHUSIMU JAHHOTO HEPABEHCTBRA.

[Ipu mocTaHOBKE CAEAYIONIUX 3HAYCHUN, MBI
BHIUM, YTO OHHU HE SIBJISIIOTCS PEIICHUSIMU:
MIPU YBEJIMUCHUH X PA3HOCTh MEX]IY JIEBOU U
MpaBOM YACTSAMH YBEIMYMBAETCS. 3ajgada
CBOJUTCS K CIENYIOUEH: OJokazams, YmMo
@yukyus  f(x)=x-log,(x+3) — 6o3pac-
marwwas. Umeem f(x+1)— f(x) =

=x+1-log,(x+4)—-x+log,(x+3)=

x+3

=log, +1, Tak dYTO HEpPaBEHCTBO
x+4

f(x+1)— f(x)>0 paBHOCHIBHO HEpaBeH-
x+3 1

CTBY > —, KOTOpOE BBIMIOJIHAETCS IpU
x+4 6

ITOJIOKUTCIIBHBIX 3HAYCHHUAX X. CJ'IC)IOBaTCJ'IB-
HO, HCPABCHCTBO BBLIINOJHACTCA TOJBKO IIPHU
IMOJIYYCHHBIX BBIIIC 3HAUCHUAX.



120. 19801. 121. (-5;20), (=5;21).

122. (0;0), (2;0), (1;1). Ykazanue. 13 nan-
HOM CHCTEeMBbI ciefyeT, 4to —1< y <2, Tak
YTO BO3MOXHBI It ¥y =0 u y =1.

123. —% <a< —%. Pewienue. YpaBHeHue

CUCTEMBI TIPUBOTUM K BUIY
(Bx—y)(2y —5x) =7 u 3arem pemraem 4YeThI-

pe€ CUCTEMBI ypaBHEHUU B LIEJbIX ynciiax. M3

gyerbipex  pemenuid  (15;38), (9;26),
(—15;-38), (-9;—26) Tombko mapsr (15;38)
nu  (9;26) ynOBIETBOPSAIOT HEPABEHCTBY
X< y.

Takum oOpa3zom, TpeOyeTcsi HailTu Bce
3HAYEHHS MMapaMeTpa d, MPU KKIOM U3 KO-
TOPBIX BBITIOJHAETCS TOJIBKO OJHO W3 HEpa-
BEHCTB 2a*-15+3a-38<0 "
2a*>-9+3a-26<0 wm 5a°+19a<0 n
3a* +13a < 0.

MHOK€ECTBO pEUIeHU MEPBOTO HEPABEH-

19
CTBa UMEET BUJII —? < a < (. Pemennsa BTo-

poro HEpaBCHCTBA COCTABJIAIOT IPOMEKYTOK

13
3 <a < 0. CnenoBaTenbHO, YCIOBHIO 3a-

Aaqyu YAOBJIETBOPAIOT BCC YUCIIa a U3 IIPOME-
19

K Ka—2<a<——
. 35

124. —% <a< —é. 125. {4}U[2,252,5].

126. [3,25;3,5]U {5}

127. 1<a<11. Pemenue. OyHkuus onpene-
JIEHa U HemlpephiBHA Ipu Bcex x € R. Brine-
2x+6-a

6+x”

Jia clellyeT, 4To MpH JIIOOOM a Cpelu 3Hade-
HUM QyHKIUHU ecTh 4yucio 1, [uist 3Toro Joc-
TaTOYHO BBITIOJTHEHUS yCII0BUS

JUM TENYI0 49acTh y =1— . Orcro-

2x+6—-—a=0 mwmm x = aT—6. Teneps nocra-

BHUM YCJIOBUS, P KOTOPBIX MHOXECTBO 3Ha-
YeHUH JaHHOM (DyHKIMM cozepikarcs B IpO-
Mexytke (0; 2) mpu Bcex 3HaueHHsIX x € R..

0<1_M<2 PN

6+ x°
_2x+6—a

6+ x*
o —6-x2<-2x-6+a<6+x> o

& -1< <1 &
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x2=2x+a>0

= 5 =
x +2x+12-a>0
D'=1-a<0 a>1
= =
D'=1-12+a<0 a<ll

< l<a<ll. 128, —1l<a<-1. 129. (2;
7). Vkazanue. HeoOXomuMbIM M JOCTATOY-
HBIM YCJIOBHEM CYIIECTBOBAHHS PEIICHHH
KBaJ[paTHOTO OTHOCHTEIBHO d HEPaBEHCTBA
(3x—12)* —4(6x*> —3x+35)> 0,

SIBJISACTCA

8 <x<-2+ 8
——<x< 24—
V15 V15
MYy HMHTEpBally MpHUHAIJICIKAT BCEro MATH Ie-
JIBIX 3HAYEHUH X , I KAXKA0T0 U3 KOTOPBIX
Hag10 HaWTH COOTBCTCTBYIOIIHUEC 3HAUCHUA I1a-

T.e. —2-— [Tomy4aenno-

5 6

pamerpa a. 130. | —;— | Vkazanue. U3
1113

MIEPBOTO YpaBHEHHS MOJTydaeM

12
y=6x+7+ 3’ OTKyJa X MOXET paB-

HATHCS 1, 2 wnm 3, a y, COOTBETCTBEHHO, 1, 31
u 29. OcTanock MOJACTAaBUTh HalJCHHBLIC I1a-
pBI B HEPABEHCTBO MCXOJHON CHCTEMBI U BBI-
SICHUTB, NPU KaKUX @ POBHO TSATH HATypallb-
HBIX YHCEJ Z JTAIOT BMECTE C X W V PEIICHUs
3agaun. 131. 4000.

132. — ;0. Pewenue. Vicxons u3 HEpaBEeHCTB

—1<1-2sin2x <3 momysaem x> <3. Tak
Kak x€ Z, 10 x =0 wim x = 1.
IIpu x = 0 HepaBeHcTBO O <1 BEpHO.

Ecnu x=-1, TO HEPABEHCTBO
—1<1+2sin2 copaBemIMBO, TaK Kak
sin2>0.

Hns x=1 HepaBeHCTBO 1<1-—2sin2
JIO’)KHOE.

133. (3;1).
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